ECE 107: Electromagnetism

Set 4: Maxwell s equations

Instructor: Prof. Vitaliy Lomakin

Department of Electrical and Computer Engineering
University of California, San Diego, CA 92093
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Differential Maxwell s equations (1)

Time domain Maxwell’ s equations:

VXE = _aa_B Faraday' s law
4
oD ,
VXH:8—+J Ampere s law
t
V-D=p Gauss’ s law
V-B=0 Gauss’ s law-magnetic
Basic quantities: E(t,r)— electric field V/im
H(z,r)— magnetic field Alm
D(¢,r)— electric flux density C/m?
B(t,r)— magnetic flux density  webers/m’
J — electric current density Alm?
p— charge density C/m’
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Differential Maxwell s equations (2)

Frequency domain Maxwell’ s equations 9/dt — jw :
VXE=-jwB Faraday' s law

VxH=joD+J Ampere s law

V-D=5 Gauss’ s law
V-B=0 Gauss’ s law-magnetic
Basic quantities: f(o,r)- clectric field (phasor) V/m
H(w,r)— magnetic field (phasor) A/m

D(w,r)— electric flux density (phasor) C / m’
B(®w,r)— magnetic flux density (phasor)  webers/m’
J — electric current density (phasor) A/ m’

p— charge density (phasor) C/m’
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Differential Maxwell s equations (3)

Analogy with TL equations (9/d, 0= 0)
Assume lossless case = B=,H, D=¢)E

Time domain

oH ow(t,z) ,0i(t,z)
— . _ L
e ot > 0z ot
VxH=g O BH=LACI VY0 _0i(t,2) _ - 9V(t,2)
al‘ voltage cross—sectipnal a = a
distribution 4 t

Frequency domain

. . dV(w .
VXE=-jwB — (d 2) = jolL’'l(w,z)
— — > Z

- -~ {EH =} (0,2) v,y
VxH= joD+J e Voiii )c{rlc/)/s:sve/ét};c(nl:l dl(®,z) ~
distribution - = jolL'V(w,z)

dz
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Differential Maxwell s equations (4)

Statics

d/0t = w=0= two uncoupled sets of (static)
equations are obtained for E&D and H&B

Electrostatics

VXE=0
V-D=p

Magnetostatics
VxH=1J
V-B=0
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Integral Maxwell s equations (1)
Time domain Maxwell’ s equations:

d
C_’-}E'dl = _E”B'ds Faraday’ s law (Stock’ s theorem to FD)
C S

qSH-dl — i”]).der] Ampere’ s law (Stock’ s theorem to FD)

C S
<J‘:‘[>D-ds =0 Gauss’ s law (Gauss theorem to FD)
S
#B-ds =0 Gauss’ s law-magnetic (Gauss theorem
s to FD)
Basic quantities: /(r)- total current A

O(t)— total charge C
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Integral Maxwell s equations (2)
Frequency domain Maxwell’ s equations:

CJSE dl=-j a)” B-ds  Faraday’ s law (Stock’ s theorem to FD)

an dl= ]a)HD ds+1 Ampere’ s law (Stock’ s theorem to FD)

Cﬁ.’gﬁ =0 Gauss’ s law (Gauss theorem to FD)
# =0 Gauss’ s law-magnetic (Gauss theorem
’ to FD)

Basic quantities: j(w)- total current A

Q(a)) — total charge C
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Integral Maxwell s equations (3)
Statics

Electrostatics
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Charges

Charge densities
Volume charge density p,

A ol
oy = lim =22
av=0 Ay dy

Average charge per (physically large) unit volume

Surface charge densit Lo,
ag Bog CUVLY s o
g = lim —=—  (C/m?*), VA4

(C/m?),

T Ar—0 AF (dF

Average charge per unit surface T S——
Line charge density p; :
o= lim Ag _dg (Clm) oy,
al—o Al dl ﬁ_

Average charge per unit length

Total charge
Q — jvpv dv or/and Q — JS'OS ds or/and Q — Lpl dl 10
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Currents

Current densities
Volume charge density

Charge through a tube cross-section . ai

&
Ag = p, Av = p, Al A5 = p.u As" At

Charge through a generalized cross-section o

As A
Py As = nAs
Ag = pyu- As Ar, :
q p\' o Ag = pu-AsAr
= p uAsAr cos 8

Current density

Ay
Al =— =p 0 As = ]+ As,
Af

J=pm  (Aim%)
Surface current density
thin current sheet (thickness d >0 ) = J = lim dJ (4/m)

%
Total current j — j J-hds or/and I = L J. -Ad 1
S
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Vector wave equation

Lossless case: D=¢ E, B=uyH, p=0, J=0
oH J

VxE:—uoa —_— VX(VXE)=—§(VXH)
use Vx(VxE):VX{E)—VzE =-V°E
0
d ~JE
—sz—ﬂog(VXH) use VXH—%E
2 2 2
VE— 11 ¢ E:oﬁ E_19E_

0
atz for 1D azz C2 at2
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Electric field boundary conditions (1)

Boundary conditions for any dissimilar media

Tangential components
$ E-di=—d/dt[[ B-ds Al s

:>LbE2-dl+fEl~dl+LdE-dl+LbE-dl:—%”Bds
L T s

~
~Ah—0 ~Ah—0
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~
~Ah—0

Ex Al — Ey Al = (= Elt :Ezt :>ﬁ2X(E1 —Ez):O

Normal components

jfan-ef.a-:j I]J-ﬁgds-l—j Dy -iy ds = Q= ps As
5 top hottom

ﬁz'(Dl_Dz):ps 13
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Electric field boundary conditions (2)

Boundary conditions for dielectric media

Tangential components
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E,=E) =i, x(E,~E,)=0

Normal components

A, (D, ~D,)=0

14
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Electric field boundary conditions (3)

Dielectric-conductor boundary conditions

Assume medium 2 is perfect conductor

= Ez2 = Dz =0 ;
— Elt = Dlt = 0, ( (-
Dy =81En= ps. -‘ "‘.- = ‘

Figure 4-21: Metal sphere placed in an external electric
ﬁcld EO.
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Magnetic field boundary conditions
Boundary conditions for any dissimilar media

Tangential components

:{]_'1'”'“:4{

Hy Al — Hy Al = 00 Al

[ -
H, -m+j H, - dl =1,
[

.Hzt—.H[t=Js ﬁgh::l:”l—“z:l=1ls

Normal components

fﬁ b-ds=0 |0, (B-B,)=0
5

16
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Magnetic field boundary conditions
Boundary conditions for dielectric media

Tangential components

f,x(H —H,)=0

Normal components

i, (B, ~B,)=0

17
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Magnetic field boundary conditions
Boundary conditions for perfect conductors

Tangential components

n,xH =J

S

Normal components

18
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Complete set of differential MEs

Maxwell s equations:

vxp-_9B Faraday' s law
ot
VxH:aa_D+J Ampere’ s law
t
V-D=p Gauss' s law
V-B=0 _Gauss’ s law-magnetic
Boundary conditions:
n,x(E,-E)=0 n,xH,-H)=J,

n, - (D,-D)=p, n,-(B,-B;)=0
n,

, =n, —normal to the interface from medium 1 to medium 2

Constitutive relations: D=¢E
B=uH v



