Introduction to Methods of Applied Mathematics
or
Advanced Mathematical Methods for Scientists and Engineers

Sean Mauch

April 8, 2002



Contents

Anti-Copyright xxiii
Preface XXiv
0.1 Advice to Teachers . . . . . . . . . XX1V
0.2 Acknowledgments . . . . . . L XXiv
0.3 Warnings and Disclaimers . . . . . . . . XXV
0.4 Suggested Use . . . . . . . . e XXVi
0.5 About the Title . . . . . . . XXVi
| Algebra 1
1 Sets and Functions 2
1.1 Sets o o s 2
1.2 Single Valued Functions . . . . . . . . . . e 4
1.3 Inverses and Multi-Valued Functions . . . . . . . . . . . . . . 5
1.4 Transforming Equations . . . . . . . . . . L 9
1.5 EXErcises . . . . . . s 11
1.6 Hints . . . . e 15
1.7 Solutions . . . . . 16



2

Vectors

2.1 Vectors . . . . . e
2.1.1 Scalars and Vectors . . . . . . . L
2.1.2  The Kronecker Delta and Einstein Summation Convention . . . . . . . . . . . . . ... ....
2.1.3 The Dot and Cross Product . . . . . . . . . . . . .

2.2 Sets of Vectors in n Dimensions . . . . . . . . ...

2.3 EXErCises . . . . . . .

2.4 Hints . . . .

2.5 Solutions . . . . L

Calculus

Differential Calculus

3.1 Limitsof Functions. . . . . . . . .
3.2 Continuous Functions . . . . . . . .
3.3 The Derivative . . . . . . . .
3.4 Implicit Differentiation . . . . . . . . . L
3.5 Maximaand Minima . . . . . . . L
3.6 Mean Value Theorems . . . . . . . . . . . e
3.6.1 Application: Using Taylor's Theorem to Approximate Functions. . . . . . . . . ... ... ...
3.6.2 Application: Finite Difference Schemes . . . . . . . . . . . ... ... ... .. .. ...
3.7 L'Hospital's Rule . . . . . . . . e
3.8 EXercises . . . . .o
3.9 Hints . . . .
3.10 Solutions . . . . .
Integral Calculus
4.1 The Indefinite Integral . . . . . . . . . e
4.2 The Definite Integral . . . . . . . . . e

i

22
22
22
25
26
33
36
38
40



4.3
4.4

4.5
4.6
4.7
4.8

421 Definition . . . . . e
422 Properties . . . ... e
The Fundamental Theorem of Integral Calculus . . . . . . . . . .. ... ... ... ... .......
Techniques of Integration . . . . . . . . . e
441 Partial Fractions . . . . . . . L
Improper Integrals . . . . . . . L
Exercises . . . . .o e
Hints . . . . e
Solutions . . . . . e

5 Vector Calculus

51
5.2
5.3
54
55

Vector Functions . . . . . . . . .
Gradient, Divergence and Curl . . . . . . . . . e
Exercises . . . . . e
Hints . . . s
Solutions . . . . . L

IIl Functions of a Complex Variable

6 Complex Numbers

6.1
6.2
6.3
6.4
6.5
0.6
6.7
6.8
6.9

Complex Numbers . . . . . . . . .
The Complex Plane . . . . . . . . . e
Polar Form . . . . . . s
Arithmetic and Vectors . . . . . . . . . e
Integer Exponents . . . . . . e
Rational Exponents . . . . . . . . e
Exercises . . . . . L
Hints . . . o e
Solutions . . . . . . L e

il



7 Functions of a Complex Variable

7.1 Curves and Regions . . . . . . . .
7.2 The Point at Infinity and the Stereographic Projection . . . . . . . . . . ... . ... ... ... ...
7.3 Cartesian and Modulus-Argument Form . . . . . . . . . ... L
7.4 Graphing Functions of a Complex Variable . . . . . . . . .. . .. . ... .. .. ...
7.5 Trigonometric Functions . . . . . . . ..
7.6 Inverse Trigonometric Functions . . . . . . . . . .. L
7.7 Riemann Surfaces . . . . . .
7.8 Branch Points . . . . . . . L e
7.9 EXercises . . . . . . . e
7.10 Hints . . . . L e
7.11 Solutions . . . . . ..

8 Analytic Functions

8.1 Complex Derivatives . . . . . . . . .
8.2 Cauchy-Riemann Equations . . . . . . . . . .
8.3 Harmonic Functions . . . . . . . . e
8.4 Singularities . . . . . .

8.4.1 Categorization of Singularities . . . . . . . . . ...

8.4.2 lIsolated and Non-Isolated Singularities . . . . . . . . . .. ... ...
8.5 Application: Potential Flow . . . . . . . . . . . .
8.6 EXercises . . . . . . e
8.7 Hints . . . . . e
8.8 Solutions . . . . .. e

9 Analytic Continuation

9.1 Analytic Continuation . . . . . . . . L
9.2 Analytic Continuation of Sums . . . . . . . L
9.3 Analytic Functions Defined in Terms of Real Variables . . . . . . . . ... ... ... ... ......

9.3.1 Polar Coordinates . . . . . . . . . e

v



9.3.2 Analytic Functions Defined in Terms of Their Real or Imaginary Parts . . . . . . .. ... ... 432

0.4 EXercises . . . . . .. e 436
9.5 Hints . . . . e 438
0.6 Solutions . . . . . .. 439
10 Contour Integration and the Cauchy-Goursat Theorem 444
10.1 Line Integrals . . . . . . . . e 444
10.2 Contour Integrals . . . . . . . . . e 446
10.2.1 Maximum Modulus Integral Bound . . . . . . . . . ... 449

10.3 The Cauchy-Goursat Theorem . . . . . . . . . . . . e 450
10.4 Contour Deformation . . . . . . . . . e 452
10.5 Morera's Theorem. . . . . . . . . . e 453
10.6 Indefinite Integrals . . . . . . . . e 455
10.7 Fundamental Theorem of Calculus via Primitives . . . . . . . . . ... ... ... ... ... ..... 456
10.7.1 Line Integrals and Primitives . . . . . . . . . . . 456
10.7.2 Contour Integrals . . . . . . . . L 456

10.8 Fundamental Theorem of Calculus via Complex Calculus . . . . . . . . .. ... ... ... ... ... 457
1009 EXercises . . . . . . o 460
10.10HInts . . . . o e 464
10.11Solutions . . . . . . e 465
11 Cauchy’s Integral Formula 475
11.1 Cauchy's Integral Formula . . . . . . . . . . . . 476
11.2 The Argument Theorem . . . . . . . . . . . e 483
11.3 Rouche's Theorem . . . . . . . . . L e 484
11.4 EXErCISES . . . o v v o e e e 487
115 Hints . . . o o e 491
11.6 Solutions . . . . . . . L e 493



12 Series and Convergence 508

12.1 Series of Constants. . . . . . . . . . . L e 508
12.1.1 Definitions . . . . . . . e 508
12.1.2 Special Series . . . . . e 510
12.1.3 Convergence Tests . . . . . . . . . e 512

12.2 Uniform Convergence . . . . . . . . . e 519
12.2.1 Tests for Uniform Convergence . . . . . . . . . . . . . . 520
12.2.2 Uniform Convergence and Continuous Functions. . . . . . . . . .. .. ... ... ... .... 522

12.3 Uniformly Convergent Power Series . . . . . . . . . . . . . 523

12.4 Integration and Differentiation of Power Series . . . . . . . . . ... Lo L 530

12,5 Taylor Series . . . . . . L 533
12.5.1 Newton's Binomial Formula. . . . . . . . . . . .. 536

12.6 Laurent Series . . . . . . L 538

12.7 EXercises . . . . . . e 543

128 Hints . . . . . o e 558

12.9 Solutions . . . . . . L e 567

13 The Residue Theorem 614

13.1 The Residue Theorem . . . . . . . . . . . e 614

13.2 Cauchy Principal Value for Real Integrals . . . . . . . . . . .. .. ... ... . . ... 622
13.2.1 The Cauchy Principal Value . . . . . . . . . . . . 622

13.3 Cauchy Principal Value for Contour Integrals . . . . . . . . . . . .. .. ... ... .. .. ...... 627

13.4 Integrals on the Real Axis . . . . . . . . . 631

13.5 Fourier Integrals . . . . . . . L 635

13.6 Fourier Cosine and Sine Integrals . . . . . . . . . . . L 637

13.7 Contour Integration and Branch Cuts . . . . . . . . . . . . . .. . . ... 640

13.8 Exploiting Symmetry . . . . . . L 643
13.8.1 Wedge Contours . . . . . . . . . 643
13.8.2 Box Contours . . . . . . .. e 646

13.9 Definite Integrals Involving Sine and Cosine . . . . . . . . . . . . ... 647

vi



13.10Infinite SUMS . . . . . s, 650

13.11EXErCiSEs . . . o v v o e 655
13 12HInts . . . . o e 669
13.13Solutions . . . . .. e 675
IV Ordinary Differential Equations 761
14 First Order Differential Equations 762
14.1 Notation . . . . . . . . e 762
14.2 One Parameter Families of Functions . . . . . . . . . . . . .. . . ... ... 764
14.3 Exact Equations . . . . . . . L 766
14.3.1 Separable Equations . . . . . . . . . . 771
14.3.2 Homogeneous Coefficient Equations . . . . . . . . . . . . .. . ... 73

14.4 The First Order, Linear Differential Equation . . . . . . . . . . . . . ... ... .. ... ....... it
14.4.1 Homogeneous Equations . . . . . . . . . . L T
14.4.2 Inhomogeneous Equations . . . . . . . . .. 779
14.4.3 Variation of Parameters. . . . . . . . . . . . 782

14.5 Initial Conditions . . . . . . . . L e 782
14.5.1 Piecewise Continuous Coefficients and Inhomogeneities . . . . . . . . . ... ... .. .. ... 783

14.6 Well-Posed Problems . . . . . . . . . . . 788
14.7 Equations in the Complex Plane . . . . . . . . . . . . 791
14.7.1 Ordinary Points . . . . . . . . . e 791
14.7.2 Regular Singular Points . . . . . . . ... 794
14.7.3 lrregular Singular Points . . . . . . . . .. 799
14.7.4 The Point at Infinity . . . . . . . . . . . 801

14.8 Additional Exercises . . . . . . . L e 804
14.9 Hints . . . . . . e 807
14.10Solutions . . . . . . L e 810

vil



15 First Order Linear Systems of Differential Equations

15.1 Introduction . . . . . . L e
15.2 Using Eigenvalues and Eigenvectors to find Homogeneous Solutions . . . . . . . ... ... ... ...
15.3 Matrices and Jordan Canonical Form . . . . . . . . . ...
15.4 Using the Matrix Exponential . . . . . . . . . . .
15.5 Exercises . . . . . . e
15.6 Hints . . . . . . e
15.7 Solutions . . . . . . L e
16 Theory of Linear Ordinary Differential Equations

16.1 Exact Equations . . . . . . L
16.2 Nature of Solutions . . . . . . . . L
16.3 Transformation to a First Order System . . . . . . . . . . . . . ...
16.4 The Wronskian . . . . . . . . . . e e

16.4.1 Derivative of a Determinant. . . . . . . . . . ..

16.4.2 The Wronskian of a Set of Functions. . . . . . . . . . . . .. ... .. .. ... ... .. ...

16.4.3 The Wronskian of the Solutions to a Differential Equation . . . . . . . .. .. ... ... ...
16.5 Well-Posed Problems . . . . . . . . . . e
16.6 The Fundamental Set of Solutions . . . . . . . . . . . . . ...
16.7 Adjoint Equations . . . . . L L e
16.8 Additional Exercises . . . . . . . L e
16.9 Hints . . . . o e
16.10Solutions . . . . . .o e

17 Techniques for Linear Differential Equations

17.1 Constant Coefficient Equations . . . . . . . . . . . . .

17.1.1 Second Order Equations . . . . . . . . . . . . . e

17.1.2 Higher Order Equations . . . . . . . . . . . . .

17.1.3 Real-Valued Solutions . . . . . . . . . . . e
17.2 Euler Equations . . . . . . L

viil



17.2.1 Real-Valued Solutions . . . . . . . . s 923

17.3 Exact Equations . . . . . . L L 926
17.4 Equations Without Explicit Dependenceony . . . . . . . . . . . . . ... 927
17.5 Reduction of Order . . . . . . . . . . e 928
17.6 *Reduction of Order and the Adjoint Equation . . . . . . . . . .. ... ... .. ... ........ 929
17.7 EXercises . . . . . . . e 932
17.8 Hints . . . . o e 938
17.9 Solutions . . . . . . L 941
18 Techniques for Nonlinear Differential Equations 965
18.1 Bernoulli Equations . . . . . .. 965
18.2 Riccati Equations . . . . . . . 967
18.3 Exchanging the Dependent and Independent Variables . . . . . . . . .. .. ... ... ... ..... 971
18.4 Autonomous Equations . . . . . L e 973
18.5 *Equidimensional-in-x Equations . . . . . . . . . ... 976
18.6 *Equidimensional-in-y Equations . . . . . . . . . ... 978
18.7 *Scale-Invariant Equations . . . . . . . . . .. 981
18.8 Exercises . . . . . . e 982
18.9 Hints . . . . . e 985
18.10Solutions . . . . .. L e 987
19 Transformations and Canonical Forms 999
19.1 The Constant Coefficient Equation . . . . . . . . . . . . . . . . . . 999
19.2 Normal Form . . . . . . . e 1002
19.2.1 Second Order Equations . . . . . . . . . . . . e 1002
19.2.2 Higher Order Differential Equations . . . . . . . . . . . . .. ... ... 1003

19.3 Transformations of the Independent Variable . . . . . . . . . . . . . .. ... ... 1005
19.3.1 Transformation to the form u” +a(x) u=0 . . . . . . . ... ... . ... 1005
19.3.2 Transformation to a Constant Coefficient Equation . . . . . . . . . . . ... ... ... .... 1006

19.4 Integral Equations . . . . . . . L 1008

1X



19.4.1 Initial Value Problems . . . . . . . . . 1008

19.4.2 Boundary Value Problems . . . . . . . . . . 1010
105 EXercises . . . . . . e 1013
190.6 Hints . . . . . . e 1015
190.7 Solutions . . . . . . L e 1016

20 The Dirac Delta Function 1022
20.1 Derivative of the Heaviside Function . . . . . . . . . . . . . ... . ... 1022
20.2 The Delta Function asa Limit . . . . . . . . . . . . e 1024
20.3 Higher Dimensions . . . . . . . . . . L 1026
20.4 Non-Rectangular Coordinate Systems . . . . . . . . . . . . . .. 1027
20.5 EXercises . . . . . .o e 1029
20.6 Hints . . . . . . e 1031
20.7 Solutions . . . . . e 1033
21 Inhomogeneous Differential Equations 1040

21.1 Particular Solutions . . . . . . L 1040
21.2 Method of Undetermined Coefficients . . . . . . . . . . . . . . . . . .. 1042
21.3 Variation of Parameters . . . . . . . . .. 1046

21.3.1 Second Order Differential Equations . . . . . . . . . . . . .. .. ... 1046

21.3.2 Higher Order Differential Equations . . . . . . . . . . . .. ... .. 1049
21.4 Piecewise Continuous Coefficients and Inhomogeneities . . . . . . . . . ... .. ... .. ... .... 1052
21.5 Inhomogeneous Boundary Conditions . . . . . . . . . . . 1055

21.5.1 Eliminating Inhomogeneous Boundary Conditions . . . . . . . . . .. .. ... ... ...... 1055

21.5.2 Separating Inhomogeneous Equations and Inhomogeneous Boundary Conditions . . . . . . . .. 1057

21.5.3 Existence of Solutions of Problems with Inhomogeneous Boundary Conditions . . . . . . . . .. 1058
21.6 Green Functions for First Order Equations . . . . . . . . . . . . . . .. . ... ... 1060
21.7 Green Functions for Second Order Equations . . . . . . . . . . . .. . ... 1063

21.7.1 Green Functions for Sturm-Liouville Problems . . . . . . . . . ... ... ... ... ... 1073

21.7.2 Initial Value Problems . . . . . . . . .. 1076



22

23

21.7.3 Problems with Unmixed Boundary Conditions . . . . . . . . . .. .. ... ... ... ..... 1078

21.7.4 Problems with Mixed Boundary Conditions . . . . . . . . . ... .. ... ... ........ 1081
21.8 Green Functions for Higher Order Problems . . . . . . . . . . .. . ... ... ... ... .. ..., 1085
21.9 Fredholm Alternative Theorem . . . . . . . . . . . . . 1090
21L.10EXercises . . . . .. 1098
2L1THINtS . . . o e 1104
2L.12S0lutions . . . . L e 1107
Difference Equations 1145
22.1 Introduction . . . . . . L e 1145
22.2 Exact Equations . . . . .. L 1147
22.3 Homogeneous First Order . . . . . . . . . . . e 1148
22.4 Inhomogeneous First Order . . . . . . . . . . 1150
22.5 Homogeneous Constant Coefficient Equations. . . . . . . . . . . ... . ... ... ... ... 1153
22.6 Reduction of Order. . . . . . . . . 1156
22.7 Exercises . . . . .. 1158
22.8 Hints . . . . . L e 1159
22.9 Solutions . . . . . L e 1160
Series Solutions of Differential Equations 1163
23.1 Ordinary Points . . . . . . . L 1163
23.1.1 Taylor Series Expansion for a Second Order Differential Equation . . . . . . .. .. ... ... 1167
23.2 Regular Singular Points of Second Order Equations . . . . . . . . . .. . ... ... ... ... ... 1177
23.2.1 Indicial Equation . . . . . . . . 1180
23.2.2 The Case: Double Root . . . . . . . . . . . 1182
23.2.3 The Case: Roots Differ by an Integer . . . . . . . . . . .. ... 1186
23.3 lrregular Singular Points . . . . . . . L 1196
23.4 The Point at Infinity . . . . . . . . . 1196
23.5 Exercises . . . ..o 1199
23.6 Hints . . . . . . e 1204

X1



23.7 Solutions . . . . ...

24 Asymptotic Expansions

25

26

24.1 Asymptotic Relations . . . . . ... .. ... ..
24.2 Leading Order Behavior of Differential Equations .
243 Integration by Parts . . . . .. .. ...
24.4 Asymptotic Series . . . . ... ... L.
24.5 Asymptotic Expansions of Differential Equations .

24.5.1 The Parabolic Cylinder Equation. . . . . .

Hilbert Spaces

25.1 Linear Spaces . . . . ... .. .. ... .....
25.2 Inner Products . . . . . .. ... ... ... ...
253 Norms . . . . . . .. ...
25.4 Linear Independence. . . . . . . . ... ... ...
25.5 Orthogonality . . . . ... .. ... .. .....
25.6 Gramm-Schmidt Orthogonalization . . . . . . . .
25.7 Orthonormal Function Expansion . . . . ... ..
25.8 Sets Of Functions . . . . ... ... .. .....
25.9 Least Squares Fit to a Function and Completeness
25.10Closure Relation . . . . . ... ... ... ....
25.11Linear Operators . . . . . . .. ... ... ....
25.12Exercises . . . . . ...
25 13Hints . . . . ..
25.14Solutions . . . . ...

Self Adjoint Linear Operators

26.1 Adjoint Operators . . . . . .. ... ... ....
26.2 Self-Adjoint Operators . . . . . .. .. ... ...
26.3 Exercises . . . . . ..o

xii



20.4 Hints . . . .
26.5 Solutions . . . . . .,

27 Self-Adjoint Boundary Value Problems
27.1 Summary of Adjoint Operators . . . . . . . . . . e
27.2 Formally Self-Adjoint Operators . . . . . . . . . . . e
27.3 Self-Adjoint Problems . . . . . . . ..
27.4 Self-Adjoint Eigenvalue Problems . . . . . . . . ..
27.5 Inhomogeneous Equations . . . . . . . .
27.6 EXercises . . . . . . . e
27.7 Hints . . . . L e e
27.8 SolUtions . . . . . L e

28 Fourier Series
28.1 An Eigenvalue Problem. . . . . . . . ..
28.2 Fourier Series. . . . . . L
28.3 Least Squares Fit . . . . . . . . L
28.4 Fourier Series for Functions Defined on Arbitrary Ranges . . . . . . . . . . . .. ... .. ... ....
28.5 Fourier Cosine Series . . . . . . . . . .
28.6 Fourier Sine Series . . . . . . L e
28.7 Complex Fourier Series and Parseval's Theorem . . . . . . . . . . . . .. . ... ... ... ......
28.8 Behavior of Fourier Coefficients . . . . . . . . . . . . .
28.9 Gibb's Phenomenon . . . . . . .. Lo
28.10Integrating and Differentiating Fourier Series . . . . . . . . . . . ...
28.11Exercises . . . . ..
28.12HInts . . . oL
28.13Solutions . . . . . L L

29 Regular Sturm-Liouville Problems
29.1 Derivation of the Sturm-Liouville Form . . . . . . . . . . . . ... ..

xiil



29.2 Properties of Regular Sturm-Liouville Problems . . . . . . . . ... ... ..o
29.3 Solving Differential Equations With Eigenfunction Expansions . . . . . . . . . . ... ... ... ...
204 EXercises . . . . . ...
295 Hints . . . . . L
20.6 Solutions . . . . . L

30 Integrals and Convergence
30.1 Uniform Convergence of Integrals . . . . . . . . . . . .
30.2 The Riemann-Lebesgue Lemma . . . . . . . . . . . . e
30.3 Cauchy Principal Value . . . . . . . .
30.3.1 Integrals on an Infinite Domain . . . . . . . ...
30.3.2 Singular Functions . . . . . .. L L

31 The Laplace Transform

31.1 The Laplace Transform . . . . . . . . . . .
31.2 The Inverse Laplace Transform . . . . . . . . . . . e

31.2.1 ji(s) with Poles . . . o o o

31.2.2 f(s) with Branch Points . . . . . . . . . . .

31.2.3 Asymptotic Behavior of f(s) . . . . .. ...
31.3 Properties of the Laplace Transform . . . . . . . . . . . . . . . ...
31.4 Constant Coefficient Differential Equations . . . . . . . . . . . . . . .. ... .. ... ... ...,
31.5 Systems of Constant Coefficient Differential Equations . . . . . . . . .. ... ... ... .. .....
31.6 EXercises . . . . . .o e
317 Hints . . . . e
31.8 Solutions . . . . . . e

32 The Fourier Transform
32.1 Derivation from a Fourier Series . . . . . . . . .
32.2 The Fourier Transform . . . . . . . . . .
32.2.1 AWord of Caution . . . . . . . .

Xiv



32.3 Evaluating Fourier Integrals . . . . . . . . . 1524

32.3.1 Integrals that Converge . . . . . . . . . . . e 1524
32.3.2 Cauchy Principal Value and Integrals that are Not Absolutely Convergent. . . . . . . . . .. .. 1527
32.3.3 Analytic Continuation . . . . . . . L 1529
32.4 Properties of the Fourier Transform . . . . . . . . . . . . ... 1531
32.4.1 Closure Relation. . . . . . . . . 1531
32.4.2 Fourier Transform of a Derivative. . . . . . . . . . . . . . . ... ... .. 1532
32.4.3 Fourier Convolution Theorem. . . . . . . . . . . . . 1534
32.4.4 Parseval's Theorem. . . . . . . . . . e 1537
32.4.5 Shift Property. . . . . . . . 1539
32.4.6 Fourier Transform of x f(x). . . . . . . . . . 1539
32.5 Solving Differential Equations with the Fourier Transform . . . . . . . . . ... ... ... ... ... 1540
32.6 The Fourier Cosine and Sine Transform . . . . . . . . . . . . . . . . ... 1542
32.6.1 The Fourier Cosine Transform . . . . . . . . . . . . 1542
32.6.2 The Fourier Sine Transform . . . . . . . . . . 1543
32.7 Properties of the Fourier Cosine and Sine Transform . . . . . . . . . .. . ... ... .. ....... 1544
32.7.1 Transforms of Derivatives . . . . . . . . . . . 1544
32.7.2 Convolution Theorems . . . . . . . . . . . . . . e 1546
32.7.3 Cosine and Sine Transform in Terms of the Fourier Transform . . . . . . . . . . ... .. ... 1548
32.8 Solving Differential Equations with the Fourier Cosine and Sine Transforms . . . . . . .. .. ... .. 1549
32.9 EXErCiSes . . . . . . .o e 1551
32 10HINtS . . . L 1558
32.11Solutions . . . . L 1561
33 The Gamma Function 1585
33.1 Euler's Formula . . . . . . 1585
33.2 Hankel's Formula . . . . . . . . . 1587
33.3 Gauss' Formula . . . . . . 1589
33.4 Weierstrass' Formula . . . . . . . . . 1591
33.5 Stirling's Approximation . . . . . ... L 1593

XV



33.6 Exercises . . . .o, 1598

33.7 Hints . . . . . e 1599
33.8 Solutions . . . .. e 1600
34 Bessel Functions 1602
34.1 Bessel's Equation . . . . . . . . e 1602
34.2 Frobeneius Series Solution about z =10 . . . . . . . . .. ... 1603
34.2.1 Behavior at Infinity . . . . . . . . 1606

34.3 Bessel Functions of the First Kind . . . . . . . . . . . . . ... 1608
34.3.1 The Bessel Function Satisfies Bessel's Equation. . . . . . . . .. ... ... ... ....... 1609

34.3.2 Series Expansion of the Bessel Function . . . . . . .. .. ... ... .. ... ... ... 1610

34.3.3 Bessel Functions of Non-Integer Order . . . . . . . . . . . . ... ... 1613

34.3.4 Recursion Formulas . . . . . . . 1616

34.3.5 Bessel Functions of Half-Integer Order . . . . . . . . . . .. ... .. ... ... 1619

34.4 Neumann Expansions . . . . . . . L e 1620
34.5 Bessel Functions of the Second Kind . . . . . . . . . . . ... ... ... 1624
34.6 Hankel Functions . . . . . . . . . . e 1626
34.7 The Modified Bessel Equation . . . . . . . . . . . . 1626
34.8 Exercises . . . . . e 1630
349 Hints . . . . . o 1635
34.10Solutions . . . . . L 1637

V Partial Differential Equations 1660
35 Transforming Equations 1661
35.1 EXErcises . . . . . . . e 1662
35.2 Hints . . . . . e 1663
35.3 Solutions . . . . . e 1664

Xvi



36 Classification of Partial Differential Equations
36.1 Classification of Second Order Quasi-Linear Equations . . . . . . . . .. ... ... ... .. .....
36.1.1 Hyperbolic Equations . . . . . . . . . . ..
36.1.2 Parabolic equations . . . . . . . ..
36.1.3 Elliptic Equations . . . . . . . . . e
36.2 Equilibrium Solutions . . . . . . ..
36.3 EXErcises . . . . . . . e e
36.4 Hints . . . . . . . e
36.5 Solutions . . . . .o

37 Separation of Variables
37.1 Eigensolutions of Homogeneous Equations . . . . . . . . .. ... ..
37.2 Homogeneous Equations with Homogeneous Boundary Conditions . . . . . . . .. .. ... ......
37.3 Time-Independent Sources and Boundary Conditions . . . . . . . . .. . ... ... ... ... ...
37.4 Inhomogeneous Equations with Homogeneous Boundary Conditions . . . . . . . . .. ... ... ...
37.5 Inhomogeneous Boundary Conditions . . . . . . . . . ..
37.6 The Wave Equation . . . . . . . . . . .
37.7 General Method . . . . . . .
37.8 Exercises . . . . . . e e
37.9 Hints . . . . o e
37.10Solutions . . . . . L e

38 Finite Transforms
38.1 EXErcises . . . . . . . .
38.2 Hints . . . . .
38.3 Solutions . . . . . .

39 The Diffusion Equation
30.1 EXercises . . . . oo
30.2 Hints . . . . o

XVil



30.3 Solutions . . . . . L e 1815
40 Laplace’s Equation 1821
40.1 Introduction . . . . . .o e 1821
40.2 Fundamental Solution . . . . . . . . e 1821
40.2.1 Two Dimensional Space . . . . . . . . . . . 1822

40.3 EXercises . . . . ..o 1823
40.4 Hints . . . . . e 1826
40.5 Solutions . . . . L e 1827
41 Waves 1839
41.1 EXErcises . . . . . . o e 1840
41.2 Hints . . . . . 1846
41.3 Solutions . . . . . . e 1848
42 Similarity Methods 1868
42,1 Exercises . . . . . .o 1873
422 Hints . . . . o e 1874
42.3 Solutions . . . . . 1875
43 Method of Characteristics 1878
43.1 First Order Linear Equations . . . . . . . . . . . . . e 1878
43.2 First Order Quasi-Linear Equations . . . . . . . . . . . . ... 1879
43.3 The Method of Characteristics and the Wave Equation . . . . . . . . . . ... .. ... .. ...... 1881
43.4 The Wave Equation for an Infinite Domain . . . . . . . . . .. .. ... ... 1882
43.5 The Wave Equation for a Semi-Infinite Domain . . . . . . . . . . . ... ... .. ... ... ..., 1883
43.6 The Wave Equation for a Finite Domain . . . . . . . . . . .. .. ... 1885
43.7 Envelopes of Curves . . . . . . . . 1886
43.8 EXercises . . . . ... 1889
43.9 Hints . . . . . L e 1891

xviil



43.10S0lUtiONS . . . . s,

44 Transform Methods
44.1 Fourier Transform for Partial Differential Equations . . . . . . . . . . . . . . ... ... .. ......
44.2 The Fourier Sine Transform . . . . . . . . . . .
44 .3 Fourier Transform . . . . . . . . e
A4 4 EXEICISES . . o v v v i i e e e e e e s
445 Hints . . . .
44.6 Solutions . . . . . . L e

45 Green Functions
45.1 Inhomogeneous Equations and Homogeneous Boundary Conditions . . . . . . . .. ... ... ....
45.2 Homogeneous Equations and Inhomogeneous Boundary Conditions . . . . . . .. ... ... .....
45.3 Eigenfunction Expansions for Elliptic Equations . . . . . . . . . . . ... ... L
454 The Method of Images . . . . . . . . . . .
455 EXercises . . . . . .. e
45.6 Hints . . . . . L e
457 Solutions . . . . .. e

46 Conformal Mapping
46.1 Exercises . . . . . .
46.2 Hints . . . . . s
46.3 Solutions . . . . L

47 Non-Cartesian Coordinates
47.1 Spherical Coordinates . . . . . . . . . . e
47.2 Laplace's Equation ina Disk . . . . . . . . .
47.3 Laplace's Equation in an Annulus . . . . . .. L

Xix



VI Calculus of Variations 2040
48 Calculus of Variations 2041
48.1 EXErCISES . . . . . . 2042
48.2 Hints . . . . . . e 2056
48.3 Solutions . . . . L 2060
VIl Nonlinear Differential Equations 2147
49 Nonlinear Ordinary Differential Equations 2148
401 EXercises . . . . . . . . e 2149
402 Hints . . . . . 2154
40.3 Solutions . . . . . . L 2155
50 Nonlinear Partial Differential Equations 2177
50.1 Exercises . . . . . e 2178
50.2 Hints . . . . . e 2181
50.3 Solutions . . . . . . 2182
VIl Appendices 2201
A Greek Letters 2202
B Notation 2204
C Formulas from Complex Variables 2206
D Table of Derivatives 2209

XX



- I o m

-

O ® o0 2 2

Table of Integrals
Definite Integrals
Table of Sums

Table of Taylor Series

Table of Laplace Transforms

[.1  Properties of Laplace Transforms . . . . . . ... . ... ... .. .....
.2 Table of Laplace Transforms . . . . . . . . . . .. . ... ... .. .....

Table of Fourier Transforms

Table of Fourier Transforms in n Dimensions

Table of Fourier Cosine Transforms

Table of Fourier Sine Transforms

Table of Wronskians

Sturm-Liouville Eigenvalue Problems

Green Functions for Ordinary Differential Equations

Trigonometric ldentities

Q.1 Circular Functions . . . . . . . ..
Q.2 Hyperbolic Functions . . . . . . . . . .. ... ...

Bessel Functions

R.1 Definite Integrals . . . . . . . . . . . ...

xxi



S Formulas from Linear Algebra
T Vector Analysis

U Partial Fractions

V Finite Math

W Probability

W.1 Independent Events . . . . . . . . . e
W.2 Playing the Odds . . . . . . . . . . .

X Economics

Y Glossary

Xx11

2252
2253
2255
2259

2260
2260
2261

2262
2263



Anti-Copyright

Anti-Copyright @ 1995-2001 by Mauch Publishing Company, un-Incorporated.

No rights reserved. Any part of this publication may be reproduced, stored in a retrieval system, transmitted or
desecrated without permission.

xx1il



Preface

During the summer before my final undergraduate year at Caltech | set out to write a math text unlike any other,
namely, one written by me. In that respect | have succeeded beautifully. Unfortunately, the text is neither complete nor
polished. | have a “Warnings and Disclaimers” section below that is a little amusing, and an appendix on probability
that | feel concisesly captures the essence of the subject. However, all the material in between is in some stage of
development. | am currently working to improve and expand this text.

This text is freely available from my web set. Currently I'm at http://www.its.caltech.edu/"sean. | post new
versions a couple of times a year.

0.1 Advice to Teachers

If you have something worth saying, write it down.

0.2 Acknowledgments

| would like to thank Professor Saffman for advising me on this project and the Caltech SURF program for providing
the funding for me to write the first edition of this book.
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0.3 Warnings and Disclaimers

This book is a work in progress. It contains quite a few mistakes and typos. | would greatly appreciate your
constructive criticism. You can reach me at ‘sean@its.caltech.edu’.

Reading this book impairs your ability to drive a car or operate machinery.

This book has been found to cause drowsiness in laboratory animals.

This book contains twenty-three times the US RDA of fiber.

Caution: FLAMMABLE - Do not read while smoking or near a fire.

If infection, rash, or irritation develops, discontinue use and consult a physician.

Warning: For external use only. Use only as directed. Intentional misuse by deliberately concentrating contents
can be harmful or fatal. KEEP OUT OF REACH OF CHILDREN.

In the unlikely event of a water landing do not use this book as a flotation device.
The material in this text is fiction; any resemblance to real theorems, living or dead, is purely coincidental.
This is by far the most amusing section of this book.

Finding the typos and mistakes in this book is left as an exercise for the reader. (Eye ewes a spelling chequer
from thyme too thyme, sew their should knot bee two many misspellings. Though | ain’t so sure the grammar's
too good.)

The theorems and methods in this text are subject to change without notice.

This is a chain book. If you do not make seven copies and distribute them to your friends within ten days of
obtaining this text you will suffer great misfortune and other nastiness.

The surgeon general has determined that excessive studying is detrimental to your social life.
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e This text has been buffered for your protection and ribbed for your pleasure.

e Stop reading this rubbish and get back to work!

0.4 Suggested Use

This text is well suited to the student, professional or lay-person. It makes a superb gift. This text has a boquet that
is light and fruity, with some earthy undertones. It is ideal with dinner or as an apertif. Bon apetit!

0.5 About the Title

The title is only making light of naming conventions in the sciences and is not an insult to engineers. If you want to
learn about some mathematical subject, look for books with “Introduction” or “Elementary” in the title. If it is an
“Intermediate” text it will be incomprehensible. If it is “Advanced” then not only will it be incomprehensible, it will
have low production qualities, i.e. a crappy typewriter font, no graphics and no examples. There is an exception to this
rule: When the title also contains the word “Scientists” or “Engineers” the advanced book may be quite suitable for
actually learning the material.
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