Math342(S. Zhang) P7.1

3‘11 (7 L: 1 8) Let the inner product be (f,g)
fo r)dr. Find

(p,q), llpll, d(p,q

), a (nonzero) h L ¢

where
p=x, ¢q=3r—2.
Ir:er.produc (u,v) — R
(1) (u,v) = (v, u)
(2) (u,v+w) = (u,v) + (u, w),

(3) (eu,v) = c{u, v)

(4) (u,u) >0 and (u,u) =0 iff u = 0.

Recall: f =142, g=1—x. In last chapter, we
define their coordinates under the standard basis:

1

1
0 ) [Q]B = —1
1 0

[fls =

When we define orthogonal projection:

1 1
(f,g)=1flz-lglz=10 —-1] =1.
1 0

Now, we usually use L? inner product:

z/olfgdxz/ol(ler?

1
:/ (142> -z —2%)dx

0

)(1 —x)dx

IR N U
3 2 412
Definition: (1) Norm (length) ||v]| = /(v,v)

(2) distance d(u,v) = ||lu — ||
(3) orthogonal w L v if (u,v) = 0.

! 1
<p,p>:/x-xd:c:—
. 3

Il =V {p,p) =1/V3

d(p,q) = |lp — 4|

1
lp—dal’=(—ap—qg) = A(—%+afm

:/1(4x2—8x+4)dm:
d(p,q) =lp—ql =2/V3

pLyg
Find a nonzero h L ¢:
h = perp,p

_{pa)

(0q)"

=p—0=u.

3%1 (7.1:25-28) Compute (u,3u + v) and ||3u + v|:

[ull =10, (u,v) =6, [lv]| =4

ans:
<U, 3u + U) = 3<u> u) + <U, U)
= 3(10%) + 6 = 306
I3u + vl = (9f)ul|? + 6{u, v) + [[v]|*)"/?
= (900 + 36 + 16)"/2 = V952

g.:éi (7.1:22) Sketch the unit circle in R? for the in-
ner product. Show the coordinates of two/four
vertices at least.

(u,v) = dugvy + uvy + ugvy + dusvs.

ans: We first orthogonally diagonalize the
quadratic form (matrix).

(u,v) = u'Av

=) (1) (1)



Find eigenvalues.

4— A\ 1

’A_M’_' 14—

(4—N?—-1*=0

A=5,3.

For A\ =5, (A—\)v =0,

(") =)

ar = v/lvli = ()
For \ = 3,
() ()
w7 ()
So

1/vV2 —1/V2
Q:((h Q2):(1/\/§ 1/\/§>

Then

wha-0- (')
A=QDQT

On the unit circle,

(u,u) =1

u’Au = (u'Q)D(Q"u) = w' Dw

= 5wi + 3w; =1

Dw =u

In the standard form:

2 2
wy Wy

Ve (VEE

Because

o) (1 0F

) ()

For vertices of w:

() o (1)
o) v (10

These are the vertices of the “unit circle”.

Because

1 u +u
AT 1 2
“"Q“‘ﬂ<—u1+u2>

we get the standard form:

((u1 + ua)/V2)? n ((—uy +u2)/V2)?
(1/v/5)? (1/v/3)?

=1

g%I (7.1:19-20,37-40) Apply the Gram-Schmidt pro-
cess to {((1)) : G)} to obtain an orthognal basis

(not under Euclidean inner product), under the
following inner product:

(u,v) = 2u1v1 + uvy + Ugvy + 29y,

ans:



Projection/orthogonalization(Gram-Schmidt):

. (f,9)
pfOJgf = WQ
(f,9)
perpgf = - <g g) g.
Recall: x1, x5...
Vi =X
X2 +Vy
Vo = X9 — Vi
Vi-Vp
X3 +Vy X3 V2
V3 = X3 — Vi — Vo.
Vi-Vp Vo - Vo
Orthonormal:
q; = T Vi
qQ = NV

Let

=) (1 5) (1) =3

We apply the Gram-Schmidt process to

() - ()
en- ()

Vo = Xo — ProJy, X2
x1 Avy
2y

T
vy Avy

3 (12

:X2

Done.

Checking;:

viAvy =0

a0 (33 (V) ot




