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tensorial, 197
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anharmonic, 191
antenna problem

Slepian approximation, 427
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asymptotic regularization, 63, 102
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Beltrami operator, 168

Bernoulli function, 343
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Bessel function
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2D theory, 268

qD definition, 265

qD integral representation, 265
qD power series, 266

qD recurrence relations, 266, 267

qD theory, 265
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Bessel’s inequality, 24

best worst case error, 98
bidual space, 22

bivariate Hardy-Landau-type identity, 369

Bjerhammar sphere, 187

Blichfeldt’s theorem, 257

Born approximation, 194

Brownian bridge, 322
Brownian motion, 317

Bubnov-Galerkin method, 129

Cameron-Martin space, 77, 317, 320, 322

cardinal interpolation, 341

cardinal series, 13, 280, 284, 361
cardinal spline, 339

interpolation, 339

Cauchy sequence, 19

Cauchy-Schwarz inequality, 22

characteristic function, 257
class of bounded linear operators, 21, 58

class of compact operators, 33

classification

Hadamard, 5

Nashed, 5
closure

1D periodic polynomials, 11, 279

qD periodical polynomials, 263

CoD, 429

compact, 33
compact operator, 33

compactness, 84

completely continuous, 152

completeness, 19

1D periodic polynomials, 11, 279
complete system, 20

qD periodic polynomials, 262

qD spherical harmonics, 180

conjecture

Hardy, 260

conjugate gradient method, 122
connected network, 310

contamination error, 82
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continuation
downward, 188, 207
upward, 188, 207

continuous RKHS, 38, 299
convergence theorems

1D Poisson summation formula, 404
qD Poisson summation formula, 411

convex, 258
convolution, 29, 43, 136
coordinates

polar, 167
correlation coefficient, 232
CRKHS, 38
curse of dimensionality, 428

decorrelation wavelet sampling
Gauss-Weierstrass, 396

dense subset, 19
density, 19
derivative

partial derivative, 27
diamagnetic, 193
differential equation

of the Helmholtz operator, 265
of the Legendre operator, 175

differentiation
noise-contaminated, 67
singular system, 73
uni-variate, 67, 71

dilation, 43
dipole, 311
Dirac mass, 308, 309
Dirac’s delta distribution, 28
direct problem, 55, 435
discrepancy principle, 103

generalized, 104
Morozov, 103

discrete Laplacian, 321
discrete mass property, 309
discrete RKHS, 38, 308, 309
distribution, 28, 191

regular distribution, 28
tempered distribution, 45

disturbing potential, 203
domain, 21
down-sampling, 391
downward continuation, 188, 207, 209

SGG, 210

DRKHS, 38, 309
dual space, 22
duality, 26
dyadic sequence, 144, 398

EIG, 218
eigenspectrum

qD Laplace operator, 263
energy Hilbert space, 310
error

contamination, 82

regularization, 82

error function, 236

Euler summation formula

1D Helmholtz operator, 349

qD (L+ λ)-operator, 365

qD Δ-operator, 364

Euler-Green function

1D(L+ λ)-operator, 348

qD(L+ λ)-operator, 363

1D Δ operator, 344

1D Δ-operator, 345

Euler-type summation formula, 349, 350,
352

exact sampling set, 300

expansion theorems, 9

exponential reproduction problem, 421

exponential sum reduction, 238

exponentially ill-posed, 63

figure lattice, 257

filter

order optimality, 101

filter qualification, 101

filter regularization, 99

finite rate of innovation sampling, 305

first Green theorem, 169

form

bilinear form, 22

bounded sesquilinear form, 23

coercive sesquilinear form, 23

continuous sesquilinear form, 23

hermitian form, 22

positive definite form, 22

symmetric form, 22

Fourier coefficients, 24

Fourier inversion

2D formula, 368

Fourier inversion formula

2D theory, 380

Fourier series, 199, 204, 206

Fourier transform

rapidly decreasing functions, 45

tempered distributions, 45

frame, 37, 297

p-type, 298

normalized tight, 297

tight, 297

frame operator, 297

function space sampling, 299

functional, 21

functional equation

qD Theta function, 384

fundamental cell

1D inverse lattice, 11

qD inverse lattice, 256

qD lattice, 255

fundamental sequence, 339

fundamental solution
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iterated Laplacian, 182
Laplace operator, 180

Funk-Hecke formula, 178

Galerkin method, 128, 129
Gauss function, 378
Gauss mean, 379, 380
Gauss theorem, 169
Gauss-Newton iteration, 159
Gauss-Weierstrass summability sampling,

396
Gaussian function, 377
Gaussian sum, 236

initial approximation, 236
spherical context, 239
sum reductions, 238
test calculations, 237

Gauss-Weierstrass summability
Parseval identity, 394
Parseval-type identity, 394
Poisson summation formula, 384
Shannon-type sampling, 385, 387

Gegenbauer polynomial, 176
Gelfand triple, 133
generalized discrepancy principle, 104

generalized Fourier series, 186
generalized inverse, 6, 53, 55, 57, 109
GOCE, 195
gradient

surface, 168
gradient method, 121
gradiometry, 34, 188
Gram matrix, 37
Gramian, 37
gravimetry, 34, 188

frequency-based solution, 203
nonlinear minimization problem, 244
space-based solution, 211
spline solution, 234
wavelet solution, 229

gravitational observable, 239
Green’s theorem

first, 169
second, 169
third, 181

Hölder’s inequality, 31
Haar kernel

degree 0, 222
degree n, 222

Haar kernel of degree 0, 222
Haar kernel of degree n, 222
Hadamard classification, 5
Hankel functions

qD theory, 269
Hardy’s conjecture, 260
Hardy-Landau identity

1D circle, 347
1D interval, 347

2D classical, 374
2D extended, 369
2D weighted, 373

Hardy-Landau-type identity
weighted, 369

harmonic, 168, 180
harmonic continuation, 205

hermitian transpose, 51
Hesse tensor, 208, 209
Hilbert frame, 297
Hilbert-Schmidt operator, 108
homogeneous harmonic polynomials

qD theory, 170

ill-posed problem, 440
IM, 244
image analysis, 14
inequality

Bessel, 24
Cauchy- Schwarz, 22
Hölder, 182

infinite square matrix, 315
inner inverse, 87
inner product

general, 22

inner product in Rq, 167
inner space, 168
integral formula

qD Dirichlet boundary conditions, 330
integral mean

qD Euler-Green function, 406
integral transform

Abel, 381
Fourier, 43
Gauß, 377
Poisson, 382
Weierstrass, 378

integration formulas, 423
interpolation formula, 325
interpolation operator, 125
inverse

generalized, 6
problem, 14
pseudo, 6

inverse gradiometry, 34
inverse gravimetry, 34, 420
inverse lattice, 256, 279
inverse magnetometry, 193

inverse problem, 440
inversion

mollifier, 146
inversion formula

qD Abel/Poisson, 379
qD Fourier, 44
qD Gauss/Weierstrass, 377

isometry, 21
iterative regularization, 115

jitter error, 291
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Kelvin function
2D theory, 272
qD theory, 270

kernel
operator, 21

Kramer’s sampling approach, 294

Lagrangians
spline, 334

Landweber iteration, 116
nonlinear, 158

Laplacian
discrete, 321

lattice
1D inverse, 11
dual, 256
inverse, 256
qD inverse, 256
qD periodical, 255
unit, 256

lattice discrepancy, 356, 365
lattice function

1D(L+ λ)-operator, 348
qD(L+ λ)-operator, 363
1D L operator, 348

1D Δ operator, 345
1D Δ-operator, 345
qD L operator, 363

lattice point discrepancy
2D sphere, 259
qD sphere, 260

Lavrentiev regularization, 62
Lax-Milgram lemma, 106
Lax-Milgram theorem, 25
least-squares problem, 55
Legendre polynomial

qD asymptotic estimates, 179
qD definition, 174
qD explicit representation, 178
qD generating series, 176
qD integral relations, 176
qD Maxwell representation, 176
qD orthogonality, 174
qD recurrence relations, 175
qD Rodrigues formula, 175
qD theory, 174, 178

Legendre tensors, 197
location error, 291

machine learning, 428
magnetic field, 193
magnetic induction, 193
magnetic susceptibility, 193
magnetometry, 188

nonlinear minimization problem, 251
wavelet solution, 249

matrix equation
ill-conditioned, 50

maximum/minimum principle

inner space, 182

outer space, 183

Maxwell’s representation, 176

mean

Abel, 382

Gauss, 379, 380

Poisson, 382

Weierstrass, 379

measurement

generalized, 420

Mercer theorem, 36

metaharmonic, 265, 347

method

Bubnov-Galerkin, 129, 132

conjugate gradient, 122

dual least squares, 131

Galerkin, 129

iterative, 115

least-squares, 129

mollifier, 142

multiscale, 134

multiscale mollifier, 144

Petrov-Galerkin, 129

Rayleigh-Ritz, 129, 132

method of least squares, 9

metric, 19

metric space, 19

minimal-norm solution

reproducing kernel Hilbert space, 110

Minkowski’s theorem, 258

mollifier method, 142

spline type, 233

mollifier multiscale decorrelation, 145

mollifier Newton wavelet, 224, 244

mollifier reconstruction formula, 145

mollifier regularization, 144

mollifier sampling, 398

mollifier scaling function, 145

Dirac, 219

mollifier wavelet function, 145

Dirac, 219

mollifier wavelet inversion method, 248

moment problems, 14

Monte Carlo method, 428

Morozov’s discrepancy principle, 103, 105

multiresolution scheme, 141

multiscale method, 134

multiscale sampling

Gauss-Weierstrass decorrelation, 396

Gauss-Weierstrass summability, 395

Multiskalenmethode, 145

Nashed’s bibliography, 5, 53

Nashed’s classification, 5

network, 310

connected, 310

infinite, 310

Newton kernel, 221
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Newton mollifier scaling function, 221
noise

strong, 81
weak, 83

nonequidistant sampling, 285
Paley-Wiener, 285

nonorthogonal sampling, 291

norm, 20
operator norm, 21

norm in Rq , 167
normal equations, 103
normed space, 20
notation, 168
nullspace, 21
numerical dilemmas, 160
numerical methodology, 160

objective
ill-posed problem, 4, 55, 435
inverse problem, 4, 55, 435

operator, 21
bounded, 21
compact, 33
continuous, 21
continuous linear operator, 22

domain, 6
dual space adjoint operator, 22
Hilbert space adjoint operator, 25
Hilbert-Schmidt, 108
interpolation, 125
inverse operator, 21
isometric linear operator, 21
kernel, 21
linear operator, 21
nullspace, 6, 21
range, 6

order of ill-posedness, 63
order optimality

filter, 101
orthogonal, 23
orthogonal projection, 124
orthonormal, 23
outer harmonics, 184, 209
outer inverse, 87
outer space, 168
oversampling, 281, 359

Paley-Wiener space, 423
1D, 10
qD, 424

parallelogram identity, 23
paramagnetic, 193
Parseval identity, 412

Gauss-Weierstrass summability, 394
Parseval-type identity

Gauss-Weierstrass summability, 394
Parzen’s sampling theorem, 361
periodic

Λ-lattice, 262

periodization

first, 263

second, 263

permeability

absolute, 193

relative, 193

Petrov-Galerkin method, 129

Picard-condition, 60, 135

point lattice, 257

point mass interpolation, 324

point masses, 324

point set

boundary, 27

closure, 27

point-mass samples, 324

Poisson differential equation, 182

Poisson equation, 190, 419

Poisson function, 381

Poisson kernel, 212

scalar, 212

tensorial, 212

Poisson mean, 382

Poisson summation formula, 263, 264

1D Helmholtz operator, 404

2D extended, 368

qD first periodization, 264

qD Gauss-Weierstrass summability, 384

qD Helmholtz operator, 411

qD second periodization, 264

Poisson-type summation formula, 404, 411,
412

1D variant, 354

Euclidean space, 412

polyharmonic, 168, 180

polyharmonic cardinal spline, 329

polyharmonic sampling, 329

polymetaharmonic, 265

polymetaharmonic sampling, 361

polynomial

Bernstein, 179

Gegenbauer, 176

harmonic, 171

homogeneous, 171

homogeneous harmonic, 171

Legendre, 174

positive definite, 22

potential space

scalar, 182

tensorial, 183

vectorial, 183

principal value, 379

problem

direct, 55, 435

forward, 55, 435

ill-posed, 50, 440

inverse, 50, 440

least-squares, 55

properly-posed, 5
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recovery, 440
weighted least-squares, 58

projection method, 124
projection operator, 124
Prony’s method, 238
pseudodifferential operator, 207

Hesse tensor, 209

pseudoinverse, 6, 53, 57
reproducing kernel Hilbert space, 108

pseudosolution
reproducing kernel Hilbert space, 112

qualification, 101

range, 21
rate of innovation, 305
Rayleigh-Ritz method, 129, 132
reconstruction error, 101
reconstruction formula, 297
reconstruction method, 98
recovery problem, 14, 440

recurrence relations
Bessel function, 268
Kelvin function, 271
Legendre polynomial, 175

reflexive space, 22
region, 27, 168, 169

boundary, 27
closure, 27
regular, 33, 168

regular region, 33, 168
regularization

asymptotic, 63
asymptotic revisited, 102
Backus-Gilbert, 147
filtering, 94
iterative, 115
Lavrentiev, 62
matricial, 53
mollifier, 144
multiscale, 134
multiscale mollifier, 144
nonlinear, 156
projection method, 124

stochastic, 148
Tikhonov, 54, 62, 85
Tikhonov revisited, 102
Tikhonov-Phillips, 106
truncated singular value decomposition,

62
truncated singular value decomposition

revisited, 101
truncated singular value decoposition, 53

regularization error, 82
regularization method, 94
regularizer, 81

characterization, 87
relatively compact, 33
reproducing kernel, 35, 204, 230

reproducing kernel Banach space, 298, 301

reproducing kernel Hilbert space, 35, 299

discrete theory, 307

minimal-norm solution, 110

pseudoinverse, 108

pseudosolution, 112

reproducing Strang-Fix theory, 421

Riemann-Lebesgue theorem, 39

Riesz representation theorem, 25

RKBS, 298, 301

RKHS, 35, 299

classical, 38, 308

continuous, 299

discrete, 38, 308, 309

relative, 38, 308

Runge approximation property, 200

Runge concept, 201

Runge domain, 235

Runge-Bjerhammar condition, 184

Runge-Bjerhammar sphere, 187, 201

Runge-Walsh approximation property

scalar, 201

tensorial, 201

Runge-Walsh concept, 208

Runge-Walsh theorem, 186

sampling

Dirichlet conditions, 330

finite rate of innovation, 305

function space, 299

Kramer’s approach, 294

mollifier wavelet, 396

nonequidistant, 285

summability wavelet, 395

sampling density, 362

sampling error

aliasing, 289

amplitude, 289

location, 289

truncation, 289

sampling in shift-invariant spaces, 304

sampling mollifier scaling functions, 398

sampling mollifier wavelet functions, 398

sampling rate, 279

sampling reprostructure

orthogonal polynomials, 294

trigonometric polynomials, 294

sampling set, 297, 298

p-type, 298

exact, 300

sampling theorem, 361

1D, 12, 281, 358

SampTA, 435

satellite gravitational gradiometry, 188

scalar outer harmonics, 200

scalar product in Rq, 167

scaling function

decomposition regularization, 138
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reconstruction regularization, 138

Schwartz space, 44, 335

second Green theorem, 169

extended, 169

semi-iterative method, 118

separable, 19

set of generalized measurements, 420

set of point masses, 324

set of uniqueness, 287

SGG, 188

frequency domain, 202, 203

in potential theoretic context, 194

space domain, 202, 203

SGG bandpass potential, 217

SGG lowpass potential, 217

SGG uniqueness, 203

SGG-pseudodifferential operator, 208

Shannon sampling, 13, 284, 361

one-dimensional, 357

two-dimensional, 375

Shannon-type sampling, 14

1D, 14

Fourier transformed values, 415

functional values, 405, 413

Gauss-Weierstrass summability, 385, 387

multivariate, 412

nonbandlimited, 405, 406, 413–415

not necessarily bandlimited, 406, 415

not-necessarily bandlimited, 361, 394

univariate, 405

signal analysis, 14

sinc-function, 268, 347

Bessel function representation, 268

singular value decomposition, 34, 61

Slepian functions, 427

smoothed Haar kernel, 222

Sobolev lemma, 205, 206

scalar, 205

tensorial, 206

Sobolev space, 32, 36, 204, 206

solid angle, 181

space

Banach, 20

bidual, 22

Cameron-Martin, 320

dual, 22

Hilbert space, 23

inner, 168

inner product space, 22

Lebesgue space, 31

linear space, 19

metric, 19

normed, 20

of distributions, 28

outer, 168

pre-Hilbert space, 23

reflexive, 22

Schwartz space, 44

separable, 19

Sobolev, 32

spectral theorem, 59

spherical harmonics, 197, 199

qD addition theorem, 177

qD Funk-Hecke formula, 178

qD Laplace representation, 179

qD Parseval’s identity, 180

qD theory, 177

spherically continuous, 382

spline

cardinal, 339

finite bandwidth, 332

interpolation, 240

smoothing, 240

thin plate, 337

spline Lagrangians, 334

spline mollifier method, 233

square matrix

infinite, 315

star-shaped, 258

stationary phase, 40

stationary point, 40

stochastic regularization, 148

Strang-Fix theory

reproducing, 421

strictly positive, 310

strong convergence, 19

strong noise, 81

strongly disjoint, 297

summability sampling wavelets

Gauss-Weierstrass, 396

summability wavelet sampling, 395

summable sequence, 205

summation formula

1D Poisson, 355, 405, 406

1D Poisson-type, 354

1D-Euler, 349

2D extended Poisson, 368

qD Euler, 364

qD extended Euler, 366

qD Poisson, 405, 412–415

qD prescribed boundary conditions, 329

superdirective ratio, 426

support, 27

compact, 27

distribution, 29

surface gradient, 168

susceptibility, 193

symbol, 207

symmetric, 258

synthesis operator, 297

tempered distribution space, 335

tensor outer harmonics, 200

tensor spherical harmonics, 196, 198

Hardy-Hodge, 197

Helmholtz, 197
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tensorial SGG problem, 200
test function, 191
Theta function, 383

qD functional equation, 384
thin plate spline, 329, 335
third Green theorem, 181
Tikhonov functional, 55

Tikhonov regularization, 54, 62, 85, 102
revisited, 102

Tikhonov-Phillips regularization
nonlinear, 155

translation, 43
truncated singular value decoposition, 53
truncation error, 289

uncertainty principle, 202
undersampling, 281, 359
uniqueness set, 287
unit lattice, 256
unit sphere

area, 174
unitarily translation-invariant, 284, 296
up-sampling, 391
upward continuation, 188, 189, 206, 207

wavelet function
decomposition regularization, 140
reconstruction regularization, 140

wavelet reconstruction, 145
weak compactness, 26
weak convergence, 26
weak noise, 83
weakly sequentially closed, 152
weakly singular, 34
weakstar compactness, 26
weakstar convergence, 26
Weierstrass function, 377, 381
Weierstrass mean, 379, 380
Weierstrass transform, 378
worst case bound, 105
worst case error, 98

zero sequence, 287
zeros

weak separation property, 289
zooming-in

volume, 229
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Methods for Sobolev Spaces, 2021

256 Michio Jimbo, Tetsuji Miwa, and Fedor Smirnov, Local Operators in Integrable
Models I, 2021

255 Alexandre Boritchev and Sergei Kuksin, One-Dimensional Turbulence and the
Stochastic Burgers Equation, 2021

254 Karim Belabas and Henri Cohen, Numerical Algorithms for Number Theory, 2021

253 Robert R. Bruner and John Rognes, The Adams Spectral Sequence for Topological
Modular Forms, 2021

252 Julie Déserti, The Cremona Group and Its Subgroups, 2021

251 David Hoff, Linear and Quasilinear Parabolic Systems, 2020

250 Bachir Bekka and Pierre de la Harpe, Unitary Representations of Groups, Duals,
and Characters, 2020

249 Nikolai M. Adrianov, Fedor Pakovich, and Alexander K. Zvonkin,
Davenport–Zannier Polynomials and Dessins d’Enfants, 2020

248 Paul B. Larson and Jindrich Zapletal, Geometric Set Theory, 2020

247 István Heckenberger and Hans-Jürgen Schneider, Hopf Algebras and Root
Systems, 2020

246 Matheus C. Bortolan, Alexandre N. Carvalho, and José A. Langa, Attractors
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