EXPLICIT ESTIMATES IN THE BRAMSON-KALIKOW MODEL

GALLESCO, C.!, GALLO, S.2, AND TAKAHASHI, D. Y.3

ABSTRACT. The aim of the present article is to explicitly compute parameters for
which the Bramson-Kalikow model exhibits phase-transition. The main ingredi-
ent of the proof is a simple new criterion for non-uniqueness of g-measures. We
show that the existence of multiple g-measures compatible with a function g can
be proved by estimating the d-distances between some suitably chosen Markov
chains. The method is optimal for the important class of binary regular attractive

functions, which includes the Bramson-Kalikow model.

1. INTRODUCTION

In this work we consider chains of infinite order, or equivalently g-measures, on
a finite alphabet. They constitute an important class of stochastic models, which
includes, for example, Markov chains, stochastic models that exhibit non-uniqueness
and models that are not Gibbsian (Ferndndez et al., 2011). The question of unique-
ness of g-measures was extensively studied and important progresses have been
obtained in several areas related to probability and ergodic theory, from the seminal
works of Onicescu & Mihoc (1935); Doeblin & Fortet (1937) to recent advances in Jo-
hansson et al. (2012); Gallo & Paccaut (2013), and the contributions of Harris (1955);
Keane (1972); Walters (1975); Lalley (1986); Stenflo (2003); Ferndandez & Maillard
(2005) among many others. Notwithstanding, the problem of non-uniqueness is
much less understood and the literature is still based on few examples (Bramson &
Kalikow, 1993; Hulse, 2006; Berger et al., 2005). As far as we know, general criteria
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for non-uniqueness have only been obtained for the class of regular attractive kernels
(Gallo & Takahashi, 2013; Hulse, 1991).

In the present article we focus on the Bramson-Kalikow (BK) model (Bramson
& Kalikow, 1993). It is the most well studied example of non-uniqueness (Lacroix,
2000; Friedli, 2010; Gallo & Takahashi, 2013), nevertheless our understanding of
the model is still far from complete. For instance, to our knowledge, there is no
explicit computation of the values of the parameters for which the BK model exhibits
multiple g-measures (see Friedli (2010) for related discussion). Our main result
(Theorem 1) gives such explicit relationship between the parameters in the case of
non-uniqueness. Furthermore, we obtain an improvement on the range of parameters
that imply non-uniqueness of the BK model. Corollaries 1 and 2 give numerical
examples of choices for these parameters. The proof of this result is based on three
ingredients:

1) a new and simple criterion for non-uniqueness of g-measures (Theorem 2),

2) a concentration of measure inequality for g-measures obtained using a result
from Chazottes et al. (2007),

3) d-distance estimates between Markov chains using a coupling from the past

algorithm.

Theorem 2 has a life of its own and is a criterion for non-uniqueness of g-measures
that in principle can be applied to other models. The motivation of Theorem 2 is to
avoid the direct study of kernels g with multiple g-measures as these are objects that
are generally difficult to analyze (Gallo & Takahashi, 2013). Instead, we study the
properties of a sequence of suitably chosen Markov chains. Theorem 2 is inspired
by the works of Bramson & Kalikow (1993), Lacroix (2000), and Hulse (1991), but
has the advantage of being formulated using the d-distance, which is key to our
constructive proof of Theorem 1. Moreover, Theorem 3 states that our criterion
(Theorem 2) is optimal in the important class of binary regular attractive kernels,
giving a necessary and sufficient condition for non-uniqueness in this class, which
includes the BK model.

The article is organized as follows. We state the main results and relevant defini-
tions in Section 2. In Section 3 we introduce the couplings used to prove Theorem 1
and Section 4 contains the proofs of Theorem 1 and Corollaries 1 and 2. Finally, in
Section 5, we prove Theorem 2 and Theorem 3.

2. NOTATION, DEFINITIONS AND MAIN RESULTS

Let A be a finite set we call alphabet and X = AZ-. We denote by z; the i-th
coordinate of z € X. For i,j € ZU{—o00,+oo} and i < j we write 7 := (z;...7;).
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Observe that we use the convention that smaller indices are on right hand side.

For z,y € X, a concatenation x°,y is a new sequence z € X with 2°, = 2%, and

—i—1 __
—00 -

y. We introduce on X the metric p(z,y) := rnin~{jJ+1 : 2%, = y°;}, which
turns X into a compact metric space. Denote by B the Borel g-algebra on X. Let
T : X — X be the shift operator such that for z € X we have (T'z); = z;_1. We

denote by C(X) the space of continuous functions with norm || f|| := sup,cr | f(x)].

z

Let also
G:={geC(X):g(x) e (0,1) and Zg((m) =1, YV € X}.
acA

In the literature (Bramson & Kalikow, 1993), a function in G is called regular kernel.
We denote by M, the set of regular k-th order Markov kernels on X and by M =
Upso My the set of regular Markov kernels. We have M C G. Sometimes, we
consider a well ordered set A and then X is endowed with partial order z > y <
x; > y; forall i € Z_. A function g € G is attractive if A is well ordered and for all
a€ A, Y ., 9(br) is an increasing function of z € X'

Let g € _Q, following Walters (1975) we say that a probability measure p on X is

a g-measure if it is T-invariant and, for all a € A and z € X,
p({z € Xt = a}|T7'B)(x) = g(az™l,)

or equivalently,
[ fdn= [ 3 gtas)sanin (1)
x X aecA
for all f € C(X). A process (X, )nez is said to be compatible with g if its law is
a g-measure. In this article, we are interested on conditions for non-uniqueness of
g-measures, i.e., sufficient conditions for the existence of several g-measures with

the same kernel g.

We will now define the model introduced by Bramson & Kalikow (1993). Let
A={-1,+1}, e € (0,1/2), and (m;),;>1 be an increasing sequence of positive odd
numbers. Let z € X, we denote by pj,,) € My, the kernel

Plm;) () :1{35027:33—1 >0}(1—e)+1{x0ix_l <O} €. (2)

I=1
Let (A;);>1 be a sequence of positive numbers such that > 72, A; = 1. Given (m;);>1
and (A;);>1, the BK-model is given by the kernel p € G such that, for all z € X,

Pa) = 3" Aipio (@) 3
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It is immediate that the BK-model p is attractive and regular. Bramson & Kalikow
(1993) showed that if \; = (1 — s)s/~! for s € (2/3,1), there exists a sequence
(m;);>1 for which the BK model has multiple p-measures. However, it is not known
how the sequence (m;);>1 should be explicitly chosen. Theorem 1 below exhibits
an explicit relationship between sequences (););>1 and (m;),;>1 for which there are
multiple p-measures.

>1 and (m;);j>1 be the sequences that define the BK model

Theorem 1. Let (A )
=0, 7r:{1,2,...} — Z; be a function such that r, < k, and
all

pin (3) Let my

a€ (0,5 —e€). If for >0 we have iy 0 Aj > Z?;lkﬂﬂ A; and
A
Mpt1 = i o 35 (4)
<Zj2k+2 >‘j - Zj:rk+1+1 Aj)
where

-2
Ay = 8(1 — 26) (1+ mrk+1(2€)—mrk+1)2 In <2k+2(1 + mk(2€)_mk)a_1), (5)
then the corresponding BK model p has multiple p-measures.

Let us now give two numerical examples of sequences (\;);>1 and (m;);>1 for which
there are multiple p-measures, illustrating the relationship between the sequences
()\j)j21 and (m]’)j21 in Theorem 1.

Corollary 1. Let e = 1/4 and for j > 1, \; = %(%)J Let my = 217, ¢ be an odd
positive integer, and for j > 1, m;y = c¢™. If ¢ > 577, then the associated BK

model has multiple p-measures.

The next corollary illustrates the improvement on the growth rate of (m;),>; that
we obtain due to a better understanding of its relationship with the rate of (A;)x>1
through the function r in Theorem 1.

Corollary 2. Let e = 1/4, ¢ be a positive integer and for j > 1, m; = 206 — 1. Let
by =1 and forl > 2, b = 2¢Z=1%)° For1>1 andj € S 41, 0 )
we set N\; = (3/4)71/(4b)). If ¢ > 8, then the associated BK model has multiple

p-measures.

To prove that our result is tight, we need a criterion for uniqueness of p-measures
with conditions on the parameters comparable to Theorem 1. Known criteria for
uniqueness (Johansson et al., 2012; Fernandez & Maillard, 2005) don’t give such
conditions. Therefore, the existence of a sharp transition from uniqueness to non-

uniqueness regime for the BK model still remains an interesting open problem.
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Before stating Theorem 2, we need to introduce Ornstein’s d-distance (Shields,
1996). We say that a measure v on X x X is a coupling between p and p if for all
measurable subsets I' of X we have v(I' x X) = pu(I') and v(X x I') = p/(I'). The
set of all T'® T-invariant couplings between p and ' is denoted by C(u, ') and the
d-distance between 1 and p is defined by

dlp, )y = inf v({(z,2") € X x X 129 # 2}).

vel (p,p')

Let /i and T be respectively the natural extensions on AZ of the g-measure p and

the shift operator 7. We say that this natural extension (i, T') is Bernoulli if it is
isomorphic to a Bernoulli shift.

Theorem 2. Let (g;);>0 and (g});>0 be two sequences of kernels in M both converg-
ing to g € G in C(X). Let yi; and s be the unique associated g; and g;-measures.
If there exists an integer k > 0 such that

DAl i) + > d(i i) < dlps i), (6)
Jjzk Jj=k
then there exist at least two distinct g-measures  and p'. Moreover, the natural

extensions of both g-measures are Bernoulli.

The main advantage of Theorem 2 is that we need to know nothing a priori about
the non-unique g-measures. The only requirement is a good control of the coupling
between the Markov approximations.

We state below that the converse of Theorem 2 holds for the important class of

binary attractive kernels g € G, which includes for example the Bramson-Kalikow

model (Bramson & Kalikow, 1993).

Theorem 3. Let A = {—1,+1}. If g € G is attractive, then there exist multiple
g-measures if and only if there exist two sequences (g;);>0 and (g});>o0 of functions
in M both converging to g € G in C(X) such that the associated g; and gj-measures
p; and ps satisfy, for some k >0, the inequality (6).

3. COUPLINGS AND PERFECT SIMULATIONS

The proof of Theorem 1 will use Theorem 2 which involves the d-distance between
Markov chains. Therefore, we will construct several couplings and Markov chains.
The constructions are conceptually straightforward but tedious to write, thus for
convenience of the reader we will define all the constructions in the present section.

All the stationary measures needed in the proof of Theorem 1 will be simultane-
ously constructed using only a single sequence U := (U;);ez of i.i.d. r.v.’s uniformly
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distributed in [0,1). We let (2, F,P) denote the probability space corresponding to
the sequence U, and E the expectation under P.

The first notion that we need to introduce is that of coupling from the past (CFTP)
algorithm.

Coupling from the past. The idea of the construction is the following. First,
for ¢ € G, we associate an update function F : [0,1) x A%~ — A that satisfies
P(F(Uy,z) = a) = g(ax) for any z € X and a € A. For any pair of integers i, j
such that —oo < i < j < 400, let F{j,i}(Uij,x) € A7~ be the sample obtained by
applying recursively F' on the fized past x, i.e, let Fy; ;3(U;, x) := F(U;,x) and for
any j > 1
Fya (U], 2) = F(Uj, Fyoa (U] 2) Frya (U @),
Secondly, define Fy; ;(U;, x) := F(U;, x) and
‘F[j»i](Uijv ZL’) =F (Uj7 F{j—lvi}(Uijil?x)x) .

F;(U7, 2) is the last symbol of the sample Fy; (U7, ).
With these definitions, for all z € X we can construct the sequence (X (z)>j21
defined by

X}” = Fy,y (U], x),

which is the stochastic process starting with a fixed past * € X and updated ac-
cording to g.

Now we can define the notion of perfect simulation by coupling from the past.
Let 6 be the coalescence time defined by

0 := min {z >0: F[Ov_,-](Ugi,a:) = F[Ov_i](Ugi,y) for all =,y € X} )

It can be proved (see Propp & Wilson (1996); Comets et al. (2002); De Santis &
Piccioni (2012) for instance) that if 6 is P-a.s. finite then there is a unique process
(X;)jez compatible with g, such that,

Fo_a(U%,2) 2 Xy, Vz € X.

It is clear from the above construction that we can repeat the procedure iteratively
using the same sequence U to obtain the process on any finite interval. Therefore,
when an update function F' and a P-a.s. finite 6 exist, we say that there exists a
CETP algorithm that perfectly simulates (X;);ez. Observe that we are considering
the bi-infinite stationary process on Z rather than the process restricted on Z,, as
this is more convenient for the proof of Theorem 1.
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We note that Gallo & Takahashi (2013) proved that an attractive g-measure is
unique if and only if it can be perfectly simulated through a CFTP algorithm. There-
fore, the non-unique p-measures for the BK model considered in the present paper
cannot be simulated through a CFTP. Instead, in the present article we use CF'TP
to make a simultaneous construction of all the Markov chains obtained by truncating
the initial kernel p. These truncations are introduced in the next paragraph.

Update function for the truncating Markov kernels. We will consider differ-
ent Markov kernels in the proof of Theorem 1. They are truncations of order my of
the Bramson-Kalikow’s kernel p € C(X) defined in (3). Let x € X, pig € M, be
defined by ppj(z) = (1 — €)1{zo > 0} + €1{wo < 0}, and pjn;) € My, be defined as
in (2). For [ > k > 0, consider the following mj-th order Markov kernels

Z AjDjm, ) (2 Z \ipjo (% (7)

j=k+1
Z&pmﬂ Z A (1 = pg(2)), (8)
j=k+1
qkl Z)\jp mj Z )\ 1 _p[O Z )\Jp[O (9)
j=k+1 j=l+1
Qo (% Z&pm] Z Ajppo) (2 Z Ai(1 = pioy (), (10)
j=k+1 j=l+1

where Z ._, x; means that the summand is zero.
Defining Ao := 2¢ and \; := \;(1 — 2¢) for j > 1, we can respectively rewrite (7)
and (9) as

il % zk:X {xoix_z>0}+ PR (1+$°)

j>k+1

Gea() = Mo +ZA1{xOZx_ >o}+ SN (1”0) 3 Xj(l_zxo).

j=k+1 >141

Similar equations hold for (8) and (10).
Now, for any past x € X, consider the intervals

—_

Io(=1):= [0, €[, Io(+1) =€, 2¢[ and [; = [j_ i, ] i [, j>1. (11)

=0

I
)

i

We observe that the lengths [Io(—1)| = |Io(+1)| = € and for j > 1, |[;| = );.
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It is natural to consider the following update functions for the Markov kernels py
and gy respectively.

FPe(Uy, ) = Zal{Uo € Ih(a)} + ZZ@I{UO € ;}1 {aix_i > 0}

ac€A acA j=1
1+a
+ZZ a1{erfj}< . )
a€A j>k+1

and

k m;
Fit(Uy,x) = Zal{UO € Ip(a)} + ZZal{Uo € L;}1 {aZx_i > O}

acA acA j—1
: 1—a 14+a

‘f‘ZZ(Il{U()E]]}( >+;§1al{Uo€Ij}( 5 )

a J]=Z

a€A j=k+1

We can define analogous update functions for pj and g ;.
Let +1,—-1 € & be defined by +1, = 1 and =1, = —1 for j < 0. We define the

coalescence time

6™ - — min {@ >0 Fl (U, 2) = Fi (U, y) for all o,y € X}

= min {Z Z 0: F[I())k ] (Ug'm ) F’[Zék z](UEZ’ )} )

where the last equality is a direct consequence of the attractiveness of pr. We
substitute in the above definitions py, by py, gr., or ¢ ; to define Pk, G0 and %
We also define, for any ¢ € Z and k > 1, the regeneration time of order k

e :=min{i >my, —1:U_; € Iy(—=1) U ly(+1), j=i—mp+1,... 3}

Couplings between the chains and an upperbound for 67¢ and 7. We couple
all the chains together constructing them simultaneously using the CFTP algorithm
with same sequence U and the respective update functions. Consequently, the
coupling law is always P, i.e., the product law of U. We also use the same symbol
to indicate the marginal process and coupled process, when there is no ambiguity.

In what follows, we collect some lemmas that will be used in the proof Theorem 1.
Let us give an upper bound on the expectation of the coalescence and regeneration
times that hold for py, p, qx, and g,. First, observe that by construction,

(Ut

—Nk?

7
F[Uk k]

) F[gk k] (Ugﬁk ? )

and, therefore,
P(ne =2 07) =1
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The same holds for py, gr,, and q; ;. Now, we have the following lemma.

Lemma 1. Let n; be the regeneration time of order k. We have that

E(07) < E(ne) < &

The same bound holds for 0P, 6% and O%:1

Proof. By the definition of 7 we have

n —(i—1)my img—1+7
i=1

j=—imp+1 1=0

Using the stationarity and independence of U, we have for i =1,...,n
—(i—1)my, img—1+7 my J
Pl ) {Uj c U Il} :HP(Uj S U[,)
j=—img+1 1=0 j=1 1=0
my J
=[P (UO € UIZ) .
j=1

A simple upper bound is [} P(Uy € U, ) < (2¢)™. This yields
my
< G

E(Uk)<meP Nk > n.my,) <mkz (1—(2¢)™)

n>1 n>1

O

Lemma 2. Let k < and (Y )]GZ be the stationary process compatible with q;. If
Dz Ny > Zj:k+1 A; then

E(YF) > (1_26> <Z A — zl: Aj> >0

J>l+1 j=k+1

Proof. Let ( j ) jez be the stationary process compatible with g; ; we observe that

E(Y,") =Py =1) - P(Y;" = 1)
=P =1)-P(ZF =1).

Now, we want to construct a maximal coupling between (ijl) jez and (Z]]-“’l) jez. For

this we define an update function for g ; using a set of intervals slightly different
from the intervals defined in (13). We have

J
Ij(=1) := [0, e[, Ij(+1) = [e, 2¢[ and I;:[ X@-,Z&[, for k>j>1,
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i1 .
and
k J k

where S0 \; = 0. The update function for qy,,, is then defined by

i=1+1
k mj—1
H%(Uy, x) = Zal{Uo € Iy(a)} + ZZal{Uo € I}l {a Z T_; > 0}
acA acA j=1 =0
+) i al{l, € I'} (1_a> +3 Y a{th e I} (H“)
a€A j=k+1 n 2 a€A j>1+1 T 2

Observe that this update function is different from F %.r+1 which uses the intervals
defined in (13).
By construction

P(Yy"' =1) - P(Zy" = 1) =P(Yy" # Z").

Now, the following lower bound is an immediate consequence of the construction

of the coupling

]P)(Yok’l + Z(l)f,l) > (1 — 26) (Z Aj — Xl: >\j> .

j>1+1 j=k+1

4. PROOF OF THEOREM 1 AND COROLLARIES 1, 2

The proof of Theorem 1 is based on the results of the last section, Theorem 2
which is proved in the next section, and the following lemma.

Lemma 3. Let k < | and (Y}k’l)jez be the stationary process compatible with qy;.
Foralll > k>0 and j > 1, we have

my k.l kN2
P ( LSy g 2 P )> <exp [ PNy
g 8(1 +E(9%J)>

Proof. We will use Theorem 1 of Chazottes et al. (2007) to obtain an upper bound for
the left-hand side of (14). Let (Z;);ez be a canonical process on {—1, +1}% with law
p. Letn>1,0 € {-1,1}", (Z](-+10))j21 and (Zj(»_la))jzl be respectively the processes
with laws defined by the conditional distributions p((Z;)j>i1 =+ | Zi =1,Z;-1 =



EXPLICIT ESTIMATES IN THE BRAMSON-KALIKOW MODEL 11

Ui—l;---721 = 0'1) and N((Zj>j2i+1 = - | Zz = _]->Zi—1 = 0'1'_1,...,21 = 0'1).
We denote by Q7 the maximal coupling between the conditional distributions. We
introduce the upper-triangular matrix D? defined for 1 <i < 7 <n by

Dfl =1
o ._qn°( 7o) (—1o)
D7, = Q7 (207 £ 21),

Then, we define the matrix D as D;; = sup,. (-1 D7 ;. For a given function

f:{=1,1}" = R we define the variation of f at site i with 1 < ¢ <n by

0if := sup |f(o) = f(o")].
Uj:a;-,i#j
Now, let n > 1 be arbitrary and assume that || D]y < oo and ||0f||2 < co. Then,
Theorem 1 in Chazottes et al. (2007) states that, for all functions f: {—1,1}" - R
and all £ > 0, we have

2t*
1 ~BDI 2 0) < 2exp (~ s ). (15)
IDI31I6 113
In our case, for the process (Y]kl) jez and measure PP, we observe that the elements
of matrix D;; are bounded from above by the probabilities P(§% > j) for all
7 >1 > 1. To see this we note that
P(e%,l > ]) =P (FQk’Z(UEi,

=P (F%(U°

7j7

+1) # F®H(U2%, 1) for i=1,...,5)
+1) # F (U2, =1))

where the last equality is a consequence of the attractiveness of ¢.. Now, by the
stationarity of U we have

P(§%t > j) =P (Fqk’l(Ug,—i-_l) # F[(;?éﬁ(U({?;l))

[7,0]

> D; ;.
By norm inequality, we obtain
n
IDll2 <) Dij.
j=1

Taking n = m;, we deduce that

|D|3 < <1+i1@(9%l >j)) < (1 +E(§%4))*. (16)

J=1
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Now,takingf:f(:cl,...,a:ml) = LS z; we have 0, f = m%ifi e{l,...,m}.

my
Thus, we obtain

mi 2 2 4
ol =3 (2) = o an)

i=1

Applying (15) and using (16) and (17), we obtain

1 E(Y! E(YH2
U Ry 2 8(1 + ]E(quvl)>

Proof of Theorem 1.

We fix a sequence (Aj);>1 of positive real numbers such that ijl Aj = 1. Let
r:{1,2,...} = Zy such that 1, < kand Yo A > Y5 1A, Vk > 1. The
sequence of odd positive integer numbers (m;);>1 will be chosen afterwards.

Clearly (p;);>1 and (p);)j>1 defined in (7) and (8) converge to the Bramson-Kalikow
kernel p in C(&X'). For all £ > 0, let . (resp. uj) be the unique stationary measure
compatible with py (resp. p)). Observe that for k = 0, po (resp. ) is a Bernoulli
process of parameter 1 — € (resp. €).

We will apply Theorem 2 with k = 0. Since d(juo, 1) = 1 — 2¢, we need to find

an explicit sequence (m;);>1 such that
D s preia) + Y A, i) < 1— 26, (18)
k>0 k>0

By symmetry of the kernels py and pj, (18) is equivalent to

QZJ(M,MH) <1-—2e. (19)
k>0
Now, our task is to upper bound d(p, pir11). For all k > 0, let (Xj’l-“)jGZ be the
stationary process compatible with the measure py,. By definition of the d-distance
we have that

CZ(MkaH) <P (X(]f + Xé““) ) (20)

where P is the coupling defined in Section 3. Define for all ¢ € Z_, the interval
H; := [t — mgy1,7 — 1] and the events

S = {ZXJ’?“ >o}.

JjEH,;
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As ng (defined as in Lemma 1) is a stopping time for the filtration (F;)i>o =
(o(Uo,U_1,...,U_;))i>0 and the events S; are independent of F; for all i > 0, we
have by construction of the coupling P and Wald’s equality

P(XE # Xt = (U sc) <E (Z (s ) E(n:) + 1)P(S5). (21)

Combining (20) and (21) we obtain

d(px, 1) < (E(ne) + 1)P(S5) (22)

for all kK > 0.

To obtain an upper bound for E(7;) we use Lemma 1; for P(S§) we proceed as
follows. Let r := r;,; and (Yf’kﬂ)jez be the process compatible with ¢, z11. Observe
that for all £ > r > 0 we have ¢, ;41 € M,. Also note that, for any n > 1, and
integers [y, ...,l,, we have by construction that

P (U {XZIE—H < }/l;7k+1}) - Oa

Jj=1

and therefore
M1 mg41
P <Z X< 0) <P (Z YA < 0) . (23)
Jj=1 j=1

Furthermore, we have

Mgy 1 mMp41
rk+1 rk+1 rk+1
P(§ Yj+<0>§IP<| > YRy

m
o e

2

. E(Yor,kﬂ)) "

and therefore we can upper bound P(S§) using a concentration of measure inequality
for a Markov chain of order r < k + 1.
Combining (22), (23), (24), and Lemmas 2 and 3, we deduce that, for all £ > 0,

Mg <Z]’Zk+2 Aj — Z?::H )‘j>2 <1 - 26>2
8(1 + ]E(ean+1)>2

(s 1) < 2(E(ne) + 1) exp | —

Let o« > 0 such that o < % — €. Define
2
Ag:=8(1-2¢) " (4a7!)
and for all £ > 1,

A= 8(1-2¢) (14 my (207 In (2521 4 my(26) e ).
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Then, for all & > 0 choose my,1 as the first odd integer such that

A
M1 > i . (25)

2
<Zj2k+2 )‘j - Zfi:-i-l )‘j>

With these choices, using Lemma 1 we obtain

o
d(,ukn Mk+1) < W

for all k£ > 0. Since a < 1 — ¢ we obtain (19), which proves the theorem. O

Proof of Corollary 1.

If, for j > 1, we choose \; = %(%)], we have for k > 1, ijk—i—l Aj— A >0, de,
we have a function r in (4) defined by 7, = k — 1. Let € = 1/4 and o = 1/8, then
Ap = 1601n2 and, by (25), m; must be chosen greater than 320(%)2 In2 =~ 216, 74.
Let us take m; = 217. Now, from (4), we can see that in this case, the sequence

(my)g>1 must satisfy my > k + 1 for all & > 1. Therefore, for & > 1, we have

A k1
k _ <512 (g) (1 + my2m)?
<2j2k+2 >‘j - >\k+1>
k+1
< 512 (g) (64)™
< (577)™.

Proof of Corollary 2.

Let by = 1 and ¢ a positive integer to be fixed afterwards. For [ > 2, we define
b = {2(625':1 bf)ﬂ, where [-] is the ceilling function. Let s = 3/4, for [ > 1 and

Ge {4+ 1,..., 3L b} we define

It is straightforward to verify that >, A; = 1. Let rj, = L\/log(k)/cJ where log is

base 2 logarithm and |[-] is the floor function. We observe that by construction, for
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[ > 1, we have
k 1 /3\!2
! -2 l
DoAY Nz (s A1—3)2§(1> :
j>k+1 j=r(k)+1

We set m; = [29°] if |29 | is odd, otherwise m; = [29°] —1 . We want to obtain
a sequence (m;);>1 that satisfies (4) and (5). Let

By = 4(k + 1)222(+ D (log29 ™),
We have the following upper bound for (5):

$1n (1 + 26k2(2e)*20k2>
(1 —2¢)?

8(k +2)In 2
A, <12 ap
ES T 222 T

Now, taking e = 1/4 and o = 1/8, we have,

By.

Ay, <128In2By,(k + 2) + 32In 2By (ck? + 1) + 32B,2%
< 81B,2°".
Also, we observe that for ¢ > 8, By, < 22+2log(k+1)+2(k+1) < 9ck and, therefore,
Ay < 81 20K H),

Also for ¢ > 2, we have % (%)l_2 > (%)Hl > 27 Finally, to satisfy the conditions

in Theorem 2, it is enough that

20(k‘+1)2 Z 81 . 20(k2+2k)‘

The above inequality is satisfied if ¢ > 8. U

5. PROOFS OF THEOREMS 2 AND 3

Proof of Theorem 2.

We proceed in three main steps. First, we prove the existence of a subsequence
(ts,;)j>0 that converges in d to a measure . compatible with g. The same naturally
holds for a subsequence (u;j )j>0 and a measure p' compatible with ¢g. Then we
prove that under the conditions of the theorem p and y’ are actually distinct. The
statement about bernoullicity then follows directly from the well-known fact that
d-limit of regular Markov chains are Bernoulli.

For the first step, we will prove that there exists a subsequence (j,;);>0 con-
verging weakly and in entropy to a measure p compatible with g. Because regular
Markov processes are finitely determined and, for this class of processes, the weak
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convergence and the convergence of the entropy together imply convergence in d, we
conclude that p,, converges to p in d-distance (see definition in p.221 and Theorem
IV.2.9 of Shields (1996)).

We consider processes on finite alphabet, therefore the space of respective prob-
ability measures endowed with the weak topology is compact. Hence, for any se-
quence (p;);>0 there exists a convergent subsequence (fi,,);>0. Let p be its weak
limit. From the weak convergence of ji,, to p and the convergence of g,, to g in
C(X), it is immediate that p is a g-measure.

We observe that the entropy H(u,;) of an ergodic Markov process fi,,can be

written as
H(H’vj) = _/ log gvjdﬂ'vj-
X

A standard computation shows that the entropy H (i) of p is given by

H(p) = —/Xloggdu-

We note that g € G and therefore logg € C(X). Again, because u,, — p weakly
and log g, converges to log g in C(X’) we have that

/ log gu,; dpiy; — / log gdp
X X

Thus, we conclude that u,, converges in d to L.
We now come to the second step, and prove that the limits p and g/ are distinct.
Taking vy = k, we have

lim d(pug, fro,) = d(pig, ).

]—}OO

We also have .
d(pis pro,) <Y d(pg, i)
j=k
and, therefore,

(s 1) < ) d(pg, py1).

K

<.
Il
-

Similarly,

M

Il
=

(i, 1) < ) (1, 154)-

j
Thus, if (6) is satisfied, we have

(g, 1) + d(ply, 1) < d(puns 1)

showing that there exist two distinct g-measures p and p'. U
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Proof of Theorem 3.

The proof follows from the properties of attractive kernels g € G and associated
g-measures described in Hulse (2006, 1991).
For f e C(X), g € G, and all x € X', we define the Ruelle operator L, by
r) =Y glax)f(ax
acA
Recall that +1, =1 € X" are defined by +1, = 1 and =1, = —1 for ¢ < 0. By Lemma
2.1 in Hulse (1991), if ¢ is attractive, for f € C(X'), we have

lim Ly f(+1) = /fd;ﬁ, (26)
n—oo X

lim L2 f(=1) = [ fdp,

n—oo X
where p* and p~ are extremal g-measures. If ut = p~ we have a unique g-measure.
Let hy and hy be elements of G and z,y € X. We say that h; dominates ho if for
all x > y we have hy(1z) > hy(ly). From Hulse (2006) (p.442) if hy dominates hao,
for any increasing function f € C(X), > y, and n > 1 we have

Ly, f(x) = Ly, f(y)-

We start with the following lemma.

Lemma 4. Let hy, hy be attractive and hy dominates hy. If l/fr and 1/2+ are the
extremal hy and ho-measures defined respectively by iterating Ly, and Ly, as in
(26), we have that

dv,vf)=vf({x € X 29 =1}) — v ({v € X 1 29 = 1}).

Proof. As in Hulse (1991), for z,y € X, a,b € A, and hy, hy € C(X), we define the
kernel P: X x X — [0,1] by

Plaz.by) = 4 i li(an).hao(ay)} it a=b
R max {h,(ax) — he(ay),0} otherwise,

and ZaeAZbeA P(az, by) =1. Let feC(X )
We define ;" and v5 by lim, o L} f(+1) = [, fdv; and lim, o L} f(4+1) =

[y fdvs | respectively. If hy and hy are attractlve and h; dominates ho, we can
use P to define a coupling between v;” and v;". To see this, let fi, fo € C(X) and
x,y € X. We introduce the Ruelle operator Lp as

Lp(f1® f2)(x,y) ZZP ax, by) fi(ax) fo(by).

a€A beA
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For any functions fi, fo € C(&X), we have that lim, . L3(f1 ® fo)(4+1,+1) exists
and defines a coupling v between v{" and v (Hulse, 1991). By construction and
definition of P, this coupling has the property that v({(z,y) € X x X : o < yo}) =
0. This implies that

d(v1,v2) <v({(z,y) € X X X : 20 # yo})
=n({reX x=1}) —wn({re X xy=1}).

Moreover, we also have by definition of d-distance that

dvi,vi)>vf{zeX xg=1}) — vy {x € X : 2o = 1}),

which implies that

dvi,vf)=vif{z e X 2g=1}) —vy{x € X : 2o = 1}).

We introduce a sequence of kernels g;, g7 € M for each j > 1 and x € X by
g;(1z=%) = sup g(1z"Jy),
yeX
and
P =1\ —1
g;(127s) = inf g(127;y).

For j = 0 we define go(12~%) = sup ey 9(1y) and gj(12-),) = infyex g(ly). Observe

that if g is attractive, g; and g} are also attractive. Moreover, for all j > 0, g;
dominates g and g dominates g.

Let 11; be the unique g-measure of g;. From Lemma 4

d(pj, 17) = pi({z € X 1 2o = 1}) — p" ({2 € X 1 2o = 1}).
Now, by definition of u, for any g-measure p we have
pr{zeX xg=1})) —pu{r e X :zy=1}) >0. (27)

Let u,; be any subsequence converging weakly to some g-measure. Because, for all
J 2 1, gy; dominates g, we have

jlilalouvj({x EX:xg=1})—p " {z€eX :xo=1}) >0.
The above equation together with (27) implies that
jli_}rgouvj({x EX: =1} )=p"{r e X :z=1}).
As this holds for any subsequence, we have that

lim pj({z € X:20=1}) =p"({z € X : 2o = 1}).

j—0o0
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The above equation and Lemma 4 imply
lim d(”ja/ﬁ_) =0,
]-}OO
and we conclude that

Zcz(uj,,ujﬂ) =u({zeX zg=1}) —put({x € X : 29 = 1}). (28)

Now, let 1 be the g measures. Repeating again the above arguments, we have
that

S d( ) = (f{r € X iag=1}) — pp({w € X 1 zp =1}). (29)
j=k
Using Lemma 4 again, we have
A, 1) = pe({x € X 129 = 1)) — p,({z € X 1 19 = 1}). (30)
Combining (28), (29), and (30) we have that inequality

d(pg, 1) + Y (s i 40) < dlpg, 1)

j=k j=k
is equivalent to
pr{zeX xg=1})—p {reX z=1}) >0. (31)
Finally, from Theorem 2.2 in (Hulse, 1991), we have that inequality (31) holds if
and only if there are several g-measures. 0
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