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Preface

The purpose of this book is te provide students of aerospace scignc
engineering with the specific physical background and engineering con
underlying the fieid of electric propulsion. 1t has been developed ir
nection with a graduate course in electric propulsion offered for the
several years at Princeton University, and thus tends toward tutoria
santation of a selection of topics appropriate to the needs and pre
experience of typical graduate students in the aerospace sciences.
text addresses itseif primarily to the fundamentals of those gas accele
processes which may reasonably be implemented into useful spac
propulsion devices, l.e., thrusters. The specific topics developed, the
pies cited, and the problems posed are selected mainly for their in
tional value, rather than for their immediate relevance to currently
thruster designs. Only in the bibliography is there an attempt 10 act
edge more detaiied studies and the broader extent of current resear

Part 1 provides a hrief review of those aspects of electricity andn
tism and of ionized gas mechanics that underlie the various physicain



nisms of gas acceleration which are the focus of the text. Depending on
the preparation of the individual student, some of these sections may be
superfluous; others may need to be supplemented by the references. No
similar review of elementary fluid dynamics is included, since the typical
reader presumably is well versed in the continuum conservation laws from
which each of the flows considered is developed, and since several excellent
summaries of this topic exist.!

The hroad division of the buik of the text, Part 2, into the categories of elec-
trothermal, elecirostatic, and electromagnetic acceleration mechanisms
conforms to the historical development of the field, and offers some con-
ceptual organization for the new student. Itis emphasized, however, that
this division should not obscure the possible cooperation of two, or even of
all three, classes of interaction in a single gas accelerating device—a coop-
eration which doubtless wili characterize the more sophisticated electric
thrusters of the future. Fach chapter of Part 2 begins with the most ele-
mentary example of the type of acceleration mechanism to be considered,
from which the ultimate potential and fundamental limitations of the class
of device may be estimated. A succession of refinements and practical
complications is then introduced eventually leading to satisfactory analytical
representation of reafistic engineering devices. Examples of such devices
are then displayed, and their performance tabulated for comparison with
the heretofore academic analysis. Thereby further refinements in both
device and analysis may be discussed.

Throughout these chapters, periodic attempts are made to relats the par-
ticular accelerators under discussion to the all-important space power
sources on the one hand, and to the egually critical space flight applications
on the other. The book closes with an appendix which reviews these two
adjacent areas of science and technology, but only in very brief and quali-
tative termns. Clearly, much more detailed analytic study of these topics
must also be required if the student is to claim any breadth of preparation
for creative contribution to the electric propulsion field,

The opportunity for such creative contribution is indeed great, for the field
of electric propulsion is still very young, New concepts, premising but
physically complex and technologically untried, continue to arise and under-
take the engineering gauntlet of basic and applied research, development,
and ground and space testing prerequisite to useful space application.
Although several concepts have already survived this route and have
emerged as practical space propuision devices, and others are well along

1 See, for example, H. W. Liepmann and A. Raoshke, "Eements of Gasdynamics,”
Gaicit Aeronautical Series, John Wiley & Sons, inc., New York, 1957,

that road, superior ideas are doubtiess yet to be propossed. n a field of
such youthfulness and vigor, it seems unrewarding 1o dwell at any length on
a survey of contemporary hardware, and little of this appears in this book.
Tothe contrary, itis hoped that this presentation of the more basic elements
of the field will foster a highly critical attitude of the student toward the exist-
ing technology, to the end that he will eventually generate those new ideas
and more sophisticated implementations which will lead electric propulsion
toward its maturity.

The list of those who have coniributed substantially {o the preparation of
this book is very long, and even if space permitted, it would be impossible to
express adequately my thanks and indebtedness to each by the conven-
tional remarks. To begin with, there is the indispensable feedback from
the many graduate students | have instructed who, by their honest challeng-
ing of points presenied in lectures and notes, and by their invaluable corri-
dor conversations after class, have helped to shape the tutorial format of
the text. More particularly, the book reflecis the efforts of R. L. Burion,
who proofread the draft manuscript, A. C. Eckbreth, who evaluated and
helped modify the problems, and N. A, Black, 5. Baumgarth, K. E. Clark,
W, R. Ellis, P. J. Turchi, P. J. Wilbur, and T, M, York, each of whom con-
tributed some technical amplification or correction of the material presented.

During the preraration of the manuscript, | had the benefit of detailed criti-
cal reviews of various chapters by many eminent colleagues from other
laboratories and institutions, each of whom js a recognized authority in his
particular discipline, and could bring to bear an active research experience
with the particular subject matter that | could not offer. | refer especlally
to Dr. A, T. Forrester, Dr. R, R. John, Mr. H. R. Kaufman, Professor J. L.
Kerrebrock, Professor R, H, Lovberg, Professor W. R. Mickelsen, Dr. J. M.
Sellen, and Dr. E, Stuhlinger. Other colleagues, too numergus to name,
helped resolve particularly troublesome points, or contributed performance
data or photographs of equipment otherwise inaccessible to me. Much o¢f
the research performed in the author's laboratory was supported by a
NASA grant, with the encouragement of Mr. J, Lazar, Mr. J. P. Mullin, and
their associates.

Special attention must be drawn to the technical iljustrations throughout
the book. These are the work of my research colleague, Mr. W. von Jas-
kowsky, who, beginning with my very sketchy idea for a particular figure,
carried each through a series of tedious iterations to its final form. If the
book gains any special appeal from its illustrations, it is due almost entirely
to Waldo's efforts, supplemented by the pen work of My, J. Alcantara,
Mr. 7. Poli, and Mrs. K, Walter,



A simitar priceless dedication to the tormal preparation of the manuscript
was displayed by my incomparable secretary, Miss Y. Pasior, who now
wnows far more of the mechanics of such things than . The total tedium
she has deflected from my desk during this thres-and-a-half-year effort is
staggering to contempiate.

Finaliy, ! must attempt some hopelessly inadeguate statement to the mem-
pers of my family for the somewhat subtler, but no less essential, contribu-
tion they have made. Tomy wife who accepted this intense preoccupation
with the same grace with which she accepted me originally, and to my chii-
dren who accepted “‘the book’ in their lives simply because it was mine,
t can: only mutter my thanks, and inscribe the dedication with all sincerity.

ROBERT G. JAHM
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1
The Province of
Electric Propuision

1-1 HIGH IMPULSE SPACE MISSIONS

The primary attraction of eleciric thrusters for the propulsion of space-
craft lies in their highly efficient utilization of propeliant mass. The
corresponding reduction in the prepellant supply which must be contained
and transported in the spacecraft permits the inclusion of a greater portion
of useful paylead and the achievement of space missions inaccessible
to conventional chemical rockets. Rigorous demonstration of these
potentialities involves detailed analyses of specific missions, but the essen-
tial coneept may be illustrated by basie dynamical arguments.

The flight of a simple rocket in a gravitational field is deseribed by
the vector differential equation of motion [1),!

my = g, 4+ B, (1.1}

! Bracketed numbers indieate the References at the end of ench chapter.
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where ¥ = aceeleration vector of rocket
i = rate of change of rocket mass by exhaust of propellant (a
negative quantity)
u, = exhaust velocity relative to rocket
F, = local gravitational foree
The first term on the right is commonly identified as the thrust of the
rocket,

il

T = my, 1-2)

and its integral over a complete mission is called the total impulse,
H
1= [ (1-3)
0

For a mission of large total impulse requirement, it is apparent that the
desired thrust should be achieved via high exhaust velocity rather than
by excessive ejection of propellant mass, lest the eraft he committed to
an intolerably large inttial propellant mass fraction.  As » simple exam-
ple, if the rocket operates at constant u, in a region where the local
gravitational field is negligible in comparison with the thrust, or if it
exhausts its propellant over a negligibly short interval of time Gmpulsive
thrust), the equation of motion integrates directly to the scalar form
Mg

Av = u,ln R (1-4)

where Av is the magnitude of velocity increment achieved by the ejection

of Am of the initial mass ms. By expending all its propellant mass in
this way, the rocket can attaln a maximum velocity increment

AV = u,ln 2 (1-5)
My
where m; includes the mass of the rocket casing, engine, tankage, etc.,
plus useful payload. Conversely, the fraction of the original rocket mass
which can be accelerated through a given velocity increment Av is a nega~
tive exponential in the ratio of that increment to the exhaust speed:

my
Mg

= gaviu (1-8)

Clearly, it is necessary to provide u, comparable with Av if a significant
fraction of the eriginal mass is to be brought to the final velocity,
More complicated missions of practical interest, invelving flight
through planetary, lunar, or solar gravitational fields, with variable magni-
tude and direction thrust programs, staging, ete., can also be represented
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by characteristic velocity increments A», esch of which satisfies relation
(1-6) for thgparticular mission invelved [2]. In general, long-range mis-
sions, such as interplanetary flights, or long-time missions, such as the
maintenance of satellite position and orientation for several years, are
characterized by correspondingly large Av.  For example, detdiled analy-
ses of certain interplanetary missions yield the characteristic velocity
increments shown in Table 1-1.

Table -1 Characteristic velscity increments
for planetary transfer missions

Mission A, m/sec
Escape from earth surface (impulsive) 1.12 x 104
Eseape from 300-mile orbit {impulsive) 3.16 x ©®
Eseape from 300-mile orbit {(gentie spiral) 7.59 X 108
Earth orbit to Mars orbit and returnt 1.4 % 10¢
Barth surface to Mars surface and returnt 3.4 x 10
Earth orbit to Venus orbit and returnt 1.6 X 164
Earth orbit to Mercury orbit and returnt 3.1 X1
Earth orbit to Jupiter orbit and returnt 6.4 x 104
Earth erbit to Saturn orbit and returnt 1.1 X 168

t Values are guoted for typieal impulsive missions over
minimum propellant semiellipse trajectories.

1-2 EXHAUST VELOCITY AMD SPECIFIC IMPULSE

'The propellant exhaust velocity u,, which ideally should be comparable
with the mission Av, is determined by the detalled nature of the aceelera-
tion of the propellant gas within the rocket. It is directly related to
another characteristic parameter of the rocket engine, the specific impulse,
defined to be the ratio of thrust to the rate of use of propellant by sea-
level weight:

g T e mm sec {1-7)

where g, ia the sea-level gravitational aceeleration. In mks units, u, and
I, are thus conveniently related by a factor of approximately 10. In
conventional chemical rockets, the thrust is obtained by nozzled expansion
of a propellant previously heated by its own chemical reaction. As such,
the attainable exhaust veloeity is limited by three factors: (1) the intrinsic
energy available in the chemical reaction and convertible to chamber
enthalpy of the gas, (2) the tolerable heat transfer to the combusiion
chamber or nozzle throat, and (3) the unrecoverable energy deposition
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in the internal modes of the gas, sometimes called “frozen flow losses,”
and radiation losses from the exhaust jet. The limiting performances of
the more common chemical propellants are well known from practical
experience, and are summarized in Table 1.2,

Tabls 3.2 Typical exhaust velocities
$o0 vacuum for chemical rockets

Propellant type u,, m/see

Liquid monepropellants 1,700-2,900
Solid propellanta 2,100-3,200
Liquid bipropellants (fuel and oxidizer) 2,800-4,500

“Exotic” bipropellants and tripropellants 4,000-8,000

The theoretically attainable exhaust velocities of the “exotic”’ reac-
tions, such as beryllium-oxygen, hydrogen-ozone, ete., have been estimated
by numerical caleulations {3]. These higher performance chemical pro-
pellants tend to be difficuls to handle and store, At the elevated chamber
temperatures they produce, their combustion products may be extremely
corrosive, and their attainable exhaust velocities may be limited by struc-
tural and materinl considerations rather than by their intrinsic reaction
energies. Iven at the values guoied, however, the best chemical rocket
falls far short of the desired exhaust speed for planetary missions.

One concerted effort to overcome the basic limitations of chemical
propulsion has been directed toward a nuclear-thermal rocket 4]. Con-
ceptually, this device heats its propellant gas by passing it through the
active elements of a nuclear reactor, thereby removing all dependence on
the intrinsic chemical energy of the propellant. The thermal limitations
on specific impulse here are thus primarily structural and material, and
these are less severe for a given exhnust speed than for the exotic chemical
rockets, say, sinee noncorrosive low-molecular-weight propetlant gases may
be used. A typical level of specific impulse for nuelear rockets is about
800 sec for a solid-core reactor running at 2000°K, using hydrogen as a
propellant.  Somewhat higher potentialities are forecast by those engaged
in exploratory work on lqguid- and gas-core reactors [5,6].

It should be noted that spacecraft of this class must earry their
heating unit, L.e,, the nuclear reactor, over the full thrust duration of the
mission, and that the mass of this unit must logically he subtracted from
thedelivered payload when comparing such systems with chemical rockets.
From this standpoing, although the solid-core nuclear rocket displays
substantial advantages over high performance chemical units for many
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tasks, it still does not achieve the optimally high exhaust speeds for most
deep space missions.

13 DEFINITION OF ELECTRIC PROPULSION

To obtain the exhaust velocities above 10,000 m/sec desirable for most
planetary missions, it is evident that processes basieally different from the
simple heating of & propellant stream by chemical reaction or by selid-ele-
ment heat transfer must be employed.  If a thermal acceleration mecha-
mismn is to be retained at all, the heating must be accomplished by an
external agent that has considerably higher heat release capability, and
equally important, the propellant gas so heated must be constrained in
some fashion away from the material walls of the heating chamber and
nozzle.  Even such sophisticated heaters will not provide the upper range
of desired exhaust speeds, however. To achieve this domain, body forces
must be directly applied to the propellant stream.  Either process—high
enthalpy heating of an insutated gas stream or direct acceleration of it by
applied body forces—is most reasonably accomplished by electrieal means.
We are thus led to a definition of electric propulsion:

The acceleration of gases for propulsion by electrical heating and/or by electric and
magnetic body forces.

in more detail, this definition may be empirically subdivided into three
distinet, but not necessarily isolated, concepts:

L. Eleclrothermal propulsion, wherein the propellant gas is heated elec-
trically, then expanded in a suitable nozzle,

2. Electrostalic propulsion, wherein the propellant is accelerated by divect
apphication of electric body forces to ionized particles.

3. [Llectromagnetic propulsion, wherein an ionized propeliant stream is
accelerated by interactions of external and internal magnetic felds
with electric currents driven through the stream.

The exhaust velocities attainable by these mechanisms are found to
be more than adequate to qualify for the large-velocity-increment space
russlons outlined above.  Indeed, In thrusters' employing electrostatic

*In the technical literature of this and other space propulsion areas, the term thrusier,
or thruster, is commonly used to denote any device which necelerates and einots o
propellant stream, thereby imparting thrust to the spaceeraft on which it is mounted.
The proper choice of the suffix is admittedly an seademic point to this text, but since
the literature displays disagreement on the subject, we have solicited editorial assist-
ance in an attempt to reselve the issue.  We are indebted to Mr. John Brinkley of the
Prineeton University Classics Department for the following statement;
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and electromagnetic interactions, exhaust speeds higher than those needed
for any interplanetary mission are readily saitainable, implying possible
extension of these concepts to flights beyond our solar system.

1-4 THE POWER SUPPLY PENALTY

Before blindly striving for extreme exhaust velocities, it is important 1o
recognize that, like nuelear rockets, all electric thrusters require separate
energy sources, in this case, eleeiric power supplies. Thus, so far as
space applications are concerned, enthusissm for high specific impulses
manst be tempered by eonsiderations of the power plant weight needed
to drive these engines. For example, on a mission of given thrusting
time Af, performed at a given constant thrust fevel T, the total mass of
propelinnt expended is indeed inversely proportionsl to the exhaust veloc-
ity or specific impulse:

(1-8)

A o= W A = -TC
Ue I:rg(l

The mass of the power supply needed, however, will probably scale mono-
tonically with the power level Involved, and hence directly with the
specific impulse.  Assuming a linear dependence and a constant conver-
sion efficiency to thrust power 7,

alu,  ogel'l,
i u-9)

M, = af =

in forming the agent-noun from the buse thrus!, sstablished rules of English
orthography require that the suffix be spelied -er.  The spplicable rules, repre-
senting genersl usage since af least the eighteenth century, may be summarized
a5 follows. On all bases of non-Latin origin {e.g., drive, push) and on most of
Latin derivation, such as nouns {e.g., orbif) and the present stems {the “first
principal parts’’) of verbe {e.g., design-), the appropriate suffix is -er; only if
the base is patently a Latin perfect-pariicipial stem {(the “fourth principal
part”’) of a verb (e.g., regulat-, compress-) is the appropriate suffix -or.  Appar-
ent exceptions to the rule shout -or ocour in certain words borrowed from the
Old French as technica]l terms of the law (e.g., consignor, batler, juror); such
words as waiver, also a legal technieal term from Old French, de not in fact
constitute a counter-exception even to this small eategory, heving & quite
different history. Clearly, as concernsg new formations, -er is the “productive”
suffix, and -or must be justificd according to the strict specification sbove, which
certainly does not apply te thrust.  Oceasionally, by the process of “false
analogy,” the motivation of which is often obscure, a spelling with -or is inap-
propriately used in a newly coined word, as happened » generation ago when
some suthoritics used propelior, which has been almost universally replaced by
the regular propeller.  Note that pronunciation is not in question here, as both
agent-suffixes are pronounced alike in Modern English, except in affected speech.
Rather than risk affectation, we shall hereafter spell and proncunce the word thruster.
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and it follows that there is an optimum I, to maximize deliverable payload
fraction on this mission (Fig.1-1). This optimum value depends paramet-

Mass
-~

Fig. 1-1 Dependence of propellant mass am and power supply
Mass My on specific impulse 4, for a given constant-thrust rmission.

rically on the specific power plant mass «, on the conversion efficiency 1,
and on the mission time Af, but is independent of the thrust:

- 1 /29 AR\
7, = —(—’Zw) (1-10)

o\ «

Normally, it is more pertinent to specify a mission in terms of other
combinations of parameters, say by the characteristic velocity increment
requirement and by the availabie thrust of the rocket, from which more
complicated expressions for [, would develop (Prob. 1-3). More detailed
analyses would inctude effects of imperfect conversion efficiency, variable
thrust and specific impulse, and additional component mass contributions
(6], but regardless of the details of the optimization procedure, the inescapa-
ble importance of power supply weight to the overall performance of an
electric propulsion unit is emphasized, and three important points emerge:
(1) for a given specific power plant mass, operation of a thruster at too
high 7, will reduce payload ratio, just as will operation at too low Is;
{2} a premium is placed upon the efficiency with whick the thruster con-
verts electric power input to thrust power of the jet; and (3) the develop-
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ment of space power plants of low specific mass assumes importance
comparable with the production of high specific impulse thrusters.

As one mitigating feature, it may well turn out that the power supply
used to drive the thruster retaing some utility at the destination, and as
sueh may fairly be regarded as payload, at least in part.  In other cases,
the thruster may be used on a power-bearing satellite, such as a space
station or a communications relay or transmitter. In these situations,
the optimum [, will inerease.

The importance of high exhaust speed, tempered with considerations
of power supply mass, iz not confined to long-range interplanetary mis-
sions. Hssentially stmilar arguments can be made with respect to cerfain
near-earth tasks where minimization of propellant mass is also important,
such as In the attitude control, station keeping, and orbit adjustment
of long-lived earth satellites, or in cargo “ferry’”’ missions between earth
and lunar orbite.  In the former, eleciric propulsion adds certain other
advantages, such as a delicacy of control of thrust level over a wide range,
ond essentially unlimited restart capability not shared by chemical rockets.
in the latter, reusability of the power plani and thruster for many mis-
sions projects the propellant conservation factor into a primary economie
consideration.

1-5 HISTORICAL QUTLINE:

The physical concepts of electric propulsion have been recognized for
many years. Robert H. Goddard, in 1906, expressed many of them
informally {7}, and Professor Herman Oberth, in 1929, included a chapter
ou electric propulsion in his classic book on rocketry and space travel [8],
For reasons outlined sbove, no serious research efforts were mounted
until practical nuclear-fission power sources, solar panels, and other light-
weight space electrie power plants became a reasonsble expectation, In
fact, it was not until 1948 that the first serious feasibility studies of an
integrated space flight system employing eleciric propulsion were under-
taken [8]. DMuch of the early survey work in this country was done by
Krnst Stublinger [10-12], whose initial publications had considerable effect
on the subsequent development of the field.

Although physicists had long been familiar with the basie electrical
acceleration mechanisins, sctual eleciric propulsion experiments did not
begin until the late 1950s, and then only on o small scale in a few govern-
ment laboratories and independent companies. During this period, for
example, the application of thermal arejets to propulsion was first studied
YiIn his book “Jon Propulsion for Space Flight” [7], Stublinger presenis a more

detailed review of the historical development of the electric propulsion field, including
certain elements of personal experience and insight only he could coniribute.
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(13].  Over the same period, in the electrostatic domain, experiments on
lon production, beam neutralization, electrode design, and the construction
of small ion thrusters were undertaken by several aireraft laboratories
and private research corporations {14,15]. Electromagnetic acceleration
experiments evolved from earlier work on T tubes, button guns, and other
laboratory-scale plasma generators [16,17). Although magnetohydro-
dynamic channel flows had been studied for some time, their application
to propulsion was aiso delayed until this peried, when technigues were
developed for seeding gases to higher lovels of electrical conductivity (18]

Frorm these nuclet of early work the field blossomed abruptly around
1960 to become s major component of the space industry. Shortly there-
after, several models of each elass of thruster were developed for space
testing, and peripheral programs concerning the design and interpretation
of these early tests, the performance of correlated ground tests in large
vacuum tanks, the development of suitable power supplies and power
conditioning equipment, and the detailed analyses of missions appropriate
to electric propulsion occupled a steadily inereasing number of research
and development laboratories.

Logistical delays in the provision of suitable spacecraft and test
capsules deforred the first successful space test of an electric thruster
until July 20, 1064, at which time an electrostatic ion engine satisfactorily
executed a prescribed program of thrust generation over a 25-min baiii‘stivc
flight {18].  Other space tests followed shortly thereafier, and the electric
thrusters thereby laid claim to a small niche in the space engine arsenal,
The breadth of utility which they can ultimately achieve for the rapidly
approaching era of extensive space flight will depend on man’s cleverness
in exploiting the physical phenomena on which they are based. It isto
this phenomena that the following text is addressed.

PROBLEMS

i-1.  Derive Eq. (1-1).

1-2. Verify the first three characteristic velocities guoted in Table I-1.  Explain why
the values for gentle spiral ascent exceed those for impulsive ascent for a given
earth orbit transfer.

1-3.  For a mission characterized by a velocity increment as and a rocket of constant
thrust level 7, derive an expression for the optinum speeific impulse in terms
of power supp}y specific mass o and the initial total mass of the spaceeraft.

1.4,  If the mass deilzvered by s rocket, my, is separated into useful payload m, and the
power-produsing system rmass 7y = of, show that Eqg. (1-8) takes the form

M ait,?
U oo pmteis, o B ede,
e 6 ’ Iy At (L = emdving

whgre 4t is the thrusting time, and 5 is the conversion efficiency. What is the
optimum u, for this mission?
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2
Electromagnetic Theory

2-1 ELECTRIC CHARGES ANMND ELECTROSYATIC FIELDS

All the physical phenomena described as electricily and magnetism stem
from the existence in nature of two types of discrete electric charge, posi-
tive and negative, ns carried by protons and electrons, respectively, in
exactly equal amount. Such charge is ¥nown to add linearly, so that
heavier particles such as atoms, molecules, colloids, ete.~—indeed, all
macroscopie bodies, including spacecraft, satellites, and even planets—
may carry a net charge of any integral muitiple of the fundamental unit.
Charged microscopic particles are called ions, and a substance containing
a significant amount of them is said 1o be lonized.

Inthosesituations where theelectric charges are fixed (electrostatics}),
it is observed that like charges repel and unlike attract, with a force
colinesr with their coaxis, proportional to the product of their charge
magnitudes and inversely proportional to the square of their separation
{(Coulomb’s law).

Fy = 4 8y, (2-1)
0
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(Here and throughout, r; = 1, ~ 1, and  denotes a unit vestor,.) The
proportionality constant A4 depends on the units employed; in the mks
system it iz most convenient to express it in the form 4 = 1/4weq, where
eg = 8.85 X 16 farad/m, for ¢i, ¢; in coulombs, ry; in meters.

in principle, the total electrostatic force on any charged hody can
be computed by vecter summation of all such coulomb forces exerted by
surrounding charges. It is more useful, however, to introduce an inter-
mediary electric field E, defined as the force felt by a unit test charge at
the particular position in the field:

F.g = E,‘g; {2'2)

E, is thus determined by the vector summation of the fields from the
individual source charges:

B=-b Vg, (2-3)

47?69 . T‘,‘jz
H

The reaction of the charges involved in o partieular problem to these
mutual forces depends on the medium in which they reside: If this
medium is a conductor, they will move about, thereby establishing cur-
rents which can exert additional forces on each other. If the medium
is an insulator, the insulator molecules will respond to the electric field by
polarizing, or by aligning themselves with the field if they are normally
polar, thereby reducing the net loecal field intensity. In elementary
theory this effect is represented by definition of a dreleciric constant of the
medium «, in terms of which Coulomb’s law becomes

By = L B0 (2-4)

4?{‘1{6@ T,'jg

so that to retain the definition of E as & force per unit test charge, E also
is reduced by the factor x from relation {2-3),

In more detailed formulations, the response of the constituent mole-
cules of the dielectric medium to the applied E field is deseribed by a
polarization field P, which is essentially a summation of the individual
molecular dipoles induced by the external field.  Specifically, P is refated
to the molecular number density & and o the individual molecular
polarizability p in the form {1]

- BelNp
- 36{) i Afp

(2-5)
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from which the dielectric parameter x can then be expressed in terms of
» (Clausius-Mosottl relation):

k-1 Np (
K“}*?mgio -

For eertain anisotropic media, P may not be parallel to E; hence p and «
are tensors, in general, In gases, however, p and x are invarizbly scalar
and, for all but very strong fields, independent of £, Since in o gas the
molecules are relatively far apart, the polarization field is comparatively
small, and hence x is very nearly 1. In this case, Eq. {2-0) degenerates 1o
the Hnear form {(Gladstone-Dale relation)

K =1 =N (2-7}

1]

Typieal values of « for gases are shown in Table 2.1,

Table 2-1 Dlelectric constants for
various gases (1 atm and 28°C)

Gas £

Atr 1.000538
Argon (A) 1.000517
Carbon dioxide (CO2) 1.000022
Helinm (He) 1.060065
Hydrogen (Hy) 1. 000254
Nitrogen (Ng) 1.000548
Oxygen (O} 1.000485

source: DB, Gray (ed.), “American
Institute of Physics Handboek,”
MeGraw-Hill Boek Company, New
York, 1957,

In situations involving mere than just a few isolated source charges
g:, 1t 18 normally more convenient o infroduce a charge density per unit
volume § and to replace (2-3) by a divergence relssion for E in terms of 4.
In so doing it is important to recognize that the source of E is the total
charge density, whatever its eause.  In particular, the net charge density
introduced by dielectric polarization must be included as a source of E:

+7

£ &g

oy
=]}

£

V-E =

(2-8)
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where ¢ now denotes the free charge density, and §’ that net charge density
corresponding to the loeal dielectric polarization,

—§ =V.P (2-9)

Note that a uniform P implies zero net ¢, Comparison of (2-8) and (2-9)
vields a divergence relation in § alone:

V-{aE +P) =g {2-10)

{The arbitrary omission of ¢ from the definition of P follows historical
custom.)  Since it Is much easier to account for free charge sources, the
vector sum eF -+ P is a useful combination. 1t is ealled the electric
digplacement field D, and its sole source is the free charge density:

VDb (2-11)

Again, D, E, and P need not necessarily be parallel.  If we restrict
ourselves to linear isotropic media, however,

D o= kel = B (2-12)

where « and « are sealars. I the medium is also uniform, then

VR = L (2-13)
]

Ke

and E is well defined both in terms of forces and source charges.

The electric potential at a point in space is defined by the work done
on & unit charge in reaching the point from an arbitrary reference point
{usually infinity), i.e, by the line integral of the electric field:

ViV, = /J E.dl (2-14)

The conecept has its greatest utility for conservative B fields, where the
integral is independent of the path. Then

w7l (2-15)
In free space, or in uniform dielectrics, it follows that

VoE = 7Y = L (2-16)
Kég

1.e., the potential function satisfies Polsson’s equation. If the medium
is charge-free, the potential satisfies Laplace’s equation,
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A very stiople application of the source velations (2-11) and (2-13)
and Gauss’ and Stokes’ theorems yields the boundary conditions on the
normal component of I and the tangential component of E neross a
surface between two media:

(Dﬁl - (D,L)i = s

(2-17)
(B = (&),

where §, is the free charge density on the surface.

The ability of a particular surface to store charge at a given potential
may be expressed in terms of a capacitance £, defined as the ratio of the
net charge mainfained on the surface to the potential of the surface rela-
tive to infinity:

¢ = [8d ‘-7%‘/.‘38 = "1@ (2-18)

Asdefined, Cis & property of the surface geometry and of the surrounding
medium only, For example, two uniformly charged plane-parallel sur-
faces separated by a dielectric of thickness d have & capacitance per unit
area

¢ ke y

~ = 0 2-

a1 P (2-19}
The inverse dependence of ' on surface separation provides possibilities
for compact electrostatic energy storage, provided dielectric separations
of adequate high-veltage insulation ean be employed.

2-2 CURRENTS AND MAGNETIC INTERACTIONS

In e¢onducting media, such as metals and ionjzed gases, electric fields can
force free charges into continuous motion, i.e., can drive currents. The
current density is defined in terms of the flux of charged particles per unit
area:

P= D omawi = ), G (2-20)
where 7, is the particle density of the specie of charge g, and v, is its

average velocity., 1f charge is to be conserved, the current density satis-
fies & eontinuity relation,

R A .
Vej= at}:mqm = (2-21)

If the eler*-ic field is the only significant force driving the charges, the
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current density will be directly related to B by an Ohm’s law:
je= B {2-22)

where o is the electrical conduetivity of the medium, defined in the same
spint as « above, 1o represent on a macroscopic scale the integrated effect
of all the atomic-seale charge motions induced by the applied E field.
In general, o, like «, may be a complex space- and time-dependent tensor,
Insome cases, it may itself depend on B, making j nonlinearin E.  Whereas
this generality was not needed to describe the dielectric properties of
gases, it frequently must be invoked when dealing with the conductivity
of ionized gases, which ean display complicated i(E) relations. These
will be discussed in detail in Chap. 5. It should also be noted that (2-22)
does not yet include net eharge flux driven by magnetic feids or by
gradients in speecie partial pressure.  Inclusion of such effects in a general-
tzed Ohm’s low is also discussed later and in Refs. 2 and 3.

Two currents are found to exert forees on each other, but in a some-

vy

ok
| ok,
vl fiz
N /.
s /

Fig. 2-1 Magnetic interaction of two current elements,

vz

what different way from static charges (Fig. 2-1). The force felt by an
element of carrent path J, dl;, in presence of another, J, di,, is expressed
by Ampere’s law:

July

rist

dFu = 47

[dly 3¢ (dly X £10)] {(2-23)
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where A" = uo/dw, and pe = 4r X 10-7 henry/m for Ji, J,, in amperes
{mks s¥stem). In analogy to electrostatics, it is convenient to introduce
an intermediary field B, called the magnetic induction, which determines
the force on a current element, as E does on a charge:

el fdly Ky a0
@m~z;(rﬁm> (2-24)
in terms of which
dFyy = Jydly X dByp (2-25)

Note that, in general, dF 5 58 dF., an apparent contradiction to Newton’s
third law. Part of this difficulty Is removed by noting that the total
force between two complete cireuits

FIB ey 3J2¢ 96 @L)S”S"di2 ad ri2) M""Fil (2‘26)

is symmetrie, but the paradox may still exist for free charges and incom-
plete circuits carrying transient currenis.

The definition of the magnetic induction fleld for a single source
current (2-24) can be generalized $o an integral form appropriate to &
finite distribution of source-current density over a given volume[4]. With
reference to Fig. 2-2, let r dencte the position at which the value of B is

j’r';!’l]

Source
peint

@ i Origin

Fig. 2-2 Magnetic induction #Held from dis
tributed current density.

desired, v’ the coordinate of a typical source-current element j (') V7,
and Ar the position of the field point r relative to the source element at ¢'.

Then
_ #nfji(rw_)w_xm}}_{ v (2-27)
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Two important properties are derivable from this expression by vector
differentiation in the r system (Prob. 2-2):

VB =0 (2.28)
VX B = ue (2-29)

The i, appearing n {2-27) and (2-29) denotes the total current
density from any source whalever, including that created in the medium
by the applied B field, Much like the electrostatic situation, where
material molecules polarize, and thereby introduce additional source-
charge densities, these particles also possess internal eurrents which can
be oriented to present effective interior masroscopic current densities.
These are more convenlently described by a volume magnetic dipole
moment m, defined by

Vxom = g = uolj — §) (2-30)

where i’ is the interior current density, j, the total current density, and
hence § that eurrent density asctually driven by external elecirie fields.

A new field H is now definable in terms of these applied currents
4§ Sources:

~lmem (2-31)
Ho

TRH =] (2-32)

Retaining the analogy to electrostatics, a bulk material property .,
called the relative magnetic permeability, may be defined to relate the
interior dipole moment per unit volume m to the applied field (because of
certain historical misconceptions, some of the analogy is distorted a¢ this
point):

fm

m="2T1p o (- Dl (2-33)

K’ﬂ
B = Kpuedd = u¥d (2-34)

whers, in the general case, B, H, and m are not necessanly colinear, and
hence k, and p oare tensors. Again, m may be explicitly expressed in
terms of the molecular number density and the individual molecular
susceptibility pa.:

3Np.
oSO — 2,
o= SN B (2-35)
and thus, from the definition of &,
o 3}10 - 1
P = 37 (Km )) {2-38)

much like the Clausius-Mosotti relation (2-8).
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Table 2-2 summarizes the distinctions which have been made up to
this point between fields defined by the forces on charges and currents and
fields defined by source charges and eurrents; that is, E and B are the true
force fields and D and H are the simpler to compute from given sources.

Table 2-2 Sources of the electromagnetic fields
and the forces they exert, mks units

Freld Source

E (voiis/m ;
newkbons/coul

D {coul/m?Y)

Force exeried

Total charge density
g (noul)

Applied charge density
g {eoul)

Total current density
jr {(emp/m?

Applied eurrent density
j {amp/m?

gE (newtons/mé¥)

B {webezs/m?) i % B {(newtons/m?3}

H {amp-turns/m)

2-3 TIME-DEPENDENT FIiELDS AND ELECTROMAGNETIC WAVE PROPAGATION

To complete an outline of electrodynamics, it remains to consider the
effects associnted with time or space changes of the source currents,  Ifis
observed experimentally that a fest loop in a changing magnetic fleld
experiences an induced electric field along iis length, proportional o the
time rate of change of the flux of B through the loop (Faraday’s law):

U P BT T gy B (2:8)

or V= —4¢ {2-38)

where ¢ = ﬁ B . ds is called the magnetie flux, and U has the dimensions

of potential difference and usually is called the elestromotive force. The
above result holds whether ¢ is caused by a change in magnitude of the
source of B, by motion of the sourse of B, or by motion of the test loop.
In the first two cases, Stokes' law immediately permits the differential
expression of this effect:

VXE= -8 (2-39)

In eases involving motion of the fest loop, the same result is valid, but
more subtle reasoning is required [4].

In the speeial case that the B field involved is generated by a current
Ja flowing in a separate cireuit nearby, it follows from (2-32) and (2-39)
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that the electric field induced in the fest loop will be proportional to the
time rate of change of J: by a ceefficient determined by the specific
geometry of the two circuits and by the magnetic permeability «,. of the
intervening medium:

Uy = ~ Miads (2-40)

B 5 s called the mutual inductance of the configuration.
The B field may also originate from a changing current in the fest
loop isell, Jy, in which case o self-induced electromotive foree appears:

Ul =S ""'“LJI (2—}1)

where L is called the self inductance of the loop.  Relation (2-41) eqguiv-
alently states that a voltage source U; would be required to change the
current through the loop at a rate —J,.  In o cireuit carrying a sinusoidal
alternating current, for example, the voltage drop appearing across a
purely induetive cireuit element will be proportional to its self inductance,
to the current amplitude, and to the frequency and will be 90° out of phase
with the current:

Uy = -L—Eg (Joest) = —iwld (2-42)

Having recognized the ability of & changing B field to generate an
E, one asks if the inverse process may ocour. We already have a source
relation for H [Eeq. (2-32}], but in point of fact it needs to be amended,
First, there is the obvious inconsistency that V- (V x H) is identically
gero yet V - jisnot [Eq. (2-21)].  Second, it {eads to varous contradictions
in dealing with transient currents. Consider the following parsdox:
Allow one plate of a eapactior in a simple charging civeuit to be enclosed
by a control surface S, around which is seribed a cloged line element !,
which divides the surface into two sections, S; and S;, as shown in Fig.
2-3. When the switch is closed, a current J(2) Hows around the cireuit
to eharge the two capacitor plates.  Trom {2-32) and Stokes' law,

fs, (V x H) - ds = 951 H.-d = J) (2-43)

But !is also a boundary for 8s, and no current flows through that surface,
Henee we should infer the contradiction

[Si (V x H) - ds = 5f>iH-dim 0 (2-44)

Maxwell resolved this inconsistency by arguing that in the process
of charging the capacitor in this way, an electric field is caused to increase
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Fig. 2-3 Hypothetlical experiment to ilustrate Maxwel displacement current.

hetween the plates and that this time rate of change of B field is equivalent
to a real current density for purpeses of induction of an H feld.  Actually,
to be dimensionally consistent, 1t is the time derivative of D, the “source”
field, not E, that is needed:

vxH=j+D {2-45)

The sum j -+ I may be regarded as a generalized current density 5, which
is the true souree of v x H. Unlike j, 5 is divergenceless,

The identification of the displacement current D clears the way for
derivation of electromagnetic wave propagation phenomena. In free
space, for example, relations (2-39), (2-32), (2-11}, and (2-28), usually
called Maxwell's equations, may be written

VXE= —pH (2-46)
VX H = gk (2-47)
7-E =0 (2-48)
V-H =0 (2-49)

Comparing the curl of (2-46) with the partial time derivative of (2-47)
vields a wave equation for E:

VR = ek (2-50)

Reversing the manipulation vields an identical wave eguation for H.
These relatiors imply that free space can support propagation of plane
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glectromagnetic waves of the form

B m Byetlorfee (2-51)
These waves propagate with s phage velocity

co = {egug)~" {2-52)

in the direction z with a wave number ky, related to the angular frequency
w, or alternatively, to the wavelength hg:
w 2y

ky = i {2-53)

Thiz derivation is readily extended to other media. For isotropic
charge-free diclectrios, for example, the above relations are unchanged,
except that the phase velocity, wavelength, and wave vector now are
determined by the ¢ and u appropriaste to the medium.  For isotropic
media of finite conductivity, the wave equation for E acquires an additional
term:

VUL = opl o f,uﬁl (2-54)

and the formal solution (2-51) can be retained only by allowing the wave
number k to be complex:

B (ol — fuow)? (2-55}

The real part of k again defines the wavelength or phase velocity of the
wave train; the imaginary part, when inserted in the wave function (2-51),
provides a negative real exponent, indieating that the wave train attenu-
ates with propagation in such a medium,

-4 APPLICATIONM TO IONIZED GAS FLOWS

To summarize this brief review in the context of our problem of interest—
the acceleration of a gas stream by electrical means—we note that, basi-
cally, there are but two modes of application of electromagnetic body
forees to the gas, the interaction of an electric field with net free charge
density in the gas,

Fy = GE (2-56)

and the interaction of a magnetic induction field with currents driven
within the gag,
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The space and time variations of the electromagnetic field vectors E and
B are themselves related to the free charge density and surrent density
patterns in the medium in accordance with the four Maxwell equations

VxE=j4D (2-58)
VxE= B (2-59)
VoD =g (2-60)
VB = (2-61)

Actually, the last two statements are directly derivable from the first two,
following the assumption of charge eonservation and the definition of
curreni density:

. kY, ‘

i V4 9@

i=-3 (262)
As such, (2-58) to {2-62) constitute seven independent (scalar) relations
among sixteen quantities. The remaining relations must arise from the
physical properties of the medium. For uniform gaseous media at rest
we may use the simple forms

D= ¢E (2-63)
B=_uH (2-84)
j = oB (2-85)

where the constitusive parameters ¢ and g are scalar guantities, close o
the vacuam values, but ¢ may be a tensor with complex time-dependent
elements, or may possibly be a nonlinear function.

if the gaseous medium is in motion relative to the frame of reference
in which the fields are specified, as it must be in any interesting accelerator,
Maxwell’s equations remain valid, but certain modifications are required
in the constitutive relaticns, These may be rigorously derived from con-
siderations of relativistic invariance [5], or rationalized by empirical argu-
ment, in the form

D+£i(uxmm<5+ux3) (2-66)
B~E%(uxE)mu(H~—uxD} (2-67)
j=qu=a(E4uxB (2-68)

where u is the gas streaming velocity; §is again the net free charge density;
€, #, and o are the intrinsic properties of the medinm, i.e., those an observer
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fixed in the medium would determing; and ¢y is the speed of lLight in a
vacuum. For gaseous media, where ex =~ equy = 1/cs%, (2-66) and (2-87)
return to the form of (2-83) and (2-64}, but Ohm’s law (2-68) retains the
motional term (Prob. 2-8).  The physical interpretation of (2-68) is that
current density will be driven through the gas by an effective electric field,
E' = E -+ u x B, composed of the applied field E and an induced field,
u ¥ B. This induced field could have been derived from the discussion
of Sec. 2-3.  Indeed, the total effective field B may be thought of as that
actually seen by the moving medium, and 1s quite generally applicable in
this sense.  For example, an isolated particle of charge ¢ moving with
velocity v, relative to a frame in which electric and magnetic fields E and
B are measured, feels a foree

F = gB = ¢(E + v X B) (2-69)

Before applying the electromagnetic relations Lo a given gas aceelera-
tion problem, it s necessary to evaluate the conductivity function ¢ in
terms of the atomic-seale properties and the thermodynamie state of the
working fluid.  The task of the next three ehapters will be to examine the
detailed constitution of lonized gaseous media, for the main purpose of
evaluating this essential conductivity property.

PROBLEMS

2-1.  Derive the boundary conditions on £ and D [(Eq. {2-17}].

2.2, Derive relations (2-28) and {2-29).

2-3. Duerive the capacitance of a plane-parallel capacitor [Fq. (2-19)], a concentrie-
cylindrical capacitor, and a concentric-spherical capacitor. SBhow that the
energy stored in any eapacitor is }4C0V:  Using the best tabulaied values of
dieleeiric breakdown strengths, estimate the maximum amount of eleetrostatic
energy which could be stored in & capacitor of l-m? volume.

2-4, Derive {2-54), Show it is equivalent to the form V*E + &%1 — {{a/w)]E = 0.
Now suppose that ¢ is not uniform but has a finite gradieat throughout the
medium.  Derive the appropriste wave equation,  In the speeial case that Vo
ig everywhere parallel to the direction of propagation, what is the form of the
permitted wave funetions?

25, Derive (2-68) from arguments of indueed electromotive foree, starting from
relation (2-37).

2.6, Show that relations {2-66) to {2-68} reduce to the form

D = ¢E
B = uH
i—gqu=c(E+uxB

to the order {sp — eguele,? < 1.
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3
lonization in Gases

H significant electric and magnetic body forces are ta be exerted on a body of gas,
it must contain free electric charges. These may be provided by jonizing the gas
thermally, chemically, electrically, or by irradiation or by combining separaie
sources of positive ions and electrons. Regardless of the means of preparation,
the existence of free charges in a compressible fluid substantially complicates its
thermodynamics, its particle kinetics, and its continuum dynamics. Several
excellent texts consider various aspecis of these topics in detail [1-18]; here we
select only a few critical points for discussion. This chapter deals with atomic-
scale ionization processes and the equilibrium icnization level they can establish.
Chapter 4 outlines various types of particie collisions in an ionized gas, and Chap. §
concentrates on the transport property of most Interest for our purpoeses, the
electrical conductivity. The continuum dynamics of ionized gases is fundamental
to most of the acceleration concepts developed in fater chapters, and will be
discussed there in various specific contexts,

3-1 ATOMIC STRUCTURE

Without straying into detailed discussion of atomic physies, we must
agree on a serviceable conceptual model of the atoms, molecules, and ions
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Fig. 3-1 Simplified electronic energy-level diagrams for helium and cesium.
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which constitute the ionized gases of cur interest. For our pUrposes, we
shall regard an atom as composed of & very small compact nucleus of 2
protons and ¥ neutrons (£ < Y, total dimension =107 em), surrounded
by a much larger region (=107% cm), wherein Z electrons arrange them-
selves in certain specific but diffuse configurations, depending on the
internal energy of the atom and its internal angular momentum.

Bohr and Bommerfeld described these electronic configurations in
terms of satellitelike orbits about the nucleus [19-21], an easily visualized
concept which proved useful in the sarly interpretation of atomic spectra.
A more sophisticated wave-mechanical, or probabilistie, formulation is
required to treat the subtler features of atomic structure 119-23]. Forour
immediate purposes, we need only recognize that the atomic electron
distribution has some minimum energy configuration, called the ground
state, and that an atom can absorb energy to assume other configurations
only in eertain diserete amounts (quanta) and with certain discrate changes
in internal angular momentum. Normally, such eNErgy increases are
manifested in an adjustment of only one of the bound elecirons at a time.
With the absorption of successive energy increments, that electron is
driven progressively farther from the nucleus, until finally it detaches
itself completely from the atomic system, leaving behind a configuration
of net positive charge, i.c., a positive ion. The progression of these
electronic energy levels to the jonization limit is conventionatly repre-
sented by a so-called grotrian diagram (Fig. 3-1).

The total energy increment needed to remove the electron is ealled
the ionization potential g, and varies considerably from one gas to another.
In general, the noble gases have high ionization potentials, and the alkali
vapors, low (Table 3-1).

This ionization energy may be absorbed in a single atomic event, or
the electron may be elevated by successive processes to the ionization
limit. In general, the latter route is less likely because of the tendency
for spontaneous radiative decay from one of the intermediate levels ta
interrupt the sequence of absorptions. A typical lifetime against spon-
taneous decay of an excited state is about 10-% sec. 'There are spectal
cases where stepwise ionization is important, but for the present we shall
presume a single-inerement progess,

32 IONIZATIOM PROCESSES
In a gaseous environment, the energy increment needed for ionization of

a constituent atom may be delivered in a variety of events (Fig. 3-2):

a. The atom may undergo an inelastic collision with another particle
of sufliciently high relative kinetic energy. This may be symbolized
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Tahie 3-1 lonization polentials
of varicus gases

Gas £, evt
Argon (&) 15,75
Hydrogen, atomic (H) 13.55
Hydrogen, molecular (1) 15.42
Helium (He) 24 .58
Nitrogen, atomic (&) 14 .54
Nitrogen, molecular (Na) 15,58
Neon (Ne) 21568
Oxygen, atomic {(O) 13.61
Oxygen, molecular {O) 12,20
Cesium vapor {Cs) 3.89
Potassiwm vapor {(K) 4,34

1 The unit of energy most commenly em-
ployed on the atomic seale iz the electron
volt, the energy a particle of one electronic
charge acquires from falling through a
potential difference of one volt. It is equal
to 1.60 X 1071 joule, or 1.60 X 1071% erg,

source: A. Unsold, “Physik der Stern-
atmosphaeren’ Springer Verlag OHG, Ber-
tin, 1955, and . Herzberg, “Spectra of
Diatomic Molecules,” IJ. Van Nostrand
Company, Ine., Princeton, N.J., 1957,

by the “reaction’ notation
X+ d—At+e+ X (3-1)

where X denotes a particle of high relative kinetic energy, and might
be another atom, an ion, or an electron.

b, The atem may absorb an electromagnetie photon of adeguately high
frequency:

hy 4 A s A+ 4 ¢ (3-2)

where & = Planck’s constant {6.62 X 1073 joule-sec)
v = frequency of radiation absorbed
hv = corresponding energy increment delivered
c. An electron may be forcibly extracted from the atom by a strong
electric field (Prob, 3-1):

E(A) — A+ + e (3-3)
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la) ingiastic collision YA = x4ty

O—0 D

| &) Photaiorization e A4 e AT 4e"

e W—-—

(¢} Field ionization £14) wm AT+

ta'} Chorge -exchange ionizotion Abgt wm AT+ g

D O o

Fig. 3-2 Atomic-scale lonization processes.
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d. Incertain vulperable atoms, an electron may be lost through a strong
valence interaction with another atom:

A+ B— A+ + B~ (3-4)

or with an len: A+ Br— A+ B (3-8}
Within each of these classes there are alternative ways to precipitate the
ionization reaction. For example, the inelastic collision process (3-1)
vould be gas-kinetic, i.e., a purely thermal eollision, or it could be with a
charged particle accelerated in an external electric field, with a cosmic
particle, or with a radioactive-decay product. The radistion source for
(3-2) could be external to the gas {photolonization) or internal (resonance
trapping). The electric field for (3-3) might be externally supplied as a
steady field, a slowly alternating field, or a radio-frequency propagating
electromagnetic wave train, or might arise from a localized net charge
density within the body of gas.  The charge-exchange reactions (3-4) and
(3-8} can proceed in various ways, depending on the particular particles
involved.

Tonization of molecules in the gas can oceur through the same types
of processes, with the additional possibilities that internal rotation and
vibration modes associated with the molecular structure can interact with
the electronie structure, for example,

AB¥ — AB* ¢ (3-6)

where A B* denotes a hyperenergetic molecular state which spontaneously
surrenders its excitation {o ionization. In a few rare exothermic chemical
reactions, & molecular ion-electron pair is the normal product {chemi-
ionization):

A4 B— AB* 4+ ¢ (3-7)

The picture may be complicated further by the presence of material
surfaces adjacent to the body of gas.  Such solid surfaces may catalyti-
cally enhance some of the above gns-phase reactions or may themselves
be prolific contributors of free eleetrons or positive tons via bombardment
emission, photoelectric emission, fleld emission (cold cathode emission),
charge-transfer trapping, or thermionic emission.

At the same timie that the various ionization processes outlined above
are acting to inecresse the frec-electron and ion densities in the gas, &
variety of recombination mechanisms compete to reduce these populations
(Fig. 3-8):

a. Hadiative recombination (free-bound transitions):

At g 4 4+ By (3-8)
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(g} Rogiotive recombination: 4% +87 —m 4+ 4

(] Dielectronic racombination: 4% +e™ —= A4**

O-—0 [y

-
=

{e]) Electron oftachment ~negative ion recombination :

At g” e A7

O~ O

LA e 4 A

>0 O—

Fig. 3-3  Atomic-scale recombination processes.
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b.  Three-body recombination:
At e X — 4+ X (3-9)
¢. [Dissociative recombination:
AB* 4 e— A + B {3-10)
d.  Dielectronic recombination (two bound electrons excited);
AF g AF (3-11)
e.  HBlectron attachment followed by negative-ion recombination:

A e— A

_ {3-12)
A~ Av s A + 4

Again, this list is oversimplified. The produet atom in (3-8) may be left
in any of many excited states, whence it decays by radiation or subseguent
collision.  The third bodyin (3-9) may be another atom like 4, an impurity
particle, a wall, ete. Reaction (3-10) is not necessarily restricted to
molecules; many atoms can form stable molecular ions. Here and in
{3-11) the produets may again be left in a variety of excited states.
Alternative second steps are available in (3-12), involving excited states
and/or radiation,  As with the lonization reactions, the relative impor-
tance of the various mechanisms depends on the particular gas involved,
its temperature, density, and surrounding circuimstances of boundaries,
apphied felds, ete.

In principle, a complete statement and simultaneous solution of ail
lonization and recombination reactions and all related reactions involving
the excited states and radiation fields, along with all appropriate initial
and boundary eonditions, should yield the ionization level of the gas and
the net rate at which it is changing.  Such a general analytical approach
is clearly out of the question, however, not only because of the mathe-
matical complexity, but because most of the individual “reaction rates”
involved are poorly known,  Only if one is willing to confine his attention
to gases in thermodynamic equilibrium, and to abandon detailed repre-
sentation of individual reactions in favor of statistical arguments, can
tonization levels be accurately computed.

3-3 EQUILIBRIUM IONIZATION OF A GAS

Bach of the ionization and recombination processes mentioned above can
proceed in the reverse direction. Most of these reverse resctions are
already included in the two lists, (3-1) to (3-12). In a body of gas in
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compiete thermodynamic equilibrium, every such process—indeed, every
stomic excitation process, whether invelving ionizstion or not—rnust be
exactly balanced by its reverse process.  This condition of detailed physi-
cal balancing provides the basis for application of statistical mechanies to
calculation of the equilibrium composition of the gas.

The first published application of statistical methods to ionized gas
problems was made by an Indian scholar, Megh Nad Saha, who was
studying lonization phenomena in the solar chromosphere [24).  Actually,
Saha phrased his development in terms of the “Nernst reaction isobar,”
a somewhat less direct method than is now commonly employed, but the
essence of his approach remaius valid; namely, for the case of a pure
atomic gas, all the many lonization and recombination procssses are to be
represented by one overall reversible reaction,

A4 s=AT e (3-13)

where & denotes the addition of the necessary ionization energy by
any mesns whatever. This reaction is assigned the gross equilibrium
constant

K, = "t (3-14)

where n,, n., ns are the number densities of ions, electrons, and atoms,
respectively.  From the principles of statistical mechanics it develops that
the above number density ratic in equilibrium is just given by the cor-
responding ratio of the sums of accessible energy states, appropriately
weighted by degeneracies and by the Boltzmann [actors in the relative
energies of those states, L.e,, by the corresponding ratios of tosal partition
functions [25]:

o Tane FLE 315
K, = B0 o T (3-15)

For an atomic species, the total partition function #, is the product of a
translational and an internal pard:

Fa=fat 4 (3-16)

where the translational part follows from “particle-in-a-box” guantum
mechanics:

2w M AR T)H .
Jat = (—”‘T'"“}“;g"h ) (3-17)
where A4 = mass of atom
k = Boltzmann’s constant (1.38 X 1072 joule/°K)
T = absolute temperature
#o= Planck’s constant
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The internal part of the partition function is the sum of the avaliable
electronic energy levels, each weighted by its Boltzmann factor and
degeneracy:

fab = Z gje kD) {3-18)
i

where the summation extends from j = 0, the ground state, to the highest
bound level of the atom.

The total partition funetion for the atomie ions is constructed simi-
larly, except that the internal energy levels are now differently spaced,
and have a ground state of higher absolute energy than that of the neutral
atoms:

7R
M(QWM;;@~ : Z gie & i (3-19)

H

F+ :f+t'f+f ==

The absolute ground state energy of the ion & must differ from that of
the atom g, by the energy needed to make a ground state jon from a
ground state atom, namely, by the lonization potential ;. Thus we may
rescale each of the ionic levels relative Lo the ground state of the ion:

Ej-— i éf -y (3-20)

(The ground state energy of the neutral atom is normally assigned the
absolute value zero.)

The total partition function for the electron containg only the trans-
lational function and a factor of 2 for spin degeneracy, its only internal
degree of freedom:

_ 2R2emkT)H

Fo=2-f A3

(3-21)
Thus, to the order of approximation that M, = M, the equilibrium con-
stant may be expressed

gre o D

K,="2" = ‘ gD (3-22)
fa he g T
P

An alternative form of this relation follows from the definition of a degree
of ionization o

oo T Ty

At N g

(3-23)

where 1y s just the total number of atoms available for ionization; from
the assumption of charge neutrality,

T, W Ny (3-24)
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and from the assumption of a perfect gas type of equation of state,
P o= {0+ g + a0kl = (0 4 a)nkT (3-25)

Tnsertion of these statemenis into (3-22) vields the celebrated Saha
egualion

2 ¢ 24 (1 TV B4 i
&a o Q(Zﬂ‘m} (A!} <%> 8“(3.”5’!) (3““26)

1 -t 'pha

The « thus expressed is asymptotic to ¢ as 7' — 0, and to 1 ag 1" o,
and has a reciprocal dependence on pressure (Fig. 3-4). At low tempera-

Argon

Q8 -

o
Lea]
]

o
o
1

Degree of ionizotion, o

o
]

o] i i
5,0C0 10,000 15000 20,000 25,000
Temperature,?K

Fig. 3-4 Dependence of ionization of argon on temparature and pressure, from Saha equa-
tion. {From K. 8. Drellishak, C. K. Knopp, and A. 8. Cambel, Partition Functions and Themmio-
dynamic Progerties of Argon Plasma, Phys. Fluids, ser. 6, vol, 9, p. 1280, 1963.)

tures, the ratio of the internal partition functions is nearly constant since
mest of the atoms and ions are in their ground electronic states. 'The
function is then dominated by the exponential factor, and may be approxi-
mated by the simpler relation

a = GpHTH et (3-27)

where ¢ is nearly independent of T and depends otherwise only on the gas
involved (Prob. 3-2). Bince @ < 1 in this range, p = nykT, and there is



38 PHYSICAL BACKGROUND

thus the simpler approximation
a = (gt THgmien (3-28)

which direetly displays the nonlinear dependence of the ion density on the
total heavy-particle density in this regime:

Ty = Qg ™ W Tip {3-28)

Considerable modifieation of the foregoing arguments is required if
the gas is molecular, rather than monatomic. Beyond the inclusion of
additional factors in the atomic and lonic pariition function to sccount
for the rotational and vibrational degrees of freedomn,

f€ = fei 'fmz 'fvibz- (3—30}

it is necessary to include many other reactions and species in the system of
equilibrium equations. In general, melecular dissociation energies are
comparablie with or lower than the ionization energies of the molecule or
its constituent atoms; hence the dissociation reactions must be included.
For example, the ionization of the simplest bimolecular gas involves at
least three interlocked reactions,

By +e&y=FE+B (3-31)
Bi4+ e =Bf+e (3-32)
Be=D8"+¢ (3-33)

where g, &, and g, are the dissoelation energy, ionization potential of the
molecule, and lonization potential of the atom, respectively. Bach of
these reactions has its own equilibrivm constant,

. (n1)?

K, = S {3-34)
;o T .
K, = =2 (3-35)
L7 — nfﬁe &
Kl = R (3-36)

which are again expressible as ratios of the appropriate partition func.
tions,  These relations must be solved simultaneously with the condi-
tions of conservation of species and conservation of charge:

g + Yany + nf + gnt = g0 (3-37)
w4 nt = n, (8-38)

IONIZATION IN GASES ' EL]
Bimilar complications enter the monatomic gas caleulations if the

seeond lonization potential is not very large or i extremely high tempera-
tures are involved. In this event we need two lonization reactions,

AdemArdoe (3-39)
AT o Bz AT g (3-40)

{where g; is the second ionization potential), along with their respective
equilibrium constants and the conservation conditions,

g (3-41)

s T+ Ny + Mgt

Ty "’"* 27l++ = e (3"42)

3-4 HONIZATION OF A GAS MINTURE

In many practical situations one must deal with the lonization of a mix-
ture of gases of substantially different ionization potentials. Torexamnple,
many practical problems involve air as the working fluid, where 3 myriad
of atomie, molecular, and lonic specles appear at elevaied temperatures.
To obtain a reasonable estimate of the equilibrivum lonization of air, over
twenty reaction equations must be solved simultaneously, with six or more
conservation equations [26,27]. Somewhat less tedious problems of prac-
tical interest involve the jonization of a gas of relatively high ionization
potential which contains an unavoidable trace of an easily lonized impur-
ity, or to which such an easily lonized substance has purposely been added
to increase its ionization level and thereby its eleetrical conductivity.
Buch seeding technique is common practice in eertain magnetogasdynamic
machinery, notably in electric generators and steady flow accelerators,
in order to maintain adeguate gas conduectivity at tolerable temperature
levels.

To iHlustrate this problem, consider the simplest example of the
ionization of a mixture of fwo monstomic gases which are chemically
inert to each other. Assume that each of the two pases, A and B,
ioniges only singly:

A-deggematde (3-43}

B4+ egz2Bt4e (3-44)

where £, and g5 are the respeciive ionization potentials. The essential
complication in this calculation is the participation of free electrons in
both reactions, thereby coupling the two processes in a statistical sense.
As before, the equilibrium constants may be written in terms of the total
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partition functions:

+ PV f i+
+ Semk T 54

Ep(T) = %?fn‘ = 2&5':;1:{)_ <J}B’_ > g (ealk ) {3-46)
B i

to which we add the conservation requirements:

N = nI + ﬂ’g {3-‘47)
nh A s = ng® (3-48)
ng + Ny = TtHa {3—-49)

These five relations determine the equilibrivm number densities of the
flve spesies na, nd, ng, nh, n, In terms of ny? np®, and 7. Note that
K41 and Kp(T) are identical with the values they would have in the
case of a pure gas, since the difference in ground state energy of A and B
would cancel in the ratio of the internal partition funetions of the ion
and atom.

The system (3-45) to (3-49} 1s equivalent to ane cubic equation in n,:

’H,AGKA 'J’I,BDKB

-+ Ky n.+ Kg

Tie = N5 4+ nf =

{3-50)

ﬂg i) e

Fig., 3-3 Graphical solution of equilibrivm lonization of binary gas
mixture,
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which can be displayed graphically to yield the equilibrium values
of n., nf, and n} at a given temperature. For example, if we plot
nh = naKa/ e+ Ka) and nd = 039K/ (n, + Kz) as functions of n,
(Fig. 3-5), the intersection of the sum curve, nf -+ aj}, with the 45° line,
n = q,, establishes the equilibrium valueA.. The corresponding equilib-
rium values 4} and 73 lie on their respective curves at the same abscissa,

The special case where the temperature is so low that both species
are only slightly lonized is of common oceurrence, and displays the essence
of the reaction coupling. To obtain reference values, let us imagine for
the moment that each of the species 4 and B occupies identical but
separate containers of this same volume, at the same particle density that
each has in the mixture and at the same low temperature. The pure
gas Baha relation (3-22) predicts respective lonization densities &% and A%
for these pure gases:

=3

AaK 4 = {?’LAU Il fbj)K‘{ m= 0K, (3-5i)

2
4
};2 Agfp = (np® — ﬁE}Kg 7= np'Kp {3-52)

[

=

and for the low-Lemperature mixture we have from (3-45) and (3-46)

afn, = naky = {(na® - 0K, = n0K, {3-53)
n}}n., = ?‘Lgffg = {7?,50 - n};)Kg = ??—EBKB (3"54)

Comparison of (3-51), (3-53) and (3-52), (3-34) yields

nin, =~ ag’ {3-55)

nin, = 75 {3-56)
from which follow

ni o (Y 5.

ng <n3> 357
and nt = Akt + 4t < (7 + Ay (3-58)

The points made by relations (3-57) and (3-58) are that the total ionization
of the mixture is less than the sum of that which its constituents would
have as pure gases; indeed, that each constituent produces less ions than
it would as a pure gas, and that the ratio of the relative contributions of
the constituents is distorted in favor of the more prolific of the two (Prob.
3-3). The physical explanation is that the free electrons supplied by
either specie are available for recombination with ions of the other, as

well as with their own, and this situation preferentially discriminaies

against the net ionization level of the specie of higher ionization potential.
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3-5, LIMHTS OF SAHA CALCULATIONS

Before leaving the discussion of equilibrium lonization, it is perhaps worth-
while to emphasize the assumptions and corresponding precautions in
appiication of the Sahs type of statistical formulation outlined above.

1. Care should be taken that all accessible levels of jonization have been
included.  For example, the single jonization relation (3-26) clearly
departs from reality ss o approaches unity because of the onset of
second lonization, ete.

2. It has been presumed that all particles involved in the system conform
to maxwellian, or classical, statisties. In cases of extremely dense
plasmas, more elaborate quantum statistics may be required.

3. Complete thermodynamic equilibrium has been presumed, including
total sontainment of radiation.  In many situations radiation losses
are unavoidable, and depending on their intensity, the photon reac-
tlons such as (3-2) and {3-8) will be unbalanced and the ionization
level will depart from its equilibrium value ([28]; Prob. 3-3).

4. The ratio of internal partition functions, for example, £1/f4, must
be bounded. This may involve an artificial truncation of the elec-
tronic levels of an isolated atom at some level appropriate to the
environment in which it exists in the composite gas.  That is, as the
cuter electron is elevated to higher energy levels and wanders further
from its nucleus, a point is reached where disturbing influences from
neighboring particles overcome its native attachment to its parent
atom. At this point its bound levels effectively cease. Indeed,
if these disturbing influences are severe, they may even lower the
effectiveicnization potential perceptively, and this lower value would
then be more appropriate for the exponential function in the Saha
relations. This effective lowering of the fonization potential by the
internal electric Selds is characteristic of dense plasmas and can be
observed spectroscopieally.

The presumption of complete thermodynamic equilibrium clearly
precludes formal application of the Saha relations to many interesting
nonequilibrium lonized gas systems arising in nature and in practice, such
as the radiating gas mentioned above, One particular type of noneguilib-
rium gas may be amenable to empirical application of a slightly modified
Saha relation, however. In various low-density electric discharges it is
common to find a gas composed of relatively low-temperature atoms and
ions, T4 = T, and high-lemperature free electrons, T.. To the sxtent
that the varicus lonization, excitation, recombination, and radiation proe-
esses are dominated by electron coilisions with the heavy particles {rather
than by heavy-particle collisions with themselves), it seems plausible to
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carry out the Saha caleulation using the electron temperature 77, particu-
larly since the atomie and lonie temperatures will cancel in the ratio of
their translational partition functions.  INerrebrock {29} has thus pro-
posed the use of Saha relations based on 7, to deseribe the lonization level
of nonequilibrium gases of this type, and various experimental evidence
seems to support this attitude. It should be noted, however, that even
these gases must conform to the other constraints outlined above if this
approach is to be justified.

PROBLEMS

3-1,  Estimate the eloetric feld strength that would be needed to extract one electron
from an argon atom initially in the ground state.

3-z.  Evaluate the cocfficients ¢ and ¢’ in Egs. (3-27) and (3-28) for argon,  Compute
the degree of equilibrium ionization over the temperature range from zerg to
3000°K at 1 atm pressurs, and graph the result.

3.3, One cubic centimeter of a mildly ionized pure gas X eontains 3 X 10% free
electrons in equilibrium at a given temperature. At the same temperature, but
twice the pressure, I em? of pure gas ¥ yields 1 x 109 frees electrons.  If X and
Y are combined in a I-cm?® volume at this temperature, what free-eleciron
density will result? What portion of these will be contributed by X and ¥,
respectively?

3-4.  Consider an eguilibrium mixture of two gases, 4 and B, at a given temperature,
A has so fow an ionization potential and is present in so smsll a partial density
that it is nearly completely (singly) lonized. [ has so high an lonization poten-
tial that it 1s only slightly ionized.  Derive expressions analogous to Fqs. (3-57)
and (3-58) relating the relative contributions of free electrons from the two
constituents in the mixture to the ionizations they would have achieved in the
pure state st the same partial densities snd temperature. Interpret your
result.

3.8, Does a loss of radiation from a body of ionized gas tend to raise or lower its
ionization level from that predieted by equilibrivm theory? Discuss.
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4
Particle Collisions
in an lonized Gas

Virtually every gas property of engineering interest ultimately derives from the
multitude of atomnic-scale interactions, or collisions, which are incessantly in
progress within the gas. The transport processes, such as mass diffusion, viscous
friction, thermal conduction, conduction of electric current, eig,, are accomplished
by the migration of the atomic particles within the gas, or by transfer of their
momenta and energy through the gas, and therefore are controlled primarity by

the frequency and effectiveness of their collisions. The rate at which the gas can -
adjust to changes in its environment, and find a new equilibrium state after it has
been disturbed from a previous one, is determined mainly by the efficiency of the
collisional communication system among the atomic particles. As we have seen,
the equilibrium state itself may be regarded as a balance between collisional events
which produce 3 particular set of species products and other collisional events
which reverse the reactions. Even the continuum thermodynamic properties, such
as pressure, temperature, and entropy, are macroscopic manifestations of atomic
collision processes, and kinetic theories of neutral gases have been carried to
considerable elegance to establish the correlation between cofiisional mechanics
and these thermodynamic properties {1,2).
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4.1 ATOMIC COLLISION NOMENCLATURE

Tmportant ag atomic eoliision information may be for detailed under-
standang of ionized gas behavior, it is extremely difficult to accumulate
and catalog. FTven in the simplest lonized gas, composed only of elee-
trons, single positive iong, and neutral atoms, there are six permutations
of partiele collision to be considered: eleetron-ion, electron-atom, electron-
electron, ete. In all but the electron-electron collisions, the interaction
may wield a variety of results. First, the event may be distinguished
by one of severs] types of energy exchange (Fig. 4-1):

a. Flasiic, wherein the total kinetic energy of the two particles is con-
served and the particles retain their initial charges

b. Inelastic, wherein kinetic energy is transferred into some internal mode
of one or both of the colliding particles, e.g., electronic excitation,
vibrational excitation, eic., or into creation of 8 new particle system
of higher potential energy, as in lonization, dissociaiion, ete.

¢. Superelastic, wherein one or both of the colliding particles deliver
some of their internal energy to the kinetic energy of the system, as
in collisional deexcitation, or some potential energy is surrendered,
as in the electron-ion recombination event

d. [Radiative, wherein a charged particle radiates energy in the electro-
maguetic spectrum when accelerated through the poteniial field of
the other particle

e.  Charge-reqctive, wherein electrie charge is transferred from one particle
to the other, in an otherwise elastic event

The foregoing list may encompass not only binary collisions, but
also three-body collisions involving a “catalytic’” particle which aids in
the momentum conservation.

The detailed results of each of these classes of coliislon depend
strongly on the relative kinetic energy of the colliding particles, on their
impact parameter, and on their internal states of excitation, Strikingly
different results are found for different atomic species colliding under
otherwiseidentical circumstances. Forexample, elastic electron collisions
on argon atoms are vastly different from those on helium at the same
energy; electronic excitation collisions depend primarily on the specific
atomic level structure of the specie excited; and so forth.

Much of this complexity in the atomic collision picture may be
attributed to the essentislly guanium-mechanical nature of the inter-
actions. In many instances simple newtonian concepts and rgid-body
mechanics are completely obseured by the wavelike behavior of the inter-
acting particles. In particular, in any cases in which the de Brogliie
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{a} Etastic coltision

{5) Ineiostic coilision

{¢) Superelastic collision

(&) Radiotive coilision

Fig. 41 Types of energy exchange in atomic coliisions.
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wavelength, N\ = h/my, of a colliding partiele is comparable with the atomic
dimensions of its collision partner, departure from classieal collision
behavior is to be expected. Quantum-theoretical formulation of these
interactions is difficult, and little systematic tabulation of atomic collisien
effects has been achisved analytically. Only for relatively simple atomie
structures are the necessary wave functions known well enough to justify
detailed caleulations of this sort.

Experimental data are also regrettably sparse. Atomic collision
phenomena have been extensively studied, using atomie, ionic, and slecw
tronic beams scattered in target chambers at energies above 10 ev, bus
these technigues become more difficult, and the results less certain, at the
lower energies corresponding to the lonized gas temperatures of engineer-
ing interest. Again, because of the quantum-mechanical effects at worl,
extrapolation of high energy particle beam data to very low energies may
be misleading. Direct measurement of the desired ionized gas transport
coefficlents and reaction rates in ionized gases can be made only in a few
relatively simple situations, and generalization of such results to less
idealized environments is also risky. Vigorous theoretical and experi-
mental research continues in the atomic collision field, but the present
understanding of these important phenomena s incomplete, and will
ohstruct our later macroscopic calculations. Here we shall attempt only
to Introduce a bit of the nomenclature and physical coneepts and to
display a few typical results,

Any given collisior may be represented by & cross section @, defined
as the effective cross-sectional avea of one of the particles for a collision
of & particular type with the other. Specifically, the probability that a
particle of specie 7 will suffer a collision of type 8 with a particle of specie
k in traveling a distance dr relative to a group of k particles is written

AP = m04® dx {4-1)

where 7 i3 the number density of type-k particles in the vieinity of the
interaction. As defined, Q¥ = Q.. For example, we speak of a
particular atom as having a certain cross section for elastic collision with
another atom, or an ion as having a certain cross section for radistive
interaction with an eleciron, ste. Qccasionally, we deal with an efective
cross section which represents a particle’s valnerability to all classes of
collision by the other particle:

Qi = E Qin® (4-2)
8

We may also define a "'differential” cross section {8) in terms of the angle

“standard size,
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Fig. &2 Nomenclature for definition of differential ¢ross segtion.

the seattered-particle trajectory makes with its incident direction (Fig.
4-2). The probability of the particle emerging into the solid angle
dl = sin § d6 d¢ 1s defined

dP{8) = ¢{8) sin ¢ 48 do (4-3}

50 that the integral of q(8) over the full solid angle yields the total cross
section for the particular collision involved:

ﬁ" [ a0 sinodeas = @ (4-4)

The dimensions of a total eross section § are clearly those of ares,
and the unii of square centimeters is most commonly employed, although
square angstroms or square Bohr radii are also used. In view of typical
eleciron-orbit dimensions = 1078 e, we might regard @ =~ 10~ cm? as »
Substantially larger values are indicative of long-range
interactions or strong quantum-mechanical resonances, Substantially
smaller values reflect g low efficiency of the collision for the process
involved,
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Closely related to the concept of cross section are these of mean free
path and collision frequency:

i
Ao = 45
ik nkQ;k ( .J)
v = Ml {4-6)

where u is essentially defined by (4-6) as an effective speed of the j
particle relative to the group of k particles, for the particular process and
environment involved. In the simple ease of a collimated moncenergetic
beam impinging on & static group of target particles, 7; is clearly just the
beam speed; in a multicomponent ionized gas, it will usually be close to
the mean thermal speed of the [aster specie of colliding partiele, modified
perhaps by a smaller relative streaming component.  Actually, the colli-
sion frequeney concept itself is complicated by the strong dependence of
the cross sections on the relative kinetic energy of the particles, and is
usually only applied in an average sense; e.g., the mean rate at which a
swarm of 7 particles collide with & swarm of & particles might be expressed

N = [ (i) Gulv; — v |vy — vl dv; dv. (4-7)

where n,{v,) dv; is the number density of type-j particles having velocities
in the differential range around v;, ete., and [ dv; implies integration over
the three-dimensional velocity space of v, [2]. ‘

For the remainder of this chapter, we shall attempt only to construet
a rudimentary catalog of the characteristics of various collision cross
sections for the low energy range of our interest. TFor specific data,
description of experimental teechnigues, and detailed theoretical analyses,
the reader is referred to several extensive works devoted entirely to this
subject, Refs. 3 to 10

4-2 ELECTRON-ATOM COLLISIONS

Electrons are by far the most mobile particles in an ionized gas; hence
their motion strongly influences the transport properties and the reaction
rates. If the gasis only slighsly lonized, the prevailing etectron collisions
are with peutral atoms; hence the electron-atom cross sections are major
factors in determining these gas properties.

ELASTIC

In the low energy, or thermal, range, elastic electron-ntom cross sections
exhibit a severe energy dependence and an equally severe angular seatter-
ing profile and differ by several orders of magnitude from one atomic
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species to another (Figs. 4-3 and 4-4).  Values may reach as high as 101
em?® for certain alkali metals which have a far-ranging valence electron
and as low as 1077 em? for some parts of a noble gas profile where wave-
mechanical resonance oceurs (the Ramsauer effect).
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Fig. 4-3 Energy dependence of electron-atom elastic cross sections, {From R. B. Brode,
Rev. fod. Phys., val. 5, p. 257, 1933, and H. Margenau and F. P, Adier, Phys. Rev., vol. 79, p. 870,
19503

INELASYIC

We include in this category both those inelastic collisions that leave the
atom in an excited bound state,

F+A— A% e (4-8)

and those that eject the bound electron completely, thereby ionizing the
atom,
g+ A4— AT+ 2e (4-9)

where & denotes an incident slectron with kinetic energy at least as large
a5 the excitation or ionization potential involved. In addition to their
primary function of providing excited atoms and new ion-electron pairs,
inelastic electron~-atom collisions of these types may be the major factor
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in establishing the free-electron energy distribution in an ionized gas.
Since most excitation and ionization potentials are at least a few electron
volts, each inelastic event costs the electron component a significant por-
tion of its mean thermal energy per particle.  In fact, for gases of modest
electron temperatures, say, T, < 10,000°k, only the most energetic clec-
trons in the distribution can ascomplish these events at all, and, in so0
doing, revert abruptly to the low energy end of the distribution. The
integrated effect of many such collisions is thus to suppress the electron
temaperature, and perhaps to distort the distribution toward the low energy
end somewhat.

Electron-atom excitation cross sections have qualitatively the same
energy dependence for most speeies and for most excitationlevels (Fig. 4-5).
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Fig. 4-5 Typical electron-atom excitation cross sections vs, energy. (From L.
Lees, Proc. Roy. Soc., ser. A, vol. 137, p. 173, 1932

The magnitudes rise rapidly from zero at the threshold energy &; to some
maximum value at an incident energy & which is a few times the particular
fransition energy, and then fali off with a high energy ““tail”’ which is
characteristic of the spectroscopic nature of the same transition. If the
transition is “alowed”” by the spectroscopic selection rules, the tail tends
to fall as In 8/8; if “forbidden,” it falls more rapidly, as 1/8 or faster [3].
The maxtmum cross section is usually much greater for allowed transitions
than forforbidden ones, but in either case depends strongly on the particu-
lar quantum jumpinvelved. Valuesashighasd X 107%em? are observed
for certain strong resonance transitions, The angular dependence of the
scattered electron trajectory tends to soncentrate more around the for-
ward direction than for elastic collisions, and this tendeney increases with
incident energy.
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In general, the energy dependence of icnization c¢ross sections is
gualitatively the same as for the excitations (I'ig. 4-6}.  Since all loniza-
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Fig.4-8 Typical lonization cross sections vs. efectron energy.  {From R, E. Fox, Westinghouse
Eiec. Corp., Res. Rept., 60-94438-4-R2, Aug. 15, 1856.)

tion {ransitions are sllowed, and since the end state Is a continuum rather
than a discretelievel, the magnitudes are substantially larger.  Peak values
close to 10715 am? exist for some easily lonized species, and even the noble
gases excead 107*% om? in gome cases.

In most engineering problems, the electron temperature of an lonized
gas is 50 much lower than the ionization and exeitation potentials involved
that the complicated energy dependence of the cross sections can be
replaced by a simple linear rise from threshold, for purposes of integration
over the electron energy distribution, e.g., in a collision frequency calcula-
tion like Eq. (4-7) {Fig. 4-7).

SUPERELASTIC

Collisions wherein the electron acquires kinetic energy a4 the expense of
the internal energy of an excited atom are known to cceur:

pb A% gt A (4-10)

Experimental data on specific cross sections are very sparse, but mercury
vapor has demonstrated values as high as 167* em? for sertain electronic
transitions of the atom. DBarring nnexpectedly large values of ¢, this
type of collision will not sericusly affect the electron energy distribusion in
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Fig. &7 Folding of inelastic cross section with electron energy
distribution by linear approximation,

mildiy ionized gases where the fraction of atoms in excited states is small.

RADIATIVE

In principle, the electron may undergo an electromagnetic interaction
with the atomic potential fleld,

E+A—e+ A+ b (4-11)

but because the neutral atom field is extremely weak at all but very short
range, the effective cross section is quite negligible, say, 1072 cin?® or less,

CHARGE-REACTIVE

Under certain circumstances, the incident electron may be trapped by the
atom, thus ereating a negative ion:

g A A (4-12)

This pvent is called clectron attachment, and may require a third body .
to dispose of the net potential energy surrendered. It thusis more preva-

lent in certain polar molecudes, such as O, NH,, H.S, 80, and N,O,

although it has been observed in atomic oxygen. Experimental data are

incomplete, but us an example, O, displays a cross section =107% ¢m?

with an irregular energy dependence.

4-3 ELECTRON.ION COLLISIONS

Two charged particles exert significant force on each other at much longer
range than the usual atomic dimensions; hence the effective cross sections
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may be mueh larger than those involving neutral particles.  If is typical
for the electron-ion elastic collision frequency to exceed the electron-atom
collision frequency in an lonized gas for ionization levels above a few
tenths of one pereent,

ELASTIC

Because the coudomb potential falls off only as 1/7, a collision cross section
is not well defined in terms of a simeple deflection. A more useful concept
here is the momentum-transfer cross section @, defined in the average
over many encouniers by the relation

dp.

x

= N QG% dx (4-13)

where p. and dp. are the magnitude of the incident electron momentum
and the differential change of magnitude of that component of momentum
over the path length da (Fig. 4-8). An energy-transfer cross section

Fig. 4-8 Momentum iransier in electron-ion collisions.

€® could be defined similarly; it would be of the order of m/M . smaller
than @@ (Prob. 4-1). Usalikke most cross sections, the coulomb cross
section can be aceurately caloulated theoretically, Using either classical
central-force mechanics [L1] or a parabelic separation of the Sehrodinger
wave equation [12}, the following expression may be derived (Prob. 4-2):

et In Raregrad

§LED P
Qe (dmeg)?82 g?

mks (4-14)

where ¢ = electronic charge
£p = vacuum dielectric constant
& = relative kinetic energy of particles before collision
ro = an empirical cutolf distance for effective range of ion's coulomb
field in environment involved
forrgin anionized gas, one might consider using 2 mean interionic spacing
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or & meal interatomic spacing, but in most cases the appropriate value
ean be shown to correspond to the Debye length,

ir! !,{z
Ao = (E‘}f ! ) (4-15)

7,8%

where 1, again denotes the temperature of the freg-electron component
of the gas, and is not necessarily the same as that for the ions or neutrals.
The Debye length arises in several other situations as an index of the
typical charge separation a plasma can sustain by virtue of the random
thermal energy of its electrons (Prob. 4.3). Fortunately, the value of
4 is insensitive to the cholce of 7o, since it appears in the logarithm and
since the numerical values of the various reasonable possibilities are not
widely different.  When ry Is identified with »p, it is common to replace
the entire logarithmic factor with a single quantity, ln A, which is well
tabulated over the range of n and T, of interest [(4-12)].  Considering the
precision with which other associated caleulations can be made, In A = 10
Is usually an adequate approximation for jonized gases in the propulsion
regime, and {4-14) may be written

6.5 x 10—

Q(p] P P

cm? for € in electron volts {4-186)

The angular dependence of a coulomb scatiering process is given by
the familiar Rutherford relation

g(8) = c:sc“g (4-17)

Both (4-14) and (4-17) are elearly independent of the particular ionized
specie involved.!

* It should be noted that the coulomb collision formulation yielding expressions {4-14)
and (4-17) presumes an r~! potential profile all the way to the origin; Le., it neglects
the "hard core” of the ion. For energies below about 10 ev this is an acceptabls
appreximation, since the greaf bulk of the momentum transfer occurs far out on the
potential profile, at much larger radii than the true ionie dimension. Indeed, the
cumuiative effect of many small deflections greatly exceeds the contribution of single
wide-angle deflestions in the determination of the effective collision frequency for
momentum-transfer purposes. At very high energies, however, blind application
of (4-14) or (4-15) yields a cross section smaller than that for electron-atom elastic
collisions—clearly, an unreasonable result. The difficulty, of course, is that at these
energies incident electrons with impact parameters eomparable with the lonie dimen-
sion can reach and penetrate the bound slectronic structure of the ion, wherein the
simple coulomb interaction is totally invalid, Under these circumstances it is more
appropriste to regard the on as a hard sphere out to its effective atomic dimension,
surrounded by a coulomb potential “skirt' at larger radd. The one specie not
requiring this modification is the hydrogen atomic jon (proton) which has no hound
electronic structurs, and hence exhibits a “hard core” of only nuelear dimensions,
72 10~ gm?,
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INELASTEC

Bince the inelastic events require penetration of the incident electron into
the bound electronic structure of the ion, cross sections for these processes
may be expected to be similar {o those for the electron-atom inelastic
interactions. A slight inerease in magnitude at low energies might be
expected from the potential “funneling” of the incident electron toward
the masscenter of thelon,  Also,singe any given ion hasu totally different
electronic structure and lonization potendial than its neutral atom, these
differences will be reflected in the characteristics of the inelastic cross
sections,

SUPERELASTIC

The foregoing remarks about inelastic collisions should apply to the eolli-
sional deexcitation processes as well, with the notable exception of electron-
ion recombination, which, in the absence of radiation, requires a third
body to conserve momentum and energy:

e+ AP+ X -4+ X (4-18)

X here may denote another electron, lon, or atom or & material surface.
An important special case of this reaction is the sc-called dissocinlive
recombination

e+ Af— 4 4 4 {4-19)

where AT may be a short-lived, or melastable, coneurrence of an atom
and an ion. Representation of sueh reactions in terms of cross sections
is less clear-cut than for the two-body reactions, and the literature more
frequently guotes effective maeroscopic recombination eoefficients for
mexwellian gpecies at given temperature and pressure [6]. Dxperimen-
tally, 1t is difficult to separate various recombination mechanisms and
identify specific reaction rates, but a composite inverse energy dependence
seerns o prevail.

RADIATIVE

Deflection of an electron in the coulomb feld of an ion may precipitate
emission of a quantum of electromagnetic radiation, with a corresponding
reduction in kinetic energy of the electron;

B4 AT - g -+ AT -+ Iy (4-20)

This radiation, called bremssirahlung, may be associated classically with
the acceleration of the electron in the jonic field, or equivalently, with the
change in the electron-ion dipole moment.  Spectroscopieally, the event
may be regarded as a free-free clectronic transition between two energy
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states in the continuum. 7The cross section is usually expressed as a
function of emitted photon frequency, and must be ealeulated quantum-
mechanically {14].  Tn s relatively low temperature lonized gas, the radia-
tive energy loss by this mechanism is unimportant, but the speetral
continuum ansing from these eneounters may provide a useful diagnostic
indication of the electron temperature and density within the gas. Tor
exnmple, if the electrons have s maxwellian distribution, and only single
ions are involved, the intensity spectrum of the bremsstrahlung has the
approximate form

2
I(r) & it gholile (4-21)
5 ?s}é

from which the electron temperature may be simply extracted (g, 4-9),

7

in Jv)

&g

Bound glectron i
series Hmifs [

v

Fig. 4-9 Frequency spectrum of free-free and free-bound radiation.
{From W. Finkeinburg and Th. Peters, Handbyuch der Physik, vol. 28, p. 96,
Springer Verlag OHG, Beriin, 1957}

RADIATIVE RECOMBINATION

Astherelative kinetic energy of the ineident electron in (4-201 s decreased,
there is an increased probability that emission of the photon will leave it
with insufficient energy to escape the ion field. Tt thus will be captured
by the ion and neutralize it—a so-cailed free-bound transition,

Goq At — A* 4 (4-22)

where the photon now must dispoese of the incident kinetic energy of the
electron, plus the difference between the ionization potential and the
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energy of the partieular bound eleetronic state in which the neutral atom
is left, AF:

ho = & 4 (&~ &) (4-23)

For hydrogenlike atoms, a theoretical approximation for the cross

section for radiative capture to the bound level j can be obtained in the
form [13]

E,‘Z
OIS TR | | S =
Qpj =210 &(& + & — g)n,®
8A
e 2. 1002 R _
2-10 & for & < g — g (4-24)

where n; ig the appropriate principal quantum pumber. The indicated
preference for resombination to the ground state is perhaps contrary o
paive anticipation, Experimental verification of these individus! cross
sections is difficult because of their small size and because of other com-
peting recombination processes, The overall inverse energy dependence
of the total radiative recombination eross section, @ = z Gy = /8, 1s

Fl
better established. The composite specirum from this event is again
indicative of electron density and temperature [15}:

n? g; g — & — hy P
In(y) = T?—*E [(& — ;)2 py exp = e (4-25}
3
where g; is the quantum-mechanical degeneracy of the jth bound level.
Note that vy must exceed § ~ ¢ for each term in the sum, vielding abrupt
intensity jumps at characteristic frequencies in this continuum spectrum
{Fig. 4-9).

4-4 ELECTRON-ELECTROM AND ION-JON COLLISIONS

Because of their mass disparity, electrons in an ionized gas are energeti-
cally insulated to a certain extent from the heavy particles, and rely
heavily on intraspecie collisions to establish their distribution of their
energies i a given environment (Prob. 4-1). Ions are in betier com-
munication with other heavy partieles, but because of the long range of
ion-ton coulomb interactions, their intraspecie collisions alse strongly
influence the distribution of their energies.

ELASYIC

Although fon-ien and elestron-electron collisions have the same coulomb
potentisl Helds as the electron-ion interactions, they differ from the latter
in a few significant respects. I'irst, because of the equal masses, the
energy transfer is vastly morve efficient, that is, Q0 = Q'®, and the scatter-
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ing angles of the two particles are equal in a center-of-mass frame of
refarence.  Becond, if the two particles are completely identical, both
elassical indistinguishability [¢(9) = ¢{r ~ 6] and guantum-mechanical
exchange effects (Mott scattering) appear. With these exceptions, the
energy and angular dependence of the cross section resernble the electron-
ion scattering outlined above (Fig. 4-10).

Quantum

rmechanicat
ofehy e
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£ G 45° 90° 135° 180°

Fig. 4-16 Energy and angular dependence of elastic electron-ejectron collision cross
section. (From N, F. Mott, Collision between Two Electrons, Roy. Soc. London Proc., ser. A,
vol. 126, p. 259, 1930.)

INELASTIC

Only at energies above several electron volts can two heavy charged parti-
cles of like sign approach closely enough together to disturb either elec-
tronic structure, and even at these energies the interaction is highly
inefficient {Sec. 4-5, under inelastic).

SUPERELASTIC

Same remarks as for inelastic.

RADIATIVE

Simuitaneous deflection of two like charges involves no net charge accel-
eration or dipole moment change. Hence there is no bremsstrablung to
first order. Quadrupele radiation or relativistic eflects can appear, but
these are negligible in our regimes of interest.

45 ATOM-ATOM COLLISIONS

ELASTIC

The elastic collisions of neutral atoms have been extensively studied in
the framework of the kinetic theory of gases. Detailed caleulations of
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mean {ree paths, transport processes, rate processes, ete., are available
for a variety of interatomic potential functions, ranging from simple rigid
spheres to the van der Waals and Lennard-Jones models [1,2].  Typleally,
this potential combines a weak attraciion of two dipoles, =779 and a
“hard-core” repulsion of much shorter range, say, =r% (Fig. 4-11).

' |
! - Rigid sphere approdmation
2 ok
P2 O

l o~ Leonard-Jones "6-12" potential

\/’_ >
Fig. 8&-31 Typical interatomic potential profiles for elastic scattering
calculations.

Bince the momenta of most heavy particles in & high temperature gas are
large enough so that their associated de Broglie wavelengths, » = &/muy,
are small compared with atomic dimensions, guantum-mechanical effesis
are subdued. In most applieations, a classical approach is completely
adequate.

Although experimental determinations of individual cross sections
are very difficult at low energies, macroscopic measurements of transport
coefficients agree well with the classical theories. The effective cross
sections deduced from these experiments lie in the range of 1 to 1,000 X
10~ em? for the common gases, depending on the particulur electronic
and molecular structure of the specie. Lnergy dependence is usually
quite mild, except al very low energies (<0.1 ev), where the attractive
portion of the interatomie potential may inerease the cross section slightly,
typically, «e 7  Recently, molecular beam technigques have advanced
{0 the point where specific cross section vs. energy and angular seattering
profiles can be traced for individual binary collisions of common gas atoms
aover the energy range below 1 ev [16,17]. The primary aim of these
experiments is better understanding of the details of atomic structure and
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interactions, and although interesting guantum-mechanical resonances
are being identified, it is deubtful that any major revision in the mazni-
tudes of distribution-averaged eross sections for gas transport caleulations
will be required,

ENELASTIC

The available atomic beam data on excitation oricnization by atom-atom
collision is almost all at very high energies. Extrapolation back through
the low energy range to threshold yields reasonable values, bus little
direst confirmation exists, except in swarm averages (Fig. 4-12). One
point of view regards the colliding atoms simply as carriers which convey
bound electrons into the particular interaction, suggesting the rule of
thumb that, above threshold, an atom-atom collision is about as effective
as an electron-atom collision, at the same relative velocity. As such we
expect cross sections of the order of 1072 em? for excitations and 107
e’ for lonizations in the low energy range. The energy dependence
again is probably linear just above threshold, but the magnitude of the
slope may be strongly species-dependent. Recent shock tube measure-
ments indicate slopes =107 em?/ev for the noble gases argon, krypton,
and xencn [18,18].
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Fig. 412 Typical alom-atom ionization cross sections vs, energy. {From A. von Engel,
“lonized Gases,” chap. 3, p. 59, Oxford University Press, Fair Lawn, N.J., 1855.)
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SUPERELASTIC

Little is known sbout the collisional deexcitation process
A¥ o h s A 4 & (4-28)

other than that, in a gasin complete equilibrium, it must just balance the
reverse reaction, discussed in the previous section, and thus must have a
correspondingly large cross section. It doubtless competes with the
resonant exchange reaction,

A% o As A + A (4-27)

which clearly has no net effect on the population of execited states.
Experimentally, it is much easler to acquire information about superelastic
and exchange reactions with impurity particles in a gas by observing the
guenching of radiation from the excited atom or the appearance of new
radiation from the excited impurity:

A* T 4+ T (4-28)
A¥f T A+ 1% A + T+ he (4-29)

Cross sections for the former reaction exceeding 107 em? have been

found for certain combinations of A* and J. The latfer reaction is

favored by impurities having excited states of energy close to those of 4%,

under which condition the cross section may have even larger values.
Three-body recombination,

A* 4+ A e d+ A (4-30}

can be regarded as a collision of this class, but has already been discussed
in Sec. 4-2.

RADIATIVE

Because of the short range of atomic fields, no events of this class are
expected or observed.

CHARGE-REACTIVE

Since this interaction requires formation of a negative ion, it can proceed
only in certain electronegative gas mixtures, which are ouiside the seope of
this outline.

45 ION-ATOM COLLISHONS

The interaction field between anion and an atom is that between a charge
and an induced dipole, that is, « 7% and hence slightly broader than
that between two atoms, but still quite short range. The characteristics
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of elastic, inelastic, and superelastic gollisions thus should be much like
the corresponding atom-atom events. Experimentally, the preparation
of & monoenergetic lon beam is simpler than for an atomic beam, and
the eross-sectional data may be more reliable.  Unfortunately, $he energy
range below 5 ev remains difficult, and little data yet exist.

ELASTIC

Ion beam experiments down to 5 ev show angular distributions of strong
forward scattering preference, with total cross seetions in the range 10—t
te 1™ em®  The angular dependence becomes more isotropie, and the
magnitude of the total cross section increases slightly as energy decreases
in this range (Fig. 4-13).

INELASTIC

As in the atom-atom cases, the cross sections rise abruptly from zerc at
the threshold energy with o slope characteristic of the particular specie
and transition, and then flatten and perhaps decay in the higher energy
ranges beyond our interest.

SUPERELABTIC

Since the bound levels of an atom and its first ion are substantially dif-
ferent, resonant exchange reactions

(AN} f A - At 4¥

A+ A% (AR)X L A (4-31)
are less likely to compete with the [ull deexcitations
(AN 4+ 4 —Ar+ 4
(4-32)

A* 4 Ates A4 4 A

than in the atom-atom case; hence the latter must be regarded as impor-
tant mechanisms.  Beyond the detailed balancing arguments for a gas in
equilibrinm, little is known sbout the magnitude of these cross sections,
HADIATIVE

Because of the short-range interaction and large mass of the ion, brems-
strahlung from this source is negligible.

CHARGE-REACTIVE

Perhaps the most important of all jon-atom eollisions is the charge-
exchange eveni, wherein a {ast ion and slow neutral change identity:

At A— 4+ 4 (4-33)
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Fig. 4-13 EHastc scaltering cross sections QU and charge-transfer cross
seciions QY for typical ion-atemn collisions, (From W. H. Cramer and J. H.
Simons, He™ on He, J. Chem. Phys., vol. 26, p. 1272, 1857, W. H. Cramer, Ne* on
Ne, ibid., vol 28, p. 688, 1958; A7 an A, ibid., vol 30, p. 641, 19593

This process, or its inverse, provides an effective coupling between the
jonized- and neuiral-gas components in many electromagnetic plasma
accelerators,  The eross section for this event is usually & maximum in
the thermal energy range, where it can substantially exceed the elastic
eross section, say 107 to 105 cm? and thereafter decreases gradually
with energy {Fig. 4-13). Forward scabtering strongly predominates,
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thereby providing a technigue for the production of high energy atomic
bepms. Bince the charge-exchange interaction has the same product
particles as an elastic jon-atom collision, these two cross sections are
frequently summed to one effective scattering cross section (Fig. 4-13).

47 OTHER INTERACTIONS

The above brief catalog is intended to give a flaver for the variety and
complexity of collisional phenomena which can operate within a body of
jonized gas, contributing to the thermodynamiec, transport, and kinetic
processes therein. It is by no means complete. Notable among its
omissions are ali the incident photon interactions, such as photoionization,
photoexcitation, inverse bremsstrahlung, ete., which complement the
radiative collisions; molecuiar interactions, which bring into play & variety
of rotational and vibrational degrees of freedom that may participate in
inelastic events; and most interactions involving negative ions. For
details of these and other less common collisions, deseriptions of experi-
mental and theoretical techniques, and tabulations of cross-sectional

values, the reader is referred to the References and to the bibliographies
therein.

PROBLEMS

4.). Consider a head-on elastic collision between fwo particles of masses m and M,
respectively, where m < M. Compute the energy transferred from one to the
other in terms of their initial velocities, v and V. Repeat for the vase where the
less massive of the fwo partieles is deflested through an arbitrary angle ¢ from
its initial direction. Repeat for the case where the incident velocity veciors are
inclined to each other at an arbitrary angle ¢.

4-2. Derive the momentum-transfer cross seetion for coulomb collisions [Bq, (4-14)].

4-3. Construct a hypothetical situation which clearly illustrates the signifisance of
the Debye length as a useful plasma dimension.
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Electrical Conductivity
of an lonized Gas

The extent to which magnetic body forces can be exerted on an ionized gas
depends on the ability of that gas to conduct electric current.  As we have seen,
this current density may be related empirically to the applied electric and magnetic
fields by a bulk electrical conductivity of the gas, » [(2-68)):

i=eE+uXxXB (5-1;

but is more fundamentally expressed as a vector summation of all the individual
charge motions induced by the applied felds [(2-20))

j= E i (5-2)
i
where n; = number density of particles of type {
g: = their charge
% = their vector-averaged velocily, i.e., their migration, or swarm, velocity
The calculation of the conductivity function « is thus essentially a calculation of the
various ¥;, and this is difficull, in general, because of the many internal and

H
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external conditlons which influence them. For example, the mass and charge of
the particles considered, their state of random thermal motion, the frequency and
detailed characteristics of their collisions with themselves and with all other particles
in the gas, the amplitude and frequency of the applied sleciric and magnetic fields,
and the prevailing gasdynamic flow, all affect the migration velocity of each
charged specie, and thereby the bulk property we call the glectrical conductivity,

The purpose of this chapter is {o develop a few particularly simpie but
instructive examples of electrical conductivity calculations, which, hopefully, will
prepare the reader for the more sophisticated theories available in the referenced
literature.

51 MOTION OF A CHARGED PARTICLE 1N UNIFORM
STEADY ELECTRIC AND MAGNETIC FIELDS

In gases of density or temperature so low that particle collisions ocour
infrequently on the time scale of interest, the migration velocities we seek
are simply the free-particle motions. For example, an isolated charge ¢
moving in a steady uniform magnetic induction feld B feels a force normal
to its velocity v, normal to B, and proportional to their vector product
[{2-69)]:

F=gqvx B (5-3)
In the specizl ease where v has only a component normal to B, v, the
particie executes a cirele of gyro radius

rp = T (5-)

with angular veloeity, or gyre frequency,

B .
w=% (5-5)

If v also has a component parallel to B, vy, this is unaffected by the
field, and the particle trajectory is & helix, with axis parallel to B, radius
given by (5-4), and piteh Zwey/wg.

If an electric field is also present; the eguation of motion involves
other force components:

F o= g(E + v X B) = my {5-6)
The three scalar compeonents of this equation can usually be inteprated

and combined to yield the particle trajectory for given initial velocity v
However, the problem ean be considerably simplified by the triek of sub-
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Fig. -1 Coardinate transformation for charged-particle trajectory
calculation.

tracting out of v a fictitious velocity ¥ perpendicular to both E and B
(Fig. 5-1):
v=v 47 (5-7}

Breaking E into its components parallel and perpendicular to B and
rewriting {(5-6),

=gE; +E, + v XB+ 7% B) = mv (5-8)

it follows from noting that the ¥ x B is parallel to £, that both can be
eliminated by requiring!

7o o (5-9)

The effect of the remaining components in the force equation can be readily
visualized. E; produces a linear acceleration parailel to B. Superim-
posed on this is the helical motion broughé shout by v x B, as found
above. All this is then convected by a constant drift velocity ¥.

As an ilustration of this teshnigue, consider the ease of Ey = 0,
ve = 0, that ig, o charge starting from rest in uniform perpendicular B
and B flelds.  Here the total foree is normal to v and to B:

= g{v' ® B} = m¥’ (5105

* Throughout this discussion, the magnitude of o vector is denoted simply by italie
type, that is, ¥ = [¥, etc.
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and the initial value of ¥ is simply the negative of the dyvift velocity ¥:

o - ExEB
v

7 (5-11)

The moetion in a coordinate system moving with veloeity ¥ relative to the
laborstory frame is a circle of radivs ",

myy, mi mK .

fe 0 T B2 5.12

¢B B ¢B* (6-12)
which g transeribed with constant tangentis! speed, § = E/B, in the
plane normal to B, In the laboratory frame, this motion transforms into
3 cyeloid in the same plane, advancing in the E x B direction with drift
speed E/B (Fig. 5-2). Note that this drift is normal to E and inde-
pendent of the charge sign.

(g} {5

Fig. -2 Charged-particle drift from rest in crossed electric and magnetic fislds, (3)
Transformed system; (b} laboratory system.

If vy ¢ 0 butb has some component parallel to B, the motion in the
transformed system will be a helix, instead of a circle, and in thelaboratory
frame, an inclined helix whose axis lies in the B, E % B plane. If v, also
has & component normal to B, this will contribute to the v/ x B force,
and hence change the radius of gyration and angular veloeity, without
affecting the drift velocity. The orbit then becomes a prolate eycloid
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(i.e., has loops) or eurtate cycloid, depending onvy, 2 £/B. The eycloid
always progresses slong the positive E x B axis, but its position relative
to that axis depends on the direction of vi,. Note the very speeial case
of v = 0, that is, vo = ¥ = (E x B)/B% A particle injected with this
velociby moves in a straight line, undisturbed by the fields.

If, finally, we include a compenent of E parallel to B, we find in the
transformed frame a helix of quadratically increasing pitch:

vp = %,;“i + vy {5-13)

In the laboratory system this fransforms to a parabolically displaced
helix, whose axis lies in the B, £ x B plane (I'ig. 5-3).

tat L&)

Fig. §5-3 Charged-particle drift in arbitrarily oriented electric and magnetic fields. {a}
Transformed system; (b) laboratory system.

Admission of nonuniform electric and magnetic fields considerably
compticates the caleulation of charged-particle trajectories and yields
additiona! possibilities for drifs motions not included above [1].  Although
such field gradient drifts are interesting physical processes (Prob. 5-2),
they rarely need be explicitly included in gas accelerator anslyses, and
will not be pursued here,

Let us now attempt to express an electrieal conductivity for a colli-
sloniess lonized gas by summing individual charged-particle motions for a
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particular combination of applied fields, Consider the simplest example
of & uniform infinite body of such gas immersead in steady uniform perpen-
dicular electric and magnetic flelds.  Note, first, that although we must
now deal with a distribution of initial (thermal) velocities, these will be
isotropic, and hence, while yielding a corresponding distribution of gyro
radii and eyecloid aspects, will net contribute to the migration veloeity
vector ¥, Hather, this will be determined solely by the drift veloeity
(E x B}/B* which is the same for every particle. Indeed, it is the same,
bhoth in magnitude and direction, for the heavy, positively charged ions
as 1t is for the small-mass, negatively eharged electrons, and we are left
with exactly equal electron and ion fluxes in the E x B direstion, and
hence no net current {(Fig. 5-4).

- @/"_W\/"—% 1
W %
£48
—— TR
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08000000005
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Fig. 54 Schematic representation of common migration velocities of thermai
electrons and ions,

Current can be drawn by the addition of a component of E parallel
to B, which would drive components of electron and ion flux parallel to
itzelf, but of different magnitude and sign. Now, however, we have the
difficulty that in the absence of collisions, both the electron and ion
migration speeds parallel to B increase linearly in time without limit, and
thus the “conductivity” of the medium is again ill-defined. Both of
these simple examples serve to illustrate the fundamental inadequacy of
the concept of a scalar conductivity parameter for even the simplest
ionized gas and to preface the important role of particle collisions, how-
ever infrequent, in establishing steady-state current conduction.

52 EFFECT OF COLLISIONS

When a charged particle accelerated in a steady electric field eollides with
another particle in the gas, it will recoil at some unspecified angle, with
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some unspecified residual speed, and then begin a new trajectory in the
applied field, determined in part by therecoll parameters. To incorporate
5 series of such sollisions into a caleulation of the detailed motion of any
given particle would be an unreasonable task. It is far simpler, and for
many purposes quite adequate, to consider instead the roean mosion of a
large number, or swarm, of such particies, wherein the integrated effect
of many such collisions may be represented heuristically as a damping
agent on the organized migration of the swarm in response to the applied
electric field.  For example, ane may define an effective collision frequency
v, in terms of $he rate at which the particle swarm loses its migration
momentum via all such collisions. Thus, under a steady applied electric
field, the motion of the swarm may be deseribed by the relation

%nmx‘r = ngE — yam¥ {5-14)

or more simply, by
$=LE 9 (5-15)
7

which may be regarded as the eguation of motion for a fietitious “average”
particle in the swarimn. :

The collision frequency which has been introduced here is related to
atomic-seale momentum-transfer cross sections like those discussed in
Hec. 4.3 by the definition

vy = ) QP (5-16)
H

whers ¥; is the mean scalar speed of the charged particles relative to the
various species j particles with which they can collide. This sheuld by
ne means beidentified with the vector average, or swarm migration veloeity,
¥.  Rather, v; is normally determined primarily by the random thermal
moticns of the individual particles, possibly modified somewhat by the
field-induced streaming. Despite this identification, the detalled evalua-
tion of », 13 usually difficult and depends heavily on the prevailing environ-
ment. For most lonized gases where the collisions may be regarded as
diserete events, the indicated approach is via the Boltzmann equation {2}
In certain exotie plasmas, collective effects may dominate the binary
collisions, and the concept of a collision frequency becomes mare subtle
[3]. For our purposes, we shall regard », as an empirical parameter,
defined by (5-14} and presumed independent of the swarm velocity .
Tt may be crudely estimated from atomic parameters via {5-16), or possibly
may be experimentally measurable [4].
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Yor constant »,, Eq. (5-15) for the swarm velocity has the solution

oo Mq_ et -
=L Co (5-17)

Thus, after the switching transient has died away, we achieve a steady-
state current densify,

i == 7 pras) nqz )-’-
i = ng¥ p— E (5-18)

In the absence of other species of mobile charges, the coeficient of E can
be identified as the conductivity of the medium and in this case is clearly
a scalar quantity:

ngt

T o= “?;i:; (0“19)

Collisions play a similar role in determining drift velocitics when a
magnetic field is also applied to the gas. In $his case the ratio of the EVrD
frequency of the charged particle to the collision frequency distinguishes
the response of the particle swarm to the applied E and B fields (Fig. 5-5).
It wp/v.>> 1, the charges execute many cycles of their eyeloidal drift
motion before they are disturbed by collision, and the major component
of their current is in the E x B direction. If wpfve << 1, the charges
seldom complete one eycle of their drift motion before collision, and hence
develop little cross-field motion. In this case, the primary component
of current is parallet to E, with only a small off-diagonal element added
to the scalar conduction deseribed by Eq. (5-18). In intermediate CABES,
where wg/v. = 1, comparable components of current parallel and normal
to E arise. Note that in all these examples, the effect of a colligion implied
by the definition of », is to interrupt the “mean particle trajectory’” and
cause it to begin its motion again from rest in the applied fields.

The ratio ws/v, is popularly called the Hal] pargmeler, and the E x B
component of current, the Hall current, in honor of the discoverer of a
similar Hall effect in metallic conduetion in a magnetic fleld [5].  Clearly,
the Hall parameter has different values for the various charged species in
an ioniged gas, depending primarily an their charge-to-mass ratio, and
this disparity can considerably complicate the overall current eonduction
process.  In most cases one is tempted to neglect ton currents entirely,
because of the lnrge inertia of these particles, but certain situations de
not permit this.  We have seen, for example, that collisionless cross-field
lon drift is equal to that of free electrons. However, an ion takes far
longer to complete one eycle in its drift motion and teanscribes a far
bigger orbit than does an electron, In some cases, then, we may find that

ELECTRICAL CONDUCTIVITY OF AN IONIZED GAS i

wm"‘““_—”_"‘“mmmww

/ Colftisions

:

w e e o o
2 e » /ﬂ
c i

A [

Fig. 3-B Mean charged-particle motion in crossed electric and magnetic flelds for
various Hall parameters.

ws/v. 3> 1 for the electrons but ws/r, < 1 for the lons.  In this environ-
ment the electrons will contribute a Hall current normal to B, while the
lons supply o scalar conduction vurrent parallel to E (Fig. 5-62). This
possibility is actually exploited in eertain crossed-field accelerators, dis-
cussed in Sec. 8-6. '
Even in the absence of particle collisions, a similar effect appears if
the size of the gas container is intermediate to the ion and electron gyro
radii. In this situation, the ions' tendency to drift is impeded, not by
collisions with other particles, but by collisions with the walls of the
container (Fig. 5-6b). Hven in containers large compared with the ion
gyro radius, this process may still oceur near the negative electrode, form-
Ing, as it were, a type of ion conduetion sheath there (Fig. 5-6¢).
Quantitative expressions for the effect of collisions on the steady-
field electrical conductivity may be derived directly in the same spirit as
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(6-19) (Prob. 5-3), but these will also appear as special cases of the oscil-
lating-field results to follow.

§-3 HIGH-FREQUENCY CONDUCTIVITY

Beeause of the inherent linearity of the electromagnetic field relations,
the response of an ionized gas to arbitrary time-varying electric fields
can be profitably studied on the basis of simple sinusoidal oscillations.
Consider, for example, the application of an alternating electric field of
frequency w to a collisionless swarm of particles of charge ¢.  An equa-
tion of motion may again be written in terms of a mean migration
velocity:

& = i mm .E. Twi 5
V= B - Eue (5-20)

This has a steady-state solution for the current carried by the swarm,

* = ¢ ﬂqz Aea 5

i ng¥ = e Eoest (5-21)
which implies a conductivity function that is a pure imaginary {requency-
dependent scalar quantity. The negative imaginary coefficient iz indica-
tive of a 90° phase difference between the current and the driving field,
ariging from the inertial response of the particles in inverse proportion to
their mass and {o the applied frequency. The apparent singularity at the
limit of zerc frequency sgain reflects the inability to achieve asteady-state
de solution in the absence of any damping agent, such as collisions
{Prob, 5-4).

The particular group of quantities

= (rY* 5
Yo = (emn) (6-22)

arises in many problems of this type and has certain physieal significance
as 8 natural resonance of the charge swarm. It is called the plasma
Jrequency, and its ratio to the applied frequency is a useful dimensionless
parameter. In terms of w, we can siso define the dimensionless con-

ductivity 7:
2
o -—e(fi’f) (5-23)
L16 [

Again we should note that each of the properties thus defined, v, w,,
&, refers only to the single specie of charged particles considered; and each
will have different values for other species, depending on the charge and
mass. In this collisionless regime, the free-clectron component typically
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overwhelms all others, and expressions (5-21) to (5-23), evaluated for
electrons, adequately deseribe the gas as 2 whole.

The effect of collisions on ac conduction can be explored by the same
heuristic representation in terms of a damping force, linear in the effective
collision frequency. The equation of motion for the swarm of charged
particles will be written

§ = %Egem . (5.24)

which yields a drift veloeity

= m___q____ taf TR 95
7 oy e Eget 4+ Ce (5-25)
After the transient has died out, the current becomes

.nq2

}. = m et (5-26)

and the conductivity is thus s complex sealar, o* = &, + 7o;, indicative of
gurrent components in phage and out of phase with the aprlied field:

gt (v N owl (e

o m (uﬂ -+ vf) L [I A (v /w)?

L R S B CY40 L
m \w? + ».° S BRI

The de limit is now well behaved, and agrees with the earlier ealculation

(5-19). The high-frequency limit v./w +» 0 converges to the collisionless
result (8-21).

i

{5-27)

it

i

5-4 AC CONDUCTIVITY IN STEADY MAGMNETIC FIELDS

Addition of a steady magnetic induction field By to the ac conduction
problem has the effect of destroying the isotropy of the medium and of
permitting conduction normal to the applied electric field; i.e., the con-
ductivity function becomes a tensor whose elements depend on the relative
magnitudes of the four frequencies w, w,, v, and wa.

1f By is spatially uniform as well as steady, the equation of motion
of the swarm of charged particles may be written

¥ = % (E + ¥ x Bg) ~— »¥ (5-28)

The ¥ ® Beterm generates off-diagonal elements in the conductivity tensor
and needs to be reduced before ¥ can be extracted. To accomplish this
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we first accumulate four relations: the first time derivative of (5-28),

oo (B4 F x By ~ »d {5-29)

F e

the cross product of (5-28) with B,
¥ X By = _7% (E % By + % [(# X Bg) % By] — 1% % By (5-30)
the scalar product of (5-28) with B,,
§B, = % (£ By) — v(7 - By} (5-31)
and the vector identity,

(\‘F 4 B(}) X Bu = (‘_' * Bu)Bg e Bezﬁ' (5—32)

Substituting (5-29), (5-28), and (5-32) into (5-30) yields an expression
free of cross products of ¥:

¥+ 208 + Kgﬁ‘—]) + v.ﬁ]fr =L, E+Lx
m m m
7y? g >
+ (—) (E % By -+ <w) (7-BoBy, (5-33)
m e

Assuming that ¥, like E, will be harmonic in time, we can replace all
derivatives with appropriate powers of 4w

[(Vc T+ dw)? 4 (%?)2] ¥ o= ;% (e + ta)E
(&) @x2+ (L) 6 im oo

Rather than attempting to factor ¥ from the last term, we evaluate it by
again invoking the harmonic time dependence in {5-31):

7By = L EBo 5.35
- B m (yc -+ iw) (5-35)

Substitution of thisinto (5-34) finally yields the desired expression for the
swarm velocity:

= W)l + B + (o/m)*(E x Bo) + {g/m)¥(ve + iw)"(E - By)B,
(ve - 1w)* + {gBo/m)?

{5-36)

! The authoer is indebted to F. A, Albini fora portion of the following derivation.
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AL this point we can identify three distinet components of the charge
motion. The first term in the numerator lies along ¥ and correspoends to
the sealar conduction in the absence of By,  The second terim represents
the E x By drift. The third term lies along B, and is proportional to the
component of E paraliel to By; this component of the current is undisturbed
by the presence of By,

After assembling the gyro frequency and plasma frequency and
suitably nondimensionalizing, the current density may be written

= o 2 ) BT Conf DB xb) b Conf e Cfo) 5
@ (Gefw) + 0 + (wz/a)?

(5-37)

where b denctes a unit vector along By,

The “conductivity” of this swarm, as anticipated, hes become a
tensor of rank 2. To display it, let B, define the 2 axis of a cartesian
coordinate system. The dimensionless conductivity may then be written

1 ) 2 Azz Ar.y Aze
=y = (-1’> A Ay An (5-38)
£gtw w A4
“Laz Y zz
. e . yc/w + 4 5
where Ay = A, = ol =37 F @i/l (5-39)
A, =t )
(I"c/w) “+ 1 (5 46)
o= — Ay = wafo 5-41
Ao = e = I T T Gr) (2t
A::: = Azz = A;zz = Azy = 0 (5-42)

Limiting cases ean readily be exiracted. For example, we can
recover the scalar conductivity results for B — 0

i -
Az: = Aw = A, W"‘; (3“43)
Azy = Ayz =0 (5”44}
or the collisionless case, v./w — O
7 .
Ape = Ay~ W (5-45)
Azz”*) "”*74 (5~46)
Ay o 8 (5-47)
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To extract a steady-field (de) limit, we must first rewrite the tensor to
remove w from the denominators:

1 Boe by O
: F wp? bw byy 0 (5'48)
! 0 0 by
_ _ ve & 0 ~ Ve i
where bow = by, = o F O ) g (5-49)
1 H "
by = o - ';; {0'50)
by = —byy = ot e (5-51)

-~ mesemly
wg® A+ (v =+ dw)?  wp? A+ el

{(a result to be compared with Prob. 5-4),

It should be noted that the conductivity tensor for a swarm of
regatively charged particles has opposite signs preceding its off-diagonal
elements s, and oy, if wp s defined simply as the absoluse value of ¢B/m.
Btrictly, wp is a spiner quasntity, reguiring a sign to distinguish between
clockwise and counterclockwise rotations, Also, it should be noted that
the relative magnitude of the off-diagonal elements of the tensor to the
dingonal elements depends on the mass-to-charge ratio of the particle.
For these reasons, and besause of the wide disparity in v, for electrons and
iong, the electron conduction tensor can be gualitatively different from
the lon conduction tensor in an lonized gas.

5.5 ELECTROMAGNETIC WAVE PROPAGATION IN AN 1ONIZED GAS

One of the most dramatic manifestations of the peculiar electrical con-
ductivity of an jonized gas is in its effect on the propagation of electro-
magnetic waves through such a medium. The wave equation for ¢on-
ducting material derived earlier [(2-54)],

dE o*E

VIE = gu 5 “+ e T - (5-52)
and its solution, _
E = Ry ED (5-53)
where k is & complex wave veetor of size
ko (wieu — fuow)? (5-84)

remain applicable to propagation in a body of tonized gas, but are further
complicated by the various irregular forms of ¢ to be inserted,  For exam-
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quency. {a) Real part k; {b) imaginary part k;.
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ple, in the sealar case (B, = 0), substitution of (5-27) into (5-54) vields,
for kb =k, — 1k,

b = kq {(l e P) {(1 — Py pe (fﬁ)z]% & {5-55)

T Vé W

- kg | P ] Pt P vy 2 M) M 5

=l nefo-men (T o
where p=losfe) (5-57)

14 (n/w)?

and ky = epo? = 2r/A; would be the propagation exponent for the same
medium devoid of its free charge.

Both the wavelength and the damping rate of the waveform are seen
to be implieit functions of the free electron density and collision frequency.
Thus these two properties will determine the ability of a given wave train
to penetrate the medium, the phase change it will undergo therein, and the
reflection coefficients at the surfaces of the medium. Conversely, judi-
clous probing of & gas sample by electromagnetic waves can provide infor-
mation about £ (n,v.) and &i(n,»), and thereby about n and »,, separately.
Figure 5-7 displays the range of sensitivity of k. and k: to n and ».

Application of a biasing magnetic field to the medivm introduces an
anisotropy in its electromagnetic wave propagaiion corresponding to that
produced in s conduetivity function and vields further idiosyncrasies in
the wave patterns and further possibiities for diagnostics of the gas.
Development of these formulas is beyond the scope of this chapter, but
is available in Ref. 16.

The heurisiic formulations of the electrical conductivity of an jonized
gos presented above are intended primarily to display as simply as possible
the various atomic-scale effects which influence this bulk property. The
relations developed ean be quite serviceable when properly interpreted for
those lonized gases where diserete two-body collisions control the charged-
particle migrations and for applied fields not so strong as to disturb
sensibly the random thermal distribution functions. More sophisticated
treatments capable of incorporating coliective plasma effects and variable
collision frequencies are available in the literature, 40 which the reader is
now referred [6-20].

PROBLEMS

5-1,  Set up the scalar eomponent equations of motion for a charged particle in crossed
electric and magnetic fields and find the trajectories for the following eases:

a, vy =4
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8-z, A magnetic field in the z direction, B, has » gradient in its magnitude in the
zdirection, VB, A charged particle starts in the 2y plane with speed vy, Show
that to the approximation V5/8 « |, the particle trajectory drifts in the y
direetion with a speed
vE

g == Fgllg —~

E

53 Show that the collision frequency defined by Bq. (5-18) is the proper coefficient
of the damping term in the heuristic squation of motion (5-15) for the average
charged partiele,

5.4, Derive the conductivity fensor for an jonized gas in crossed steady E and B
fields in terms of the ion and electron Hall parameters {wp/e.), and (wefvd.,
directly from the heuristic equations for the migration velocities, without refer-
ence to the oscillating-field formulation of the text. Describe the direction and
magnitude of the ion current, electron current, and total current vectors for
example values of the Hall parameters,

5.5, Construct = total conductivity tensor for an ionized gas in a steady B field and
sinusoidally time-varying E field. Estimate the telative importance of the
electron and ion contributions to each element.

56, Compute the effective collision frequeney », for the electrons in a weakly onized
gas, presuming that they have a maxwellian velocity distribution, that electron-
neutral collisions are dominant, and that the momentum-transfer cross seetion
is & constant, ;. What is the temperature dependence of the de scalar con-
ductivity of such a gas? Repeat the caleulation for the case of a momentum-
transfer eross section rising linesrly with relative particle velocity,

57, Compute the collision frequeney f[or the electrons in & fully icnized gas, ie.,
one containing only electrons and single lons, presuming that the coulomb
encounters can be properly treated as two-body events of short duration.
What is the temperature dependence of the de scalar conduetivity of this gas?
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6
Electrothermal Acceleration

Elecirathermal propulsion comprises alf technigues whereby a propellant gas is
heated electrically and then expanded through a nozzie to convert its thermal
energy 1o a jet of directed kinetic energy. In this chapter we shall consider three
substantially different electrical means for heating the propeliant flow: (1) by
passing it over an electrically heated solid surface, the so-called resistojet; (2) by
passing it through an arc discharge, usually termed an argjef: and.(3) by high-
frequency excitation, which is referred to by a variety of trade names, depending
on the particular implementation. In each case we shall find that the atiainable
exhaust velocily is determined primarily by the maximum temperature that the
chamber and nozzle surfaces can tolerate and by the gas-kinstic and thermodynamic
properties of the propeliant gas.

61 OME-DIMEMSIONAL MODEL

The gross performance of accelerators of this class can be forecast by
referenice to a general conceptual model such as that shown in g, 6-1.
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Fig. 6-1 Conceptual model of electrothermal thruster.

Electric power from an external supply of given capacity P is delivered
in some manner, such ag through a solid resistance element, a high current
arg, or an electrodeless discharge, to heat a propellant stream in a suitable
chamber to some maximum temperature 7. set by the thermal limitations
of the material walls in the prevalling flow. The electrically heated gas
iz then allowed to expand through a supersonic nozzle to a low pressure
determined by the nozzle area ratio and by the chamber pressure p..
Under the crude assumptions of one-dimensional adiabatic constant spe-
cific heat expansion through the nozzle, the attainable exhaust speed u.
may be written from a simple energy balance:

%u,z = }"ﬁuf -+ Cp(Tc - Ta) =~ CpTc (6'}‘)

where the flow speed in the chamber, 4., and the exit temperature 7', are
usually negligible in a first approximation, The constant-pressure specific
heat of the propellant gas per unit mass ¢, is seen to be a particularly
critical quantity, since it defines the stagnation enthalpy which can be
imparted to the gas at a given temperature, and thereby limits the atéaina-
ble exhaust speed.  As a first guess, hydrogen seems the most atéractive
propeliant from this standpoint, sinee its molecular degrees of freedom
and its low moleeular weight give it a very high e, in the temperature range
of interest.

As one example, suppose the particular heating process employed
Himits T to the softening point of the surface material, as will be the case
in all resistojet devices. Arbitrarily taking 3000°K as an upper limit for
refractory materials in this application, at which temperature hydrogen
has a specific heat of about 2 X 10% joules/(kg) (°I){at 1 atm pressure),
we estimate an exhaust speed of about 10* m/see, corresponding to a
specific impulse in the useful range of 1,000 sec.
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The thrust that a device of this type can achieve clearly depends on
the mass flow which ean be heated and expanded, and thus on the size of
the device and on the chamber pressure level.  Actually, o more funda-
mental limit is set by the available electric power supply which drives
the wmnit. For example, perfect conversion of a 30.kw source into
kinetic energy of the 10%-m/sec exhaust beam limits the mass flow to
mow 2P/ut = 6 X 107% kg/ser, with the corresponding thrust of
T = thu, = & newtons (=1.3 Ib).

The example chosen has considerable practical interest. If this
combination of specific impulse and thrust can be approached in a real
device, it can perform a variety of modest space missions, such as attitude
control and station keeping of satellites, better than small chemical rockets,
eold gas jets, or the inherently large-power nuclear rockets. Indeed,
considerably lower power levels, even down to 1 watt or less, can be shown
to have logistical advantages for certain missions of this class [1].

It follows from Eq. (6-1) that further increase in the specific impulse
of this rocket requires u quadratic increase in mean chamber temperature,
& somewhat discouraging route from the materials standpoint. However,
if the heating is accomplished by a gaseous discharge, suitably channeled
by the propellant flow itself, extremely high temperatures can be sustained
in the center of the chamber without damage to the walls. In this way,
it is possible to extend electrothermal propulsion into the 2,000-sec range,
where many more space applications become reasonabie,

All practical electrothermal thmsters depart from the ideal model
used above in several important respects.  First, the flow is far from one-
dimensional. Depending on the particular electrical heating mechanism
employed, substantial temperature and density gradients are set up in the
chamber, and vestiges of these may persist into the nogzzle and out into
the exhaust jet. Superimposed on these gradients are the viscous and
thermal boundary layers developed in the high-speed high-temperature
flow down the nozzle. In the simple surface heaters, or resistojets, these
two-dimensional effects can usually be handled in semiempirical fashion
and will manifest theroselves in relatively small nozzle inefficiencies, or
iet profile losses, which detract perhaps 10 percent from the idesl exhaust
speed. In electrothermal accelerators in which the electric energy is
deposited directly in the bedy of the gas flow, as in the arcjets and high-
frequency discharge devices, however, the temperaturs and density gradi-
ents are inherently first-order effects, and must be so included in any
rigorous analyses of the devices. Indeed, the severe gas-property gradi-
ents are responsible for the higher performance of these accelerators.

The second practical departure from ideal performance involves
radiant heat loss from the thruster body orjet. In a gross sense this may
be regarded as aloss of some fraction of the electric input power to thermal
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radiation, but the actual conversion may cccur in several ways. The
heater element itsell may dissipate some of its energy input o surrounding
elements of the thruster, which in turn radiate to the space vacuum; the
hot propellant stream may radiate or conduct heat to cooler nozzle walls,
or viscous dissipation in adjacent boundary layers may heat the walls,
and they in turn then radiate to space; finally, some of the radiant energy
in the hot gas flow may escape axially out the exhaust nozzle, Again,
in registojet deviees, reduction of such losses to tolerably small levels can
usually be handled by intuitive or semiempirical procedures of generous
insulation, baflling, and reentrant gas fow passages. Inarcjets and other
high-temperature accelerators, however, radiation processes can play s
major role in the overall electric energy conversion sequence, and thus
must be handled more precisely.

The most serious departure of electrothermal fows from the ideal
model above, however, arises from the strong temperature dependence of
the specific heats of real propellant gases and the inability of these gases
to maintain internal energy equilibration during their rapid expansion
through the nozzle. This problem can sericusly impalr the performance
of any accelerator of this class, and has much to say about the cholee of
propellant for a given impulse range.

The nonideality of an electrothermal sccelerator can be cataloged
in a slightly different way by defining the partial efficiency with which
electric energy is delivered from the source to heat the gas stream, z4; the
aerodynamic, or nozzle, efficiency with which the stream follows a one-
dimensional adiabatic route through the expansion process, g, and the
efficlency with which it converts internal energy in the propellant stream
to directed kinelic energy, 5,  As such, I — y accounts for losses in the
heating process; 1 — 7. covers the nozzie viseous and profile losses; and
1 — 4y describes the unrecovered internal energy in the exhaust jet, often
called frozen flow losses. By any classification, these losses determine the
utility of a given slectrothermal aceelerator to function as aspacethruster.
In view of the premium on minimization of power supply weight discussed
in Chap. 1, 1t is essential that the overall thruster efficiency, 1 = minan,, be
keps high if the complete electrothermal propulsion system is to retain its
advantage over chemical rockets. Thus the major problem of electro-
thermal thruster development is really the reduction of these losses.
Much of the balance of this chapter is addressed to the basic electrieal,
atomic, and gasdynamic processes which determine them.

52 ENTHALPY OF HIGH-TEMPERATURE GASES—FROZEN FLOW LOSS3ES

To allow for temperature dependence of the specific heat, the one-dimen-
sional energy equation (6-1) may better he expressed in terms of an
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enthalpy function [2]:
Mot = Yut -+ (b — b {(6-2)

where h, the enthalpy per unit mass, or specific enthalpy, 18 the sum of the
internal energy ¢ and a “How-work” quotient of pressure and mass density,

h=e~§—§ (6-2)

and yields the specific heat at constant pressure by partial differentiation:

dh
Cp = BMT (6'4}

The specific enthalpy, like the internal energy it contains, embodies
contributions from a variety of internal molecular degrees of freedom, in
addition to the random transiational modes. To illustrate possible con-
tributions, consider a unit mass of diatomic gas initially at a low tempera-
ture where the only type of particle present is the molscule, in amount ¥,
numerically equal to the reciprocal of the mass of the molecule.  This gas
is now heated to an elevated temperature 7', where it containg many
species of molecular, atomie, and ionic particles, in a varlety of internal
energy states. To stmplify the illustration, assume that at the tempera-
ture of interest, we need include only the following species:

1. Neutral molecules, in amount oV,

2. Neutral atoms, in armount &N,

3. Molecular single ions, in amount of NV,
4. Atomic single lons, in amount o N,

5. ¥'ree electrons, in amount a, N

Constraints on the o coeficienis are provided by requirements on con-
servation of stomic particles:

ap + ¢f -+ Mo b Mol = 1 {6-5)
and conservation of electric charge:
aj +af = a. (6-6)

We shall assume that the high-temperature gas is quasi-periect, i.e., that
its equation of state follows from the partial pressures of perfect-gas
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components:

14

8

{op + oy + af +af + agNkT = (1 -+ Ya, + 1/;3&'; + a ) N kT
(14 Yoy 4+ aof + Hah)NET = a N kT (6-7)

i

where & again is Boltzmann's constant, and a, is the indicated factor
modifying the usual ideal-gas relation.

The internal energy of the high-temperature gas can be construsted
from the contributions of its constituent species.  The internal energy of a
particular specie, in turn, can be computed from classical energy-partition
relations provided by statistical thermodynamics[3].  Weshall summarize
the results In a form which lends itself to the available tabulations of
molecular data [4,5].

1. Neuwiral molecules

e = aslVo (3557 -+ AT + BAT + Y 88)) (6-8)
H
trans- rota- vibra- electronic
lation tion tion excitation

where 8, = effective fraction of molecules with rotation exeited?
3. = effective fraction of molecules with vibration excited
8; = cffective fraction of molecules in 7tk excited elecironic
state
g = energy of jth electronic state, above ground state
2. Neuwlral aioms
er = o (34T + 3 Bis) (8-9)
%
where §; = effective fraction of atoms in kth excited electronic state
g = energy of k£th electronic state
3. Molecular ions

& = aii, (%k’]’ 4 BHET - BEET 4 Z ﬁlej) {(6-10)
3
4, Atomic fons
e = af Ny (3267 + Z‘ ﬁmam) {6-11)
5. Ilectrons
e = a,No(355T) (6-12)

*Btrietly, rotational and vibrational energies are guantized in diserete fevels, and
summations like that for elestronic excitotion would be more rigorous. However,
since these levels are closely and regularly spaced and since the full equipartition
values are well defined statistically, the effective excitation parameters g, and 3, are
normally quite serviceable and far more convenient.
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In addition, we must include the energy absorbed in dissociation and

ionization:

ay 4 af

er = Ng gy (6-13)

i

Nolode + abel (6-14)

£i

where & = disscoiation energy of molecules
& == ionization potential of molecules
g, = ionization potential of atoms

The enthalpy of the unit mass mixsure thus becomes

h=B Y e = aNo[ (0 + 8+ BT + Zﬁj-e,-]
+ o[ T + ) Buse + Y |
&
+atNe| @5 + 85 + B0KT + (§ ia+ &) |
!

+ atlN, { S4ET + Z B + Y42 + eg] + 5@ NkT  (6-15)

Alternative forms follow from substitution of the conservation relations
{6-5) and (6-6) foray and @,. Notethat Aislinearin A, and thusinversely
proportional to the molecular weight of the parent specie, indicating an
a priori desirability of light gases for electrothermal propeliants.

‘Fo evaluate the enthalpy of a given gas at any temperature, we thus
need to know all its o’s and #'s.  In eguilibrium, these can be expressed as
functions of temperature and pressure by statistical arguments based on
the partition functions, much like the earlier derivation of the Saha equa-
tion {See, 3-3). So long as the gas remaing in eguilibrium, the enthalpy
is a well-defined function of T and p, which can be tabulated or graphed
in some convenient form {Fig. 6-2).

Unfortunately, in high speed flows, the local gasdynamic conditions
may change so rapidly that atomic-seale collisions beeome insufficiently
frequent to maintain equilibrium adjustments of all the o’s and #'s, snd
some may lag behind their proper thermodynamic values. Hence the
enthalpy will differ from its equilibrium value, and the continuum flow
veloeity must adjust itself to maintain the energy balance. The stream-
wise velocity profile in a high speed flow thus ean be influenced by the
relative rates of adjustment of the various o’s and #'s of the gas.  Unfor-
tunately, many of these are incompletely understood at present, and only
a few generalizations of thelr typieal behavior can be made.

G. 8% Totation adjusts almost as rapidly as translation, and is
fully excited at all temperatures above a few degrees Kelvin,
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Fig. 6-2 The effect of dissaciation on the enthalpy of hydrogen.

By, 87 The rate of vibrational adjustment depends strongly on the
particular molecule and mode involved. Some vibrationai modes are
several orders of magnitude slower to adjust than translation or rotation.
Even &t equilibrium, vibration may be only partislly excited for the temn-
perature ranges of propulsion interest. '

35 Bi, A, Bn: Population and depopulation of excited electronic
states occur by a variety of radiative and collisional processes, like thase
described in Chap.4. The rates of these processes are strongly dependent
on gas density and on the surrounding environment: thus no general
statement can be made. Unless the gas is optieally “thick,” thereby
trapping the bullk of the radiation, statistical theory for the equilibrium
state will require modification for radiation energy loss. Fortunately, in
many cases the electronic levels ave relatively high compared with the gas
temperatures of interest, and the total energy contained in the finite
number of these excited states is small enough to be neglected.

ap e Dissociation and recombination require very special types of
coilisions (low-energy, three-body, radiative, etc.), and hence are usually
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quite slow to adjust and the rates are strongly density-dependent.
Feuidibrium values depend heavily on the ratio of dissociation energy to
gas temperature.

of, of:  Like dissociation, ionization involves large energy transfer
on collision to surmount the threshold, and hence may be slow to adjust.
Ton-electron recombination also is an inefficient atomic-scale process, and
the cverall rate may be very slow. Equilibrium values provided by
the Ssha relation [Eq. (3-26)] will require modification if radiation is
significant.

Based on these general tendencies, it is to be expected that in those
portions of the flow where the temperature is changing rapidly on the
loeal particle time scale, cerfain of the slower internal modes, such as
vibration, dissociation, ionization, or recombination, may lag significantly
behind their equilibrium levels, and consequently the enthalpy, and thence
the flow veloeity, will depart from the equilibrium values. Such & sifua-
tion is commonly termed frozen flow.

To illustrate the possible implications of this tendency, return again
to the problem of the hydrogen flow through our simple accelerator,
Assurne that the gas has reached complete equilibrium in the heating
chamber at a temperature T, = 3000°K, and pressure P, = 0.0 atm.
At these conditions hydrogen has much of its vibration excited but very
litstle electronic excitation. It is, however, about 80 percent dissociated
{Fig. 6-2). Thatis, s = 0.4, oy = 1.2, hence a, = 1.6; all other o’s = 0.
Hence we may roughly approximate its enthalpy by the expression

he = Noloa (988 T) + o (388T + 34ey)] (6-16)
Next assume that when the gas leaves the nozzle, all degrees of freedom
have reached equilibrium at the exit temperature T, except dissoclation,
which retains some fraction § of the valueit had at 7. To the approxi-
mation of negligible exhaust temperature, the only enthalpy retained by
the gas at the exit is that tied up in this {rozen dissociation:

h, = %faiNaed (6“17)

If we again peglect w.” in comparison with w.? the exit velocity is given by
Mul = h — he = NokT [%&2 + $gar + all — & Zz%i] (6-18)

Inserting for hydrogen g = 4.5 ev = 52,000°K - &, Nok = 4.16 x 109
joules/{(kg) (°K)}, and azand o as given above, we compute the two extreme
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values for the exhaust speed, depending on the frozen flow fraction &

1.95 » 10%* m/sec =
_ 95 » 10 m/sec éﬂ {; (6-19)

Y™ Y110 % 10% m/see

Two important points are demonstrated by this caleulation: First, the
dissociation of the propellant achieved in the heating duct greatly inereases
its heat capacity, i.e., the enthalpy which can be bmparted to it at the
iimiting wall temperature, Second, & predominant part of this advantage
is lost if the gas dees not substantially recombine before it leaves the
nozzle.  With respect to the former, note that dissocintion, like ionization,
is favored by lower pressures.  (Indeed, disscciation can be deseribed by
aSahatypeof statistical equation[6].) By reducing the chamber pressure
from 1 atm in our original example to 0.01 atm here, we increased ¢, at
3000°IK by a factor of 3.

Clearly, it is of considerable importance to reduce § to a minimum,
not merely to raise u,, but to reduce the energy loss associated with the
frozen exhaust flow.  Three possibilities suggest themselves: (1) protract
the nozzle length to provide more time for molecular recombination; {23
operate at higher pressure levels to increase the recombination rate (and
lower the chamber dissociation level); and (3) use other propellanis with
less tendency to frozen fow losses,

It is well known from practical experience that protraction of the
nezzle normally reduces frozen flow losses less than it inereases vizeo-
thermal Josses. High-pressure operation is a more attractive solution,
and may improve performance in other respects, as we shall discuss later,
Tigure §-3 illustrates the effect of pressure on frozen flow effictency, defined
as

g =l bl = 1) (6-20)
i.e., the ratio of enthalpy converted to kinetic energy of the iet to that
imparted in the chamber, nssuming no recombinstion throughout the
nozzle.

Doubtless, themost important factorin controlling frozen flow losses,
however, is the selection of the proper propellant gas for a given rangs of
operation. In practice, this choice actually involves several somewhat
conflicting factors. In addition to the demonstrated desirability of low
molecular mass and fast internal modes to maximize specific heat sapacity,
and a low tendency toward frozen flow losses, it is essentinl that the gas
be readily storabie in space and that it not be excessively corrosive or tend
to enhance erosion of the chamber ornozzle.  Also, if the heating involves
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Fig. &-1 Theoretical variation of frozen flaw efficiency with specific impulse
for hydrogen st various pressures. (From J. R. Jack, Theoretical Performance of
Propediants Suilable for Electrotharmal Jet Engines, ARS J., vol. 31, p. 1685, 1961.)

an electrical discharge, the gas must have satisfactory ionization and elec-
trical conduction characteristies. Briefly, one might consider the follow-
ing possibilities {Table §-1 and Fig. 6-4).

Table &1 FPhysical properties of possible electrothermal propeilants

Specific heat at
consiant pressure, | Roil. | Meli-
Molecu- 10% joules/ ing ing Crifical
lar (kg " K point, | parnt, | Critical | lempera-
weight, °K at | °K at | pressure,| fure,
Prapellant amy | T000°K | 3000°K | 1 atm | I abwm i atm K
Hydrogen {H,) 20186 | 15.0 18,4 20 14 12.8 33
Helium (He) 4.003 5.20 5.20 4 2.3 5
Lithium (14) 6,54 3.00 3.14 1500 460
Berylium {Be} 9.01 2.31 2.33 | 1800 | 1600
Boren (B) 10,82 1.92 1.82 | 28060 | 2800
Carbon {€) 12.01 1.73 .80 | 4500 | 3800
Ammonin (NH;) 17.03 3.20 4.51 240 196 111.3 406
Nitrogen (Nj) 28.02 1.17 1.32 77 63 33.5 126
Hydrazine (N.H)) 32.05 2.78 387 275 1 145 652
Pentaborane (B, H,) | 63.13 4.03 5.08 a32 226

soURCES: JANAF Thermochemical Tables, The Dow Chemical Company, Midland,
Mich., 1965, and International Critical Tebles of Numerical Data: Physics, Chemis-
try, and Technology, McGraw-Hill Publications for the National Research Couneil,
MoGraw-Hill Book Company, New York, 1926-1930.
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Hydrogen has 5 very high specific heat and thermal conductivity,
can be stored crvozenically with some difficulty (~20°K), and does not
contribute to erosion problems.  1tis well behaved in electrical discharges.
Unfortunately, its molecular recombination rate is so slow that it suffers
nearly total frozen flow losses in the nozzle expansion for the desired
range of operation [7-9].

Helium has a somewhat lower specific heat than hydrogen, but its
heat transfer properties ave good. Since it is monatomie, its first impor-
tant internal mode is that of ionization, snd this potential is very high
{2446 ev). Thus it does not suffer frozen fow losses until rauch higher
levels of specific impulse. Unfortunately, its liguefaction temperature
is so low (=4°K) that its storage in space seems an insurmountable
problem.

Lithium would clearly circumvent the storage problem since it is
a solid at standard conditions. TFor a monatomic substance, it has a
relatively high specific heat, provided by low-lying excited electronic
states and a low lonization potential. These unfortunately also intro-
duce severe frozen flow losses in the temperature range of interest. It is
necessary to pregasify the material for flow through a passive heater; in
an are it gasifies and ionizes readily. Condensation shocks may arise as
it cools in the nozzle. It is ehemically very active, and must be handled
and stored with care.

Beryliium, boron, and carbon have characteristics similar to lithium,
although somewhat less active chemically. They are of successively
larger atomic mass, hence lower specific heat, to the point that they are of
marginal interest for electrothermal propulsion.

Ammonia (NH;) is also attractive from the standpoint of storage,
since the liquid phase requires no refrigeration.  Although it is a rather
heavy molecule, when heated it dissociates into low-molecular-mass con-
stituents, which improves its specific heat capacity but introduces shvious
frozen flow losses.  Attainable thrusts, specific impulses, and efficiencies
are not badly inferier to pure-hydrogen operation, but its chemical activity
tends to enhance nozzle and heater erosion,

Hydrazine (N2H,) and other compounds displaying exothermic dis-
sociation reactions have been proposed on the bagis that higher perform-
ance may be achieved by judicious relesse of chemical energy in the heater
duct, in addition to the electric input. This will be advantageous only if
programmed in such & way that the heat transfer problems at the nozzle
and chamber walls are not intensified and if the chemical erosion remains
tolerable.

Pentaborane {Bs¥:) has been proposed as an example of a combina-
tion of a light metallic element with a hydrogen carrier gas, which,
theoretically, is superior to pure hydrogen under certain conditions [0L
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This concept regards the heat of vaporization of the solid as an available
thermal degree of freedom, snd thus appears to be restricted to low-pressure
operation.

The final selection of an electrothermal propetlant will normally be
based primerily on specific impulse and frozen flow considerations in the
assigned range of operation, but this choice may be modified somewhat by
broader considerations of the overall system performance, e.g., propeliant
storage, feed, deterioration, etc., on the particular mission involved.

This seetion has deali in some generality with the frozen flow loss
because of its fundamental import on all electrothermal thrusters. More
specific details of this loss and of the heater and nozzle losses will be
covered in the dizcussions of particular types of thrusters to follow.

§-3 RESISTOJETS

The simplest of all electric propulsion devices is the resistojet, wherein
the propellant gas is heated by passing it over an electrically heated solid
surface. Many configurations of resistojets have been conceived and
developed, and some versions have evolved to the status of practical space
thrusters. lHeater elements have been constructed of coils of wire aligned
parallel to the flow (Fig. 0-5a), of & succession of similar coils deployed
transversely to the flow (Fig. 6-50), of a4 bed of tungsten spheres heated
by passing current through their contact vesistance (IMig. 6-5¢), and of
gontiguous knife-edges or sharp points carrying the heating current
through similar contact resistance {Fig. 6-8d), or the heating-chamber
walls themselves have been resistively heated (Fig. 6-5¢). These devices
kave been run radiatively or regeneratively cooled, on ac or de supplies,
at power levels from & fraction of 1 watt to 60 kw, over a broad range
of terminal voltage. Many propeliant gases have been tried, both in
steady and in pulsed flow.

In addition to the frozen flow losses discussed shove, the basic
problems in the development of a resistojet concern the heat transfer
from the resistance slement to gas stream, the radiation losses from the
complete assembly, and the high-temperature materials technology.
Analysis of the first two may be approached by classical heat transfer
techniques, but tend to become cumbersome in the geometries and tem-
perature ranges involved in these devices. Since the flow in the chamber
is usually faminar, the heat transfer to the fluid stream is primarily by
conduction, and closed-form solutions for simple geometries would be
possible if the gas flow were calorically ideal.  Unfortunately, the specific
heat, thermal conductivity, and gas density, all vary substantially with
temperature in the range considered ; henee iterative or similar procedures
are required to achieve self-consistent solutions {111 Actually, detailed
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Fig. 8.5 Resistoiet heater configurations.

solutions of the gasdynamic heat transfer problem are seldom eritical to
implementation of a particular resistojet concept. Generally, a few
experimental surveys using the desired propellants with varicus heater
and chamber dimensions will lead rather directly to an adequate opiimiza-
tior: of the geometry and bulk flow parameters for a given device, without
the necessity for detailed understanding of the heat transfer pattern,

A similar situation prevaills with respect to the thermal radiation
losses from resistojets.  In prineiple, these detract from the performance
of the device to an extent which can be ealeulated from basic elements of
radiant heat transfer. In praetice, empirical common sense normally
will suffice to design and construct a configuration wherein these losses are
reduced to comparative unimportance to the overall system.  For exam-
ple, the active heat transfer duct may be surrounded with insulation or
reentrant gas flow passages, or both, to a sufficient extent so that negligi-
ble heat iz radiated from the body of the composite thruster (Fig. 8-6a)
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[12].  Alternatively, many heater duets may be honeycombed in parallel,
and the array surrounded with insulation (Fig. 6-85).  Such eavalier solu-
tions to the radiation problem are permissible simply because the total
weight of this type of thruster is by nature a trivial fraction of that of the
power supply needed to drive it.  Lven after such insulation proeedures,
there remains some unavoidable radiation oub of the nozzle mouth from
the hot propellant gas, heater cavity, and nozzle throat. This loss will
depend on the limiting optical aperture, Le., the nozsle throat, and this is
invariably a small fraction of the chamber dimension.

A major portion of the resistojet development sffort is concerned
with practical problems of preparing, fabricating, and maintaining the
high-temperature conductor and insulator materials which must retain
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vacuuzn seals and electrical integrity in the 2500-40-3000°K environment
desived. Tt is found, for example, that a tungsten conduector and a boron
nitride insulator, both accepiably stable by themselves at 3000°K, when
placed in contact tend to form a eutectic compound of substantially
lower melting point. This and similar problems with the thermal
degradation of the heater elements emphasize that the resistojet is truly
a temperature-limited device and that substantial improvements in its
level of opsration could follow from the development of superior high-
temperature materials.

The choice of chamber pressure for a given resistojel may be an
important factor in its overall efficiency, and is determined by balancing
several factors. As we have seen, operation at high pressures reduces
frozen flow losses by lowering the dissociation level in the chamber and
increasing recombination rates in the nozzle. In addition, it improves
heat transfer to the flow from the heater surfaces, reduces radiation losses
by increasing the optical depth of the hot gas, and permiis a smaller
chambrer and nozzle for & given mass flow, Counieracting these advan-
tages are the increased stress on the hot chamber walls and the increased
nozzle throat erosion.  The latter process has frequently been found to
be the limiting factor on the lifetime of a thruster of this type. With ] ) i o

. . A Fig. &7 Three-kilowatt regeneratively cooled resistoiet; hydrogen propeh
the present heater concepts, the best operational compromise seems to lant; five transverse tungsten-rhenium heater coils, (AVCO Cerporation,
lie in the range of 1 to 5 atm of chamber pressure. ; Space Systems Division, Wilmington, Mass.)

Figures 6-7 to 8-11 display photographs of varicus resistojet thrusters,

and Table 6-2 summarizes some typical performance characteristics. It
is seen that these admirably simple devices have already achieved excellent
Table 6-2 Pearformance of typical resistofet thrusters
Input power, kw 0.01 1.0 3.0 3.0 12.3 30.0
Propellang NH; H, H. H, NH, H,
Heater configura- | Single Concen- | Concen- | Trans- Concen- | Concens

tion tubs tric tric verse tric tric

contact | tubes coils contact | contact

Thrust, newtons 5 ) 107410176 0.652 (.534 2.93 6.04
Specific impulse, sec| 250 729 840 838 423 46
Thrust efficiensyt 0.83 0.88 0,74 G.50 0.35
Chamber pressurs,

atm 0.3 3.5 8.8 2.4 2.4 4.1
Laboratery AVCO Giannini | Mar- AVCO Giannini | Giannini

gquardt

Fig. 68 Contact-heated resistojet thrusters: 30, 6, and 1 kw. {Gfannini

= /2P g - rer.
ta T'1go/2F; neglects cold-fow power Scientific Corporation, Santa Ana, Calif.)

sources: B. J. Page et al, 3-kw Concentric Tubular Resistojet Performance, J. Space-
craft Reckebs, vol. 3, p. 1869, 1966, A. C. Ducati, B, Muehlberger, and J. P. Todd,
Resistance-heated Thrustor Research, (annini Scientific Corp. Tech. Rept. AFAPL-
TH-65-71, July, 1965; and private communications.
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Fig. 6-8 Exploded view of 1-kw contact-heated resistojet. {Giannini Scientific
Corporation, Santa Ana, Calif.)

Fig. §-10 Threa-kildwatt concentric tubular resistojet.  (Marquardi Corporation, Van Nuys,
Calif.}
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Fig. 611 Fifty-watt pulsed resistojat; ammonia propellant; moivbdenum duct heater.
(AVCO Corporation, Space Systerns Division, Wilmington, Mass.)

overall efficiencies and that our original crude estimate of 1,000-sec specific
impulse for a surface-heated flow is within range. These thrusters have
been developed with particular space applications in mind, particularly
as elements of satellite control systems, and doubtless will see increasing
use in this capaeity,

As a point of historical interest, the first space operation of an eleetro-
thermal propulsion unit of any kind tock place on Sept. 19, 1965, when s
tiny resistojet was fired successfully for 30 min to adjust slightly the
position of a Vela nuclear-detection satellite. This device, constructed
by TRW Systems, was reported to be 6 in. long by 134 in. in diameter,
to weigh 0.6 b, and to consume 90 watis of power. Its propellant was
nitrogen, and its heater a helical resistance rod which reached a tem-
perature of 1000°F. It developed a total thrust of 0.042 1b at a specific
impulse of 123 sec [13]—surely a modest beginning for the space appli-
cation of electrothermal propulsion! (Sce Prob. 6-4.)

In conclusion, the summary of practical experience with resistojet
operation to this time confirms the expectations of the elementary coneepts
of these devices. Namely, they are mechanically simple, compact, and
easy to start and stop; they have a wide latitude of control and high
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overall efficiency; and they are adaptable to a variety of power supplies
and propellant gases. However, they are fundamentally temperature-
limited by the available structural materials, which at present constrain
them to a range of exhaust velocities below 104 m/sec.

6-4 GASEQUS DISCHARGES

To improve upen the exhaust veloeity attainable by the resistojet, or
surface-heater, technique, an electrothermal device must produce a gas
flow in its chamber whose average temperature is higher than that of the
chamber walls; i.e., the core of the gas flow must be hatter than the layer
near the duet surface. This in turn implies that the heat must be gen-
erated and deposited within the central gas flow.  One means of achieving
this is to pass an electric are through the gas in a suitable geometry and to
atlow the radiative and convective transport of energy from the intensely
hot discharge column to establish the desired temperalure profile across
the gas stream.

Before discussing the details of such are heaters, it is important to
recognize certain physical properties of gaseous ares in general [14~16].
Using the electric circuit sketched in the insert of Fig. 6-12, it is possible
to trace out a voltage-current characteristie for any particular gaseous
discharge. The results obtained depend strongly on many properties
of the specific discharge gap, notably the type, pressure, and fow veloe-
ity of the gas in the gap; the electrode material, shape, and spacing;
any constrictions on the discharge patiern; and any external radiation
sources; but in most cases the behavior qualitatively resembles that
Nustrated in Fig. 6-12.  With reference to the notation of that figure, we
may identify various characteristic regimes of behavior of the discharge.

Regime O~A. The electric field between the electrodes collects any
stray charges ereated by lonization of the gas molecules by external radia-
tion and any charges emitted by the electrodes due to that same radiation.
The current saturates at a value determined by the strength of the external
source, which may be only & very weak cosmic-ray background or may be
purposely intensified, asin vacuum and gaseous photocells, x-ray detectors,
radicactive eounters, ete.

Regime A-B (first Tounsend region). The stray electrons formed as
above acquire encugh energy from the electric ficld between collisions to
ionize other atoms by collision.  The secondary electrons in turn produce
others, ete. The current is thus linear in the external source intensity,
and exponential in the ionization cross section, neutral density, and gap
spacing, for one-dimensional electrode geometries,

Regime B-C' (second Townsend region). The positive ions sequire
encugh energy from the field between collisions to emit some slectrons
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Fig. 6-12 Typical voltage-current characteristic for a gaseous discharge,

from the cathode by bombardment. Infernal radiation may also contrib-
ute to photoemission from the cathode.

Regime C-D.  Beyond the point C, denoted by the sparking potential
V., the ion bombardment of the cathode and/or the radiation of the
cathode by the discharge gas become sufficiently intense that the dis-
charge becomes momentarily unstable and “runs away” to o new, lower-
voltage mode. V. is strongly dependent on all the properties of the
discharge gap listed above. Por given elecirodes in a given gas, V. is
found to be a funetion of the product of gas pressure p and gap spacing
d (Paschen’s law}. Typleal breakdown profiles, V. versus pd, are shown
i Fig. 6-13. The significance of the produet pd may be rationalized by
noting that it is roughly proportional to the number of collisions an
electron experiences in traversing the electrode gap.

Beyond ¢, the discharge behavior depends on the voliage source, the
shape of the clectrodes, and the gas pressure. If the electrodes have
sharp points and if the gas pressure is high, a corona discharge will develop.
1f they are smooth and the gas pressure is low, a “normal” glow discharge
sets in, of current density determined by the capacity of the source. (In
the special case in which the source cannot supply the minimum glow
current fp, the gap will spark, return to €, spark again, ete.)  In particu-
lar, sinee the gap voltage is nearly constant in §his range at some value ¥,
the glow current may be adjusted to any value between I} and K on the
figure by setting the ballast vesistor K.
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Fig. 6-13 Sparking potential for various gases (Paschen’slaw}. (From A. von Engel,
“fonized Gases,” chap. 7, p. 172, Gxford University Press, Fair Lawn, N.J,, 1555.)

The glow discharge, sustained by lon-bombardment emission from
the cathode, is one of the most fascinating phencmena in all physics, and
has been studied extensively. Because its current densities (1073 to 1
amp/cm?) and gas temperatures (<100°C) are quite low, it is of little
primary significance to propulsion; but many of its details are relevant to
the higher current discharges. Figure 6-14 displays axial profiles of vari-
ous properties of a simple glow diseharge.  The spatial extent and relative
importance of the different regions again depend on the specific details
of the environment. Note that the bulk of the discharge space is taken by
the “‘positive colummn,” in which the gas atoms are found to have a
maxwellian distribution of energies at a very low temperature, the ions
at slightly higher temperature, and the electrons at very high temperatures
{=10" to 10°°K). The field is small and uniform along the column, and
the bulk of the voltage drop vecurs at the cathode (cathode fall}). In
short, unlike the Townsend discharges, the glow discharge is not axially
uniferm, is not in thermal equilibrium, and does not maintain charge
neutrality.

Returning to the general discharge characteristic (Fig. 6-12):

Regime E-F (“abnormal’” glow), Most of the increase of voliage
here appears across the cathode-fall region, where the ion current density
and bombardment energies now incresss enough to heat the cathode
substantially,

Regime F-G {glow-arc transition). At the eritical point F, n new,
far more prolific set of emission mechanisms take over at the cathode.
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The cathode-fall region becomes sufficiently hot that the cathode emits
electrons thermionically, aided to some exient by the strong fields here,
and perhaps photoelectrically by the intense luminosity of the adjacent
gas. The cathode-fall voltage then drops, and & high currens arc sets in,

Eegime G~H. The arc resistence now drops more rapidly than the
current rises, and unless protected by a ballast resistor, the are will “run
away” to currents of 1,000 amp or more, vaporizing its electrodes and
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heeomning extemely hot (> 10*K). The desired operating level again
must be established by the adjusiment of £z, Itis thislast, high current
phase of the discharge that interests us for propulsion.  Much less 1s
known about the details of such arcs than about the glow discharges,
although the essential participating processes have been identified [17].

An arc discharge through a gas is distinguished by relatively large
currents (several amperes or greater) and relatively low electrode voltages
(less than 100 volts for short ares).  The cathode fall is typically less than
20 volts, but the cathode surface emits electrons prolificaily (107 to 107
amp/em?) by a combination of thermionie, photoelectric, and Aeld emis-
sion processes. The ancde fall is roughly the same magnitude and
spatial extent as the cathode fall, and in both these regions the principal
ionization processes invelve the field-sccelerated electrons. There is a
net negative space charge near the anode, positive nsar the cathode.
Thus, in several respects, these are nonequilibrivm regions. A typical
voltage profile along the arc is sketched in Fig. 6-15.

Potentigt V'
e

Fig. 6-15 Axial potential proiflie for a high
current are {schematic),

;@;\Mm
51
hiog_mhmw o

The positive column, which occuples all the available interval
between the two elestrode-fall regions, is, in contrast to them, a good
approximation to a thermal plasma. It consists of a strongly radiating
mixture of electrons, ions, and neutral atoms at nearly the same tempera-
tures, say, from 5000 to 50,000°K, having corresponding degrees of joniza-
tion from a few percent to essentially 100 pereent,  The random thermal
velocities of the electrons in this region far exceed their mean drift velooi-
ties in the weak electric field along the column, and thus the predominant
lonization mechanisms are thermal electron ecilisions and photoionization.
In this column and in the anode sheath, the current conduction is mainly
via a diffusion-dominated drift of the electrons. Only near the cathode
do the ions contribute significantly to the current during their acceleration
through the sathode fall.
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In the absence of significant gas flow, the arc temperature is set by
an energy balance between the eleciric power input, primarily via ohmic
Leating, and the radial radiative and conductive losses from the column,
plus the heat transferred axially to the electrode regions. The latter
serves both to heat the electrode material and to create the current
garriers in these sheaths and at the electrode surfaces.

The bhigh gas temperatures thus atiained in the positive column may
be further amplified by a magnetic self-constriction of the conduction
channel to a relatively small cross section, the so-called pinch effect., To
Hlustrate this process, we shall idealize the are as a uniform eylinder of
current density 3 over a radius r;. From Maxwell's relation for the
magnetic field from a steady current [Eq. (2-32)},

VX H =] (6-21)

it follows that the associated magnetie field is azimuthal and proportional
to the radial dimension inside the column, inversely proportional to it
outside:

%; r<rn
H=1{ . (6-22)
Boren

This “self-field” reacts on the current that produees it with a foree density

2
F=ijxB="1 <y (8-23)
2

In equilibrium, this magnetic force ean balance a radial gradient in the
gas-kinetic pressure in the current column:
dp _ _wi
dr 2
r < ry {6-24)

.2
P % {ri* = %) + p
where py s the amblent gas pressure outside of the arc edge, vy (Fig. 8-18a).
The gas temperature within the are is related to the pressure profile
by an appropriate equation of state. For large current densities, the
temperature attainable at the center of the column is substantially higher
beeause of this magnetic constrietion (Prob. 6-5). Clearly, any real are
will have a smoother radial variation of current density, with correapond-
ing ehanges in the magnetic field and magnetic force variations (Fig.
§-185), but the essential pineh mechanism still operates.
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Fig. &-15 Radial variation of pressure through a pinched arc
column. {a) Uniform current density; (&) nonunifarm current
density,

Unfortunately, regardless of the current density distribution, this
otherwise convenieni self-comstriction mechanism embodies intrinsic
dynamic instabilities. For example, should the column develop any
“sausage” constrictions {Fig. 6-17a}, the magnetic pinching force at the
sieall-radius portions would exceed that elsewhere, thus exhancing the
constriction vntil the column actually became severed. In the same way,
any ““kinks” in the plasma eolumn (Fig. 6-178) tend to amplify bemuee of
the excessive magnetic forces on the concave sides.

If very high current densities are to be maintained against such
intrinsic instabilities, it is necessary to invoke some externsl stabilizing
mechanism. One possibility is to apply external magnetic fields preferen-
tially to comstrain the plasma against such distortions, This approach
has been commonly employed in ground-based plasma generators, such as
those which have been used in the fusion program. The ragnetic fields
needed are large, however, and the associated magnet weight is unatirac-
tive for a space engine.

For propulsion purposes, a more promising method for stabilization
of an arc follows from a technique reported in 1909 by Schonherr [18]
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Fig. 5.17 Sausage and kink instabilities of a pinched electric arc,

and later by Gerdien and Lotz [19]. This invelves surrounding an are
column with a swirling vortex of gas, or even liquid, injected taigentially
at the periphery of the arc chamber (Fig. -18a2). The rotational motion
of the injected fluid has the multiple benefits of centrifugally constraining
the hot gas discharge column to the axis of the vortex, of cooling the
electrodes and chamber walls, and—far more important to present propul-
sion applications than to those original researches—of bringing the injected
gas into better and longer contact with the are column, thersby heating
it to a more significant fraction of the arc temperature. Conversely,
the injected gas cools the are, thereby lowering its conductivity and per-
mitting much higher are voltages and corresponding power inputs to the
are,

A second gasdynamic stabilization technique wag developed empiri-
eally during earlier experimental research on are thrusters and gas heaters.
It involves the passage of the arc and the gas flow to be heated through a
relatively long, narrow tube between the electrodes (Fig. 6-185). Such
constricied arcs are found to be stable against radial kinking without the
necessity for swirling the gas flow, and also embeody suffieiently steep
temperature gradients to protect the constrictor walls from softening.
In heating the gas, this arrangement seems to be at least as effective as
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Fig. 6-18 Stabllization of the arc column (g) by fluid vortex; {b) by material con-
strictor,

the vortex-stabilized arcs, and its comparative gasdynamic simplicity
leaves some hope of relevant theoretical analysis.

From this brief background of electric-arc phenomenology, we return
to the ceniral topic of electrothermal propulsion via arc heating of a
propellant stream. As we shall see, the coupling of the physies of high
current arcs to three-dimensional compressible gas Bows presents formida-
bie analytical difficulties, and much of the progress in this field must be
aseribed to the patient empirical experiments and physical intuition of the
investigators.

65 ARCJET OPERATION AND AMALYSIS

The gas vortex-stabilized arcs mentioned sbove were the immediate ances-
tors of the first arejet plasma sources, which were developed primarily for
materials testing and reentry simulation. These typically used a central
conical cathode and a coaxial annular anode which formed an are chamber
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Fig. 8-19 Vortex-stabilized arcjet plasma source.

of cross section considerably larger than the arc column itsalf {Fig. 6-19).
This chamber was followed by a plenum, or mixing volume, which in turn
supplied & supersonic nozzle. The presumption was that the mixing
votume would provide sufficient residence time for the swirling, highly
excited and ionized gas which had passed through the are chamber to
come t0 thermal equilibrium, whenee it could then drive the exit nozzie
to & maximum exhaust velocity. Subsequent experience revealed that
a large fraction of the gas reaching the mixing chamber was essentially
unheated and that residence times in the chamber long enough to equili-
brate the gas could not be attained without excessive heat transfer losses
at that stage.

As interest in srojets for space propulsion arose, these inefficiencies
became intolerable, and a great variety of other arc-chamber configura-
tions were constructed and tested in empirical attempts to improve on the
original design. By this process, mixing chambers were largely ebmi-
nated, nozzles shortened, and electrode configurations substantially modi-
fied, vielding distinetty new breeds of these devices, such as the constricted
ares mentioned above. During this evolution, much was learned about
high-temperature materials behavior and techniques for assembly aond
cooling of the arc devices, in addition to the physical behavior of the
arcs themselves. Whereas, in the construction of a resistojet, a poor
choice of material or a fauliy assembly would result in reduced lifetime or
a simple heater failure, o similar error in construction of an arcjet heater
carrying hundreds of amperes of eurrent to and through the gas flow could
precipitate abrupt destruction of an electrode, nozzle, or other vital ele-
ment of the device. It was not a$ all unusual in such cases to see large
pleces of molten electrode or insulator material disgorged from the jet
orifice as the are devoured the vulnerable element.

Gradually, and almost entively by trial and ervor, serviceable tech-
nigues for cooling, vacuum sealing, gas handiing, and materials selection
and conditioning were developed, to the point that stable arc-heater opera-
tion could be routinely sustained in the power ranges of interest.  Atten-
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tion eould then be turned to the efficiency of particular heater configura-
tions for propeliant acceleration. Rather than attempting to review the
history of this development further, or to survey the many arcjet thrusters
that have emerged from this effort, let us examine one typical model that
has had the benefit of a certain amount of basic study, for the purpose of
discussing the details of the gas-heating process.

The model selected is a 30-kw radiation-cooled constricted-are device
which has demonstrated attractive performance in the 1,500-sec specific
impulse range [20]. A photograph and diagram of this thruster are shown
in Figs. 6-20 and 6-21, and typical operating conditions are listed in
Table 6-3.

Fig, 820 Thirty-kilowalt radiation-cooled arcjet operating in vacuum tank. (AVCO Corpora-
tion, Space Systemns Division, Wilmington, Mass,)
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Fig. 6-21 Diagram of 30-kw arciet shown in Fig, 620,
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Table 6-3 Operating conditions for
30-kw example thrusler

Propellant Hydrogen
Mass flow 0.10 g/see
Chamber pressure 1 atm
Power input 30 kw
Hlectrode current 150 amp
Flectrode voltage 200 volts
Thrust 147 newtons
Specific impulse 1,500 sec
Thrust power 1 kw
Radiation loss 3 kw
Effieiency 37 pereent

soorce: R. R. John ef al, Arc Jet
¥ngine Performance; Experiment and
Theory, AL44 J., vol. 1, no, 11, p,
2517, 1963.

By various optical observations it is established that the are column
in this device emerges from a relatively small portion of the cathode tip
{=1 mm?), extends along the axis through the entire constrictior section
in & laminar eclumn econsiderably gmaller in diameter than the constrictor
channel, and attaches in & diffuse, axially symmetric distribution on the
nozzle mouth, which serves as the anode (Fig. 6-22). A strong radial
temperature profile exisis in the constrictor, involving an intensely hot
central core and a substantially cooler layer of gas flow separating if from
the econstrietor wall. This radial temperature profile 18 found to exiend
far down into the exhaust nozzle, thereby amply fulfilling the criterion

Lamingr
QfC Colurma

L —
Cothode ;_ -

Constrictor

Fig. §-22 Core-flow pattern in a constricted arciet,
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mentioned earlier, that the mean gas temperature should substantially
exceed the wall temperature if the resistojet performance is to be sur
passed. Indeed, the atfainment of a 1,500-sce specific impulse from a
tungsten engine guarantees that sueh a “‘core-flow” provess must be
oceurring {Prob, 6-6).

Theeretical analysis of the operation of such a device can be
approached only after bold approximation of the many complex thermal
ond electrical processes which participate. In principle, one reguires
simultaneous solution of statements of mass flux, momentum balance, and
energy conservation for the gas flow, Maxwell’s equations and the constity-
tive relations for the electrical processes, and a heat conduction statement
for the solid portions of the device, where the electrical, thermal, and
viseous transport parameters involved may be sensitive functions of
focal temperature and density.  Fortunately, all self-induced electric and
magnetic effects are easily dismissed for steady operation at this current
level, leaving a scalar Ohm’s law as the only essential electrical statement.
Beyond the algebraic simplifications provided by the evident eylindrical
symumetry, further reduction of the complexity of the analysis formulation
depends on identification of the dominant mechanisms for heat transfer
from the arc column to the surrounding cooler gas flow, Theobservations
support assumption of a laminar flow, wherein convection processes are
primarily sxial. The importance of radiation from the column is less
simply assessed. Al the prevailing pressures and temperatures, radiation,
although s significant energy loss from the are column, probably cannot
heat the outer gas fiow effectively by direct absorption.  This cool gas is
largely transparent to the radiation, pessing it on 1o the surrounding
constrictor walls. Here, however, it is absorbed, and these walls, thus
heated, refurn some of the energy flux to the gas flow by conduction
through the boundary layer. Radiative heat transfer to the gas 18 thus
an indirect process, depending for its effectiveness on the constrictor
operating temperature, material, and geometry.

A particularly simple analytical model may be constructed on the
following assumptions:

L. All electrical energy input oceurs in the tight arc eclumn, which fills
only & small fraction of the constrictor cross section, and hence
involves little mass flow. This power input per unit volume is
computed from a sealar Ohm's law with a constant electrical con-
ductivity o

Py = j-E = gh? (6-25)

2. 'The cathode is heated by the cathode-fall region of the arc; the
cathode in turn preheats the incoming gas flow.
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2. The constrictor wall is heated by radiation from the are column; this
wall in turn heats the outer gas flow region.

4. The upstream part of the nozzle is heated by the anode-fall region
of the are; the downstream part is heated by the exhaust flow.

5. The hot core fow mixes with the outer flow only in the nozzle.

To the approxumation that the constricted are column is a frans-
parent, eylindrically symmetrie plasma in local thermal equilibrium, with
negligible axial gradients, its energy balance may be writien

ol = P, — 1i<~ ‘”) (6-26)

rdr ?KEZ?

where the electrical and thermal conductivities ¢ and x and the power
radinted per unit volume P, are each functions of the gas type, tempera-
ture, and pressurve snd are tabulated for some sommon gases, including
hydrogen [8].  Enforcing boundary conditions T = T, d7'/dr = 0 on the
centeriine, the central temperature To may be estimated for various voltage
gradients along the column £ For example, st a pressure of 1 atm and
at are current of 150 amp, the central temperature of a hydrogen arc
reaches values of 20,000, 40,000, and 80,000°K for voltage gradients of
25, 100, and 250 velts/em, respectively, The same caleulations predict
an effective arc dinmeter of about 1 or 2 mun, in accordance with visual
observation [20].

The concomitant heat transfer processes within the thruster block
and from the bloek bacl into the gas fow can be estimated under similarly
rough approximations:

1. Thecathode and anode surfaces receive a given fraction of the eleetrie
power deposited in the cathode- and anode-fall regions of the are,
computed as the product of are current with cathode and anode
voltage drops, respectively.

2. The constrictor surfuce receives radiation from the are column and
transmits heat to the cool outer flow by conduction through the
laminar boundary layer,

3. The mixing gases in the nogzle transmit heat fo it convectively, via
some empirical model.

4. Quter surfaces of the thruster block radiate as a “gray boedy,”

P, oo P

The results of such a ealculation for the example thruster are shown
in Fig. 6-23. In this particular case it happens that some 6 kw of the
total 30 kw is transmitted to the thruster block by radiation and by the
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Fig. 8-23 Temperature profiles in 30-kw arciet thruster block. (AVCO Corporation,
Space Systemns Division, Wilmington, Mass.)

arc terminations.  Of this about 3 kw returns o the cool gas flow and 3 kw
is lost by radiation from the outer surfaces.

The importance of the regenerative heat transfer from the thruster
block to the cocler portions of the gas has been nicely illustrated by a
series of experiments wherein engine performance is monitored shertly
after the electric arc is interrupted (Fig. 6-24). TPersistence of a large
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Fig. 823 Arciet thrust decay after arc extinction. {From R. R. John et al., Arc Jet Engine
Perforreance: Experiment and Theory, AIAA J., ser. 11, vol. 1, p. 2517, 1963.)
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fraction of the thrust indicates that substantial energy input to the propel-
lant occurs via the block walls; i.e, in a sense the device functions partially
like a resistojet.

The core-flow medel of the arcjet outlined above can be further
manipulated to yield transverse profiles of the flow properties of interest.
As might be anticipated, the bulk of the mass flow pu is in the cool outer
flow, while the enthalpy per unit mass is much larger in the arc column.
The thrust density profile pu® thus tends to be more uniform across the
jet shan either of these.

To the extent that detalled diagnostic measurements can be made in
the hostile environment of the are, and to the extent that overall per-
formance measurements of $hrust, specific impulse, and efficiency can be
related to this analysis, the core-flow model displays sufficient relevance
to the actual operation of a constricted arc thruster to malke it useful for
extrapolation of test results to other gecmetries, propellants, and ranges
of operation. Tt fails, however, to provide much insight about the axial
enthalpy flux in the are column itself, or about the detailed participation
of the electrode-fall regions in the heating process.

An alternative simple model can be cast in terms of a more yniform
volumetrie heat addition process wherein all incoming gas is presumed to
participate in the are, radiation is neglected, and an axial enthalpy gradient

is allowed {21}
dgh 1o 8T
0 = e —_ -
olf Pt =5 (rx 81‘) (6-27)

By assuming linear relations among b, o, and [x 47, it 1s possible to con-~
struct a map of the enthalpy i(r,2} over the sonstrictor volume whereby a
variety of other properties of interest, such as heat losses, voltage gradi-
enis, mean enthalpy vs. axial position, and eleetrical conversion efficiency
may be caleulated,  These caleulations also can be shown to fit reasonahly
well with certain experimental data of arcjet operation, but also fail to
describe the details of the electrode processes aceurately [22].

To attempt more general anadysis of the arc heating process one
must also allow for axial heat conduetion and work doune by pressure
gradients;

) Lo/ &r\ o/ aT ah ok ap
o — LD el T i it o o 2
ok P 7 ar (” c'?r) 8z <K é’z) T dz T or hFs (6-28)

To this energy equation must be added a momentum statement,

du du o dp 19 du o
mireio a5 ow
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where the viscous force u(du/dr) will in general be important in the
gonstrictor beeause of the small duet diameter; a mass flux statement,

2o ﬂ) " pur dr = congt {6-30)
an appropriate equation of state; and suitable boundary conditions on the
arc axis and af the channel walls. It is doubtful that a complete set of
such relations will ever be solved to yvield a nozzle outflow. They do

serve, however, as a basis for other simplifications of the gas-heating
model, appropriate to other domains of arcjet operation,

66 ARCJET THRUSTERS

Most of the arcjet thrusters in current operation strongly resemble the
exarnple discussed in the preceding section.  Figures 6-25 to 6-28 show a
few diagrams and photographs of other typical models, and Table 6-4
summarizes sample performance figures which illustrate the range of
operation of this class of device. Detailed deseriptions of the construe-
tion and operation of these thrusters are available in the References; here
we shall remark only on certain common features of their design aid on

Fig. &-25 Thirty-kilowatt radiation-cooled hydrogen arciet operating
in vacuum tank, (Glannini Scientific Corporation, Santa Ana, Calif.}
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Fig. 5-26 Cutaway views of 30-kw regeneratively cooled arcjet thruster. (Gianninf
Scientific Corporation, Santa Ana, Calil.)
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Fig. §-27 Two kilowall regeneratively cooled arciet. (Giannini Scientific Corporation,
Santa Ana, Calif.)
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Fig. 6-28 Thirty-kilowatt three-phase ac arcjet thruster. {from
R. Richter, Devetopment of a 30 KW Three-phase AC Arg Jet Propuk
sion System, General Efectric Co. Rept., NASA CR-54112, Aug. 4, 1964
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Table 6-4 Performance of typical arcjet thrusters

Input power, kw 1 % 30 30 30 30 AC | 200
Propellant H, H, |, NH, H,2 | H
Thrust, newtons | 0.04 1835 | 17 2.37 226 | 6.80
Specific impulse, gec] 1,108 1,010 1,520 1,012 3,020 1 2,120
Thrust efficiency | 0.35 0.54 0.44 038 | 038 I 0.35
Laboratory Glannint | Giannini 1 AVCO AVCO ‘ GUE. i AVCO

source: L. B. Wallner and J. Czika, Jr, Arc-jet Thrustor for Space Propulsion,
NASA Tech, Note D-2868, June, 1965,

the motivation for certain differences. 1t will first be noted thas in each
of the de models the cathode is a eylindrical tungsten rod with a conical
tip, aligned on the axis. The conieal tip serves to intensify the electric
field at the surface and to provide a localized hot spot to amplify the
thermionic emission of electrons needed fo carry the large arc currents,
With the exception of this hot spot, the bulk of the cathode is cacled by
the incoming gas flow and by conduction to the large insulators which
mount it in the thruster assembly. The anodes, in contrast, tend to be
rather massive blocks of tungsten, cut of which are carved the desired
nozzle and constrictor profiles. In arcs of this type, the heat liberated
at the anode fall and attachment region exceeds that at the cathode, and
the large anode mass and exterior surface are necessary for adequate
distribution and radiation of the heat deposited on the inner nozzle sur-
face. The insulators which separate cathode and anode are typically
boron nitride, one of the best high-temperature dielectries, and also are as
massive as the elecirode configuration and gas fow passages will permit.
Remaining elements of the housing which bear the gas inlet connections,
mounting flanges, ste., may also be fabricated from tungsten, or perhaps
from molybdenum, which is more easily machined and has adequate
thermal properties for the cocler portions of the assembly.  The gas flow
is fed into the arec chamber through passages cored into the housing in
aceordance with the desired preheating profile (see below), Injection is
typically made with a large tangential component to establish a swirling
flow through the constrictor. 'The necessity of & strong vortex flow to
stebilize a long, highly constricted arc is somewhat dubious, but this
vestige of early arcjet technology seems to persist, perhaps justified by
slightly better heat transfer characteristics in the chamber.

Beyond these common elements of design, certain variations in
operation of arcjet devices have been tried, in the hope of ameliorating
specific limitations of their performance. These have included regenera-
tive gas flow preheating to improve thruster cooling, use of ac rather than
de power to simplify power-conditioning equipment, use of reactive or
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hybrid propellants to improve energy release, and control of the are
geometry by applied magnetic felds.  As a general rule, modifications
which involve substantial complication of the thruster design or of the
auxifiary equipment have not justified themselves from an overall per.
formaance standpoint, but the experience of the various attempts has
proved instructive, and is worth a brief discussion.

THRUISTER CODLING

Fromm the earlier discussion of the charaeteristics of high current ares, it is
clear that more is invelved in the cooling of an arcjet engine than simply
retaining the stroctural integrity of the components and restraining elec-
trode and noszzle erosion to tolerable levels. The are itself is sensitive to
the temperaturs of its electrode surfaces, and injudicious cooling can thus
prodiuce poor performance of the essential element of the device. For
example, if the cathode is allowed to become too heot, it will erode too
rapidly and change its shape and spacing from the anode.  If it is exces-
sively cooled, however, it will be unable to sustain the level of electron
emission required by the are.

One may identify three modes of cooling: radiative, regenerative,
and external. The latter, consisting of & separate cooling fluid and cireu-
lating system, is immediately unattractive for space engines from weight
and bulk considerations, although it is the conventional method for cooling
almest all high power laboratory arc-heater devices, such as high per-
formance wind tunnels and reentry simulators.  Early in the development
of the field, there was considerable discussion about the relative merits
of the regenerative vs. the radiative modes of cooling a thruster, but in
the light of later work, such as the engine-shutdown tests deseribed above,
much of this discussion seems now to be academic. It is clear that a
conslricted arcjet inherently performs substantial regenerative heating
inside the arc chamber, if not in exterior coring, and hence the concept of
a pure radiation-cooled engine is an inappropriate abstraction. The sig-
nificani distinetions thus are among the details of the flow and chamber
geometries employed to optimize the efficiency of heat transfer to the
propellant, rather than between two basic modes of operation.

AL ARCIETS

Motivation for ac arcjets stems primarily from the {questionable) anticipa-
tion that large space nueclear power supplies will lend themselves more
readily to the generation of ac power. Conversion to direct current witl
then require the added weight of a rectifying unit. In addition, the
ballast resistor normally needed to control a de are could be replaced by
an iidustor which ideslly would dissipate considerably less heat,  Vartous
disadvantages of ac operation stem from the inherent directionality of an
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arc electrode system and the problem of reignition on phase reversal.
As mentioned above, the requirements on ¢athede and ancde in terms of
ermission, heat load, ete., are substantially different, as manifested in the
design of the electrodes in the basic de arcjet. It is difficult to conceive
of an electrode design which would provide optimum cathode and anode
operation on both halves of an ac cycle.  In addition, low-frequency ac
arcs may encounter relgnition difficulties.  In & de are, the initial igpition
of the discharge is a troublesome point in the operation, reguiring large
voltages or external excitation, followed by a period of stabilization. In
an a¢ arc, one 18 asking the discharge to reignite twice each cyele. 1t
seems reasonable that for sufficiently high frequencies the gas would remain
sufficiently ionized, and the electrode tips hot enough so that this problem
is considerably relieved, but in view of the atomic-scale relaxation proe-
esses involved, this probably involves kilocyele alternation.

Only a few ac arciet thrusters have been consiructed or tested. In
isolated cases, claims have been made of lower electrode erosion, better
heat transfer to the gas and less to the electrodes, and easier starting than
the comparable dec engines. A few interesting studies have been made of
devices which operate on three-phase power, using four coaxial ring elec-
trodes or other symmetrical electrode arrangements [24].  Tespite these
aceasionnl successes, the se arcjet program has so far generated little
organized enthusiasm, presumably because it superimposes further physi-
cal complications on the already complex arc-heating process.

CHOICE OF PROPELLANT

In addition to those properties of the propellant that were shown to be
important for electrothermal thrusters in general—high specific heat and
thermal conduetivity, low frozen flow losses, storability, and lack of cor-
rosiveness to thruster parts—it s important to consider the electrical
and thermochemical behavior of the substance within the arcitself.  I'rom
the electrical standpoint, the ionization potensial and electrical conduc-
tivity should permit the establishment of a stable protracted arc column
of the desired voltage gradient, at the power level of interest. On the
thermochemical side, one must deal with a new spectrum of physical and
chemical processes which ean proceed in the intense thermal environment
of the are.  If these processes involve “fast’”’ degrees of freedom, they can
increase the effective specific heat of the propellant, and thereby the
attainable exhaust speed; if Vslow' modes are excited, additional frozen
How losses will result.  For example, ammonia (NH;), which 1s storable in
space as o liguid with no refrigeration, readily dissoelates in the are into
low molecular mass species, and thus provides z high specific heat capac-
ity, albeit with substantial frozen flow losses. The attainable fhrust,
specifie impulse, and efficiency of ammonis arcjets are not badly inferior
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to those of hydrogen devices, and may be prefersble for systems whers
oryogenic hydrogen storage would be cbjectionable [25].

Other high-temperature propellant possibilities include injection of
light alkali metals into a carrier stream of hydrogen or other common gas.
Whereas the use of materials like lithium in & resistojet is of questionabie
benefit because of the problems of gasifying these substances, such species
are readily vaporized in the are when entrained in particulate form in the
carrier gas or when introduced via consumable electrodes impregnated
with the desired substance. Invalvement of such materials in the are
will change its physical characteristics noticeably, Because of the lower
lonization potentials, the arc will run satisfactorily at lower temperatures
and display lower electrode falls. Other bipropellant combinations of
this sort may provide similar benefits {261,

As a final possibility, one may consider the use of exothermically re-
acting propellants to increase the enthalpy release in the heating chamber
above the purely electrical input. A variety of monopropellants and
bipropeilant combinations have been considered for this process. For
example, hydrazine {N.H,), like ammonia, is readily storable and dis-
sociates into a tolerably low average molecular mass in the are, and in
so doing liberates a significant reaction energy which in prineiple is
available to the flow, Clearly, this chemical energy release will be
advantagecus only if programmed in such a way that the heat transfer
and erosion problems st the chamber and nozzle walls are not ntensi-
fied [27].

MAGHETICALLY DIFFUSED AND FOCUSED ARCIETS

It has been mentioned that high current ares will constriot themselves
somewhat by their own magnetic field, but that further constraint on
the arc column by an external magnetic field is unattractive for propul-
sion because of the excessive magnet weight associated with the required
high field strengths. However, certain other benefits in arc behavior can
be obtained by application of much more modest fields that can reason-
ably be generated by coils in series with the arc itself (Fig. 6-29) or by
small permanent magnets. The two most notable improvements that
can be achieved this way are in the anode attachment of the arc and in a
focusing of the plasma exhaust stream.

In the example thruster discussed in Sec. 6-5, the arc was shown
terminating on the anode nozzle in a diffuse, axially symmetric pattern,
which is desirable to minimize erosion and to maximize heat transfer to
the gas stream in this region.  Many arcjet configurations tend to display
an instability in this mode of attachment, wherein the are collapses into a
radial “spoke” in this region and makes contact with the anode surface
at only one narrow angular position. This point of attachment then
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.
Fig. §-29 Stabllizatlon of arclet by mag- \
netic field of series coil d

rapidly erodes the anode surface and becomes the limiting factor in the
lifetime of the thruster Indeed, in very high ecurrent arcjets, a col-
lapse of the anode attachment of this sort can destroy the thruster
instantaneously.

Fortunately, this tendency to spoke instability can usually be
inhibited by application of & modest axial B field {#0.1 weber/m?) from
& coaxial coil [28]. The details of this stabilization mechanism are not
completely clear, but appear to be related to an azimuthal swirling of the
radial current filaments by their interaction with the axial feld.

If the same coll that supplies this stabilizing field is positioned
axially so that its fringing field is divergent oltward in the region of
plasms exhaust, it can act as a magnetic nozele, reducing both the diver-
gence angle of the exhaust stream and its thermal and viscous interaction
with the material nozzle. Thig focusing process is somewhat akin to the
confinement of plasmas in “mirror machines,” wherein the magnetic
field preferantially deters migration of the charged particles across the
fleld lines (Prob. 6-7).

In 4 sense, devices which invoke magnetic body forces for arc dif-
fusion or containment are no fonger purely electrothermal devices, but
rather are hybrid thrusters invelving elements of both electrothermal and
electromagnetic interactions, Indeed, very similar devices have evolved
from totally diffevent origins, notably, the Hall-current electromagnetie
accelerators (See. §-8), which use arcjets as the ionized gas source.
Likewise, some of the highest performance crossed-field accelerators, the
magnetoplasmadynamie ares (Sec. 8-9), actually originated as arcjets
which were driven to very high current levels at low chamber pressures.
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This cooperative interplay of more than one electrical interaction
to produce the desired acceleration is nicely illustrated by a particular
low thrust device called the magnetic expansion thruster {Fig. 6.30}.
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Fig. 6-30 Magnetic expansion thrusier,

A glow discharge of roughly conieal shape is drawn between a Alament or
hollow cathode and an annular anode in a region impressed with a
diverging magnetic field like that deseribed sbove. As in most glow
discharges, the electrons nequire energies of a few electron volts from the
electric field (an electrothermal process), but the ions remain relatively
cold. Because of the magnetic Aeld geometry, these energetic electrons
are constrained to expand axially outward (an electromagnetic progess),
and in so doing they establish an electric field between themselves and
the cold ions left behind, which in turn accelerates these ions to follow
the electrons (an electrostatic interaction). The net effect is to convert
eleetrical input energy from the glow discharge circult into an axial
streaming of the cold plasma, but the detailed process clearly does not
submit to any single electrical classification. As we proceed, we shall
find many other examples of cooperative interaction of various electro-
dynamic processes. Indeed, it seems highly likely that the ultimate elec-
tric space thrusters will be hybrid devices, rather than accelerators relying
exclusively on one type of electrical interaetion,

€7 ELECTRODELESS-DISCHARGE ACCELERATION

. . . . .
The elements of the arcjet engine most susceptible to erosion are, of
course, the electrodes, subjected as they are to vigorous electronic and
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ionic bombardment and to radiative heating by the adjacent anode- and
eathode-fall regions of the arc. It is reasonable, therefore, to speculate
that elpetrodeless discharges of one sort or another might have some
advantages as gas heaters for propulsion if they could be made to impart
significant enthalpy to a flowing gas stream. Flectrodeless discharges
are well known in various other applications, such as lighting fixtures and
spectroscopic Geissler tubes, buf these are usually low pressure, highly
nonequilibrinm discharges that mpart little thermal snergy to the heavy
gas particles.

All electrodeless discharges operate on ac power input, but the nature
of the electromagnetic coupling to the gas discharge, and the technique
for establishing it, vary considerably with the frequency of the source.
In the laloeycle range, the dischargs is typically established by electrodes
or colls physieally insulated from the gas, but in close proximity to it to
maximize the coupling. One normally distinguishes here between E-type
discharges, wherein an alternating electric fisld is capacitively coupled
to the gas by two axially separated “electrodes” {Fig. 6-31la), and H-type
discharges, wherein an alternating magnetic field is established by an
external coil, and this in turn induces an interior electrie field in accord
with Maxwell’'s ¥V x E relation {¥Fig. 6-318). In devices of this iatter
class, some elements of both interaction may be present, because of
unaveidable potential drops along the coils.

®
_ == __

{a)

v &

Fig. 8-31 flectredeless discharges. (a) E type; () H type.
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As one goes to higher frequencies, into the hundred-kiloeyele and
megacycle rf bands, the coupling becomes more localized, self-propagating
radiation fields beeome significant, and it is possible 80 withdraw the
electrodes or antennae farther from the body of gas. In the microwave
ranage, 10° to 10! eps, o discharge may be excited by placing the gas sample
within a waveguide or at the focus of a horn antenna (Fig. 6-32). Hssen-
t1ally the same interaction can be obtained at optical frequencies, uving
intense laser sources.

Microwave
guide

Fig. 832 Microwave heating of a gas flow,

Regardless of the particular frequency and field geometry, the bulk
of the electrical energy input is initially absorbed in kinetic energy of the
free electrons, and must subsequently be transmitted to the heavy
particles. For a pure electrothermal device, this involves & collisional
heating of the ions and neutrals. As we saw in Chap. 4, energy transfer
by elastic collision between clectrons and heavy particles s inefficient
to the order of the mass ratio, whereas inelastic collisions in ranges of
energy resonance may be highly effective in exciting electronic states of
the atoms and ions. Since this excitation energy is rapidly radiated
away by spontaneous photon emission, it is not unusual for low pressure
discharges of this sort to dispense most of the input electric energy as
optical radiation, rather than in heating the gas.

Improvement of the electrical heating may be attempied in varicus
ways. Operation at higher gas pressures incresses the electron collision
frequency, thereby lowering the mean thermal speed and improving the
ratio of elastic energy transfer to excitation losses. If this is overdone,
however, the ionization level, and thereby the conductivity of the gas,
will suffer,

Judicious use of magnetis fields can also enhance the heating process.
Energstic electrons can be magnetically constrained to orbit within the
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hot gas zone longer before they are lost to the chamber walls, thereby
increasing the plasma density, Also, the discharge exhaust pattern can
be magnetically confined to a narrower exit cone, thereby protracting the
zone of effective collisional energy transfer further along the flow pattern,
In a bit more subtle application, magnetic fields can provide various
cyclotron or gyro resonances in the plasma. The electron eyelotron
resonance (Sec, 5-13,

eB

o (6-31)

S.AJB ==
is of no great help in & pure heating process sinee the energetic electrons
thus obtained would have the same tendency to inelastic collisions men-
tioned above, but the lon gyro resonance,

wi = I, (6-32)
offers & possibilivy for coupling she electric energy directly into the heavy
particles. Basically, the concept is to constraln the positive ions to
spiral through many oscillations of the applied ac electric field, increasing
their energy incrementally, until finally striking neutral particles and
efficlently yielding their energy to them. The choice of magnetic field
strength must be s compromise among the associated magnet mass, the
necessity to keep w} much larger than the collision frequency, and the
need to keep the ion orbit radii small compared with reasonable chamber
dimensions, In addition, the lonization density in the discharge must be
kept low enough that the electromagnetic fields are not excluded from
the interior of the discharge. Simultaneous satisiaction of these require-
ments within reasonable Hmits on tolal system mass is a challenging
engineering problem (Prob. 6-9). As an alternative approach, certain
rather sophisticated techaiques for ion heating of dense plasmas, involving
the damping of imposed electromagnetic waves, have been demonstrated
in the laboratory {31}, but have not yet been directed toward propulsion
application.

Electrodeless discharges seem to offer better promise for propulsion
via certain hybrid interaciions, such as those mentioned in thepreceding
section, Returning to eslectron-cyclotren heating again, since the basic
difficulty of a pure electrothermal mode is the collisional transfer of energy
from the electrons to the heavy particles, it may be better to accomplish
this coupling electrostatically. For example, if the magnetic feld con-
straining the electron orbits is axially nonuniform, the swarm of gyrating
electrons will tend to drift toward regions of lower feld intensity, thereby
establishing a space-charge electric feld to accelerate the ions in the
desired axial direction. Devices of this type, called ecyelotron-resonance
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thruslers, typleally operate in the microwave frequency bands, with mag-
netic fields of several tenths of a weber ber square meter (Fig. 6-33;
{26,301}, A circularly polarized microwave beam of sufficient intensity
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Fig. 6.33 Cyclotron rescnance accelerator.

to ionize the incoming gas flow is iaunched from a conventional wave-
guide into an axially symmetrie, divergent magnetic field, via & suitable
dielectric window. The free electrons are driven into transverse evelo-
tron orbits which drift axially away from the source toward the weaker
field regions, dragging ious after them via the space-charge separation
field.  Optimum conversion of microwave rower to plasma energy oocurs
near the cyclotron resonance frequency, provided the gas density iz
sufficiently low that the electron neutral collision frequency is much
smaller than this value. Unlike pure electrothermal thrusters, there is
no necessity to minimize the molecular weight of the propellant; rather,
it is preferred to optimize the ratio of jonization potential to kinetic
energy of the exhaust lons, ie., to use heavy, ecasily ionized, vet non-
corrosive substances. A typical device of this class might employ a few
kilowatts -of X-band (8.35 X 10¢ cps) microwave power, producing ff
field intensities of 10¢ to 108 volts/m in xenon at 10=4 tore (10~7 atm).
Efficiency of transmission of f power into plasma enthalpy can be quite
high (60 to 70 percent), but overall conversion to dirested kinetic energy
of the exhaust beam is lowered by frozen flow and beam divergence losses.

In general, research on all types of electrodeless thrusters has been
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depressed by the problems attending the preparation of high-frequency
power in space, which are even more severe than for de or low-frequency
urits. The generation of megacyele or gigacycle fields at high power
levels is normally sccomplished by some type of electronie oscillator,
such as & magnetron or klystron, which is ineficient in its power con-
version from the primary source. Consequently, the specifie weight of
radio-frequency power supplies is an order of magnitude higher than the
corresponding de supplies. It is probably safe to presume that only on
spacecraft committed to generation of large amounts of vf power for other
purposes, e.g., communication, will electrodeless electric thrusters find
any reasonsble application,

PROBLEMS

6-1. Istimate the error introduced in Eq. (6-1) by neglocting the gas flow velovity
in the chamber, u..

8-2. Compute the specific enthalpy of hydrogen at 2000 and 4000°K at 0.01 and
1.0 atm pressure.

63 Compute the chamber temperatures that would be needed in the ideal elec-
trothermal accelerator to achiove 1,000 sec specific impulse with helium, lithium,
and ¢arbon, assuming no frozen fow losses and a chamber pressute of 1 atm.
Repeat, assuming completely frozen flow threugh the nozzle.

&4, Compuie the speeific impulse of the frst resistojet used on the Vela satellite
from the given henter temperature and from the power-to-thrust ratio, Com -
pare with the value quoted in the text. What are the advantages sand dis-
advantages in using nitrogen as the propellant?

85 Tor a eylindrical are column of uniform current density and radius 2 mm , what
total current is needed to produce o pressure on the arc axis double that of the
ambient gas outside the are? Tstimate the corresponding temperature on the
are axis.

&6, What arc-chamber tem peraturs is needed to produce a 1,500-sec specific im pulse
with frozen flow hydrogen if transverse temperature profiles are uniform
throughout the thruster and the chamber pressure is 1 atm? I profiles are
parabolic and the Hmiting wall temperature is 2500°K, what temperature is
needed on the chamber axis t0 achieve the same exhaust speed?

7. Describe in terms of charged-particls trajectories how an axisymmetric diverg-
ing magnetic field channels an ionized gas stream.

68, Compute the rate at which a charged particle in eyelotron resonance with an
£f electric field of amplitude E, gains energy prior te & collision. If collisions
oceur at a frequency », <& wp, what is the mean energy of the charged particle
over many collision periods?

&8, Find 1 reasonable combination of magnetic field strength, gas type und pres-
sure, and elestric field ampiitude and frequency wherein ion-cyclotron heating
may preceed to useful electrothermal chamber temperatures. Comment on
the feasibility of this heating mode for electrothermal propulsion,

580, Discuss the possibility of o hybrid electrothermal-electrostatic acceloration
process, using the electron-plasma frequency resonance, rather than the elec-
tron-cyclotron resonance, as the rf input mode.
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7
Electrostatic Acceleration

The basic thermal limitations on attainabie exhaust speads ang thrusts associatad
with the heating and subsequent expansion of a propelfant gas through a nozzle
can be circumvented if the gas is directly accelerated by electric body forces. The
simplest concept for the application of such electric body forces to a propeliant
stream is the ion thruster, whereln a collisionless beam of positive atomic fons is
accelerated by z suitable electrostatic field. The essential elements of such a
device aré sketched in Fig. 7-1. A stream of tons, iberated from somae solrce
surface, is accelerated by an slectric field established between the source and a
negative grid electrode. Subsequentily, a stream of electrons joins the ion stream,
producing a beam of zero net ¢harge, which leaves the accelerator with a velociy
determined by the total potential drop between the source and the exit electrode
and by the charge-to-mass ratio of the ions employed. The thrust attainable in
this manner depends only on this exhaust speed, on the mass of the ion, and on
the total ion flux that can be accommodated by the source-acceierator-neutralizer
system. Strictly, some new therma! limitations must now be associated with the
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Fig. 7.1 Schematic diagram of ion thruster,

preparation of the ions at the source, but these pose far less severe constrainis on
aftainable exhaust speed and efficiency than do those inherent in electrothermat
aceelerators,

The ion thruster is the maost fully developed concept in electric propulsion,
and a substantizl body of technical literature exists on the subject ([1-10] and the
references fisted therein). in particular, Ref. 1 examines in considerabie detail the
interrelated aspects of jon thruster design, propulsion system dynamics, space
power sources, and low thrust space flight mechanics which bear on the ultimate
feasibility of ion-propelied spacecraft, Here we shall be concerned primarily with
the basic processes of ion production, acceleration, and neutralization which must
be accomplished in fon thrusters, rather than with technological details of their
construction or implementation in space vehicle,

7-1 ONE-DIMENSIONAL SPACE-CHARGE FLOWS

The interrelation of the electrical and dynamieal parameters in an ion
thruster can be llustrated by a simple one-dimensional model (Iig. 7-23,
Let © be the stresmwise coordinate; o = { the position of the source,
which is at potential ¥ = Viiand 2 = w, the position of the accelerating
grid, which is at botential V = 0. The potential V, the electric feid
L= —(d¥/de), the ion density N, and the jon velocity v are all fune-
Hong of 2. In the steady state, the current density, 7 = Ng», is 0 con-
stant over v, The ion veloclty al any position follows from conservation
of energy, or equivalently, from integration of Newton's law of motion,
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Fig, 7-2  One-dimensional ion acceleration: profiles of potential V, electric
field E, velocity v, and charge density N for negligible charge density
{3 and for space-charge limit {— — —).
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Tor ions of charge ¢ and mass M emitted with negligible velocity at the

souree, (T — 1T
o) = ["G( LA }:! (7-1}

The profile of the potential function, ¥{z), is related to the profile of the
ion density, ¥ (x}, by Poisson’s relation (2-16):

@V o Ne 4 i M
2g(Vo — V)

i’ £ € €9

{7-2}

The equation may be integrated simply when multiplied by 2{dV/dz),

yielding
dVNY  fdVNY 45T MV, ~ V) ] )
R e I

dVy?, . .. :
The ferm (;zw) is the square of the electrie field at the lon scurce, £,
Ll

if the ions are emitled with negligible velocity, Ky cannot be negative if
any current ks to be drawn.  Rather, it may assume any value in the range

- ¥y
0 < Ey < — (7-4)
Ty

The upper limit is the pure electrostatic field which would prevail in the
absence of any space charge and which would be eonstant over the one-
dimensional gap. Thelower limit is approached as the eurrentis increased
to seme maximum value consistent with a monotonie voltage profile
between the two boundary values, This cagze is sald to be space-charge
limated in the sense that here the aceelerating field has just been neutratized
at the souree plane by all the distributed intervening charge (Fig. 7-2).
In this space-charge limited case,

av JAET RV, — V)i .
w () )
whieh can be integrated again by separating the variables:

i i 375\ AN T \
SR HONCIN o

Insertion of ¥V = 0 at 2 = 2, yields the space-charge limited current
density for this particular gap:

L ey [2g\B V¥ : .
3=7?<§> -.?:jz. o : (7-7)
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Thiz relation is called Child’s law, originally determined for electron cur.
vent in a vacuum diode, and represents one fundamental hmit on the
current which san be drawn across a given plane gap by a given potential
difference {{11-15]; Prob. 7-1).

The restriction on lon current density expressed by (7-7) lmplies a
corresponding Limit on the thrust density attainable by a given one-
dimensional ion accelerator, From (7-1), (7-7), and the definitions of

thrust and current,
m i7 AT
z_ Yy, = Jﬂévz .. Be (i.“) (7-8)

4 9\

where i = N,Mv, is the mass flow rate per unit area. Note that for
fixed electrode spacing and voltage, the thrust density is independent of
the eharge-to-mass ratio of the ions. "The exhaust veloeity does depend

on this parameter, however:
_f2qVa\n
Vg = (—ﬁz—> (7-9}

as does the power required per unit area:

P Tu _de (zqyé Ve

= M ol

a7 iy {7-10)
Relations (7-8} to (7-10) provide some definition of the range of
Cutility of the ion engine concept. For example, {(7-8) emphasizes the
sensitive dependence of engine performance on the electric field strengsh
which can be sustained across the gap. In a hard vacuum, fields as high
as 10°% or 10% volts/m can be established betwsen smooth isolated con-
ductors. In an ion thruster, however, where sharp electrode structures
‘must be mounied on insulators and are sublected to ion bombardment
and ultraviolet radiation and surrounded by neutral propeliant atoms and
stray ioms, the practical limit must be considerably lower, say, 107
volls/m at best. Observing from (7-53) that the maximum fleld in the
gap neeurs ab the accelerating electrode:

i r .
B, = ~ (ﬂ) -4l (7-11)

dz N

it follows that there wili be the corresponding Hmit in thrust density

' _ (Prob. 7-2):

T= Lde B2 = 440 newtons/m? =~ (.004 Ih/inz (7-12)

In practice, this limit may need to be lowered because of the high
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voltages it demands for realistic gap spacings, 7. Experience has shown
that for s sufficiently sturdy electrode structure to survive leng-term
space pperation without significant distortion, x, = 0.002 m is probably,
the minimum value, and x, = 0,005 m a far more comfortable spacing.
¥rom (7-11) the corresponding accelerating voitages for breakdown-
limited performance are 15,000 and 37,500 volts, respectively. Aside
from the possible power generation and transmission preblems these
voltages might entail, they are undesirable from the standpeint of the
excossively high ion exhaust speeds they predicate for the available atomie
ions,

For example, beeause of its combination of low lonization potential
snd high atomic mass, cesium is an attractive propellant for ion thrusters.
With an atomic weight of 133, the charge-to-mass ratio of a cesium single
ion i 7.24 ¥ 10% coul/kg. Thus the exhaust apeeds corresponding to
15 and 87.5 kv acceleration are shout 1.5 X 10° m/sec and 2.3 x 10%
m/sec, respectively.  These values are considerably higher than optimum
for most lunar and near-planelary missions, and hence would encumber a
spacecraft with a needlessly large power plant (Sec. 1-4 and Prob. 7-3).

Three possibilities for reducing the exhaust speed suggest themselves:

1. Operate at lower voltages than the breakdown limit, For a given
gap, this reduces the thrust density quadratically, while s, falls off
only as Vo' _ o :

2. Use ions of larger masi-to-charge ratio. A few other easily jonized.
atomic species, such as mercury, have slightly higher 47/¢, but to
effect substantial improvement by this route one must employ,
charged heavy molecules or colloidal particles. Their use would
provide lower exhaust speeds at o given voltage without penalty in
thrugt density, or alternatively, yield higher thrusts for given
exhaust speed.  This possibility is discussed in Sec, 7-8. .

3. Install a third electrode to decelerate the ions somewhat before
ejection, thereby lowering the exhaust speed without reducing the
ion current density.  This seheme has the additional very important
benefit of restraining the neutralizing electrons from accelerating .
upstream to bambard the lon source. It is discussed in Sec. 7-5.

Hegardiess of the particulars of implementation, the foregoing oties -
dimensional considerations serve to identify the electrostatic thruster as
alow thrust density, high exhaust speed device, requiring s corresponding
low current high voltage power supply. Compared with an electro-
thermal thruster of the same beam power, for example, it will produce
nearly an order of magnitude higher exhaust speed at correspondingly
lower thrust and will draw two orders of magnitude less current at cor-
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respondingly higher voltage from the power plant. Itz effieiency of
conwersion of electric power into thrust power can be very high, and is
primaarily Iimited by the processes of preparation of the lons, some exam-
ples of which are discussed in the following section.

7.2 PRODUCTION OF POSITIVE 10NS

From the simple one-dimensional thruster model discussed in the previous
section, three desirable specifications for practieal ion sources can be
assigned immediately:

1. The source should be capable of sustained emission of ions at current
density levels corresponding to space-charge limited flow at the
desired voltage over the given gap. For the extreme case cited
above-13 kv across .002 m—the required level of emission, from
(7-73, would be about 2,000 amp/m2 In long-term operation,
actual space thrusters will probably operate in a more conservative
regime requiring between 200 and 500 amp/m? of beam current.

2. Whatever the ionization mechanism, a certain average amount of
energy must be expended o create each ion at the source. Thisis
by no measns simply the lonization potential of the atom, but
includes all thermal and radiative losses associated with main.
taining the environment in which the ions are created, If the
thruster is to be efficient, this average energy expenditure per ion
crented must be much less than the kinetie energy it derives from
the accelerating field.

g

7 « i {7-13}
For multikilovolt accelerating voltages, several hundred electron
volts per ion could thus be tolerated for &,

3. The source must be highly selective in restricting its emission to ons
rather than neutral particles. Small fractions of the latter, unaf-
fected by the accelerating field, migrate relatively slowly through
the gap and tend $o disturb the ion trajectories. Specifically, ions
from the source may suffer charge-exchange cellisions with these
ambient neutrals, thereby producing ions which are “out of focus”
in the accelerating system and fast neutrals which are uncontrolled
by the fields, Either of these may then strike the accelerating
electrode, causing sputtering erosion and contamination of iis sur-
face. Hven af the modest prevailing temperatures, an alkali-
contaminated accelerator surface may emit electrons, which thea

return o the ion souree, causing a current drain on' the power supply, E
!
{
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with no corresponding useful thrust.  From detailed consideration
of such processes it becomes elear that the ratic of on emission to
neuatral emission from the source should be better than 100:1.

4. The foregoing characteristics of adequate current density, low energy
expenditure per ion, and low neutral emission must be maintained
during continuous or intermifient operation over very long periods
of time. Most missions for which eleciric propulsion may be con-
sidered involve flight times of the order of a vear (10* hr) or more,
over which time the thruster must operate, presumably unattended,
without serious degradation in its performance. On such a time
scale, even very slow processes of materials decay and erosion
which would be unimportant to any laboratory ion source can he-
come infolerable for a thruster,

By these standards, two distinetly different types of ion source have
shown gome promise of utility for jon engines, One, the contact source,
invokes the tendency of alkali atoms to transfer their valence electrons
to metal surfaces of high work function,  The other, the electron bombard-
mend sowrce, utilizes the ions formed in low density electric discharges.
These sources are sufficiently different in their operational requirements
and in the nature of the ion beam they produce to influence strongly the
design of other elements in the accelerator and details of the electrie
power supply needed to drive it.  For this reason electrostatic engines
are normally classified in terms of their source, e.g., cesium contact
engines, mercury bombardment engines, ete.

SURFACE-CONTALT IOMIZATION SOURCES

It was originally demonstrated by Langmuir and others in 1913 that a
heated surface of a metal of high electronic work function ¢ immersed
in & vapor of an alkall metal of jonization potential & lower than ¢
would convert some of the alkalt atoms to positive ions [16].  Many such
combinations of metallic work functions and alkali lonization potentials
exist, but the most serviceable for ion source purposes has proved to be
a surface of tungsten (¢ = 4.3 to 4.6 ev, depending on the crystal sur-
face) immersed in cesium vapor (& = 3.9 ev) [17].

On an atomic scale, the proeess seems to proceed through the fol-
lowing sequence: A neutral alkall atom from the vapor strikes the metal
surface and adheres to it by polarization in the surface field established
by the conduction electrons within the metal. For positive values of
@ — g, the alkall atom now has a strong probability of yielding its valence
electron to the metal.  Later, after some time dependent on the surface
temperature, the residual ion leaves the swrface and reéenters the vapor.
In the overall steady-state situation, then, there is a rate of arrival of
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neutral alkali atoms to the surface determined by the local vapor pressure,
an equal rate of departure of alkall ions plus neutrals, in 5 ratie dependent
on ¢ — &, and a density of transient alkali particles on the surface
dependent on the surface temperature and rate of alkali influx.

The degree of steady-state surface coverage is highly important to
the entire process, sinee very small levels of surface contamination seri-
ously lower the work function, thereby lowering the electron-transfer
probability. For example, a thoroughly cesiated tungsten surface may
have & work function as low as 1.5 ev, far below the eesium ionization
potential.  For steady-state alkali coverage of only about 7 percent, the
work function will be reduced below &, and most of the atoms wili leave
the surface un-ionized. (Actually, neutral coverage in excess of 0.5
percent can provide a surface unstable fo sudden transient increase in
newtral coverage beyond the critical 7 percent condition) This then
predicates the need for gelting the alkali particles off of the surface
guickly after their ionization, ie, a high surface temperature. For a
given surface temperature 77, there will be a maximum ion eurrent
density beyond which the emission will become seriously contaminated
with neutrals. A typical dependence of ion curvent, or icnization effi-
elency, on surface temperature is shown in Fig. 7-3. For the cesium-

00 o
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Fig. 7-3 Typical! dependence of ion cur-

rent density j and neutral fraction f on
surface temperature, [From G, Kuskevics
and £. L. Thompson, Comparison of Com-
riercial, Spharcial Powder and Wire Bundie
Tungsten lonizers, AlAA Paper 530186, 1963,
or W. R. Mickelsen and H. R Kaufmann,
Status of Liechrostatic Thrustors for Space
Propulsion, pp. 28 and 10T {fig. 36}, MNASA
Tach. Note D-2172, May, 1964.]
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tungsten combination, T, oceurs at about 1400°K for & current density of
500 amp/m?® 1300°K for 100 amp/m?, ete. The slight decrease in ion
current at temperatures above T, is a consequence of thermionie emission
of electrons from the hot metal surface, which neutralizes some fraction
of the ion emission. This same effect causes the ratio of emitted neutrals
to ions to be higher at higher current density operation, sinee the surface
must then be kept at higher temperature.

Operation at high current and high temperature also suffers larger
thermal radiation losses from the incandescent metal surface, which in a
typical contact thruster will have an uncbstructed view out the exhaust
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port. This radiation loss is the largest contribution to the effective
jonizaiion energy defined earlier, and thus may be one of the most serious
souress of inefliciency in thrusters using this type of source.  Clearly, the
designer must optinize the conflicting thermal requirements to minimize
neutral emission and radiation losses at the desired ion current densities.

Implementation of this surface ionization process into a serviceabls
ion source for a partioular shruster presents several practieal difficulties.
In addition to the obvious requirements for a system to store, vaporize,
and transmit the corrosive alkall material to the lonizer surface, the
geometry of the alkall vapor flow to and over the surface is critical in
maintaining an adequately low neutral emission fraction. On the one
hand, every entering vapor atom must be guaranteed at least one collision
with the surface during its passage through the ionizer chamber. On the
other hand, incoming vapor atoms cannot be allowed to obstruct the
extraction of the ionized particles by the accelerating field. Many
arrangements of lonizer surfaces and vapor flows have been studied, none
of which performs flawlessly.  One of the most popular involves the forced
diffugion of cesium vapor through porous wafers or plugs of tungsten
(Vig, 7-4; [18-31]).

Aceaterating
grick

7
!

Fig. 74 Porous-tungsien, cesium-con-
tact ionization source.

Porous tungsten plugs are normally prepared by foreibly bonding
small tungsten particles at an elevated temperature (sintering), although
other technicues, such as the juxtaposition of many fine wires, have been
used, Typically, the pores may range from a fraction of a miecron to
several microns in aperture, with a distribution of as many as 10% em™?,
an arrangement which represents a compromise between the desire to
maximize the contact of the cesium fow with the pore walls and end
surface and the need to retain a stable structure over long operation times.
The physical properties of such fine-pored specimens differ somewhat
from those of solid tungsten, as do the observed relations among the eriti-
cal temperature, current density, and neutral fraction. _

The flow of cesium through porous tungsten and the process of its
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jonization therein have received extensive experimental and theoretical
study. Elaborate photomicrographic technigues have been developed
for dletailed observation of the emitted ion flow patterns from such
sources. The resulis have provided valuable design eriteria and some
insight into the prevailing flow processes.  In the theoretical studies it is
usuilly presumed that the flow through the pores proceeds in two ways:
a surface creep or diffusion layer and a “fres-stream’ flow, which in view
of the low prevailing densities is essentially free-molecular (Fig. 7-5),

Free N 7
molecule Ty /' bore

Fig. 7-% Flow of cesium through porous
tungsien capillaries.

Although the equilibrium coverage of the pore walls with cesium may be
quite high, there is evidence that the flow is at least partiaily ionized
within these channels. The remainder of the fonization is presumed to
oceur on the front surface of the plug, near the pore mouth, where the
ereep flow must be of primary importance,

Such studies have established the need for closely spaced micron or
submicron pores for low neutral emission at the high flow rates desired to
optimize the ion flux relative to the radiation loss. In this way, neutral
particle efftux has been reduced to less than 1 percent, and in some cases
to lass than 0.1 perecent. Unforfunately, specimens of very small pore
gize tend to degrade in performance over long-term operation. At the
glevated temperatures needed to reduee swriace contamination, a further
sintering of the tungsien granules oceurs which closes some pores, widens
others, and possibly opens relatively large fissures, which then emit high

“peutral fractions. The restraint of this process to folerable levels for
long-term operation seerns to be primarily a materials problem, and has
been the subject of considerable metallurgical research.

A porous-plug contact ionizér of the type described above ¢ eariy

* requires input power at s level sufficient to vaporize the cesium al the
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desired rate of flow and to maintain the necessary surface temperature
against the radiation loss and the energy carried awsay by the ion beam,
Note that these needs could be met by a direct thermal input, without
necessarily drawing electric power. By striet accounting, however, the
radintion loss from the ionizer must be charged to the effective fonization
snergy, and, particularly for the lower exhaust speed range of operation,
ean substantizlly lower the overall efficiency of an ion thruster. Typi-
eally, a porous tungsten lonizer will expend some 500 to 700 ev for each
ion created, which amounts to some 7 to 10 percent of the beam energy
at 10,000 sec operation and 30 te 40 percent at 5,000 sec.

ELECTRON BUMBARDMENT SOURCES

Gaseous discharges of one sort or another have long been used as sources

of jons for physical experiments, such ag mass spectrometry and atomie

beams, but the requirements on beam density, neutral {raction emission,

and source lifetime have been far less stringent than for electrostatic

thruster applications.  Upgrading of such sources to propulsion utility is

not o trivial task, and has been notably suceessful for only one type of dis-

charge, the electron bombardment source [82,33].  This source, sketched

in Tig, 7-6, essentially derives from the classical magnetron discharge.

Tlectrons, emitted by a thermsl filament at the center of the ionization

chamber, are attracted toward a coneentric cylindrical dnode, but are .
prevented from reaching it directly by an externally applied weak axial

magnetic field, which causes them to spiral axiaily back and forth in the

chamber unti] they coliide with a propellant atome. Depending on the

relative elastic and inelastic eross sections of the propeliant atoms, and

the electron energy distribution, some fraction of these collisions produce.

glectron-ion pairs, which themselves may participate in subsequent

collisions. In the steady state, then, the chamber contains 4 mixture of

ions, neutrals, and primary and secondary electrons. A strong eleetrie

field is established between a pair of perforated electrodes at one end of the

chamber, which serves to extraci preferentially any ions which wander
¢lose to the inner grid.  Thissame field may provide the primary accelera-

tion of the ion beam. The inner grid and opposite end wall of the

chamber are kept at cathode potential to prevent axial loss of electrons
from the discharge region.

The propeilant for such 4 deviee is selected for its combination of
low lonization potential, high atomie weight, and handling and storage
properties. Mercury vapor (atomic weight 200) is the mosé common
choice; although cesium vapar [34, 35] and several noble gases have also
been uged.  Anode potensial in the ionization ¢hamber is established by
the need to aceelerate the elecirons to the enérgy range where the ioniza<
tion cross section is o maximum, say, 10 fo 50 ev.  The axial magnetic
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Fig. 7-6 FElectron bombardment fon sourée. {a) Schematic; {E} cutaway drawing.
(NASA-Lewis Ressarch Center, Cleveland, Ohlo.) )

ELECTROSTATIC ACCELERATION ) 155

field is set to mateh the electron gyro radius to the chamber size, and is of
the order of 1073 weber/m?® for a 0.10-m chamber and increases inversely
with chamber dinmeter. A field of this magnitude can easily be supplied
by a modest permanent magnet, as well as by an external solenocid; the
former has the advantages of requiring no power and dissipating no heat,
and it need not necessarily involve more total mass [36].  The potential
acress the extracting-acecelerating electrodes is determined by the same
space-charge flow considerations developed in Bec. 7-1, and is typically
several thousand volts.

Electron bombardment sources expend about 4530 to 600 ev per ion
in ionizing about 80 percent of the injected mercury propellant vapor,
They can be made to lonize 90 percent of the propellant flow at an expense
of about BOO ev per ion by varying the discharge parameters somewhat.
In addition to this high neutral-fraction efflux, they suffer somewhat
from an unavoidable production of a small percentage of double ions,
which tends to lower both the efficiency and thrust density of the acceler-
ated ion beam. ,

The primary difficulty of the eleciron bombardment source, how-
ever, 13 erosion of the electron-emitting eathode. At the thermionic
ternperatures necessary to emit sufficient electron current to sustain the
desired discharge, most pure metals have a significant sublimation rate,
More important, the same fleld which aceelerates the electrons outward
drives the ions inward, and the latier, essentinlly unaffected by the
magnetic field, focus on the cathiode surface. At the potentials invelved,
serious sputtering damage can ensue, which gradually erodes the emittes
surface.  As an added detriment, contamination of the emitter surface
by occluded propellant material may impalr its electron emission and.
enuse higher cathode-fall potentials, which in turn inerease the sputtering
damage, ete, 37} S _

The cathode sputtering and contamination problems ean be avoided
by various aufocathode techniques. Tor example, if the cathode for a
mercury-vapor discharge were simply a pool of liquid mercury, contamina-
tion and sputtering damage would clearly be irrelevant.  Ligquid mereury
cathodes are eommonly used in various electronic switches, such as igni-
troms, but their application to bombardment ion thrusters clearly is
complicated by the zero gravitational field inertial environment in which
they must function. Various technigues for controlled bleeding of
mercury onto a backing surface have been studied for this purpose [38]
In some versions, the Hguid surface cathode can be made to supply not
orly the discharge electrons, but the propellant vapor as well.

The autocathode concept may be more simply implemented if
cesium vapor is used instéad of mereury for the propellant. In this case
the cathode may be a cesinted metal, which again is insensitive to con-




156 ELECTRICAL ACCELERATION OF GASES

tamination by the propellant. Cesiated eathodes have the additicnal
advantage of very low electronis work function, which reduces the cathode
fall to less than 10 volts, thereby essentially eliminating all sputtering
daraage. Indeed, the work function is so low that once the discharge
has been initiated, adequate electron emission can be sustained simply by
the ion bombardment heating, without the need for a separate cathode-
heating cireuit [34]. A source of this sort also expends considerably less
energy per ion created at comparable mass utilization fractions than the
mereury discharge—perhaps 350 ev al 80 percent, 600 ev at 90 percent—
but this advantage is roughly offset by the lower atomic weight of cesium,
which reflects itself in correspondingly lower beam power density.  That
is, the energy to ionize & given mass of propellant is about the same for
cesim and mercury,

A somewhat different approach to the cathode erosion problem
utilizes the refatively low work functions of the alkaline earth carbonates,
such as BaCO;, 8rC0;, and CaCO; in an oxide-coated structure.
Although such compounds are not adequately conducting in the pure
state, satisfactory cathodes can be constructed by imbedding generous
amounts of these materials in an inert metal matrix [39]. These hybrid
cathodes then emit the required electron current densities at substantially
lower temperatures than the pure metals, and thereby reduce the radis-
tive heat loss. It is desirable to make such oxide-coated cathodes quite
massive to withstand the long-term ion bombardment erosion, ves the
composite structure must be sufficienily sturdy to withstand the dynamie
and thermal stresses of the space operation.

Depending on the details of its design, then, the electron bombard-
ment source is seen to have terminal power requiremernts that are sub-
stantiolly different from those of the surface-contact source. There is
again a need for thermal input to vaporize the propellant, but there is less
radiation loss to be compensated. Low voltage high current power is
reguired for the cathode filament (except for cesiated cathodes, which
need only a startup heater), a similar supply for the magnetic field wind.
ings (unless a permanent magret is used), and ancther to sustain the
actual discharge. It is interesting that, despite the dissimilarities in
physieal process and power requirements, these two sources are rolighly
competitive in the ion beams they produce, from an overall standpoint of
current densities, mass utilization, energy per ion, and adaptability to a
thruster. Table 7-1 compares typieal operating performance of contact
and bombardment lon sources.

OTHER DISCHARGE ION 50URCES
A modification of another classical discharge, the Penning tube, has also
been employed as an ion source for an electrostatic thruster [40-43]
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Tahie 7-1 Typical performance characteristics
of contact and bombardment ion sources

. Elgctron
Cesium-tungsten bombardment sourge

conlaet

Fowree Merewry Cestum
Maximuwm eurrent density,

amp/em? G.010-0.020 G.005-0.010 0.005-G.010
fon-creation energy, ev/ion 500-700 450-600 300-460
Neutral fraction G.001-0.01 0.91-0.02 (.01
Lifetime, yenrs +.5-3 -3 1-3
Handling and storage Highly eorrosive; Less corrogive, | Highly corrosive
tess volume

sovress: G. H. Brewer, Current Status of fon Engine Development, ATAA 2d Pro-
pulsion Joint Specialist Conference, Colorado Springs, Colo., AFAA Paper 06-5064,
June 1317, 1964; and W, R Mickelsen and H, 11, Kaulman, Status of Electrostatic
Thrustors for Bpace Propulsion, NASA Tech. Nole 1D-2172, May, 1064,

Thig device involves a tubular anode and two cathodes, one an electron-
emitting filament, the other a tube, placed on opposite sides of the anode
along a common axis (Mg, 7-7).  Electrons, emitted by the filament

Emitting Gpan
cathode . Ancde cathode -
/7 S
A=l T (e [
[, i 1
S e e e e / G

Fig. 7-7 Oscillating electron discharge ion source (schematic).

cathode, osciliate back and forth in the potential well established by the
electrode configuration, and are constrained from radial migration by an
imposed axial magnetic field. Propellans ions are generated by electron
collision, and are extracted through the tubular eathode, which can also
serve as the primary accelerating electrode. Electrode erosion is found
to be quite low, and under some circumstances of operation it appears
that enough electrons leak through the tubular eathode to neutralize the
lon beam automatically, without the necessity for a special neutralizer
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electrode. This property, like the overall source effectiveness, however,
seerns to be sensitively coupled to the testing environment, and the aver-
all efficiency of conversion of electrical energy input to beam energy may
not be as high as the electron bombardment thruster in actual space
operation.

Higher ion current densities ean be achieved using a magnetically
confined low pressure arc of the von Ardenne type ([44-48]; Fig, 7-8),

Gas Mognetic
intef field coil Cathode Extroctor

Fig. 8 Duoplasmatron are lon source.  (From M. von Ardenne,
Uber ein lonenqueilen-System mit Messenmonochromator fir
Meufronengenaratoren, Phys. Z., ser. 2, vol. 42, p. 91, 1842

The tubular anode and axial magnetic field create an intense eolumn of
plasma from which ions can be extracted through a second eathode, much
like the Penning discharge. lIon fluxes in excess of 2,000 amp/m? have
been obtained in this way, with extremely low neutral emission, but the
energy expenditure per ion is substantially higher than that of the elec-
tron bombardment source, and sputtering erosion is substantial.  Actu-
ally, the level of current density inherently required for optimum opera-
tion of any arc source may be too high for the other components of an
electrostatic thruster to handle over long periods of time.,
: Finally, one might consider a high-frequency induetive discharge for
" preparation of the needed ions: Such discharges are well known for their
efficiency and cleanliness in lonizing a gas, since they impart high energies
to the electrons without the electrode heating and erosion problems of the
de discharges.  Unfortunately, the same drawbacks of rf space power-
supply weight and complexity and inefficient coupling to the discharge
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load mentioned earlier (See. 6-7) have suppréssed research in this area.
What work there has been indicates that rf discharges, confined in external
magnetic fields, are at least comparable with the other schemes in ioni-
zation efficiency and energy per ion considerations, once the power genera-
tion and application difficulties have been allowed, 1t is possible that
the coupiing of of felds to a Penning discharge may combine the advan-
tages of alow electrode erosion with a high current density capability [49].

7.3 DESIGN OF THE ACCELERATING FIELD

In the matter of the desig,n of its electrodes to provide the desired acceler-
ating field, the ion engine presents a well-defined boundary value problem
in classical electrodynamics. Namely, what should be the geometry of
the source surface and accelerating electrodes in order that an ion beam of
given current density and cross section be accelerated to a given exit
velocity with optimum uniformity and with & minimum of impingement
on the electrode structure? The latter condition is elearly critical to the
lifetime of the engine, for at the ion energies obtained in the accelerating
fields, sputfering erosion upon lon impact on the electrodes is high.
Beam impingement in excess of one part in 18° pmi)ai)h invalidates t,hg
device as a space thruster.

Considerable theoretical and’ expeumenta,i exper;eﬂce in th, tech-
niques of electrode design was acquired in connection with the accelera--
tion and focusing of electron beams for vacuum tubes and cathedé-ray
oscilloscopes [30],  Dlany of these concepts and results may be directly
transeribed to the ion beam problem. For example, all the analytic
teehniques for electrode design are based upon appropriate simultaneous
sofution of statements of conservation of ion flux, Newton'’s law, and
Poisson’s relation over the relevant domains:.

VI ’;@ s | Y (7-16)

For given beam dimension at the source and’ given total potentlai dmp
along the beam (i.e., desired exhaust velocily), one séarches for equi-
potential surfaces in the region axterior to the beam, of suitable magnitude
and position so that physical electrodes may there be pladed of a shape
corresponding as closely as possible o the theoretical contonrs and charged
to the indicated potentials. It i3 then prestmed that this real electrode
structure will extract frofm the source an ion beam closely resembling =
that derived ifi the ideal analytical model.
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As one example of the technique, consider an ion beam of uniform
demsity j, emitted from a flat-strip source, very much breader in one
dimension, z, than in the other, y.  Let us ask what electrode structure
is needed to accelerate this beam to a desired veloeity in the z direction
while retaining it parallel and of uniferm density at any cross section
(Fzg. 7-9). Inside the beam we may immediately require 9¥/dz = 0

10V,
08
06
G4
oF:
o

Saurce

Fig. 7.8 Equipotential contours for one-dimen-
stonal ion beam acceleration. {From J. R, Pierce,
“Theory and Design of Electron Beams,” D. Van
Nostrand Company, Inc., Princeton, N.J., 1954.)

beeause of the large z dimension, and 8V /3y = 0O because the ion tra-
jectories are to be rectilinear. Therefore Poisson’s equation reduces o
the readily integrable one-dimensional form of (7-2), which yields the
space-charge lmited profile of (7-0),

07 \# £ A\K
V=V,~ (é)) <§§> L (7-17)

Outside the beam we can no longer require 6V /3y = 0, but here there is
no free charge, and (7-16) reduces to Laplace's equation. In addition,
{7-17) provides boundary conditions along the planes y = +A, where A
is the beam half-width, which in conjunction with the requirement of
continuity of 0V /dy there adequately determines the problem.

In this case an analytic solution for the exterior region can be
obtained by utilizing the properties of complex anslyiic functions in
Laplace’s equation. Namely, given (7-17) as the solution of V1V = 0
along the plane y = 4, the solution over the entire positive exterior
domain is generated by the replacement of & in (7-17) by o -+ i(y — &)
and extraction of its real part:

- _ 4eg\? 29
£ Gatfy — 8+ (g — A) = (37) Wiy —vyp @y
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The contours of equipotential deseribed by (7-18) and their images in
the lower domain are sketched in Fig. 7-9. Note that each contour is
normal to the beam edge, with the exception of the scurce contours ¥,
which have a singulanty there. Ilven many beam widths from the
centerline, the equipotentials are predominantly normal to the beam
edge.

The orlentation of these equipotentials makes this particular beam
profile difficult to utilize in an ion thruster. To simulate adequately the
potential conditions at the beam edge with material electrodes would
require several closely spaced condueting surfaces, or a lesser number
extending many beam widths on each side of the beam. The former
situation predicates an excessively complicated electrode strueturs; the
fatter would demand a thruster cross section many times larger than the
beom area.  To improve the ratio of usable source area to total thruster
crass section, it is advantageous to focus the beam somewhat as it passes
through the accelerating electrode {Fig. 7-10). A small y dependence

"~ Accelergting
|| electrode

Fig. 7-1¢  Mitdly focused ion beams using Forus Accelerating
{a) coatoured emitter, (b) auxiliary focts. electrode electrode
ing electrode (schermatic). ()

of the ion trajectories of this sort can be adequately analyzed by expan-
sion and similarity methods. As a second example, consider such a
mitdly focused beam, inside of which the potentinl may be represented {51):

- avy ¥ {ary .
Viey) = Vo) +y({7y)0 + (3;@) N = UY




15E ELECTRICAL ACCELERATION OF GASES

where the first-order term is usually gero from symmetry of the beam
about its axis. The problem may then be cast into similarity form by
nendimensionalizing in terms of the beam half-width at the source, 4,

. x . i
X=5 v=/ (7-20)

ared requiring
Y o= YoglX) {v-21)

where Y is the transverse coordinate at the source X = 0, and g(¥) are
the boundary trajectories of the beam. If the » dependence of the poten-
timl is assumed gentle enough that {dg/dX)? << 1, then

dg dV?

w Y z
V(X, Y} W“i* <dX Y

7
+2 {\fz ) (7-29;

where V? = V(X 0) satisfies the ordinary differential equation

d*Ve o dg AV L dy o, 8sgg Iy¥* o o
v tavar 2oV~ Gir) (s (7-23)

In this form, one may assume a reasonable potential profile along the heam
axis VO(X) and solve (7-23) for the outer ion trajectory g(X). If this
beam shape is accentable, Eq. (7-22) and its derivative will then provide
the potential variation and its normal derivative along g(X), which are
the required boundary conditions for solution of Laplace’s equation for
the potential cutside the beam. Solutions of this sort can be found which
permit simpler implementation with realistic electrode structures. In
particular, several parallel beams of this type can be produced by inter-
spersed electrode elements of relatively small dimensions (Fig. 7-11).
Application of these analyfic techniques to beams of two-dimensional
cross section, such as square or cireular beams, involves considerably
greater mathematical complexity, although certain special eases, such as
the cylindrical beam, can be solved by asymptotic methods and judicious
interpolation. The extent to which these solutions, like those discussed
above, actually represent the beam produced by electrodes placed along
the indicated equipotentials depends on many factors. TFirst, actusl
electrode structures cannot have zero thickness or extend to infinity as
the theoretical equipotentials do. Also, the beam aperture in the eles-
trodes allows a distortion of the axial potential gradient and a divergence
of the beam not included in the theoretical model. Small departures of
the actual ion source from the assumptions of a uniform emitter of zero-
veloeity lons ean have significant effects on the downstream behavior of
the beam. To cheek on these uncertainties, as well as to indicate solu-
tions to more difficult beam geometries and parallel beam arrays, detalled
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Fig. 7-11 Multibearn ion accelerator using (2) contoured emitier, (b) auxiliary focusing
slecirode (schematic),

somputer programs have been developed which iterate through the space-
charge densities, space-charge flelds, lon frajectories, ete., for realistic
destrode configurations [52].  In addition, a variety of analog methods,
such as resistance network simulators, elecivolytic plotting tanks, and
rubber-sheet analogs, have also been borrowed from earlier work on
clectron-gun design [53,54].

In practice, it has been found necessary o compromise the optimized
elecirode designs suggested by the academies procedures outlined above,
with certain concessions to the ease of fabrication and maintenance of
the structure. Many of the ideat analytic solutions predicate electrode
arrays too complex in contour or too delicate in form to be implemented in
an operational thruster. A more practical approach is to search, analyti-
cally or experimentally, through families of easily fabricated electrede
geometries for those which yield satisfuctory, albeit imperfect, beam
geometries, DMany of the contact ion thrusters, for example, employ
simple pierced plate, parallel sirip, or hexagonal honeycomb-type acceler-
ating elestrodes (Figs, 7-20 {0 7-27). Some also provide a concave
Sastrugi contouring of the emitter surface to aid the focusing [35].

The electron bombardment engine also can use very simple elec-
trodes, such as plates pierced with cylindrical holes or arrays of parallel
wires, In these devices, the plasma in the lonization chamber is found
fortuitously to assume a concave sheath profile near the sereen-accelerator
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extracting electrode which alds in focusing the fon beams through the
electrode apertures (I'ig. 7-12a; [56]).  This happy property prevails only
for certain fevels of ion current density. At higher currents, the sheath
profile becomes convex and the fon beams diverge and strike the elec-
trodes {FFig. 7-128).

N

NN

|

Pigsmg in
wnization chamber

Screen Ancelerator

grid qrid
(o} 1€

Fig. 732 lon beam focusing in electron bombardment accelerator. (a) Con-
cave pfasma sheath, proper focusing; (b} convex plasma sheath, misfocusing.

Two empirical ratios of some utility in comparing the character-
istics of various lon accelerators are the aspect ralio and perveance. The
former may be defined by rewriting the expression for the thrust of a
space-charge limited aceelerator in terms of the diameter D of a circle of
area equal to that of the lun beam ecross section A, whatever its shape

e, (7-8)). o\ ) .
T o= 8(,5_” <h> 4 = :':,‘"ffz 7 <£> (7-24)
952, 4] Ta

‘The ratio of this effective beam diameter to the interelectrode spacing
is called the aspeet ratio,

G = ;{3 (7-25)
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which uniquely relates the thrust to the square of the applied voltage.

This aspect ratio, in turn, is related simply o the perveance, another
concept borrowed from vacuum tube technology, which expresses total
eurrent in terms of applied voltage:

J
= “;7;;% (7-26)

In an ion accelerator operating at space-charge limited current,

P e (205 (I we (20
= '{—T};“)‘jjyl = mi}m A (H ] —I—a = ‘g‘ “ﬁwl; it (?-27)

Note that the perveance is a purely electrical ratio whose value depends
on the charge-te-mass ratio of the current carriers, as well as on the feld
eomfiguration, and is definable for any accelerntor system, whereas the
aspect ratio concept is restricted to a plane diode. Tt remains useful,
however, for more complex systems in defining an “equivalent plane
diode,” for a known perveance. L'or example, it follows directly from
the above relations that Gt 3> 1 is a reguirement for useful thrust levels
at the desired exhaust speeds. From more detailed two- and three-
dgimensional space-charge flow analyses, however, it becomes apparent
that 6t £ 1 is » practical limit for any one ion beam aceelerated by an
electrode completely external to it.  Beyond this value, radial gradients
in the potential ussociated with the finite electrode apertures badly distort
the flow. Fo produce useful thrust levels, therefore, an ion thruster must
comprise many parallel beams, each of width of the order of the inter-
clectrode spacing,

7-4 NEEE'.TRAUZA?EON OF THE ION BEAM o o
To produce useful levels of thrust, an fon engine must emit many 'amp@re's
of positive ion current.  Yet the total electrical capacitance of a typical
ton-propelled spacecraft will probably not exceed 1079 farad (Sec. 2-13;
hence, if no provision for neutralization of the ion beam were made, the:
eraft would acquire a negative potential at a rate

v 14Q, _J P AT

e et = w109 volis/(sec) (amp of lon eurrent 7-28

& T Ca T T /{see)amy )28
This gross cliarging eould be inhibited by the emission of an identical -
electron current from any convenient location on the craft. Somewhat
more subtle, however, is the teed for detailed neutialization of the ion-.
beam itself before it gets very far from the éxit electrode, lest the positive
space-charge potentinls within the beam cause it to stall or refiéet upon’
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itsell. The essence of this problem ean be illustrated by returning to a
orze-dimensional model, which again involves several obvious idealizations,

Consider a system whose source plane is at potential ¥, and whosze
aceelerator is at zero potential and at a separation z, from the source,
Asgume thal by some means the beam has heen neutralized everywhere
beyond a third plane, Az from the aceelerator, so that the potential is also
zeto there, and at all larger & (Fig. 7-13). If the ion current is space-

Acceleroting Meutratizer
jen source gtectrode
¥
a H
\ i
7 0 5 9, o\
/O o - N I
|
@ * CEEREC

:
T

Fig. 7-13 Neutralization of one-dimensional ion beam.

charge limited over the accelerating gap x,, its dénsity is (ixed by Child’s
refation (7-7). The poteniial profite in the region belween accelerator
and neutralizer is then determined in accordance with Poisson’s equation
by this current density, and by the gap size, or for a particular ¥V, by
the ratio of gap sizes, Az/z..  The problem is complicated by the mathe-
matical admissibility of negative-flowing as well as positive-flowing ion
currents, which introduce a duality, or hysteresis, in the potential profile
solutions. Physically, this can arise only if the potential in the second
gap rises to a value of ¥4 at some intermediate point, whereby some frae-
tion of the incident beam may be reflected. Indeed, this is the basic
beam-stalling condition, Beeause of this hysteresis, the results of the
analysis must be presented in a self-consistent sequence {1,57].

If Ax/z, is imagined to be increased gradually from zero, V() is
found fo be symmetrical about z, 4+ Az/2, where it attains a maximum
value ¥, whose magnitude increases monotonically with Az (Fig. 7-14a).
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(¢) Ax reduced fromr « to 2.00x,, decreasing beam reffection. :
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. = 282 ¥ reaches the value 31V, bevend which point no
s@iution involving enly posttive-flowing lon current exists.  Tf negative
flowing current is admitted, a new, asymmetric branch of solutions is
awailable, ench of which dispiays o maximurm of ¥ = V,, at which some
fraction B of the beam is reflected and returns to the source {where it is
presumed to be absorbed), thereby contributing twice to the space charge
ie the intervening region. For the position ;f\l/iu = 282 where the
simple symametrie solutions cease, the maxinum ¥ appears at @ = 1.75z,
and reflects 0.77 of the positive-flowing beam.  Physically, this jump
solutions must correspond to the beam-stalling condition we wish to
avold., Dxperimentally, the beam is found to develop oscillations at this
condition [58]; these oscillations have been derived theoretically by more
etaborate dynamical caleulational trentments [59,60].

As Ax/z, 1s now increased from 2.82 to =, the asymmetrical profile
is retained, but the fraction of the beam reflected increases from 0.77 {0
1.00, and the maximum regresses slightly to position 1.707x, (Fig. 7.148).
If Ax/a, is now decreased, the discontinuous jump in profile is not simply
reversed. [ather, the maximum ¥V retains the value Vi, but shifts its
relative position to the right until, ot do/e, = 2, it resides at © = 2, +
Ax/2 again, and the fraction of the beam reflected is zero (Pig. 7.14¢).
From here the profile jumps discontinuously to a symmetric one of maxi-
mum Vo= L4V e  Forall smaller Ax/z,, the solutions retrace those of the
first syminetric branch.,

The physical conclusion to this highly idealized problem is thus
that the beam must be neutralized at least within o distance of 2.82z,
after it leaves the accelerator, and even then it must be protected against
starting fluetuations in currens or voltage that might drive it irreversibly
beyond the c¢ritical value, into the asymmetric reflecting situations. To
be perfectly sale, the neutralization would have to be aceomplished within
200z, of the exit.

More elaborate three-dimensional ealeulations are needed to derive
the corresponding neutralization requirements for ion beams of finite
cross sections, such as pencil or strip beams.  These are found to he con-
sicderably less severe, since finite beams have the freedom to expand their
eross section in response to the space-charge foreces. However, if such
beams are to be ganged in parallel for lavger thrusts, thelr mutual inter-
action inhibits much expansion, and the one-dimensional eriteria regain
some relovance.

The requirement to neutralize the ion beam within a few aceelerator
gap widths does not necessarily demand placement of the neutralizing
electrode within this distance.  From a more general analysis than that
attempted above, it can be shown that although the electron emitter
placed farther downstream, some ¢leclrons tend to migrate upstream,
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and thus achieve neutralization somewhat ahead of the actunl electron
source {13]. This process is p:wticuiurly significant in self-decelerating
ion heams, discussed v Sec, 7-5.

Coneeptuaily, the bizn;}imt method of beam neutralization would be
to inject a stream of electrons into the fon stream closely behind the exit
clectrode, such that the electrons had the same density and streaming
veloeity disiribution as the ions.  In this way the ion and electron cur-
rents would be equal, and preservation of both the spaceeraft potential
aud the charge neutrality of the beam would be guaranteed.  Unfortu-
nately, the typieal thermionie emitter liberates electrons with mean veloci-
ties much higher than that of the lon beams of wnterest.  To reduce the
mean veloaity of the emitted electrons to the desired level would require s
very cool filament whose emission current density would be intolerably
low. Inaddition, whereas the lon engine emits o collimated beam of lons
with relatively little spread in veloeity in comparison with their directed
motion, the usual thermionie electron emitters supply an essentially
isotropie, broad distribution of electron velocities. One thus faces the
cholee of constructing much more elaborate sources to prepare mono-
energesic low velocity electron beams, or of injecting the electrons with a
hroad velocity distribution and hoping for a rapid automatic adjustment
within the mixed beam. Tstimation of the effectiveness of such internal
sdjustment is a challenging theoretical problem.

The mixing of the injected electrons with the ion stream may pro-
ceed through a variety of physical mechanisms, and theoretical analysis
of the mixing process must proceed at a tevel of sophistication appropriate
to the number and complexify of these mechanisms that are admitied.
First, there are obvious electrostatic space-charge forces tending to
enhance mixing on a macroscopic seale.  These include not only the axial
notential gradients discussed in the one-dimensional models above but,
{or ion beams of finite cross section, transverse electric fields commen-
surate with the transverse space-charge profiles which tend to reflect
and seatter electrons within the beam. On an atomic scale, two-body
elastic collisions between the electrons and lons within the beam would
alse tend to mix them, but at the beam densities permitted by space~
charge limitations in the accelerating gap, these are guite rare (Prob. 7-5).
Finzlly, on an intermediate scale, certain collective effects of the electron-
ion plasma, such as two-stream iostabilitles, may arise to hasten the
mixing proecess,

In the simplest one-diniensional formulation, one can impose a
monoenergetically injected electron stream on a uniform background
stream of lons and require a simultaneous satisfaction of Polsson’s equa~
tion and conservation of current flux and total energy, in the shsence of
any small-scale inferagtions. The typical result is the appearance of:
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tirne-independent striations of alternate positive and negative space
charge of amplitude and wavelength dependent on the speeds of the two
beams at injection (Fig. 7-15;{61]}. A similar exercise can be performed

o

Fig. 7-1§ Potential oscillations in one-dimensional ion beam neutralized by mone-
energetic longitudinal electron injection (schematic not to scale), {a} Electron-injec-
tion speed less than ion speed; (b} etectron-injection speed Jarger than ion speed,

in a two-dimensional framework, allowing the injected electron beam to
have some fransverse compenent of initial velocity [62]. The results
are more complex, but again display patlerns of iuterior space charge
sufficiently severe to disturb the beam.

It might he thought that these space-charge striations are peculiar
to monoenergetic electron Injection and would tend to wash out when
more realistic electron distributions were allowed.  To repent the caleu-
lation allowing a distribution of electron speeds at injection representa-
tive of & real thermal emitter, the simple energy statement must be
replaced by an appropriate Boltzmann equation. If the problem is still
regarded as collisionless, this reduces to the time-independent Viasov
retation for the electrons:

e L ) . - A
Y dr  m dr dv 0 . . (7-29)

W_here Jlzp) is the electron distribution function. Numerical solution of
this relation, along with the appropriate Poisson equation, again reveals
- the possibitity of various modal structures of space-charge stristions,
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which, if physieally realized, would be intolerable from the standpoint
of suecessful neutralization of a real exhaust beam [63].

Considerable encouragement can be gained from the admission of
collective plasma interactions into the problem, however. A conven-
tional linear stabifity analysis of the time-independent sclutions quoted
above reveals that the space-charge striations found there are violently
unstable o1 a time scale short compared with the relevant times of the
macroscopic problem [64].  The implieation is that the collective plasma
processes will act rapidly to mix the electron and lon beams.

Further amelioration of the problem is suggested by a more rigorous
troatment of the internal reflection of the electrons in the beam ab its
transverse boundaries.  In consequence of the finite thermal energy of
these electrons, & sheath is formed at the beam edge of thickness of the
arder of the Debye length. Tnternal reflections at thig sheath dan be
shown $o be quite effective in randomizing the electron motion. The
composite image is that of a “plasma bottle,” whose walls are the sheath,
within which the injected electrons are tvapped [65]

Depending on the dominant physical mixing processes which
setually pertain, some cholee of the practies! means for supplying the
neutralizing electrons must be made. Four methods bhave been used,
cach of which has certain disadvantages. The electron emitter can be
placed exterior to the beam, and the electrons drnwn into the beam by o
potential difference established between the beam dnd emitter (Mg, 7-16a}, -
This method suceeeds only if the effective perveance of the arrangement
matches that of the ion beam, i.e., if sufficient electron current is drawn
across the emister-beam gap at the applied potential. This potential
ideally should be kept below 20 volts in order that any lons attracted to
the emitter not acquire sufficient energy to cause significant sputtering’
damage, For ion beams of low peripheral densities, this neutralizer
perveance condition may not be readily satisfied below 50 or 100 volts
negative bias, however, and neutralizer filament lifetime may be a
problem,

The electron emission at a given neun alizer bigs can be bubstdntl&ﬂy
improved by immersing the source in a denser portion of the ion beam .
(Fig, 7-160). Now, however, the emitter 1§ subject to divect bombard-
ment by the main ion beam, and either must itself be extremely rugeed in .
onstruetion to withstand the sputtering erosion over the desired lifetime
of the engine, or must be protected by a passive shield which is

As an alternative, the source can be in the form'of an electron gun,_
which independeéntly accelerates the electrons to o desirable speed at the |
desired density prior to6 injection (Fig. 7-1Ge). The additional com-
plexitios on engine structure and power supply requirements whieh this™
technigue predicates tend to overbalance any shgm phy szuui admntagjeb_
it has. . : : : S
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Finally, » “plasma-hridge” technique may be employed, wherein the
electron source, like the sutocathodes discussed earlier, simultaneously
vaporizes atoms of the propellant used, e.g., a cesiated tungsten or mer-
cury-film emitter. These atoms are lonized by the emitted electrons, and
a plasma bridge is formed between the emitter and ion beam (g, 7-16d).
Like the autccathodes in bombardment ionization chambers, little sheath
voltage is required (=10 to 20 volts), and emitter erosion is negligible.
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In each of these technigues, subtie variations in geometry, physical
loention, operating potential, ete., are possible, and may or may not be
significant, depending on the vigor of the internal mixing processes within
the beam.

The approximations necessary in the varicus analyses, the ambi-
miities in their solutions, and the variety of possible enutter characteristios
strongly wrge cxperimental observation of the actual neutralization
hehavior.  Unfortunately, ground-based studies in even $he largest
available vaguum tank facilities are also somewhat inconelusive because
of the unavoideble Intersction of the exhaust beam with the tank walls.
For example, ion beams for which no neutralization provision has been
made at the engine are found to neutralize themselves immediately after
their initial impingement on the far wall of the vacuurs tank, presumably
by upstreamn migration of the electrons emitted there under the ion
bombardment. Hence little information about the effectiveness of a
particular thruster neutralizer in space operation can be obtained in such
g tank environment. One possible excepltion is a notable sequence of
transient, beam experiments in which the neutralization process was
studied within the short interval before any part of the ion beam contacted
the tank walls [66]. These seemed to indicate that neutralization could
he achieved with relatively simple clectron-emitter configurations, but
the extrapolation of this behavior to steady-state operation in space is
not entirely convineing.

The myriad of conflicting indirect indications outlined above regard-
ing this fundamentally important process placed & high premium on an
early space flight test which would allow unambiguous study of the neu-
tralization function. In the latter half of 1964, such a test was accom-
plished, which demonstrated successful steady-state neutralization with
relatively simple electron-emitter arrangements {Sec. 7-7). Thus this
specter of heam stalling which bad haunted the ion engine congept since
Hs origin was apparently laid fo vest, and much of the extensive earlier
work outlined above abruptly became neademic. Its tutorisl value is
substantial, however, and not without side applications.

% THE ACCELERATIOM-DECELERATION COMCEPT

Throughout the foregoing discussion of beam neutralization, the possi-
bilisy of the injected electrons migrating upstream past the aceelerating
electrode was ignored. Such migration cannot be tolerated, for once
beyond this electrode, the electrons would be vigorously accelerated
toward the ion source plane by the same electric field which drives the
iong downstream. This electron flux would constitute a current drain on
the power supply, with no corresponding thrust power; it would distort
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the potential profile in the acceleration gap from the simple ion space-
charge configuration; and it could damage the lon source and disturb
the emission process.  To preclude upstream electron migration into the
acceleration gap, a region of inercasing potential aft of the accelerator
seems indicated (Fig, 7-17).
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Fig. 7-17 One-dimensional lon accelerator with deceleraling stage {schematic).

It was mentioned in Sec. 7-1 that the addition of a decelerating stage
to the axial potential profile could also provide a means of redueing fon
exhaust speeds without a corresponding loss in space-charge current, and
thereby preserve higher thrust densities at lower specific impulse levels.
Aetually, these two functions—restraint of upstz‘e:im electron migration
and control of fon exhaust speed—can be implemented by the same
cusped potential profile, commonly called an aecel-decel system,
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Returning once again to a simple one-dimensional configuration,
imagine a source plane at potential Vo, an acceleraling grid of potential
~V, at position z,, and & decelerating grid of potential zero at positien
1o Space-charge limited ion current is drawn from the source at a
density determined by the {ull accelerating field,

e 20\ (Vo ok Vo ,

but is then decelerated to an exit velocity determined by the net poten-
fial drop Ve '
) 2V a\i
v(wy) = (1] ,[w?) (7-31)

The thrust thus produced is the hybrid product of the mass flow rate
extracted by lhe accelerating field and the exhaust speed set by the
net field:

. (7-32)

o

T gMe(rg)  Beg (Vo Vo)Vt

A q ] -
Assuch, 1t is less than that produced by mouotonie space-charge accelera-
tion through the full potential, ¥y 4 V., but greater than that corre-
sponding to monotonie acceleration through Ve The beam power
required at a given level of thrast is clearly less for the nccel-decel system
(Prob. 7-6).

The position and potential of the decelerating electrode are not
completely arbitrary. Presumably, a minimum separation from the
aceelerating electrode is established by the same fabrication tolerances
which govern the minimum separation of the latter from the source plane.
In addition, the potential difference between accelerating and decelerating
clegtrode cannot exceed that corresponding to the space-charge limit for
the given ion current flow. I'rom one-dimensional analysis much like
that used in neuiralization discussion, it can be shown that if the three
electrodes are equally spaced (2o = 22.), Vo may have any positive value;
ie, the beam may be reduced to arbitrarily low exit wveloeity. For
larger deceleration gaps, however, Vg has a minimum positive value for
full beam transmission, which inereases rapidly as zp approaches 3.283z,.
Beyond this separation, no beam deceleration is possible without stalling,
As in the neutralization problem, these larger gap profiles are unstable
to small perturbations in beam ecurrent, and may revert to profiles con-
taining intermediate maxima of Vo, with attendant beam reflection:
In typical operation of jon thrusters of this kind, the ion flow is not space-
charge limited in the deceleration gap, and hence is less sensitive {o the
precise position of the decel electrode.  In this way the decel eléctrode is
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free to funetion as an electron baffle, and as a control grid on the exhaust
speed if desired, without disturbing the lon flux.

It is possible o incorperate aceel-decel potential profiles into the
elecirode design ealeulations cutlined in Sec. 7-3 without fundamental
change in the approach. Tor example, Fig, 7-18 shows the equipotential
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// Fig. 7-18 Equipotential contours for parallel

icn beam in an accel-decel field.
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contours for & two-dimensional parallel beam passing through on acceler-
ating potential Vo + V., followed by a decelerating region —V, =
0.8(Vy + Vo) [11. Tocused beams ecan also be designed, as indicated in
See. 7-3, by searching for axial potential profiles V°(z) which display the
desired accel-decel ratio.

In some cases, physical separation of the decelerating electrode and
neutralizing filament may be unnecessary. That is, the neutralized ion
heam plasma created pear the electron-emitting filament may serve as a
virtual deceleration electrode. The potential of this plasma is established
essentially by that of the filament, modified by its small sheath drop to
the plasma, where the filament itself may not necessarily be immersed in
the beam, nor be as close to the accelerating electrode as the effective
neutralization plane. In this scheme, the beam may become space-
charge-neutralized before it is current-neutralized, i.e., before the plane
of the filament which completes the main cireuit of the device (Fig. 7-19).
Virtual deceleration schemes of this sort show seme tendency to defocus
the beam, but in parallel bearn arrays this disadvantage is probably less
gignificant than the convenience of no decelerating electrode structure,

To summarize the acceleration-deceleration concept, then, one first
extracts ions from the source by a relatively high potential difference,
at a correspondingly high power drain from the source cireuit to maximize
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Fig, 7-13 Virtual deceleration electrode provided by upstream migration of neutraliz-
ing electrons {schematic}.

the current density. One then decelerates this high density beam by &
third electrode, real or virtual thereby returning some power to the
external circulf without reducing the current density of the ion flux.
The net effect is a higher thrust device than the single-stage accelerator
of the same exhaust speed, and one which excludes neutralizer electrons
from the aceelerating zap.

7-6 iON THRUSTER DESIGN AND PERFORMANCE

Careful combination of the three functional elemants discussed above—
ion gource, accelerating electrode structure, and neutralizer—yields an
ion thruster, a device which converts electric power into kinetic energy of
an essentially collisionless neutral beam of propellani ions and electrons.
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Praperly designed and operated, ion thrusters can be highly efficient long-
lived propulsion units, qualified in every respect for a variety of space
missions. Probably because of their relative conceptual simplieity, ien
thrusters have been the most intensively studied of all electric propulsion
concepts, and are the most thoroughly developed and engineered for
incorporation into operationsl spaceeraft, The bulk of this work has
tended to focus on electron bombardment thrusters employing mercury,
and to = lesser extent cesium, as propellant, and on cesium contaet
thrusters using porous tungsten ionizers. The concepts of accel-decel
eleetrode structures, oxide-coated filaments and autoeathodes, and the
rudimentary neutralization schemes deseribed above have found practica)
implementation in varicus versions of these devices. The theoreticsl
limits on attainable thrust density and conversion efficiency discussed
earlier have been approsched in shori-term operation, but in most cases
have had to be compromised somewhat to achieve desired operating life.
times without excessive electrode erosion or other struetural degradations,
At the present time, a variety of serviceable ion thrusters literally wait
on the shelf for coupling with suitable space power supplies and assign-
ment to appropriate space missions,

A few typical lon thrusters are shown schematically and in photo.
graph in Figs, 7.20 16 7.27. A summary of example performance dats is
displayed in Table 7-2 and in the graphs of Figs. 7-28 and 7-29.  Doubt-

Fig.7-20 Firstiow density electron bombardment thruster,
circa 1960, (NASA-Lewis Research Center, Cieveland, Dhip.)
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Fig, 7-21 Fifteen-céntimeter mercury electron bembard-
ment fon engine; thrust =0.035 newion at 5,000 sec.
Power input =1 kw, permanent magnet focusing,
{Hughes Aircraft Company, Maliby, Calif.}

Fig. 7-22 Mércwy eléctron bambardment thruster used in

SERT | space test,

Ohlo.)

{NASA-Lewis Research Center, Cleveland,
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Fig. 7-23 Ten-centimeter electron bam-
bardment thruster with permanent magnet;
thrust =~4.03 newton at 4,000 sec. {(NASA.
Lewis Research Center, Cleveland, Ohio}

Fig. 7-25 Cesium contact lonr miorothruster; thrust =5x 1074 newton. The
circutar beam from a hutton lonizer can be deflected’in any transverse dirsction
by means of the four segments of accel electrade shown. (Mughes Aircraft
Cormpany, falibu, Calif.}

less, the continued refinement of ion thruster technology will make these
iustrations and dala transitory, but a few general trends in the compari-
son of performance of the three types of thruster will probably persist,
Namely, although the overall efficiency of ion thrusters is quite good at
high levels of specific impulse, it degrades significantly at lower exhaust
speeds, mainly because of the increase in relative importance of the

Table 7-2 Characteristics of typisal long-life jon thrusters

Ton source Cs-W contaet  Hg bomb Hg bomb Cs bomb
Laboratory Hughes NASA-Lewis | NASA-Lewis |B.OR.
Hize 8.5 X 13.6 em |15 em diam 30 cm diam 12.7 e diam
Weight, ke 8.9 3.0 19.7 2.2
Specific impulse,
see 2,000 5,000 $,000 5,000
Thrust, newtons | 46.023 0.0633 0.5 0.026
Iet power, kw 1.8 0.8 22.9 0.7
Yon current, amp i 0.2 0.27 22 0.4
Fig. 7-24 Cesium electron bombardment engines of various sizes up to 1 kw. soviree: W. R. Mickelsen, Future Trends in Electric Propulsion, A7TA4 Paper

{Electro-Cptical Systems, Inc., Pasadena, Calif., & subsidiary of Xerox Corporation. ) G6-545, 1066,
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effective energy expenditure for lonization. This degradation of eff-
cieney is more pronounced in the cesium contact thrusters than in the
bombardment devices. Compensating this is a superiority of contagt
sorrees in eurrent density capability and restraint of newtral particle
emission, but these in turn are compromised somewhai by the higher
charge-exchange cross section of cesium, which aggravates electrode
sputtering problems. Also inherent in cesium devices is o more complex
storage and feed system for the highly corrosive propeliant, and greater
tendency to surface contamination and high voltage arc breakdowns in
the accelerating chamber.

Fig, 7-26 Césium cé'nta{:t ion enging: thrust 20.0% nawton with 2 zero-g propel-
lant feed system. (Electro-Optical Systerns, Inc., 2 subsidiary of Xerpx Corpaiation.)
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?ié. 7.27° A& ning-engine M0-kw array of electron bombardment thrust-
ers. (NASA-Lewis Research Canter, Claveland, Ohio.) ’
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Fig, 7-28 Comparison of efficiency vs. 20 “
specific impulse for various typicat ion - : -
thrusters. {(From &. ® Brewer, Current o S IS WU TN NN S N O
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Status of lon Engine Development, AfAA

Paper 66-564, 1966.)

Spacitic imoulse, 10% sag




155 ELECTRICAL ACCELERATION OF GASES
725 EANIN S T T S E— T

= \

E’% 20 \\ Cesium

= T contoct

i; Cesium /(\\\A/

& tembordment

% oo -

Z

=

o Marcury

= ok bomberdment

S {15om diom.onode) s, N

& -

z 5 Miescury )‘\‘ Fig, 7-29 Effeclive specitic mass of ion

E i Bombardrmgnt thruster systems for primary propulsion,

= (30 em dinm. srode) including power plant, power conditioning,

breobusdindd ! et controls, and propellant tankage. (From

0 2 4 & g 10 W. A, Mickelsen, Future Trends in Electric Pro.
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The ion thruster concept has been implemented over several orders
of magnitude of total thrust, {rom microthrusters yielding 107% newien
to large modular arrays of thrusters capable of almost 1 newton.  Thig
versatility is achieved primarily by parallel ganging of smaller thruster
maodules and does nof, of course, obviaie the fundamental bound en
thrust density imposed by the space-charge limited ion flux.  Indeed,
it is this inherent limit which may become the most serious problem in the
application of ion thrusters to high-power primary propulsion in the
meegawatt range {Prob, 7.7}3.¢

1-7 FIRST FLIGHT TEST

On July 20, 1964, a four-stage Scout rocket was launched from the NASA
facility at Wallops Island, Va., bearing aloft the SERT I (Space Electric
Rocket Test) spacecraft.  For 47 min the spaceeraft followed a ballistic
trajectory over the Atlantic Ocean, providing two ion thrusters mounted
o1 if an opportunity to function in the space environment.  One of these,
a cesium contact ion thruster, was unable to operate because of a high
voltage short cirenit.  The other, a mercury elestron bombardment ion
thruster, operated for over 31 min, thereby qualifying as the first success-
ful electric space thruster of any kind.

The announced primary purpose of this flight test was to verify that
ihe ion exhaust beam eould indeed be neutralized in space.  Secondary
objectives included a search for any unforeseen difficulties in space spera-
tion of the thruster, including difficuliies in radio communication with
the lon-propelied spacecraft and study of any differences in space per-

: However, preliminary studies with a very large single-module eleeiron bombardment
thruster have recently been reported by the NASA-Lewis Research Center. (8. Naka-
nishi and B, V., Pawlik, Experimental Investigation of o 1.5 Meter Diamster Kaulman
Thruster, ATAA Electric Propulsion and Plasmadynanics Conference, Colorado Springs,
Colo., Sept. 11-13, 1867, paper 67-725.)
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formance. Fhe primary purpose—the check on effective beam neutrali-
sation—was to be determined by monitoring the thrust produced by the
ion beams.

The #Hight test had been preceded by a lengthy period of design,
development, and ground testing of the spacecraft, including the actual
thrusters, power supplies, and telemetry components. This stady cul-
minated in 4 series of flight simulation tests in which the entire SERT
capsule was mounted in s large vacuum tank, to provide a basis for com-
purison of space results.

Figures 7-30 and 7-31 show a photograph and schematic electrical
dingram of the successful thraster, developed at the NASA Lewis Regearch

LW 1 BABARA
Distributer

Fig. 7-30 Sectioned view of SERT | electron bombardment
ihruster. {NASA-Lewis Research Center, Cleveland, Ohio)

Center [32]. Details of its operation on the SERT flight are presented
inseveral NASA reports [67-69]. Briefly, the mercury propellant vaper
was prepared in an electrically heated boiler maintained at about 4507k
by a 10-walt ac heater. The magnetie field for the ionization chamber,
supplied by an external helical coil, was about 0.003 walt/m?, and the
discharge potentisl was about 45 volts.  An accelerating potential of
4,500 volts was applied betiveen the sereen and accelerator grids, followed
by a virtual deceleration -sta.ge of 2,000 volts established by the neu-
tralizer, which was maintained at spacecraft ground. The neutralizer
wag o simple tantalum filament projecting partially into the beam and
clectrically heated to a temperature sufficient to supply the required
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+l - Fig. 731 Electrical schematic of SERT 4
iffz ‘E‘_I TVN thruster. {From R. J. Cybulski et al., Results
from SERT I lon Rocket Flight Test, NASA
“—E—' FTech. Mote 2718, March, 1965.)

space-charge limited electron current. The entire body of the thruster
was surrounded by a shield grid #o deter electron backstreaming from the
neutralizer,

The prime power sourze for the thruster was a 56-volt battery pack
which drove transistorized high voltage supplies. These were appro-
priately regulated, and contained current overload sensors which turned
off all outputs in the event of high voltage arcing in the thruster.

In flight, the thrust of the ion engine was determined by allowing it
to alter the spin rate of the spacecraft. Fach engine was mounted ofi
axis in the capsule and aligned to thrust tangentially. The spacecralt
was initially spin-stabilized at 85 rpm, and by the thrust of the one ol
engine over about a 30-min period, this rotation was increased to 94 rpm.
The capsule contained three independent devices for monitoring the
change in spin rate: two photovoitaie solar-cell devices, each with its
own telemetry link to ground-based electronie counters, followed the
rotation of the eapsule with respeet to the sun; in addition, a sensitive
accelerometer was mounted in a radial direction in the capsule to sense
sngular motion dynamically.

In addition fo the thrust-measuring instrumentation, the space-
eraft contained other devices to study particular aspects of the engine
operation, All pertinent voltages and currents and the vaporizer tem-
perature were monitored continuously throughout the flight. A hot-wire
calorimeter probe [70} was suspended so that it could be swung through
the jon beam 18 em aft of the accelerator electrede to provide contours of
beam power density. A rotating-vane electric field meter was mounted
in the capsule to search {or electrostatic felds exterior to the thruster.
Figure 7-32 iliustrates some details of the eapsule assembly.

From these measurements it was found that the engine did develop
thrust, at a level corresponding to complete beam neutralization, with the
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Fig. 7-12 SERT | fight-model spacecraft. (NASA-Lews Ressaréh
Center, Claveland, Ohio.}

simple neutralizing filament biased over & wide range of potentials relative
to the spacecraft shield, Spin-sensor data indicated that the engine
prodiced thrusis of about (.02 newton (0.0045 lb) with the neutralizer
on.  With the neutralizer switched off, the ion current was collected by
the accelerating electrode, thereby overloading and interrupting the
power supply. The measured neutralizer current agreed well with the
measured jon current. When the ion beam was turned off, the neu-
tralizer current also dropped to zero. These observations, dlcmg with
those of the beam-spreading contours and potential profiles, agreed with
those found in ground-based vacuum tank tests of the same type, to
within the modest sensitivity of the space flight instrumentation, thereby
implying that significant neutralization experiments are possible in ground
facilities. By way of additional information, the test revealed that there
wis no interference with the radio communication with the spacecraft
and that there was little tendeney for the spacecraft to ;}1‘@0855 about any
axis other than its major spin axis,

Other flight tests of electric thrusters im"ve sinee followed SERT I
and will continue to follow this event in steady succession. Different
types of thrusters will be exercised; more elaborate instrumentation will
be provided; eventually, the thrusters will perform useful functions.
Although these Iater resulis will supersede those just described, the his-
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torical, political, and psychological values of the SERT I sucoess establish
it as a milepost in the development of electric propulsion.

-8 HEAVY-PARTICLE ACCELERATORS

Certain of the fundamental limitations on the performance of electrostatic
thirusters diseussed in Sec. 7-1 ean be relieved by the use of ions of large
mass-to-charge ratio. The advantages of heavy-ion acceleration may
be expressed in varicus ways, depending on the most stringent prevailing
timnitation for the particular application.  Tor example, if it is the relative
energy expenditure por fon created [Fq. {7-13)] which linuts the utility
of a given accelerator, this ratio can be improved by accelernting a much
heavier ion, of roughly the same effective lonization energy. I acceler
ated to the same final veloeity, this heavy lon will possess exhaust kinetie
energy larger by the mass ratio. Alternabively, if it is an excessive
exhaust speed which limits the applicability of the accelerator, this elearly
can be reduced by using the heavier ion in the same accelerating field
[Bq. {(7-9)]. In a broader sense, if a given accelerator could generate and
accelerate &' range of various mass-to-charge ions, it would quahfy asa
variable specific impulse thruster, and this degree of freedom would con-
siclerably enhance its overall mission performance {7].

Turther review of the relations and arguments of See. 7-1 provide s
general image of o heavy-ion accelerator which involves lower curreni
densities, Inrger electrode gaps, lower exhaust speeds, less energy expendi-
ture per lon, and larger aceelerating voltages than its atomic-ion counter-
part operated at the same input power.  All these features, save the last,
arein its favor. The tendency to higher accelerating potentials (but not
necessarily higher electrie fields) will pose a new limit on attainable per-
formance, but probably not below the range of 10°% volts. With this
empirical limit, the interesting range of heavy ions is seen to lie between
10% and 10° atomie mass units per electronic charge (amu/e) (Prob. 7-8).

Despite their obvious electrodynamical advantages, heavy-particle
aceelerators have heen very slow to develop. The essential problem is
the preparation of appropriate mass ions in sufficiens quantity at adeguate
propellant utilization ratios and having sufficiently uniform mass-to-
charge ratio.  The two classes of particles most evidently available are
the macromolecules and colloids. No satisfactory means of preparation
of the former have yet been displayed. Several methods for preparing
charged colloids have been established, all of which tend to produce 2
rather broad speetrum of mass-to-charge fons, of magnitade somewhat
higher than optimum for electrostatic thrusters.

Flectric spraying,  Under certain eireumstances, fluid particles emit-
ted from a simple “atomizer” noszle will carry a net electrostatic chargg,
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probably acquired by a triboelectric process at the nozzle tip,  The elec-
wrification process is greatly enhanced if the fuid is extracted from a hol-
low needle tip by application of a strong axial cleciric feld. Here the
charging process i mere lkely a combination of dielegtrophoresis, or
polarization of the incipient droplet, followed by rupture of the droplet
into two portions of net charge, one of which remains on the tip.  Both
condueting and dielectric Huids can be charged in this manner, although
the eharacteristics of the resulting fon streams differ considerably.,  The
metatlic ion particles tend to be excessively large; the dieleetrie droplets
an be formed in uselully small sizes, but the rate of droplet emission from
s given needle tip is very low, thereby limiting the effective ion beam cur-
vent {71,721 Slightly eonducting mixtures may provide the best com-
promise.  Reference 73 quotes a value of about 7 pamp per needle for
glyeerol doped with sutfurie acid to o resistivity of 30 ehmem, yielding an
M /i spectrum centered around 5 X 104 amu/e.

Vapor condensation. A stream of supersaturated vapor may be
eaused to condense in an appropriately contoured supersonic nozzle or by
passing through a condensation shoek wave. The condensation follows
the familiar particle-nueleation process, and the rate and range of final
particle sizes may be controlied by the flow conditions in the stream,  The’
eolloidal particles thus preparved may then be ifonized by electron bom-
hardment from a thermionie gun or by eleetron attachment in a corona
discharge.  Colloids of mercurous chloride, mercuric chloride, alumintm
chloride, and other halides have been prepared in this manner. A broad
spectrum of mass-to-charge ratios Is again observed, but values as low ds
16* amu/e have heen obtained. Unfortunately, the mass utilization
cfficiency scems inherently poor {74},

Ton nucleaison.  1f the supersaturated vapor stream is first partially
ionized, either photoelectrieally or in a discharge or electron beam, the
ions will act as agglomeration nuclel, and some condensation will proceed
about them even in the absense of cooling or condensation shoeks.
Application of a retarding electric field at some point in the stream slows
the lon motion and allows more time for particle growth,  The heaviest,
mass-to-charge particles thus formed will progress farthest against ths
field, and thereby may be selectively extrauteé

Surface condensation. Under proper condiﬁ;icns, a stréam of super-
saturated vapor will agglomerate on a solid surface. Application of a
strong electrie field normal to that surface can then polarize the condensed .
particles and extract them bearing a net charge.  Theion current density :
attainable by this teshnique again seems to be fundamentally restricted
to very low levels by the polarization rates of the individual droplets,
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Preformed particles.  Bolid particles of the desived size have been
prepared by various agglomeration processes, and subsequently lonized
bw electron bombardment [75].  The agglomeration may foliow & vapesi-
zaation of a bulk solid or result from chemieal reachion of two gases or
figuids. Preparation of satisfactory solid colloids by the grinding or
fracturing of larger particles has not yet been achieved, although the
uitimate desirability of sueh a technigue is evident. Inferest in solid
colloids is enhanced by the prospect of spacecraft refueling with planetary
or lunar surface material, booster upper-stage tankage, or biowastes from
the crew, which would then be rendered in an on-board “colloid mifl” {5),

It seems highly probable that other, superior means of cbtaining
ionized eolloid streams will ultimately be found {76-74]. Regardless of
the specific means of preparation, certain general electrical and mechanical
limitations restrict the attainable mass-to-charge ratio of particles of
given material and size. In particular, the particle must possess ade-
quate structural strength to withstand the forees of eleetrostatic repulsion
of its own charges tending to rupture it, and its seli-electrostatic field
mzust not be high enough to cause feld emission of electrons or ions from
its surface, The structural strength of a liquid droplet lies in its surface
tension, and the minimum mass-to-charge ratio thus scales as particle
radius to the 3¢ power (Prob. 7-9; [1]}:

%{ = Apotirt . {7-33
where p = lguid density
o, = surface tension
A, = a dimensional coefhicient
For solids, the strength is reflected by the bulk modulus 8, and the mini-
mum 3 /q is Hnear in particle radius:
. r . |
T = Ageftr _ {7-34)

The restriction on field emission of ious or electrons from the particle

surface also yields a linear relation between A7 /¢ and radius;
A > Azpr (7-35)
g B R
where E is the limiting field strength for surface emission, perhaps 107
volts/m for electrons from a negative particle and 10'® volts/m for ions
from a positive particle.
_ The essence of the above relations is simply that one cannot create
colloids of the desired low A7 /¢ by loading many charge units onto indis-
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criminately large particles. Rather, one is restricted for reasons of
structural strength and surface emission to rather small sizes. For
particles having M /g in the range of 10% amu/e, for example, the struc-
tural limit on particle radius is in the range of 1072 to 10-% 4, and the
clectron-emission limit even shightly lower. This is at best o few tens of
atomic dimensions.

To summarize, then, the concept of colloid acceleration holds promise
of extending the useful range of electrostatic propulsion to higher thrust
power densities, lower exhaust velooities, and variable specific impulse
devices snd of utilizing readily awailable waste materials as propellants,
To do so, certain formidable problems in the efficient preparation of suf-
ficiently uniform and intense heavy-ion beams must first be solved, and
subsequently the necessary modifications in accelerating eclsetrode and
neutralizing arrangements must be implemented,

PROBLEMS

#1. Show that the current density appearing in Eq. (7-3) is indeed maximized by
setting {dV /dz)e = 0.

7.2, Derive the thrust density relation (7-8) by compuling the net foree exerteé by .
the electrostatic feld on the two electrodes,

73, What size power plant will be needed to drive the one-dimensional breakdown‘ '
limited cestum thruster discussed in See. 7-1 if its accelerating gap is 0.005m
and its beam cross section is (L01 m?*? If the specific mass of this power
plant is 10 kg/kw, what s the maximum attainable aLLeicmtmn of a space-
eraft propelled by this thruster? .

7.4, Compube the thrust per unit area, beam power per unit :tre'l éxhaust spead, and
current density for a one-dimensional accelerator which applies 10,000 volts
aeross 2 0.01-m gap to a beam of atornic hydrogen jons. X a power plant of
100 kw ig available, of specific mass 10 kg/kw, what meximum scceleration
might be achieved by a spacecraft using this thruster?

15, Estimate the mean frec pmth for electron-ion mofentum-transfer colhsmns in
the exhaust beam of a cesinm ion engine operating at thrust density of 100
newtons/m? and exhaust speed of 10° m/sec. )

7. Compute the beam power required to achieve n thrust of 10 newtons with a
mercury bombardment engine, using » single acceleration potential of 10,000
volts, If o deceleration stage is added, reducing the net potential diference.
te 3,000 volts, what beam power is needed to produce the same thrust? If
electrode gaps can be no less than 0005 m, what is the maximum current
density and minimum jet cross section in each case? :

7.7, Estimate the total beam cross section for & meréury bnmbardmmt thmster :
producing 1 newton of thrust at 5,000-see specific impulse. What would be this
area for an 80 percent efficient thruster of the same 7, consuming 10 megawaita
of glectric power? Discuss the problems of constructing and operating such
a thruster, .

78, “Design” n 3, {}O(}—sec wllmd thruster, using isns of 105 amu/e. Spéacifically,
what elecirode voltages and spacing do you suggest?

78, Justify Egs. {(7-33) o (7-35).
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8
Electromagnetic Acceleration—

Steady Flow

We come now to the third mejor class of electric propuision mechanism: the
acceleration of a body of icnized gas by the interaction of currents driven through
the gas with magnetic fislds established either by those currents or by externat
means. We have seen how such interactions can constrict a high current arc
column i an electrothermal devica, how they can contain an ionization discharge
in an electron bombardment engine, and how they can direct an exhaust beam in a
magnetic expansion thruster. We shall now examine the application of simiiar
magnetic interactions for the direct acceleration of ionized gas flows.

In comparison with pure electrathermal and electrostatic mechanisms,
electromagnetic interactions are phenomensiogically more complex, analytically
less tractable, and technologicatly more difficult to implement, and hence have
lzgged in their engineering application. As we shall see, however, they hold
promise of providing 2 combination of high exhaust velocities with high mass flows,
arid thus justify serious consideration for prime space propulsion.
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3.1 CLASSIFICATION OF ELECTROMAGNETIC ACCELERATORS

T illustrate the electromagnetie accelerntion concept in its simplest form,
consider a How of ionized gas which is subjected to an electric field B and
o magnetic field B, perpendicular to each other and to the gas velocity
u (Fig. 8-1). Tf the gas has a scalar conductivity o, a current density

LLLLiLid : /
u E .
e Tﬁ P ]
J—— fg=juB
B

Fig, 8-1 Elementary electromagnetic
accelerator.

j=ofE 4 ux B} will flow through it, parallel to B, and will interact
with the magnetic field B to provide a distributed body force density
fz = i ¥ B, in the streamwise direction i, which will accelerate the gas.

Trom a particle point of view, the process may be pictured in terms
of the mean trajectories of the current-carrying electrons, which, in
attempting to follow the applied eleciric field, are turned in the stream
divection by the magnetic fleld. The streamwise momentum thus
sequired by the electrons is transmitied to the bulk of the gas by collisions
with the heavy particles or by microscopie polarization fields (Fig. 8-2).
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Fig., 82 Transfer of magnetic body B (\

farce to gas siream by electron colii-
sions, / ! 4

Ir sither representation, note that although it is the electric field which
imparts the energy to the gas stream, n¢ macroscopic net space charge is
involved in the establishment of the body foree, and thus there is no
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fundamental space-charge himitation on the mass fow density like that
grising in pure electrostatic accelerators. Because they use a quasi-
newutral ionized gas as a working fluid, devices of this class are often called
plasma thrusters.

Physically, there are many ways to establish such interacting cur-
rents and magnetic flelds in an jounized gas flow, in terms of which a
subclassification of the family of electromagnetic accelerators may be
made.  First, one may distinguish between completely steady interactions
wherein the current density patterns in the gas, the magnetic field, the
flow velocity, and the thermodynamic properties of the gas remasin con-
stant in time at every peint, and pulsed interactions wherein these ele.
ments undergo vigorous pulsations in time. In the former category, one
then may further distinguish betwesn the application of external magnetic
fiekds and the use of the fields generated by the current patterns in the
gas and its driving civeuit. Pulsed acceleration alse subdivides further
into the series-coupled mode, wherein the discharge current passes directly
through the gas between electrodes in contact with the gas, and induetively
eoupled modes, wherein currents are induced in the gas in response to
primary current pulses or oscillations flowing in a closed eircuit entirely
external to the gas. The extremes of steady and pulsed operation ae
bridged by a third sype of interaction, traveling wave acceleration, wherein
an external array of programmed eurrents generate a continuous electro-
magnetie wave which propagates through the ionized gas, sweeping it
along by interaction of the wave train with currents it induces in the gas.

Superimposed on this temporal subdivision of the phenomens are a
variety of practical alternatives for electrode, channel, and feld geome-
tries; gas type and density; means of ionization of the gas; and operational
details of insulation, switching, gas injection, ete., whieh distinguish
particular deviees. Table 8-1 displays some of the possible modes of
electromagnetic acceleration which have been studied for possible propul-
sion application,

In the following sections of this chapter we shall examine the
phyysical characieristics of the steady electromagnetic, or plasma, aceelers-
tors.  Pulsed and traveling wave interactions will be discussed in Chap. 9.

8-2 MAGHNETOGASDYNAMIC CHANNEL FLOW

Flectromagnetic acceleration processes embody interfocking aspeets of
compressible gasdynamics, ionized gaz physies, electromagnetic field
theory, and particle electrodynamics, the individual analytical complexity
of each of which contributes te formidable difficulties in adequate theoreti-
cal representation of the composite problems.  Analytical progress nor-
mally follows only after incisive choice of grossly simplified models which
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Tabie 8-1 Classification of slectromagnetic accelerators

Time senle of

. N Steady Pulsed Traveling wave
interaction

Louree Bsternal .

Douree Of, o Self- Seli-induced Coil sequence or

sbie ~ails or . 18 3 . X

magnetic o indueed = transmission line
feld magnets

{onization Exterpal | Internal Internal External or internal

o - . Radio-frequenc
Primary cu Direet current supply Capacitor bank ! 4 v

rent source supply
Discharge ‘
coupling Direct Direet | Inductive Inductive
to eireuit
Pure gas;
Vapor-
Working fluid Pure or seeded gas ized Pure gas Pure gas
tiquid or
golid

axis Thets .
Coaxial, Tcta Rectangular, eylin-

Rectangular or pineh, pineh, drical. conxial:
Channel coaxial; constant or parallel conical const:;nt or '
geomebry variable cross radl, pinch, variable eross
gection ahlating | loop .
. section
plug industor

i tant
Oihelr d‘u:t.m Internal or external Cons‘ an et
guishing Lorentz or Hall mode r variable phase
switceh )
features velogity

retain only the essential physical aspects of the specific situations under
study,  Asexamples, the dominant characteristics of various low density
steady accelerators can be deseribed on the basis of charged-particle orbit
theory like that discussed in Sec. 5-1; for certain pulsed piasma thrusters
the entire body of gas to be nccelerated may be represented as a constant
mass, vet movabie, element of a conventional electrie civeult {(slug model);
most traveling wave accelerators are best approached in terms of the
behavior of the propagating electromagnetic fleld patterns; ete. In esch
case, empirical observation or intuitive logic must precede the mathemasi-
cal formulation. o

Probably the most broadly useful approach to electromagnetic
acceleration, however, is that of magnetogasdynamics, wherein one regards
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the lonized gas medium as a continuum fluid whose physical properties
may be adequately described by a sel of bulk parameters and whose
dynamical behavior may be represented by an appropriste set of con.
tinuum conservation relations.  Specifically, one adds to the conventional
fhuid transport parameters of viscosity and thermal conductivity a bulk
electrieal conductivity, whose relation to the particle properties of the g%
under various circumstances has been diseussed in Chap. 5. One thep
imcludes an electromagnetic body [orce in the usual gasdynamic equation
of motion, allows for electric energy input in the energy relation, and
appropriately modifies the equation of state and calovic relation 4o allow
for ionization effects.  The set then is closed by statement, of Maxwell's
equations and suitable constitutive relations, including an Ohm's law.
Dretalled development of this system of magnetogasdynamis equations is
well presented in many texts devoted primaily te this subject 11-8}.
In the notation we shall employ, these relations are expressed in the
following forms.

Conservation of mass:

é
SV (o) = 0 (8-1)
Equation of motion:
du .
p(g+u'Vu>xva+(;xB)+h (8-2)
Energy balance:
e Lo WY dp
p(gf%u V)(cpf + 2>w 2 T ET et d—oé (83

Here p, p, ¢,y and T are the pressure, density, specifie heat, and absolute
temperature of the gas, respectively; u is the flow velocity: j, E, and B
are the cwrrent density and electric and magnetic induction fields. The
symbols f,, ¢, ¢., and ¢, represent the net viscous body foree density, the
net thermal inpué by conduction processes, the net viscous dissipation,
and the net radiant energy loss per unit volume, ali of which will be
negiected in the example applications to follow.

The appearance of j X B as the electromagnetic body force in the
eguation of motion is self-evident. Less so, perhaps, is the representation
of the rate of total electric energy input asj - E, with an explicit absence
of B from the energy equation. Aectually, i - E embodies both a dissipa-
tive, or Joule-heating, component and a useful work component, the latter
identical with the scalar product of the electromagnetic body force with
the stream velocity (Preb. 8-2),
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The conservation relations must be supported by an eguation of

state,
p = plp, T} (8-4)

a caloric expression relating the specific heat or the specific enthalpy of
the medium te its other thermodynamic properties,

cplp, T) : (8-5)
e, T {8-6)

it

Cp

b

i

and the necessary transport coefficients of electrical conduetivity, vis-
cosity, thermal conductivity, and radiation,

= g(p,T,I1,B) (8-7)
v = e, T,E,B) (8-8)

&
|

where all these may be tensors, but all except ¢ participate only in £,
&1, v, a0 ¢, which we are henceforth neglecting,
Only three of Maxwell’s relations are strictly needed;

9B _
VXE = T : (8“9)
TXxH=j . o (8-10)
veB=0 . . (8-11)

In accordance with the quasi-neutral assumption, the free charge density
which is the source of I does not contribute significantly to the dynamical |
problem {note that no term §E appears in (8-2)].  If § is desired, it may .be
computed after the dynamical problem has been solved, from the remain-".
ing Maxwell relation: - e
7D =g o (8-12)
Finaliy, three electromagnetic constitutive relasions must be speci-
fied, two of which are almost always assignable their vacuum values:

D = ¢ . o (813),
B=pH & . (818

The Ohm’s law, however, 43 shown in Chap. b, is moere cumbersome; and
can be writéen in various forms. Here we display it as a vector equation,

j=oE+uxB +intk . (818)
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where i and j; are possible contributions from Hall current and ion slip,
1 be discussed later, and all unsteady terms and species gradient terms
have been omitted for our applications (1,2}

The system of relations (8-1) to (8-15) can be considerably reduced
bw ellminating several of the variables (Prob. 8-3).  We shall leave them
in this form, however, for application to the special problems to follow.

§-3 IDEAL STEADY FLOW ACCELERATION

Armed with the magnetogasdynamie relations, let us approach a particy.
laxly simple electromagnetie aceelerator—a one-dimensional steady chan-
nel flow of an ideal gas with scalar conductivity—{or the purpose of
exploring some of the characteristic processes and estimating the range of
performance attainable by this class of device.  As shown in Fig. 8-3, let
a channel formed by two conducting walls and two insulating walls con-
tain a stream of lonized gas w{z), across which are applied electiic and
magnetic fields #(x} and B(z) in the y and 2 divections, respectively,

-}
[ %V [——
SERF WS TH)
B T Rsamassescses ol
o
P
P X s ]
P Blx} :
J— 4 JROUN S
G
BN
(o)
%
\‘\{\\

5

[

Mognet

tromagnetic acealerator.

Fig. 8-3 Onea-dimensional steady elec-
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e shall specifly that the maguetic field generated by the current Howing
in the gas is negligible compared with the applied B(x), thereby separating
the electromagnetic field relations (8-8) to (8-12) from the dynamics of
the problem.  Under these assumptions (8-1) to (8-8) reduee to the much
simpler set

pit = F = const {(8-16}

du _ dp
pus = kB (8-17)

d - ! o

u (cpz + l;) = jE (518)
i = oll — uB) (B-19)
p = BT (8-20)
o= cip,T) (8-21)

1i ¢, is presumed constant, consistent with the ideal gas assumption, this
set of six relations contains eight variables; hence two must be specified
in advance, for example, £{x), B(x) or u(z), p(x), along with the inlet or
outlet eonditions on the others. o '
Although no general analyiie solutions to this Gne-duneuamzmi plob—
lem have been achieved, several special cases may be reduced to closed
form, e.g., adiabatie flows, isothermal flows, constant applied fields, ete.
As an illustration, consider the family of isothermal flows, dT/dz = 0, for
which the equation of motion and energy equation combine to yield .

Bt (p ey | o
F L ¢ (I dt) . {8-22) .

where £ = E/B. Noting tﬁuﬁ_

dp _ ppde _ _pppldu
dx = Rl ds FRT u?

F and du/dz drop out of (8-22), and we are left with the necessary relation
boetween w and £ along the channel:

£ oM (8 ‘)f.;::}-
T W BT -
The quantity (R7)* is the isothermal sound speed of the mediuny, which
we hereafter denote by op. Note that £ has a singularity at w = ar;
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belew which it hecomes negative.  Weshall avoid this difficalty by requir-
ing supersonic inlet velocities, ug > ap.
Returning to the energy equation once again, we write

Iugg = gl (1 - %) = ¢BHE — uk) (8-24)

where the choice of form of the right-hand side depends on the selection
of the remaining constraint available to us, Insertion of (8-23) in the
first form of (8-24) yields

Fys f% = oEtart (8-25)

which ean be integrated immediately if we prescribe o 8% constant along
the channel. The result may be set in dimensionless form:

* oB'L far\t 1 K
y¥ = [l + 4 Furgt (M) T {8-28)

where u* = u/u, L 15 the channel length, and z* = /L is the dimension-
tess coordinate.  If, instead, we preseribe o B2 constant along the channel
and use (8-23) in the second form of (3-24, the energy equation becomes

P papa W 97
P = oBart o (8-27)

Here we must integrate term by term and leave the result in transcendental
form:

[u' e o . ar\? “izx@:j}‘* P
<G7’) {(u 1}y ~4lnwu —%—(ua) [i (u*)} 2 72 (8-28}

The hybrid constraing, o ZB = const, leads in similar fashion to the result

BN w1y ar — 1) = 3 OB 9
<aT> W = 1) =3 — 1) = 3% (8-29)

A particularly simple solution is available under the constraint of constant
power input per unit length of channel, j& = P,

> 34
ut = (1 Lo Ik *) (8-30)

Fu.;ém

Note that while a constant electric field, 4E/dx = 0, is a legitimate special
case of (8-26), and likewise dB/dx = U for {8-28), simultanecus require-
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ment of dE/de = dB/dy = 0in (8-29), or dj/dz = dE/dx = 0 in (8-30},
would overspecify the problem in view of the constraint already imposed
on % by the isothermal assumption (8-23).

Once u(z) 1s found from (8-26), (8-28), (8-29), or (8-30), p{z) follows
from the gas law and continuity requirement:

- FCLT2
w

P (8-31)

and £(z) may be eomputed from (8-23).

The dimensionless ratio e 3L/ F appearing in {8-28) is characteristic
of problems of this sort, and will be referred to as the magnetic interaction
parameter 8. The ratios e B2/ Fus® in (8-26), o EBL/ Fuy in (8-20), and
PL/Fug® in (8-30) are quite similar to 1t in the sense that all reflect the
ratio of the magnetic body foree to the gas inertia, and thus are indicative
of the intensity of the electromagnetic interaction. TFigure 8-4 displays

30

25 ///

/
___‘—-"’-’M-—-

5 £ = canst

—

ax

Fig. B4 Veiocity profiles along one-dimensional isothermat accelerator under various
field constraints,

the four solutions (8-26}, (8-28), (8-29), and (3-30) as functions of these
interaction parameters for an inlet veloeity slightly above ap.  The most
noiable feature of these solutions is the rather weak dependence of u* on
Sx*, which must be a consequence of the isothermal constraint on the
constant area flow. To achieve more vigorous aceeleration, one or both’
of these constraints must be relieved, '
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One might consider replacing the isothermal assumption by an adia-
batie requirement, p/p7 = const, and indeed special solutions can thereby
be obtained [1]. However, this assumption logically also demands an
infinite electrical conductivity to preclude electrical heating of the flow,
a rather inappropriate deseription for the modest temperature gas flows
which a real channel could tolerate,

1f no thermodynamic route is prescribed for the flow, one Is free to
specify both of the applied field profiles, £(x) and E(z), but this elass of
problem tends to an algebraic complexity which may obscure the physical

behavior. Even the special case of constant fields becomes somewhat
ponderous. Persisting with the ideal gas assumnption, we make use of the

gas constant, B = ¢, — ¢,, and the adiabatic exponent, v = Cof Cay 101 the
equation of state, thereby eliminating the lemperature from the problem:

v p__ @ M
ol = -1 0= = (8-32)

where ¢ is now the adiabatic sound speed (vET)¥. Using this substitu-
tion, the Ohm's law (8-19), and the continuity condition in the form

o(du/dey = —uldp/dx), the equation of motion and energy equation
become two simulianesus relations in du/ds and dp/da:
Jdu o dp . e
F il + s{E — uB)B {8-33)
LAY O A f’u—w = o(F — uB)E (8-34)
v -1 U dx tf.L

" Elimninating o{8B — uB) from these leads directly to an integral condition
on the fow,

pu + —u"" — HFu+p) =X {8-35)

1

where the constant X is simply the left-hand side evaluated at the inlet,
or at the maximum velocity which can be obtained, w = £

¥ = 1 Datég + = UQ - E(Fﬁg + fpn) = '""E—E—E** - ”"i'f—' (8—36)

To obtain u(x}, dp/dr is computed as a function of u from (8-35) and
substituted into (8-33), which may then be rearranged and integrated to
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the imposing form

Yy =3) e oy L
[w“{; mmmmm R {1 + 3
Uy
S PSP [ TR
5 (v — 1) ? LEJ i . i
1 £

CAC R ! ud vl
+ [571 1% {i T [2 tTET 1)&-%2} .ez} “"“ﬁ“}

{ Bt 1)
YA
(l To1E ><1 T1E

Ly ug
(v - 1)2 E “
t ¥ =
where M, debotes the infet Mach number uy/a..  The profile of u* tends
to be sensitive to the cholee of wy/¢, and indeed can become double~
valued or bounded by an asymptote at [(y ~ 1)/¥1E/ue i ug/ £ is cliosen:
injudicicusly. Only very special combinations of inlet conditions and £
will produce a smooth acceleration to the terminal velocity, u = §
(Prob. 8-4.

These restrictions ot the available aceeleration routes will become
more evident if we adopt a slightly different approach to the problem which
will also permit us to examine gertain variable #{x), B(z) solutions [7]
Returning to the momentum and energy relations in the forms of (8-33)
and {8-34), let us now eliminate dp/dx and solve for du/dx:

= fz* (837)

du  o(B — uB){E — [v/(y — DB} ©:38)

de ~ o [v/(y = Dllp — pud)
orin terms of the fow Mach nﬁfnber, M o= ufa,
@ oBt 1 RN
& I Mz< O 8-39)

The guantities £ = L’/B and g = {('y — 1)/~]¥ appear to be two char-
acteristic velocities whose magnitudes relative to v will defermine the
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sigra of du/dx. A similar expression may be derived for the streamwise
gradient i the Mach number.
dM  eBY {1 + (v — 1)/2]M3

dx " ap (TE = H—1 (8-40)

where ¢ iz now the conventional sound speed {(vRT)¥, and [ is another
charactenstic veloeity,

1+ vAlf

{ = §W+ e -:iﬁﬁ ki (8‘41)
Note that the signs of the derivatives of w and M are determined by the
pariieular ordering of w with respect to q, £ 7, and {, and are not always
the same. Table 8-2 displays the signs of du/dz and dA{/dx for varicus
regimes of « and A7, Note again that this flow is liable to “choking,”
that is, du/dx can become infinite as Af approaches unity. This can be
precluded only if u reaches the value of £ or pas M — L. On the other
hand, if « atiains the value of £ or 9 at any M other than unity, the flow
will cease to aceelerate,

Table 8-2 Dependence of flow velocity
and Mach number dorivatives on
characteristic velocities

> @ dif
- u dz dz
<f + +
“1 f<u <y + -
p<u <t - -
>t + +
<y - -
7 <u < § + -
Pl rcu<s |+ 1+
>k - -
E y 1
Eo= o -
5 7 - £
1+ A%

RN T

sovrce: E. L. Rester, Jr., and W. B.
Sears, The Prospects for Magneto-
aeradynamies, J. Aderon. Sci., vel. 25,
ro. 4, pp. 235-245, April, 1958,
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This behavior may also be displayed as a graph in the usf plans.
In Fig. 8-5, the horizontal lines w = £ and u = 7 and the vertical line
M = 1 represent barriers to the flow In the sense that it is not possible
to cross them except in very special ways. Tor example, the only self-
consistent continuous acceleration of the gas from subsonic to supersonic

s
©

¢ ;

@ 0]

Llan
b
A
272 ‘
@
|
3] t 2 7

Fig. 8-5 Domalins of velocity and Mach number for one-dimen-
sional magnetogasdynamic flow (& = E/B; » = {{v — /7§
o= {4 M2 4 (v~ DM ). {From E. L. Resfer, Jr., and
W, R, Sears, The Prospects for bagnete-aerodynamics, J. Asron,
Sci., vol. 25, no. 4, pp. 235-245, Aprif, 1858.)

flow is that passing through u = 5, M = 1 from zone@to zone® (srrow
A4). Al other routes reach inconsistencies ai the barriers that physieally
must be resolved by shock waves or other dissipative regions not included
in this analysis. Likewise, there is only one solution for continuous
deceleration from supersonic to subsonic flow, that passing through u = £
M = 1 from zone@tol@(arrow B), This latter route is of only academic
interest for an accelerator since region@represents a domain of extraction
of edergy from the gas (uB > E). For given assignments of E, B, and
#(T p) there is no guarantee that a flow aceelerated from an arbitrary
initial state will pass through the tunnel 4. To do so E(z), B{z), and the
inlet condiftions wounld need to be chosen prudently, Otherwise the bar-
rier problem can be circumvented only by injecting the jonized gas flow
into the accelerator at a supersonic velocity between ¢ and £ . '
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A constant field accelerator confined 2o v < uw < § would be
of little interest for propulsion, since the attainable velocity ratio,
£/n = v/{v — 1), is rather small, However, if one is willing to program
the fields along the channel, the loeal aeseleration can be optimized and
the attainable velocity increment substantially increased. In particular,
it would seems advantageous to retain the product {(u ~ £) {u — 7) atiis
{negative) maximum throughout the flow, namely, at the value

e (8-42)

This produces an optimum local acceleration

du _oBf 1 ! S aBIN( ME
T T = DY Tay =~ D\ J\ A =1
(8-43)

To integrate this relation along the channel, we shall need an algebraic
connection between w and M for the condition (8-42). Dividing (8-39)
by (8-40) yields a differential equation,

du uly — n) .
dM — M{u ~ D1 4 (v — 1}/2]M7 {8-44)
which, upon use of (§-42), integrates to the form
M izt
- 45
= oonst [{27 /v~ 511“2] (8-45)

With this, (8-43) may be integrated fo the desived optimized velocity
profile along the chiannel:

Iy =D v+ 1L v = By 1) [(};.)27“ - 1]} = fr*

2y +1 2y + Dydl® [ \w*
(8-46)
where the interaction parameter here may have the form
.,L ! B2 dx* (347)
,3 = 'F _/G a X -

Figure 8-6 displays the development of u* alonpg the channel for various
inlet Mach numbers, M. Note that, unlike the isothermal profiles
derived earlier, we have here a vigorous acceleration which attains a ten-
fold velocity increase in about two characteristic channel lengths.

Note also that the profiles are relatively insensitive to the inlet
Mach number, particutarly for large M. The corresponding varistion
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Fig. $-8 Development of flow velocity along optimized one-dimensional mag-
netogasdynamic accelerator. (From £ L. Resler, Jr, and W. R. Sears, The
Prospects for Magnete-aerodynarnics, J. Aeron. Sci., vol. 25, no, 4, pp, 235-245, Apeil,
1958.3

in A along the channel follows from (8-45). 1t iz seen that, regardless of
the inlet value My, the Blach number approaches the same asymptotic
value a3 w* increases along the channel:

L /2y N (165 fory =14
M”‘}< {"") ‘"{z.ﬁl for v = 1.67

i

(8-48)

The conyergence to this valueis very rapid; it is nearly complete for w®* = 3.
The physical implication of this iz that cur constant-ares assumption is
constraining much of the energy input to appear as 2 heating of the gas,
with a corresponding increase in the sound speed and lowering of accelera-
tion efficiency {Prob. 8-5). It seems reasonable to expect the performance
of the device to improve i the flow is allowed to expand in a diverging
channel, thereby recovering some of this thermal energy.

A gently varying channel cross section may be intreduced via a
Yquast one-dimensiona!”’ formulation, wherein one rewrites the continuity
relation in the form

pud = F (8-49).

and retains the one-dimensional equation of motion and energy equation
as statements of the mean flow properties at any given axial position .
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By manipulations identical with those above, one finds (8-38) and {(8-40)
modified to the forms

dv 1
PR G T

i

u dfi] (8-50)

«B?

[ w-vw-0 -4 e

The new terms in d4 /dx reflect the familiar gasdynamie result that sub-
sonic flows aceelerate in converging channels, decelerate in diverging chan-
nels, and vice versa for supersonic flows. As suspected, a diverging
channel is seen to increase the acceleration of the supersonic flow we have
just discussed and to reduce the heating of the flow. However, a rigorous
eptimization of A(2}, Bz}, E(z) for given inlet conditions is hardly justi-
fied until many other participating effects are included.

Various alternative appreaches to the expanding-channel problem
can be considered. One may return to the family of isothermal flows
and solve the quast one-dimensional equations for A(z) under other
appropriate constraints, For example, the velocity profile may be con-
strained to the area variation in some convenient functional form, such as
a power law [8-10], or it may be directly expressed in powers of the
channel length {111 If large aren variation is to be considered, the quasi
one-dimensional approximation must be dropped and some form of two-
or three-dimensional representation employed, Perhaps the simplest
cases of this kind are those which can be represented by two-dimensional
source flows, wherein the magnetogasdynamic equations are cast in eylin-
drieal coordinates, and all derivatives in azimuthal angle fand cross-stream
dimension z are neglected.  That is, the flow properties are presumed io
vary only along radial lines extending from a (fictitious} source axis in
the flow. Numerical calculations based on such models confirm the
advantages of rapid channe! expansion to increase the attainable exhavst
speeds for given electrical input [12].

In closing this outline of ideal magnetogasdynamic flows, we might

" attempt some estimate of the limits imposed on the attainable performance
of a steady electromagnetic space thruster by practical operating condi-
tions. From the foregoing examples it appears that the mugnetic infer
action parameter, 8 = oB*L/pu, is the major index of the intensity of the
acceleration process, so it would be instructive to place a limit on the
attainable magnitude of this guantity, Ttis difficult to do this unambigy-
cusly because of the several inferlocking restrictions that must be placed
on the satisfactory operation of such an accelerator. For example:

M _ 1+ [y — 1)/2]M°
de 1 M
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1. The conduetivity of the working fluid is preseribed by iis composition,
density, and temperature; the latter two, in turn, are himited by the
tolerable heat transfer to the channel walls,

2. There are limits to the current density which can be extracted from
material electrodes at given temperatures and local electric field
strengths.

3. The effective electric fleld, £ — uB, must not be so high that the
desired uniform discharge breaks down into discrete are columns.
The critical value of this field is a strong function of gas density and
composition, and possibly of electrode surface eonditions,

4. The strength of the applied magnetic field is limited by the size and
type of magnet which could reasonably be carried in the thruster
package, and clearly is dependent on the channel dimensions,

5. The gas density cannot become so low that cross-field, or Hall, con-
duction dominates the conductivity. This in turn depends on the
applied B field.

6. The channel size must be reasonable for a spaceeraft.

7. The exhaust velocity should be in the desired range for &gace
propulsion. :

To construct o numerical estimate we shall need to presume some of the
results of foliowing sections and introduce certain empirical data.  First,
we are interested in exhaust speeds above 104 m/sec and in channel lengths
of the order of 1 m for a space thruster, Over this dimension we can
probably not provide a B field in excess of 1 weber/m2  Af this field
strength, the gas density should nowhere drop below ahout (.1 of its TP
value, or about 0.1 kg/m?, if Hall currents ate not to become dominant,
As we shall see, it 1s doubtful that gas conduectivities above 1,000 mhos/nu:
can be sustained short of an are discharge, a value that is consistent with
an observed empirical limit on diffuse discharge current densitiés of about
107 amp/m? [j = ¢(F — uB) = suB]. Weare thus led to an upper limit
on 8 of the order of unity, which in the light of our earlier resulis, such as
those shown in Figs. 8«4 and 88, is less than optimum for our purpose.
For flow injection at 107 m/see, for example, we need velocity ratios
from 10 to 50, but these are not readily achievable at 8 = 1, even for
our optimized accelerator (8-46). Injection at higher speed relieves some
of this burden from the electromagnetic stage, but may require a “pre-
seeelerator,” such as an arcjet, to provide the high speed inlet flow at the
required density. Variable-ares accelerators brighten this picture some-
what, but we have not yét considered a variety of gasdynamic and electro-
mqine’mg losses which will detract from the perfolmfmce of the 1dea§12ed :
mo ds
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On the positive side, it should be noted that our mythieal channg
is capable of handiing very large mass flows and thus produces very
high thrust densities. TFor the chosen values, pu® has the value 1
newtons/m?, and thus a 10-cm? chanpel awslts only a suitable space
power plant to impart some 50 megawatts of thrust power o the stream!

8-4 THERMAL ANMD ViSCOUS LOSSES

For purposes of simple illustration of the sealar crossed-feld interaction,
we have so far ignored several complicating physical processes, any one
of which may influence, or even dominate, the flow in a real accelerator.
These consist of certain departures from the assumed patterns of orthop-
nal electromagnetic fields, currents, and gas flow, which will be discussed
in succeeding sections, and of viseous and thermal losses in the body of the
flow and at the channel walls.  One type of thermal loss, the frozen flow
inefficiency, was discussed in the context of electrothermal sceeleration
in Chap. §, but is equally appropriate here. To maintain sufficient elec-
trical conduetivity to carry the required current density, the gas must be
substantially ionized throughout the accelerator duct. To minimize vis-
cous losses, it is desirable t0 exhaust the flow shortly after the acceleration
is completed, but if this is done too sbruptly, ittle of the energy invested
in lonization or in the associnted store of excitation and thermal energy
will be recovered. An exhaust nozzle optimization problem is thus indi-
cated, along with an evident need to employ gases of high molecular weight,
which also exhibit good conductivity at modest temperatures.

Even more serious, however, are the viscous and thermal losses
experienced by the hot gas stream at the duct walls and the associated
distortions of the dynamic and electrical properties of the flow in the
nearby regions. Conventional high speed gas flows in channels are well
known to develop viscous and thermal boundary layers on the walls
which can subtract considerable momentum and energy from the stream
and eause severe departures from the inviscid velocity profile over siguili-
cant portions of the channel cross section, In magnetogasdynamic flows
of the type we are considering, such disturbances in the dynamical proper
ties of the flow will be transeribed into corresponding distortions of the
electrieal properties of the fluid, and thus into further dynamical disturb-
ances. For example, the temperature gradient through a thermal bound-
ary layer will predicate a gradient in the electrical conductivity of thegas,
with corresponding variations in the resistive energy deposition and in the
local electric field, which in turn will reinfluence the dynamical processes
in this region. Near electrode surfaces there are superimposed the addi-
tional disturbanees of anode or cathode sheaths characteristic of any

gasecus discharge. Even on insulator surfaces, boundary conditions or
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dectrie and magnetic field components must be met (Prob. 2.1}, From
all these interacting processes there results a net heat transfer rate which
determines surface erosion, and thereby the maximum free stream fow
temperature, and a viscous skin frietion which is $he dominant dynamical
Juss in most accelerators of this type.

Detailed analysis of the magnetogasdynamic boundary layer prob-
lem would take us too far afield,  Certain limited selutions to it have been
found i13,14] which confirm various intuitively reasonable effects and
pyaluate their relative importance for specific elreumstaness.  Tor exam-
ple, it is found that significant amounts of heat may be liberated within
the houndary laver by resistive dissipation over regions of low condue-
tivity, as well as by conventional viscous dissipation.  From these sources,
sud from $he high temperature free stream, heat is transported to the
wall by the usual fuid conduetion and convection processes, and also by
frec oleetrons, both in conduetion and in field-enhanced diffusion. There
is found to be some increase in electrie field in the boundary layer to
mainéain eurrend continuity over the lower conduetivity region, but this
cfiect is somewhat ameliorated by the reduction in the back emf, u X B,
in the same region. . - _ . _

Quantitative caleulations for such boundary Iayers based on rela-
tively simple free stream flows predict levels of viscous drag and wall
heat flux which are discouraging to the propulsion application of the-
seular crossed-field accelerator.  In the range of operation proposed ear-’
lier, many kilowatés per square centimeter would he transferved fo the
cleetrodes, which thus would have to be vigorously cooled to retain their-
structusl integrity. Unless this could be accomplished regeneratively, a'
luzge fruetion of the electrical energy input would be lost from the stream,
and the effiviency of the device would be correspondingly low. Experi-
mental studies have tended to confirm: this pessimisim.  Devices of this
elass display propensities to serious electrode and insulator erosion which
not only lower their dynamical performance, but complicate their opera~
tion in the senge of contaminating the flow, changing the channel geometry,
and limiting their operational lifetime (Fig. 8-7}. _

It appears that steady high enthalpy magnetogasdynamic accel-
eration, already of marginal propulsion performance in the inviseid ideal-
zation, probably cannot function effectively in channels of small widéh-
to-length aspeet ratio.  For propulsion purposes, we must turs to major
modifications of the original concept. These might include operation in
large aspect ratio; two-dimensional configurations wherein electrode sur-
face is minimized; establishment of some form of magnetic protéction’
for the solid surfaces; use of highly seeded gases and/or noneqailibrium
wenization, which would provide adequate electrical conductivity at lower -
temperatures; conduction in some tensor mode, in which the electrodés
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F'ig, 8-7 Experimenial croésed-ﬁekﬁ acceiératar, using arciet source. Note slectrode eros
siorr and separation of fuminous gases from elecirode surfaces. (AVCO, Space Systems
Division, Wilmington, Mass.}

bear less current density, or unsteady operation, whereby the mean value
of the intermittent wall losses would be more tolerable.  Several of these
possibilities will be examined in the following sections.

8-3 FIELD GEOMETRY CONSIDERATIONS

The second ideslization of the simple accelerator of Bec, 8-3 lies in its
particular assumptions of field and current conduction patterns.  Several
possible fundamental contradietions are ignored in that model, any one
of which may become important in a given real situation. Specifically,
we have violated Maxwell's relations, ignored channel end effects, incon-
sistently neglected temsor conductivity components, and improperly
dropped self-induced magnetic fields! This and the two following sec-
tioms will atiempt to repair some of this distortion.

Early in Sec. 8-2 it was stated that the neglect of self-induced fields
uncoupled Maxwell’s relations from the magnetogasdynamic equations

FLEGTROMAGNETIC ACCELERATION—STEADY FLOW 217

of motion. In point of fact this s only partially true; it still remains to
satisly the field curl relations

3k, ok,

—_— T - w'”‘)
o i {8-52)
ab. B, | . -

T e + iy (5“«)5)

With reference to Fig. 8-3, relation (8-52) implies that the assumption
of an electric field solely 1n the y direction is inconsistent with a variation
of that field along the channel, 8E,/dz, such ag that utilized in cur opti-
mized accelerator [(8-42)].  Although we ave free to set &, = ( at any
oune position, say, on the centerline of the flow, a finite component must
arise at other transverse locations, for example, B, = (4/2)(3K,/azx), at
the walls of & channel of width 4. It then follows from the assumption of
sealar conductivity that corresponding axial components of current exist
off axis, becoming largest at the channel walls.  Since electric fleld and
current dengity vectors must be normal to highly condueting surfaces,
however, we are led to the necessity of a converging or diverging electrode
reometry (Fig. 8-8). This in turn is inconsistent with a strictly one-

e & Q) ;<O §;>O

Fig. 3-8 Electri¢ field curvature and corresponding channel area variation necessitated by
irrotationality of E,

dimensional flow assumption, dd/dry = 0. Telation (8-33) implies s
similar diffieulty with the assumption of B solely in the z direction, even
i the current density j, is regarded as a negligible source.  The import of
our ineonsistencies in this regard is to restrict the validity of the previous
ealeulations to narrow channels and wesk axial gradients in the fields
{(Prob. 8-6).  Other cases must be approached with the inclusion of (8-52)
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aned (8-33) and the appropriate slectrode boundary conditions in the
formulation of the magnetogasdynamic problem.

Distortion of the electric and magnetic fleld patterns also may ceeur
near the channel inlel and exit as a result of the discontinuities in the
electrode and magnet geometry in these regions.  For example, a pair of
plane parallel electrodes terminating abruptly at a given axial position
cannot sustain s uniform parallel electric field of similarly abrupt termi-
nation. Rather, consistent with the solution to Laplace’s equation for
this boundary configuration, the field will balloon out of the aperture and
weaken somewhat inside (Fig. 8-8). The magnetic feld likewise will
hawe a fringe region near the termination of its source,

NIV //'//)///f/ ;
TR
£
/\, /\ 1 E //\/ Fig. 89 Field fringing effects in magneto-

7 S Ly

{4} gasdynamic accelerator.

I the inlet and exit field fringing regions one must thus expsct
lower current densities with signifieant axial components near the elec-
trodes and corresponding components of the j X B body force directed
normal to the axis. At the channel entrance, for example, these forces
will tend o constrict the stream toward the axis, while at the exit they
will fend to expand the streare. If the magnetic field should end more
abruptly than the electric field, there could be some regions where current
flows outside of any significant B field, thereby dissipating energy in
Joule heating without accomplishing useful aceeleration,

The seriousness of these end effects clearly depends on the aspect
ratio of the channel and on the specific details of the electrode ond magnret
geometry, In principle, they could be reduced by the use of electrode
and magnet guard-surface arrangements to sustain uniform fields beyond
the current flow region, but this sophistication might be too ponderous for
% space thruster. On the other hand, there are cases where fringing fisld
gradients are beneficial to aceelerator operaiion, as in the magnetic
expansion thrusters discussed edrlier and in the self-field aceelerators fo
follow. Indeed, since free charges can sequire organized drift motions in
nonuniform magnetic fields (Prob. 5-2), fielkd-gradient acceleration at the
exit may enhance the performance of a variety of accelerators,
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g6 TEMSOR CONDUCTIVITY: HALL EFFECT AND 1ON SLIP

The hypothetical accelerators of Sec. 8-3 presumed that the electrical con-
duetivity of the medium remained scalar in the presence of the applied
magnetic field. However, we have previously seen (Bec. 5-4) that a
binsing field of this sort wili curve the trajectories of the conduction
clectrons and thereby give rise to a component of current mubually
orthogonal to the erossed E and B fields.  The relative impertance of this
Hall current component to that along the E field depends on the ratio of
the electron gyro frequency to it collision frequency, ws/v.. Specifically,
for the geometry of Fig. 8-3, we must allow two components of current:

Jy = oy (B — uB) e (wy/}’c)ﬁ I 1UD(L — ufl} (8"-54)
o = ool — uB) = — o bafve ool & — uB) (8-535)

(WB/VCV +1

where again eq == ne*/mv.. Recall that the ratio wa/v., or its equivalent,
wyr, where 7 is the mesan free time between electron collisions, is frequently
ealled the Hall parameter, @ (Sec, 53-2). Tf @ <« 1, the gas conduets in
the simple sealar fashion assumed eariier. Tf @ = 1, the Hall current
component 7, becomes important, and the paratlel current j, is reduced:
If 23 1, the Hall surrent dominates the problem, but attains only I/Sl
the mag:,mtude of the sealar current for @ < 1.

It is thus imperative to ascertain the magnitude of @ for any par—
ticular domain of operation of the crossed-field accelerator. The gyro
frequency follows divectly from its single-particle definition:

wp = %If = 176 X 1013 sec™! for B in webers/m? (8 56}
The eleetron gollision frequcncy is Iess prec;sely daﬁnabie hewever, sinee
it is an average over the entire electron swarm and since the relévant
atomic cross sections are not exactly known. As originally introduced
{Bec. 5-2), v, was an effective collision frequency for transport processes,.
and hence only approximately related to the isolated-particle collision
cross sections [Bq. (5-16)]:

o zaneJ'(z')ﬁj: o ' o (8'57)

- where §; is the mean speed of the electrons with respect to various species §

particles with which they collide. ¥xeept for very strong electric fields,
very low densities, or other pathological situations, the free electrons may
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be expected to retain an essentially isotropic maxwellian distributioza,
with mean thermal velocity defined by their temperature:

. BRTNYE o ron
7= (wm) = {.2 x 1087 m/see (8-58]
This is normally so much higher than the speeds of the heavy particles
with which they coliide, that it serves as the »; requived in (8-57). The
relative effectiveness of various species in interrupting the electron orbits
clearly depends on the composition of the gas, particularly on iis lonizg.
tion level.  If the gasis so slightly ionized that the electrons collide most
frequently with neutral particles, (8-57) becomes, simply,

ve = noQue? = 6.2 X 1087 M0 (8-59)

As we saw in Sec, 4-2, electron-neutral elastic cross sections for all but the
alkall atoms are in the range of 1072 10 10719 2, and thus we might writs
a rough index of the Hall parameter for a mildly ionized common gasin
the form

B

i3 = —Q:;EF—% (8-—69)

o

¢ 5 = density relative to 3TP
@o = cross section, in units of 10720 m?

T, = electron temperature, in units of electron volts

The Hall parsmeter tends to lower as the lonization level of the gas
increases because of the disproportionately large influence of electron-ion
eoulomb encounters on the effective ecllision frequency. Well below
1 percent lonization, these interactions completely control the electron
migration, and {8-57) effectively becomes

wher

if

#

i

Yy = n+Qe+(’33@ (8-62)

where the energy-dependent coulomb eross section @' has been dis-
cussed in Sec. 4-3:

et 5.4 X 107%
Qe @ == (dweg) et = 72

mks (8-62)

Here we have again takenIn A =~ 10 and set & = l4mi®.  Using the same
mean velocity, the electron-ion collision frequency may be written

v = 3 X 1070 % (8-6%)

£
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which, in eomparison with (8-59), provides & criterion for the rvelative
jmportance of the two elasses of collision (Prob, 8-8).  If (8-63) prevails,
the Hall parameter becomes

s i 3

B
0% 6 X 108 = 3 X 10
Ty

- (8-64)
where o = ny/ (e 4+ na} 18 the fractional jonization, and must be inde-
pendently related to 7. and p by a Baha equation or other appropriate
statement (Prob. 8-8).

Regardless of the particular collision process which dominates, we
see from (8-60) or (8-64) that attempts to inerease the magnetic inter-
getion parameter 8 by reducing the density level of the gas or by increas-
ing the magnetic field will drive the Hall parameter upward. In those
domains of accelerator operation where it becomes significantly large,
ane then has the alternatives of allowing the Hall current j,; to flow
uninhibited and accepting the added component of j X B body force, or
of suppressing 7, by application of an axial electrie field component £,.
To accomplish the latter, we return to the conductivity tensor formula-
tion and require

Je = ool + oo (B, — uB) =0 (8-65)
which vields the necessary axial field component
Eo= - (gm) (E, — uB) = + ¥ (B, ~ uB) (8-66)

Note that by applying this axial component, the transverse eurrent j, is
just restored to its scalar value,

Jy = ok + ooy (By — uB} = oy(E, — uB) (8-67)

The practical problem of applying such an axial field to the flow may be
handled by segmenting the electrodes into many small sections, each
insulated from its neighbors so that it may be maintained at a slightly
different potential (Fig. 8-10),  Such segmentation will introduce various

Fig. 810 Segmented electrode structure
to provide axdal electric field component.
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new Gisturbances into the flow associated with the field and current
concentrations at the electrode-insulator interfaces, which may be par
ticularly troublesome if other two-dimensional effects, such as boundary
fayers and fringing fields, ave also significantly present.

Instead of striving to eliminate the Hall current, one may attempt
to utilize it for stream acceleration. Low density, high B-field deviees
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Fig. 8-i1 Schematic representation of various Hall accelerator configurations.
f2) Rectangular type I; (b} rectangular type 1]; {c} coaxial type I (¢} coaxial type 1L,
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which invoke the interaction between a IHaull current and the applied
magnetic field as the dominant body force on the gas—so-called Hall
accelerators—have been constructed in varlous geometries. Basically,
{here are two possible modes of implementation, one reguiring a stream-
wise applied electric field, the other a streamwise component of applied
magnetic field.  In the former (Iig. 8-1lae), the transverse current Ty
s now a Hall current whose interaction with the orthogonal £, field
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vields the desired axial body force:

. . ) 2 . i
= G'y;gﬂ e Uw(“““uB) = H“ZW:@:H G’gl‘; — ﬁmzw"i':ml Uu!éB
K wll/ B
- U?z (1 _ LO/ > (8-68)

There is also an unaveldable axial Mall current component, driven by
the transverse back emf, uB, producing an unwanted transverse force
which gives rise to a balancing pressure gradient.

In the second class of Hall accelerator (Fig. 8-118), the applied
glectrie field may be normal to the flow, as in the scalar accelerator, but
the magnetic field is applied obliquely in the plane of E and u. There
thus arise three components of current (Prob. 8.8):

. Doy I .

Je = o (uB cos® o — QF gin o cos o) (8-69)
Fy = oot 4+ ~-_¥w > (4B sin a cos o — QF sin o) (8-70}
g, o= i + T (QF sin & — uB5 cos a) {8-71)

the z component of which interacts with B, to produce the desired axial
body force:
fr = "szy == iLL

T+ (QF sin @ cos @ — 4l cos? o) ©72)

Note that there is an optimum inclination of By in fact, QF/ull must
exceed cot a for any acceleration at all.  Optimization of {8-72) auto-
matically sets 7, from (8-69) at a negative maximum, suggesting that
performance could be improved by adding an axial component of electric
field just sufficient to reduce j; to zero. This done, j; becomes

B 92 Tl - {QF, sina — ub cos a) (8-73)

which yields a correspondingly larger axial body force (Prob. 8-8}.
Both of these Hall accelerator concepts are more readily imple-
mented in coaxial geometries, where the Ilall currents may close on
themselves without passing to electrode surfaces.  For the first type of
accelerator one would apply an axial B field and a radial B field, which
would vield an azimuthal Hall current to interact with B (Fig. 811¢).
For the second type, the electric feld would be radial and the magnetic
field would have both radial and axial components, Again, the Hall eur-
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cents would be predominantly azimuthal and interact with B, to produce
the desired axial acceleration (Fig. 8-11d). Devices of this type are dis-
cussed more fully 1n Sec, 8-8.

The sequence of cause and effeet implicit in the above deseriptions
of Hall accelerators, e.g., o component of B interscting with a component
of B to yield a component of j, which in turn interacts with another com-
ponent of B to yield a particular component of fores, ete., is perhaps too
srtificial.  The composite process is internally self-consistent from first
principles if formulated in adequate generality. That is, the current
density vector is uniquely preseribed by the pattern of applied fields and
the state of the medium in accordance with a generalived Ohm's law,
readily assembled from the conductivity tensor components used hereto-
fore (Prob, 8-103.

j = ou(E +uxB) — 2 xB) (8-74)

The cross product of this total current with the magnetic field vector
yields the total body force on the gas without further rationalization.

T4 is frequently illuminating, however, to take advantage of the
essential low density character of the medium and to consider the indi-
vidual particle trajectories in the collisionless limit (@-> =), In the
first olass of Hall accelerator, for example, we find the free electrons exe-
cuting a cyeloidal B % B drift in the negative y direction, while the Heavy
lons, presumably having gyre radii many times larger than the channel
dimensions, clozely follow the applied axial electric field. These ions
transmit the momentum they thus acquire to the neutrals by collision
{Fig. 8-12a). In the annular version of the device, the electyons would -
be completely trapped in an endless azimuthal drift, with the ions again
free to follow the axial E field (Fig. 8120}, In this sense, the Hall
secelerator is an electrostatic device which is relieved of space-charge ™
limitations by the neutralizing effect of the trapped electrons. Note that,
solong as there are adeguate ion-neutral collisions, this direct ion accelera-
tion does not produce a current relative to the axial gas flow; rather, the:
electric body force may be regarded as applied to the entire flowing mass,

The particle orbit image of the second class of Hall nccelerator is
more complex because the fields are not necessarily orthogonal. 1f
E. = 0, the dlectrons execute parabolically displaced helices whose axes
lie in the B, E x B plane, advancing in the streamwise direction (Sec..
51 and Fig, 8-32¢). The ions will again feel the electric field, but since
thisis purely transverse, it cannot directly supply the thrust.  The'stream-
wise momentum gain here is acquired first by the electrons, whick, in’
actual operation, will transmit it to the heavy-particle component of the
gas only by the oceasional collisions or by charge separation in régions of -
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Fig. 8-12 Electron and ion trajeciories in various Hall accelerators. (aj Rectanguiar
type I; (b) coaxial type 1; {c} rectangular type 1t

field nonuniformity, such as at the channel exit. If the axial electron
motion is suppressed by an applied E,, however, the lons will again feel s
streamwise electric force.

In the usual range of Hall accelerator operation, the trajectories of
the individual ions are listle affected by the mugnetic field, and the mean
ion motion is essentially the same as the bulk streaming of the gas as:
whale, Under extreme conditions of very low densities and very high
magnetic fields, however, ion-neatral collisions may become sufficiently
rare that the ions are able to transverse the accelerator channel or to
achieve a eyeloidal drift motion of their own, somewhat independently of
the neutral gas flow. This condition is known as fon slip; if severe, it
irplies an uncoupling of the electromagnetic processes from the gasdynam-
ies and a corresponding loss of accelerator efficiency. Inclusion of the
contribution of ion drifts to the current density is a straightforward but
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somewhat detailed caleulation, yielding a more general form of the gen-
cnalized Ohm's law [1],

Q9 . JEY:E PN -
j=oE FuxB) -5 JxB)+ 1 —a)f 55 [ x B) x Bl (8-75)

where @, = wy/v7 is the jon Hall parameter, and o 1s the fractional degree
of fonization, no/{ns + ne). For a fully fonized gas, the jon ship term
disnppears since the mean jon motion is then essentinlly identical with
e mean mess motion,  In a partially ionized gas, the relevant ion colli-
sion frequency »7 is that against neutrals.  Ton-clectron collisions have
little effect on ion trajectories; lon-lon collisions do not affect the mean ion
motion, to first order. Thus, while the ratio of ion to electron Hall
parameters is depressed by the particle mass ratio, it may still become
significant in cases where coulomb interactions determine the clectron
collision frequency (Prob. 8-11).

The ndmission of Hall current and ion slip effects clearly elevates
the erossed-field aceelerator to a full-blown two-dimensienal or even three-
dimensional problem.  Simultaneous solution of the magnetogasdynamic
conservation equations with the generalized Ohm’s law is found to yield
gas fAlow and current density patterns with cross-stream variations com-
narable with the streamwise gradients.  These solutions typically display
4 concentration of eurrent density on the upstream edge of the cathode
and on the downstream edge of the anode, consistent with the Hall effect
for the prevailing conditions, which predicates transverse pressure gradi-
entg and eorresponding thermodynamic variations of comparable Impor-
tance {Iig. 8-13). Such skewed conduction paiterns have heen well con-
firmed experimentally {15,16].

y (7} }
. , 3 i
Fig, 8-13 Typical current density dis-
tribution in crossed-field accelerator 5 v \

77 7 7 A

with free stream Hali parameter of order
unity. +3

87 SELF-ENDUCED FIELDS

A substantial nonlinearity was removed from the scalar accelerator prob-
lem by requiring that the magnetic field generated by the eurvent flowing
across the gas be everywhere insignificant in comparison with the exter-
nally applied field. This restriction is seldom completely justified and
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tetally exeludes from consideration a very interesting class of high current
aceelerators,  To establish the domain of importance of self-field effects,
return for a moment to the simple orthogonal geometry of Fig, 8-2 and
tlie y component of the curl B equation (8-53). The transverse field
gradient d8./9z can now consistently be set to zero, leaving

= (8-70)
or the eguivalent integral requirement,
. L
AB = By — B, = ﬁjo ix) dr = ud (877)

where J is the fotal current crossing the channel, per unit breadsh 2
1f we insert the limiting conditions discussed in Sec. 8-3, thatis, L = 1m,
J o= 17 amp/m® we find AB = 4dx weber/m? an ocrder of magnitude
greater than the largest external field considered. The effect diminighes
{or shorter channels, but ag a rough rale of thumb, significant self-fields
can be anticipated whenever current densities reach 10° or 107 amp/m?

A useful index of the relative importance of the self-induced field
is the magnitude, relative to unity, of & dimensionless group of parameters
called the magnetic Heynolds number,

Ry = poul. (8-78)

The relevance of this group can be demonstrated by varicus erude args-
ments.  For example, approximating J in (877) by o(F — wBal =
oo L, we see that

i“‘ij ~ Ry, (8-79)
where the subseript zero again refers to the inlet values. Thus, if By <1,
the induced field can reasonably be neglected; if By > 1, it dominates
the problem.

When Ry is large, the essential relation between the induced field
and its source current substantially changes the character of the magneto-
gasdynamic accelerator problem.  To illustrate this, let us now assume
that the external magnetic field is totally negligible in comparison with
the self-induced field, and return again to the strietly one-dimensionsl
formulations (8-16) to (8-21). We may rewrite the momentum equation
in the form
sdu | dp BdE

P 2 e ] —

T i {8-80]
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which bas an immediate first integral:

B ) By )
Fu + ¢ - O = Fu, -+ py + T)i’ = (P (8-81)

The quantity B*/2u is often calied the magnetic pressure, in terms of
which (8-81) expresses the conservation of the sum of total pressure plus
momentum fux.  Ohm's law now may be expressed as a differential rela-
tion wmong B, K, and u:

dB

= —ue(E — uB) (8-82)

and the current may likewise be eliminated from the energy eguation:

. dr duy _ EdB
I <Cj, —(.{_LE— '%‘ U a"l) == ; '3"; (8‘83)

vor a given conduetivity function o(7,p), Eas. (8-81) to (8-83) and an
equation of state relate five variables, p, T, v, £, B, and we may again
search for special solutions.  For constant & field, for example, the energy
equation alse has a shmple integral:

2 A
F (cPT 4 %) o+ L—f = const = & (8-84)

Using the perfect-gas relstion in the form Fe,? = [v/(y — 1)] pu and
comparing {8-84) with {8-81) provides a single algebraie relation between
w and B along the channel:

YL pey T -ﬁf—a)>u+(a_§§)mo (8-85)
o 13 2 u

A corresponding relstion between p and B may be similarly ebtained, and
the conductivity function o(p,u) may then be expressed solely in terms of
B und the initial conditions.  Insertion of this ¢(B) and the u{B) solution
from (8-%3) into the Ohm's law relation (8-82) provides a differential
equation for B{z), from whose solution u{z) and p(z) can also be evaluated
via (8-85) and (5-81).

Analytic results ean also be found for the constant pressure accelera-
tor.  Here we may write the momentum and energy relations:

ple . BdB (8-86)
e u dr
v du . du  EdB 1 @{)’?mﬁfﬁi{j ;
v — 1 Pe dz + Iu& - uodr i \dx g dx (8-87)
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Eliminating du/de from these fortuitously also removes u and the non-
linearity in dB/dz, leaving only a linear equation for B{z):

dB TS i

T + o e B=20 (8-88)
In general, o{u,ps) con be expressed as ¢(B,py) via the simple integral of
{8-86), and (8-88) may then be solved for Bz}, Note that £{z) s byno
means constant hiere; rather, 1t must be evaluated from (8-832) after B{x)
and u{z) are found.

This elass of problem displays somewhaf troublesome exit eondi-
tiong, which ean be Hlustrated quickly by the special case of constani g
Here the familiar exponential solution of (8-88) can be incorpurated into
(8-86) to yield the veloeity profile:

t . Re 2

U g = ﬁﬁmﬁi = {“z%%* (1~ =) (8-89)
where » = [v/(v — Duepd/F. Note that this form of solution requires
a field af the exit plane, z = L, which is not strictly zero but rather has
the value By = Bt and in this sense the model is not totally com-
mensurate with a pure self-field accelerator. For cases of large »L the
distinetion is negligible, but is nonetheless reflected in the evaluation of
By in terms of the total current per unit channel breadth:

R

I —p—

By (8-90)

Other special cases of one-dimensional seif-field acceleration, such s
adiabatic and isothermal flows, can be similarly evaluated (Prob. 8-12).
Bach of these displays the distinguishing characteristics of all self-field
accelerators—a quadratic dependence of the flow velocity increase on the
discharge current and a shifting of the centrode of the body force profile
somewhat upstream compared with the corresponding external fisld
accelerators.  The latter property, which follows from the inherent
menotonic deeay of the self-field along $he channel, helps to relieve the
mismateh between E and wB which detracts from the efficiency of con-
stant B deviess. That is, the steady rise in u along the channel combines
with the steady decay in B to provide a more uniform profile of baek eml,
2.

A subelass of sell-field accelerators of particular interest and analyti-
cal tractability consists of those wherein the current conduetion zone
sufficiently narrow that one can afford to surrender detailed information
about its interior strueture in favor of diserete jump conditions, much
the spirit of classical gasdynamic shoek waves. For one-dimensional
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aeet’” accelerators of this class we may write conservation requirements
divectly in terms of total eurrent and a single electric field value, or input
puwer per unit channel width y and breadth z;

wd

Plux = w) + (pr = po) = 55 (8-01)

F )
- (prur — putie) + 5 {ug? = ugt) = JE

-2
o (5-92)

Sinee the interior of the sheet 1s not to be examined, Ohm's law in the
differential form (8-82) is clearly inapplicable, but we do need a functional
relation between the total eurrent J nud the applied potential per unif
chnnnel width & to complete specification of the problem.  In practiee
this 15 difficult 1o speeify analytically beeause of the very complex curvent
conduetion mechanisms which prevail in narrow intense sheets of this
type (See. 9-4),  However, J and & are readily measured experimentally,
and an empirical relation may be assigned on this basis.  Alternatively,
aue may replace the Ohm's law statement by o thermodynamic constraint
and compute the corresponding J (B} relation a posteriori.  For example,
if the gas pressure is kept the sume on both sides of the sheel, the velocity
jump depends only on the total current and mass fow:

JE .
WL — Uy = %;,7 (8-43)
and the corresponding discharge characteristic is found to be
v ¥ P i 204

I most accelerators of this type, both ps and Fug are negligible compared
to /2 in which Hmit uy — w/5/2F = 4(E/B.), in contrast to the familiar
KB Himit for external field accelerators.  Note also that in this idealiza-
tion the efficiency n = {Fu?/2)/EJ — 1. Other speeial thermodynamic
jump eonditions ean be similarly imposed on the sheet, such as the iso-
thermal jump, peite = pruer, or the adiabatic jump, pote” = prur”, with
similar results.  The constant veloeity “pump,” ue = wz, of course dis-
plays substantially different behavior (Prob. 8-13).

The seli-field mode of magnetogasdynamic acceleralion is particu-
larly attractive for space-thruster applications. The ability of the dis-
charge to supply its own magnetic field refieves the burden of u large
external magnet and its suxilinry power supply from the thraster package
and allows significnntly more freedom in channe! geometry.  In partioular,
very short chanuels, with correspondingly lower wall losses, are now possi-
ble.  Also, at the high current density levels implicit in sell-field opera-
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tion, the eonductivity of the gas is maintained at a high level by the
diseharge itself, without the need {or a prelonization stage in the channe
The evident drawback is in the extremely high gas temperatures which
must be sustained in the chavnel and exhaust plume without deterigr,.
tion of the solid surfaces or excessive conduction aund radiation losses
In addition, some problems of discharge pattern stability may arise u
these current levels. A leading example of this class of thruster, iy
maguetoplasmadynamie are, will be described in Sec. 8-8.

#-8 SOURCES OF THE CONDUCTING GAS

In much of the preceding discussion it has been presumed that the elee.
trical conductivity of the working fluid iz largely st our disposal, 1o he
assigned in accordance with the optimum dynamical requirements of the
particular problem.  Actuslly, the satisfactory preparation of the lonized
gas for a magnetogasdynamic channel accelerator is one of the most
troublesome aspects of its operation. At temperatures which can reason-
ably be tolerated by material walls, certainly less than 3000°K, the equi-
librium fonization of the common gases i3 far too low to provide adequate
clectrieal conductivities for efficient, vigorous j ¥ B acceleration. OUne
must then look to one of three less simple alternatives to provide the
desired medium: (1) “seed” the common gas with a fraction of an easily
ionized impurity; (2) establish some type of noneguilibrium ionization
to elevate the electron density; or (3) contain much hotter gases away
from the material surfaces by appropriate magnetie fields. Each alterna-
tive has several possible methods of implementation, most of which raise
additional analytical and practical complications.  Here we can discuss
them only briefly.

SEEDED GASES

TFwo advantages are obtained by the addition of small amounts of an
alkali metal, such as cesium, rubldium, or potassium, to the gas stream.
First, in the temperature range of interest, the lonization level and elec-
trieal conduetivity become orders of magnitude higher, and second, the
conductivity becomes relatively insensitive to temperature. For exan-
ple, in the range from 1000 to 3000°K, the fonization of any pure common
gas 1s in g low-level exponential range {Fq. (3-28)]:

R s Gyt Mgt (8-95)

Bince the prevailing electron collisions are with neutrals, », = neT™, and
the scalar conduetivity is dominated by the same exponential dependence:

net ~}e L o f 2k P 44
aq = o g4 Mg (8-46}
My
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4 small fraction of alkali seed material added to the gas will be more
substantially lonized at thig temperature, and the conductivity propor-
tionally increased, up to the point where electron-ion ecoulomb encounters
assume control of the collision frequency. Beyond this level, further
ereation of free electrons will be aceompanied by corresponding increase
in v, thereby flattening the dependence of conduetivity on temperature
for such a mixture {Fig. 8-14).

jKalel] R -
!&,w i%K// Pjre A'r///

100
Fig. 814 Comparison of electrical con- E }/
ductivity of pure argon and argon § 10 A
seeded with 1 percent potassium, both £ f /
at1atm. (From R. J. Rosa, Phys. Fluids, Yo
wl. &, p. 182, 1961, and A. £. Cambel, / ]
“Blasma Physics and  Magnetofiuid- [oX]

O 2000 4000 &000 8000
Temperature,”K

mechanics,'" McGraw-Hill Book Company,
Mew York, 1963.)

The optimum seeding ratio may be estimated by differentiating the
conduclivity expressed in terms of the participating species densities and
cross sections:

net

T
ms G e +
where A = ef{x/BmkT)*  Invariably, the seed atom cross section ¢, will
be much larger than that of the carrier gas @, beeause of the large dimen-
sion of the valence electron orbit, and the coulomb cross section of the
seed fon @, will be even larger at these temperatures, so that, while
n <K ny < ny, none of the three products in the denominator of (8-97) may
be neglected.  However, if we assume that only seed material is ionized,
and this only slightly, so that a relation of the form (8-85) remains
appropriate, & useful simplification develops. Inverting (8-97), differ-
entiating with respect to n,, and setting equal to zevo, we find

7 -
<d—”/f?§ - m) Qs = molls

But invoking (8-05) in the formn o =% it follows that n/(dn/ds) = 2n,,
whereby we oblain & maximum conductivity with the seed ratio

ny
0o Jopr G

4 ratio typically in the range of 107 to 102
independent of the value of Q.

{8-97)

(8-08)

(8-99)

Note that this result is
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The choice of 4 specific seeding material is based primarily onits
ionization potential, since this enters expenentislly into the availubl
sleetron density, and thence into the conductivity for & given gas lom.
perature. Cesium (3.87 ev}, rubidium (4.16 ev), and potassium (4.32 ov)
have the lowest lonization potentials amoeng the elements and are U
most commonly employed.  Unfortunately, the same electronic strusture
which gives these substances their low lonization potentials alse makes
them extremely active chemically, and thus diffieult to handle.  Further,
since they are lguid or solid at standard temperature and pressure, they
must be preheated to temperatures sufficiently high that their vapor
pressure corresponds to the desired seeding ratic, and the entire gy
handling system must then be maintained at an elevated temperature (o
preclude their deposition on cold surfaces.

Certain chemieal compounds may eventually prove more suilahie
than the alkall elements as seeding materials.  For example, Ba.0 (19
ev), Lal (4.8 ev), Zr0 (6.5 ev), UO (4.7 ev), and U0, (4.3 ev), all luwve
lonization potentials lower than thelr eonstituent elements, and ralse the
question whether other, more exotic compounds might not have lower
potentials than even the alkali elements [17].

MONEQUILIBRIUM IONIZATION

If the free-electron component of an lonized gas is maintained at a tem-
perature above that of the heavy-particle components, the lonization
level and the electrical conductivity are found alse to exceed the equilib-
rium values for the prevailing atomic temperature.  This result may be
rationalized on the basis that, since the electron-atom lonization processes
and most of the recorabination processes depend heavily on the energy
of the incoming electron, it is reasonable to expect thal the ionizabion
level and conduetivity are primarily determined by the electron tempera-
ture, rather than by the heavy-particle temperature. In fact, ther
appears to be seme justification for computing the lonization level of
such a gas from a Baha relation, using the electron temperasure [18,10]

Nonequilibrium gaseous conductors of this sort are quite familin
in low-density low-current discharges of many types, most notably the
simple glow discharges (See. 6-4) and the »f induetive discharges (Sec, 6-7},
where the distinguishing characteristic is good electrical conduction with
minimum of heat transfer to the surroundings.  In a magnetogasdynan:-
ic accelerator, the gas would need to be brought to the desired non-
equilibrium state by a discharge at the shannel entrance, or prior to i,
and this state would need to be maintained along the complete chunnel
length, while vet sustaining the desired level of current conduction, This
places an upper limit on the gas density which san be accommodated at s
given electric field strength, above which the interspecies collisions will
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drive the two temperatures together (Prob. 8-14). Low densities, in
wrn, favor tensor-conductivity effects, with their associnted practical
complications for scalar accelerators. It thus seems that the Hall current
aeelerator stands to benefit most from the use of nonequilibrivm gases
of high electron temperature.

MAGNETIC COMFIDNEMENT

We have seen that the electrothermal arcjet benefits from the confine-
ment of the hotter portions of its ehamber flow to the center of the channel,
away {rom the constrictor and nozale walls, whereby an average gas tem-
perature far above the softening point of the wall material can be tolerated,
Tocreate a similar ternperature profile across o magnetogasdynamic chan-
nel by maguetic means might seem less attractive sinee a corresponding
profile in electrical conduetivity and Hall parameter would be ereated
wihich would tend to compheate the flow, Certain experimental results,
however, suggest that this may indeed be a profitable approach. For
cxamnple, 1t has been found empirically that it Is possible to withdraw
clectrodes slightly beyond the luminous edges of an ionized gas stream
without drastically reducing the current whieh can be driven through it
at w given voltage [26].  In this mode of operation, the electrode erosion
s substantially reduced for a given mass How and rate of aceeleration,
This phenomenon of remote conduction presumably implies a large pe-
riphieral range for the current-carrving electrons, an effect that has also
been observed i certain Langmuir probe studies of plasma jet flows [21],
but no satisfactory theoretical explanation yet exists. A particularly
evident example of magnetic confinement that permits elevated gas tem-
perabures arises in the magnetoplasmadynarmic are, discussed in the follow-
g seetion,

83 THE MAGMETOPLASMADYMAMIC ARC

Privr to 1964, no device remotely resembling a practical space thruster
of the steady flow eleciromagnetic class yet existed,  Although the essen-
tinl elements of the magnetogasdynamic interactions discussed above had
been well confirmed by various laboratory experiments, efforts to umple-
ment them into an efficient gas accelerator were mired in the complica-
tious of producing and Landling appropristely ionized seeded-gas flows,
of preserving the electrode and insulator surfaces against the thermal
and chemical attack of such flows, of providing satisfactory magnetic
field geometries and strengths, and of maintaining electrical discharge pat-
terns of optimum intensity and uniformity. A few experimental crossed-
tield neceferator channels had been made to funetion, but only when sur-
rourded by massive preionizing equipment and electromagnet coils, which
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hardly seemed adaptable to spacecraft engines.  Although these cumber-
some deviees displayed impressive combinations of several newtons of
thrust at 20,000~ £o 30,000-m/see exbaust speeds [20,22], 1t was generaily
felt that the need for external magnets and the serious viscous and thermal
wall tosses preciuded use of this mode of acceleration for space flight
Ascelerators using the Hall current mode had also been operated, but
these too were rather ponderous systems of low efficiency and less thrus
density than the scalar eonduction devices [23-25] While{ interest m
magnetogasdynamie channels for ground-based power ger?aramoz’l or ‘win L
tunnet type of test facilities remained active [16,26], their application to
steady electromagnetic thrusters seemed unpromising, at least untif very
high space power levels becams available,

At this time, & remarkable and significant development arose from
the somewhat prosaic electrothermal field which served to rejuvensie
abruptly the interest in magnetogasdynamic thrusters.  In an em})ﬁricni
series of experiments with a conventional short arcjet device, it was
found that by drastically reducing the propellant mass flow, and therchy
the pressure in the arc chamber into the miilimeter range, are {:urrem.s 0
high as 3,000 amp could be drawn across the electrodes without serious
erosion. Under these conditions, the exhaust velocity of the hydrogen
How could be inereased to values of the order of 100,000 m/sec, and the
overall efficiency reached 50 percent {271 ‘

A rapid succession of similar experiments at various laboratories
guickly confirmed this finding and extended the ;‘mrfoz'mm‘ace o even
more impressive levels.  With some care, this mode of operation was flisn
established ip devices of the Hall accelorator class, as well asin a Vﬂ}‘iel‘}’
of conventional arcjet configurations. In retrospect, some hints of tln's
high-performance capability were recovered from much earlier exper-
ments with both classes of aceclerator [23,28]

As the number of experimental demonstrations of this extraordinary
effect inoreased, the urgency of its physical interpretation also T0se, but
this was not to be a trivial problem. The reasonable supposition wis
that the high current densities in the are were generating self-magnetic
fields within the chamber sufficiently intense to produce substantial e%etw
tromagnetic aceeleration of the flow, but the details of the mecha{nsm
were far from clear. The practieal implication was, however, entirely
evident: despite the discouraging analytical prognoses and the ynhappy
experimental heritage of steady electromagnetic accelerators, here wasa
valid example operating in an interesting thrust and impulse range ot
reasonable efficiencies, with no external magnet, no preionization gear,
and minimal electrode erosion.  And to complete the humiliation of the
scientifie approach, the device had originally been designed for a totally
clifferent, electrothermal, elass of operation!
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In lieu of any adeguate analytical models of this accelerstor, there
now followed a flurry of rather empinical experimental activity at several
laboratories, wherein various gases, clectrode geometries, mass Sow rates,
voltage and current levels, and external biasing magnetic fields were tried,
and the resulting performance cataloged.  Although these improved on
the original operation only slightly and provided little basic insight into
the detailed mechunisms of the acceleration, a second remarkable property
was uncovered.  IL was possible in some cireumstances to produce signifi-
et thrust and to deyvelop an extended luminous exhaust plume with no
propellant mass flow whatseever into the arc chamber [28,30]!

This latter idiogsynerasy understandably cast some doubts on the
salidity of the originally indieated high performance levels and demanded
immediate explanation.,  Otherstudies of the device momentarily deferved
to an intensive attack on this paradox, results of which indicated that
under some circumstances the "“flowless” operation proceeded by an inges-
tive recireulation of the residual gas in the vacuum tank, in other cases by
u gradual vaporization and expulsion of electrode material, snd in some
enses by a magnetic interaction with the tank walls. With all such
elfects aceounted for, however, the original high-performance results with
low but finite mass flow through the are were largely sustained, and the
scarch for identification and optimization of the mechanism was resumed,

Unfortunately, this early phase of discovery and execitement was
followed by an extended period of frustration in attempting to comprehend
sndimplement this promising mechanism and in adequately testing devices
of this type.  Indeed, their ultimate utility for space propulsion is even
new not entively established.  However, they provide such an interesting
basis for application of many of the electromagnetic and particle processes
we have been discussing in the abstract, that a more detailed deseription
and analytical examination will be instructive within our context.

PHENOMENOLOGICAL OBSERVATION

Farly in its career, this type of accelerator was dubbed the magnetoplosma-
dynamic (MPI) are, although other titles, such as thermotonic aceelerator
aud hgh-tmpulse arcjel, appear in the literature. Figure 815 shows a
schematic drawing and photograph of one MPD arc assembly, and Fig.
8-16 shows the device in vacuum tank operation. Table 83 lists typical
terminal parameters and performance data for the device shown. In
operation, this arc emits an intensely luminous exhaust plume which
extends many orifice diameters downstream. In many cases o coaxial
structure is visible in this plume, consisting of an intense axial column
extending from the cathode tip (cathode jet) and & somewhat less intense
eoaxial shell extending from the lip of the anode orifice (anode jet), with
an even less intense region separating the two,
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Fig. 8-15 50- to 260-kw MPD arc accelerator. {a} Section; (b} photo-
graph. (AYCO, Space Systems Division, Wilmington, Mass.)

Although the are will operate without the external field from the
coaxial solenoid, it tends to be more stable with such & field applied.  The
outer edge of the luminous plume is observed to contract toward the axis
somewhat as this feld is intensified, and the performance data are
influenced somewhat by its magnitude and axial location,

Velocity measurements in the exhaust jet confirm the high apecific
impulses inferred from the mass flow and thrust data. Significant frae-
tions of the are current are found to flow out into the plume and back
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fig. 816 MPD arc in vacuum tank operation. (AVCO, Space Systems Division, Wilmington,
AMass.)

Tabhie 83 Typical terminal performance characteristics
of magnetopiasmadynamic arc shown in Fig, 8-15

FPropellant Hydregen Ammonie Argon

Current, amps 1,500 2,500 § 1,500 2,000 2,500 | 1,500 | 2,100

Mass flow rate,

anis/sec 0.050:0,020|0.05070.63G:0.030;0.015;0.015]0.032,0.032
Voltnge 71 68 78 36 39 37 35 25 30
Thrust, newtons {1.21 10,88 12,22 10,88 11,13 (090 10.95 [0.64 [G.68

Speeific impulse,
see 2,460 5,000 4,52003,0000 5,5401 6,140 6,500 1,720 2,160
Bffieiency, % 137 |23.6 1254 1240 1270 136.6 |34.4 [12.1 1115

sounce:  Arejet Technology esearch and Development, AVCO Space Syslems
Division RAD-TR-85-37, NASA CK-54867, December, 1965,

again, apparvently along the anode and cathode jets, for many orifice
diameters downstream [31,32].  Hleetron density and eleciron tempera-
ture profiles; both axially and radially in the jet, are found to be rather
flat and in the range of 10 em™® and 10K, respectively. Sigaificant
electron densities are found beyond the luminous boundaries of the plume.
Gas temperatures in excess of 10*°K in some parts of the plume are indi-
eated by varivus measurements, and total enthalpy levels are correspond-
ingly high {33],



240 FLECTRICAL ACCELERATION OF GASES

Interpretaiion of these observations, leading to comprehension of
the overall aceelerntion process, probably is closely tled to three basi
questions: (1) How can current densities of the order of 10% amp/m? be
drawn from the cathode without its immediate destruction?  {2) What is
the detailed patiern of current flow in the are, its associated magnetic
field, and the resulting body force distribution?  (3) What Is the role of
particle collisions in the process; 1.e., is the interaction truly magnetogas.
dynamie or is it more nearly a collisionless particle stream acceleration?
Definitive responses to these questions can be provided only by much more
extensive diagnostie studies of the interior of the arc and the exhaust
plume, & most complex and hostile environment for precize work,  Lack
ing these, the only recourse is to postulate various empirieal models and
to compare their gross performance predictions with less difficult test
results. Several such models have been proposed for the MPD are
One treats it as a coaxial self-field sceelerator with scalar conductivity;
a second regards it as & coaxial Hall accelerator of the second class; o
third considers 1t as a collisionless free-particle accelerator; another pro-
ceeds from fnite collision orbis theory; ete.  The main distinetion amony
all these is between the continuum or magnetogasdynamic point of view
and the particle approach.  Although the astual process probably involves
some aspects of both these mechanics, 1t is instructive to adopt each
approach separately and comparve their predictions.

MAGHNETOGASDYNAMIT DESCRIPTION

In the continuum representation, several components of magnetogasdy-
namic interaction may be proposcd (Fig. 8-17;.  First, a streamwise {axial)
acceleration is provided by the crossing of the radial arc current with the
self-generated azimuthal magnetic field. This we shall refer to as the
electromagnetic “blowing,”’ which is essentially the scalar crossed-field
interaction diseussed in detail earlier. Second, there may be an eleetro-
magnetic “pumping”’ process wherein axisl components of are current
cross with the azimuthal B field to establish a radial gradient in the gas-
dynamic pressure which provides a reaction foree on the cathode surface.
Third, if an external magnetic field is applied, having components in the
axial and radial directions, an electromagnetic “swirling” may be gener-
ated by 7B, er by j.B. TFinally, if tensor conductivity effects are
admitted, various Hall interactions may arise, such as the crossing of an
azimuthal Hall current component with the radial component of the
externai field.

For the present we shall ignore the externsl field, and consider only
the blowing and pumping mechanisms.  For simple ilustration we first
construct two idealized models which display these interactions separately;
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Fig, 8-17 Magnetogasdynamic mode!l of
the MPD accelerator,

then a more realistic model which allows both mechanisms to act simul-
tuncously is examined.

The blowing mechanism may be evaluated in a model that allows
only radial current flow, azimuthally and axially uniform between ceaxial
eylindrical electrodes (Iig. 8-184). From Maxwell’'s ¥ x B relation, the
sell-induced field is seen to be purely azimuthal, linear in 2, and inversely
proportional to r over the gap:

Belrz) = 22 (1 - i) (8-100)

2y H

where J = Zwrzej, Is the total are current. The body force density is
thus purely axial and proportional to z/¢%:

fire) = jBe = L - 101
Salr.z -“jr-awwz—u?(ze z) (8-101}
The total axial foree applied o the gas stream is the integral of f, over the
gap volume;

H 7o Zx To — 2
Fz == 4%:2“(*]5 -/;3 ‘[0-3 ﬁz ’“aﬁ"“;"é"""é ¥ (f‘)” (ﬁtg dz = Eé‘ in “;“{i (8‘“102)
The coefficient u/4r has the value 1077 in the mks system; hence, for
reasonable anode-to-cathode radius ratio, signifieant thrust from this
meehanism arises quadratically in the 1,000-amp range. The result
expressed by Heg. (8-102) may readily be shown to be appropriate for
arbitrary distribution of current density along the z axis, provided the
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Fig. 818 ldealized models for analysis of MPD accelerator. {a) Unifosm radial curreni;
(b) radial current into conical cathode; {¢) uniform axial current; {d} hybrid model.

szimuthal symmetry is maintained (Prob. 8-15). 1t does, however, need
to be amended if the radial current enters the end rather than the side
surface of the cathede. Consider another idealized case involving o
conical-tip eathode, as sketched in Fig. 8186, Relations (8-100) and
(8-101) remain valid for this case, but now the lower limit of the iwer
integral in (8-102) must be extended to the value r.(1 — z/20}, with the
consequent appearance of a second term in the result, representing the
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blowing eontribution within v,
. ? W, 1
[’1,2 Eﬁ{? (h‘i :,-7 6) (SM-IOS)

The value of the second term is sensitive to the particular current density

distribution over the cathode surface. In the case just somputed, 7{r)

varies as 1/7; i it were prescribed uniform over the cathode surface (with

the corresponding 1/z variation over the anode surface), the contribution
would be less:

2 "
r, =2 (ln Ly 1}' (8-1G4)
dar re 4

The electromagnetic pumping confribution may be illustrated in

snother idealized are model, wherein current enters the end surface of o

eylindrical cathodein a uniform normal beam (Fig, 8-18¢),  The magnetic

Geld within the are is again azimuthal, but now proportional to radius:

wdr

2t

By(r) = (8-108)

The body force density is therefore radial, and in equilibrium must be
halanced by & radial gas pressure gradient:

e W dp

fr=ibe= g = - o (8-1086)

The profile of gas pressure over the cathode face is thus parabolie,

Jﬁ oy 2
PO = po + g { - (L) ] (8-107)

where pe is the pressure outside of r.. Since this gap pressure on the
vathode 1s not balanced at the anode end of the discharge, the integral of
» ~ pg over the cathode surface imparts an additional increment of thrust
to the are chamber;

F.o= 97 Elr {(p — pordr = (8-108)

L
8
Note that this result is again quadratic in total are current and is inde-
pendent of cathode radius.  Indeed, it may also be shown to be inde-
pendent of the radial distribution of current density over the cathode
sutlace (Prob, 8-16).

If we now were to construct an idealized hybrid model involving all
the elements of interaction discussed separately above (Fig. 8-184), we
shoudd find the total electromagnetic acceleration to be just the sum of
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the blowing and pumping contributions derived separately, eg.,
- }f‘i“ T § K10t
F o= dor (EI} e + 4) { J)

for uniform current density over the cathode end surface.  This resylt i
independent of the speeific path of the are current between the anode
cathode, and thus is appropriate to the curved diffuse arc patterns actunliy
observed in the MPD arcs (Fig. 8-17).  This proof may be more elegantly
formulated in terms of the magnetie stress tensor, a powerful analvtic
technigue which replaces detailed volume integration of the § x B pattern
by simpler surface integrals {331, Consider a second-rank tensor quantily
@ constructed to satisly the veetor identity

ijzE(va)xBx‘;’-&miBV-B (8-110)
i

Binee V- B is identically zero, applcation of the divergence theorem to
{8-110) permits expression of the volume integral of the magnetic body
force density in terms of & more readily evaluated surface integral:

[5,;% X BdV = [Vvvcsad?’ = [ & nda (8-111]

where n is & unit outward normal vector to the slement d4 of any surluee
A surrounding the volume V. To satisfy the relation (8-110), the tensor
& must have the elements &, = (/)88 — 145,;8% in rectangulur
coordinates.  Inthe eylindrical coordinates more convenient to the geom
etry of our MPTJ are, the tensor takes the doubly contravariant form

g5 Bb B.B.
s s
. Bg— BY2 BB, N
@ = % fiz_ff eﬂ/ Bl @11
B
B.E, ffi;f? B — o

In the problem at hand, B, = B, = 0;so the tensor is diagonal, wiih
slements

Byt
B = By o — H
“H
; B! -113)
Bes = + ] (8-113;
Byt
By == - ;)‘WL.
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The most convenient surface for integration is the cylindrical shell totally
enclosing the arc current region, as shown in ¥ig. 8-19, which may be

Fig. 819 Control surface for integration
of the magnetic stress tensor.

treated in three sections: A, the eircular susface at the anode end; 4.,
the cireular surface at the eathode end; and 4, the cvlindrical side ele-
ment.  Since B iz zero everywhere on A, thereisne contribution to the sur
faceintegral here. A, is deseribed by & unit normal vectorn, = 9,0, —1;
henee
2
®-n, =90, gi (8-114)

Again sssuming uniform eurrent density over the cathode surface, we
have the By profile

;5:%2 7 T < 1,
By = 07 ;c (8-115)
%7‘ F-a
For this profile
A SR
j:-ic(B ndd = dr (}“ ™ + ;1) {8-116)

directed slong the positive = axis, i.e., & blowing component in agreement
with Iq. {8-104).
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On the eylindrical side surface, u, = 1, 0, 0; hence
B o, = e " G, 0 {8117

Here we recognize the radially directed pumping component, which,
before, we presume establishes a balancing gas pressure geadient witli,
the are.  Recall that the unbalaneed axial component of this hydrostnii
force acting on the cathode is dependent only on the total are current, i
the form pt?/ 8.

The total electromagnetic thrust thus is independent of the detniled
pattern of the are, except for the ratio of anode to cathode radius and for
the weak dependence on the current distribution over the cathode surfuee
contributing {o the sweeping term, Note also that the thrust is inde-
pendent of the mass flow rate, provided the latter does not alter the toiy
arc current or the effective radil of are attachment on the eathode wd
anode. To this extent, then, the exhaust velocity should scale inversely
with the mass flow if the acceleration conforms to the pestulated meehy.
nisms. (It was during the course of efforts to exploit this low mass flow,
high specific impulse range that the previously meutioned zere mass fow
operaticn was encounterad.)

PARTICLE DESCRIFTION

Although the magnetogasdynamic model of the MPD arc makes no refer
ence to gas properties, it presumes a continuum interaction in the monner
in which it invokes the j X B body force density. Hewever, since the
large arc currents and high exhaust velocities are favored by low gas pres
sures in the are chamber, some particle mean free paths and gyro nudii
may betome comparable with the chamber dimensions, and orbit con
siderations may become relevant in its optimum range of operaiion. A
second proposed model of the APD device considers the extreme case of
completely collisionless current conduction and particle aceeleration in
the are [35].  Asshown in Fig. 820, the model assumes that eollisions are
important only near the anode where ions arc created. These lons e
secelerated without further collision radially inward by the electric ficid
and are deflected axially oulward by the azimuthal sell-magnetic fickd
until they join an axial stream of electrons emitted from the cathode.
The device is thus, basically, an electrostatic ion accelerntor, with spuce
charge neutralization provided by the cathode electron beam.

This model yields certain correlations of its terminal propertics
which differ from the continuum case, and thus may serve to test s
relative validity. TFirst, since the radial current is carried by jons, it is
limited by the available mass flow n:

« e (8-118)
- My
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Fig. §-20 Collisionless madel of MPD
arC.

where my. 18 the lon mass, and single fonization is presumed.  Second, the
s must be able to negotiate the radial-to-axial tur; ie., their loeal
gyro radil must be of the order of their radial position in the arc or less:

2rrmoyn,

rhir) = B el <r (8-119)

Stietly, J here should be the enclosed current, rather than the total
current; i.e,, the outermost ions feel a weaker B field.  Sinece these will be
less defleeted, however, they will soon penetrate farther into the field,
ele,, and the criterion should be qualitatively approprinte. In similar
spinit, we enn replace the variable lon veloeity vo(r) in (8-119) by the full
exhaust speed derived from the field, u, which then is lunited to the
spproximate value

w (B-120)

iy

The exhaust veloeity is also limited by the available potential drop across

the clectrodes:
2Ve\H
< [ =2 ~12
= ( g ) (8-1213

It we uge the equalities throughout, comparison of (8-118), (8-120}, and
(8-121} predicis an are voltage that varies as J2, a thrust that varies as
J% and an exhaust speed proportional to J and inversely proportional to
e The essential distinetions between these predictions and those of
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the magnetogasdynamic model thus stem from the specilic coupling of ape
current to mass flow [Eq. (8-118)] and to exhaust speed {By. (8-1201
which are not demanded by the latter.

The validity of the particle model elearly hinges on the collisionless
assumption, and this may be unressonable for much of the domain over
which the MPD arce is observed to function, MHowever, two {eatures of
it might be more generally relevant, and provide some insight inio two
prominent aspects of the arc’s operation.  The first relates to the ability
of the eathode to susiain the extremely high current densities.  Normally,
concentrations of current of this intensity would rapidly erode a cathode
surface by ion bombardment, but here we may speculate that the strong
magnetic field near the cathode tip deflects the Incoming tong sufficientiy
to protect it from excessive heating. This magnetic protection of the
cathode may be expected to function over that portion of the are near the
eathode tip, where w}/v} + 31 and where the ion gyro radius is smull
compared with the eathode dimension, both of which can prevail at fur
higher denaities than could be allowed for use of the coliisionless theory
over the remainder of the arc chamber.

The second instructive contribution of the collisionless approach
concerns the coupling of are current to mass flow rate, which may he
relevant to the “zerc mass flow” and spunously high exhaust veloeily
observations mentioned earlier. If the device is operaied in a regime
where the equality of Fq. (8-118) applies and the mass flow is thes
reduced, the arc will be starved for current carriers, and the current will
tend 1o lower. If the current is forcibly maintained at its previeus level
by the external circuit, however, the are may elect to oblain eurrent-
earrying particles from other than the inlet mass flow, eg., from the
electrode surface material or by recireulating a fraction of its exhaust
plume.  Thug, although Eq. (8-118) may not asccurately deseribe the
higher mass fow domain of MPD are operation, it may establish the
lower mass flow limit before recirculation or electrode consumption
begins,

HEURISTIC COLLISIONAL DESCRIPTION

‘The gap between the magnetogasdynamic theory and the coilisionless
approach can be bridged somewhat by inclusion of collisional effects in the
particle orbit mechanics. To do this accurately and thoroughly would
be a formidable task, but gualitative patterns of current and thrast
densities can be predicted from examination of the electron and jon Hall
parameters, ¢ and O, and the respective gyro radil, rx and r§ (Sec. 32},
over the are chamber and plume regions [36]. The method proceeds
from some initial estimates, presumably based on experimental data, of
the patterns of the various gas properties which determine the @'s and
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ro's, namely, the degree of iomzation, the electron and heavy-particle
{emperatures, the electron density, and the magnetic field.  As an exam-
ple of the technigue, consider a hydrogen MPD are of sufficient current
density that the gas may be regorded as fully dissociated and ionized
throughout the current-carrying domain.  Since only eculomb collisions
geeur in such an environment, the eleetron Hall parameter is given by
(8-64) in the convenient form

BT

Q =~ § X 10V B mks (8-122)
The corresponding ion Hall parameter is largely irrelevant in this case,
sinee the ion collision frequency is ill-defined. Tou-ion collisions serve
mainly to maintain isotropy and equilibrium in the ion random thermal
motion, rather than to exert any damping on the lon current; ion-electron
collisions detract no significant momentum from the ion motion; and
ion-neutral collisions are excluded by the complete lonization assumption,
We thus may approximabe the mean lon motion as a free particle drift.
The gyro radii of both electrons and 1ons strongly affect the current con-
duetion pattern, particularly when they become comparable with the
are dimensions,  These may be written

it
re = 3.5 ¥ 10673 %}w mks (8-123)
PR
1.5 X 1078 (1—;3')— mks
v (8-124)

1.0 X 1{)*'3% mks

where it 1s presumed that the electron thermal veloeily everywhere exceeds
the drift speed, but the latter value of v} should be used wherever the
sbreaming component of lon motion v exceeds the random thermal lon
speed,

The technique now proceeds by insertion of measured or estimated
patterns of n, 7., 1, B, and, where necessary, w, in (8-122) to (8-124),
to provide corresponding maps of @, rp, and #5 over the arc and plume
regions.  From these, for a given electrie field distribution in the same
regions, individual particle trajectories ean be sketehed in the spirit out-
lined in Sees. 52 and 86, These in tuwrn provide clues to the averall
current conduction patbern, and thence to the regions where thrust is
unparied to the gas stream. Figure 8-21 sketches typical results of one
sueh caleulagion of the electron and ion mean motion trajectories. In
this case a large clectron Hall parameter at the edge of the cathode jet
constraing the electrons emitted from the eathode surface to a cross-field
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Maan glactran
o trajeciory

Mean jon
Trajectory

Cathode et

Fig. 8-21 Electron and ion motions i MPD accelerator.

axial drift until some downstream position where @ has relaxed sufficiently
to permit o collisional radial motion to develop.  Only beyend this point
can electrons migrate back toward the ancde. In the absence of signili-
cant radial electron current near the electrodes, the ion current becomes
an important factor. In the case sketched, the ion gyro radius is sulli-
clently small near the cathode jet to permit the jons also to lapse mto
axial eross-field drift there. The overall picture of this arc Is thus quai-
tatively similar to the collisionless model discussed earlier,

The dominant thrust mechanisms now follow from the particle orbit
patterns. In the outer regions of the plume we find a collision-dominated
scalar conduction region providing 2 j x B body force like that in the
elementary crossed-field accelerator. The steep radial decay of the
magnitude of the self-generated magnetic field in this region reduces
the relative importance of this thrust domain, and the curvature of the
electric fleld lines here causes the thrust density vector to tilt radially
outward near the anode surface. At intermediate radial and axial pusi-
tions, we find a regime of predeminantly eleciron Hall current and ion
scalar vurrent, yielding a radial component of thrust assoeiated with the
direct acceleration of the jons by the electric field. This we expest W
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nanifest itself in o gasdynamic pressure over the cathode surface. Within
e cathods jet, we find a region where bhoth ions and electrons are con-
arained to an axial drift at o speed given by the Toeal ratio of £/B, con-
fibuting a thrust determined by the mass fiow concentrated in this jet.
Ginee the self-magnetic field decreases monotonically with radius jaside
i jet, the charged-particle trajectories here are complex figures, which
are, however, effectively bounded by the maximum field at the jet edge
{(Froh. 8-17).

The effect of an external magnetic field on the operasion of the are
can slse be seen by this approach.  Starting from an empirical representa~
tion of the total magnetic field pattern, presumably based upon an experi-
mental determination of the external field with the are off, one again
constructs maps of the Hall parameters and gyro radil over the region of
mtcrest. From these, and from the presumed elecirie and magnetic field
distributions, elecéron and lon trajectories may again besketched.  Figure
.99 shows the results of such a construction for a predominantly axial
external B field which is everywhere mnuch stronger than the self-induced
ficld. Tor the example chosen, the electrons emitted from the cathode
tip again find themselves in a region of large @, but now their B X B dnift
s in the azimuthal direction.  In addition, since B and B are not orthogo-

Fig. 8-22 Electron motion in MPD

accelerator with large external magnestic
figld,
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nal here, o component of motion ks permitted along the B lines, Tl
composite clectron trajectory in this region is thus a cycloidally embossed
spiral shout the z axis, emanating from the cathode and confined to the
funnel-shaped surface of which the local B line s an element. This type
of motion continues until the electron progresses downstream to a Jower-
& collisional regime, where it can migrate across the B lines back toward
the anode.  As it approaches the anode, however, it again enters o highg
region, where it must lapse into another gpiraling trajectery like that
found near the cathode.

In this particular caleulation, the lon gyro vadil near the anode and
eathode are found to be much smaller than the electrode gap, predicating
spirating ion trajectories in these regions very much like those of the
electrons,  Again, it is not until they reach some position farther down-
streamn that the ions can cross the B lines, Since the direction of the
azimuthal B x B drift is the same for ions and electrons, this mode]
prediets no net Hall current, but only o swirling molion of the gas as «
whole in these anode and eathode plasma funnels,

Althouvgh it is inappropriate to protract discussion of orbital analysis
of the MPD arc by further illustrations, it should be noted that most of
the phenomenological traits displayved in the experimental operation of
these devices can be qualitasively rationalized by this technigque.  Pluue
protraction, ambient-gas ingestion, are swirling, cathode protection, and
the gross aspects of the current density distribution, all follow logieally
from its self-congistent appliention under the prevailing conditions,  The
extent to which it can provide quantitative representation of these phe
nomena elesrly rests on the aceuracy with which the participating parame-
ters can be determined over the region of interest.

One point which has been neglected by all the foregoing analyses is
the possibility of an eleetrothermal contribution to the performance of
the MPIDy are.  Bearing in mind that the devices in which the MID effest
was first identified had originally been designed as electrothermal thrust-
ers, it is reasonable to suspect that resistive plasma heating processes
continue to participate in the overall gns neceleration mechanism in some
way. At first glance, the electrothermal contribution might seem to be
minor in an are producing exhaust velocities up to 10 m/see, beeause of
the excessive gas temperatures which would be required to yietd com-
parable speeds via nozzled expansion.  We have just seen, however, that
one effect of the large self-induced or external B fields is to displace the
collisional plasma region downstream from the electrodes. By so doing,
the are may now be able to sustain much higher currents and gas tem-
peratures in this “chmic” region than if it were in direct contact with the
materia! electrodes. The extreme point of view would be to regard the
device as still an electrothermal accelerator, with the hottest portion of
the gas kept away {rom the electrodes, and the exhsust stream foeused by

{
i
I
i
i
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(he “magnetic nozzle’ established by the feld pattern.  We should thus
qgain have a prime example of & hybrid thruster wherein both electro-
(hermal and electromagnetic processes contributed substantially to the
gas acceleration.

‘ 1n the analysis of the arc as a whole, however, the distinetion
petween electrothermal and electromagnetie acceleration mechanisms
heeomes somewhat vague and academic.  On an atomic geale, the distine-
tion relates to the extent to which the charged particles can first randomize
and then veorganize the energy imparted to them by the electromagnetic
fields, over the dimensions available in the device. Randomization is
evident in the collisional low-8 regions of the are, but in the free-orbit
drifling regimes and in the effectively collisionless motion of the ions, the
eriteria for thermalization are less clear.  I'or example, does one regard a
charged particle constrained to cyeloidal helieal diift by the magnetic
field pattern to be in organized streaming or randon thermal motion?

Tffective electrothermal conversion i important, however, from the
standpoint of the overall efficiency of the MPD device as a thruster,
Were only electromagnetic effects producing the gas acceleration, the
¢ficiency would need to be assigned ou the basis of the ratio of some
appropriate integration of {§ x B) - u over the entire volume to a similar
ilegrationof j - B, Thatis, all Joule heating of the gas would be regarded
ax an energy loss.  If, on the other hand, the device retained some of ils
clectrothermal heritage and could redirect s significant portion of this
mndomized energy into streaming motion, the overall efficiency would
Benefit accordingly.  In the limit, only frozen flow radiation and electrode
usses would detraet from its performance, and its efficiency could be
sgnificantly higher.

RRegardless of the particular physical models invoked to deseribe the
details of MPID are operation, it is clear that this is o device which
fortultously embodies intensities and geometries of current and electric
and magnetic fields which circumvent several of the classical limitations
of the conventional electromagnetic and electrothermal accelerators,
Indeed, in comparison with the idealized uniform channel How coneepts
with which this chapter began, or with the elementary core-flow arciets
discussed in Chap. 6, the MPD arc is a renegade, violating our estimates
of reasonable values for current density from an electrode, gns density,
gas temperature, channel length, channel profile, gas conductivity, and
mugnetic interaction parameter (Prob. 8-18).  Yet this very irregularity
of its domain of operation may be indicative of the situation prevailing
i the entire field of plasma propulsion, namely, that the acceleration of a
high temperature, highly ionized, nonuniform working duid by the spplica~
tion of interwoven electric and magnetic fields simply will not prosper
under conventional gasdynamic implementation, but rather demands &
new technology vet to be developed.
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FPROBLEMS

B-1.

8.2,

8-3.

B-6.

8-7.

a4,

g.10,
811

8-13,

What electromagnetic plasma sccelerstors are analogous to the following con.
ventional eleciric motors: (g} sertesawound de motor; () shunt-wound de
motor; {¢) polyphase induction motor?

Show that - B is the proper expression of the rate of total electric energy input
to & magnetogasdynamic channel fow, Espress 1+ E a3 a sum of useful work
and dissipative components.

Reduee the system of magnetogasdynamic squations (8-1) to (8-15} by assun.
ing fv, ., ¢ ¢, Jum, J1 = 0 and eliminating jand . Interpret the resulting
relations.

Derive relntions between g and py and wy snd M, which guarantee smootk
passage of the flow through M = 1 for a constant feld, constant area chunnd,
There i some ambiguity in the definition of an efficiency for a magnetogay-
dynamic accelerator, One might use the ratic of the inerease in Kinetic energy
of the How along the channel to the electric input power,

(F/2 et — ug®)

g d
[0}~E x

or alternatively, the ratio of kinetic energy of the exbaust flow to the sum of
inlet kinetic energy, inlet enthalpy, and electrie input power,

bhu st

£
taFug + Fe, Ty + /:3 j-Edz

My

By =

Compute n; and g, for a uniform feld, constant area accelerator, with sonie inlet
veloeity and maximum exhaust velocity, as functions of ug/f. Examine the
limiting eases for maximum and minimum possible w/8  For what values of
wye/E are 9y and 4 a maximum?  Explain why 5, may exceed unity.

To what extent are the limiting performance estimates ai the close of Sec, 53
compromised by the neglect of streamwise components of elestric Reld?

Why are electron-electron collisions not involved in the calculation of the
electron Hall parameter for a substantially lonized gas?

Bxpress the ratio of electrom-ion fo electron-neutral collision frequency in
terms of electron temperature and degree of ionization. Given a gas in thermal
equilibrium at 0.1 BTP density which satisfies a smell lonization Saha relation
of the form (3-28), where ¥ = 2 X 10V for ny in m™? and & = 15 ev, and
aesuming Q. = 107V cm? compute the temperature at which electron-ion
collisions taks over control of the Hall parameter @.  What is the corresponding
value of 47

Derive the components of eurrent density in = rectangular Hall accelerator of
the second class for the twocases B, = Oand j, = 0. Derive the optimum angle
of inclination of B and the corresponding optimum axial {orce density /o i
each case,

Derive the generalized Ohm's law in the form of Eqg. (8-74}.

Express the ratio of ion to etectron Hall parameters for an equilibrium partially
jonized gas in terms of mass ratio, degree of onization, and ratio of electron-ion
to won-neutral cross seetion,  Under what conditions might this Hall parameter
ratio approach or exceed unity?

Explore possible solutions for a one-dimensional induced-field accelerator under
constraints of (o) isoihermal flow, (b) adiabatic flow, (¢} eonssani rurrent
density, and {d} any others permitting closed-form solutions.

Explore possible solutions of a self-field sheet accelerator under constraints of
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8-16.

817,

818,

() isothermal fow, (b) adiabatic flow, (c) zero acceleration (i.e., & pump), and
(dy any others permitting simple selutions.

Estimate the maximum gas density whick will allow an eleetron temperature
of 4000°K to be sustained in a nitrogen stream at 2000°K for an spplied elec-
trie field of 107 volis/m.

Show that the axial thrust generated by an azimuthally uniform radial dis-
charge betwzen two concentric cylinders is properly given by Eq. (8-102),
irrespective of the axial distribution of current density.

Show that total force on the cathode in Fig. 8-18¢ is independent of the radial
distribution of axial current density over the cathode surface.

Bketeh typical trajectories for electrons within the cathode jet of an MPD are,
assuming Bs(r) « 1/r, B, = 1/, and no collisions.

Iistimate a range of magnetic interaction parameter for the MPD arc opera-
tion of Table 8-3.
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9
Unsteady Electromagnetic
Acceleration

1 MOTIVATION AND CLASSIFICATION

Considering the attractive performansce range and operational simplicity
of the steady magnetoplasmadynamic are discussed in the preceding ehap-
ter, there might seem to be little motivation for extending the study of
cleetromagnetic acceleration into the inherently more complex unsteady
domain.  Faced with the substantial analytical and technological develop-
ment nesded to refine the steady MPD accelerator into a satisfactory
space propulsion unit, one may understandably require clear-cut incentives
fo introduce the additional complications of unsteady fields and flows into
electromagnetic propulsion devices. However, such incentives do exist,
i the form of certain physical characteristics of unsteady discharges
which presage possibilities for even higher plasma acceleration performance
than the steady devices attain.  Specifically, three potential advantages
of unateady operation merit consideration:

L. The thrust efficiency of the steady MPD accelerator tends to improve
with increasing discharge current density. In a space thruster of
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this type the maximum current will be limited either by the tolerable
electrode erosion or by the available power supply.  Bince the ot
thrust of a self-field deviee seales quadratically with the are current,
there would seam to be some advantage In passing this current
through it in intermittent inlense pulses, thereby attaining higher
average thrust, probably with less electrode erogion, than by s steady
consumption of the same total power,

2. Operation of the are in brief intense pulses may preclude the develop-
ment of certain undesirable kinetic equilibrations within the accel-
erating plasma. Ior example, if the entire aceeleration event is
secomplished rapidly enough, it may be possible to keep the free-
electron component of the pas from thermalizing with the high
energy strepming lons, and subsequently squandering this energy via
inelastic collisions and radiation.

3. Unsteady electromagnetic field effects may produce beneficial spatial
nonuniformities in the discharge pattern.  The most striking exam-
ple of this is the development of a “skin effect,” in travsien} dis
charges, whereby the entire current may be constrained to flowin
a narrow region at a favored location in the discharge channel, there-
by providing a more effective coupling between the accelerating field
and the ambient gas,

The task of evaluating the validity and applicability of such unstesdy
acceleration benefits is lightened somewhat by two factors.  Ilirst, it s
found that, under some circumstances, introduetion of wnsteady effects
simaplifies, rather than complicates, the theorvetical formulation, For
example, if the current is indeed confined to o narrow region, finite-jump,
or snowplow, models, akin to classical gasdynamic shock wave treatments,
which make no reference to interior structure of the current zone, moy
provide useful information (Sec. 87). Fven in those cases where details
of the discharge structure are important, extremely high current levels
assure essentially full ionization; hence a two-fluid domain of predomi-
nantly electrodynamie, rather than gasdynamie, interaction witl prevall.

As asecond aid, there exists a substantial amount of previous experi-
mental experience with closely related acceleration devices. Most rele-
vant are the family of plasma injectors, or “guns,” developed in connection
with the extensive program on controlled thermonuclear fusion [1).  These
are supplemented by a few smaller scale devices for the production of
“plasmoids’ for various interaction experiments [2], some electromagnetic
shock tubes for high enthalpy gasdynamic and gaskinetic studies (3], and
certain exotic spectroscopic light sources [4].  In a rather different class
of unsteady intersction, traveling-wave electron accelerators have been in
operation for many vears [5], and provide valuable background for eon-
tinuous-wave-train plasma acceleration,
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The last reference brings us 1o a necessary subdivision of the concept
of unsteady electromaguetic ncceleration.  In the following discussion we
shall distinguish between pulsed deviees, wherein the entire plasma pro-
duction-acceleration-ejection event is accomplished within o single burst
of electrical discharge, and traveling-wave accelerntors, wherein a con-
ynuous clectromagnetic wave train convests o perlodically modudated,
but otherwise steady, gas flow. This distinction will diffuse somewhat
as a pulsed deviee is brought to more and more rapid repetition rates and
the suceessive discharge events interact with each other, both in the
plasma und in the driving cireuit. Perhaps o more basie distinction is
belween Lthose devices which have electrodes in direct contact with the
gas, and thus require a zone of conducting plasma to complele the circuit,
aud those which induce currents in the gas flow in response to & changing
current in & complete external circuit,  The former are probably most
applicable to propulsion, and we shall allow them the designation pulsed
plasma aceelerafors, with no other gualifieation.  Much of the concept
and mechanics of these devices can be directly extended to the induction
aceeleraiors, although the limiting case of traveling-wave machines yields
more naturally to a somewhat different analytical formalism.

3.2 PULSED PLASMA ACCELERATION

Doubtless the first thoughts of pulsed plasma acceleration were inspived
by phenomenological observation, and the most effective introduction to
this topic is still & phenomenological cne. The basic process can be
demonstrated by any of several simple and familiar laboratory devices,
Consider the pair of parallel-rail electrodes skeiched in TFig. 9-la. If a
lnrge capacitor, charged to sufficiently high voltage, is abruptly switched
aeross these rails, an are will Initiate between them at the closest secessible
position 1o the capacitor circult, and then will propagate down the rails,
away from its original position. A similar effect can be observed in a
“hutton gun” (IFig, 9-18), where a blob of plasma created between the
cleetrode tips 1s ejected normally outward; in a “T tube” {Ig. 9-1c),
where discharge plasma impels a gasdynamic shock wave down a glass
pipe; in & “conxisl gun” {Fig. 9-1d), where an annular sheet of plasma
sweeps axially between ecaxial conductors; and in a *“dynamical pineh”
discharge (Fig. 9-1e), where o cylindrical plasma sheet implodes radially
inward {rom the electrode periphery.

Each of these experiments displays the same sequence of three physi-
eal evenis: (1) the discharge initiates in the geometrical configuration
which provides the minimum inductance for the eleetrical cireuit it com-
pletes; {2) the discharge intensifies into a narrow current-conducting zone;
and (3) this current zone sccelerates toward a configuration of maximum
mductance. Detalled analytic deseription of any of these three processes
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Fig. 3-1 Various pulsed plasma accelerators (schematic),  {a) Parailel-rail acceleraton
(b) button gun; (¢} T tube; {d} coaxial gun; (e} linear pinch.

has not been achieved, but their general relation to more familiar electre-
dynamic phenomena seems plausible.  The initiation of the are in the
minimum inductance configuration may be nssocinted with a high-fre-
quency skin effeet wherein a rapidly changing current tends to be excluded
from the interior of & conductor by the back emf of its own rapidly chang-
ing magnetic field (Prob. 0-1),  In the situations depicted here, one must
first postulate a transient low-level discharge over the entire electrode gap,
which provides an initial gas conductivity, but then rapidly intensifies
preferentially at the low inductance location,

The maintenance of a narrow are shect or flament is most probably
associated with the inisial localization of the are; with the strong non-
linearity in gas conductivity as a Function of current density, i.e., in the
are current-voltage characteristic; and with the sction of the self-magnetic
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forces over the brief time scale of the event., That is, the entire accelera~
tion proeess s completed before the sharp current density profile created
sl the outset has time to diffuse into the ambient gas ahead of 1% or lnto
the magnetic field behind it

The acceleration itself is mainly provided by the interaciion of the
are current with the self-magnetic field produced by the complete circuit,
Regardless of the sign of the current, this force always aets to expand the
area of the cireuit loop, and hence drives the plasma away from the
external conductars, The microscopic details of the § ¥ B interaction
i the gas arve difficult to identify precisely, bul may involve substantial
wterior electric fields;, as well as the primary magnetic forces on the
charged particles. Bome electrothermal contribution 1o the acceleration
proeess may be provided by a preferential expansion of the heated electron
component of the discharge plasma away from the inception boundary.
As in the magnetic expansion thruster (Sec. 6-8), the force associated
with this expansion must be transmitted to the heavy particles via s
streamwise electric field established by a slight separation of the electron
and ion component distributions. An index of the relative importance
of this contribution is the ratio of the electron pressure to the magnetic
pressure at the back of the current sheet.

For a device of this type to funciion effectively as a pulsed plasma
thruster, it must also properly attend to a sequence of gasdynamie proe-
esses, including the initial filling of the electrode gap with propellant gas,
a channeling of the flow during the acceleration phase, and the ejection
of the accelerated mass at the end of the channel. The complete cyele
of a pulsed plasma thruster thus involves the following series of events:

1. Theappropriate amownt of electrical energy must first be aceumulated
in the external cireuit.  Since we desire pulses of very large current
(104 te 108 amp), at sufficient voltage to break down a few cenlimeters
of cold gas (10° to 10° volts), an electrical storage unit such as &
capacitor, or possibly an inductor (Prob. 9-2), will be required, unless
a prodigious power plant s available. When switched aeross the
electrode gap, this storage unit must deliver its electrical energy with
a minimurm of internal digsipation or inductive delay.
he propellant gas must then be admitied into the electrode gap in a
manner that establishes the desired mass density distribution prior
to dischiarge.  Binee the exit of the accelerator channel opens onto
free space, this gas injection must be accomplished rapidly, and in
precise correlation with the discharge initiation, lest too much gas
leal: out the channe! before breakdown or foo much enter after the
event is over. TFor single pulse or slow repetitive operation this
requires an extremely rapid gas valve. For very high frequency

2
—
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pulse repetition, it may be possible to operate with & steady inlgt
flow.

3. Discharge breakdown must ocour at the proper time in the gas-filling
eyele and in the proper geometrical location in the channel, The
latter is normally accomplished automatically by the aforementioned
skin effect for a reasonably designed channel; the former will require
gither a switeh in the external circuit or proper utibzation of the
breakdown potential vs, pressure characterislic of the propellant gas
in the gap (Bec. 6-4),  An external switch permits precise corrda-
tion of the discharge with the gas-filling eycle, but will inevitably
consume some of the electrical energy and add some inductance to the
cireuit.  Seli-triggering of the discharge when the injected gas pres-
sure builds up to the breakdown level eliminates the swiich, bul
restricts operation to speeific combinations of gap spacing, applied
voltage, and gas depsity and may itself involve significant disdpa-
tion of electrical energy in the poorly conducting nitial breakdowy
phase,

4, (neea breakdown is established, 1t must intensify rapidly to a currens
layer that is stable, that covers the entire chunnel cross section, that
is of suffieiently high conduetivity to make resistive losses negligible,
and that iz sufficiently dense to be impermeable to the ambient g
which it must accelerate. These reguirements bear, first, on the
characteristics of the external eircuit, which must deliver sufficient
total current at sufficiently rapid rise time that the skin effeet
operntes effectively at the attainable gas conductivity; second, un
the ambient gas density, which must be high enough to sustain the
are, but not so high as to overload it with excessive mass; and thind
on the chanrel geometry, which must lend ltself to a transvensc
current zone across the entire section.

5. The current lnyer thus formed must now accelerate down the chann
under its own magnetic field, effectively accumulating the ambient
gas either by pushing it like a piston or by entraining it within itself,
until an appropriate velocity is attained. During this process the
current layer must not become porous to the ambient gas ahead of 1,
por shonld it develop dynamic instabilities which distert or disrupt
its profile.  In addition, the gas accumulation process should involse
a minimum of thermalization and dissipation in the body of secel-
erated gas. Relation of these requirements to the external electri ol
parameters, channel geometry, and gas properties is perhaps the
most challenging basic problem of this field.

6. When the accelerated mass of gas and plasma reaches the end of the
channel, it must be ejected with a minimum of thermal and electro-
magnetic loss.  On the one hand, it is desirable that the ragnetic
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ficid prevailing near the exhaust aperture contribute to a focusing of
the exhaust plume into & well-collimated stream and provide a region
where substantial recovery of thermal energy in the plasma may
geeur.  On the other hand, Lhis exit fleld must not impede the ejec-
tion of the plasma in a dynamical sense; Le., the plasma must not
secome tied to the field lines,  Tinally, the field pattern at exhaust
must not itself involve substantial electromagnetic energy, which
inter will relapse into the external cireuit, to be dissipated in uscless
seeondary breskdowns of the gap.  Here again, precise relation of
these reguirements to the controllable parameters of the problem
is poorly understood,

= Finally, the entire electromagnetic and gasdynamic system must
return to its initial situation, prior to the initiation of & new cyecle.
Juvolved here are many diverse processes, such as the ringdown
pattern and recharging profile of the electrical storage unit, the
veluxation of any residual ionization in the channel, the thermal and
chemieal relaxation of the electrode surfaces, the completion of the
gas valve eyele, the opening and rearming of the switch, ete., any
one of which could limit the repetition rate of the accelerator.

The grand sum of this list of requirements, of course, is simply the
ellieient conversion of electrical energy into thekinetic energy of the exhaust
streem,. The tools available for accomplishing these specifications are,
as hefore, ad hoe analytical models, empirieal testing, and—perhaps more
essential here than anywhere else in the entire electric propulsion feld—
busic experiments on the component physical processes. In the balance
of this chapter, we shall attempt some illustration of each of these methods
of attack.

3-3 CIRCUIT ANALYSES OF PULSED ACCELERATORS

The phenomenological observation of narrow are current layers in aceel-
erators of this class suggests o theoretical idealization wherein these layers
are represented by discrese, albell movable, elements of a simple induct-
ange-capacitance-resistance (LORY serles cireuit (8], Consider, for exam-
pie, the parallel-plate accelerator sketched in Fig. 9-2, across which is
switched a capacitance €, initially charged to a voltage V. Breakdown
of the gas eompletes a clreuit which has a certam initial inductance Ly,
determined by the external cireuit geometry and by the inherent induct-
anee of the eapacitors, and a cerain nitial resistanee Ry contributed
partly by the external circuit, including the capacitors, and partly by
the discharge itself.  As the discharge intensifies and propagates down the
channel, the total eircuit inductance will incresse and the resistance of the
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Fig. 8-2 Parallel-plate accelerator,

arc will ehange in time. The waveforms of current fowing through the
cirewit J{8) and voltage appearing seross the electrodes V) will reflect
these changes in cireuit parameters, Lin), BG). For esample, application
of Maxwell's ¥ x E equation arcund the changing cireuit yields the
voltage-current characteristio

V=JR+4¢=JR+ 5; (LY = JR -+ LJ + J1. (4-1)

where dots denote time derivatives, and ¢ is the magnetic Aux defining
the inductance L (Sec. 2.3).  The power delivered by the capacitance to
the cireuit is thus
P=JV=Jw+ LI g = g IE Lodel (9-2)
- - f "‘f_ JJ + e J'.!If + d}' (,f’_)‘fnf) "§“ ) " ( i
The three terms on the right represent, respectively, rate of resistive heat
generation, rate of change of energy storved in magnetic fields, and rate
of work done on the moving arc sheet. Presumably, it is the last term
we wish to optimize,
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Let us now assume that ail the energy initially stored in the capaci-
7 4

tance, o = 2OV is delivered to the civenit in o single pulse of current
lasting & time ».  We may write

Wy = ]0’ Pdt = [0 (SR + L4000 d (9-33

where the magnetic field energy term has disappeared in the integration
since the current is zero at ¢ = 0 and ¢ = 1 by definition. Note that [,
has the dimensions of & real impedance, like ®, and that its magnitude
relative to & will be one index of the effectiveness of the aceelerator,
For example, we may define an electrical efficiency

1 ﬂ}r JLdt
T (9-4)

which regards the J2 integral, although partially 1 thermal energy input
to the gas, as a total loss, and the J2L integral as completely convertible
to kinetic energy of the plasma layer; ie., it neglects dynamical losses.
To estimate the mugnitude of 5., let us define a fictitious reference
current Jo equal to the amplitude of the sinusoidal current which would
have arisen in this cireuit had B been zero and 1. constant at the initial
value Lo thatis, Wo = 1400745 Since in the real cireuit L monotonically
increases from Lo at breakdown and R is finite, we may presume that
J < Jg throughout the pulse (Prob. 9-3), and thus {9-4} yields the useful
nequaliby
forba [Jrena g
R XV A

(9-9)

where AL is the total increase in cireuit inductance achieved during the
current pulse.  Relation (9-5) implies that efficient single-pulse accel-
erators will be characterized by inductance changes during acceleration
atleast comparable with the initial inductance.  Violation of this eriterion
will be indieative either of excessive registive losses or of an uncoupling
of the plasma element from the cireuit before completion of the current
pulse, with consequent energy residue left in the capacitance or in the
electromagnetic field.

The AL/ Le = 1 criterion relates primarily to the geometry and seale
of the accelerator, and might best be illustrated by an order-of-magnitude
examination of a specific case.  If the plates of our linear aceelerator are
sufficiently broad so that edge effects of the fields and flow may be
neglected, say, A/d = 0.1, the inductance they contribute to the cireuit is
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simply wo{h/d)x, where  1s the displacement of the eurrent sheet from itg
inttial position. Since this is the only time-varying contribution to the
total cireuit inductance, we have

. f
L=y :; i henry/sec {3-6)

If we eanter our interest on the exhaust speed range 3. = 5 X 10 m/se,
Lowill not exceed about 0.005 ohm.  Therefore all resistancesin the cireuit,
including the discharge itself, must be small compared with this value if
the bulk of the applied power is not to be dissipated in Jouls heating,

The avallable inductance change is similarly very small. Even if
we allow the channel to be 0.50 m long, & rather generous size as we shall
see later, AL will still be only about 5 3 1078 henry. To assemble an
external circuit with fized inductance less than this value requires con-
siderable care.

The required capacitance € and initial voltage V, are controlled by
a number of conflicting factors, most notably by the current sheet opacity
requirement discussed above, by the ringdown pattern of the complete
LCE cireuit, and by the specific mass of the available capacitors. For
example, 1t i3 found empirically that a linear current density of at least
10% amp/m must pass through the curreni sheet for it 1o accelerate and
sweep ambient gas effectively; hence we require some 1% amp for s
0.10-m~wide accelerator. Using the time scale r = /3 = 10~*% sec, we
require an initial charge storage @y = Jr > 0.1 coul to sustain the pulse over
the complete acceleration, and hence a capacitance € = Qy/V,e > 0.1/V,
farad. The initial voltage, in turn, is bounded by the reguirements that
it bie large encugh to accomplish the breakdown and to drive the current
through the total impedance of the circult, and not so large that it i
troublesome from an insulation or power supply standpoint, say, 1,000 <
V' < 20,000 volis in this example. The indicated minimum eapacitance
g thus in the range of 5 to 100 pf.

The second constraint on the capacitance can be illustrated by
relerence to an LOK circuit of fixed elements, where relation (8-1) can be
written as a differential equation in by recognizing that J = —¢ and
V = @/ in this circuit:

Lol + EoQ +~‘g— =0 {9-7)

For initial eonditions Q = Qq, Jo = ~Q(0) = Gatt = 0, the solution has
two forms. For {0 < 4Lo/Ko? there is a damped oscillatory behavior
{Fig. 9-3a):
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Fig, 8-3 Current waveforms for simple

LCR cireuits, {a) Underdamped; (b) 4
overdamped; (¢} criticaliy damped, [}
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The special case € = 4L¢/R? 15 eritically damped {Iig. 8-3c):
Q = Qa< ] ‘;?TU )g"i(f@u[‘zﬁu)d

(e
- ,7,35 S 28I )
=gt

(5-10)

In the example accelerator chosen, we have commitied ourselves to
a ratio 4Lg/Hy? = 4 AL/R? = 1074 Thus some 16 uf of capacitance
would be needed to eritically damp the current pattern.  The foregoing
analysis strictly applies only to a cireuit of constant parameters, but it
serves to indicate that any comparable mateh for cur dynamic cireuit i
put out of reach both by the total mass and volume which would be
involved in assembling this immense capacitance and by the intelerably
slow current vise time which it would predicate.  We can probably handle
only 1 percent of this value at best; hence we must be content with a
nearly free-ringing cireuit {Eq. (9-8) and Fig. 9-3a].

1f we use the bare minimum of capacitance, sny 5 uf, the period of
ozcillation of this cireuit, T = 27 A/ LeC, is shorter than the desired accel-
eration time, so that current reversals will occur while the plasms is in
motion down the channel. Ideally, such reversal might not seem detri-
mental since current and self-B-field reverse in phase and the body foree
rernains positive, albeit pulsating. In practice, however, it is observed
under most conditions that current will not reverse in the initial current
layer, but rather a secondary “erowbar”’ breakdown will oceur back at the
initial breakdown position, at a time slightly prior to circuit eurrent rever-
sal, thereby effectively short-circulting the accelerating initial sheet from
the external supply.  Although such zecondary discharges may also propa-

zate down the channel, they tend to be less manageable than the primary
sheet, since they have only the residue of gas left behind by the initial
sheet in which to form and accelerate,

To preclude secondary breakdowns, one might consider the ¢ addition
of capacitance until the hali-period of the cirewit, with dynamic distortion
included, exceeds the acceleration time of the channel. However, this
Laghmque would protract the current rise time o nearly one-half the total
pulse length, thus reducing the skin-effect current sheet concentration
and lowering its gas-swesping effectiveness. To eliminate pseillatory
behavior of the cireuit without excessive capacitance and associated slow
rise time, a more complex external configuration, such as a pulse- -forming
network or lumped-element transmission line, is needed, which can deliver
a more appropriately tailored pulse of eurrent to the discharge. The
attractiveness of shis approach isenhanced by consideration of the dynan-
ic efficiency of the pas-sweeping process, discussed in the following
sections.
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The foregoing sequence of rationalization has been presented for a
purtivular accelerator geometry and size, but the results are guiie char-
acteriztic of most devices of this class.  In general, they call for very large
cwrrents, while presenting extremely low dynamical impedance to the
driving cireuit, and thus they place severe demands on it for very low
evternal inductance and resistance and very high capacitance and voltage.
More specific design eriteria cannot be developed until the gasdynamical
aspects are included in the problem, since these determine the rate of
increase of inductance, which must be the dominant cireult load in an
efficient aceelerator.

34 DYMAMICAL MODELS

The essential function of the devices and cireuits deseribed above is to
accelerate mass by the self-applied magnetic forces. Since the discharge
current which provides the foree in each case g itself determined by the
position and velocity of the movable cireuil element, e, the plasma under
aceelerstion, the general dynamical problem is nonlinear. TPurthermore,
the microscopie details of the accelerabion process, wherein ambient gas
partieles are lonized and accumulated by the propagating current sheet
and given streamwise momentum, are complex and obscure. Conse-
quently, analytic approach to this class of problem is usually based on one
of several heuristic models which may adequately represent the gross
dynamieal features in particular domains of operation,

SLUG MODEL

In the simplest idenlization, one presumes that the entire mass of gas to be
aceelerated is enveloped in the initial breakdown event at the minimum
inductance configuration, and thereafter no mass is accumulated or lost
as the accelerating plasma traverses the channel. This slug model is
probably relevant only to a few special situations, such as the purposeful
injsetion of a highly localized ambient mass distribution near the channel
inlet, or the creation of the plasma by vaporization of a metaliic film
mitiatly closing the cireuit in shis region {7], but it provides some insight
into the sealing properties of accelerators of this class.  Historically, this
model was developed in connection with & proposed “electromagnetic
cannon,” wherein a solid conducting element was to be accelerated along
parallel rails to a formidable muzzle velocity [8].

Returning to the quasi-infinite parallel-plate geometry of the pre-
vious section, Newton's law for this system may be written

ne = hd [ i1 de ”;”j* It = YLt (9-11)
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where m = total mass accelerated
§ = current zone thickness
Iy = channel inductance per unit length
The circuit equation (9-1) can be written with the capacitor voltage
included in the form
d

St L) £ TR+ = et L]

1
+ L+ IR - Vot Jodat =0 (12)

Relations (8-11) and (9-12) are simultaneous equations in J(£} and z(¢) in
terms of the parametersm, Ly, Ly, Vo, €, and &, if & is presumed a constant
throughout the process. These may be nendimensionalized in various
ways to generalize numerical solutions and {to establish the scaling laws,
For example, the choice

L,
¥ o IO
T
[ (9-13)
VTG
1L,
Foom o [T
J ToN T J
reduces Egs, {8-11) and {8-12) to the forms
(2*) = a(J¥)? {0-14)

(1 4+ 2%)(J%) + J*) + J* = 1 — jﬂ"' JEdr (0-15)

with dimensionless inttial eonditions

2*0) =0

(&*)(0) = 0 (9-16)
J*0) =0

(7)) =1

where primes indicate differentiation with respect to ¢*, and o and g are
the relevant scaling parameters:

_ L2Vl 9-17)
= G, (
8= R \/{i (9-18)

[J(j
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In @ we recognize our earlier index of the damping characteristic of a
simple ROL civeuit,  If 82> 1, the complete eircuit is predisposed to an
pverdamped waveform; if 8 <1, the tendency is toward an oscillatory
wavelorm, provided the dynamic contribution to the impedance, £, is not
excessive. The relative importance of the dynamic impedance is latent
it the other parameter, o I we cast it in the forms

OVl 1 (BOV (L)

T T, T 3 Uamidt (L O

! (Cl) (5,) o L (%8%2) < ‘\/f?) (©.19)
TaNtgmat SR T T 82\ Lgma Lo/l -

we can identify four ratios of interest: the ratio of energy initially stored
in the capacitance to the kinetic energy of the accelerated mass, which
should be of order unity in an efficient aceelerator; the ratio of dynamic
impedance to cireuit resistance, L/R: the statie cireuit damping parameter
#; and the ratio of the resonant period of the initial eireuit, 20 v/Lol, to
the time required for the induetance to increase by one unit of Ly, We
thus expect that systems of large o will display current waveforms which
are severely damped and protracted in wavelength as fime progresses
(Prob. 9-4}.

Numerical caleulations based on (9-14) to {9-16) confirm these inter~
pretations of the scaling parameters. For o2 1, one finds distorted
damped current waveforms J*(¢*) and assvcizted monotonically accel-
erating slug trajectories a*{1*; whieh achieve some terminal velocity at
current completion or exhaust, determined by the initial energy storage
and resistive losses throughout the pulse (IMig. 9-4a). Foro <1, § <1,
J*{£*%) describes slowly damped, slightly protracted sinuscidal oscillations
{(Fig. 9-4b). The corresponding x*(i*) trajectories clearly do not oscillate,
since the body force does not reverse on current reversal but may display
comparatively minor fluctuations in their dervivatives in appreaching a
terminal velocity.

In most propulsion devices for which this model is at sll relevant,
practical requirements on the component parameters place « and 8 well
in the latter, oseillatory domain.  In applying this analysis to these cases,
it is presumed that the plasma slug remains coupled to the cireuit after
current veversal, L.e., that the plasma slug is the only element closing the
external cireuit at all fimes.  As mentioned earlier, many devices have a
tendency to initiate n new crowbar discharge, back at the initial low
inductance position in the channel, st or even prior to the time of current
reversal.  This will divert a major portion of the circuit current from the
primary sheet and elearly Invalidate the analysis from this time on. To
preclude current reversal before plasma ejection, it is normally necessary
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to enforce a protracted nonrveversing current waveform with o more elabe-
rate external circuil. Although the dynamical equation remains vaiid
for this case, the circuit statement now needs to be much more detailed [9).

SNOWPLOW MODEL

The obvious deficiency in the slug model is the negleet of entrainment of
additional ambient mass as the current zone prepagates down the channel.
This sweeping process is characteristic of the majority of pulsed plasma
accelerators, and the effectiveness with which it is aceomplished beass
beavily on the overall efficieney of a given device. Thesimplest analytical
model which incorporates the sweeping feature regards the current zoxe,
driven by its own magnetic field, as an impermeable, completely absorbing
surface propagating into the ambient gas [10]. The mass overtaken by
this advancing surface is assumed o be accumulated within it and sub-
sequently to travel along with it; hence the nomen snowplow. As we
shall see later, this model has implieit limitations on the attainalble dy-
namic efficiency.

The circuit equation remains the same as for the slug model (9-12),
hut the statement of Newton's law now must contain another inertial
term to allow for the rate of muss accumulation:

mE b mE = M1LJ? (6-20)

It will be assumed that when mitially formed, the current sheet embodiss
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o certain small but finite mass mo. This conforms with experimental
experience and precludes a troublesome singularity in the acceleration of
inttielly zero mass.  After inception, the current sheet aceumulates mass
at & rate determined by the sheet veloeity, the channel dimensions, and
the ambient mass density distribution p{z) which we shall first assume to
be uniform:

Ha)
m(a) = mo -+ hd [J pla)i dt = mo + hdpa (9-21)
The dynamical equation thus may be written
{(my -+ hdpz)E + hdpa? = 141,02 (9-22)

A nondimensionalization similar to the slug model serves here also:

In
oo
wh =
* 1 [
=L Loy
10'\/ {

The dynamical and cireuit equations then take the forms
m* + 2%) (%) + [(@%]F = a(J*)? (9-24)
(1 4 29 (I + S g = | — ﬁ}‘*ﬁda* (9-25)

OV 2L
o = -

where
Z,H.LQ

— I‘U
- }L{fp ”I:“;

— (9-26)
g=r (Y
L‘n
x o o Lo
E T Rk,

Computations based on this model display two anticipated differ-
ences from those of the slug model (Fig. 9-5). First, the current sheet
need not always aceclerate monotonieally along the channel. In low
ourrent portions of the cireuit eycle it may accumulate mass more rapidly
than the driving body force can sustain at the prevailing velocity, and
hence be obliged to decelerate momentarily, Becond, the acceleration
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tends to be most vigorous at early times where the mass accumulated is
vet small, and to weaken later when the bulk of the mass has become
entrained. Otherwise, the scaling parameters play the same role in damy-
ing and distorting the waveform as before.  If the initial mass parameter
m* is small, its effect on the current sheet trajectory tends to disappear
after a small fraction of the channel has been traversed.

Despite the gseverity of its assumptions, the snowplow model s quite
successful in predicting current sheet trajectories for a vaziety of pulsed
plasma accelerators over a broad range of operation,  As cast above, the
model ignores possible short-cireuiting effects of secondary breskdowns al
current reversal, and must be amended if these are known to prevail in a
given device. Again, the dynamical equation can be coupled with more
sophisticated external eireuits, provided they can be reasonably repre-
sented analytically. In some cases it is possible to specify the current
wavelform in advance, leaving only one equation [(0-24}] to be solved lor
the trajectory z*(¢). For example, if the dynamical development of the
discharge is only a small portion of the total circuit impedance, fe, Il
the discharge and energy source are weakly coupled, (9-25) may be solved
with 2* = (2%)" = (, to provide a first approximation to the current wave-
form. Weakly coupled systems of this sort are common in Iaboratory
experiments where effectiveness of energy transfer from source to plasma
is not a prime consideration.  For propulsion application, however, tight
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poupling, Le., matching of the dynamical impedance of the discharge to
the output impedance of the source, is clearly sssential.

GASDYNAMIC MODELS
The first refinement of the snowplow model which suggests itselfl is the
inctusion of more realistic gasdynamie properties, most notably the finite
compressibility of the entrained gas. That is, while still treating the
current sheet as an impermeable surface, it will now be regarded as a
piston which drives a gasdynamic shoek wave ahead of # at somewhat
higher velocity (Ifg. 9-6). This shock front abruptly accelerates the

X % % En"igrgéned
X X X
X X A Yo o
o [
X B x
Pa 4
X X M}y oz £
X % X 72 7
o
X % x 72 !
g = Uy
Fig. 3-8 One-dimensional constant spesd Current Shock
shock wave model. sheet front

overrun gas and corapresses it to a high but finite density and pressure
in a small but finite layer between itself and the current sheet. The
familiar normat shoek wave relations {11} ean be applied to this model $o
relate the state of the entrained gas and shock speed to the ambient condi-
tions and piston speed, provided equilibrium is achieved in the overrun
gas, the piston speed is constant, and an effective ratio of specific heats,
v, ¢an be identified for the process.  For example, for the very high piston
speeds u, of interest here, the shoek speed 7 anxd the density, pressure, and
lemperature ratios across the shock front are closely approximated by the
simple expressions

e ";f"i w (9-27)
nett) o
% - m_‘;_%l (%)” (©-29)
% _ mf_?::_éz (}5)2 (9-30)
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where a, is the sound speed in the ambient gas.  The width of the shoeked
gas gone, its density and temperature, are seen to depend heavily on v,
andl this is a strongly temperature dependent quantity. For the veloeity
range of inlerest, the associated shocked gas temperatures are so high
(13* to 10°°K) that most of the internal degrees of freedom are highly
excited and v elosely approaches unity (Sec. £-2). Small uncertaintics
in -y are thus magnified in the computation of the shocked gas density and
all the collisional processes which depend on #. I a sense, the snowplow
model may be regarded as the special case of a shock wave mode] for g
v = LUK process, for in this limit the gas is completely compressible and
the piston and shock front velocities coincide. Beyond the sensitivity
to v, there are theoretical uncertainties in the rates of aitainment of
equilibrium behind the shock, particularly in the excitation, ionization,
and radiation processes. Consequently, application of this model nor
mally requires initial knowledge of an additional parameter beyond the
piston velocity, e.g., the piston-shock separation.

Hven if equilibrium is completely established at the shock front, the
gas captured between it and the piston will be uniform only in the special
case of constant piston speed, constant duct ares, and uniform ambient
conditions. If the piston aceelerates, or if the channel area or ambient
gas distribution is nonuniferm, the entrained gas zone will reflect a history
of the accumulation process, and streamwise gradients in its properties
will exist.  Methods of characteristics can be applied to such situations,
but these normally require tedious iterative evaluation [12].

More ambitious gasdynamic models might attempt to allow for addi-
tionat observed nonidealities, such as a Ainite width and conductivity of
the current sheet “piston,” with consequent diffusion of itsel and its
magnetic field into the shocked gas zone; leakage of shocked gas through
the current piston; preionization of the ambient gas by radiation from the
shocked gas and current zone; finite shock front thickness: ete. 'The
complexities of such models largely vitiate the essential advantages of
coupling gasdynamic formulation with simple circuit analysis, and still
lack certain observed details of pulsed eurrent zone structurs, such as
interior streamwise electric fields and different density distributions for
the three participating species. To incorporate these elements one must
turn to a multicomponent gasdynamic anslysis or to o ecomplete gas-
kinetic representation.

MULTIFLUID MODELS

Teo retain the advantages of continuum representation while yet incorpo-
rating interspecies interactions, one may regard the working medium as 2
mixture of three artificial “fluids,” composed of neatral particles, positive
single ions, and electrons, respectively. Fquations of mass conservation,
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dynamics, energy, state, etc., may be written for each of the fluids, and
these will be coupled by o variety of physical processes and constraints.
For example, the mass conservation relation for the neusral fAuid will
involve at least two source terms representing loss by lonization processes
and gain by recombination processes. Corresponding terms will appear
in the ion-fluid and electron-fluid mass relations, subject to the constraint
on conservation of total mass of the complete system. In the dynamical
relations, each fluld must be allowed to exert a “viscous” drag on the
other; for example, if the ion fluid is moving faster than the neutral Auid
at a given location, the former will tend to accelerate the latter, and the
lutter deselerate the former, at a rate dependent on the relative velogity
and the effectiveness of the collisional coupling between thern, In similar
fashion, terms representing interspecies energy transfer, driven by dif-
ferences in species temperatures, will appear in the energy relations, and
disparities in electron and ion fluxes will appear as current densities in
Ohm's law.

The dynamical relations for the charged fluids will also contain
body force terms in the applied and interior electric and magnetic fields,
and these in turn will be constrained by Maxwell’s relations and by appro-
priate boundary conditions. Tt should be noted that any local disparity
between ion and electron densities provides a source term for ¥ - E a
feature which has not arisen in any of our previcus magnetogasdynamic
analyses,

Little would be gained by displaying the imposing array of equa-
tions which result from this approach, particularly since the specific form
of many of the coupling terms depends on the available means for evalu-
ating therm. Tt s clear that the spirit of the method is magnetegasdy-
namie, with Hall effects, ion slip, and charge separation specifically
included.  With initial and boundary eonditions properly posed, the
system in prineiple may be solved to yield complete profiles in space and
time of all species densities, velocities, temperatures, ete., and of all field
patterns and currents arising in the given pulsed plasma aceceleration
event. In practice, such solutions have been obtained only in a few
special cases, and then only by elaborate machine computations [13].

GAS-KINETIC MODELS

In certain situations, particularly in low density environments, it may be
more instructive to approach the analysis from a particle, rather than a
continuurm, point of view. In the same spirit of orbital mechanics out-
lined in Sec. 8-9, individual electron, lon, and neutral trajectories may be
examined under the prevailing cireumstances of Hall parameters, gyro
radii, and mean free paths, and thereby a pattern for the current
eonduction and mass acceleration processes may emerge [14]. As a
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rudimentary example of the application of this technique to the probler
under study, let ug idealize the current sheet ns a simple discontinuity in
magnetic and electric field which propagates at velocity wu, into a neutra)
gas ab rest (Fig. 9-7a). Assume that as cach ambiens neutral particle is
overrun by this sheet, it is ionized by some unspecified agent and that the
electron and ion thus formed then execute collisionless motions in the
prevailing flelds.  Pinally, assume that the gyro radius of the electron i
much smaller than the sheet and channel dimensions, and that of the igy
is much larger,

1f the applied electric field E, were the only component present, the
electron would undertake an ¥, X B, drift purely in the g direction,
parallel to the sheet motion, and thus would contribute no conduetion
current 7.  The mueh heavier ion would also atternpt to respond to the
fields by a streamwise drift, but, because of its large gyro radius and
inertia, would accomplish only a negligible acceleration along the applied
field E,. Neither process can be Tong sustained, however, for the resultant
streamwise separation of the electron and ion will rapidly give rise to, and
be opposed by, an interior electric feld component &, that is, & polariza-
tion field. The particle trajectories thus will actually develop in aceord-
ance with the resuitant E field, which has both transverse (applied) and
streamwise (polarization) components, as shown in TFig. 9-Ta. Yor exam-
ple, the electron now will have a streamwise component of drift which
perrnits it to keep pace with the propagating front, and a transverse com-
ponent which constitutes the bulk of the conduction eurrent v The
polarization field E, also serves the essential funetion of accelerating the
ion from rest to its stream speed. Although the initial direction of ion
motion will be along the resultant E, a transverse magnetic foree ariscs
with the increasing veloelty and eventually cancels the applied feld £,
leaving an axial streaming as needed.

The same process can be developed in a frame of reference fixed o
the current sheet discontinuity {Fig. 9-7b}. In this system the ambient
neutral particle approaches the sheet at veloeity u,, which is momentasily
retained by the ion-electron pair formed shorily after entrance into the
sheet, Within the sheet the applied electric field, £ = F « u.B (See.
2-4}, is nearly zero because of the high plasma conductivity: hence each
particle attempts to exeeute a eircular orbit from its point of ereation
in the B field. The electron with small gyro radius accomplishes this
readily, but the heavy ion is little affected by the same magnetic field,
and would continue in the streamwise direction of its parent neutral,
were it nol for the polarization electric field arising from its separation
from the electran, ‘I'his streamwise field . serves, on the one hand, to
decelerate the ion to rest in the sheet and, on the other, to induce a trans-
verse F. X B, drift of the electron which provides the necessary current
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conduction 7,. In this framework, the eurrent sheet may in 4 sense be
regarded as a miniature self—Hali accelerator, with the electrons con-
strained by the self-magnetic field to drifting motion, and the electrie
body force, derived from an inertially generated streamwise field, applied
directly to the jons.

Extension of the single particle trajectories thus deduced to the bulk
behavior of a collisionless swarm is straightforward. Clearly, the disercte
separation of a specific electron-ion pair now franscribes into a glight dig-
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placement of the centrodes of electron and ion density distributions, and
the polarization field profile F.(c} is consistent with a one-dimensional
Poisson's equation. 1t should perhaps be noted that even for very
modest, charge densities, a minute charge separstion will provide suffi-
cieratly large fields to accelerate the ions over the available distance, and
for many purposes the quasi-neutrality assumption is still tenable.

The model used above is, however, greatly oversimplified in i5s feld
geometry and in its total neglect of eollisions.  In some aspeots it is even
inconsistent, as in the negleet of the finite width of the eurrent zone and
corresponding B-field trausition, in ignoring the streamwise ecurrent
associated with the charge separation, in the neglect of ion rebound in the
conservative polarization field, and in the lack of a specific mechanism for
the lonization event. Proper inclusion of collisional effects ameliorates
most of these difficulties without basically altering the fundamentsl con-
duction and acceleration rechanisms digplayed in the simple model [13].
Indeed, anslogies to them can be identified in the full-blown multifiuid
models cast in continunm nomenclature,

5-5 DYNAMICAL EFFICIENCY OF PULSED ACCELERATION

In any electric propulsion concept, considerable premivum must be placed
on the efficiency with which input power can be converted to wsclul
streaming motion of the gas.  As mentioned earlier, pulsed plasma acecl-
erators have certain peculiar advantages for minimizing relative losses in
ionization and heat transfer in their high enthalpy domain of operation,
However, they are also inherently prone to a special type of dynamie
inefficiency arising from the impulsive character of the gas acesleration
process.  Returning to the simple snowplow image, this loss may be
visualized as the sum effect of all the inelastic collisions made by the
ambient particies on the “sticky” piston which accelerates them. Alter
natively, in the shock wave representation of the process, one recognizes
that strong shocks propagating at constant velocity into gases at rest
convert only about one-half of the available energy into streaming motion
of the shocked gas and one-half into internal energy,  Or finally, in the
gas-kinetic models, one observes that any orbital or collisional Process
which traps particles in the current sheet inevitably produces trangverse
particle velocity components comparable with the sheet speed.

The one evident exception to this impulsive aceeleration Joss is the
slug model, wherein all the mass to be accelerated resides in the current
layer at the start, whenece it may then be accelerated as a rigid body with
perfect dynamical efficiency, This distinction suggests that the dynami-
cal efficiency of the sweeping process in the general case will be dependent
upon the detailed profile of the acceleration in time and on the ambient
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mass distribution.  In particular, we expect that accelerators wherein
most of the mass is collected early in the sheet motion, at relatively low
velocity, and then is sccelerated to terminal speed will have higher dy-
namical efficiency than those wherein most of the mass is entrained at high
veloeity.

To explore this argument more rigorously [16], refurn again to the
conventional snowplow idealization of the process, wherein a thin current
sheet is driven by s own magnetic field into 2 gas at rest and accumulates
within a negligibly narrow region on its surface all the gas that it over-
takes. Stariing from a simple newtenian statement of the overall dynam-
ics of the situaiion, one can identify two compenents of the rate of
energy deposition:

P a1 1 )
ull = wmmu = o5 mu + o (9-313

where /' is the instantaneous magnetic driving force, m the mass accumu-
lated on the piston, and u its velocity. The first term on the right is the
rate of increase of streaming kinetie energy of the swept gas immediately
useful for propulsion. The second term reprasents the dissipation asso-
cisted with the inelastic collision of the inceming particles with the snow-
plow piston.

Imagine that the preceding process starts with some initial veloeity
ug and continues over a period of time {;, at the end of which the piston
has progressed  distance z; and has aceumulated a total mass m;, which
is now mwoving at a veloeity w, The ratio of interest is that of the
integrals of the foregoing two terms over this period,

f: Lorut di
L — 9.32
Fampust (8-82)
which determines the dynamieal efficiency of the process,
1 ;
nd == r—?««—a (9"33)

It is useful now to convert to dimensionless distance, velocity, and
time variables:

2% = o w* = . B* %3 (9-34)
L o 'r

The geometry of a specific accelerator and the ambient gas density dis-
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tribution may be embodied in the functional dependence of accumuiated
maass on piston position:

m*(a*) = W—i%ﬁ (9-35)

In terms of these dimensionless quantities, the energy-division ratio

becomes
yo {de*\® dm* 1 dm*
; (az"f\) G [, 0T e ‘
- P U Ot (6-36)
(i),

The development of the dimensionless velocity profile w*(2*) is determined
by the magnitude and waveform of the discharge current, as well as by
the geometry and ambient gas distribution. The point discussed here,
however, may be demonstrated by examining the behavior of o for various
assumed velocity profiles. For example, any constant velocity accelera-
tor is seen to subscribe to the previously mentioned equal partition erite-
rion, since here u* has the value 1 throughout, and hence

o = fo " dm* = 1 (9-37)

Note that this result is independent of accelerator geometry and initial
gas distribution.

Other velocity profiles must be examined in the light of specified
initial mass distributions m*(z*). For all uniform cross-section accel-
erators {coaxial guns, parallel-plate accelerators, T tubes, ete.) having
uniform initial gas fills, m*(z*) = z* and dm*/dx* disappears from the o
integral.  As one illustration of these cases, consider the family of expo-
nential velocity profiles u* = e=", which vield

1
@ =g (1 - et (9-38)

and the corresponding range of efficiencies shown in Fig. 9-8a.
In & similar way, the general power law profiles u* = 1 + b{z*)

vield
_ 1 2% b »
¢ = T [ L+ (m) + <:zz":ﬂ>] (5-59)

where the coefficient & clearly relates the initial and final velocities

Yoy (9-40)
Uy
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The efficiencies of these profiles depend both on this veloeity ratio and on
the value of the exponens, as displayed in Fig. 9-86.

The effect of a variable channel cross section may be illustrated by
the case of the linear pineh, where the position coordinate is nowz = ro — 7,
and the corresponding dimensionless quantity is z* = 1 — r/ry where rq
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refers to the initial current sheet radius. The mass-accumulation fune.
tion for uniform initigl density is now m(z*) = z%(2 — 2%). Returning
to the exponentisl velocity profile u* = %", the evaluation of Eq. (9-30)
now vields

1
@ =g (1 — g% — Qug2) {9413

with the range of efficiencies shown in Fig. 9-8c.

The results displayed in Fig. 9-8o-c show the anticipated behavior
that the dynamical efficieney is favored by vigorously aceelerating veloeity
prafiles, converging channel geometries, and decreasing ambient density
profiles in the direction of propagation. Clearly, these results refer ouly
to the dynamical processes within the accelerator channel, and make 1o
reference to other possible losses in the device, such as the end losses
and switching losses discussed earlier. On the other hand, it should be
noted that the dynamical conversion of energy into internal or thermal
modes involved here is not necessarily irreversible, and that some fraction
of this energy may be recovered before the plasma completely leaves the
accelerator.  This possibility adds an electrothermal overtone to pulsed
plasma acceleration, much like that in the MPD are (Sec. 8-9). The
effectiveness of such electrothermal conversion at these high enthalpy
levels will depend primarily on the ability of the internal collision aud
radiation processes to dispose of the energy on the hrief time seales
involved, which in turn strongly depends on the optical opacity of the
hot gas to its own radiation.

$-6 IMITIATION OF THE DISCHARGE

Of the three main phases of the pulsed plasma acceleration sequence—
initiation, acceleration, and ejection—we have so far discussed only the
second indetail.  The other two phases are of equally eritical importance
to the effective performance of a given device, but are less amenable to
analytical discussion. Regarding initiation, for example, one can impose
several qualitative requirements on the breakdown event, such as proper
geometric location of the discharge, adequate current density for aceel-
eration, gas-sweeping and stability purposes, small energy expenditure
compared with that imparted to the gas during the acceleration phase,
negligible erosion or cther deterioration of the clectrode or insulator sur-
faces, ete., but analytieal formulation of those requirements in either a
continuum or particle representation is difficult. A few gualitative
remarks will illustrate the problems.

The initiation geometry of discharges of this elass seems to be deter-
mined mainly by fransient field effects associated with the rapidly rising
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currents.  In the linear channel configuration discussed above, for exam-
ple, one can envisage the breakdown process beginning with a short-lived
uniform glow discharge over the entire channel.  As the current density
rapidly rises, driving the discharge through an abnormal glow toward an
are, the associated distribution in the time derivative of the maghetic
fieid B, induces a new component of interior electric field, opposing the
applied potential and preferentially discouraging current fow across the
portions of channel farthest removed from the external sireult (Fig. 9-9a
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Fig. %8 initiation of current sheet in one-dimensional discharge {schematic).

and b). The current thus intensifies maost rapidly near the channel
entrance, and & glow-to-are transition is first accomplished there. Onee
this transition has occurred, the negative voltage-current characteristic
of that are zone further discriminates in faver of current intensification
at this location, and a highly nonuniform current distribution is stabilized
{Fig. 9-9¢). The process just outlined is similar o the skin effect for
high-frequency conduction in metals, and might seem amenable to &
simple caleulation of that type were it not for the important distinetion
fafn(munifvrm electrical conductivity. Tnthe discharge, this conductivity
s strongly dependent on loeal electron density and temperature, and thus
on the very current density it is needed to determine.

The detailed profile of current density distribution after breakdown,
in particular the streamwise thickness of the current zone, depends on
the rate of current rise and its ultimate magnitude and on a variety of ili-
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known transport processes in the gas. The rate of current rise is deter-
mined primarily by the ratio of applied voltage to initial cireuit inductanpe,
If this ratio is large, all fisld time derivatives will he large and the
current zone will tend to be narrow and intense. Competing with;
this will be the tendency of migration of charged particles outward from
the sheet, driven by the associated steep temperature and species gradi-
ents, again a highly nonlinear problem.

In the absence of quantitative theories for initial current sheet pro-
files, all available information has been experimentally determined. Asqa
very crude generalization, current rise rates = 1019 arp/ (sec}{em) of shees
length (2) typically generate bell-shaped distributions of current density
several millimeters thick (z). This thickness tends to decrease with
ambient gas pressure and with the eurrent rise rate.

The desirable level of current density to be attained in the break.
down also can bediscussed only in generalities. Clearly, one must schieve
a sell-magnetic pressure which exceeds the ambient gas pressure if the
current sheet is to propagate at sll.  Actually, a far more intense dis.
charge is required if this sheet is to entrain the overrun gas effectively.
At the other extreme, if the current density is earried {0 too high a value,
excessive electrode damage or radiation loss may resull.  Again, the
avallable information is largely empirical, and indicates that $he optimum
current density levels depend strongly on ambient gas density and aceel-
erator geometry.,  As a very crude index, current densities =109 to 1
amp/em of sheet length provide adequate sweeping and stability in the
common accelerators of this class.

The requirement that breskdown initiation consume only a small
fraction of the available circuit energy deals in even more obseure proe-
esses.  First, a certain amount of energy must inevitably be assigned to
ionization of the gas, but this need not seriously impair the overall ofli-
clency (Prob. 9-9). A potentially more damaging loss may cceur at the
slectrode surfaces, particularly at the cathode. In single-pulse or fow-
frequency intermittent operation, the eathode will not become hot enough
to emnit thermionically and the curreni-carrying electrons must be forcibly
extracted from it in some less propiticus manner. Although there exists
considerable experimental information on spark initiation for & varisty of
electrode surfaces, gas types and presgsures, etc., the bulk of this deals
with maximum discharge currents in the milliampere range. The abrupt
extraction of 104 amp/em? or more of electron current from a metallic
surface without benefit of thermionic emission has received very little
study {17], but would seem to predicate extremely high local electric
fields, with attendant dissipation and damage to the electrode surface.
Phenomenological observation tends to confirm this suspicion. Micro-
scople examination of electrode surfaces in the region of diseharge initia-
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tion typically shows o fine distribution of small pits, where the initial
diseharge presumably achieved filamentary access to the eonductor's
interior supply of electrons. 1t is also observed that electrode surfaces
in this type of operation undergo an aging process over the Arsi fow
hundred discharges, alter which the rate of electrode erosion recedes to o
lower level than that of a freshly prepared surface [18],

Tt is to be expected, and indeed has been observed, that a pulsed
accelerator operated in rapid repetition ashieves discharges with sub-
stantially different breakdown characteristics, which can be attributed to
the onset of thermionic emission from the discharge-heated eathode sur-
face.  When this occurs, the discharge operates as a bona fide are over its
entire eyele of current, and cathode damage is considerably reduced.
External heating of the cathode surface to enhance thermionie emission
in single or slow pulse operation seems thus to suggest itself, but the
power logs inherent in this procedure could be prohibitive for an effieient
thruster,

§-7 EJECTION OF THE PLASMA

The process of expelling the plasma from the channe! wherein it is created
and accelerated is also difficult to reduce to systematic experiment or anal-
ysis. The principal concern again is the sffect of the ejection phase on
the overall efficiency of conversion of electrical input into ordered stream-
hug motion of the gas, and in this regard three general guestions may be
posed: (1) To what extent does the exhaust orifice disturb the develop-
ment of the discharge and acceleration processes within the channel?
(2} To what extent does discharge current and its nssoeiated magnetic
lield extend out into the exhaust plume, and does their interaction there
further accelerate the gas, or does it impede detachment of the plasma
from the channel?  (3) To what extent may internal energy, particularty
random thermal energy, depesited in the plasma, during breakdown and
aceeleration, be recovered in directed motion upon gjection irom the
channel?

Detailed response to these gueries would seem to depend on the
geometry of the specific accelerator and on its external cireuit character-
istics, but s few basically oriented experiments have provided some gen-
eral results which bear on each of the three points {18]. Specifically, it
has been shown (1) that relatively large exhaust apertures nesd not
significantly disturb the discharge initiation and aceeleration processes
within the channel; (2) that sizable current densities and associated mag-
netie fields can extend far ous into the exhaust plume, and there can aid
in a further aceeleration of the gas; and (3) that it is possible to recover
a significant fraction of gas enthalpy in expansion through the exhaust
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pagtern. Dach of these results has favorable implieations for the pulsed
plasma acceleration concept, and serves to sustain the initial interest iy
this mode of thrust preduction.

3-8 COAXIAL GUNS AND PINCH ACCELERATORS

The parallel-plate accelerator which has been used as 4 model for much
of the preceding discussion has a geometsie simplicity which commends it
for basic diagnostic studies [20], but at the same time presents g difficulty
which reduces its effectiveness as a thruster. N amely, the gap between
the edges of the finite width electrodes allows the magnetie field pattern
to spill out past the edges of the surrent sheet, where it serves no useful
purpose. Indeed, the magnetic field lines must cirele outside the con-
duetors to close on themselves (Prob. 9-10). Even within the gap, the
magnetic field will be distorted somewhat near the edges, vielding undesived
j X B components which may deform the current sheet in those regions,
Similarly, gas accumulated by the accelerating sheet may tend to spill out
this aperture, unless it is closed by a dielectric wall. This flux and gas
leakage may be reduced by decreasing the ratio of channel width to
breadih, h/d, but this will tend to increase the relative wall losses during
acceleration. It seems better to consider other electrode-channel geome-
tries which will allow the current sheet and self~magnetic field to close on
themselves entirvely within the channel. The twa obvious configurations
are the coaxial channel (Fig. 9-10¢) and the linear pinch (Fig. 9-108),

Fig. 8-10 Closed-geometry accelerators. (a) Coaxial gun; (b} dynamical pinch.

which may be generated by revolution of the linear rail geometry about a
displaced axis parallel and perpendicular to the stream, respectively. In
the former, the plasma sheet conducts current radiaily and is accelerated
axially by an szimuthal self-field; in the latter, discharge current flows
axially, the self-field is azimuthal, and the acceleration is radial.
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Each of these configurations has been studied extensively, and each
has displayed certain advantages and disadvantages. The coaxial accel-
erafor retains the advantage of the lnear rail geometry in accelerating
the gas directly toward the channel exit in the final exhsust direction,
while the pinch deviees must somehow deflect the radially accelerated
plasma te eject it.  On the other hand, the pinch geometry provides a
eurrent sheet of uniform density and a self-Geld which is also uniform over
the entire sheet surface, yielding a uniform J:Be force density for accelera-
tion. In the coaxial geometry, the current density in the discharge and
the sell-magnetic field both vary as 1 /r, and the body-foree density thus
as 1/r%  For this resson, and possibly from other causes, the current
sheets in coaxial accelerators tend to be more susceptible to canting and
to development of spoke instabilities than thosein pinch devices. Finaily,
the dynamieal efficiency analysis of Sec, 9.5 reveals an intrinsic advantage
of the pinch geometry from the standpoint of providing heavier mass
loading during the early portion of the acceleration profile, Thus some-
thing may be gained from coordinsted study of both of these eonfigurations.

The pulsed coaxial aceelerator concept did not originate in the pro-
pulsion domain, but was frst developed as a means of preparing high
enthalpy plasma specimens in connection with the controlied thermo-
nuelear fusion program. Commonly called coazial guns, or Marshall guns,
after one of their inventors {1], these devices were developed mainly as
plasma injectors for large machines, and emphasis was placed on the
terminal properties of the emergent plasma, rather than on the gfficiency
of conversion, the massiveness of the system, or the lifetime of the device
under repetitive operation. Much of the experience acquired in this
applieation, particularly the cireuitry and diagnostic techniques, was use-
ful in the early applications of coaxial guns to propulsion, but the strin-
gent, requirements on efficiency and lifetime gradually foreed substantial
changes in the geometrical details and modes of operation of these deviges
until they oniy slighély resembled their fusion ancestors, In particular,
the barrel lengths became shorter, the eentral cathode became both shorter
and smaller in diameter, tha operating voltage was reduced, and the loca-
tion, time, and speed of gas injection became eritical. Figures 9-11
and 9-12 display two typical coaxial accslerators developed specifi-
cally for propulsion purposes,
~ Considerable performance data have been accumulated on the opera-
tion of such devices in large vacuum tanks, but systematic correlation of
this performance with the controliable input parameters and details of
the accelerator design have proved elusive, perhapg emphasizing the com-
plexity of the participating physieal processes [21-23]. The all-important
Property of accelerator efficiency hecomes particularly involved here, and
fequires sophistication in its determination. For rapid repetitive opera-




30 ELECTRICAL ACCELERATION OF (GASES

Insuiater

Spring

Dish

Valve eoil

. Cepecitor WNL{ H

Fig. 8-k% Photograph and schematic of pulsed coaxial accelerator. {General Dynamics
Corporation, San Disgo, Calit.)

tion we may define an overall thrust efficiency as the ratio of mean thrust
power in the exhaust beam to input eleciric power. In terms of readily
measurabie guantities this may be written (Prob, ¢-11)

TE

5 9-42
ot ©-42)
" where T = effective thrust
W = average mass flow rate
v == repetition rate

{ = capacitance

Vy = charging voltage
Centributing to this thrust efficiency are s sequence of interrelated factors:
the efficiency with which the capacitors deliver their stored energy to the
accelerator electrodes, n,; the fraction of that energy which is imparted
to the gas in any form, »,; the fraction of gas energy in streaming motion,
#,; and the correction of the latter for veloeity distribution and exhaust-
beam divergence losses, 9,

7= 4, {9-43}
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Empirical performance measurements with thrust balances, gas flow-
meters, calorimeters, and ballistic pendula indicate no simple optimiza-
tion of (9-43); rather, changes in some input parameters or design features
which improve some of the factors may reduce others, TFor example,
shortening the barrel length may improve the calorimetric efficiency nen,,
but yield a more divergent exhaust beam: with less thermal energy
TeeoOvery.

Meore busic studies of coaxial accelerators have included messure-
ments of the time profiles of terminal voltage and eurrent, determingtion
of magnetic field and current density distributions with magnetic probes,
sampling of exhaust-beam characteristics with various ion-collecting
devices, and photographie study of the luminous patterns in the channel
and exhaust [24-26].  Figure 9-13 shows a typical sequence of magnetic
field (By) and current density (5,) distributions feund in one such aceel-
erator.  Tigure 0-14 presents a sequence of schlieren photographs obtained
through the slotted outer barrel of a coaxial gun built specifically for this
purpose. Note the departures from ideal radial sheet behavior, particu-
larly near the electrode surfaces.

Coordinated programs of such basic studies and empirieal perform-
ance measurements have gradually driven coaxial accelerator design and
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——Teigger glectrodes
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Fig.9-12 Photograph and schematie of pulsed plasma accelerator. (Gerieral Elsctric Corm:
peny, Space Sciences Laboratory, Missile and Space ivision, King of Prussia, Pa.)
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Fig. 9-13 Typical magnetic field and cur-
rent density distributions in & coaxial
accelerator. (From T. J. Gooding, B. R.
Hayworth, A. V. Larson, and 0. E. T. F.
Ashby, Development of a Coanial Plasma
Gun for Space Propulsion, General Dysam.
ics Corp. Astronaut. Repf. GDA-DBE64.052,
Contract NAS-35759, San Diego, Calif,
August, 1964.)

Fig, 914 Schiieren photographs of discharge in slotied coaxial accelerator; propaiiant,
hydrogen at 500 u. (a) 8.5 psec, (b) 0.7 usec, (¢} 1.0 usec afier breakdown. [Courfesy of
R. H. Lovberg, Dept. of Physics, University of California at San Diego, La Jola, Calif.)
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Fig. 315 Development of current deasity dis-
tribution in a large-radius pinch discharge,
{(From R. L. Burtan and R. G. Jahn, Structure of
the Current Sheet in a Pinch Discharge, Princeton
Univ. Aeron. Reopt. 783, Princeton, N.J., Sep-
tember, 1566.)

operation inte ranges of utility for space propulsion.
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this technology are available in the literature, and will not be pursued

further here [6].

Pulsed accelerators of the linear pinch geometry lend themselves
more readily to detailed diagnostic study, but require some provision for
conversion of radial motion to axial streaming if they are to function as

thrusters.

Figure 9-15 shows a series of current density distributions
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Fig. 3-16 Radiat view Kerrcell photo-
graphs of a farge-radius pinch dig
charge in argom. {(From R. L. Burién
and . 6. Jahn, Electrie and Magnetic
Field Distributions in & Propagating Cur.
rent Sheat, AIAA Paper §6-200, 5th Elec-
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Fig, 517 Axial view Kerr-celf phote-
graphs of a large-radius pinch dis
charge in argon. (From R. G. Jahn and
W. von Jaskowsky, Current Distributions
in Large-radius Pinch Discharges, AIAA
S, voll 10, no. 2, pp. 1743~1753, Octaber,
1954.)
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pbtained by magnetic probe mapping of the interior of a large-radius
pinch discharge in argon.  Note the initiation and acceleration of the pri-
mary current sheet and of a secondary erowbar sheet arising from currens
reversal in the external circuit.  Figure 9-16 shows a series of radial-view
Kerr-cell photographs of the development of & similar discharge. Here,
too, certain departures from the ideal behavior are evident, such as the
slight tilt of the luminous front with respect to the axig, and the diffuse
“foot' on the anode, and to a lesser extent on the eathode. Figure §-17
shows a sequence of axiul photographs of a similar discharge which display
inciplent sazimuthal perturbations in the luminous zone, bui these seem
not to develop noticeably over the available time interval of the pinch.

In an effort to retain the stability attributes of the pinch discharge
while yet providing an axial exhaust jet, a hybrid configuration involving
& smooth transition from pineh to coaxial geometry has been developed
[27]. This device, called a pinch engine, is shown schemaiically in Fig.
9-18 and in photograph in Iig. 9-1%.  In the early days of pulsed thruster
development, the pineh engine and pure coaxial accelerator were cast in
competition with one another, but the distinctions between thess two
geometries have tended to diminish in the [ace of better understanding of
the participating physical processes. For example, the plasma emerging
from a pure coaxial accelerator tends to pinch itself radially in the ejection

Electrodes

Current
sheet

Fig. %18 Conversion of radial to Fig. 918 P!ﬁotog_raph '.af' pincr_i engi'ne' [e5a]
axial current sheet motion in a pinch ) thrust stand. (Republic Aviation Corporation,
engine. New York.} ’ ’ :
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al., Efection of 2 Pinched Plasma from
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Fig. 9-21 Enciosed discharge current pro-
files in the exhaust pattern shown in Fig
828 (Bo(r,z} = {u /2w enci{r, 2}, numerals in-
dicate Jo,. In kiloamperes], (From R G
Jahn et al., Ejection of 3 Pinched Flasma from
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process, while that produced in a pure pinch configuration can be readily
extracted axially without a material nozzle.

The ability of a pulsed plasma to provide its own exhaust “nozzle”
from its self-magnetic field has been clearly demonstrated experimentally
(19]. Tigure 9-20 shows a sequence of Kerr—cell photographs of the ejec-
tion of a plasma sheet from a large-radius pineh chamber in which it is
formed. Figure9-21 displays corresponding profiles of enclosed discharge
current for the same process.  Wote that the initial radial motion is effec-
tively converted to axial streaming in a “magnetic nozzle” provided by
the self-field of the are current, which itself billows far out into the plume.
In this case the highly jonized pinch column ereated on the axis during
the pinching phase serves as a “virtual cathode™ for the ejection phase of
the process, thereby closely simulating a coaxial gun configuration. The
actual geometry of the anode orifice, in contrast, is found to have little
primary influence on the pattern of the exhaust plume. The implication
would seem to be that pulsed plasma electrode configurations will be
dictated more strongly by considerations of arc initiation, stability, and
efficiency of ejection than by a channeling of the flow in a classical gas-
dynamic sense.

33 EMERGY STORAGE AND SWITCHING

Iixcept for the brief Appendix, this text does not deal in depth with the
space power sources or power ¢onditioning equipment required io drive
the acceleraiors considered. In the realm of pulsed plasma propulsion,
however, certain aspects of the power supply design arve so tightly
interwoven with the accelerator performance that their consideration is
essential to a complete picture of the physieal operation of this class of
device. Each of these points has already been mentioned earlier in the
discussion, namely, the necessity for energy storage units of exceedingly
high performance; the importance of the arrangement of these storage
units to provide optimum driving-current waveforms for the discharge;
the need for an impedance match between the source circuit and the
particular discharge characteristics; and the critical nature of the switch-
ing mechanism,

One may consider storsge of the reguired electrical energy in eapaci-
tors, inductors, or batteries. The last may be immediately excluded
beeause of their inherently high internal impedance, which would dissi-
pate the bulk of the stored energy in this application, and in fact would
completely preclude passage of the extremely high currents we require.
Inductive storage has some potentiality, but adds difficult problems of
effective coupling to the prime power source and of switch opening in

an Axial Orifice, A1AA J., vol. 3, p, 1862,
October, 1965,

zn Axial Orifice, AIAA A, vol, 3, p. 1862,

hieho . S o
Octabor, 1965.) gh-current circuits, which do not arise in capacitor storage (Prob. 9-2).
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The use of capacitors for storage of electrical charge is, of course, one of the
most common practices of electrical engineering, but the units conven-
tiozally employed in power transmission and eommunication applicationg
are totally inadequate for pulsed plasma acceleraters. Beyond the
obvious demands for low mass per unit energy stored, extremely long
lifetime, and struetural and electrical integrity in s vacuum environment,
the accelerator application imposes a stringent requirement on the internal
inductance of the capacitor and on the inductance of its connections to the
load. We have seen thal the inductance change embodied in the motion
of the plasma must be comparable with the initial inductance of the
entire circuit if the sccelerator is to function efficiently [Lq. (9-5)] and
that this inductance falls in the range of 5 few X107 henry. Clearly,
the capacitors are but one element of this circuit; hence they must eon-
tribute substantially less inductance than this value, test the bull of the
stored energy be dissipated in the external circuit, rather than delivered
to the plasma motion.  Yet we also require total capacitance of many
microfarads; hence a requirement of internal inductance =101 henry/uf
must be imposed on the eapacitor bank. Capacitors of this caliber did
not exist before the interest in pulsed plasma propulsion arose, and
signifieant fraction of the technological effort in this field has been
addressed to the improvement of this situation [28].

Assuming the availability of adequately high performance eapaci-
tors, the question of their proper dispesition in the discharge eireuit
becomes the next erueial point.  Simple paraliel connection of all units to
be employed, at the closest aceessible position to the discharge elec-
trodes, will provide the maximum current rise rate and peak amplitude,
and is the configuration most commonly employed for such work.  As we
have seen, however, the resulting damped sinusoidal current waveform
may produce undesirable crowbar breakdowns before the scceleration
event is complete, thereby badly interfering with the electromagnetic
coupling to the accelerated plasma.

An attractive alternative to this parallel bank arrangement is to
interpose suitable induetance elements among the parallel capacitors,
thereby forming an LC ladder network, or lumped-element transmission
line (Fig. 9-22; [9]). Depending on the particular magnitudes of the

Fig. %22 Lumped-element transmission

line to provide taitored waveform fo

Ly Ly plasma accalerator, (From M. A. Blackand

- ‘Z}\ Vi il d R. G. Jahn, Dynamics of a Pinch Discharge
D\I{O h . 1 }_.,. Driven by a High-current Pulse-forming Met-
Tcs T 2 TC; . work, Frinceton Univ. Aeron. Rept. 1S,

777 Princeton, N.J., May, 1965.)
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Fig. 3-23 Stresk photographs of the inward radial motion of a plasma shest
in & pinch discharge driven by the indicated current waveforms. (From &. L.
Burton and R. G. Jahn, Structure of the Current Sheet in 2 Pinch Discharge, Frince-
tor: Univ. Aeron. Repl. 783, Princeton, N.J., Septenber, 1966.)

interposed inductors, the resulting current waveform delivered to the
discharge may take a variety of profiles, such as a reetangular pulse, a
slowly rising triangular form, a sharply rising triangular form, ete.  For
a given total energy storage, }4CV % the acceleration profile and internal
structure of the plusma current sheet are found to be profoundly affected
by the particular shape of the driving current waveform. Figure 9-23
shows a series of streak photographs of the radial motion of a plasma sheet
m 4 large-radius pinch discharge driven by various current waveforms.
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Note that the veloelty history of this current sheet and its termina
veloekty a8 it reaches the centerline differ significantly for the cases shown,
As pointed out in Sec. 9-5, for any particular accelerator geometry ung
ambient mass density distribution, there exists some optimum profile of
drivimg current waveform whereby the dynamieal efficiency of the
acceleration event is maximized.

When employing pulse-forming networks of this sort to drive the
discharge, it is important that the characteristic output imped&nge of the
source closely mateh the effective impedance of the discharge. IT this iy
achieved, the network will deliver the bulk of its stored energy ﬁ:-o the
piasres in & single pulse, and thereafter little current will flow in the
circuit, If there is a substantial mismateh, only a fraction of the stored
energy will be transferred to the plasma during the main pulse, and thers-
after the current will continue o flow in the circuit vis o series of eleciro.
magnetic wave reflections from the ends of the network., Specifieally,
if the charactenistic impedance of the network excesds that of the dis.
charge, the current pattern will tend to ring down through a series of
overshioots, much like an underdamped LOR circuit; if the network
impedance is less than that of the discharge, the current pa-ttex."u will
approach zero through s series of monotonic steps, somewhat ].Lk.e an
overdamped LOK circuit (Fig, 9-24).  Clearly, secondary pulses of either
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Fig . 8-24 Current wavelforms dativered

by a uniform distributed transmission

Zrine* Zio0d line to a constant impedance load;
characteristic impedance of line (3}

fe greater than that of the load, (b} less
than that of the load, (c} equal to that

7 of the load.
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type are nndesirable, since they occur after the primary acceleration
process has been sompleted,

Attainment of the desired impedance match may be difficult in
practice.  Iirst, the typical plasma aceeleration of this class embodies a
dynamical Impedance of only s few milliohms; to match this value in a
network capable of delivering 105 amp requires very sophisticated capaci-
tors, connected by minimal induetors with a minimum of connection
inductance. Becond, the impedance of the discharge probably will not
be constant, particularly if the desired vigorous aceeleration of the plasma
sheet is achleved, Indeed, the problem has now become highly nonlinear,
since the discharge impedance dovelopment will affect the current wave-
forma, which determines the acceleration profile, which determines the
dynamical impedance, ete.  Finally, the mass and dimensions of very
low impedance pulse-forming networks assembled from standard com-
ponents tend to be excessive, mainly because of the large number of ¢le-
ments required to provide well-shaped pulises. Fortunately, techniques
have recently been developed for winding distributed capacitance-
induetance units which provide a given pulse profile for a specified low
impedance load, in a much more compact package [28].

The remaining critical element of a pulsed plasma cireuit is the
switch which initiates the discharge of the capacitors through the gas.
As mentioned earlier, this switeh may be an external circuit elemens in
series with the discharge, or it may be inherent in the main gap itself,
BExternal awitches have the advantage of permitting precise correlation
between the gas-filling cycle and the clecirical cyele, but inevitably con-
tribute some losses to the overall performance. Tdeally, the switch
should be eapable of attaining the typical 10%amp level of current eon-
duction in a fraction of a microsecond after triggering, and thereafter
should display less resistance, initial inductance, and induectance change
than the aceelerator discharge it supplies. In all other respects its life-
time in repetitive operation should be at least as long as that of the main
discharge gap. The conventional techniques for rapid switching of
high cwrrents involve either high pressure, electrically triggered spark
gaps, or banks of gaseous-discharge tubes such as thyratrons and igni-
trons.  Bach of these has a reasonable range of applicability, but both
tend to complicate the external cireuitry to some extent by their require-
ment for a triggering signal.  Some simplification can be achieved in this
respect by employing a low pressure gas-triggered discharge as 5 switching
slement, where the initiating gas pulse may he appropriately tapped from
the main gas supply to the accelerator gap [29]. S

As an alternative to an external series switch, the discharge initia-
tion may be precipitated within the accelerator gap itself. For example,
one may simply employ the dependence of breakdown voltage on the -
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product of gas density and gap spacing (Sec. 6-4) to initiate the discharge
automadtically at some point in the gas-filling cycle.  In so coupling the
electrical discharge cycle to the gas-filling eyele, however, one surrendars
the ability to optimize each independenily and to synchronize them most
effectively. For example, for a given electrode geometry and applied
voltage, the gas density level and distribution at breakdown may not be
optimum for the subsequent electrical and dynamical sequence. Iy
particular, the resistance of the discharge tends to be relatively high neqr
the Paschen limit, and the mass loading of the accelerating sheet tends to
be rather light for typical accelerator dimensions. This fechnique akso
requires that the gas inflow stop abruptly at breakdown, lest it enter the
channel after the current sheet has passed and simply diffuse out the
barrel erifice without acceleration.

Better separation of the gas-filling cycle from the electrical sycle
can be attained by artificially triggering the accelerator gap via a small
tickler discharge or by altering the potential of a judiciously placed
auxiliary electrode. Unlike an external switch, these tickler discharges
can operate with very small currents, and hence dissipate negligible
energy. They do require an external synchronization eireuit, however,
and they clearly do not remove the upper Paschen limit on gas density
level at breakdown.

In practice, the choice of switching mechanism is usually made as a
best compromise among the factors mentioned above for the particular
accelerator involved.  In all cases the swiich is a significant factor in the
overall efficiency and lifetime of the device and, like the energy storage
eireuit, must be regarded as an integral clement of the thruster,

9.10 QUASI-STEADY ACCELERATION

This chapter began with a discussion of the potential advantages of pulsed
sccelerators over steady flow devices of the same average power. In
subssquent sections, various difficulties associated with the unsteady
processes have been presented which tend to mitigate somewhat these
inherent advantages. It may well occur that an intermediate domain of
operation can be implemented that ghares certain strengths of each
extreme: and is superior to both. In particular, the advantages of high
current density operation with yet ioclerable heat transfer and total
power requiremenis could equally well be met by more widely spaced
intermittent pulses of sufficient length so that effectively steady magneto-
gazdynamic flow prevails over most of their duration. In this way the
essentially transient processes of current sheet formation, sweeping, and
uncoupling would be confined to the extremities of the pulse, while the
bulk of the operaticn would resemble, say, the steady MPI are (Fig
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§-25a). Various experiments on pulsed plasma accelerators driven by
protracted-pulse lines have indicated that the propagating current pat-
terns in the exhaust plume tend to revert to 4 more diffuse, steady eon-
figuration after o few tens of microseconds (301, It may take somewhat
longer for the discharge to heat the cathode to a satisfactory level of
thermionie elestron epussion, but it appears that a I-msec pulse will
provide the desired guosi-steady operation over most of its duration.
Feagibility of thig concept clearly depends heavily on suitable low-
impedance low-mass power sources for the required high current pro-
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Fig. 9-25 Quasi-steady plasima accel-
eration concepts. (a) Frotracted
pulse; (b} continucus alternating
wava; {c} seff-modulated.,

tracted pulses. The most direet approach involves some type of .lum'ped-
element transmission line, possibly followed by & pulse transformer to
relieve the impedance mismatch between it and the discharge, but for
the desived current levels and pulse lengths, considerable ingenuity will
be required to restrain the total mass of such a system to tolerable levels.

A totally different concept of quasi-steady acceleration emerges
from extrapolation of the repetitive pulse concept to the other extreme.
Namely, one can imagine a steady inlet flow of gas swept along by a very
rapid succession of alternating discharge pulses—so rapid that discrete
cells of gas are trapped between adjacent ecurrent sheets in the channel and
eonvected along by them (Fig, 9-25b). This type of interaction can be
observed for a few cycles in pulsed accelerators driven by oscillatory
ringdown of an underdamped capacitor, where a succession of secondary
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current sheets are generated at the voltage reversals, ILxtension of this
mode to quasi-steady operation doubtless will introduee substantial
thermionic coutribution to the eathode emission process, which in turm
should relieve some of the burden of high voltage from the required high-
frequency power supply.

There is even some basiz for concelving such a deviee to be driven
by a de power source, from which diserete breakdown pulses would be
initiated at the channel inlet in respouse to the disconneetion of the
previcus current sheet at the exit (Fig. 9-25c;. Such a self-modulated
device would require no capacitors in its power supply, but total power
congumplion would tend $o be quite high, and heat transfer could well
becomze a serious problem again.  In either concept of the device, note
that, although the gas flow is quasi-steady, the electromagnetic interac-
tions are fundamentally transient. In this sense the concept resembles
the traveling-wave accelerator, {0 be discussed in Sec. 9-11.

3-11 PULBED INDUCTIVE ACCELERATION

In any of the pulsed plasma accelerators deseribed above, a certain
amount of electrode damage is inevitable, either from the high voltage
breakdown initintion process, the high current electron emission, the wn
bombardment flux, or from other forms of transient heating by the intense
adjacent plasma. In ali probability, the total eleetrode erosion rate from
such effects will be the lmiting factor in the useful lifetime of these devices
as space thrusters.  To remove this limitation, it would seem reasonable
to consider coupling the electrical energy pulse from the storage cireuit
into the gas induetively, therehy removing the electrodes from physieal
contact with the plasma discharge.

A pulsed inductive accelerator must execute a stightly different
sequence of physical events. The energy storage unit is first switched
through an external primary circuit. The current pulse thus established
sets up & rapidly growing magnetie field which permestes the gas within
the aceelerator. In accordance with Maxwell’s induction equation, a
corresponding electric field arises there which must be sufficlently strong
to break down the gas to a state of high conductivity, The attempt of the
primary magnetic field to peneirate this condueting zone induces & large
current in it, opposite to the external current but in phase with it.  Inter-
aetion of this “secondary” current with the B field then provides a j X B
body force to accelerate the plasma away from the external cireuit. It
should be noted that it is the current induced by the magnetic field that
interacts profitably with it. Any resistive current driven by the indused
electric feld 1s 80° out of phase with the magnetic field; hence its X B
foree component reverses sign every half cyele.
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The simplest practical geometry which displays such a sequence of
events is embodied In the theta pinch, a device which again substansially
antedates plasma propulsion (Fig. 9-268e).  Here the external cireuit and
induced eurrent are concentrie eylinders, and the j x B foree is primarily
radial.  This particular configuration thus shares the difficulty of the

1)

Fig, 8-28 Pulsed inductive accelerators.
{a) Theta pinch; (b} conical theta pinch: (¢}
loop inductor.

linear pinch discharge in deflecting its plasma into an axial stream, but
shght geometric modifications such as the condcal theta pinch {Fig. 9-26b)
or the loop dnductor (Fig. 9-28¢) directly impart a net streamwise
acceleration,

Unfortunately, the basic attraction of this type of acceleration is
somewhat lusory.  Although electrode ervsion is indeed removed from
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the problem, erosion of the dielectric channel surface near the breakdown
region remains, and for the high energy discharges of pulsed propulsion
interest, this can be equally serious. In addition, induciive discharges
embody two inherent electrodynamic disadvantages o conversion effi-
clency which defract from their propulsion effectiveness. First, any
delay kn breakdown of the gas after applieation of the primary field pulse
results in energy being dissipated in the external eircuit, which, unlike
that of the direct electrode devices, is complete without the gas looy.
In the thets pinch, for example, a typical response to & ringing-capacitor
input is for the neutral gas to break down only slightly on the first hall
cycle and to become fully conducting on the second half-eyele pulse,
where it has the benefit of the residual ionization from the first pulse.
This difficulty oight be relieved by providing a separate preionization
mechanisin or by operation at a sufficiently rapid repetition rate, but it is
indicative of an inherent inefficiency in coupling of the external civeuit 1o
the plasma.

Equalty troublesome is the need to accomplish all the energy input
to the gas before much motion of it has occurred.  The current induced
in the gas-loop *‘secondary” depends on its mutual inductance with the
external primary, and thus iz a strong funection of the physical separation
of these two current paths. As they separate under the acceleration,
the coupling rapidly becomes weaker.  Attempts may be made to contain
the magnetic flux between the two conductors somewhat by the use of
ferrite insulator materials,! but in general, single-pulse inductive accelers-
tors stell tend to display rather low conversion efficiencies.

§-12 THAVELING-WAVE ACCELERATION

if the magnetic field in a pulsed inductive discharge, rather than falling
off rapidly with distance from the primary conductor, can somehow be
caused to propagate immediately behind the indueed current sheet al
undiminished strengih, the acceleration may proceed more effectively.
To accomplish this, & more elaborate external cireuit is required, such asa
succession of discharge coils, suitably programmed to establish a magnetic
pulse propagating down a dielectric duet at the desited speed. In view
of the aforementioned initiation inefficiency, steady or quasi-steady operi-
tion of such a device seems more atiractive than isolated pulse operation.
That is, one may use the same ¢oils to establish a continuous propagating
electromagnetic wave train, each half wavelength of which should create,
agglomerate, and sonvect & blob of jonized gas down the duct.

. The coneept just presented is that of a traveling-wave accelerabor,
many forms of which have been proposed and tested. The propagating
LCL L, Dailey, private communication.
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dlectromagnetic field may be produced by a series of coils driven by an
rf polyphase circuit or by a transmission delay line; it may entrain the
plasma blobs in “mirrer” or “cusp’ magnetic configurasions; it may propa-
gate at constant speed or be programmed to aceelerate along the duet;
it may operate in a low density particle orbit regime or a high density
gontivuur domain; and the channel may be eiveular, annular, or ree-
tangular in cross section, uniform or tapered along its length, ete.  In all
cases, however, this class of accelerator relies on the interaction of induced
transverse currents with the crossed transverse component of the propa-
gating magnetic feld to provide the axial streamwise body force. The
effectiveness of a given device, however, may hinge heavily on the role of
other components of j X B in containing and ejecting the accelersted
plasma.

Theoretical analysis of any practical traveling-wave nceelerator
tends to considerable complexity because of the essential three-dimen-
sional character of the fields and interactions, the tensor conductivity,
the effect of induced fields, and the difficult boundary conditions on the
fields and gurrents at the channel walls and exit [31]. In the experi-
mentally attractive eylindrieal or conieal geometries, for example, the
applied magnetic field pattern has time-dependent axial and radial com-
ponents which must be deseribed by products of special mathemaiical
functions, such as hyperbolic sines and cosines and various Ressel
funections. : _

To illustrate the traveling-wave acceleration concept with less
mathematical encumbrance, we shall resort to a2 much simpler, highly
idealized rectangular system, which is of doubtful propulsion interest, but
has nevertheless attracted some experimental study [32]. Consider the
device sketched schematically in Fig. 9-27, where the polyphase coils

Fig. 9-21 idealized rectangular travel
ing-wave accelerator.  (From L. Heflinger -
ef al, Transverse Traveling Wave Plasma
Engine, AIAA J., vol. 3, p. 1828, 1965)
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provide a nearly transverse magnetic fleld propagating at uniform
velogity down the duct at phase veloeity »,.  Assume that the zas hay
uniform finite scalar conductivity o, low enough so that indueed magnetic
fields are negligible, and that all properties are constant along the ¥, X B
dimension y. In the notation of Fig. 9-27, then, the magnetie field has
only two components:

B o Bnz,0% + Bdzz 2 (9-44;
which must satisly VX B = 6and v - B = § in the form

aB. 4B,

P Yok oA
dz du (9-45)
all,  ak, o
Friiaie (0-40)

We have one boundary condition from symumeiry at the centerline:
Bz, 0,0y =0 {3-47)

and & second from the assumption of a sinusoida! wave train:
2
B.(x,0,f) = By cos ~ {z — vp8) {0-48)

Subsequent algebra is simplified by now transforming to a coordinate
system convesting with the accelerating pas. Relations (9-45) Lo (9-48)
remain valid here, provided v, is replaced by a slip velocity,

I 17, {9-49}

where u(z) is the streaming velocity of the gas. The solution to (9-45)
tn (9-48) is then

2 A -
B, = By cosh w? cos —\f {x — o) (6-30)
. T A S 05
Be o= —Bysinh 2= sin =~ {2 — ) (9-h1})
. A M
The induced electric field in this systemnow follows from ¥ X B = —aB/at:
Be= I, =10 (6-52)
2z Do 453
E, = Buw, cosh e (x — v,d} (4-53)
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Since j = ¢F in this frame, the body force density components follow
directly from j » 8.

Je

£

% 2
al,B, = eBy%, cosh? :.;\? cos? [{f {z — vst)} (9-54)
N .y 4wz . Tdg .
fo= —cfi,B. = 3{eBy%, sinh = sin N (& — u,8) (9-55)

The development of the acceleration along the ehannel can be traced
from the axial force equation (9-54). At inlet, u < vp; hence v, = v,
and the wave train washes over the gas at velocity v, exerting pulses of
scelerating foree at twice the fleld frequency, but always of the same
sign.  This is to be expected, since both the induced current and the field
reverse every hall eyele.  As the gas accelerates, the apparent frequency
of the imposed wave, v,/x, decreases, and with it the frequency of the
force density pulses, whose amplitude also decays as 1 /. As the gas
velocity approsches the phase velocity, o, — 0, the axial body force
diminishes to zero, and aceeleration is complete.

The transverse force [Eq. (9-556)] is seen to be antisymmetric about
the centerline and to reverse its direstion inward and outward, at twice
the apparent frequency.  The relative importance of this force depends on
the channel size, and it is not obvieus without golving the gasdynamical
problem whether it helps or hinders the acceleration. In addition to ils
dynamical contribution, this force component may substantially affect
heat transfer to the channel walls, and thereby the attainable efficiency.
If it acks in the mean to confine the streaming gas away from the walls,
heat transfer losses will be reduced: if it acts on the average to drive the
gas toward the walls, or if it excites a transverse instability of the plasma
How, it clearly is an undesirable interaction.

At this point it is perhaps worth emphasizing a basic distinetion
between this mode of acceleration and the isolated-pulse inductive
accelerator deseribed earlier. There the current was induced in the
plasma by the attempt of the magnetic fleld to penetrate an excellent
conductor, and hence was in phase with the B field automatically. Here,
cangistent with the assumption of negligible induced magnetio fields, the
current is driven only by the induced electric field, and hence is in phase
with that. Phase coherence with the magnetic field is provided in this
case by the interplay of spatial and temporal derivatives in the wave
functions deseribing the propagation. Note, for example, that Eq. (0-50)
for the major component of B and {9-53) for E are in phase. The
idealizntion invoked here is equivalent to allowing the traveling-wave
pattern complete freedom to permente the working fluid at will, and thus
demands a modest conductivity. If this becomes too high, the magnetie
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field will be largely excluded from the plasma, and the earlier mode of
interaction will dominate.

Returning to the question of efficiency, there is again an evident
upper bound set by the dynamics of the process. Congider any con-
venient time segment of quasi-steady operation of this kind of deviey,
such as one period of the applied feld . Over this lnterval o certain
total impulse has been imparted to the gas which may be equivalently
represented by the time integral of the mean axial body force exerted on
the gas throughout the channel, F{t), or by the change in momentum of
the totsl mass entering or leaving the channel during $his period:

I= [QT Fy dt o= wr(uy — w) {(9-56)

During this eame period, the propagating field pattern performs work on
the gas in amount

W= jo Fltyo, dt = v air{u; — u) (9-57)

The dynamical efficiency may be defined as the ratio of the actual kinetic
energy change of the gas to this work performed on it:
T O R e AT

= = 0-068)
¢ vy — ) v,/ 0y (8-58)

Thus, starting from negligible inlet veloeity u;, the highest attainable
efficieney is 50 percent. The remainder of the input work must appear
as Joule heating, and arises fundamentally from the serious mismateh in
gas and field velocities in the early portion of the acceleration.

T'o relieve this limitation, one may program the colls to produce an
accelerating magnetic field which will better match the gas velocily
profile along the ehannel.  For example, it can be shown that if a profile
of eonstant siip velocity, rather than constant phase velocity, 1s main-
tatned, the efficiency becomes (Prob. 9-12)

- 1 + u,-/uf
19 + 2u uy + ouifuy

(9-50)

Thus, matching of the gas and field velocities to, say, 10 percent of w
throughout the channel raises the limiting effivieney to about 80 percent.

The crude model discussed above neglects o myriad of effects which
complicate real traveling-wave accelerators, and even then describes only
one possible domain of operation, but the major aspects discussed above
are found empirically to remain relevant to many laboratory deviees of
this elass.  The importance of slip velocity, magnetic containment of the
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flow, and sirong coupling between the primary coils and induced plasmy,
currents permestes virtually all experimental attempts to drive the effi-
sieney of this class of aceelerator up into a regime of propulsion interest,
As mentioned earlier, experimental work on traveling-wave apceleration
has been highly diversified in its approach, and a briel review here can
serve only o give some flavor of this diversification.

As a Arst example, we might select the deviee which most closely
conforms to she simple rectangular moedel discussed above {321, Thig
device, sketched in Fig. 8-27, involves four pairs of equally spaced colls,
driven in 90° phase succession by s transient megawatt oscillator at
480 ke, vielding a constant phase velocity of 5.4 X 104 m/sec.  The duct
has 4.6 cin internal dimension and 9.5 cm length. Several propellants
have been tried, all at relatively high particle densities and mass flow
rates {n = 102 to 10% m~%; m = 107 to 107 kg/sec), and the best
performance has been obtained with helium. Thrusts of the order of a
newton, at efficiencies approaching 40 percent, are indicated, the most
serious problems arising from intersetion of the plasma stream with
the walls.

With this exception, the bulk of the experiments have been per.
formed with evhindrically symmetric magnetic fleld patterns driving
cireular or annular duets.  In one case, a conical duet tapering from
6 to 20 em diameter over 120 cm length is driven by 48 and 54 coil
arrangements, supplied with 12-phase 115-ke rf power {Fig. 9-28a; [33]).
This is a low density device {n = 10Y to 108 m™? @ = § X 10—®
kg/sec) with ion mean free path and gyro radius larger than duct dimen-
sions, so that large axial space-charge fields develop to transmit the
asccelerating foree to the lons.  Efficiencies approaching 30 percent in
argon are reported, but serious heat transfer problems arise near the ducs
exit, where the plasma atiempts to extract itself from the propagating
field pattern.

In sontrast, a shorter constant-area system has been constructed
using four coaxial colls driven at 90° phase separation by 150-ke 25-kw
continnous f power (Fig. 9-285; [34]). This duct i3 7.6 cm in diameter
and some 30 cm long before flaring into a 15-em-diameter exhaust nozale.
Efficiency of 23 percent is obtained in xenon at 4 > 104 m/sec exhaust
speed and 4 X 1077 kg/sec mass flow.

Traveling-wave accelerators driven by transmission lines, rather
than polyphase colls, have been aftempted in a few laboratories {35],
but no propulsion performance data have been reported. Typically, a
cylindrieal duct is wound with double helices, and capacitors are dis-
tributed along the turns (Fig. 9-28¢). The development of the propa-
gating wave is similar to that in traveling-wave electronie devices, and
has been shown to be effective in accelerating injected plasma. Again,
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Fig. 9-22 Various inductive plasma accelerators, {a} Conical duct coli-driven traveling
wave; (b} cylindricat duet coil-deiven traveling wave; {¢} cylindrical duct helical transmission
line; (c) radic-frequency fringe-field accelerator. [From H. Smotrich ot al, Experimentai
Studies of a Magnetohydrodynamic C.W, Traveling Wave Acceferator, Proc. 4th Symp. Eng.
Aspects Magnetohydrodynamics, p. 13 April, 1363; R. W. Palmer ot al,, Analytical Investigations
of Coil-systemn Design Parameters for a Constant-velocity Traveling Magnetic Plasma Engine,
NASA Tech, Note D.2278, 1964; £, B. Mayfield et al., Plasma Propulsion by Means of 2 Helical
Transmission Ling, p. 543 in E, Stuhlinger (ed.), “Electric Propulsion Development," vol. 9 of
"Progress in Astronautics and Aeronautics," Academic Press inc., New York, 19683; and A. 8.
Penfoid, Recent Advances in the Development of Electromagnetic Thrustors for Space Prapuls
sion, Proc. 4th Symp. Advanced Propulsion Concepts, Palo Alto, Calif., April, 19851

wall losses are serious, and a certain preferential slippage along the axis
has been observed,

Finally, accelerators have been proposed and constructed whieh,
‘although inductively coupled in the same sense as those above, invake
little or no actual propagation of the rf wave train. One exampie is the
Jringe-field accelerator shown in Fig, 0-284 36}, Two 10-turn eoils, sup-
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plemented by a fervite yoke construction, are driven as part of a 250-ke
resonant cireuit. The assoclated oscillating magnetic field pattern
generates an azimuthal electrie field and current density which interact
with the magnetic field to provide axial acceleration and some radial
containment.  This device is clearly hyvbrid in several respects, most
notably in its ability to provide electrothermal as well as electromagnetic
interactions.  For example, if the density is low enough to provide an
clectron Hall parameter greater than unity, the piasma reacts on the
resonant cireuit mainly as an inductive element; Le., the current in the
gas is out of phase with the coil voltage. This clearly puts it in phase
with the coll cwrent, hence with magnetic feld, and a time average
i % B body force prevails.  On the other hand, if density is high enough
to reduce the Hall parameter below unity, the discharge reacts resistively
on the cireuit, and the current is 90° out of phase with respect to the
magnetic feld.  The time-average hody foree is then zero, and the dis-
charge serves mainly to heat the plasma in the magnetic container.
Presumably, some {raction of this enthalpy may be recovered by judicious
expansion of the exhaust flow, but the former, direct-acceleration mode
scems more atiractive,

Before leaving this topic we are once again obliged to note that the
eventual applicability of any of these sophisticated traveling-wave
accelerators to propulsion will inevitably be prejudiced by the com-
plexity of the space power supply needed to drive them. As in the elec-
trodeless electrothermal accelerators (See. 6-7), any device reguiring
substantial amounis of #f input pays a penaliy for the relative inefficiency
with which such high-frequency power can be extracted from a prime
source and delivered to the desired load. If, in addition, there are
requirements for multiphasing and programming of the supplied wave-
form, additional mass and complexity will unavoidably appear in the
power plant, It thus seems that traveling-wave accelerators will need
to demonstrate high performance, indeed, before their overall system
complexity can be justified for propulsion,

PROBLEMS

%-1. Derive the radial distribution of current in & uniform eyfindrieal conductor of
radius 0.10 m, length 0.10 1n, and conductivity 105 mhos/m for an applied
sinusotdal voitage of 1-Me frequeney and 10,000-volt amplitede.

3-2. Diseuss the relative merits of storing electrical energy in induetors, rather than
capacifors, for propulsion purposes.

#3. Bhow that if the inductance of an FOL series cireuit increases monotonically,
and B and € are finite constants, the cireuit current is bounded by a value J,,
equal fo the pesk current of a cireuit with the same capacitance, zero resistanee,
and constant inductanee.L,.
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§-4.

94, Nondimensionalize Eqs. (9-11) and (9-12) using {* = £/RC, rather than ¢+ =

-5,

9.10,

912,
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IHscuss whether it is possible to damp eritically an LC eircuit of ZEr0 Tesisianpe
by & sufficlently large value of dynamical impedanes L,

t/‘\/z,O as done in the text. What are the scaling parameters in this cage?
¥ the current sheet is not an ideally thin layer but has a thickness that is g
significant fraction of the channel length, the concept of eircuit inductance
becomes difficult to apply. Bhow that if the enrrent density is uniform over
the total channel length, the inductance defined by fux linkage,

Ly = ——

Jt

where J = total current

¢ = magnetic flux linked by the cireuit

W = toial field energy
If the ambient gas particles were ionized before entering the current sheet, how
would their trajectories differ from those derived in the section on gas-kinetic
models?
In the particle-orbit analysis of the section on gas-kinetic models, why does the
eleciron-ion separaiion in the transverse {y) direction not predicate an addi-
tional compenent of interior eleciric field in that divection?
What is the minimum fraction of input power consumed by ionization of the
propellant in a pulsed argon plasma accelerator operating at 5,000 see specific
impulse? What is 2 more realistic estimate of this loss, considering other
inelastic processes which accompany the lonization events in the dissharge?
SHketch the complete patterns of magnetic feld lines behind $he current sheet
in {a) & parallel-plate wocelerator; (8) a coaxial zun; (¢) a lnear pinch discharge.
Define a thrust efficiency for a single-pulse accelerator in terms of readily
measurable quantities.  Show that this is consistent with Eq. {9-42) for repeit-
tive pulse operation.
Derive the limiting efficiency of a travellng-wave aceslerator operating o
constant slip speed v, {Eq. (8-50)1.

i
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Appendix
Space Power Supplies and
Low Thrust Mission Analysis

This text on electric propuision has dealt alrost exciusively with the physical
problems of gas acceleration by electrical means. In this sense its titie is too
general, for if electric propulsion is to achiave technological maturity, progress in
this area must be matched by understanding and accomplishment in two other
equally fundamental areas to which we have alluded onty briefly: the conversion of
basic energy scurces into usable electric power in space and the mechanics of low
thrust space flight. Proper presentation of the elements of either of these scliences
would require another volume of at least this size, but a few remarks on each may
provide an appropriate closing frame for our present effort. Like the engineering
status of electric thrusters, the design and operation of low specific mass power
plants and the computational analysis of low thrust space missions are presently
in their infancy. Existing devices, analysis and operation procedures, and per-
formance resuits are incomplete and transitary, and the student and researcher
again would benefit from study of fundamental topics in each area,

SPACE POWER SUPPLIES

The development of space power sources must proceed under many of
the same constraints imposed upon electric thrusters by the eanviron-
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ment of their operation, MNamely, they must be capable of unattended
reliable operation in space for periods of several years ; they musi be eon.
patible with other engineering equipment and payload characteristics,
including man; and a premium must be placed on low spectfic mass and
high conversion efficiency. The possibilities for mesting these require.
ments may be crudely divided into svstems which derive the primary
energy from an external source and those which are totally self-contained.

Of those systems deriving the primary energy from an external
source (exogenous systems), only solar-energy converters have survived
serious consideration.t By far the simplest and most highly developed
solar power system is the solar cell panel, consisting of an extensive areay
of photovellale cells of suitable semiconductor crystals, sueh as silicon.
germanium or lead telluride, or of thin polyerystalline films appropriately
mounted, interconnected, and deployed around the power-consuming
spacecralt, Solar panels have been employed on spaceeraft since the
earliest probes and satellites, to provide modest amounts of power for
instrumentation and communieations.  Originally felt to be inherently
too massive and extensive for propulsion-power applications, these devices
were later vaulted info this arena by a rather rapid succession of tech-
nological improvements in semiconductor performance and panel fabrics-
tion, combined with some revised analyses of the missions for solur
electric-propelled spacecraft. Whereas the early solar panel systems wore
burdened with specifie masses of hundreds of kilograms per kilownit,
application of more sophisticated materials, design, and analysis, of
radialion concentration teechniques, and of assembly and deployment
procedures now justifies extrapolation to an eventual range of 10 kg/low,
well within the useful propulsion regime.

The physical simplicity of the solar panel systems is vitiated some-
what by certain inherent disadvantages of this class of converter, In
addition to their relatively low power yield per unit surface area, NECessi-
tating the deployment of very large srrays of ponels to garner uselul
amounts of power for propulsion, they must be protected from over-
heating and radiation damage, which degrade their performance in time;
they must be kept properly ariented toward the sun; they must be sup-
plemented by batteries or other siorage unils if the spacecraft passes inte
a planetary shadow; and their ontput varies strongly with distance from
the sun. Primarily because of their inherently large surface ares por
unit power, it is doubtful that solar cell technology will advance 1o the
point that the multimegawatt supplies required for manned inter-
planetary missions will be feasible. Nevertheless, the demonstrated
t The possibility of transmitting large amounts of electromagnetic radiation to a

distant spaceeraft from the earth’s surface by s high-gain antenna network or a laser
beam is, however, an interesting speculative exercise,

APPENDIX 319

simplicity and reliability of this class of source should keep it in the fore-
front for the more modest near-term applications of electric propulsion,
As s first demonstration of this capability, the SERT 11 mission, planned
for 1864, will test the space operation of an electron bombardment ion
thruster from an array of solar panels.

Photovoltaic cells are by no means the only possibilities for conver-
sion of solar energy to eleciric power. Solar powered thermoslectric
generators, thermionic converters, and turboelectric systems, among
others, may be considered. Tach has received some early study, on the
basis of which only the first is evidently noncompetitive with solar cells
[or ultimate propulsion application. These three conversion technigues
are also applicable to nuclear power sources, and many of the materials
und fabrications problems are common to both applications.  Progress
in the nuclear systems should thus benefit the development of these more
sophisticated solar devices.

Of the spectrum of seli-contained (endogenous) power sources, only
those of nuclear origin are seriousty considered. The same limitation
imposed by the inherent energy of a chemical reaction on the attainable
specifie impulse of a rocket precludes the applicability of chemical power
sources, such as fuel cells, to the generation of large quantities of electrical
energy in space. In the nuclear domain, one may distinguish among
sources involving controlled nuclear fission reactions, natural or artificial
radioisetopes, and controlled fusion reactions. The last seem far from
engineering realization, and may be fundamentsally inapplicable to space
sysiems because of the massive auxiliary equipment required. TRadio-
isotope energy sources are attractively simple heaters for various thermal
conversion processes, bul lhe searcity and expense of these substances
would seem to preclude their general application to high-level space
power requirements. _

By all odds the most serviceable endogenous energy sources are the
controlled nuclear fission reactors. These deviees offer attractively
high power densities and low specific masses, long-term reliability, ease of
control, and operating femperature ranges compatible with the space
cnviranment, Their physies and engineerivg are well understood, and
they are adaptable to a variety of processes for converting their heat
source into elecirical power. They have a characteristic group of dis-
advantages as well, centered on the damaging nuclear radiation they
exude if not properly shielded from other compouents of the power system
and spacecraft, a difficulty which intensifies when manned missions are
involved. This same difficulty tends to encumber research and develop-
ment efforts on all types of resctor-driven converters and te increase the
expense, thereby reducing the number of parsllel development efforts
that can reasonably be sustained.




320 ELECTRICAL ACCELERATION OF GASES

The choice of a particular conversion process for a nuclear space
power plant must be & judicicus compromise smong physical sophisties-
tion, mechanrical simplicity, and proven relisbility of operation that leads
to optimum specific mass, compatibility, and lifetime in the given applica-
tion. A categorical cholce is net yet justified, since at least three dis.
tinetly different candidates show substantial preliminary promise:
turboelectric cycles of the Rankine or Brayton type, direct thermionje
conversion by a plasma diode, and magnetogasdynamic generation in
clossd channel flow.

Bteam and mercury driven turbomachinery has long been the
standard eguipment for ground based thermal power stations and hag
attaimed a level of refinement which argues well for a similar space nueleay
power system. Buch extrapolation is complicated, however, by several
factors: the aforementioned nuclear radiation environment, the persistent
demands for low specific mass and unattended long-term reliability, and
the need to reject heat at much higher temperatures to minimize radiator
dimensions. The upshot of such requirements is to transform the familiar
turbogenerator into a considerably more exotic system involving refractory
solid elements and unusual working fluids at uncommenly high tempera-
tures, and thus to invalidate much of the background of technological
experience,

As one example, consider the large power level nuclear Rankine
cyclesystem commonly known as SNAP-50 (Systems for Nuclear Auxiliary
Power) or SPUR (8pace Power Unit Reactor), The goal here is a unit
providing several hundred kilowatts of power in the specific mass range
of 10 kg/kw, unshielded, with a lifetime of at least 10,000 hr. In cne
vergion the concept employs a fast reactor fueled with refractory uranium
carbide or nitride in a cclumbium alloy structure. Heat Is extracted from
the reactor core at about 1500°K by a liquid lithium flow loop, whieh in
turn vaporizes & potassium flow in an intermediate heat exchanger. This
potassium vapor in a power loap drives the turbogenerater, and is in turn
condensed by heat transfer to a liguid sodium-potassium mixture {NaK),
which disposes of the heat in 4 segmented radiator st abous 1000°K.

Subeooled potassium is also used to lubricate some bearings and to coal
critical turbogenerator elements via a separate radiating loop, Clearly,
the superposition of the high temperature conditions, the corrosivity of
the working fluids, and the nuclear radiation environment raise severc
materials problems that will determine the suceess of such a system.

The technological complexity of a space turboelectric system encour-
ages parallel examination of mechanically simpler, albeit less [amiliar,

direct conversion processes. Both thermoelectric and thermionic mecha-
nisms are potentially exploitable for this purpose, but the former appears
to be fundamentally incapable of providing high power levels at low spe-
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cific mass. A thermionie converter, in essence, invokes the difference in
Fermi levels or work functions for electrons in two dissimilar metallic
slectrodes, to derive a voltage difference from the passage of an electronie
current betweenthem.  Toactivate thiseffect, one electrode (the cathode)
is heated to liberate the electrons from its surface, and the interelectrode
gap is filled with a conducting plasma, usually cesium, to eliminate space-
charge saturation of the electron current to the anode, which of course
must be kept cooler than the cathode.

In this device a premium is placed upon efficient transfer of heat to
angd from the slectrodes, and in this connection the development of a very
effective wicklike element known as a heal pipe appears to have much
promise.  Two pogsible implementations of a plasma diode-heat pipe sys-
tem are considered. In one, the diode is heated within the reactor, and
heat is rejected from the cooler electrode by a heat pipe to an external
radistor.  In the other, heat is transferred from the reactor to an exterior
diode unit in or near the radiator. The latter presumably enjoys less
serious diode irradiation difficuliies, but several other more subtle con-
siderations make the ultimate cholee unciear at this fime,

As a final alternative for energy conversion, ohe may examine g
magnetohydrodynamic system, using & conducting gas or liquid as a work-
ing fluid. Toafirstapproximation, an MHD generatoris simply a crossed-
field accelerator like those discussed in Chap. 8, with inlet velocity greater
than E/B. In this situation, the flow will be decelerated, and current
will be driven through an external load by the motional electromotive
force.  Apain, there are distinctions between scalar conduction and Hall-
current generators, solid vs. segmented eleetrodes, pure vs. seeded gases,
stc., but much of the analysis and technology of steady electromagnetic
aceelerators is transcribable fo this application.

Some experience with ground-based MHD generators has been
achieved, but these systems can hardly be regarded as proven competitors
to the turbogenerators. Implementation in a space system would there-
fore seem to be at least another phase removad. A major attraction in
continuing their study, however, is in the possibility that a spacecraft
already equipped to handle seeded-gas channel flows in its propulsion
system might nigely incorporate an MHD generator channel intoits power
plant package.

Each of the energy coanversion systems cutlined above has its own
peculiar output characteristics. The turboelectrics typically yield low-
frequency alternating current at a few hundred volis; photovoltaic cells
and thermionie diodes yield low voltage direct current; etc. Some
thought thus should be given to matching particular power supplies to
particular thrusters, for the benefit of minimizing the amount of power-
conditioning equipment that is needed to relate one to the other. Sub-
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stantial transforming of voltage, rectification of alternating current, chang.
ing of frequency, ete., can be accomplished only at the expense of addi-
tionad weight in the overall system, and a mismatched power-thrustier
combination may become less atiractive than its separate elements other.
wise appear. Whatever power conditioning must unavoidably be done
must also conform to the same constraints of low specific mass and
unatiended long-term reliability as the thrusters and primary power units
so that here too a spectrum of challenging technological problems unfnidsi

LOW THRUST MIBSION ANALYSIS

Given an electric thruster of particular specific tmpulse, thrust, and
efficiency characteristics and o suitably matehed power supply of the
corresponding capacity, one may then inquire what space missions are
accessible to this system and how it compares with competitive systems,
under given constraints on payload fraction and/or mission time, In
most cases, the answer will require solution of a very difficult subordinate
problem: what is the optimum mode of accomplishing the given mission
with the given system? The difficulty stems essentially from the presence
in the equation of motion of the spacecraft of a variable forcing term
corresponding to the thrust of the rocket, which operates over large por-
tions of the dynamical trajectory.

In analyzing interplanetary flight trajectories of conventional high
thrust chemical rocket systems, it is normally an accepiable approxima-
tion to regard the thrusting period as infinitesimal compared with the
total flight time. The low specific impulse and high thrust of chemical
rockets predicate their consuming the bulk of their propellant at the
missicn outset, with possible brief reignitions for trajectory adjustment or
braking at the close of the mission. The resulting impulse increments
change the spacecraft momentum abruptly, after which simple heliocen-
tric motion ensues, with possible perturbing influences from the launching
and target planets, .

Clearly, this approximation is inappropriate for electric propulsion
systems applied fo the same missions. On the contrary, the inherent
high specific impulse and low thrust capabilities of these systems dietate
that they accelerate the spaceeraft over large segments of the flight tra-
jectory., The dynamical statements thus must be cast as nonlinear dif-
ferential equations, constrained to two end conditions, but otherwise
possessing innumerable degrees of freedom corresponding to the limitless
possibilities for programming the thrust, specific impulse, and correspond-
ing thrust efficiency of the propulsion unit. The accepted method of
approach to this class of problem is via the caleulus of variations, ar more
specifically, via the Pontryagin maximum principle, or similar mathemati-
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¢nl methods, implemented iteratively on a digital computer. Beyond
the evident task of formulating the analysis to converge to optimal tra-
jectories from reasonable initial estimates is the more subtle problem of
identifying the absolute, or global, optimum from among the myriad of
local optima that typically obtain, Ilustrative of this class of difficulty
is the frequent experience that the best trajectory for a particulur inter-
planetary transter is not confined within the solar orbits of the two planets,
bub may involve exeursion beyond the outer planet or inside the orbit of
the inner one,

This process of optimum trajectory-thrust program identification is
only the first step in the more general mission apalysis preblem, Le,
selection of the best combination of eleciric thruster and power plant for
o partienlar mission. For example, to compare the merits of a solar-
powered on thruster with a nuclear thermionic-powered MPD are, one
must not only identify the optimum thrust program and trajectory for
each, but also explore their sensitivity to the imposed constraints. It
may be that a small relaxation of the requirement on flight time, say, will
considerably improve the performance of one or the other, even to the
point of reversing the original choice.  Also, a variety of subiler inter-
actions may now bear on the final selection.  Forexample, if the optimum
thrust program calls for wide excursions in specific impulse and thrust
level during the course of the flight, the effect of such operation on the
reliability, lifetime, and specific mass of the thruster should be examined.
As we have seen, most electric thrusters operate more effectively in rather
narrow ranges of exhaust speed; to require broader ranges of operation
may introduce enough technical complication into the unit $o vitiate the
dynamical advantages.  As a second example, if the thrust program calls
for large angles of inclination of the thrust vector to the trajectory, one
should examine the weight and performance penalties associated with
gimbaling the thruster or of continuously controlling the attitude of the
spacecraft to achieve this thrust vector control.

A Turther complication of practical interest arises from the possi-
bility that o hybrid propulsion system, consisting of two {(or more) quite
dissimilar types of thruster, might sceomplish a given mission more effec-
tively than either, separately. This might consist of a low thrust high
speeifie impulse lon engine combined with o higher thrust lower [, plasma
device, each coupled to the same power plant, or perhaps o combination
of an electric thruster with a nuclear thermal rocket, sharing some ele-
ments of a common nuclear reactor.  Clearly, a new spectrum of dynami-
cal possibilities arises in these problems, associated with the choice of
thrusting time of each engine and the utilization of coasting phases
between their operating periods, which rust be incorporated into an
optimization of the overall hybrid system,
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Fleetric propulsion in the general sense thus comprises a triad of
engineering sclences: slectrical acceleration of pases, generation of electric
power in space, and low thrust space mission analysis.  Advances in one
area must influence the development of the others; none can proceed
effectively inignorance of the others.  Indeed, only if each can be brought
to a high level of sophistication in its own details and to optimal interaction
with the others will eleeiric propulsion develop to a useful means of space
transportation.
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Collision frequency v, 50, 76, 80, 219
effective, 75
Collisions, atomis, 46-67, 98
atom-atom, 61-64
charge-reactive, 64
deexcitation, 64
elastie, 61-63
excitation, 63
inelastic, 63
ionization, 63

INDEX

Collisions, atomie, atom-atom,
radiative, 64
resonant exchange, 04
superelastic, 64
charge-reactive, 48
aross section, 48
cowlomb, 56-57, 220
differential, 48-49
effective, 48
energy transfer, 56
momentum transfer, 36-57, 75
total, 49
elastie, 46
electron-atom, 50-55
elastic, 50-51
slectron attachment, 55
excitation, 51-53
inelastie, 51-55
ionization, 51-54
radiative, 55
superelastic, 54-55
electron-electron, 60-61
elastic, 60-61
radiative, 61
eleciron-ton, 55-60
elastic, 56-57
inelastic, 58
radiative, 5%-59
superelastic, 58
energy exchange in, 46-47
with impuritics, 64
inelastic, 46
iop-atom, $4-67
charge exchange, 65-67
deexcitation, 65
elastic, 6566
inelastic, 65
radiative, 85
resonant exchange, 65
superelastie, 65
ion-ion, 60-61
elastic, 60-81
inelastic, 61
radiative, 61
superelastic, 61
radiative, 46
superelastic, 46
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Collisions, atomie, three body, 46
Colloid accleration, 147, 188-191
Cotloid particles, 188-191
limiting charge-to-mass ratio, 190-
191
preparation, 188-190
electric spraying, 188-189
ion nucleation, 189
preformed, 190
surface condensation, 189
vapor condensation, 189
size, 188
Conductivity, electrical &, 17, 69-83
of collisionless ionized gas, 73-74
complex, 80
dimensionless, 7%
high-frequency, 79
effect of collisions on, 74, 80
of seeded gases, 232-284
in steady magnetic fields, 80
tensor, 76-80, 82-83, 219-228
Conical theta pinel, 305
Constant field accelerator, 206-209
Constricted ares, 117-118
Contact-heated resistojet, 163, 167-
108
Contact ion thruster, 178, 181183
{See alse Ton acceleration; lon
S0UTCes)
Contact onization, 149-153, 157
Core-flow in arcjet, 121-124
{Corona discharge, 111
Coulomb’s law, 12
Cross section (see Collisions, atomic)
Crossed-field accelerator, 202-219,
235-235
adiabatic, 206
constant feld, 206-209
electrode erosion, 215-216
elementary, 197
field geometry, 216-218
isothermal, 203, 205
losses, 214-216
optimized, 210-211
performance limit, 212-213
variable channel, 211-212, 216-218




332

Crowbar hreakdowns in pulsed plasma
scceleration, 268, 271, 274
Current, electrie, J, 16-18
Current density j, 16, §8, 78, 79-80, 82
distribution, in coaxial gun, 261, 292
in crossed-field accelerator, 227
in exhaust plume, 206-267
in pineh aceelerator, 293295
Current sheet, 272-273, 278-281,
288289, 451205, 269-300
initiation, 284287
luminosity, 292, 204, 299
profiles, 285-286
trajectories, for slug model, 272
for snowplow model, 274
Current waveforms, for LOR eireuits,
267
for shag model, 272
for snowplow model, 274
from transmission line source, 30
Cyclotron-resonance accelerator, 137-
138

de Broglie wavelength, 62

Debye length Ap, 57

Decelerating electrode, 173177

Definition of electric propulsion, &

Detailed physical balancing, 25

Dielectric constant x, 13-14

for various gases, 14

Dielectronic recombination, 34

Displacement current, 22

Dissociation, §6-98

Dissociative recombination, 34

Drify velocity ¥, 71-74

Puoplasmatron, 158

Dynamic impedance of pulsed plasma
seceleration, 271

Dynamical efficieney 5., 280-284, 280

Dynamical pineh {see Pinch acceler-
aior}

Effective collision frequeney, 75
Effective electric field, 25
Efficiency %, calorimetric, 201

INDEX

Efficiency u, dynamical, 280284
289
electrical conversion, 7
frozen flow, 99-101
ionization, 150-152, 155158
thrust, 200
{See also spectfic type or class)
Electric charges, 12
Tectrie displacement field T, 15
Electric field E, 13, 15, 20, 22
boundary conditions, 16
induced, 25
time-varying, 21
Electric potential ¥V, 158
Electric propulsion, definition, §
Electrical conductivity (see Conductiv-
ity, electrical}
Electrical conversion efficiency », 7
Eectrode erosion, in pulsed electro-
magnetic accelerators, 286-287,
304-306
in steady electromagnetic scceler-
ators, 215-216
Electrodeless discharge aceceleration,
134139
E-type, 133
H-type, 135
Electromagnetic acceleration, 196-313
classifieation, 197-188
crossed-field, 202-219
Hall current, 133, 222-227, 236
inductive, 304-313
magnetoplasmadynamic are, 133,
935-253, 957
puised, 259-306
self-field, 227-232
traveling-wave, 306~-312
unsteady, 257313
[See also Crossed-field accelerator;
Hall eurrent accelerators; Mag-
netoplasmadynamic (MPD)
are; Pulsed inductive accelera-
tion; Pulsed plasms acceleration;
Traveling-wave seceleration]
Electromagnetic ‘'hlowing,” 240-245,
250
Electromagnetic body forces, 23, 200

INDEX

Flectremagnetie fields, definitions,
13-20
displacement D, 15
electric B, 13, 20
magnetic dipole moment m, 19
magnetic B, 189-20
magnetic induction B, 18
polarization P, 13
Electromagnetic force, 12-13, 17-18,
20, 23
on moving charge, 25
Tlectromagnebic prepulsion, definition,
8, 196
Llectromagnetic “‘pumping,’” 240, 243—
244, 246, 250
Electromagnetic “swirling,” 240, 252
Tlectromagnetic theory, 12-26
Tilectromagnetic waves, 22-23
angular frequency, 23
attenuation, 23
in conducting media, 23
in dielectric media, 23
equation, 22, 83
in ionized gas, 83-85
propagation exponent, 23, 83-85
Electromotive force (emf) U, 20-21
Eiectron-atom collisions {see Collisions,
atomic)
Electron attachment, 34
Eleetron bombardment ionization, 149,
153-157, 163-164
Electron borabardment thruster, 154,
178180, 183, 185
{See alse lon scceleration; Ion
sOUrCes)
Bleetron eyclotron resonance, 137
Electron injection (ses Neutralization
of ion beam)
Electron and ion trajectories (see
Charged-particle motion}
Electron pressure, 261
Electron volt (av), 30
Electronic energy levels, 29
dingrars for helium and cesium, 28
truneation of, 42
Electronie excitation, 29, 95, 97
Electronie orbits, 20
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Electrostatic acceleration, 142-191
(See also Colloid acceleration; lon
acceleration}
Electrostatic force, 13, 146-147
Electrostatie propulsion, definition, §
Electrostatios, 12-16
Electrothermal seceleration, 90-139
efficiency, 93, 1086, 129
exhaust velodty, 81-92, 98-101, 108,
169, 120, 129
losses, 92-93, 104-105, 122124
one-dimensional model, 90-93
performance, 91-92, 106, 109, 121,
128
propeliants, 99-103, 106
specific impulse, 91-92, 99-101, 106,
109, 120-121, 129
{See alse Arcjet; Electrodeless accel-
eration; Resistojet)
Electrothermal propulsion, definition,
8, 50
Energy transfer cross section Q'®, 58,
136
Enthalpy A, 94-103
of high-temperature gases, 93
of various propellants, 101
Equilibrium eonstant, 35
for ionmization, 35-36
of gas mixture, 39
for molecular ionization, 38
Bseape velocity, 4
Exhaust piume of pulsed plasma aceel-
erptor, 287-288, 297
Exhaust velocity, 3
of chemical rockets, 5
of nuclear rockets, 5
(8ee also Exhaust plume; Specifie
impulse I;; and specific type or
class)

Faraday’s law, 20-21

Ferry missions, §

Field fringing in electromagnetic accel-
erators, 218

Flight mechanies, 1-4, 7-9, 322-324
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Fiight test, of ion thruster, 154-188
of resistojet, 109
Focusing of ion beam, 161-1685
Free-bound electronic transitions, 32,
59-60
Free-free elecironic transitions, 58
59
Fringe-feld accelerator, 312-313
Frozen fow, 5, 03, 98-102
efficiency, 99-101
of various propellants, 101
fraction, 59

Gaseous discharges, 110-118
Generalized Ohm's law, 17
CGladstone-Dale relation, 14
Glow-are transition, 112, 285
Glow discharge, 111-113, 134
Goddard, Robert H.,, 9§
Grotrian diagram, 29
Gyro frequensy ws, 70, 76, 137, 219~
229
Gyro radius ra, 70
in magnetoplasmadynamic are, 248~
249

Hall eusrrent, 76~79, 133, 201-202, 219,
223
Hall current accelerators, 133, 222-227,
236
classifieation, 223-224
ion slip limitation, 226-227
Hall effect, 219
Hall parameter, 76-79, 219-221
in magnetoplasmadynamic are,
248244
Heat pipe, 321
Heavy-particle accelerators, 188-181
Helium (He), atom-atom lonization
cross section, 63
dielectric constant, 14
electron-atom elastic cross section,
51
slestron-atom excitation eross sec-
tions, 53

IMDEX

Helium (He), as electrothermal pro-
pellant, 160-102
energy level diagram, 23
frozen flow efficiency, 100-102
ion-atom elastic and charge-transfer
aross sections, 66
ionization potential, 30
physical properties, 100
High-impulse arcjet (see Magneto-
plasmadynamic are)
Hybrid accelerators, 133-134
Hybrid propulsion system, 323
Hydrazine (N H,), 100-102, 132
Hydrogen (1, Hy), arcjes, 126
dislectric constant (M), 14
disscciation, 96-99
electron-atom elastic cross section
(H,), 51
electron-atom ionization cross sec-
tion {H, Hy), 54
a3 elecirothermal propetiant, 100-
102
enthalpy, 91, 88-101
frozen flow efficiency, 98-102
ignization poiential (H, Hy), 30
MPD are, 239
physical properties, 100
resistojet, 106
aparking potential, 112
specifie heat, 91, 98-101

Impulsive thrust, 3
Induction accelerators (see Pulsed
inductive acceleration; Traveling-
wave acceleration)
Internal degrees of freedom, 94
Internal energy of high temperature
gases, 35-103
Ion acceleration, 142-188
beam power, 181
efficiency, 148, 153, 155~168, 182-
183
electrode design, 159-185
exhaust velocity, 146, 175, i81-183
Jimiting electric field, 146, 175
minimum electrode spacing, 146, 175
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Ton scceleration, one-dimensional,
143-148
performanee, 181188
power density, 146, 175
sotitees (see Lon sources)
specific impulse, 146, 175, 181-183
specific mass, 184
thrust, 146, 175, 181
(See also fon sources)
Ton beam, focusing, 161-165
neutralization, 157-158, 165-174,
184-187
power, 146
spreading, 161165, 168
lon conduction sheath, 77
lon current, 78, 83
lon-electron recombination, 98
Ton engine (see Contact ion thruster;
Flectron bombardment thruster;
Ion acceleration)
Ton gun {see Ton sources)
Ton gyro resonance, 137
{on Hall parameter, 227
in magnetoplasmadynamic are, 248~
249
Ion motor (see Contact ion thruster;
Electron bombardment thruster;
Ton acceleration)
lon slip, 201-202, 226-327
Ton sources, 148-15%
are, 158
cesium-tungsten contact, 149153,
157, 163
eolloid (see Colloid particles)
current density, 148, 150, 157-158,
176
duoplasmatron, 158
electron bombardment, 149, 153~
157, 163164
energy expenditure per on, 148,
153, 155-159
neutral fraction, 148, 152, 155-159
escillating electron, 156-157
porous-plug, 151-1563
radio-frequency discharge, 158
refiahility, 149, 152, 157-168
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Ton thruster {see Contact lon thruster;
Electron bombardment thruster;
Ton acceleration)
Ionization, 27-43
of air, 39
of argon, 37
degree of, 36
sffect on enthalpy, 96-68
efficiency, 150-152, 155-158
equilibrium, 34-43
of gas mixture, 35-43
limit, 29
molecular, 32, 38
noneguilibrium, 42, 234-235
potential, 36
lowering of, 42
second, 39
of various gases, 30
of seeded gases, 39
(See also Collisions, stomic)
{onization, second, 39
Tsothermal sound speed, ar, 203

i % B force, 18, 20, 23, 197, 200
Jupiter round trip, 4

Kink instabilities, 117

Lennard-Jones interatomic potential,
62

Limiting velocity, 2067, 200

Linear pinch (see Pinch accelerator)

Liquid mercury cathode, 155

Lithium (Li), 100-102, 132

Loop inductor, 305

Lorents accelerator (see Crossed-field
sceeleraton)

Loreniz force, 18, 20, 23, 197, 200

Luminous fronts {see Current sheet,
luminosity)

Macromolecules, 188
Magnetic body force, 18, 20, 23, 197,
206
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Magnetic confinement to reduce elec-
trode erosion, 235, 248, 252-253
Magnetie dipole moment m, 19
Magnetic expansion thruster 134, 281
Magnetic field H, 19-20, 22
Magnetic flux ¢, 20
Magnetic induction field B, 18
from distributed current denszty, 18
{ime-varying, 20
Magnetic interaction paramater B, 203,
210, 212-213, 253
B‘I&Eﬁétlﬁ nozzle, 133-134, 137, 252~
253, 263, 297
Magnetic permeability 4, 18
Magnetic piston, 275
Magnetic pressure, 115- 116, 229, 261,
285
Magnetic Reynolds number Ky, 228
Magnetic stress tenser B, 244-246
Magnetogasdyne mic cizazmei flow,
198-214
Magnetogasdynamic equations, 200
Magnetogasdynamie model of MPD
are, 241
Magﬁetohydmdyn&mic power gen-
erator, 321
Mdgnetopiagmddyna:mc (MPD) are,
133, 235-253, 257
collisional model, 248-252
electrothermal contribution, 252
magnetogasdynamic model, 240
2486
mass flow, 246-248
particle model, 246-248
performance, 235, 238-230, 246
247, 253
zero mass fow speration, 237, 248,
248
Mars round trip, 4
Marshall gun, 289
{See also Coaxial gun)
Mass-to-charge ratio {see Charge-to-
mass ratio)
Mass ratia, payload, 3
Maxwell paradox, 21
Maxwell's equations, 22
Mean free path A, 50

INDEX

Mercury {Hg), atomie weight, 153
autocathode, 155
iectr{)ndmm elastic eross seetion,
51-52
electron bombardment ion soliree,
153157
ion thruster, 157
(See also Electron bombardment
thruster)
sparking potential, 112
Mercury round trip, 4
Microthruster, 106, 109, 181
Microwave-heated accelerators, 136--
138
Migration velocity 7, 69-83
Mission analysis, 1-4, 7-9, 322-324
Molecular lons, 34
Molecular rotation, 95-97
Molecular susceptibility Dy 19
Molecular vibration, 95-97
Molecular weight of various electro-
thermal propeliants, 100
Momentum-transfer eross section, G
56, 75, 219-220
MPD arc {see Magnetoplasmadynamic
{MPD) arg]
Multibeam ion accelerator, 183, 168
Mutual inductance, M, 21

Negative-ion reeornbination, 34
Neon (Ne), 30, 66, 112
Nernst reaction isobar, 35
Neutral fraction, 150-152, 155-158
Neutralization of ion beam, 157-158,
166-173, 184~187
Nitrogen (N, Ny}, dielectrie sonstant
{N?)) 14
electron-atom elastic cross seckion
{N), 51
as electrothermal propeliant, 100~
1M
lonization potential (N, Ny), 30
physical properties, 100
Noneguilibrium ionization, 234-235
Nuelear power supplies, 319
Nuclear-thermal rocket, 5, 328

INDEX

Oberth, Herman, 9
Ohm's law, 17, 25, 201, 285-227, 299,
231
Gptimization, of electromagnetic acesl-
eration profile, 210-212
of propulsion system, 322-324
of specific impulse, 79
Orbit adjustment of satellites, 9
Osciliating-elestron ion source, 166157
Oxide-coated cathode, 156
Oxygen (O, O, 14, 80

Paraliel-plate accelerator, 260, 253~
266, 288
Partition functions, 35-41
internal f*, 33
total ', 35-36
translational /2, 35
Paschen’s law, 111, 301-302
Payload mass ratio, 3
Penning discharpe, 156-159
Pentaborane (B;1L,), 100, 102
Perveance ®, 164-165, 171
Phase mlec;ty, of electm:nagnetm
waves ¢,, 23
in traveling-wave acceleration v,
308-3190
Photoelectric emission, 32
Photolonization, 32
Physical properties of various electro-
thermal propellants, 100
Pierce gun, 160-181, 176
Pinch zecelerator, 250-260, 283-284,
288--289, 293-300
Pinch effect, 115-117
Pinch engine, 205
Planek’s constant 4, 30, 35
Plasma secelerator (see Electromag-
netie acceleration)
Plasme hottle, 171
Flasma bridge, 172
Plasma dinde, 321
Plasma frequency w,, 79
Plasma jet (see Arcjet)
Plasma thruster (see Electromagnetic
acceleration)
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Plenum chamber for arcjet, 119
Poisson’s relation, 15, 145
Palarization field P, 13-15
in current sheet, 278280
Pontryagin maximum prineiple, 322
Porous tungsten ionizers, 151-153
Positive column, 112, 114
Potassium (K}, 30, 51, 232-234
Potential, electric, ¥, 15
Power-conditioning, 321
Power supplies, 317322
high-frequency, 139
magnetohydrodynamie, 321
magss, 7-8
nuclear, 319-321
solar, 318-319
Propagation exponent &, 23, 83-83
Propeilant (see specific type or class)
Propellant mass fraction, 3
Pulse-forming network, 300
(See also Transmission line)
Pulsed electromagnetic acceleration
(see Pulsed plasmag scceleration)
Pulsed inductive acceleration, 304-306
Pulsed plasma scceleration, 259-304
calorimetric efficiency, 201
capacitance eriteria, 266-269, 207—
298
circuit analyses, 263
coaxial gun, 259-260, 288-203
current sheet (see Current sheet)
diagnostics, 201-207
dynamical efficiency, 230-284, 289,
300
dynamical models, 260-284
ejection process, 262-263, 287-288,
297
electrical efficiency, 265
electrode erosion and aging, 286-287,
304306
eleetrothermal effects, 284
gas injection, 261, 302
gas-kinetic models, 277280
gasdynamic models, 275-277
impedance matching, 274-284, 300~
301
inductance criteris, 263, 286, 208
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Pulsed plasma acceleration, initiation,
284287
mess distribution effeet, 280-284
multifiuid medels, 276-277
operation cycle, 261-262
parallel plate accelerator, 266, 263~
2686, 288
pinch aceelerator, 259-260, 283-284,
288, 289, 203-3060
pinch engine, 295
quasi-steady, 302-304
resistance criteris, 266
secondary discharges, 268, 271, 274,
33-304
shock wave model, 275-276, 280
skin effect, 258, 269, 262, 268, 285
slug model, 269-272, 280
snowplow model, 273-275 280-284
switching, 262, 361-302
thrust efficiency, 289-201
by transmission line souree, 298-301
311-31%
" variable channel, 283284
voltage criteria, 266
Pulsed resistojet, 103, 109

2

'Qua.nta, 29
GQuasi-steady pulsed plasma aceeler-
ation, 302-304

Radiation-cooling of areiet, 123-124
Radiation energy loss, 97 , 123
. Radiative recombination, 32
Rail dccelerator (see Parallel-plate
- aceelerator)
Ramsauer effect, 51
Rankine cycle, 320
Recombination, electron-ion, 32-33,
o 58-59, 64, 97
Regenerative cooling, of arcjet, 124-
© 125, 128, 130
.- of resistojet, 103, 107
Resistojet, 00, 103110
chamber pressure, 106
efficiency, 198

INDEX

Resistojet, heater configurations, 105-
104, 106
ingulation, 104-105
losses, 92-93, 103-104
materials, 105
missions, 92
performance, 108, 109
Rocket equation, 1
Rubidium (RRb), 232-234
Rutherford scattering relation, 57

Baha relation, 37-43, 96-99, 234
application to nonequilibrivm gases,
43
approximate, 37
limitations, 42
Sastrugl lon source, 163
Baturn round teip, 4
Sausage instabilities, 117
Seeded gases, 30, 232-934
Segmented electrodes, 221-222
Self-field accelerators, 227-232
Self inductance, 21
SERT 1, 10, 179, 184-18%
SERT 11, 316
Sheet accelerator, 230-231
Shock wave model, 275-276, 280
Skin effect, 268, 285
in pulsed aceelerators, 258, 260, 262
Slip veloclty, »,, 308-310
Slug model, 199, 260-272, 280
SNAP-50, 320
Snowplow model, 258, 273-275, 280-284
Solar cell panels, 318-319
Bpace-charge ion How, 143-148
Space misstons, 1-4, 7-0, 322324
Space test, of ion thruster, 184-188
of resistojet, 108
of solar-electric system, 319
Sparking potential, 111-112
Speeific charge (see Charge-to-mass
ratio)
Specific heat cg, of high temperature
gases, 93-103
of various electrothermal propel-
lants, 160

INDEX

Specific Impulse 7, 4
chemical rocket, &
nuclear rocket, 5
optitoum, 8
variable, 174, 322-323
(See also performance of specific type
or ¢lass)
Specific mass of ion thruster system,
184
Specific power plant mass, 8
Spoke instability, 133
SPUR, 320
Station keeping of satellites, 9
Statistical mechanics applied to loniza-
tion, 35
Steady electromagnetic acceleration,
202-214
(See also Elestromagnetic acceler-
ation}
Stuhlinger, Ernst, 9
Swarm velocity, 69-83
Switeh for pulsed plasma aceeleration,
301-302

T tube, 10, 259-260
Temperature profiles in arcjet block,
124
Thermionic converter, 321
Thermionic emission, 32
Thermo-ionic secelerator {see Mag-
netoplasmadynamie are)
Theta pinch, 305-308
eonical, 305
Three-hody recombination, 34
Thrust efficiency », 290
Thrust T, 3
{See also performance of specific type
or class)
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Thruster, spelling of, 6
(See also specific type or elass)
Total impulse 7, 3
Townsend discharge, 110, 112
Transmission line, power source for
pulsed plasma aceeleration, 298
301, 311-312
for traveling-wave aceelerator, 313~
312
Traveling-wave acceleration, 198-199,
258-259, 306-312
cylindrical channel, 311
efficiency, 310-311
performance, 311-313
rectangular channel, 307-311
transmission line fype, 311~312
Tungsten (W), 149, 151-153
Two-stream instabilities in fon beam
neutralization, 189-171

Vela satellite, 109.

Velocity increment Av, 3

Velocity profiles aleng eleetromagnetic
accelerator channel, 204-212

Venus round trip, 4

Virtual deceleration electrode, 176-177

Voltage-current charaeteristic for gase-
ous discharge, 110-114, 285

von Ardenne are, 158

Vortex stabilized ars, 117-110

Wave vector k, 83
Wavelength X and wave number & of
electromagnetic waves, 23
Work function ¢, 149-150
lowering by surface contamination,
150




