GEOMETRY NOTES
Lecture 1 Notes

GEOO001-01

Lecture 1; Introduction - Points,
Segments, and Length

Geometry is a science of space.
The name "Euclid" (the Father of
Modern Geometry) is synonymous
with all geometric disciplines such that
his thirteen books on Elements are
considered to be one of the most
impartant and influential works in the
history of mathematics.

HE

GEOO001-02

Lecture 1: Page 2

FPoint - An infinitesimally small single
location in space which has no
length, width, or height, only
a location.

P - Point P
Line Segment - Consists of two points
called endpoints, and all the
points between the end points,
A line segment is a finite
distance between two points.
AB = line segment AB

[ E—

A B
AB = length of line segment AB

ME




Lecture 2 Notes

GEO002-01

Lecture 2; Pythagorean Theorem and
Distance Formula

P Q
This is segment PQ, denoted PQ.

If we extend this segment to the left
and to tha__right. We hava__a line.
= -
Line PQ is denoted PG,

Line - A set of points which extends
infinitely in both directions. It has
infinite length, and zero width and
height. A sftraight line is the shortest
distance between two points.

TE
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Lecture 2; Page 2

Example 1: Find the distance between

the following points.

c A B
R 22"
a) Find AB.

AB = [22 - 5| = [17] = 17,
or |5-22| = 17| =17

b} Find BC.

BC = |22 - (-3)] = |22 + 3| = |25| = 25,
or |-3-22|=|-25| =25

e

GEOO002-03
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Given a number line and point A
having coordinate a and point B
having coordinate b, the distance
between these two points, AB, is

given by |a - b|.
A B
N a b
Example 3: Find the distance AB of
# this slanted line segment.
n o B (5 4)
(3, P =
| ) Z—Ta  4-21=2
b X
|2-3|=6
W

GEOO002-04
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Pythagorean Theorem
a? + b? = ¢?

C
a=2

b=§&

Using the Pythagorean Theorem,
a? + b? = ¢
22+82=¢?
4+ 36 =c?

+4/40 = v¢?
d10=¢c
2M0=¢




Lecture 3 Notes

GEOO003-01

Lecture 3: Rays, Angles, and Planes

Review of Terminology

1] P+ Point
2) A 8 AB = segment
3) R 5 RS =line

Ray: A part of aline. A ray starts at
some point "A", and extends
infinitely in one direction.
Notation for a Ray: KL

K L H
Kt K

Note: KL = LK, but ﬁ ¥ E{‘

HE
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Angle: Consists of two rays that
have a common point.

— —
PQ and PR share a common

endpoint, P.
(0]

=
F'n‘_;_ﬁ<)

R
Angle notation is given by “ 2",

a
Verlex \_F;‘<1

R
SQPR or SFEPQ

HE
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When writing the name of an
angle, the point at the vertex always
appears in the middle of the name,

Plane: A very big flat region.

A plane goes on forever in four
directions - up, down, left, and right.
It locks kind of like a table top
except that is it goes on and on

forever.

=~

Plane

HE
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~ ~

Plane

In geometry we will draw a plane
like this. We must remember,
however, that a plane continues
forever in all four directions: this
drawing shows only a portion of the
actual plane.

HE




Lecture 4 Notes

GEOO004-01

Lecture 4; Measuring Angles and
Perpendiculars

Line segments can be measured
using either the English or the Metric
System.

Example 1: Given P Q

i 17

Show that PG = 11 units using a
yard stick.
1} Pasition the far left end of the yard
stick (zero unit mark) at point P, then
measure to point Q:
P = 11 units

HE

GEO004-02
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2) Position the yard stick such that

the left-hand end point is at 6 and

the right-hand paint is at 17. Then,
PQ = |17 - 6| = |11] = 11 units.

Measuring Angles
Within the circumference of a
circle there are 360° (degrees).

{Mote that the symbol for the
degree, °, is located in the upper
right-hand corner,)

HE
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By positioning the center of a
circle at the vertex of an angle and
measuring between the two rays, the
measure of an angle can be

determined. E i

Measuring Angles Using a Protractor

(E\ (5

: B 5
Fosition  The measure of an Wy b SABC
of vertex  8ngle ABC is given ol

by mosABC = 35° B G

NE
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Example 2:
=10
(B >,/
I — F 1 o]
m £PQR = 135°
1) Acute angle - The angle measures
less than 90°,

=<,

2) Obtuse angle - The angle measures

greater than 90°.

3) Right angle - The angle measures

exactly 90°,




Lecture 4 Notes, Continued

GEOO004-05

Lecture 4; Page 5

If two lines, rays, or segments
form a 90° angle, then the lines,
rays, or segments are perpendicular,

R o —
PQ 1L PR
L—; T

P
Perpendicular notation




Lecture 5 Notes

GEOO005-01

Lecture 5. Congruency - Size and Shape

Given A B
and Cs————[)

If the measurements of AB and CD
are equal, then we say that AB and
CD are congruent.

Congruence is denoted as follows:
AB=CD
= > Congruent

Angles, triangles, and polygons can
also be congruent.

HE

GEO005-02
Lecture 5: Page 2
Examples:
A i F
5 5
E

ZABC = ~DEF

A B D E
AABC = ADEF

NE




Lecture 6 Notes

GEOO006-01 GEOO006-02
Lecture 6; Inductive Reasoning Lecture 6: Page 2
Example 1: Given the following Example 2: Given a rope, study the

triangles, - following data and look for a pattern.
Notice that each time the rope is cut,
4 @m—' h 307~ the number of pieces increases by 1.
(]
L
A 60°A

Cuts (C) | Pieces (P)

1

0
we can use inductive reasoning 1 2
to make an assumption: “The sum of 2 3
all angles in every triangle is 180°". 3 4
C P=C+1
Inductive Reasoning; Therefore, the true conjecture found
(FParticular Examplas -+ General Conclusion) by inductive reasoning is P =C + 1,
HE ™




Lecture 7 Notes

GEOO007-01

Lecture 7: Deductive Reasoning

Deductive Reasoning: The
process of using facts, rules,
definitions or properties in logical
order to reach a conclusion.

Venn Diagrams
Example 1: All

D

All triangles are polygons.

NF
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Example 2:  Some

SE>=»

Some of the regular polygon are
triangles.

Example 3. Mo

o>

Mo triangles and no squares,

GEOO007-03
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Example 4: And

Also called “intersection” or “overlap”.

&>

A square is a rectangle and a
regular figure.
Example 5: Or
Also called the union of two sets.

4 ;
- figure is either a straight figure or
a curve.

>




Lecture 8 Notes

GEOO008-01

Lecture &: If-Then Statements and Truth
Tables

An implication is a statement having

the form, If . then
T o T
hypothesis conclusion
AND

P|Q |[PandQ

T| T T

T | F IS

FI| T F

FIF F

For an “and" statement to be true,
both parts must be true.

TH
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OR

o
=]
=
0

mm - A |?
m = T (D
m 444 A

The only time an “or" statement is
false is when both parts are false.

TH
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IMPLICATION
P | Q |IfP, then Q
T|T T
T|F F
FIT T
FILF T

Implications are always true unless
proven false.

If you have a false hypothesis, then
your implication is true because you
haven't proven your implication to be
false,

TH




Lecture 9 Notes

GEOO009-01

Lecture 9: Converse

First, let's review implications:
PlalIfP, then Q
T|T T

T|F F
F|T T
FIF T

If you cut a pizza c times, then the
number of pieces is 2c.

s
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Lecture 9; Page 2

If all the cuts are made through the
center, then yes! But if the 3 cuts
were made in random places, there
could be 7 pieces.
P
A
o E

LI S ]

e
4
2

In this example, the hypothesis is true,
but the conclusion is false. We have cut
the pizza 3 times, however, we did not
get six piecas, we got severn,

TH

GEOO009-03
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In an implication, if the hypothesis
is true and the conclusion is false, the
implication is false. This is called a
counterexample.

Counterexample: Example in
which the hypothesis is true, bul the
conclusion is false. Thus the whole
implication is false.

Implication Converse
P|Q]IfP,then Q |If Q, then P
TIT T T
T|F F T
FIT T F
FIF T T

GEOO009-04
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Example: All of my band students
have good grades.

Rephrasing this as an if-then stalement:
If you are in band, then you'll get
good grades.

Converse: If you want to get good
grades, then you ought to be in band,

These two statements are not saying
the same thing.

10



Lecture 9 Notes, Continued

GEOO009-05

Lecture 9; Page 5

Statement: If this animal is a collie,
it is a dog.

Converse: If this animal is a dog,
then it is a collie.

Statement: If P, then Q.
Converse: If Q, then P.

It is possible for an implication to be
true while its converse may not be true.

Remember, if the statemant is
expressed in the form “If P, then Q7,
the converse is “If Q, then P".

11



Lecture 10 Notes

GEOO010-01

Lecture 10: Inverse

The term "not” indicates negation.
P | NotP

Statement: If P, then Q.
Inverse: If not P, then not Q.

If P, Ifnot P,
P |G | then Q | Mot P | Mot Q| then not O
TIT T F F T
T|F| F F T T
FIT| T T F F
F|F T T T T

GEO010-02

Lecture 10: Page 2

A converse switches the hypothesis
and the conclusion, while the inverse
places the word “not” in front of the
hypothesis and conclusion.

12




Lecture 11 Notes

GEOO011-01

Lecture 11: Contrapositive

Implication: If P, then &.

Converse: If Q, then P.

Inverse; If not P, then not Q.
Contrapositive: If not Q, then not P,

IFP, If not G,
FlQ |Not P | Not Q| then Q | then not P
T(T| F F T T
T{F| F T F F
F|T T F T T
FIF| T T T T

An implication and its contrapositive
are equivalent statements.

13



Lecture 12 Notes

GEO012-01

Lecture 12; Postulates and Proofs

"Every Friday we will have a guiz."
-- by deductive reasoning

We can rewrite the above statement
in the form of an implication: “If it is
Friday, then we will have a quiz."

Now, suppose you are given two
points, P and Q. How many lines can
be drawn to connect P and Q7 Only
ane line, This is known as a postulate,

A postulate is a very basic
statement that we assume to be true.

GEO012-02

Lecture 12; Page 2
Using postulates, by deductive
reasoning, we prove theorems,
A theorem is proved to be true
using deductive reasoning.

Example 1: Algebraic Proof

Prove: If 2¢+ 3 =11, then x = 4.

Proof:
Statements | Reasons
1. 2x+3=11 1. Given
2. 2x=8 2. Subfract 3
3. x=4 3. Divide by 2

GEOO012-03

Lecture 12; Page 3
Example 2: Geometric Proof

Prove: If M is the midpoint of
AB, then AM = ZAB,

A M B

Proof:
Statements Reasons
1. Mis a midpaint | 1. Given
2. AM+MBE=AE | 2 Postulate
3. AM=MB 3. Definition of Midpaint
4, AM+AM=AE | 4 Substitution
5. 28M = AB 5_ Algebra-Addition
6. AM= ;—AB 6. Algebra—Division by 2

AR

14



Lecture 13 Notes

GEOO013-01

Lecture 13:; Introduction to
Transformation

Transform means to change.
Impartant applications of geometry in
1) Art
2] Architecture
3) Computer Graphics

Four types of Transformations:
Reflection
Mirrar an object

=3

FI=|

GEO013-02
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Translation

Slide an object

F=>F

Rotation
Turn an object

=)

\Va

Dilation
Reduce or enlarge the object

F%F

15



Lecture 14 Notes

GEO014-01

Lecture 14 Reflection
Reflections Around a Line

To find the reflection of a point, P,
about a line, |, draw a line from P
perpendicular to |, Continue this line
the same distance an the other side
of |. This point is P' {read P-prime).
P, the reflected point, is called an

GEO014-02

Lecture 14; Page 2

To draw the reflection of an object,
reflect it one point at a time.
Reflect A to A, B to B', and C to C":
A A
B '-:-} (image)
C 93

Lecture 14: Page 3

A A
B '-3} (imaga)
c c'

If you travel around the original
triangle from points A to B to C,
you travel in a counter-clockwise
direction.

If you travel around the image from
points A' to B' to C', you travel in a
clockwise direction.

These two triangles have different
orientations.

image. 1} Reflection has preserved:;
P (image) - length of sides
- measure of angles
P 2) Reflection has changed:
| - orientation
EX
GEO014-03 GEO014-04

Lecture 14: Page 4

{1, 3) 2.3)

(2.2}
(1, 1)

Example 1: Reflect the flag shown

above about the y-axis.

i
. -1,3) 4 (1,3}
(-2, 3) 1 (. 3)

image (-2, 2) S (2, 2)
(SR ERE )]

TH

16



Lecture 14 Notes, Continued

GEO014-05 GEO014-06
Lecture 14: Page 5 Lecture 14: Page 6
Example 2: Reflect the same flag Reflections can be performed
about the x-axis. around any line.

Example 3: Reflect this same flag
about the line y = -x,

image 1“_“1’“"

17



Lecture 15 Notes

GEOO015-01

Lecture 15 Rotation

Suppose we were to reflect an object

twice:
First, reflect the abject around the
y-axis. Y

A \A
q[P
Mext, reflect this image about the x-axis.
s I.lril

AP
o

All

= X

A

X

EB

GEO015-02
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/'\.y

A'q |j A

Can we transform A directly to A™
in one step? Yes! This process is
known as rotation.

How do we transform A to A™ in ane
step?

Rotate it 180° (two reflections).

EB

GEOO015-03

Lecture 15 Page 3

We can also rotate around the point
of intersection of two lines:

o
Rotation b/‘

EB

GEO015-04

Lecture 15: Page 4

Example: Rotate the sguare ABCD
90° to obtain A' B* C* DA‘.

1 -
'I')'

Rotation preserves
- lengths of sides
- measures of angles
- grientation

EB

18



Lecture 16 Notes

GEOO016-01

Lecture 16; Translation

Rotation is the composition of two
reflections. A rotation occurs around
intersecting lines.

What happens if you reflect an
object around one line and then reflact
it around another line that doesn't
intersect the first?

To get from A to A", just slide the
object over. This is called translation.

GEO016-02

Lecture 16; Page 2
In translation, length, angle, and
orientation are preserved. The only

thing that changes is the location,

Example 1: Translate this flag 5 units

Ta find the new coordinates,
subtract 5 from the y-coordinate of
the original point: {1 - 5) = -4.

GEOO016-03

Lecture 16:; Page 3

The x-coordinate didn't change. So
the coordinates of the translated point
are (1, -4).

To translate an object:

- Down: Subtract from the y-coordinate
- Up: Add to the y-coordinate

- Right: Add to the x-coordinate

- Left: Subtract from the x-coordinate

We can translate any combination of
directions. Translation is the simplast
of all transformations.

GEOO016-04
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Example 2: Translate this flag 5 units
left and 2 units up.

/A"““‘“\
=4.3)
Af.lﬂ

2 units{

{—d—d—l—o—o—o—:s—o—o—q—dH

3 units

L3

To maove this object 5 units to the
left, subtract 5 from the x-coordinate
of the original. Thus, an x-coordinate
of 1in the ariginal object, becomes
1-5=-4in the translated object.

19



Lecture 16 Notes, Continued

GEOO016-05

Lecture 16; Page 5

Proceed similarly to calculate the
y-coordinate of the translated object.

Since we translated the flag two units
up, we need to add 2 to the original
y-coordinate, Thus, a y-coordinate
of 1in the original object becomes
1+ 2 = 3in the translated object.

Therefare, the point (1, 1) in the
original object becomes (-4, 3)in the
translated object.

20



Lecture 17 Notes

GEOO017-01

Lecture 17: Vectors

Let's say you are playing football
and you are hit in two different
directions, ‘x_f:'and W at the same
time.

What direction will you go?

GEOQ017-02

Lecture 17: Page 2

Suppose that the engines of a plane
are lrying to push it in one direction
and the wind is trying to push it another.
What direction will the plane fly?

Lecture 17: Page 3

Geometrically, we can determine
the sum of two vectors as follows:

<l
=

1) Draw a line parallel to W at the
=
top of V:

HE

E
T E+W
— — —_—
W+ W You will go in the W
i — — —_— — —
? W o+ VW direction. E = W is the sum of vectors E and W.
e
W (This is also called the resultant
vector.)
— e
Mote: WV and W represent vector V The plane will fly in the direction of
and vector W. E+ W,
RA RE
GEOO017-03 GEOO017-04

Lecture 17: Page 4

2) Draw a line parallel to "._-'}at the
Y
top of W,

HE

21



Lecture 17 Notes, Continued

GEOO017-05

Lecture 17: Page 5

3) Draw the sum of V + W from the
tail to the intersection of these
two parallel lines:

W+ W

Another way to determine the sum
of two vectors is using a coordinate
system. This method is illustrated in
the following example.

HE

GEOQ017-06
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Example 1; Find the sum of these
vectors.

¥
-2, 12)

Add the x-coordinates together;
x=6+(-2)=4

Add the y-coordinates together:
y=1+12=13

RA

GEOO017-07

Lecture 17: Page 7

Therefore, the sum of these two
vectors is (4, 13).

-2, 12) p o (4,13)

] l e K

A vector has
1) a magnitude (distance)
2) a direction.

A vector is a translation.

RA

22



Lecture 18 Notes

GEO018-01

Lecture 18: Dilations

Dilation is to make something larger
or smaller.

Associated with every dilation is a
magnitude,

- A dilation of magnitude 2 results in
an object twice as big.

- A dilation of magnitude 1 results in
an object half as big.

HCE

GEO018-02
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Example 1:; Given the following triangle,
perform a dilation of magnitude 3
centered at the point P shown below.

Draw a line through P to B,
Extend this line this same distance

2 more times.
3 =times

HCE

GEOO018-03
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Proceed similarly from P to each
of tha other vartices of AABC,

B

Mote that dilations do not preserve
distance.
Dilations do preserve
-angle measures and
-orientation.

HCE

GEOO018-04
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Example 2: Given the same triangle
used in Example 1, perform a
dilation of magnitude 3 centered
around paoint Q.

P

This time C is inside the triangle.
(Any point can be chosan,)

Repeat the same process used
in Example 1:

HCE

23



Lecture 18 Notes, Continued

GEOO018-05

Lecture 18: Page 5

Example 3: Perform a dilation of
magnitude 3 centered around the
origin of an x-y coordinate system.

¥

(1.3} 2 3

(1,2)% 2

(1.1)

=t bttt
VL 1. 2 3 4 35 6
Starting at the origin, draw a line to
point {1, 1). Extend this line the same
distance two more times to point (3, 3).

R 5 % T -

HCE

GEO018-06

Lecture 18: Page B

j"
Tuaes
34 —— »{3.3)
2-- r
A
“—t — f 1 + 1 } W
k 1 2 3 4 5 B

Motice that we are performing a
dilation of magnitude 3. Also notice
that if we take 3 times the original
x-coordinate, we get 3. Similarly, 3
times the original y-coordinate is 3.
Thus {1, 1} becomes (3, 3) for the
dilated object.

GEOO018-07
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Proceed similarly for all the other
points on this object.

{1, 1) —={3. 3) Dilation of

(1, 3)—(3, 9] magnitude 3:
(2. 3) = (5, 9) multiply x and
{1, 2) —(3,6) y coordinates

{2, 2) —» (6, 6) by 3.

Thusg, to find the coordinates of
a dilated object, multiply the x and
y coordinates by the magnitude of
dilation.

GEOO018-08
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gl (3, 8) 6, 9)
84
- 1
6+ (3. 6) (6. 6)
51
4 (1,3) (2, 3)
3+ 4(3,3)
T _r_m}f'?- 2
YT A
< > x
v 1 2 3 4 5 8B
HE

24



GEOO019-01

Lecture 1% Tessellations

by repeating figures of the same
size and shape to entirely cover a
plane without gaps or overlaps.
(The shapes are reflected over and
over again.)

What shapes of tiles can be use to
cover a floor?

a) Triangles? Yes!

Tessellations — Tiled patterns created

Lecture 19 Notes

GEO019-02

Lecture 19; Page 2

b) Pentagons? Mol

It is impossible to tile a floor with
pentagon-shaped tiles.

c) Sguares? Yes!

2

GEOO019-03

Lecture 19; Page 3

d) Hexagons? Yes!

A common tessellation found in
nature is based upon the hexagon.
An example is honeycomb.

We will study tessellations of
regular objects,

25




Lecture 20 Notes

GEO020-01

GEOO020-03

Lecture 20: Page 3

Objects can also have rotational
symmetry. These objects can be
rotated to give the same object that
you started with.

The letter £ does not have vertical
or harizontal symmetry. It does,
however, have rotational symmetry.

7'~ 7

its center point, you get an identical £
back,

If you rotated the letter Z 180° about

KH

GEO020-02

Lecture 20: Page 2

PIRg R S .
|

A rectangle is a symmetrical object
that has both a horizontal and a
vertical line of symmetry.

A;f. 1 line of symmetry
@" 2 lines of symmetry

x_ 4 lines of symmetry

KH

GEOO020-04
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A square has both reflectional and
rotational symmelry .

421~ 4lines of symmetry

“

A circle has an infinite number of
lines of reflection and angles that you
can rotate it about,

L
e

- ‘,:_ infinite number of
= - lines of symmetry

KH

26



Lecture 21 Notes

GEO021-01 GEO021-02
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Lecture 22 Notes

GEO022-01 GEO022-02

GEOO022-03 GEOO022-04
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Lecture 22 Notes, Continued

GEO022-05
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Lecture 23 Notes

GEO023-01 GEO023-02

GEOO023-03
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Lecture 24 Notes

GEO024-01 GEO024-02
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Lecture 25 Notes

GEO025-01 GEO025-02

GEOO025-03 GEOO025-04
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Lecture 26 Notes

GEO026-01 GEO026-02

GEOO026-03 GEOO026-04
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Lecture 27 Notes

GEO027-01 GEO027-02

GEOO027-03 GEOO027-04
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Lecture 28 Notes

GEO028-01 GEO028-02

GEOO028-03 GEOO028-04
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Lecture 29 Notes

GEO029-01 GEO029-02
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Lecture 30 Notes

GEO030-01 GEOO030-02

GEOO030-03
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Lecture 31 Notes

GEO031-01 GEOO031-02

GEOO031-03 GEOO031-04
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Lecture 31 Notes, Continued

GEOO031-05

39



Lecture 32 Notes

GEO032-01 GEO032-02

GEOO032-03 GEOO032-04
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Lecture 32 Notes, Continued

GEO032-05 GEO032-06
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Lecture 33 Notes

GEO033-01 GEO033-02

GEOO033-03 GEOO033-04
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Lecture 34 Notes

GEO034-01 GEO034-02

GEOO034-03 GEOO034-04
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Lecture 34 Notes, Continued

GEO034-05
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Lecture 35 Notes

GEO035-01 GEO035-02

GEOO035-03 GEOO035-04
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Lecture 36 Notes

GEO036-01 GEO036-02

GEOO036-03
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Lecture 37 Notes

GEO037-01 GEOO037-02

GEOO037-03
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Lecture 38 Notes

GEO038-01 GEO038-02

GEOO038-03 GEOO038-04
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Lecture 38 Notes, Continued

GEO038-05 GEOO038-06
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Lecture 39 Notes

GEO039-01 GEO039-02
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Lecture 40 Notes

GEO040-01 GEO040-02

GEOO040-03 GEOO040-04
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Lecture 41 Notes

GEO041-01 GEO041-02

GEOO041-03 GEOO041-04
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Lecture 41 Notes, Continued

GEO041-05 GEO041-06
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Lecture 42 Notes

GEO042-01 GEO042-02

GEOO042-03 GEOO042-04
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Lecture 42 Notes, Continued

GEO042-05 GEO042-06

GEOO042-07 GEOO042-08
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Lecture 42 Notes, Continued

GEO042-09 GEO042-10
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