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Abstract

The non-linear interaction of a moving rolling stock with a deformable rail-
way track with random imperfections is analysed. The stochastic stability
and the asymptotic stability of the perturbed motion, using Itoo's differ-
ential system and solving the corresponding Fokker - Planck - Kolmogorov
equation, is estimated.

1. Introduction

The phenomenon of the loss of stability of vehicle motion has been the object
of a number of periodical articles and monographs,beginning e.g.with [1],[2].
All older papers are restricted practically to the assessment of the state in
the first approach. That means that the behaviour of the perturbed state
oi the system is described by a linear differential system. The linear part
certainly is most important, as it answers the qualitative question as to
when it is at all necessary to deal with the problem.

The influence of at least the most important non-linearities has been
introduced into mathematical models by some authors only in recent years,
which is probably due to computer development. Next to many others
mention should be made of [3],[4],[5]. With reference to stresses and possible
danger to the track structure the state after the loss of linear stability is the
most important. The origin of instability and its further manifestations,
however, are substantially influenced by the compliance of the track, its
foundation, as well as by the character and extent of track unevenness.

The influence of the compliance of the track and ist foundation have not
been introduced adequately into the analysis of the whole problem. Also
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364 Railway Design and Management

the influence of irregular imperfections affecting the horizontal transverse
movements of the vehicle cannot be considered as properly treated in the
above mentioned sources. A certain attempt was made in [5], but still with
the assumption of a perfectly rigid track. As the problem of contact and
movement of a rolling stock along a compliant track is very extensive in
volume, it has been possible to deal with its individual sections only in
the form of samples without a claim to the completeness of the individual
differential systems and their derivation. All mathematical details, figures
and tables can be found in the series of research reports [6], [7], [8].

2. Track Compliance

The first group of the mathematical models consider the subsoil as a two-
or three-dimensional continuum with regularly distributed mass filling the
half-plane or half-space respectively or as a strip or layer on a perfectly rigid
foundation. This model results in an extensive spectrum of critical velocities
of various types, see e.g. [6], [9], [10]. In this phase, however, they make the
mechnism of rolling stock - rail - sobsoil interaction incomprehensible.

The second group of models uses the same track description by means
of infinite beams of different types. The foundation, however, is modelled
by various types of "simple elastic foundations" of Winkler, Pasternak and
other types, see [9]. While the vertical movement has been dealt in a rel-
atively great number of books and papers, the horizontal movement per-
pendicular to the track axis has been dealt with only very rarely. If we
neglect the effects introducing disturbances to the longitudinal velocity of
the rolling stock (lead of wheels due to the rotation of the rolling stock
about its vertical axis, disturbances of operating velocity c, etc. (and some
further less important phenomena) we can write for flexure:

vertical direction:

— ct) (1)

horizontal direction ( beam pliable in shear):

- 4) - « = 0 (2)

torsion:

4 3
-GV/,(y2"p + «4f>yp + %/JW6,̂ yp 4- -A%,̂ y?p = m̂ Ẑ a;, - cf) (3)

where:

p - specific mass of the "track strip"

H - mass of "track strip" per unit length

Wp = Wp(xg,t), Vp = Vp(xs,t) - displacement of track axis in vertical or horizontal
direction respectively

\l>p = ipp(xg,t) - shear skew

GF* - cross section rigidity in shear (incl. the correction coefficient in F*, e.g. 2/3 for a
rectangular cross section)
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Railway Design and Management 365

Jy,J? - moment of inertia of the cross section with regard to axes y, z

Jk - modulus of resistance to torsion

Jp - polar moment of inertia of the cross section

Pp(t)ihp(t), nip(t) - vertical load, horizontal load, torque respectively, forces applied to the
ideal cross section centroid of the track at x, = 0

A,, Ay - subsoil rigidity in vertical and horizontal direction respectively per unit area

(ubs,Ubv) - subsoil viscosity in vertical and horizontal direction respectively per unit
area

b - width of ideal cross section

<$(.)- Dirac function

Boundary conditions for 1̂ ,11̂ 1̂ ,̂ ,̂  are homogeneous for z, — »
±00. The mobile longitudinal coordinate x = x^ - ct is introduced into
Eqs.(l),(2),(3) to which the Fourier transformation x — > s is applied suhse-
quently. This gives rise to a system of ordinary equations

20, (
-L' J y
(4)

. , ,
/' OF*

i204cs*p + [-(1 - 0,c-) t* - 0;,] *p + ;03̂ i; = Q (5)

. , p

' (6)

where:

\Vj,, Vp, ̂ p, ^,, - Fourier t ran forms of functions m,,, v^, c^,, ̂ p

01 to G^ - functions of the above described track and subsoil parameters

For the problems which are linear with reference to the rolling stock
movement its cooperation with the track it is advantageous to convert
the set of Eqs.(4)-(6) into the Fourier picture according to time. ' The
problem is thus transformed into an analysis of a linear algebraic system.
Eqs.(4X(5),(G) become part of a whole system of non-linear differential equa-
tions. The relations between the displacements u^iy^p in the centroid of
the "track cross section" and displacements in the axis halving the distance
between railhead tops %&,Ur,yr,V'r or at railhead tops ̂ i^i^r/^i^^r are
determined by the expressions (7). Every line presents always the first ap-
proach (linear case) and, next to it, the second approach:
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366 Railway Design and Management

Ir = 1& + Oyr/2

^ = ̂ _ ̂^y2
; = ̂ + ey^/2

where:

2a - distance between the basic points of railhead tops

e - vertical distance between the centroid of the track body Op and body Or of the line
connecting the basic points of the railhead tops.

3. Forces and Geometric Conditions at the Rolling
Stock-Rail Contact

At the point of contact of the rolling stock and the rail highly complex
processes take place in the course of real movement, arising from a number of
causes: firm connection of both wheels, conical contact surface between the
wheel and the rail which is mildly inclined about its axis, lateral movements
in the rail channel, etc. While in the case of road vehicles it is sufficient
to decribe the origin of instability on the basis of classical non-holonomous
rolling relations, in case of the railway rolling stock such simplification is
impossible for principal reasons,see e.g.[11],[12].

The most important factor at the contact is, on the one hand, the shear
force, the vector of which has a general direction in the contact plane (Sx, Sy)
,on the other hand the moment in the direction of the normal to this plane
MZ. Many authors have dealth with this problem. However, most frequently
they adopt linearized constitutive relations according to Kalker [13], see also
[3].

M, = c^ey - c_^ (8)

The quantities e^,Cy,7z are certain analogies of relative deformations
and are derived from the geometric and kinematic analyses of the processes
taking place at the wheel/rail contact. For instance, it holds for the right-
hand wheel

The coefficiens c,-j are considered constants in most works, incl.[3]. In
others, such as [5], the authors consider them per partes broken linear func-
tions.

The coefficients c,-j , consequently, must be considered as the functions
of the ratio of the normal force to the resultant of shear forces with the
inclusion of the influence of the moment MZ. Like in the theory of plasticity,
it is necessary to select a certain criterion of the termination of the "plastic"
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Railway Design and Management 367

state [13]. Beyond that the wheel moves "irreversibly by skid" and if the
force which has produced this motion drops, the motion proceeds around a
different mean value. This can be coped with by the solution of the problem
in time coordinate by numerical direct integration when the coefficients can
be defined in a certain sequential manner.

If we aim at qualitative estimates by an analytical route, we can base
our considerations on the assumption that the process is approximately
centered and that, consequently, the most probable position of the neutral
point is in the very places of basic points. In that case we can consider the
coefficients c^ as approximately non-linear functions with fixed position of
origin from which it is possible to separate the linear part which results in
the expressions (8) according to Kalker. However, what ever the definition
of the coefficients c^ , we can formulate &., 5\/, M, on the contact of both
wheels with the rails by using the expressions of the Eq.(9) type as the
functions of the components of motion characterizing the motion of the
rolling stock, track and the geometry of the wheels/rail contact. For instance

)(^-L/))-((y,-i/)4-nch) (10)

where:

Qi,Q2 -iclination of the R.H.and L.H. rail respectively

A?'i = L±ri(vy,(pg) -profile of the contact surface of the R.H. wheel

r -radius of the contact surface in the basic rolling stock position

Q -circular frequency of rolling stock revolutions

(pz -rolling stock rotation about vertical axis

u>ig,vig -displacement of contact point on the R.H. rail with regard to the track bed
(motion in the rail channel)

The displacements Vig,Wig,V2g,iv-2g are directly linked with movements
of the track and the subsoil, which are described by Eqs. (1),(2),(3) or
(4), (5), (6) together with the links with the movements wir, iuir,vir, v^,
describing the movements of the basic points of railhead tops according to
(7) in the approximation for the 1st and 2nd approaches.

4. Rolling Stock Dynamics and Cooperation with the
Track

We shall consider the rolling stock as a rigid body of 6 degrees of freedom.
The deviations from its basic straight line movement in the direction Xg
are perturbations the increase of which beyond all limits or beyond the
limits determined with regard to damping and the non-linear character of
the problems in the 2nd approach we shall call unstable or asymptotically
unstable state. We shall denominate these deviations from the basic motion
%,%;,%; and the rotations y^^y, (f,?/ - axes z,?/, rotated by z against
y, and by ?/ against ŷ ). The reference point is the centre of the line
connecting the contact points of the milling stock in basic position (point
Or), i.e. between the basic points of the railhead tops. The distance of
basic points is 2 a ; the distance between the reference point Or and the
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368 Railway Design and Management

centroid of the wheel set is r (the contact surface radius in the basic wheel
set position).

For the construction of the equations of motion we shall use Lagrange
equations of 2nd order. Since the perturbations it, i>, iu, ̂ , <^, c^~ are small
in comparison with the basic motion, these equations can be modified for
the 1st approach - linear effect of perturbations, and for the 2nd approach
- neglect of terms of the 3rd and higher orders. At the same time it is
possible to eliminate from the system the terms of "zero" approach for
which equations describing the basic motion can be obtained. For instance,
the dynamic equilibrium of moments about axis £ can be expressed, on
the basis of these considerations and with regard to the results from last
chapter, as follows:

1st approach:

inrv 4- (?7?r

2nd approach:

*

where:

??i - rolling stock mass

J/i, ,/u - moment of inertia of the rolling stock about axis of rotation and perpendicularly
to the axis of rotation respectively

61,63 - description of geometry of the contact surface profile of the wheel (right,left),
together with Ar%, A?'2

N°i, A'f., - nominal normal force at the wheel/rail contact
Nzi,N;'2 - perturbation of these normal forces

C^, D^ - spring constant, viscous resistance of the rolling stock connection with the
carriage body

Under certain circumstances it is possible to eliminate certain terms
from the system described by Eq.(ll) or Eq.(12) and thus define simplified
systems specified e.g. in [3]. The simplification, however, must he always
made on a certain level with reference to the small parameter and avoid the
confusion of the linear and non-linear theories.

It is obvious from Eq.(12) that the non-linearity has three reasons. The
first arises from the six-dimensional motion of the rolling stock as a rigid
body - see the left-hand side of Eq.(12). In case of major displacements these
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Railway Design and Management 369

interactions influence significantly the gyroscopic forces and may reverse
entirely the picture of the problem which is the state after the loss of linear
stability.

The second source of non-linearity are kinematic links of the rolling stock
with the rails. This arises from the non-linear shape of rail head tops and
the contact surface of the wheels (parameters <$i,<$2, A?'i, A/^, 01,02 etc.).
If the loss of linear stability takes place, these very terms play a highly
significant part.

The third source of non-linearity are contacts of the rolling stock with the
rails - see last chapter. These non-linearities are concealed in the parameters
C{j . The moment the motion loses asymptotic stability skids take place and
the parameters c^ must be considered as strongly non-linear,as suggested
in last chapter.

The equations of Eq.(ll) or Eq.(12) type, further the constitutive equa-
tions of Eq.(lO) type, the equations of motion of the track and the founda-
tion (4),(5),(6) the geometric links (7) and others give rise to a system of
linear or non-linear equations of 42 unknown quantities describing the rolling
stock motions (or actually the perturbations of its useful motion) and the
motion of the foundation (in the meaning of Fourier transforms according
to .r ) and the force conditions at their contact. Particularly in the linear
state some groups of these equations are independent. In non-linear state it
is possible to use either a purely numerical solution in the time coordinate
or follow the route which could be called "semi-analytical". When selecting
concrete methods, however, it is always necessary to take account of the
investigated operator due to the influence of gyroscopic terms and terms
originating because of the moving load is a sy metric and non-sel fad joint.

5. Motion Stability of the Rolling Stock

The effective procedure for an estimation of the motion s t a b i l i t v of the
described system could be based on an analysis of stochast ic moments de-
scribing the generalised solution of the Eokker - Planck - Kolmogorov (FPK)
equation, see e.g.[14]. In such a case, however, the excitation cannot be fully
arbitrary. It should have the form of a result of a white noise filtered through
a fictions system whose transmitiou function is of a rational fraction tvpe.
Taking into account the usually adopted form of a spectral density of a track •
geometrical imperfections a diffusion filtration (differential equation of the
1st order could be acceptable. It means that the system of 12 equations of
the (4) to (12) type should be accomplished by three equations:

The system (4) to (12) must be rewritten into a normal form so that
the original system should be expanded by unknown functions describing
velocities llpj^4)^,f\(\^\^.y^.y_. Altogether with equations (13) an
Itoo's system of 54 state variables is assembled and it could be written in
t he form:

).w(0 (14)

Y(/) - vector of state variables
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370 Railway Design and Management

A(t) - vector of functions depending on state variables and time

B(Y,<) - rectangular matrix (54 * 3); functions putting together random excitation by
white noise vector w(/) = \Wp(t), Wh(t), u>m(OI and the system itself

Using eq.(14) we can set up FPK equation for an unknown mutual den-
sity of probability p(Y,£) of all Y(£) vector components:

02
(MY,,),,(Y,0>

(15)

Ki(Y,t),Kij(Y,t) - intensities of a Markov multidimensional process

As the processes considered could be regarded, with sufficient accuracy,
as continuous, Itoo's definition of the stochastic differential should be used.
In this case:

K,(Y,Z) = A,(Y,Z); %,j(Y,Z) = f] B̂ (Ŷ )B,,(Y,f) (16)
k=l

If it is desired to comprehend more carefully the influence of real skid-
ding on the contact wheel - rail, the expressions %,(Y, Z) in (16) should be
accomplished by terms resulting from the Stratonovitch stochastic differ-
ential definition. It is evident that equations and forms (14), (15), (16)
comprise all linear as well as non-linear approximations of a real system.

No stationary solution of eq.(15) exist, unless the system is of a poten-
tial type with a corresponding distribution of excitation intensity, so that
dp(Y^t)/dt / 0. For exemple, in a numerical solution to eq.(17), the ran-
dom response due to non-linearities will be strongly non-stationary, and
density of probability p(Y,t) will be dependent on time, although an exci-
tation remains stationary and transition effects have already disappeared.

A classical solution of eq.(15) does not exist either. It is possible, how-
ever, to find a generalised solution, and in a stochastic meaning of the word,
which is characterised by a set of stochastic moments. A corresponding sys-
tem of ordinary equations, which is also of a normal type, could be derived
from eq.(15), by successive multiplication of (15) by phase variables in ap-
propriate degrees and by integration around the whole phase space using
integration by parts. Finally, we obtain:

(IT

ki -+• • ' • + kn = K; j - combination of &i, • • •, kn
Due to eq.(15), the system (17) is linear. All the non-linearities presented

in the original system (14) are described in (17), inside of the coefficients
involved. The system (17) is, however, of an infinite size. It cannot be
rounded off on the K = 2 level adopting a supposition of a pseudo - Gaussian
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Railway Design and Management 371

character of the response, if the problem on the level of the second approach
(lion linear) is analysed. In addition to it, system (17) would lose its linear
character. A procedure neglecting higher order moments, e.g. for K > 4,
could be used.

On that assumption the stability of a trivial solution Y(2) = 0 of the
non-linear system could be estimated using the Rous - Hurwitz determinant
test for all the levels of /c which has been conserved in (17). This procedure
means that the probability of

<e (18)

is determined. If K = 2 , the stability on the random mean square
level has been estimated. If P((Ĵ  < e] - 1 . a motion perturbated by
imperfections of the track conserves an asymptotic stability, whereas for
P(<JK < ?) > 1 - <p (<t> is a small real number) only its stability (not its
asymptotic stability) has been detected. In this case a reaction of the system
could be considerable, but always remaining within certain limits. Using
only the first approach (linear model), the loss of asymptotic stability brings
about the collapse the whole system. On the other hand the loss of the
asymptotic stability of a linear system cannot be compensated by any non-
linearities,

6, Conclusion

The carried out studies show the field of application of the linear and non-
linear formulations of the rolling stock motion and the cooperation of the
rolling stock with the deform able track and its subsoil. The principal signif-
icance of the interaction of the rolling stock with the deformable track has
been revealed, [or instance, the influence of gyroscopic forces cannot much
develop in the case of a rigid track, as the gravity "pseudo-compliance" is
much lower than the compliance of the track itself. The number of critical
velocities endangering the very existence of the track is much higher than is
revealed by track analyses not including the dynamic and kinematic char-
acteristics of the wheel set and the whole carriage. Entirely different is also
the character and influence of contact forces wheel - rail.

A numerical evaluation of the derived formulae and equations shows that
the areas of instability of the analysed system and those of the parametri-
cally excited systems are similar. The critical stages are not isolated points
of operating velocity, they constitute some critical zones of instability. The
width oi these zones is very variable depending on parameters and on imme-
diate state of the system. Non-linear terms originate various internal effects
of local instabilities only in some components of the motion. These results
could be used for the technical rules governing the design and operation of
the railway cars and track.

It has been shown that more critical velocities or zones exist in compar-
ison with non-deformable track model and, moreover, these velocities can
become near to those used in the normal operation of railways.

Three described types of non-linearities are decisive for possibly con-
serving the motion stability after the asymptotic stability having been lost.
Linear models and models with non- deform able track lead to useless con-
servative results at points of basic critical speeds. They also underestimate
the width of critical zones and overlook local effects.
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372 Railway Design and Management

As the principal solution method, a stochastic stability analysis of the
non-linear system has been used. For this purpose, a generalised solution of
the corresponding Fokker - Planck - Kolmogorov equation has been derived.
Via the Rons - Ilurwitz determinant its stability according to the probability
density of the response in a non-linear state has been checked.
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