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ABSTRACT. In this paper, we are concerned with the initial boundary value
problem on the two-fluid Navier-Stokes-Poisson system in the half-line R.
We establish the global-in-time asymptotic stability of the rarefaction wave
and the boundary layer both for the outflow problem under the smallness
assumption on initial perturbation, where the strength of the rarefaction wave
is not necessarily small while the strength of the boundary layer is additionally
supposed to be small. Here, the large initial data with densities far from
vacuum is also allowed in the case of the non-degenerate boundary layer. The
results show that the large-time behavior of solutions coincides with the one for
the single Navier-Stokes system in the absence of the electric field. The proof
is based on the classical energy method. The main difficulty in the analysis
comes from the slower time-decay rate of the system caused by the appearance
of the electric field. To overcome it, we use the coupling property of the two-
fluid equations to capture the dissipation of the electric field interacting with
the nontrivial asymptotic profile.

1. Introduction. The two-fluid Navier-Stokes-Poisson (called NSP in the sequel
for simplicity) system is a model used to simulate the transport of charged particles
(e.g., electrons and ions). It consists of the compressible Navier-Stokes equations
of two-fluid under the influence of the electrostatic potential force governed by the
self-consistent Poisson equation. In this paper, we are concerned with the two-fluid
NSP system in half-line Ry =: [0, +00], taking the form of

Opi + 0z (piui) = 0,

I (piui) + 0x(pi + Pi(pi)) = pi(wi)ae + piE,

Otpe + Oz (petie) = 0, (1)
Os(petie) + 8m(peug + P(pe)) = pe(tie)ea — pe ko,

E= E(J?,t) = - f;o(pz - pe)(yvt) dy,
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with appropriate initial and boundary data that we shall clarify later on. Here
Pie = pie(x,t) > 0 and u;e = uje(z,t) € R with x > 0 and ¢ > 0 are the density
and velocity of ions and electrons, respectively. P; .(-) is the pressure depending only
on the density, p; . is the viscosity coeflicient, and E is the electric field satisfying

Ez:pi_pe~

Through this paper, we assume that two fluids of electrons and ions have the same
equation of state P;(-) = P.() = P(-) with P(p) = ap” for constants a > 0 and
~v > 1, and also they have the same viscosity coefficients p; = p. = 1.

There have been extensive mathematical studies of the NSP system. Here we
mention some of them. The global existence and the optimal time convergence rates
of the classical solution around a constant state were obtained in [9, 18, 19, 30].
Later, the pointwise estimate of the solution was established in [29]. The global
well-posedness in the Besov type space for the NSP system was also proved in [8].
Green’s function and large time behavior were considered in [6] even for the case
when the magnetic field is included and thus the Maxwell equations are taken into
account. From those work, a common feature shows that the momentum of the
NSP system decays at the slower rate than that of the compressible Navier-Stokes
system in the absence of the electric field, which thus implies that the electric field
could affect the large time behavior of the solution and produce some additional
difficulties of analysis. In addition, we also mention that the quasi-neutral limit and
some related asymptotic limits were considered in [5, 28], and the global existence
and nonexistence were discussed in [4, 2].

In order to study the large time behavior of solutions to the NSP system, we
notice that in the simplified case E = 0, the problem is reduced to consider the
single quasineutral Navier-Stokes system in the form of

{ Oip + Oz (pu) = 0, (2)
O(pu) + 0y (pu? + P(p)) = g

The large-time behavior of solutions to the Cauchy problem on the system (2) with
initial data (po,uo)(x) that admits the limit (pL,us) at +oo is basically described
by the superposition of viscous shock waves, viscous contact discontinuities and
rarefaction waves. We refer to [10, 12, 14, 15, 20, 22, 23, 27] and references therein.
In the case of the initial boundary value problem for (2) over Ry, the boundary
data is prescribed by

U(O,t) = Up, (p’ u)(x,O) = (p07u0)(x) - (p+au+) as r — +00. (3)

Here p+ > 0, uy and wup are constants. In the case up < 0, the particles flow away
from the boundary {x = 0}, and thus the problem in such case is called an outflow
problem. The case of u;, = 0 and u; > 0 is called the impermeable wall problem and
the inflow problem, respectively. Notice that for the inflow problem, there should
been an additional boundary condition on the density. The large-time behavior of
solutions to (2)-(3) is much more complicated than that for the Cauchy problem,
cf. [11, 16, 17, 21, 24, 25] and references therein.

In this paper, we will focus on the outflow problem in the case of u; < 0. In 1999,
Matsumura and Nishihara [24] gave the classification of the large-time behavior of
solutions to the problem (2)-(3) in terms of (p4,uy) and up < 0. In particular,
Kawashima et al. [16] considered the stability of the boundary layer under the
assumptions that the strength of the boundary layer is small and initial data is
a small perturbation around the corresponding boundary layer. Recently, Huang
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and Qin [11] studied the stability of the boundary layer and rarefaction waves by
removing the smallness of the initial perturbations. In what follows, let us recall
some basic facts concerning the study of the outflow problem. The characteristic
speeds of the hyperbolic Euler system corresponding to (2) are

A =u—5(p), A2 =u+S(p), (4)

where S(p) = \/P'(p) = /74, 7 is the local sound speed. We also denote the
Mach number by M = |u|/S(p) and the specific volume by v = 1/p, where their
values at infinity are given by My = |u4|/S(p+) and vy = 1/p,. The phase plane
Ry x R of (v,u) can be divided into three subsets:

Qe = {(v,u) € Ry xR;Ju|l < S(1/v)},
Tirans = {(v,u) € Ry X R;|u| = S(1/v)},
Qouper = {(v,u) € Ry xR;ju| > S(1/v)},

where Qgup, irans and Qgyuper are called the subsonic, transonic and supersonic
regions, respectively. In the phase plane, we denote the curves through a point
(Ul,uly
U U
BL(v1,u;) = {(v,u) € Ry x R: — = -1},
v V1

Ry(v1,u1) = {(v,u) e Ry xRju=1ug — w/av/ s ds, v > v},
v1

1 1
Sa(vy,ur) = {(v,u) € Ry X Rju=wuy — \/(vl — ) [P(;) - P(U—)}7 v<w},
1
to be the boundary layer line, the 2-rarefaction wave and the 2-shock wave curves,
respectively. Then, the large-time behavior of solutions for the compressible isen-

tropic Navier-Stokes system can be considered in the following two cases:

Case I: (vy,uq) € Qoup N {usr < 0} and up < min{0,uy}. Let (vi,u.) be the
intersection point of Ro(vy,us) and Typgns, 1.€.,

y—1 U ol
ue = —ayos T =uy —Jay / s ds. (5)
v

Furthermore, if u, < wp < min{0,u,}, then there exists a unique v, such that
(vb, up) € Ro(vy,uq), and the time-asymptotic state of the solution is a 2-rarefaction
wave (v,4)(%), which connects (vy, up) and (vy,uy ), to the corresponding Riemann
problem, see Figure 1.

Case II: (vi,ut) € Qguper and up < uy. Here (vs,u,) is an intersection point of
BL(vy,uq) and Sa(vy,uy), ie.

U4 { 1 1 U4
Uy = — Vs — 4 [ (Ve — V) | P(—) — P(—) |, Usx = — V4. 6
p= \/<+ PG PG we= 2 (6)
Then, there exists a unique v, such that (vp,up) €
asymptotic state of the solution is a boundary layer (5,
and (v4,uy), see Figure 2.

L(vy,uy), and the time-

B
@) (x) which connects (vy, up)



4 RENJUN DUAN AND XIONGFENG YANG

‘ 4,
B SQ(U+au+) B SQ(U+7U+)
. v . v
ol A (V4,u4) . o (U*7u*) ]
Wl w (04,1
Ro(vy,u +5 Y+
2( + +) RQ(U+,U+)
BL(vy, ) BL (v, us)
Figure. 1 Figure. 2

Now, our goal in this paper is to study the large time behavior of global solutions
to the IBVP on the two-fluid NSP system (1). Compared with the case of the single
quasineutral Navier-Stokes system (2), we mainly investigate the influence of the
electric field on the time asymptotic stability of some nontrivial profiles. Precisely,
we consider (1) in the half-line R} with initial data

(pi Uiy pe, ue) (2, 0) = (pio, Uio; Peo; Ueo)(T) = (P4, Ungs P4, Uy ) s @ — 00, (T7)
and the boundary data
1;(0,1) = ue(0,t) = up < 0. (8)

Here, we suppose infyer, pio > 0, infyer, peo > 0 and further the compatibility
condition up = u;0(0) = ue(0).

We shall establish the global-in-time asymptotic stability of the rarefaction wave
and the boundary layer both for the outflow problem under the smallness assump-
tion on initial perturbation, where the strength of the rarefaction wave is not nec-
essarily small while the strength of the boundary layer is additionally supposed to
be small. Here, the large initial data with densities far from vacuum is also allowed
in the case of the non-degenerate boundary layer.

The results that we have obtained in this paper, cf. Theorem 2.3, Theorem 3.3
and Theorem 3.4, show that the large-time behavior of the solutions coincides with
the one for the single Navier-Stokes system in the absence of the electric field. To
the best of our knowledge, it is the first result concerning the asymptotic behavior
of solutions tending to a rarefaction wave or boundary layer for the two-fluid NSP
system. We remark that the approach developed here can be adapted to the stability
of the superposition of rarefaction wave and boundary layer and also to the study
in the case of the whole line.

The proof of those main results is based on the classical energy method. As we
mentioned before, the main difficulty in the analysis comes from the slower time-
decay rate of the system caused by the appearance of the electric field. In fact,
generally, the electric field E(z,t) can not be time-space integrable, that is, the

integral
oo o0
/ / |E(x,t)*dxdt
o Jo

could diverge. Thus, when the asymptotic stability of a nontrivial profile (poo(z, t),
Uoo (2, 1)) is considered, it is impossible to use the above quantity to control the
following type of term

1 [ [ 2
§/0 /0 Dutice(, )| Bz, 1) Pdadt (9)
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that one has to meet in the proof of zero-order energy estimates. One way for
estimating (9) is to make use of the time-space integrability of the first-order space
derivative of E in terms of the possible space-decay property of us(x,t) at infinity
together with the Hardy inequality. It is the case in the study of the stability
of the non-degenerate boundary layer, see the proof of Theorem 3.4. However,
due to technical difficulties, the same trick fails for the consideration of both the
rarefaction wave and the degenerate boundary layer. To overcome this, we instead
use the coupling property of the two-fluid equations to control (9) and hence capture
the dissipation of the electric field interacting with the nontrivial asymptotic profile;
see also [7] for a similar observation. Specifically, the difference of two momentum
equations in (1) gives

1
2E = Oi(u; —ue) + iax(uf —u?)
+ Pl(pz)arpz _ Pl(pe)ampe:| _ |:(u7)’1"1' _ (ue)T'r
Pi Pe Pi Pe
By applying this equation, it formally holds that
1 10 i +
5(‘3gguoo|E|2 =15 {000 (u; — ue) B} + %axuwm —uc|® + (h.o.t.),

where (h.o.t.) indeed denotes the high-order terms and the first two terms on the
right-hand side can be bounded in terms of the basic energy inequality obtained in
the usual way. Notice that u; and u. have the same asymptotic profile us, in time.
Therefore, if u., is nondecreasing in space variable, the term (Bxuoo)l/ 2F which
denotes the interaction of the electric field E with the nontrivial asymptotic profile
can be time-space integrable.

Finally, it should be pointed out that system (1) in the non-dimensional form
depends generally on the ratios of masses, charges and temperatures of two fluids
and also on the Debye length, cf. [26] and [1]. In such case, the two-fluid plasma
system exhibits more complex coupling structure and the corresponding analysis
of the large time behavior of solutions becomes more complicated [3]. The general
physical situation is left for the future study.

The rest of this paper is organized as follows. In Section 2, we prove Theorem
2.3 for the stability of the rarefaction wave. In Section 3, we prove Theorem 3.3
and Theorem 3.4 for the stability of the boundary layer in the degenerate and
non-degenerate cases, respectively.

Notations. Throughout this paper, the generic positive constants are denoted
by ¢ or C. C(-) stands for a generic function depending only on the argument.
LP(2) denotes the usual Lebesgue LP space on Q C R, while W*P(Q) denotes
the usual k"-order Sobolev space. For simplicity, we denote H*(Q) := W*2(Q),
Ho(Q2) = L*(Q). The corresponding norm is denoted by || - [l = || - [|gr (o) and
|- II=1"1lz2(). The domain € will be often abbreviated without confusion.

2. The stability of rarefaction waves. In this section we are concerned with
the asymptotic stability of the rarefaction wave for the outflow problem (1), (7)
and (8) on the two-fluid NSP system. In this case, there exists a unique p; such

that (pp,up) € Ra2(p4,us) and the time-asymptotic state of solution is indeed a

2-rarefaction wave (pf,u)(%) which connects two constant states (pp,u) and

(p+,us) at & =0 and = = oo, respectively.
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We firstly construct a smooth approximation for the rarefaction wave as follows.
Consider the Riemann problem on the Burger’s equation

w; + ww, =0,
w(0,z) = wo(x) = {

for w_ < wy. It is well known that (10) has a continuous weak solution w?(z/t)
connecting w_ and wy, taking the form of

w_, ¢ <0, (10)
wg, T >0,

w_, T < w_t,
R(EN_ ) =
w = 7 Wt <z <wyt,
t
Wy, wit <.

Let (p®, uf?)(2) be defined by

R R
R(T\._ R ry ™ S(pT)
w (;) =u +S(p )7 dpR_ pR )
with w_ = up + S(pp) and wy = uy + S(p4), where S(-) is defined in (4). Then
by a direct calculation, (pf,u®)(%) satisfies the following Riemann problem on the
Euler equations

pt + (pu)e = 0,
(pu): + (pu* + P(p))z = 0,

(p,u)(x,0) = (po,uo)(x) = { 5217133_7)7 i i 87

As usual, wR(?) can be approximated by a smooth function w(x,t) to be con-
structed as follows. Consider the Cauchy problem on the Burger’s equation:

w + ww, =0,

B ) wo, T <0, (11)
w(0,2) = wo(@) = { w— + Cy6, fom yle ™ vdy, x>0,

where 6, := wi—w_, ¢ > 10is a constant, C; is a constant such that C, fooo yle Vdy =

1, and € < 1 is a positive constant to be determined later. Then, we have

Lemma 2.1. Let 0 < w_ < wy, then the problem (11) has a unique smooth solution
w(x,t) which satisfies the following properties
i) w_ <wW(x,t) <wy, Wy >0 forx >0, t>0.
it) For any p (1 < p < +00), there exists a constant Cp 4 such that fort >0,
[0z ()][r < Cpq min{(srgl_l/pv §i/pt_1+1/p}7
[@aw ()| L < Cpgmin{d,e?~ /P, g1/ 9et=1/pH1/ay=151/ay,
iii) When x < w_t, (W —w_) =0 for k=0,1,2.
) i w(z,t) — wh(z/t)| = 0.
w) lim Sup [w(z,t) —w(z/t)]

We now define the approximate solution of (pf, u®) by (p,u) in terms of
- B _ du S(p)
w(x,t+ 1) :=u(x,t) + S(p(z,t)), —=—= 12
(@t + 1) = (o 1) + S((e. 1), G = = (12)

together with u, + S(pp) = w— and us + S(p+) = wy. Then, it holds that

{ P+ (pu)e =0,
(pa): + (p@” + P(p))s = 0.
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Let 0, = |p+ — pp| + |u+ — u—|. From the properties of w stated in Lemma 2.1, one
has the following lemma concerning (p,@).

Lemma 2.2. The approzimate solution (p,u) given by (12) satisfies
i) py, >0, U, >0and pp, <p<py, up <u<ug forzx>0,t>0.
ii) For any p (1 < p < +00), there exists a constant C,, such that for ¢t >0,
(P ()]0 < Cpqmin{d,e' =P, 61/P(1 4 1)~ H1/Py,
| (Pas W) ()| 0 < Cp g min{6,e7~1/P, g/ 0! 1/pH1/a(1 4 g)=1H 103,
iii) When © <0, OF(@ —u_) =0 for k=0,1,2.
w) lim sup|(7,7)(x,t) — (p%,u®)(z/t)] = 0.
t—=+00 zcRr
Now, in order to consider the stability of the approximate rarefaction wave (p, %)
for the IBVP (1), (7) and (8), let us define the perturbation
(¢i,67 wi,e) = (pi,e — P, Uje — ﬂ)
Then, (¢;, Vi) satisfies
O ¢i + uilz i + piOaths = — fi,
piOi + P'(pi)0ui + piviOzthi = (Vi) — 9i + piE,
8t¢e + ueawd)e + peaz'(/)e = _f€7
peatwe + P,(poeo)ax(be + peueaxd}e = (we)xac — Je — PeE, (13)
E(.’E,t):—fw (¢i_¢e)(yat)dy7 1’€R+,t>07
(¢i7 M)(t O) = Oa
((biawh ¢67 ¢e)($70) = (¢i0awi0a (beO)weO)(x) — 07 as T — o0,

where f; ¢, gi. are the nonlinear terms, given by

fie = Tatie + Potice, _
Gie = —Ugg +ﬂazpi,e¢i¢e +ﬁz [P/(pi,u?) - L;P/(p)]

The solution of (13) is sought in a set of functions X,.(0,+00), where for given
0<T < +o00, X,-(0,7) denotes

X,(0,7) = { (61 Vi E)| (Si0s0i.0) € COT5 HY), (di0)a € L2(0, T3 L2),

(Yie)s € L*(0,T; H'),E € C(0,T;L?), ;c(t,0)=0(0<t < T)}.

The main result of this section is stated as follows.

Theorem 2.3. Assume that (v, uy) € QsupN{us < 0} and u, < up < min{0, uy },
where u, is given in (5). There exist positive constants 9 and Cy such that if

[|Eol| + |(¢i0,e05 Pi0,e0)||1 + € < €0,

where € is the parameter in (11), then the outflow problem (13) of the two-fluid
NSP system has a unique global solution (¢;.c, Vi, E) € X, (0,400) satisfying

+o00
sup (IIEOIP + [, i) OII) + | @6 @00

+ /0OO [H\/Hiw(@,ea ¢i,e)(7—)||2 + ||(va ((bi,e)am (d’i,e)wa (wi,e)wax)(T)Hz} dr

<Co {HEOH2 + | [($40,e0, i0,e0)||T + 51/’1},
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and

lim sup

t— o0 xE]R+

The local existence of the solution (¢, ¥; e, E) to the IBVP (13) is proved by

the standard iteration method. As to the proof of Theorem 2.3, it suffices to show
the following a prior estimate.

(pi7e(x,t) - pR(%),ui,e(x,t) - uR(%),E(x,t))‘ —0.

Proposition 1. (A priori estimates). Suppose that all assumptions in Theorem
2.3 are satisfied. Let (¢ e, i) € Xr(0,T) be a solution to the IBVP (13) for some
positive T'. Then there exist constants e1 > 0 and Cy such that if

sup (1B + (@i i) Ol +e < e,
0<t<T

then the solution (¢; c,;.) satisfies

T
(IBOIF + 1150, )OIR) + [ 1B b1 (61020,

sup
0<t<T 0

T
[ IVE e )OI + 1 (G100 (W) (i) (DI F] (1)

< C1[[1Bol 2 + [(Bio,c0, Yro.c0) 12 + /1]

Proof. Before giving the proof of this proposition, we list two notations
N2(t)i= sup (B2 + (|1, o) (D),
0<r<t
and

32) = [ {100 (1)) O + VTP

HI(Ees (910)as (Bie)os (Vi )ar) ()1
By the Sobolev inequality

sup |f ()] < V2I[ V2] fo] |2 for any f € H,
TER4

we have that, for sufficiently small €1,
pu/2 < py — V21 <P+ die = pie < pi + Cer < 2p4, (15)
1$ieOllze < V2[[iell? 1($ie)al['/? < V2N () < Cen, (16)
and
IE@®)][z= < V2 BI[V2|EL|[V? = V2||EI|'?[|¢s — ¢ell'? < 2V2N (1) < Cer.
Now, we divide the proof of Proposition 1 by three steps.
Step 1. The zero-order energy estimates.
We define the following functionals (see [11] and [16]),
£(p,u) = B(p,7) + glu— 7l

where

D(p, p) := /pp P(S);P(ﬁ)dsz (7_(11)[, P =0 =" p— D).
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Notice that ®(p,p) is equivalent to |p — p|? for |p — p| < C. Hence, the energy form
is equivalent to |(p — p,u — @)|?, namely, there exist positive constants ¢; and Cy
such that

eil(p—7u— D < E(p,w) < Crllp - ,u—) 2
For brevity of presentation, we denote
gi,e = 5(91‘,@,“1’,@)7 (I)i,e = (I)(pi,eaﬁ)a
and for any function h, we set
he = h; + he.
From (13), a direct computation yields
1 _ u
{paga + 7E2}t + {[pauaga + [P(pa) - P(P)W)a - wa(wa)x} + 7E2}w

2 2 an

2
1 {[P(pa) = ()~ P()6a] + patd = 5} + [(Wa)al? = Taatie

The main difficulty comes from the term u,E? on the left-hand side of (17). We
estimate it as follows. From the second and fourth equations of (1), one can compute

€

1
2F = 8t(U,z — Ue) + 581(’[,%2 - ’U/Q)
(18)

Pl(pz)axpz _ P/(pe)azpe] _ [(Uz)zr _ (ue)mz:|
Pi Pe Pi Pe
Multiplying both sides of the above equation by u,E/4 and using E; = —p;u; +

gl

Pelle = 701-59(5 (ui — ue) — Méuﬁue), one has
Uz o U _ Umt
5 E = ( 1 (u; ue)E)t 1 (u; —ue)E
Uy Uy
_Z(UZ ue)Ey + gEaz(ul u?)
A’yﬂm y—1 -1 Uy (Uz)zm (ue)mx
+4(7—1)(pi pe)eEt E[ pi pe ]
(T u Uy (V7 — 2)
- <4 (%—%)E)t— (4(%—%)]5— ) ):c (19)
Uy Ut + Uy
(i pe) (W —0)” + T (i = w)E)
ﬂl L _ ﬂww 2 2 A/yﬂw y—1 _ -1
7:87371' EEac 7x i)z e)xx
_u7+1[ﬂ_ﬂ}ﬂ
4 pipe 4 Pi Pe

Combining (17)-(19), we arrive at the following equality

{pagoc - %(% - we)E + %EQ}t + {pauagoc + [P(poc) - P(ﬁ)]wa
Uy Uy (Y —¥2) w
a(Wa)e + s — ) B - V) | Tl
2 [P(pa) = P(p) = P'(P)ba + patt — 22 (s = ¥0)?] + [()a]?

= Uy + (H.O.T.), (20)
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where

(o) =0 (i = we)a B + (i — ) Ex)

1p
Ay 9 _ Upllye BE
e S IR CAN LR

=2

AVUpy o _
22— o) + TP (17— 1Y) E

4 4(y - 1)
ﬂ:cz 2 2 Ha: (’(/}z)mv (we)ra:
R L L
=Ry +Ro+ R3s+ Ry + Rs + Rs. (21)

Therefore, after integrating (20) over [0,¢] x Ry and noticing u; < 0, (20) gives

Ty 1,
/ﬂh {paba— "2 (1~ p) B+ S B b
¢ 1
+/ ‘ub‘ |:pocq)a(077-) + §E2(07 T)] dT
0

+/Ot/R {@](P(oa) = P() = P'(p)o)

Pa
8

Uy (z,0 1
= / {pa05a0 _ Ta )(1/%0 — Ye0)Eo + iEg}dx
Ry

+pathl — = (1h; — we)ﬂ + |(¢a)x|2}dxd7

4

L /O t /R [Tatho + (HOT)|dadr.  (22)

For the estimates of the terms on the right hand side of (22), by the Sobolev
inequality and the Holader inequality, we have

t t
// %wa\dwrsc/ sl 22 101 ()]
o Jr, 0

t
scwre)z/o (14 7)) o)l [l b dr

4(1

< C(bre) [/Ot ||(¢a)z||2d7+/0t(1+7) s?”H%”%dT]
< 0(57«6)3 (M2(t) —i—N%(t)) < 0(57"5)% (MQ(t) +N2(t) + 1), (23)
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where we choose ¢ > 10 such that 5(17;(1) < —1. For other terms, we use an estimate
which reads that for all f,g € H*,

t t
[ wtodsar| < [ [ jaulfis) g dodr
0o Jr, o Jr,
t 1 3
< [l [ (5P + ) dodr
1 ¢ 3
< o6t [ (n) HIR gl dodr
0o Jry
. t
< e sup 1F1+ [ llgalPar).
0<r<t 0

It should be pointed out that the above estimate also holds true when u,, is replaced
by p.. Basing on the above inequality, we will give the estimates of the time-space
integral of (H.O.T.) in (22) corresponding to (21) term by term. Recalling i) in
Lemma 2.1, (15) and (16), we get by Cauchy-Schwarz

t
‘ / Rldwdr‘
o Jr,

t
< 0.2 sup (IBIP + 11 = el ) + [ IBIP + 110 = ) |Par)

< C(6,€) 5 (N2(t) + M2(1)). (24)

In a similar way, for Ry and Rj3, we estimate them by
t 1
[ Badsar| < c@ ot v + 2%, (25)
0 JRy
t
| / Rydwdr| < 05,22(5,) (N2(1) + M2(1), (26)
0 JR4
and moreover, for Ry and Rs5, we obtain
i t
‘ / / R4dxd7‘ < C/ / (|ﬂ§| n |ﬁwﬂ$|) |\E|dzdr
0 JRy 0 JR4
t
< C(6,e)7 / (1+7)3||E||dr < C(6,€)% (N2(t) + 1) (27)
0

and

t t
’/ / R5dxd7" gc/ / (T || E|dzdr
0 JRr, 0 JR,

< C(6,e)% (M?(t) v N%(t)) < C(6,¢)% (M?(t) +N2(8) + 1). (28)
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For Rg, since @, (t,0) = 0, it follows from integrating by parts that

/Ot | Rodedr = l/t/]R %E %—M]Wh
Al

_,// Tao + Usl, E[w; = (iEQ)x}dxdT

e

_Z/ / ﬂzE i IQ i) ((b ) (¢€)I:|d$d7_
0 JRy Pi p?
= R{+R:+ R,

where R}, RZ, R} can be estimated as
t
B < C2) [ B (i) (el < CMPE),

t 2
RY < C (et gioe) [ [ m) 2 RBP4 (s (00).)
0

< c(csrsl“/q + 55“/%) (N(t) + M2(t)),

|Rg| < C(STEOiligt ||E(T>||L°° /0 (H((¢z>z7 <¢e)w)||2 + ||((wz>z7 (’(/}e)w)HQ)dT
< C(8re)(N*(t) + MP(1)).

The above estimates imply
t
] / Rgdade‘ < C8,e(N2(t) + M2(t)). (29)
0o Jry

We now choose ¢ sufficiently small such that d,.¢ <1, so (24), (25), (26), (27), (28)
and (29) yield

t
| / (HOT)deds| < C(6,0)/9[N2(1) + M2(1)]. (30)
Ry
Then, by using (23) and (30), it follows from (22) that
Uy 1,
/]RJr {paga - I(TZ}Z - 1Z)e)E + §E }d(E

/t |ub|[p(, £(0,7) + 1E2(O T)}dT

// e [(P(pa) ~ P(0) — P' (7))

+pat ~ 8“ (= )*] + (o)l pdrdr
C (110, wa)|I* + 1Bl + (8:)7 ) + C(0,€) T (N*(t) + M(1)). (1)
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Here, notice that

/ot /R [ patd = B (0 — v)? | dadr

= /Ot/R ﬂwﬁ[wg + ¢3 — M} + Uy {¢a¢ — @(wl _ we)Q} dedr

>3 t / vt vt - evoea) (32)

Recall that (15) implies that the densities p; . are bounded below. Therefore, by
choosing ¢ further small enough, we have from (31) and (32)

0O + a1 + @I+ [ [160(0.7)F + B20.7)]ar

i /ot/R {100l + al? + B?] + |(Wa)o |* pdadr

< C(I(@a0)l 2+ || Eol 2 + (8,2)7) + C(8,6) 4 (N*(t) + M2(1)),  (38)
which is the desired zero-order energy estimate.

Step 2. The estimate of (¢q ),
By differentiating the first and third equations of (13) in  and then multiplying

them by (d)p% and (d;%, respectively, one has

—(fi)w(q;?”” _ (@zzgg) i (@(-Zg)cgqbz) +(uz-();i()?)iJr(éi)&E;b;)m
- (5), - (), =
7, P00 | (O0:(00ee (34)
and
~ue = (G, (), =T
7, )0)e | (Bell)e (35)

Moreover, multiplying the second and fourth equations of (13) by ((Z% and ((bpz)“”,

respectively, gives

(Pi)s (¢i)z(¢i>t+Ui(¢>i)x(¢i)x+Pl(ﬂi)[( V]2 — (91)a(Vi)aa | E(¢i)a

— Y 2 - ¢z +
P; pi pi P; (pi)? pi
o (@a)ahi\ (@i W)\ e P e
= (), - (U +2.75) — 100 + =22 160:]
1, Pi (wz)w + D (wl) +2p, ¥ (wZ)z 1, (ﬁz¢z - 52((%)90)7%
Pi Pi Pi P;
()2 (¥i)aa +E(¢i)x7 (36)

(pi)? pi
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and
(¢e)w (¢e)mwe ((be)t'dje — (1/)6)2 2 Pl(pe) 2
il (o (o ) Py,
+y ¢6(7pe)1 + Dow (7/}6)2 + 2ﬁ:1: "/}e("/}e>w + Ty (ﬁm¢€ — 52(¢6)I)we
Pe Pe Pe Pe
e)x e)xrx E e)x
il o
Now, adding (34), (35), (36) and (37) together, we get
[($a)e]? | ($a)a?a
( 203 + Pa )t
Ua [(Pa)z)? _ (fa)ttha _ Pe(ta)? P'(pa)[(Pa)e)?
Jr( 2(pa)? Pa Pa )er P2,
— [(wa)m]Q + u$¢a(wa)£ _ Pm(%z) _ Zwaa(l/’a)x
Pa Pa Pa
Uy (P2Pa — P(Pa)s)¥a  Ual(Pa)a]® | Pa(ba)a(a)e
' 2 A ()

The last term in the above equation can be further written as
i) x e)x 7 — FPe Ep
E((¢) _ (¢e) ) _ [(lnpi 7lnpe)4Ei (pi = pe) Epy
Pi Pe PiPe
E.Ep
= [(ln pi —1In pe)E] —(Inp; —Inp.)E, + p"’”.
z PiPe
By integrating (38) over [0,¢] x R, similar to Step 1, it is straightforward to check

that
/ (0] + da’:—i—/o 7( )3 (O,i)d7

+ /J;O; Pa
—|—/Ot/]R+ {W—i—(lnpi—mpe)Ew}dde

«

< O(I1(¢a0; Pa0)ll” + ll(@a0)alI* + (6:€)/9)

+ /Ot(ln pi — In p)E(0, 7)dr + C(6,6)YI(N%(t) + M2(t)).  (39)

Now, let us further consider the estimate of the electric field E appearing in (39).
Notice that (Inz —Iny)(z—y) > (/& —/y)? for all 2,y > 0. Under the assumption
(15) on the densities, we have

¢ ¢ ¢
/ / (Inp; — n pe) Epdxdr > / / (/i — /pe) dadr > c/ / E%(x, 7)dxdr.
0o JRry o Jry 0o JRry

Furthermore, since In(1 + z) < z for all x > 0, |Inz — Iny| < Hlligxyg} holds true

and we hence have

/Ot ((m pi —In pe)E(O,T)>d7‘ < C/Otwi + E%)(0,7)dr.
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Multiplying (39) by a suitably small positive constant A and adding the resulting
inequality to (33), we then obtain

1(@as (Pa)es Ya) W1 + IE@)][? +/O [(¢a: (da)e, B)(0,7)|*dr

[ (el v o8]+ 160, W B e
< C(N(0) + (8,9)7 ) + C(8,2)F (N2 (1) + M(1). (40)
Step 3. The estimate of (¢q ).

Multiplying the second and fourth equation of (13) by —(¥;)zs/pi and —(¥e) zz/ pe,
respectively, it follows that

([(wi)x}z)t B ((wi)twi)w N ui[(wi)zP)w L 10wl

2 2 Pi
N 13 I ) 12 ury . . (2]
_ [(%2)95] _ w[(qu)w] + P (pZ)((bpzl)w(wz)ww n gz(iz)zw E();)ze,(41)
and
2 m 2 2
([("/}62)1] )t_ (we)twe)ﬁ e[(@ge)z] )ﬁ [(wi:z]

3 ﬂﬂ? e)x 2 ! € €e)x e)xx € €e)xx
_ _[(¢<;)z] B [(1/; ol P'lp )(q;e) We)ez , g (i) + E(t)0n (42)

Notice that
E(Q/’z - we)m = [E(¢z - Q/Je)w]:r - Em(wz - we)w

Then, integrating (41) and (42) over [0,¢] x R, adding them together, and using
Cauchy’s inequality, we obtain

1W)olOIF + [ [ Tlta)ol? + 1) e(r) P
< C{lI@a vl + [ 1B (s (e 0.7 r

[ (B2 1)+ (@adel + lgaD| el +()af*)dadr .43
0 JRry

We now estimate those terms on the right-hand side of (43). By Sobolev inequality,

t t
/ |(6a)a (0, 7)2dr s/ ()l B

<8O/ el Bodr + o /Hwa vellZadr, (44)

and
t t 1 t
2 2
L 6atsttruntazdr <5C [l + g [ 6alurliadr. (45)

Because ¢ ¢ = Uyy + UgpieWie + P[P (pie) — P'(p) — P/@) ¢i.e), then we get that

/ |90 (Vo) ze|dzdr < C( (0, 5)2/q + 6, 5M2 —|— / | (e m||L2dT (46)
Ry
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Furthermore, we have

/ [ Jwa) \dxd¢<c/ 1a)ellF (el dr
s/o [BCN@a)II¥ + o5 1 a)ea 2] dr

<8C sup [|(Ya) ||3/ el P + o /wa o2

0<r<t

< SON (1M / 1(a)as | Pdr (47)

Thus, by plugging (44), (45), (46) and (47) into (43), we arrive at

1o OF + [ [ Taltadel? + 1a)se(r) P < {16 v

+a(5rs)2/q+/t |E(0,T)|2dT+M2(t)+N§(t)M2(t)}. (48)
0

Combing (48) with the inequality (40) obtained in Step 2, we have

I(E, ¢, Ya, ($a)e: (Ya)a) ()1 + /O (B, ¢a, (9a)2)(0,7)[?dT

[ {1 b0 t0r ) )B] + 1B (00)0r o ()P
< C(N(O) + ((m)%) + C(5,6) (N2(t) + M2(t)) + CNY3(1)M2(t).  (49)

From (49), it follows that there exists a constant €g such that if N(¢)+¢ < eq, then,
for all £ > 0, it holds that

N2(t) + MP(t) < C[N?(0) + (6,¢)"/),
which implies (15). The proof of Proposition 1 is completed. O

Proof of Theorem 2.3: The existence of the solution follows from the standard
continuation argument based on the local existence and the a priori estimates in
Proposition 1. Therefore, it suffices to show the large time behavior of the solution
as t — oo. First of all, we prove that

lim H(((ba)xv (1/104)90’ x)(t)H =0. (50)

t—+o0

In fact, it is direct to check that

Ewt = (quz - peue)x
ﬁ;p(wz - "/’e) + ﬁ(% - we)w + ﬂme + Esz + (GM/& - qpiwe)a:-
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Thus, one has

1d/ Egdx‘:‘/ EmEmtdw‘
2 dt -

- | /R By [ (s — ) + Pt = e)a + T By + T + (91065 — Gt ] da

sA+MEAwwaurgéJmmwaum

E%20,t) 1
+@LA—M~/“mﬁM+/|mwmfmwmm,

which after further taking the time integration, implies that for all ¢ > 0,
1d

/ Egdx’dT < C(N?(t) + M3(t)) < +o0. (51)

0
From Proposition 1, the inequalities (38), (41), (43) and (51) yield

| 10 e 0 + | e (6 () < +oc.

0

It implies that (50) holds true. Hence, by Sobolev inequality,
lim sup ‘(Pz e(z,t) — p(z, 1), ui,e(xat) —u(z,t), E(z,t))]=0.

t—-+o0 z€Ry
Furthermore, by the construction of the smooth approximation function of the
rarefaction wave, in terms of iv) in Lemma 2.2, we have the desired asymptotic
behavior of the solution

x x
lim sup [(pi,e(z,t) —p (;), ui,e*uR(;)y E(z,t))] = 0.

t—+o0 z€Ry

This completes the proof of Theorem 2.3. O

3. Stability of the boundary layer. In this section, we are concerned with the
time asymptotic stability of boundary layers for the IBVP (1), (7) and (8) of the two-
fluid NSP system. Here, a boundary layer (p,u)(x) is defined to be the stationary
solution to

(pit)e =0, r € Ry,
(P +p(p))e = liza, z €Ry, (52)
u(0> = Up (p7 )( ) (er’ U+), infa:ER+ [3(3’3) > 0.

In what follows let us present the existence and some known properties of the
boundary layer (p,@)(x) connecting (pp, up) with (p4,uy) for the above single isen-
tropic Navier-Stokes system in R, in the absence of the electric field. First of all,
integrating the first equation of (52) over [z, 00) for 2 > 0 yields

pla) = pruy(a(z) ™,

which implies by letting z — 0+

py = p(0) = pruy(up) !
Thus, the condition w4 < 0 has to be assumed whenever the outflow problem, i.e.,

the case up < 0, is considered. Moreover, let the strength of the boundary layer
(p, ) (x) be measured by

6= |uy — up).
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Then, one has the following

Lemma 3.1. (See [16].) Assume that (vy,ut) € Qsupp and up < 0. Then the
stationary problem (52) has a smooth solution (p, ), if and only if MT < 1 and
up < Uy, where u, is gwen in (6). The solution (p,a)(x) is monotonic, that is,

S0 and pp S0 ifup 2 ug. If My =1, a(x) is monotonically increasing and
converges to uy algebraically as x tends to infinity, precisely, there exists a positive
constant C' such that

gk+1
|3§(ﬁ—u+)|§0~7f0rk:0,1,2,-~-
(14 dx)ktL

If M* > 1, a(x) converges to uy exponentially as = tends to infinity, precisely,
there exist two positive constants c,C such that

|0 ((x) — uy)| < Coe™ " for k=0,1,2,-

Remark 1. (i) For the existence of the boundary layer, the strength 4 is not
necessarily small.

(ii) It is easy to see that p(z) satisfies the same properties as u(x) above.

(iii) In the case My = 1, the boundary layer is degenerate. For this case, p(x)
and @(z) are increasing functions with

po < p(z) < py.
For later use, we also need the Poincaré type inequality obtained in the following

Lemma 3.2. (i) Let My = 1. For any function h and k+j > 2, there is a positive
constant C' such that,

t [ee] t
/0 /0 Okl B2 dzdr < CHH+DI=2 /O 51000, 7) 2 + || (7)|Pd, (53)

provided that the right hand side of (53) is bounded.
(ii) Let My > 1. For any function h and k + j > 2, there is a posilive constant
C such that

t o) t
| [ tanasds < o [ .0 + (o) ar, (54)

provided that the right hand side of (54) is bounded.

Proof. We only prove (53) in the degenerate case. The proof in the non-degenerate
case is similar and thus is omitted for brevity. In fact, for the case M = 1, whenever

k+j>2,
t o)
// |o%a)? |h|2dadr
0

C§k+1)j . ,
/ / 1+ 5x (14 0z)k+1j ’h(O’T) +/0 hy(yaT)dy’ dxdr

05 e h(0,7)|? h 2\ dxd
o [P st

chﬂkHH/O S\h(0,7)|2+||hz(7)||2d7.

Thus, (53) holds true. The proof of Lemma 3.2 is complete. O
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In order to study the stability of the boundary layer, as in the previous section,
we also define the perturbation (¢; ¢, ;) by

<¢i,ea wi,e) = (pi,e(xat) - ﬁ(‘r)a ui,e(xvt) - ﬂ’(m>) )
where (p, @) is the boundary layer defined by (52). Then, the IBVP (1), (7) and (8)
of the two-fluid NSP system is reformulated as

0spi + 1i0p¢i + piOutpi = — fi,

piOubi + P'(pi)0xti + piwiOuthi = (Vi) aw — gi + pi B,

OtPe + Oy Pe + peOpthe = — fe,

peat'(/}e + Pl(pe)ax(be + peueaaﬂbe = (we)wa: - ge - PeE’ (55)
E= 7fa:oo(¢z 7¢e)(y7t) dy, I7tER+a

(¢¢7¢i)(t,0) =0,

(Bis i, Py Ye) (2, 0) 1= (di0, Yio, Peos Yeo) () =+ 0, as x — oo,

where the nonlinear terms f; ., g;, are given by

{ fi,e = ﬂx@',e + ﬁxd)i,ev
Gie = ﬂm(ﬂ¢i,e + pi,ewi,e) + ﬁz[Pl(pi,e) - Pl(ﬁ)}
Notice that for brevity, we have used the same notations as in (13) without any
confusion.

In the following two subsections, we will discuss the global existence and large
time behavior of solutions to the above IBVP (55) by two cases: the degenerate
case M4 =1 and the non-degenerate case M, > 1.

3.1. The stability of boundary layer in degenerate case M, = 1. In this
case, we look for the solution (¢; e, %) to (55) in the solution space

de(oa T) = {(¢i,ey wi,ea E) (d)i,eﬂ/)i,e) € O(OaT; H1)7 (¢i,e)$ c L2(07T; L2)7
(.0)e € L2(0,T; HY), E € C(0,T; L2), ;.o(t,0) =0 (0 < t < T)},

where 0 < T < oo is the lifespan.
The first result of this section concerning the stability for the boundary layer in
the degenerate case is stated as follows.

Theorem 3.3. Let M, = 1. For each given constant state (vy,us) € Tpons
and up < ug, there is a unique vy such that (52) admits a boundary layer (p, @)

connecting (vy, up) and (vy,uy). Furthermore, there exist positive constants 6y and
Cy such that if 3

[ Eol| + [1(¢i0.e0, Yio,e0)|[1 + 0 < do,
then the reformulated outflow problem (55) of the two-fluid NSP system has a unique
global solution (¢i.e, Vie, E) € Xpa(0,+00), satisfying

sup ([IEOIF +[1(ésc, i) OI) + [ 1B 010007

0
+||\/ﬁ>ac(¢i,e; wi,e)(’r)Hz + ||(Eza (¢i,c)mv (wi,c)fw (wl»e)mv)(T)Hz}dT
< Cy {||Eo||2 + H(@o,eo,%o,eo)ﬂﬂ,

and

lim sup |(pi,e(xat) - ﬁ(x)vui,e(xvt) - ﬂ(x),E(m,t)ﬂ = 0.

t—o00 ZEER+
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The local existence of the solution (¢; ¢, i ., E') to the IBVP (55) can be proved
by the standard iteration method and the details are omitted here. Therefore, to
prove Theorem 3.3, it suffices to consider the uniform-in-time a priori estimates
obtained in the following

Proposition 2. (A priori estimates). Suppose that all conditions in Theorem 3.3
hold. Let (¢ e,vie) € Xpa(0,T) be a solution to the IBVP (55) for 0 < T < oo.

Then there exist positive constants 61 and C1 such that if
sup (11E||+ 191, Yie)ll1) < 01, (56)
0<t<T

then the solution (¢, Vi) satisfies

T
2 _ , 2 ) , )2
Sup (IIE(t)H +|\(¢1,e,wz,e)(t)||1)+/0 {I(E,@,e,(cbz,e)z)(O, )l

0<

IV (D10 Y1) O + 1By (91.0)as (i) (1.0)ea) ()] fbr
< G (I1B | + [1(di0.cos io.co)I ) (57)

Proof. As in the proof of Proposition 1, we denote

N2 ()= sup (IIEDI + (@i, i) (D)IE)

0<r<t

and
10 = [ {10 @) ORIV i )OI
Bz (91.0)as (i) (Y0 )ae) ()] .

By the Sobolev inequality and the assumption (56),
IE@®)]|L < V2IE|[M?||EL][V? = V2||E|[V?||¢s — el|'/? < 2v/2N(t) < Cdy,

58
1(Bi,es i) )l Lo < V2l[iel M2 [[(Whie)a][V? < VEN(t) < Céy, (58)
for any 0 <t < T. Therefore, for §; sufficiently small,
1 -
3Pb < Py = C01 < p(2) + Pie(x,1) = pie(@,t) < py + C01 < 2p4., (59)

forany x >0and 0 <t <T.
We now divide the proof by three steps.

Stepl. The zero-order energy estimates.
Similar to Step 1 in the proof of Proposition 1, we define the functionals

Elp,u) == D(p, ) + %|u — a2, ®(p,p) = [, w

ds,

where the energy form &(p, u) is equivalent to |(p — p,u — @)|?

denote

. For brevity, we also

gi,e = g(pi,eaui,e); (bz}e = (I)(Pi,e,ﬁ)> ha = hl + h67 (60)
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where h is an arbitrary function taking different forms at different places. From
(55), a direct computation yields

{paga + %Eg}t + {[pauaga + [P(pa) — P(P)] V0 — %(%)m} + %EQ}
v { [Ploo) = P(D) ~ P/(3)6 + pav] — 3B} + ()2
_ ﬁ;w [ata]. (61)

Notice that from the second and fourth equations of (1),

€T

2F = 0¢(u; — ue) + %5‘3,(%2 —u?)

4_[1’%pzi8xpi__ f”(p;iazpe} __{(@iiww _.(uzzjw}.(62)

By further multiplying (62) by @, E /4, one has

T = (S - uE), - -
+%Eaz(u? —ul) + 4(?1””1)(,021 —pl7)E
- (%(ui —u)E) + ({LZ“E(% — ).

P )0 = ) — L2 B, — )

Uy A, -1 _
+§El(1/)12 _¢3)+ 4(7_ 1) (p;y _PZ 1)1E

ﬂz ﬁa: (uz)mx (ue)xz
+ZE(1/)1(1/)1)95 - %(%)z) + X{ 0; — e FE. (63)

Plugging (63) into (61), we arrive at

+{[pattabe + [P(pa) = P10 - (%Z)z} + MMI v)E “;EQ b
itz | Plpa) = P(p) = P'(5)ba + patid = B2 (05 = ¥0)?] + [(¥a)a )
= —% (Gatea] + (HLOT, o)

where

) Ul o Uy 9 oy, UEyoo
(HOT) = ~ 22 B(yi — po) + “ZEa(u? - v2) + 2= (42— u?)
A’}/’INJ,IE Ug (Uz)zz (Ue)mz
i -1 Z[ pi pe }E

=R\ + R, + R+ R}, + Ri.

(P‘Wﬁl - Pz_l):r +

7
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Integrating (64) over [0,¢] x Ry and noticing up < 0, we have

/]R {Paga N M + E;}d.%‘-i— /Ot |us| [pa(ba(oﬂ') + EQ(;)’T)]CZT

[ {5]Pn - P - P@100)
pat? = B (s = 60)?] + [($a)af* dodr

Uy (io — Ye0)Eo  E}
= [ pagEay - Wi " V)P0 By,
/]R+ { 0<a0 4 2 }

t ~
+ / / [— M + (H.O.T.)'} dzdr. (65)
0 JRy p
For the first term on the right hand side of (65), we estimate it as

‘At4+lw;%xdxdT’§’/ot[R+

gmla%@ﬂuwm%wmwmsme.

ﬂ;’” (62 + 2] doar|

Similarly, we get
t ~ t ~ _
’/ / R’ldsz] gca/ SIE, 7)) + [|(Ba, (a)s)|2dr < CEM2(t).
0 JRy 0

We now estimate the rest terms corresponding to R, Rj, R}, RL. In a general way,
for given functions f and g,

t
‘// ﬂwfg,;dxdr‘
0 JR,
t 3 1 - t
g‘// ﬂa‘g‘f&;gwdde)gCé// [a$f2+g§}dxdr
0 JR, 0 JRy
t
<5 [ B170.0F + 112l + el daar,

where Lemma 3.1 and Lemma 3.2 have been used. Recalling the inequalities (3.2),
(58) and (59), we obtain

t t
| [ 1R+ Rildedr < €5 [ BEQ.DP + (Ee. (b)) Pdr < COM ).
o Jr, 0

Since
(o} =Pl Na=(v—1) [(pf2 — 07 pa + 0] i) — PL 2 (be)a ]
we have

t t
/ / |R)|dzdr < 05/ S| E0,7)? + ||(Eq, (¢a)e)|[2dr < COM?(t).
0 JRy 0
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Similar to estimating Rg as in the proof of Proposition 1, a direct computation
yields

R/5 _ [ﬂacE((d}z)x _ (we)x>} n ('&wa Jrﬂxﬁac)E((qz[}z)x _ (we)x
4\ pi pe /e 4 [ P2
+4(pi7pe>+4(p?7 P2
+4p¢pe ’

which further implies

t
/ / | RS |dxdT
0o JR,
t
<5 [ [I(B. (o) ). O + 11 (90)er (W) () ar < OB ).
Then, by collecting the previous estimates, it follows from (65) that
T 1,
/]RJr {paga - Z(wz —Ye)E + §E }dl‘
i 1
+ [ tunl[patal0.m) + 5 B0, ar
0 2
t
[ ] {5[Pw.) - Po) - P@I0)
0 JRy

+patl — %(wi - %)2] + \(wa)z|2}dxd7
< C(1I(@a0, o) + |Bol?) + CFM2 (1),

Here, further notice that

/ot /RJr Ue {pawi - %(%‘ - T/Je)Q}dxdr

_ /ot /R+ mﬁ[w? +y? - W} L, [qﬁazpi _ %a(d,i B we)ﬂ dnde

| R P, 2

5/0 /R+ uxp{il)i +we]dxdT—CN(t)M ().

Therefore, by choosing 41 small enough, we obtain
t

0O + a1 + IE@IE+ [ [166(0.7)F + 220, ar
t
A AR GO N N 2 R (RN T ¥
< O (11600, Yao)II? + 1ol ) + CEM2 (1) (66)

Step 2. The estimates of (¢4 )z-
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Similar to obtaining (34)-(37), we also get

([(¢a)w] (¢a)xwa)t

+
203, Pa
Ua[((z)a)z]Q (¢a)t¢a ﬁz(wa)Q Pl(pa)[(¢a)x}2
+( 2(0a)*  Pa Pa >w+ P2
_ [(111@)%]2 + uﬂba(wa)r o Prcax(@boz)2 _ 2Pﬂ/’a(¢a)z
Pa Pa Po
Uy (Prda — P(Pa)z)Va . ﬂx[(d’a)wP n Pz(Pa)z(Pa)z
P P (pa)?

(fa)z(Pa)z  ga(Pa)a (i)e (Pe)

B A S Gl ®

The last term in the above equation can be rewritten as

E((‘Zﬁzﬁ _ @) _ {(lnpi —1In Pe)x}E _ (pi=pe)Eps

PiPe

_ [(mm —lnpe)E} ~ (i —Inp,)B, + EEbe

Integrating (67) over [0,t] x Ry, similar to Step 1, it is straightforward to check
that
/ (0 | @t / lleE

/
/ / P pa 01)1] (ln Pi — In pe)ET}dIdT
Ry Pa

< (Il #a0 ($a0)a)II?) + / (In p; = In p.) E(0, 7)dr + CIM(2).  (68)

Under the assumption (59) on the densities, it holds that

t t
/ / (Inp; — In pe) Epdadr > c/ E2(z,7)dxdr,
0 JRr, o Jr,

and

/Ot ((m pi —In pe)E(O,T)>d7‘ < C/Ot[qsi + E%)(0,7)dr.

Then, using the above two estimates in (68), multiplying it by a suitably small
positive constant A and adding the resulting inequality to (66), we obtain

1(@as (Pa)as Vo) W1 + B + /0 (b ($a)e, E)(0,7)[2dr

+// ()G s )2 + |((G0)er (V) B fddr

< CN(0) + COM2(t). (69)

Step 3. The estimate of (¢4 ).
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After multiplying the second and fourth equations of (55) by —(¢i)zs/pi and
—(te)za/pe respectively, adding the resulting equations together, and then inte-
grating them over [0,t] x R, it follows that

1@ OF + [ [ 10)antr)ar

< O{lgua vl + [ 18, @)@ P+ [ (el
FEL 4 [($a)al? + |(9a)e (Va)sa| +19a(Ya)as] + |($a)al*) dadr }, (70)

which further implies

1) 0P + [ [ 10)antr)ar

< C{I1(Ga0, ool + M2(8) + N3 ()M (1) }. (71)

We now combing the estimate (71) with the inequality (69) so as to obtain

(E. das s (Bo)es () )OI + / ((B. o (6a))(0, 7)|2dr

+/ot/R (B, G s (6)2) 2 + (B (B (), () fdadr
< C(N©) + N M), )

From (72), it follows that there exists a constant d; such that if N(t)+d < 01, then,
forall 0 <t < T,

N2(t) + M?(t) < CN?(0).
This implies (57). The proof of Proposition 2 is completed. O

Proof of Theorem 3.3. The proof is similar to that for Theorem 2.3, and the
details are omitted for brevity. O

3.2. The stability of boundary layer in non-degenerate case M, > 1. In
this case, we look for the solution (¢; ¢, ¥;.) to the IBVP (55) in the solution space

Xona(0,T)
= {(¢i,eawi,€? E) ((bi,E?’(/}i,e) S C(O7Ta H1)7 (¢i,e)a: S L2(07T7 L2>7
(ie)e € L*(0,T; H'), E € C(0,T; L?), 4c(t,0)=0 (0 <t <T),

3 < () + Gie(a,1) < 20, VazeR+,0§t<T}, (73)

0

where 0 < T" < oo is the lifespan and My > 0 is a given constant to be chosen later.
The second result of this section concerning the asymptotic stability of the bound-

ary layer in the non-degenerate case is stated as follows.

Theorem 3.4. Let M, > 1. For each given constant state (vy,uy) € 'y, and

wp < Uy with u, given in (6), there is a unique vy such that (52) admits a boundary
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layer solution (p,u) connecting (vp,up) and (v4,us). Furthermore, assume that
initial data satisfies

Eo € L*(R4), (0,0, %i0.c0) € H'(RY), gng(piO,eO) > 0.

x

Then, there exists a positive constant 62 < 1 depending only on initial data such that
if 0 = lug — up| < 02, the reformulated outflow problem (55) of the two-fluid NSP
system has a unique global solution (¢; ¢, Vi, E) € Xpna(0,00) for an approzimate
constant My > 0. Moreover, it holds that

lim sup |(pi,e($at) - ﬁ(x)aui,e(x7t) - f‘(x),E(ac,t))| =0.
t—o0 $€R+

To prove the above theorem, similarly as before, it suffices to establish the a
priori estimates on the solution in the following proposition with the rest of this
subsection further devoted to its proof.

Proposition 3. (A priori estimates). Suppose that all conditions in Theorem 3./
hold. Let (¢ e,Vie, E) € Xpna(0,T) be a solution to the IBVP (55) for some
Q < T < co. Then there exist positive constants 03 > 0 and Cy; > 0 such that if
0 = |ug —up| < 93, the solution (¢; ., Vi, E) satisfies

T
2 ) ) 2 ) ) )2
sup (IIE(t)II +|I(¢z,e,wz,e)(t)lll)+/0 {I(E,qbz,e,(aﬁz,e)z)((), )|

VT (Bies i) DI + 1By (B1.0)es (Vi) (Yo (D
< G (IBol? + 1l (Buo.c0, ¥i0. o)l })- (74)

0

Proof. We divide the proof by the following three steps.

Stepl. The basic energy estimates.
We use the same notation &; . as in (60). From (55), a direct computation yields

(o), |
+{[pattata + [P(pa) = P(3) e = Yala)e| + 5B} + (1)’

2
= —i{[Plpu) = P(G) ~ P/ ()b + put?] — 57} — 222 ],

ﬁxm
F
which after taking integration over [0,¢] x Ry and noticing up < 0, implies
1
Palo + —E?Vdx
[ Armeat 3}
t
1
[ {lunl[pa®a(0.1) + 5E20.7)] + ()7 P far
0
¢
< C (|G, oo EIP) ~ [ [ {a[(P(o) - P2
0o Jry

—P'(p)¢a + pathl) — %EQ} + “; [¢awa]}dxd7.
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From Lemma 3.2, we have

‘ /Ot /R+ iy (P(pa) = P(p) — P'(P)a + pata) + ﬁ;m [batbalddr
< C(My) /Ot /R (i +am)[¢3 H,g} dudr

C(Mo)3 / 1y Pa@a (0, 7) + [|(Ba)es (ta)a) (r)|Pdr,

since ¥(0,7) = 0 and ¢2(0,7) < C(Mp)(pa®a(0,7)) for all 0 < 7 < t. At the same
time, from (iii) in Lemma (3.2), we directly have

t t
/ / i1, B2dadr < C3 / (0, 7)|? + || B ()] [2dr.
0 JRy 0

The above estimate is different from one in the degenerate case. Here we do not
need to give the estimate similar to (63) from the system. By choosing d4 suitably
small such that

1
C(Mo)dy < 5, Cos < 1|Ub|,

l\.')\»—t

then, we get that, for 5 < 84
1
pala + =E? bdx
f Apetas 52
K 1
+ [ {1l [paal0.1) + 5E20.0)] + l[wa)a(r)|P Jar
0

< C(I(E0 dan. o) P+ [ 1ol Par). (75)

Similar to obtaining (68), it is straightforward to check that

/ [((ba)z] (¢Oé ¢ad +/ ‘ub| ] (0 T)dT

/ / '(po)[(9a ] + (Inp; — lnpe)Em}dxdT
R+ OL

a0 o)+ 1Ga0)el )+ [ (1105 =10 p) B0, 1)) dr

¢
CM)5 [ 11((ba)s. (ba):) () r
¢
CMo) [ [ (s + @)( + 2 + E)dodr (76)
0o JRy
Here we have used the fact that |py.| < C(tg, + @2). Similarly as before, we have
¢
[ G a62 + 62+ E)dadr
0o JRy

< C(Mo)3 / (Pa®ac + E2)(0,7) + [| () (60). Ex ) (7)2dr.
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Moreover, it holds that
t t
/ / (Inp; —Inpe)E dxdr > / / (V/pi — /pe) dzdr
0 Ry 0 R4

t
> C(MO)/ E%(z,7)dxdr,
0 JR,
and

/Ot ((lnpi — lnpe)E(O,T))dT < C(MO)/O

So, by plugging the above estimates into (76) and further taking summation of (75)
and (76) multiplied by a properly small constant A > 0 such that

0<d6<ds <A1, C(My)ds <1/2,

t

t
paq)a(O,T)dT+/ EQ(O,T)dT.
0

one has

/R+ {pa5a+ [(d);g)z]z +E72}dx
+/Ot (paa + [(¢;§IP +E2)(0,7)dr

- /0 /R {MW + [(a)al? + E2} drdr

3,
< C(|[(¢a0, Yao)II* + [[(@a0)|I*)- (77)

Step 2. The bounds of the densities p; ..

We now use (77) to determine the constant M, appearing in the definition of
Xpna(0,T) (73). Equivalently one has to consider the lower and upper bounds of
Pis Pe- In terms of the Kanel’s method [13], let us define

n ~ A,
U(n):=n—1 —/ s 7ds, n € Ry, ¥(0) := / () dn, 6 e Ry.
1 1 n
It is straightforward to see
é _ = ~ T é —00, p— X,
W(p)qu)(p,p), \Il(p)ﬁ{ 00, p—0+. (78)
On the other hand, setting ¢ = p — p, we have
SOV — | [75(B) al <] [ Ju(PV2 (2
‘\Ij(p)‘ B ’LW(p)ydy‘f‘/oo \Ij(p)ﬁ(p)ydy‘
~ 2 5242
P v, Py®
< V(=) +—=+= dy
/R+ {p (p) p? p2p3}
o <
< C’/ {p@ + [Tg + C’(MO)54,0<I>} dy. (79)
Ry

Now, from (77) and (79), by letting 5 < &, and C(My)s3 < 1 for 64 > 0 small
enough, we have
(L] < 10 Ya0) 12 + l1Bao)el?) (30)
P) —= a0, Pal a0)x .

[



STABILITY OF THE NAVIER-STOKES-POISSON EQUATIONS 29

Then, in view of (78) and (80), there exists a positive constant M; only depending
on the initial data such that

MY < pie(z,t) <My, VeeR,,0<t<T. (81)
Now, one can choose My = %Ml.

Step 3. The estimate of (¥; ¢)q-
Similar to obtaining (70), we have

]2 + /||wm )|[2dr

0<Mo>{||<¢ao,%o>||1 + [ 1w vt [ [ (52

Ry
H(Wa)ol? +(6e)a(Va)ae| + |9a(Pa)a| + [(ba)l* ) dudr }. (82)
By Sobolev inequality, it holds that

/|E )2(0,7)|dT
/\E072d7+/| +(0,7)2dr
/ \EOT|dT+/ (1 — the)a| P dr

/\EOT )|2dr + 4C (M) / [|(¢ )e|[F2dT
Ty / 106~ )l Zad
< 4C (M) (|(b0, o)1) / 105 — s Bl

Moreover, one has

t
/ ‘(¢Q)x(wa)mx| + |ga(1l)a)m|dwd7
o Jry

<) [ (60 Wado) Pdr + gz [ Ga)onl P,

and

/ () |3dxd7<c/ @)l £l ()|
Ry

< [ [C@RN@I# + g adanl i

- | (e 2T

< C(Mo) sup [|(a)all? + / (e )eal 2
0<r<t

< COM) sup [[(v).l} /||wm|df+

0<r<

1
< O+ sup 0l + s [ el
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Then, by putting the above estimates into (82) and further taking the proper linear
combination with (77), we have

1(#a)2 (1) +/O (Ya)aa(T)ldT < C(Mo)||(¢a0, Yao)l]1- (83)

Therefore, the combination of (77), (81) and (83) implies (74) and thus completes
the proof of Proposition 3. O

Proof of Theorem 3.4. Similar to that for Theorem 2.3, the proof follows by the
local existence and Proposition 3, and the details are omitted for brevity. O
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