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ABSTRACT

Author: Yang Wang

Title: Application of QKKR method
to Complex Crystals.

Institution: Florida Atlantic University

Degree: Master of Science in Physics

Year: 1989

The QKKR method is a recently invented band theory with
remarkable advantages of fast computational speed and no
special requirements on the one electron potential. It has
been successfully applied to the band structure calculation
for simple crystals. A program for QKKR band theory calcula-
tions for complex crystals (more than one atom per unit
cell) is developed and applied to PdH. It is shown that,
compared with the KKR method, the QKKR method 1is more
efficient and yields very accurate results in the range of
energies in which we are interested. Unlike other band
theories, the QKKR requires the expansion of a three dimen-
sional step function in real spherical harmonics. A general
method for evaluating this expansion is established in this

thesis.
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CHAPTER 1

INTRODUCTION

1.1 OUTLINE OF THESIS

Since the KKR method (also called the Green’s function
method) was first developed by Korringa!, Kohn and Ros-
toker?, it has been proved that this is one of the most
successful band theory methods because of its ability to
yield quantitatively accurate results and rapid conver-
gence®. However, a lot of efforts have been made by some
scientists to improve the technique of the calculation and
eliminate the requirement of a special shape for the one-
electron potential4r®:6:,7, The most remarkable progress on
this aspect must be due to the QKKR method, proposed by Dr.
Faulkner?® in 1982.

Derived from the multiple-scattering theory, the QKKR
method gives a new band theory equation for calculating the
one-electron energy eigenvalues and wave functions. The most
important advantage of the QKKR method is that, instead of
looking for every zero of the determinant of the KKR secular

equation matrix relating to a certain vector k, it finds



all of the eigenvalues for each vector k by diagonalizing a
single matrix. Compared with the KKR method, it saves a
large amount of computing time without losing accuracy over
the range of energy bands of interest.

The band structure calculations for both simple crys-
tals with one atom per unit cell, e.g. Cu, Zn, Na,... etc,
and complex crystals, which have more than one atom per unit
cell, e.g. Si, NaCl, GaAs, PdH... etc, have been carried
out in KKR method by a lot of people®r1°,11,12_  PpPreviously
the QKKR method has been applied only to the band structure
calculations for simple crystals®:!3. In order to develop a
complete QKKR method that could replace the KKR method and
be used for wide range of purposes, especially for alloy
theory in the future, it is necessary to study its applica-
tion to the band theory for complex crystals and develop the
necessary computer programs. This is the purpose of this
thesis. The sample material considered in my research is
PdH, which has been widely studied by many people using
various methods!* /15,16 ,17,

In the second chapter, I will briefly review the multi-
ple-scattering theory. Then both KKR and QKKR methods will
be derived based on this theory in chapter 3 and chapter 4,
respectively. In these two chapters, the formulas for both
simple and complex lattice structures are provided.

In QKKR theory, the three dimensional step function

o(r), which equals 1 inside and zero outside a polyhedron,



plays a very important role. A general method for evaluat-
ing the expansion of o(r) in terms of real spherical func-
tions Yy (r), defined in Appendix II, is invented and dis-
cussed thoroughly in chapter 5.

Chapter 6 gives the detailed discussion of the proce-
dures and techniques in applying both KKR and QKKR methods
to the band structure calculation for the complex crystal
PdH. The E vs. k curves derived from the both methods are
provided and compared to each other to demonstrate how
successful the QKKR method is in the case of complex crys-
tals. The conclusions of my work and results are put in the
last chapter.

Before turning to the derivations of KKR and QKKR

theory, it is helpful to consider some basic concepts.



1.2 CRYSTAL STRUCTURE

It is well-known that a perfect crystal can be repre-
sented by a set of periodic lattice points with a certain
basis of atoms, say N atoms, around each point. The position
of each atom in the basis relative to the associated lattice
point is denoted as a vector q;j, i=1,2,---N. Conventionally,
the coordinate system is set in such a way that the origin
is at a lattice point, which we call the central lattice
point, and the position vector of nth lattice point is
denoted as Rp.

According to the one-electron approximation, the one
electron wave functions w;(r) will satisfy the following
single particle Schrodinger equation (assuming atomic units,

see Appendix I.)

X Y b
[ =V2 + V(r) 1-Ug(x) = E (k)Iy(r) (1.1)
where k is a vector in reciprocal lattice space, )\ refers to
the index of a certain band and V(r) is the one electron
potential. 1In a perfect crystal, V(r) must have the period-
icity of the crystal and can be written as

V(r + R,) = V(r) . {l.2)

The Bloch theorem states that the one-electron wave function



(also called Bloch wave function) associated with energy E

satisfies

P ik-Rn )
Up(r + R) = e Up(r) . (1.3)

Assuming that the one-electron potential is composed of

a set of local and non-overlapping potentials, we have

V(r) =

{ vi(r = Ry - 44) r € Qu(i)
(1.4)

v, r € interstitial area ,

where vi(r - R, - q;) is the local potential defined in the
region Q,(i) and due to the atom locating at the position qj
relative to nth lattice point, and V, is a constant poten-
tial within the interstitial area between the regions Q,(i).

From the equation (1.1), it is obvious that the constant
interstitial potential can be set to zero by subtracting the
energy with V_ . Usually we will assume that the interstitial
potential is zero unless giving a special statement. There-

fore, the one-electron potential can be written as

v(r) = X.vi(r = Bg = ®if « (1.5)
n,i

If the potentials vij(r - R, - q4j) are spherically

symmetric with Rpt (i) being the radius of the spherical



region Qp, (i), i.e.

vile - Ry, - @4) = vl|lr - Ry = q1|) (1.6)

for |r - Ry - qj| < Rpt(d) ,

the one-electron potential V(r) is called a muffin-tin

potential and the radii Ryt (i) are muffin-tin radii.



1.3 UNIT CELL

Usually it is useful to construct a lattice cell that
contains one or more lattice points and will fill all the
space through the action of suitable displacements with
vectors R, so that the lattice space is composed of identi-
cal lattice cells. A unit cell is defined as the lattice
cell inside which there is only one lattice point. The
simple crystal is one whose lattice unit cell contains one
atom, and a complex crystal has more than one atom in the
unit cell. The central unit cell refers to the one contain-
ing the central lattice point.

Although there is more than one method to construct a
unit cell, the Wigner-Seitz cell is the most useful. Its
boundaries are composed of planes which are perpendicular to
and intersecting at the mid-point of a line connecting the
inside lattice point and one of its neighboring 1lattice
points. As an example, the metal Cu has so-called FCC
(face-centered cubic) lattice structure (see Fig.1-1), and
its Wigner-Seitz cell is a regular rhombic dodecahedron (see
Fig.1-2).

In this thesis, I choose the Wigner-Seitz cell as a unit
cell for simple crystal structures. For complex crystals,
the unit cell is divided into sub-cells, each of which
contains one atom. They are constructed to contain the
muffin-tin sphere of each atom in the unit cell. An example

of this case is NaCl (see Fig.1-3), which lattice structure



is FCC and unit cell is constructed in the way shown in

FPig.1-4.



@ : Cu

Fig. 1-1. The crystal structure of Cu is FCC type.

There is one atom per unit cell.
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Fig. 1-2. The shadowed area is the Wigner-Seitz cell

of FCC lattice structure.
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®: Cl
O: Na

Fig. 1-3. The crystal structure of NaCl is FCC type.

There are two atoms per unit cell.
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. 1Z s N\ o
/
Rmt (C1)
@)
Rmt (Na)
— a2 >

Fig. 1-4. The area bounded by the bold lines 1is the
unit cell of NaCl lattice. The unit cell is divided

into two sub-cells, each of which contains one atom, Na

ar €l.



CHAPTER 2

MULTIPLE-SCATTERING THEORY

2.1 INTRODUCTION

Multiple scattering theory deals with a particle that is

scattered by the potential V composed of a collection of

local and non-overlaping potentials v,, i.e.

V=)v, . {2,

The first contributions to this theory were in the
nineteenth century. Rayleigh!?®, Ewald!® and Kasterin?®
the persons who made the major early developments of

theory. In the following section, a brief review of

1)

late
were
this

this

theory is given within the frame work of formal scattering.

More information about multiple scattering theory and its

application to solid state physics can be found in Faulk-

ner’s book?!.

13
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2.2 MULTIPLE SCATTERING THEORY
Usually in formal scattering theory the first step is to
write the Lipmann-Schwinger equation??2

|¥> = | x> + G, V|U> , {2.2)

where the potential V is described by (4.1), |x> satisfies

the unperturbed Schroédinger equation

H0|X>=E|X> 7 (2+3)

and |U>, the state vector of the single particle, is the

solution of Schrodinger’s equation

(H, + V) |U> = E|U> , (2.4)

corresponding to the same energy E in (4.3). The operator G,

is defined as

G, = lim (E + ie - H,)™! . (2.5)
€0

By introducing the well-known transition-matrix T, which

is related to the transition probability and defined as

T|x> = V|I> , (2.6)
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we can rewrite the Lipmann-Schwinger equation as following

|U> = |x> + G, T|x> . (2:7)

The T-matrix may be written in the form as

T =V-(1 + G,T) , (2.8)

which can be shown to be equivalent to (2.6).

The basic idea of the multiple scattering theory is to
obtain the T-matrix describing the scattering of a system of
many scatterers in terms of the corresponding t-matrix for
individual scatterers. This is accomplished by considering

(2.1) and introducing

Qn = Vp' (1 + G,T) , (2.9)
so that
T =) Q - (2.10)
n

According to (2.8), the t matrix for scattering from the

nth scatterer with potential v, can be written as

th = v (1 + G, tp) - (% .11}
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Substituting T in (2.9) with (2.10), we can find
Qn = Vn (1 + G,-) Qp) (9. 193
n

or
Qn = (1 = vp'G,) vy (1 + G, ¥ Qp)
m#n
=k {1 % B T Q) - (.13}
m=n
Obviously the T matrix for the system without nth scatterer

will be ) Qm. Therefore, comparing with (2.7),
m#n

i
|[Tn> = |x> + G, ¥ Qnlx> (2.14)

defines the incoming wave, scattered by other scatterers, to

the nth scatterer. Because of (2.13), we have

i
tnl|¥n> = Qnlx> (2.15)
;i
|[¥n> = |x> + Gy ¥ Qnlx>
m=n
i
= |x> + J G oty|¥y> ., (2.16)

m=n
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and

[U> = |x> + ) G0~tm|111§1> | (2.17)

m

Equations (2.16) and (2.17) are called the fundamental
equations of multiple scattering theory.

Notice that in solids the one-electron wave function |¥>
is a stationary state, in which case T must be singular at
the eigenvalues E. Therefore, in order to find nontrivial

solution of the equation (2.7) for stationary state, we

should set
y» =0 . (2.18)

If we define the outgoing wave from nth scatterer as

o i
[Bpe = 8+t |Tn> , (2.19)

then (2.17) with the condition (2.18) gives

> = m°> . (2.20)
n
n

This equation states that the total solution is the sum of

the outgoing waves from all of the scatterers, or
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i
|U> = |T,> + |w§> , {2.21)

the solution is the sum of incoming and outgoing waves
associated with any scatterer.

Notice that combining (2.17) and (2.18) with (2.19), we
can find the incoming wave on any scatterer is the sum of

outgoing waves from all other scatterers
i o
[Tp> = 3 |Up> - (2.22)

These last two equations, (2.21) and (2.22) are very impor-

tant in the derivation of KKR theory.



CHAPTER 3

KKR THEORY

3.1 INTRODUCTION

There are two ways to derive the KKR method. One way was
proposed in 1947 by Korringa from the point view of multiple
scattering theory!. Another one was suggested in 1954 by
Kohn and Rostoker through the variational principle method?.
Many people3s12?2 prefer the variational approach because of
its simplicity in mathematical technique, but the derivation
with multiple scattering theory provides a very clear
physical picture and leads to some further developments5:7
such as the invention of the QKKR method?.

In this chapter, I will give a brief derivation of the
KKR method using the results from the multiple scattering
theory. A comprehensive discussion about this approach can

be found in the paper’ by Faulkner.

19
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3.2 KKR THEORY

In last chapter, the multiple scattering theory has been
discussed. We will find that it is a very powerful tool to
solve the one-electron Schrédinger equation, which is the

fundamental equation in band theory:

>\ 2
[-V2 + V(r)]Ux(r) = EX(k)-Up(r) , (3.1)

where the atomic units have been assumed (see Appendix I).
For simple crystals (the generalization to complex
crystals is straightforward and will be considered in the
section 3.3), the one-electron potential V(r) is composed of
a set of identical 1local non-overlapping potentials,
v(r - Rp), centered at the lattice points and can be written

as

V{r) = § v(r - Ry) (3.2)
n
v(r - Rp) r e Qp
0 r € interstitial region ,

where (l; is the region centered at the nth lattice point
with the local potential v(r - R,) being defined inside it.
To find the outgoing and incoming waves related to the

nth scatterer, the intuitive approach is to look at the
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interstitial area outside the bounding sphere of O (see
Fig.3-1 and Fig.3-2) where V(r) = 0, and the wave function

satisfies the Helmholtz equation
(-v2 - E)-¢(E,r) = 0 . (3.3)

We define r,=r -R, and r, = |r - Ry|. Since the out-
going wave ¢§(E,rn) must be singular and the incoming wave
¢i(E,rn) must be regular as rp, — 0, we can expand ¢§(E,rn)
in terms of ¥1,025) - ng (o) and ¢i(E,rn) in terms of

Y1 (rp)-Jg (erp) as follows

o n
¢n(E,rp) = a-) Y1 (rp)ng (arp) - £y, r 8 (3.4a)
L

v
0

i , n
¢n(E,ry) = % Yy (rp) g (axrp) -ng, r (3.4b)

by defining

a=ﬁ , (3.8)

and S being the radius of the bounding sphere. For the area
inside the sphere, let us assume oNp(E,r,) and Jr(E,r,)
are the extensions of outgoing and incoming wave components

with angular momentum L, respectively. Therefore, for r
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Fig. 3-1 An example of muffin-tin potential. The
bounding spheres of local potentials do not overlap

each other.
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Fig. 3-2. An example of nonmuffin-tin potential. The
bounding spheres of local potentials do not overlap

each other.
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either inside or outside the bounding sphere we have

O n
¢n(E, rp) a'% NL(Elrn)°€L ’ (3.6a)

i n
¢n(Elrn) = Z JL(Errn)‘rlL ’ (3.6Db)
L

with the conditions

\%
0

aNL(E,rn) = aYL(rn)‘nﬂ (arn) T n (3. 74)

v
n

Jr (B; 2) = ¥y (rp)-Jg (ary) if rp (3+7b)

It can be shown’ by considering the scattering of an incom-

ing wave into an outgoing wave by the local potential that

n n
Ry B - %lXLL’(E)'gL’ / (3.8)

with

=i,
XLL'(E) = a-%”Cer (E)SL»"L'(E) . (3.9)
The cosine and sine matrices in the equation (3.9) are

CLL' = a-f nﬂ (ar)YL(r)V(r)¢L'(E,r)d3r = (SLL' (3.103)
r<S
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St = @ Jg(ar)¥p(r)v(r)er- (E,r)d3r (3.10Db)
r<S

where ¢1,-(E,r) is the wave function component with angular

momentum L° and satisfies

(-v? + v(r) - E)-¢1,-(E,xr) = 0 , (3.11a)

or
¢1,- (E,xr) = Yy-(r)jg-(er) - [ G(E,r,r")v(r’)
X ¢L'(Elr’)d3r1l
(3.11b)
with
G(E,r,r’) = _a'E YL(r)'[jQ (ar)nl(ar’)
L
(3.11c)
- ny (er)jg (ar ) ]-Yp(r).
Thus the incoming wave can be written as
4 n
¢‘n(Errn) = Z L?’]'_,(Elrn)’XI_,L’(E)'é.I_,’ . (3.12)

i

According to equation (2.21) in multiple scattering theory,

we have
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n
-y JL(E,r)-Xr1--€r- = @) Y Ni(E,rpy)-€1- .
n=0 L- (3.13)

A

where the subscript and superscript for n=0 on the left hand
side of above equation are dropped off. Notice that the

Bloch’s theorem requires

n ik-Rn
€ (3.14)

so that eq. (3.13) becomes

5 [ Y JL(E,T) Xpp-(E) + a-§ Np- (E,Ep)-e o 0 Jogp. = 0
j i L n=0
(3.15)

We can expand the outgoing waves from all other unit cells

in terms of the incoming wave into the central unit

(n = 0)
n == 0 are

cell (n = 0) as following, since Np-(E,r,) with

regular within the central unit cell

a-Np,(E,ry) = %,JL'(E,r)-AEL,(E) , (3.16)

with r being inside the central unit cell. Actually, the

n
expansion coefficients Ay - can be found by considering the

interstitial area inside the central unit cell but outside
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the bounding sphere of the region Q

a- Y1 (rp)ng (ary) = 5 YL»(r)jl(ar)-BgL'(E) y (3.17)
I
so that
n n
Arr- (E) = Bry-(E) , {3.08)

except for those n’s which, in the case shown in Fig.3-3,
are nearest neighboring unit cells with the bounding spheres
of Q, overlapping with the one in the central unit cell.
Define Nng as the difference between AEL’ and BEL’ for

those neighboring unit cells, so that

: n
Arr,-(E,k) = § elk-Rn.p .. (E)
n=0
- BLL’(E,k) + NLL'(E,k) ’ (3.19)

where Npp-(E,k) are called near-field corrections due to the
overlapping effect mentioned above, and By, - (E,k) are called

structure constants

: n
Brr-(E,k) = § 1K-Rnp . (E) , (3.20)
n=0
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Fig. 3-3. An example of nonmuffin-tin potential. The
bounding spheres of local potentials overlap each

other.
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which only depend on E, the k vector and the lattice struc-
ture. The technique of calculating structure constants was
first treated by Ewald!®. The explicit expression of these
coefficients is available?®.

Therefore, combining (3.15) with (3.16) and (3.19), we

have a set of homogeneous equations for £y -

%’[ XLL'(E) + BLL'(E,k) + NLL’(E’k) ]‘fL’ = 0 . (3.21)

In fact, the near-field corrections Npyp-(E,k) can be ignored
in practical calculations of interest, so that the nontriv-

ial solutions of ¢1 - exit only if
det [ X(E) + B(E,k) ] =0 , (3.22)

which is the fundamental KKR equation for general potential.
Thus, the E vs. k curves can be evaluated by looking for the
energy eigenvalues E which satisfy the equation (3.22) for

certain k vectors, and the Bloch waves are, according to

(2.20)

A 3 o
mk(r) o (Elr) + ¢ (Err)

b\
% [ @Ny (E,r) - %,JL'(E:r)'XLL'(E) 1=&1, (X)
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B
=Y Zp(E*(k),r)-¢1,(k) , {3..94)
L

with r inside the central unit cell and ZL(E)(k),r) is a

solution of the differential equation
[(-Vv%? + v(r)]-f(E,r) = E-f(E,x) , (3.24)
with the boundary condition

Z21(E,xr) = a-Yp(r)ng (ar) - %IYL'(r)jQ’(ar)'XLL’(E)

for r 2 5 . (3.25)

In the case of a muffin-tin potential, it can easily

been shown that the sine and cosine matrices are diagonal

CLL' = COSUQ'SLL’ ' (3.268.)
with
) d d
cospy = a-S°[ng (ar)-— ¢1,(E,r) - ¢1,(E,r)-— ny (ar)] '
dr dar
r=S
(3.26Db)

and
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Sy1- = sinng-811,- (3.27a)

with

d d
sin = 5+ 82 [ r) -— E,r) - E,r)-— 7 2 5 n
ng o [Jg (ar) ar 1. ( ) ¢, ( ) = Jyg (ar)]

r=S
(3.27b)
where S is just the muffin-tin radius Rpyt. Thus
XLL' = (Z‘COtf]ﬂ'tsLL' . (3.28)

Equations (3.26) A (3.28) are the results of the origi-
nal derivation of KKR theory. In that derivation one has to
assume that the potential is in the muffin-tin form. The
band structure calculation based on (3.26) A (3.28) is
called the ordinary KKR calculation.

In practical calculations, the value of 4 is taken only
up to Lp,x because the scattering of wave components with

high angular momentum can be ignored.
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3.3 COMPLEX CRYSTAL

A complex crystal structure is one in which there is
more than one scatterer within a unit cell. An example of
two atoms per unit cell is shown in Fig.1-4.

Let us assume that there are N scatterers ( i.e. atoms)
within a unit cell and q;, i=1,2,---,N, denotes the position
of ith scatterer. Then the potential V(r) should be written
as

v(r) = vi(r = Ry - 4j) ., (3.29)

=
-1

with the assumption, as before, that the local potentials do
not overlap each other. We can still follow the procedure
used before but consider the scatterers within a unit cell
separately.

Therefore, the incoming and outgoing waves associated

with the ith scatterer within the nth unit cell are

o 6l iy
¢n,i(E,Tn, i) = 2 NL(E,rp,i) €L ' (3.30a)
L
i i i 9, 4
¢n,i(E,ry i) = L JIL(E,rqy )0 (3.30Db)
L
respectively, where rn,i = r - Ry - g . As in (3.8), we

have
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l'l,i : nli
9, = =1 ZXpp-{E)<€r- - (3.31)
o,

The matrix zi is
x1(E) = a-ci(g)-si(g)~1 , (3.32)

where the sine and cosine matrices have the same form as

(3.10) except additional superscripts and subscripts i

i i
Crr- = @[ ng(ar;)Yp(rj)v(rj)ér- (E,rj)d®r - Spp,-
riSSi
(3.33a)
i . i 3
Spr- = o[ Jg(eri)Yr(ri)v(rj)er- (E,rj)d°r .
riSSi
(3.33Db)

i
Si is the radius of the bounding sphere of Q(i) and ¢, (E,r;)

is the solution of the differential equation
[-¥* + vy(r - q;))+£(E,x5) = B-£(E,xi) , (3.33¢c)

with r; =r - qj
According to the multiple scattering theory, the incom-
ing wave to the ith scatterer within the central unit cell

can be written as
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i
¢i(E,ry) = ) ¢n i (E, Tn, 3] * ) Z ¢n i (E, Tn,i- “d ¥
n=0 n i’'=i
(3.34)

by suppressing the subscripts for n = 0. The second term of
the above equation comes from the contribution of the
scatterers other than the ith within all of the unit cells.
In terms of the incoming wave component of angular
momentum L° to the ith scatterer within the central unit
cell, the expansion of the outgoing wave components of
angular momentum L from the ith scatterer within the nth

unit cell (n = 0) can be written as

i 3 oI §
(Z'NL(E,rn’i) = %’JL'(E,ri)'ALL'(E) . (3+35)

Another expansion is about the outgoing wave component from

the ith scatterer (i i) within any unit cell

1= il ii-
@ N[ (E,ry /) = %IJLr(E,ri)-ALL'(E) . (3.36)

Ignoring the near-field corrections, the expansion coeffi-

cients can be found as

n,i n,i
ALL'(E) = BLL'(E) ’ (3.37)
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with

. il
Y1, (rp,i)ng(erp i) = ) Y1,-(ri)Jg-(erj) -Brr- (E) ,
=

(3.38)
and
14.% ik
ArL-(E) = Mj1-(E) , (3.39)
with
. i1
Yr,(rp,i-)ng(arp i) = ) Y1,-(ri)jg(eri) -Mp-
L’ (3.40)

The structure constants for complex crystal are defined as

i . n,i
Bry- (E,k) = ) elK-Rn.p 1o (E) , (3.41a)
n=0
and
19 7 . i
Mi1,-(E,k) =Y elk-Rn.ym — (E) . (3.41b)
n

Obviously BiL,(E,k) = B, (E, k), because of the transla-
tion symmetry in a perfect crystal. The explicit expression
for the structure constants Mii:(E,k) is also available in
the literatures!!r23, Combining (3.32) with (3.29), (3.30)

and structure constants obtained above, and considering
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n,i i
gL’= elk'Rn,gL ; (3.42)
i
we finally have a set of homogeneous equations for ¢y,
i ii- - A
Z Y [(Xy,(E) + Brp-(E,k))-8§4ii- + Mr1,-(E,k)]-¢1,- = 0,
15 L
(3.43)
with the definition
il
MLL'(E,k) =0 . (3.44)
o
The coefficients ¢ have nontrivial solutions only if
det [ X(E) + B(E,k) + M(E) ]
(X' + B M'? M)
MQI X'Z + .E M2n
= det
M31 M32 Msh
. M" 2 X" + B )
=0 (3.45)

Compared with the simple crystal, the size of above matrix
is N x N times larger.
In the case of muffin-tin potential, sine and cosine

matrices will be in the diagonal form



37

i i
Crr-(E) = cosng-61,1,- (3.46a)

with

i d
cosn = a-SiQ[nl(ari)'a;_¢£(E'ri)
;1

d
- ¢1(E,ri)-a;.ng(ari)]

i ri=Si .,
(3.46Db)
and
il i
SLL'(E) = sinru-&LL' (3.47a)
with

o A _— d
sinpy= a- 84 [Jz(ari)'a;_¢£(E'ri)
i

d
- ¢y (E, i) — Jy(arj)]
dri ri=si P

(3.47b)

therefore

1 i
XLL' = a~cotnﬂ-5LL' . (3°48)
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The ordinary KKR calculation for complex crystals are

based on equations (3.46) A (3.48).



CHAPTER 4
QKKR THEORY
4.1 INTRODUCTION
As in the last chapter, We shall treat simple crystals
first. The generalization to complex crystals will be given
in section 4.3.
Notice that an alternate form of KKR equation can be
obtained by defining the column matrix d* (k) as following
d(k) = sT1(E)-£(k) . (4.1)
Therefore the equation (3.21) becomes
Y Prp-(E,k)-dp- (k) =0 , (4.2)
I
with
P(E,k) = a-C(E) + [B(E,k) + N(E,k)]-S(E) . (4.3)

Equation (3.22) becomes

39
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det P(E,k) = 0 . (4.4)

This is a very useful equation because it eliminates the
singular points of the sine matrix S(E) so that they won’t
affect our looking for the eigenvalues with the KKR method
through the equation (4.4). On the other hand this equation
is important in the QKKR theory, as discussed in the follow-

ing.
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4.2 QKKR THEORY

The starting point of QKKR theory is to consider the
fact that when the boundaries of the regions Q, approach to
the boundaries of the Wigner-Seitz cells, the volume of the
interstitial area goes to zero, so that the value of the
constant interstitial potential V ,, becomes an irrelevant
parameter. In this case the local potential should be

written as:
v (rp) = v(rp)-o(rp) ’ (4.5)

where o (r,) is a three dimensional step function defined as:

1 if r, € Qp
o(ry) = (4.6)

0 if r, ¢ Qp
Let us define a so-called pivotal energy E,, which
relates to Vo gon=0. Since V.o, is an irrelevant parameter, we
can choose it to be some value other than zero, such as

A (k) = EX(k) - E, . (4.7)

This leaves the one-electron Schrédinger equation

e ) A o wk . A
[ =V* + V(r) ]:-Uk(r) E* (k) - Uy (1) 7 (4.8)
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unchanged, where the one-electron potential is

v(r) = J v’ (rp) (4.9)
= % v(rp)
As discussed before (in section 1.2), we can subtract

A* (k) from the local potentials v’ (r,) which will shift the
energy E* (k) back to E, while V,,, remains zero. The local
potential is replaced by

vB(ry) = ( v(rp) - A*(k) )-o(x) , (4.10)

and the equivalent one-electron Schrodinger equation is

\ A

[ -v2 + VA(r) ]-Uy(xr) = E,-Up(r) , (4.11)
where

Vi(r) =3 vB(r,) - (4.12)

Thus, we can still apply the equations derived in the last
chapter with v(r) replaced by v2(r).

Therefore the Bloch wave function can be written as
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) E: A )
Ug(r) = 5 ¢1,(E,,r)-dr (k) , (4.13)

where
A :
¢L(E0Ir) = YL(r)jﬂ(aor)

A
x| T { G(E,,r,xr")vR(r’)¢r(E,,r")a%c" ,
r'i£| e

(4.14)
with

, (4.15)
: . A 5
G(E,,r,r") 1s given by (3.11b), and dj (k) are solutions of
z: A
Prr- (E,,k)-dp-(k) =0 , (4.16)
L-
in which the matrix (ignoring near-field corrections)

PA(E, k) = o,CP(E,) + B(E,, k)-SP(E,) . (4.17)

The sine and cosine matrices can be found by evaluating the

following integral equations:

A J 2
Crr- (E,) = @, ) ng(a,r)Yp(r)vA(r)

A
X ¢L'(E0,r)d3r = SLL', (4.18a)



44

A .
SLL- (By) = o J 3 (@, ) Yp,(x) VA (T)
A
x ¢1,- (E,,r)d3T (4.18b)
Notice that the matrices QA(EO) and §A(E0) are entire

functions of A. Therefore we can expand them as Taylor

series in A, so that

CA(E,) = c(0)(E )+c(1).a+c(2) (E ) -a2+- .. , (4.19a)

s(0) (g, )+s(1) . a+5(2) (E,) - A2+ -+ . (4.19b)

BA(E, )

Inserting these equations into (4.14) with assuming that

the near field corrections can be ignored, i.e., HA(EO,k)=O,

we have
PA(E,,k) = H(k) - O(k)-A + A(K)-A? + -+, (4.20)
where
H(k) = o, c(O)(E)) + B(E,,k)-8(0)(E,) , (4.21a)
o(k) = -, c(1)(E;) - B(E,,k)-8(1)(E,) , (4.21b)
A(k) = o, c(2)(E,) + B(E,,k)-8(2)(E)) . (4.21c)
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If we define the matrices

e(k) = o(k)"L-H(k) , (4.22a)

D(k) = A(k)~l.o(k) (4.22Db)
and ignore all terms beyond the quadratic one in the equa-
tions (4.17a&b), the equation (4.18) can be written in the
form as

[ A% - D(k)- (& - e(k)) ]-d(k) =0 . (4.23)
The elements of the column matrix d(k) are the coefficients
b
d; (k). A column matrix h(k) with elements, related to the
X

band ), that will be called hy (k) is defined as

h(k) = [ A - e(k) ]-d(k) . (4.24)

Coupling this equation with (4.22a&b) and (4.23) leads to

the important matrix equation of QKKR theory

(4.25a)

>
I
+
|m
I
@)
|0\
w
—
P,
(=g
—
I
o

{o})

which has the form of a standard eigenvalue equation, i.e.,
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A-I O O =g =g h
( - ) =0 (4.25b)
0 A-T I (3 d ’
and can be evaluated by diagonalizing the matrix Q(k)
D - e — ?
Q = (4.26)
L € '
so that the ordinary energy eigenvalues will be
E* (k) = AM(k) + E, . (4.27)

It can easily be concluded that, if the angular momenta are
considered only up to L5y, the dimension of the matrices sb
and CP is (Lpaxtl)X (Lpax+l), while that of the matrix Q is

2 (R gt 1) 2 { L paetl) &
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4.3 COMPLEX CRYSTAL

It is very easy to carry out the extension to the
complex crystal if we carefully add those subscripts and
superscripts, which represent the index of atoms in a unit
cell, to the functions and matrices in the above equations.

Thus the Bloch function is given by

) A p\
Ty () =,E: oL, i(E,,ri)-dp(k) (4.28)
A, L
where
A ) , A ;
¢1,,1(Eo,Ti) = Yp(ri)ig(ary) + [ G(E,,ri,ri’)-vi(ri’)
ri'Sri

A
X ¢L,i(Eo,ri’)-d3ri' g

(4.29)

b
and dL,i(k) are solutions of the set of equations

A, il
Z % Prr- (Ey,k)-dp- j-(k) =0 . (4.30)
1* L”

With the assumption that the near-field corrections can be

ignored,

PA(E, ,k) = o,-CA(E,) + [B(E,,k) + M(E,,k)]-SP(E,)
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= H(k) - O(k)-a + A(k)-2% . (4.31)

The structure constant matrices B and M are given in the
literatures mentioned in the last chapter. The matrices H, O

and A are of the form

H(k) = o, c(O)(E)) + [B(E,,k) + M(E,,k)]-8(0)(E,)
(4.32a)

o(k) = -a, c(1)(E,) - [B(E,,k) + M(E,, k)]1-s(1)(E,)
(4.32b)

A(k) = o, c(2)(E)) + [B(E,, k) + M(E,, k)1-58(2)(E)) ,
(4.32c)

in which the sine and cosine matrices are given by

A,ii” , n
Crr- (Ey) =843 - [ g Yp(rij )ng(e,ri )vi(ri’)
ri‘Sri
A, i e
x ¢1,- (E,,riy)d°r;” - 11, ]
(0),1 (1),1

=8ii- [ Crrr (Eo) + o-Cppr (Ep)

2) .1
+ AZ-CéLZ (E;) 1

(4.30a)

A,iic N B ;
Sir (Ep) = &ii o[ Y (ri )Jg(e,ri )vi(ri’)
ri’éri
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’

i
x ¢1,- (E,,ri")d%ry”

(0),1 (1] 3
=8ii--[ Sun- (E,) + A-Spp- (E,)
2) g1
+ A’-SI(‘L)' (Bo) 1 »

(4.30b)

Equations (4.22) A (4.27) are in the same form except

the dimensions of these matrices are N x N times larger.
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4.4 THE COMPARISON WITH KKR METHOD

The most important advantage of QKKR method is its much
smaller time consumption in practical calculations. The QKKR
theory provides a very effective method that can be used to
find all the energy eigenvalues for a certain k vector by
diagonalizing the matrix Q, which takes the same time as
calculating one determinant. The accuracy of the QKKR method
depends on the range of A values, since we include only up
to the quadratic terms in the expansions of sine and cosine
matrices. Usually, we choose E, around the middle of the
energy range in which we are most interested, so that the
energy bands within that range, calculated from the equation
(4.27), will have enough accuracy. Obviously, the closer to
the E,, the more accurate the energy eigenvalue will be.

The QKKR calculations for some simple metals have been
carried out by Faulkner and demonstrate great accuracy when
compared with the results from the KKR method.

In chapter 6, I will provide the results of calcula-

tions for a complex crystal.



CHAPTER 5
STEP FUNCTION

5.1 INTRODUCTION

The most difficult problem in the QKKR calculation is
evaluating the elements of the sine and cosine matrices. In
order to find the expansion coefficients of SA(EO) and
CA(EO) on A, we need to give A a trial value, such as §. For
a certain atom in the unit cell with origin of the coordi-

nates set on it

s s
CL, - (Ey) = @, f ng(e,r)Y(r)vé(r) -¢p- (E,,r) a°r - §pp,-,

(5.1a)

8 , 8
SL, L (Eo) = g+ f Jg(a,r)YL(r)Vvé (X) 41, (E,,x) d°r,

(5.1b)

where I drop the superscripts or subscripts ’i’ representing
the type of atom for convenience, and the integrations are
carried over the sub-cell.

Expanding the local potential v® (r) in terms of the real

spherical harmonics yields

51
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5

vé (r) = % vy (r) - Y (T) (5.2)
where
5

vi(r) = [ do Yp(r)-vé(r) . (5.3)

Thus the equations (5.la&b) become

0

s E: - 5 5
CL,L’(Eo) = « o r°-dr nyg (e,r)vy~(r)er,,1- (E, ,¥)
y L0

0

~

X 91, Lo ~ SLL"
(5.4a)

5 E: s , 5 §
SL,L’(Eo) = Ee«dr Jg (o, )V (E)d1,1,2 (Bg 2 T)

L7 ,Lo J,
L-
A OL,Le
(5.4b)
defining
L~
91,10 = J do Yp(r)Yp-(r)¥p, (), (5.5)

which are called Gaunt factors, and

$ s
d)LOL'(EO’r) = f do YLo (r)¢L’ (Eorr)

E i 4§
= jﬂo(aor)'SLoL’ + J r'zdr’Gﬂo(Eo,r,r')

I
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-

s 8 .
x Vpr (X" )11, (ByeX") 915 . 1,
7

_ s s
= Jgo(2,T)Cr, 1, (Eg,T) + gy (2,T)Sy, , 1,7 (Eo,T),

(5. 6)

in which
By (B, ,r,r"}) = =m,* [Jg (@, TIng (e, ") = ng (e, T} Jglea,x") 1,
(5+7)

] " age NI
CLo,L’(Eorr) = Bl . r'*dr'ng, (e, r’)vy~(r-)
r-= dJo

”

§
x ¢p1,- (Eq,T )°gL0,L = S1oL"

(5.8a)
SLo,L’(Eorr) = a, r *drjy, (e, r’)vy~(r”)
L,L" |,
s I s
x ¢11,- (Eq,T7) 91,1 -
(5.8b)
Comparing (5.8a&b) with (5.4a&b), one has
$ )
Cro,L-(Ey) = Cro,L- (Eq,T) (5.9a)
r=S8,
é $
S10,L° (Ey) = Sg,1-(Ey,X) . (5.9b)
r = "

$
Therefore, if the function vy (r) is known, the sine and
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cosine matrices for certain value of § can be evaluated by
iterating the equations (5.6) A (5.9).
The expansion coefficients of the matrices will be found

as follows

(0)

C (B = C (B . (5.10a)
(1) $
C (Ey) = {C (B,) i - € (E,) s ﬂ) / 2,
(5.10Db)
(2) ) B
C (Bl = 48 (EO)’S . + C (E,) 8 =
)
- C (E,) ) /2, (5.100)
§ =0
§(0)(Eo) =B (Ey)
§ =0, (5.11a)
(1) § s
S (Bg) = (& (EO)‘S _ & - B (Ey) - ) /2, (5.11b)
(2) § 8
SR < EE| S E ]
)
- S (E,) y £ & . (5.11c)
§ =0
Assuming that
)
V(r) -6 =z YL(r)-uL(r) ’ (5-12)

L
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one has
)
e lE) = f do Yr.(2) = [v(x) = 4 ]-e(Xx)]
$
= %’ ([ do Yp(xr)¥r-(xr)o(r)]-up-(r)
)
= % ory- (r)-ug-(r) , (5.13)
where
)
up,-(r) = [ do ¥p-(r)-[v(r) - 6] , (5.14)
)
o1, (r) = [ do Yp(r)Yp-(r)-o(r) . (5.15)

Hence, the evaluation of the integration in (5.15) becomes a
major problem in QKKR theory. The difficulty arises from the
fact that the step function o(r) equals 1 within the polyhe-
dron, which is a Wigner-Seitz cell in the case of simple
crystals or a sub-cell in the case of complex crystals. The
development of the technique for doing this integral for
complex crystals is reported in this thesis for the first
time.

Notice that, if one expands o (r) as

o(r) = % Yr.(x2)-o1.(E) , (5.16a)
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(5.15) becomes

-

L
orr-(r) = % 0L~(r)-gL,L’ ’
I

where

0L~(r) = f do YLw(r)-o(r)

Therefore it needs to develop an effective

evaluating oy (r).

(5.16b)

(5.17)

method for
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5.2 TECHNIQUE FOR THE EXPANSION OF o (r)

First of all, let us study the geometrical properties of
the polyhedron. Notice that its boundaries are composed of
several planes with certain distances from the center, where
the atom is located. The distances are determined according
to the muffin-tin radii Rp¢(i) (with i=1,2,.-.,N) of the
atoms within the unit cell and the lattice constants. An
example was shown before by Fig.1-4.

Assume that the nth boundary plane is represented by Pj,,
which has a normal unit vector 7, directed outward from the
polyhedron and has a distance d, from the center of the
polyhedron. The position vector of the associated neighbor-
ing atom on the opposite side of the plane is denoted by Ry,

which can be written as

Rh = Rp'7n

= Xprex + Yn-ey + Znp-e, . (5.18)

Obviously, any point inside the polyhedron must satisfy

the following equation

< dp for n 1;8,+%« ;N (5.19)
where r is a position vector whose origin is at the center,

and Np is the total number of boundary planes. Because of
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(5.18) the equation (5.19) can be written in an alternate

form as
r-Ry < Rn'dn s (5+207)

A spherical surface with radius r that is concentric
with the polyhedron will intersect its boundaries unless r
less than Rpt, the radius of its inscribed sphere or r
larger than S, the radius of its circumscribed sphere. The
intersection points can be found by equating both side of

equation (5.20)

r-R, = Ry-dp

= Zp-r-coséd + cosan(r,())-|xn2 + ¥Yp?r-8ind ,

(5.21)

where ¢ is the polar angle and ap(r,8) is the difference
between the azimuthal angles of r and R,. If we denote &, as
the azimuthal angle of R,, ¢, + on(r,8) is the azimuthal
angle of r representing the intersection point with the nth
plane for a given polar angle. These angles can be calcu-
lated by

Xn
cosd, = i (5.22a)

IXnQ ¥ B

and
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dn'Rn = 2Z,-r-cosé

-r-siné
|Xn2 ¥ ¥yu*

anp(r,8) = ¢t cos

(5.22b)
Without loosing any generality, one may assume that

n < Ppt1 o (5.23a)

®Np+1 = 21 + ‘I>1 . (5.23b)

Therefore the necessary and sufficient condition for a point
on the spherical surface locating inside the polyhedron is
that the azimuth angle ¢ associated with this point must

satisfies

o + |an(r,8)| < ¢ < Ppyy - |oppr(r,0)].
(5.24)

Thus, the expansion coefficients of the step function is

calculated from

or(r) J do Yy(r)-o(r)

) 2T
J sing de-J d¢ Yr,(r)-o(r)

0 0
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N
"as-stns- ol costy) L -
[ Ar, dd -sind - Py (cosd) 1—E—~7n(6)- sin[m- (®n4q
n:

0

- |apy1(xr,8)|)] - sin[m- (d, + |an(r,0)|)]}

if m > 0,

N
2 _ m i 1
= 4 BRq, dé-sind- Py (cosb) —E—-yn(e)- cos[m: (®p41

o n=1

- |an+1(r10)|)] - cos(m- (¢ + |an(r10)|)]}

if m < 0,

N
m i "
Ar, J dé-sind - Py (cosd) _E—'7n(0)'{[¢n+l

6 n=1

- |an+1(r,0)|] - [P + |an(r16)|]}

14

if m = 0,

L (5:25a)
which takes on the limiting values
i AT if r < Ry and £ =0
o1,(X) = 1 (5.25b)

0 if r < Rpg and £ = 0 or r > S,



61

where A; are the constant coefficients of the real spherical

harmonics (see Appendix II), and yp,(8) is defined as

1 if @y + |ap(r,80)] < ®n4, - |opsq (,0)]
’Yn(o) - .
0 if @ + |op(r,8)] 2 ®ny, - |ops1(r,0)],
(5.26)

in order to eliminate the case

O, + |ap(r,8)| 2 ®ny, - |opse1(r,0)] (5.27)

during the integrations over ¢ in (5.25). The final integra-
tions over 6 in (5.25) can be carried through by numerical

methods without any difficulty.



CHAPTER 6

COMPUTATIONS AND RESULTS

6.1 INTRODUCTION

All of the basic equations have been displayed or
derived in previous chapters. Now it is ready to carry out
the calculations for a given crystal. The sample material I
considered is PdH, which is a complex crystal with two atoms
per unit cell and has the same lattice structure as NacCl
(see Fig. 6-1.).

The lattice constant a, and the muffin-tin radii for

both Pd and H atoms are, in atomic units,

a, = 7.61570 ,
Ryt (Pd) = 2.47510 ,
Rpt (H) = 1.33275 ,
S(Pd) = 3.29769 ,

S(H) = 2.30839 .

The unit cell and sub-cells of PdH are shown in Fig.6-2 so

that the step functions for both atoms, i.e. opg(r) and
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@ : Pd
O:H

Fig. 6-1. The crystal structure of PdH is FCC type. It

has two atoms per unit cell.
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/
Rmt (Pd)
? \{
Rmt (H)
< Ao >

Fig. 6-2. The unit cell of PdH lattice is bounded by
the bold lines. It is divided into two sub-cells, each

of which contains one atom, Pd or H.
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og(r) are defined.

The muffin-tin potentials of Pd and H, vpg(r) and vyg(r),
have also been given and arranged as the input data.

The following sections will show the detailed computa-
tional procedure for the application of both KKR and QKKR

method. All of the calculations were carried on the VAX8800.
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6.2 KKR CALCULATION

The computer programs of KKR calculation for complex
crystal was built up by Faulkner et al. Fig.6-3 shows the
computational procedure.

The major input data are L, 5y, k, Vpg(r) and vyg(r), and

the output is the determinant

xPAd(E) + B(E,k) M!? (E, k)
D(E,k) = det
M?1 (E, k) xH(E) + B(E,k) ] ,
(6.1)
where the matrices XP4(E) and XH(E) are diagonal
xPd  (E) = a-cotpPAd(E)-677- , 6.2a
L,L’( ) "y (E)-é11, ( )
xH E) = a-cotnH(E)-617- , 6.2b
L,L’( ) ﬂl( Y811, ( )
with £ = 0,1,:--,4pax- The energy eigenvalues E* (k), which
satisfy
D(E* (k) ,k) = 0 , (6.3)

are found by carefully checking the sign changes of D(E, k)

for different value E with certain k vector.
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Y
-

Emin, Emax, k,Dele
s

Stop: <
Dele:
calculate quantitles
depanding on k. only
set E=E+Dele
-
v
calculate structure
constants, B and M
set 1 =1
Yes
n >0 72
No
'y A
Yy

increament of E.

read vi(r)

calculate xi

cutput D(E, k)
-

«

No

4

No, i=i+1
»-

calculate the
determinant D.
set n = n + 1.

E 2 Emax ?

Yes

»>-

KKR calcula-
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In the calculation, I set 4pay = 2. The final results
for energy eigenvalues between 0.0 Ry to 1.0 Ry with k
points along the axis (0,0,1) in reciprocal space have been
shown in Fig.6-4. The definition of Ry (i.e. Rydberg), the

unit of energy, is defined in Appendix I.
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E vs. K curves of PdH.
KKR calculation with
Lmax=2.

Energy (unit: Ry)

'0,2 L L r L LE l' L | L §

Fig. 6-4. The E vs. k curves calculated by KKR method

with Lpay = 2.
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6.3 STEP FUNCTION EXPANSION

Before going through the QKKR calculation, we need to
evaluate oy (r) for both Pd and H sub-cells respectively.
In fact, only those L values which relate to £ = 0, 4, 6 and
8 need to be considered, for reasons that will be described
in Appendix III. The procedure for the calculation is shown
in Fig.6-5. The final results are arranged to be the input

data for QKKR calculation.



e

(Xj,Yj,Zj), a5, Rmt (i), Dele
read input data 4—

j=1,2,...Np. (all neighboring
atoms relative to
1 the central one)
i=1,2, N
determine dj, S
set r = Rmt (1) Dele: increament of r.
—
A
1 =0
¢
\
No
r > Rmt (1) 2 >
Yes
calculate «jl¢j set r=r+Dele
A
Op(r) = 1.
Q 4
reorder ¢j so that o, (r) =0 for 1 > 0.

¢j < ¢j+1 ’ ¢Np+f=¢1+2"

b
output UL(r)
< evaluate the
integral (5.25)

output UL(r)=O

No, set next L
j -

\

4

Fig. 6-5. The computational procedure of expanding the

step function.
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6.4 QKKR CALCULATION

The program for QKKR calculations for complex crystals
is developed by combining the KKR program for complex
crystals, which I use to calculate the structure constants,
and the QKKR program simple crystals, which I use to calcu-
late the sine and cosine matrices. It includes the program
for the step functions described in section 5.2. Notice that
an important property of QKKR theory is the sine and cosine
matrices are nondiagonal, even in the case of muffin-tin
potential. This doesn’t mean we have to calculate (Lpax *+
1) x (Lpax *+ 1)? elements for each sine or cosine matrix.
Using the lattice symmetry property, we can transform the
sine and cosine matrices into block diagonal shape so that
most elements are zero. The transformation matrix and its
related basis functions (other than real spherical harmon-
ics) can be found by applying group theory.

In the case of PdH, the lattice symmetry is described
by the point group Oy. The basis functions are called Kubic

harmonics represented by Kj (r)

K(r) = § Upy- Y- (¥) , (6.4)
L,

where the transformation coefficients Uy - are given in

Appendix III.
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Instead of using the real spherical harmonics, we will
use the Kubic harmonics in the expansions discussed in
chapter 4 and chapter 5. It is easy to prove that the
equations still hold, but the Gaunt factors should be
written as

L
91, ,1- = J do-Kp(r)Kp- (r)Kp-~ () . (6.5)

Since the coefficients in oy (r) were calculated based on the
real spherical harmonics, we need to transform them by
applying the coefficients Ujp- described above. After the
sine and cosine expansion matrices are evaluated, we have to
transform them back to matrices based on the spherical
harmonics in order to be consistent with the structure
constant matrices. The computational procedure is shown in
Fig.6-6. The results for both Ly ,4x = 2 and 4 are given in
Fig.6-7.

Since the same input potentials are used for both KKR
and QKKR calculations, we expect that the results should be
very close. The E vs.k curves obtained from both KKR and
QKKR methods are combined in Fig.6-8 and Fig.6-9, so that

the reader can visualize the comparison of the results.
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r— N=2, FCC, Eo, Dele=0.1
V., {2

———+§@—— read potential

: o; (1)
calculate B and M4
for Eo, k |
‘ read ct(r)
set 1=1 and J=1 and {
calculate OLL-(r)
P
v output
i
read G%L,(r) —4—°LL.(r)
-4
b
§ = (2-J)*Dele
calculate §6 and Cé
No
-
calculate the
expansions of iéand Qé 3
L= 1 % 1,
establish H, Q, A
>

and Q. and
diaganolize Q

The computational procedure of QKKR calcula-
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4 E vs. K curves of PdH.

4 QKKR calculation with
0.8 4 Eo= 0.40Ry.

4 Solid Lines: Lmax=4.
Dashed Lines : Lmax=2.

Energy (unit: Ry)

0.0 0.2 04 06 08 1.0

Fig. 6-7. E vs. k curves obtained from the QKKR calcu-
lations in the both cases of Apay = 2 and Lpay = 4 with

E, = 0.4 (Ry) being assumed in the calculation.
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1.0
E vs. K curves of PdH.
T KKR : Dashed Lines,
0.8 Lmax=2.
i QKKR: Solid Lines,
— 1 Lmax=4.
é‘ 0.6 4 Eo=04
: -
0.4
B
[oY0) =
)
: ~
63|
0.2 -
0.0 "’-/'-’"‘FMM
'02 L] T 1 T T j B T T T | T . |
0.0 0.2 0.4 0.6 0.8 1
k
Fig. 6-8. E vs. k curves obtained from the KKR and QKKR
calculations. Apay = 2 is assumed in the KKR calcula-
tion, Lpayx = 4 with E; = 0.4 (Ry) is assumed in the QKKR

calculation.

.0
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1.0
: E vs. K curves of PdH.
KKR : Dashed Lines,
0.8 - Lmax =2.
1 OQKKR: Solid Lines,
E Lmax=4.
~ 06+ Eo = 0.05
m -
3 0.4 -
_ i
&0 h
)
g 0.2-
OI)‘r‘—vqr"(A{ﬂzvdrﬂ—'qu—rqhn—owrvﬁ
0.2 T—rr—r—r—rTTr-rrr-Tr-r-T

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 6-9. E vs. k curves obtained from the KKR and QKKR

calculations. 2 1s assumed in the KKR calcula-

Lmax =

tion, fpax = 4 with E, = 0.05 (Ry) is assumed in the

QKKR calculation.



CHAPTER 7

CONCLUSIONS

From the E vs. k curves shown in the last chapter, we
may conclude that:

1. When we choose E, = 0.4 Ry, which is at about the
middle of the bands of interest, the QKKR calculation gives
very accurate results within the range of the energy bands.

2. As we expected, the closer to E;, the energy eigen-
value is, the more accurate it will be.

3. If we change E, to 0.05 Ry, our calculations show
that the results from the QKKR calculation are almost
unchanged. This stability property comes from the fact that
the quadratic expansions of sine and cosine matrices in
equation (4.19) provide very good approximation over a wide
range of energies.

4. The evidence that the difference between the results
for Lpax = 2 and Lp,y = 4 in QKKR calculation is very small
can be considered, conventionally, as the result of the fast
convergence of the QKKR method.

5. In order to evaluate the E vs. k data with the KKR
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method, I had to not only invest a lot of expensive CPU
hours to calculate many determinants but also labor hours to
disentangle the degenerate energy eigenvalues related to the
multiple zeroes of the determinants. Compared with the KKR
method, QKKR calculations save a large amount of time and
provide a direct way to achieve self-consistent calcula-
tions.

Therefore the application of QKKR calculation for
complex crystals works as well as for simple crystals.

Notice that the reason I use muffin-tin potential here
is to meet the assumption in ordinary KKR calculations so
that the comparisons can be made. Actually, it is not
necessary in QKKR calculations to assume that the potential
is in the muffin-tin form. This fact implies that the QKKR
method will have wider applications than the ordinary KKR.

Since a general method for evaluating the step function
has been established, we are able to apply the QKKR method
to a wide range of materials, even those with very compli-

cated crystal structures. This is a task in my future work.



APPENDIX T

ATOMIC UNITS

It is well-known that the single electron Schrodinger

equation is in the form as

2

.v2 . o
. v + V(r) ]-¥(r) E-U (r) . (Lsd)

If we choose the unit of energy as Ry (Rydberg), which is

defined as

Me- e*

— {T.2)

-
o)
w

Il

and the unit of length as Bohr radius, i.e. #?/2Me, it is

easy to prove that the Schroédinger equation will become

[ -vZ + V(r) ]-¥(r) = E-¥(r) . (I.3)

These units are called atomic units.
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APPENDIX TII

REAL SPHERICAL HARMONICS

In order to avoid using complex functions in computa-
tional programming, it is very helpful to introduce the real
spherical harmonics other than the normal spherical harmon-
ics in our band theory calculations.

The real spherical harmonics are defined as

|m| cosm¢ ifm=>0
Yr(r) = AP g (cosd)- (ILLs1)
sin|m|¢ ifm< o0,
The factors Aj are
[(24 + 1)/47n]% if m =0
Ar, =
([(22 + 1)- (4 - |m|)!/[2n(&4 + |m|)!]}% if m = O.

(II.2)
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APPENDIX TIII

The Kubic harmonics Kp(r), first introduced by Von der

Large and Bethe??,

are defined as the linear combinations of

the spherical harmonics:

KL(r) = 2 ULL"YL/(I) ’ (ZII.1)
1

so that they are the basis functions belonging to a irredu-

cible representation of the cubic group O, the elements of

which rotate the cubic lattice properly or improperly and

leave the lattice invariant. The subscripts L in the equa-

tion (III.1) represent the following indexes:

the ordinary angular momentum gquantum
number.
type of irreducible representation.

=1,2,..,N N, is the dimension of the

q° q

gth irreducible representation.

Those elements of the transformation matrix U can found from

the work of Altmann and Cracknell?5.
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For one-dimensional irreducible representation of the
cubic group, it has been shown that?® the related Kubic

harmonics are:

Ko(xr) = Yolo(r) i (III.2a)

Ky(x) = 0.76376261-Y4,0(r) # 0.64549722-Y4,4(r) .
(III.2Db)

Kg (X} = 0.35355339-Y6,0(r) = 0.93541435-Y6'4(r) i
(IILT.Z2c)

Kg(r) = 0.71807033-Y8,0(r) + 0.38188131-Y8,4(r)

+ 0.58184333-Y8’8(r) /
(IIT.24d)
Truncated at £ = 8, the local potential, wave functions and

the step function can be expanded in terms of the Kubic

harmonics (in the case of cubic lattice) as the following

form:

f(r) = fo(r) -Ko(r) + f4(r) -Kg(r) + fg(r)- Kg(r)

+ f8(r)-K8(r) .
(III.3)

Therefore, in the expansion of the step function in terms of
the real spherical harmonics (see section 6.3), only those
(£,m) equaling (0,0), (4,0), (4.4), (6,0), (6,4), (8,0),
(8,4) and (8,8) need to be considered.

By applying group theory?¢, it can be shown that the
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sine and cosine matrices will be in the form as displayed in

Fig.III-1, for fpax = 4-
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Fig. III-1. The sine or cosine matrix is reduced into block
form based on the irreducible representations of cubic

group, where f2p., = 4.
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