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Preface

Equations and forces

Two-dimensional statistical hydrodynamics studies statistical properties of the
velocity field u(t, z) of (imaginary) two-dimensional fluid satisfying the stochas-
tic 2D Navier—Stokes equations

u(t,x) + (u, Viu — vAu+ Vp = f(t,z), divu =0,
1 o (0.1)
(u',u”), = (x1,22).

u =
Here v > 0 is the kinematic viscosity, u = u(t,x) is the velocity of the fluid,
p = p(t, x) is the pressure, and f is the density of an external force applied to the
fluid. The space variable x belongs to a two-dimensional domain, which in this
book is supposed to be bounded. Suitable boundary conditions are assumed. For
example, one may consider the case when the domain is a rectangle (0, a) x (0, b),
where a and b are positive numbers, and the equations are supplemented with
periodic boundary conditions; that is to say, the space variable & belongs to the
torus R?/(aZ @ bZ) (in the case of periodic boundary conditions we will assume
that space-meanvalues of the force f and the solution u vanish). Equations (0.1)
are stochastic in the sense that the initial condition ug = u(0, ), or the force f,
or both of them, are random, i.e. depend on a random parameter. So the
solutions u are random vector fields. The task is to study various characteristics
of u averaged in ensemble, or to study their properties which hold for most values
of the random parameter. In this book, we assume that the force is random and
refer the reader to [FMRTO01] for a mathematical treatment of the Navier—Stokes
equations with zero (or deterministic) force and random initial data.

The Reynolds number R of a random velocity field u(¢, x) is defined as

(characteristic scale for z) - (]EE(u))l/2

)

14

where E(u) = 1 [ |u(z)|'/2dz is the kinetic energy of the fluid and E denotes
the average in ensemble. Since the forces we consider are smooth, then the

solutions u of (0.1) are regular in x and their space-scale is of order one. So

R~v7! (]EE(u))l/z. A velocity field w is called turbulent if R > 1. Turbulent
solutions for (0.1) are of prime interest.

If a motion of “physical” three-dimensional fluid is parallel to the (z1, z2)-
plane and its velocity depends only on (21, x2), i.e. u = u(t,z1,22) and u3 = 0,
then (ul,u?)(t, 1, x2) satisfy (0.1). Such flows are called two-dimensional. Tur-
bulent flows of real fluids never are two-dimensional (i.e., two-dimensional flows
never are observed in experiments with high Reynolds number). Still, the 2D
equations (0.1) and the 2D turbulence which they describe are now intensively
studied by mathematicians, physicists and engineers since, firstly, they appear in
physics outside the realm of classical hydrodynamics (e.g., they describe flows of
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2D films, see Figure 1), secondly, they make a model ! for the 3D Navier—Stokes
equations and the 3D turbulence and, thirdly, the 3D statistical hydrodynam-
ics in thin domains is approximately two-dimensional; see Section 6.1 of this
book. Accordingly, two-dimensional statistical hydrodynamics is important for
meteorology to model intermediate-scale flows in atmosphere (see Figures 6.1
and 6.2).

Statistical properties of the random force f are very important. It is natural
and traditional to assume that

(a) the random field f(¢,x) is smooth in x,

(b) it is stationary in ¢ with fast decaying correlations.

If the space domain is unbounded, we should also assume that
(¢c) the space correlations of f decay fast.

However, (c) is not relevant for this book since we only consider flows in bounded
domains.

In mathematics, the point of view ? that turbulence in dimensions two and
three should be described by the Navier—Stokes equations with a random force
satisfying (a)—(c) goes back to A.N. Kolmogorov; see in [VF88]. Also see
that book for some results on stochastic Navier-Stokes equations in the whole
space R?, d = 2 or 3, with a random force satisfying (a)—(c).

We consider three classes of random forces:

Kick forces. These are random fields of the form

F(t,x) = h(@) + Y 8(t — 7)), (0-2)

kEZ

where h is a smooth deterministic function, 7, = k7 with some 7 > 0, and {n;}
are independent identically distributed random vector functions, which we as-
sume to be divergence-free. For ¢ € (73_1,7;) (i.e. between two consecu-
tive kicks) a solution w(t,z) for (0.1), (0.2) satisfies the deterministic equa-
tions (0.1)7—p, and at the time 75, when the &*® kick ny(z) comes, it has an
instant increment equal to that kick; see Subsection 2.3. The kick forces are
singular in ¢ and are not stationary in ¢, but statistically periodic (the difference
between the two notions is not big if the time ¢ is much larger than the period 7
between the kicks). An advantage of this class of random forces is that the
kicks n, may have any statistics.

White in time forces. These are random fields of the form

ft,z) =h(z) + %C(t,x), (0.3)

IThis model is not perfect since it is well known that the Navier-Stokes equations in
dimensions 2 and 3 are very different. Still, it may be the best available now. Another popular
model for the 3D Navier—Stokes system is the Burgers equation, see the review [BK07] by Bec
and Khanin. For the stochastic 1D Burgers equation, see [Bor12].

2which is not at all a unique insight on the turbulence!
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where h is as above and ((t) = ((¢,-) is a Wiener process in a space of smooth
divergence-free vector functions. Such random fields are stationary and singular
in . A disadvantage is that they must be Gaussian; see Subsection 2.4.

Compound Poisson processes. These are kick forces (0.2) for which the peri-
ods T — Tx—1 between kicks are independent exponentially distributed random
variables.

A big technical advantage of these three classes of random forces is that the
corresponding solution wu(t, x), regarded as a random process u(t,-) =: u(t) in
a space of vector fields, are Markov processes. At the moment of writing it is
not clear how to extend the results of this book to arbitrary smooth random
forces f satisfying (a) and (b).

What is in this book?

We are concerned with basic problems and questions, interesting for physicists
and engineers working in the theory of turbulence. Accordingly Chapters 3-5
(which form the main part of this book) end with sections, where we explain
the physical relevance of the obtained results. These sections also provide brief
summaries of the corresponding chapters.

In Chapters 3 and 4, our main goal is to justify, for the 2D case, the statis-
tical properties of fluid’s velocity field w(¢,z) which physicists assume in their
work. We refer the reader to the books [Bat82, Fri95, Gal02], written in a suf-
ficiently rigorous way and where the underlying assumptions are formulated in
clear manner.®> The first postulate in the physical theory of turbulence is that
statistical properties of a turbulent flow u(t,x) converge, as time goes to infin-
ity, to a statistical equilibrium independent of the initial data. Mathematically
speaking, it means that a process u(t, ), defined by Eq. (0.1) in a space of vec-
tor fields, has a unique stationary measure, and every solution converges to this
measure in distribution. That is, the law of the random field x — u(¢, ) (which
is a time-dependent measure in a function space) converges, when ¢ — oo, to the
measure in question. Random processes possessing this property of “short-range
memory” are said to be mizing.

In Chapter 3, we study the problem of convergence to a statistical equilib-
rium for Markov processes corresponding to equations with the three classes
of random forces as above. We prove abstract theorems which establish the
exponential mixing for certain classes of Markov processes. Next we show that
these theorems apply to Eq. (0.1) if a random force f satisfies certain mild non-
degeneracy assumptions. This establishes the convergence to a unique statistical
equilibrium and proves that it is exponentially fast.

If the viscosity v and the force f continuously depend on a parameter in
such a way that the former stays positive and the latter stays non-degenerate,
then the stationary measure continuously depends on this parameter. For any
fixed initial data w(0) the law of a corresponding solution u(t) continuously

3 Apart from a few pages at the end, the book [Bat82] is about 3D flows. But all discussions
and most of the results may be literally translated to the 2D case.
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depends on the parameter as well. In Section 4.3, we show that this continuity
is uniform in time ¢ > 0. That is, in two space dimensions the statistical
hydrodynamics is stable, no matter how big is the Reynolds number, whereas
“usual” hydrodynamics of large Reynolds numbers is unstable.

The mixing has a number of important consequences, well-known in physics,
but taken there for granted. Namely, consider any observable quantity F'(u),
such as the first or second component of the velocity field u = (u!,u?), or the
energy E = 1 [ |u|?dz, or the enstrophy 3 [(curlu)?dz. Then F(t) = F(u(t,-))
is an ergodic process. That is, its time average converges to the ensemble average
with respect to the stationary measure. We show that the difference between the
two mean values (in time and in ensemble) decays as T~7, where v < 1/2 and
T is the time of averaging; see Section 4.1.1. Next, if the ensemble average for
an observable F'(u) vanishes, then the process F(t) satisfies the Central Limit
Theorem: the law of the random variable

\}T/OTF(t)dt

converges, as T — 0o, to a normal distribution N(0,0). For non-trivial ob-
servables F', the dispersion ¢ is strictly positive. In particular, for large T" the
random variables 71/2 fOT uw? (t,z)dt, j = 1,2, are almost Gaussian. Physicists
say that on large time scales a turbulent velocity field is Gaussian. These and
some other related results are proved in Chapter 4.

In Chapter 5 we study velocity fields u(¢, x), corresponding to solutions of
(0.1) with a force (0.2) or (0.3) where h = 0, when the viscosity v is small
and the Reynolds number is large. There we only discuss stationary measures
and stationary in time solutions wu, (i.e., solutions u,(¢,x) such that the law
D(u,(t)) for each t equals the stationary measure). First we observe that for a
limit of order one to exist as v — 0, the force f should be proportional to /v;
see Section 5.2.4. So the equations reed as

w(t,z) + (u, Vyu — vAu+ Vp = /v f(t,x), divu=0,

where f is the force (0.2) or (0.3) with A = 0. This is in sharp contrast with
the 3D theory, where it is believed that a limit of order one exists for the
original scaling (0.1), without the additional factor 1/ in the right-hand side.*
In that chapter we restrict ourselves to the case when the space domain is the
square torus T? = R2/27Z2. The results remain true for the non-square tori
R?/(aZ & bZ), but the argument does not apply to the equations in a bounded
domain with the Dirichlet boundary condition.

Denote by p, the unique stationary measure. We show that the set of
measures {u,,0 < v < 1} is tight (i.e., relatively compact) and that any limit
point po = lim,, 0 pty; is a non-trivial invariant measure for the Euler system

w(t,z) + (u, V)u+Vp=0, divu=0.

4Note that for the small-viscosity Burgers equation the right scaling of the force also is
trivial, i.e. without any additional factor; see [BK07, Bor12].
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It is supported by the set of divergence-free vector fields from the Sobolev
space H? of order two. This result well agrees with the popular belief that
the Euler equation is “responsible” for the 2D turbulence. We do not know if
a limiting measure pgo is unique, i.e. if pg = lim,_,o pt,,. But we know that the
measures pu, satisfy, uniformly in » > 0, infinitely many algebraical relations,
called the balance relations. These relations depend only on two scalar char-
acteristics of the force f. This indicates some universality features of the 2D
turbulence. Such universality is another physical belief. In Section 5.1.3, we use
the balance relations to prove that for any ¢ and x the random variables w,, (¢, x)
and curlu, (¢, x) have finite exponential moments uniformly in v > 0. In Sec-
tion 5.2, we study further properties of the limiting measures pg. In particu-
lar, we establish that any po has no atoms and that its support is an infinite-
dimensional set.

Results of Chapter 5 make a foundation of mathematical theory of the space-
periodic 2D turbulence. In Section 5.3, we discuss relation of these results with
the existing heuristic theory of 2D turbulence, originated by Batchelor and
Kraichnan.

The difference between the 2D turbulence and the real physical 3D turbu-
lence is very big. In Chapter 6, we discuss a few rigorous results on the 3D tur-
bulence, related to the 2D theory presented in the preceding sections. Namely,
in Section 6.1 we discuss (without proof) the convergence of statistical char-
acteristics of a flow in a thin 3D layer, corresponding to the 3D Navier-Stokes
system with a random kick-force, to those of a 2D flow in the limiting 2D surface.
In difference with similar deterministic results, the convergence holds uniformly
in time. So a class of anisotropic 3D turbulent flows may be approximated by
2D flows like those which we consider in our book. Section 6.2 contains an
exposition of results due to Da Prato—Debussche—Odasso and Flandoli-Romito,
showing that weak solutions of the stochastic 3D Navier-Stokes system per-
turbed by a white in time random force (which a priori are non-unique) may be
arranged to a Markov process. This process is mixing if the force is rough as a
function of the space variable. Finally, in Section 6.3, we evoke the methods of
control theory to study further properties of stationary measures for Eq. (0.1),
(0.3).

Other equations

The abstract theorems from Chapters 3 and 4 and the methods developed there
to study solutions of Eq. (0.1) apply to many other stochastic equations. For
instance, one can consider the stochastic complex Ginzburg-Landau equation
with a conservative nonlinearity,

0+ iAu — i|u)*u = Au —u + f(t,z), (0.4)

where € T¢, d < 3. If d = 1 or 2, then m > 0, while if d = 3, then one can
take, say, m € [0,1]. Such equations describe the optical turbulence. If f is a
bounded kick force, then direct analogues of the theorems in Chapters 3 and 4
remain true for (0.4) with the same proof.
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Figure 1: The onset of 2D turbulence. Pictures 1-4 represent down-motion of a
soap film, punctured by a comb at the top. The Reynolds number is increasing
from a picture to picture. This is a 2D turbulent motion described by the 2D
Navier-Stokes system (0.1).

However, if the force f is white in time, then the methods of Chapters 3
and 4 apply only to Eq. (0.4) with m = 1ifd =1 and m < 1if d > 2 (while the
equation defines a good Markov process for any m as above). That is, for some
deep reason, the arguments developed to treat the stochastic Navier—Stokes
equations (0.1) with white in time forces apply only to PDE’s with conservative
nonlinearities of degree < 3;° see Section 3.5.5.

Readers of this book

The book is aimed at mathematicians and physicists with some background
in PDE and in stochastic. Standard university courses on these subjects are
sufficient since the book is provided with preliminaries on function spaces (Sec-
tion 1.1), on the 2D Navier-Stokes equations (Chapter 2) and on stochastics
(Sections 1.2 and 1.3). There a reader will find all needed non-standard results.
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|2m'
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Chapter 1

Preliminaries

1.1 Function spaces

1.1.1 Functions of the space variables

Let @ be a domain in R? (i.e., a connected open subset of R?) or the torus
T¢ = R?/277Z¢. We shall say that a domain Q is Lipschitz if its boundary 9Q is
locally Lipschitz'. We shall need Lebesgue and Sobolev spaces on @ and some
embedding and interpolation theorems.

Lebesgue spaces

We denote by LP(Q;R"™), 1 < p < oo, the usual Lebesgue space of vector-valued
functions and abbreviate LP(Q;R) = LP(Q). We write (-,-) for the Ly scalar
product and | - |, for the standard norm in LP(Q);R™).

Sobolev spaces

We denote by C5°(Q;R™) the space of infinitely smooth functions ¢ : Q — R
with compact support. Let u and v be two locally integrable scalar functions
on @ and let a = (aq,...,aq) be a multi-index. We say that v is the a'® weak
partial derivative of u if

/ uD%pdx = (_1)\04/ vpdr for all ¢ € C§°(Q;R),
Q Q

where |a| := a1+ -4+ag and D* = 07" --- 07 In this case, we write D*u = v.

Let m > 0 be an integer. The space H™(Q,R™) consists of all locally
integrable functions u : @ — R"™ such that the derivative D®u exists in the
weak sense for each multi-index o with |a| < m and belongs to L?(Q;R"™). We

IThis means that Q can be represented locally as the graph of a Lipschitz function.
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write H™(Q;R) = H™(Q) and define the norm in H™(Q;R"™) as

1/2
el = ( 3 |Dau|%) .

la|<m

In the case Q = T?, it is easy to define H™(T%; R"™) for all m € R. To this end,
let us expand a function u € L%(T¢,R™) into a Fourier series:

u(z) = Z TR

seZ4

Define the following norm, which is equivalent to || - ||, for non-negative inte-
gers m:

1/2
ol = (Z (1+ |s|2)m|us|2> . (L1)

sezZd

The space H™(T¢;R") is defined as the closure of C>°(T9, R") with respect to
the norm || - ||,,. It is easy to see that if m > 0 is an integer, then the two
definitions of H™(T¢;R"™) give the same function space. The following result is
a simple consequence of the definition of || - ||,,.

Lemma 1.1.1. For any m € R and any multi-index «, the linear map D
is continuous from H™(T4R™) to H™1*l(T% R™). Accordingly, the Laplace
operator A : H™(T% R"™) — H™ (T4 R") is continuous. Similar assertions
are true for any open domain Q C R% and any integer m > 0.

Now let u € H™(T4;R") be a function with zero mean value, that is,

(u) := (2m) ™ /Td u(z)dx =0, (1.2)

where the integral is understood in the sense of the theory of distributions if
m < 0. In this case, the first Fourier coefficient of u is zero, up = 0, and

therefore the norm 1o
el = (Z |s|2m|us|2)

s#0

is equivalent to (1.1) on the space
H™T%R") = {u € H™(T%;R") : (u) = 0}.

In particular, ||ul|? = |Vuls is a norm on Hl('I[‘d;R").

Finally, let us define the Sobolev space H™(Q;R"™) in a bounded Lipschitz
domain @ C R? for an arbitrary m > 0. Namely, without loss of generality, we
can assume that Q C T¢. We shall say that a function v € L?(Q,R") belongs
to H™(Q;R"™) if there is a function @ € H™(T? R") whose restriction to Q
coincides with u. In this case, we define ||u||,, as the infimum of |G, over all
possible extensions @ € H™(T%;R") for u.
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Property 1.1.2. Sobolev Embeddings. Let @ be either a Lipschitz domain
in R? or the torus T¢.

1. IfmggandQngdfgm,q<oo,then

H™(Q;R™) € LY(Q;R"). (1.3)
2. Ifm2g+awith0<a<1,then
H™(Q;R") C Cy(Q;R™), (1.4)

where Cf*(Q) denotes the space of functions that are bounded and Holder
continuous with the exponent «. In particular, if m > g, then H™(Q;R™)
is continuously embedded into the space Cy(Q; R™) of bounded continuous
functions.

3. If Q is bounded, then we have the compact embedding
H™(Q;R") € H™(Q;R"™) for my > ma. (1.5)

2d

=5 and

It follows that embeddings (1.3) and (1.4) are compact for g <
m > % + «, respectively.

Property 1.1.3. Duality. The spaces H™(T%; R") and H~™(T¢;R") are dual
with respect to the L2-scalar product (-,-). That is,

ullm = sup| (1,0} for any u € C(T%R") (16)
where the supremum is taken over all v € C*°(T4;R") such that |Jv]|_,, < 1.

Relation (1.6) implies that the scalar product in L? extends to a continuous
bilinear map from H™(T4;R") x H~™(T¢;R") to R.

Property 1.1.4. Interpolation inequality. Let @ C R? be a Lipschitz domain,
let @ < b be non-negative integers, and let 0 < # < 1 be a constant. Then

[lloata—ey < llullflully™®  for any u € HY(Q;R™). (1.7)

In the case of the torus, inequality (1.7) holds for any real numbers a < b and
any 0 € [0,1].

Proof for the case of a torus. We have

2 fa+(1-0)b
lullgat1—ayp = Z (1+1s?) Jus|*

seZd
=> ((1 + |5|2)9a|u5|29) ((1 + |5|2)(1_9)b|us|2(1_9))
sezd
0 b 1-6
< (D) (Soesher)
s€Z7 SEZ?

where we used Holder’s inequality in the last step. O
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Example 1.1.5. Let Q be either a Lipschitz domain in R? or the torus T2. Then
the Sobolev embedding (1.3), with m = 1/2 and ¢ = 4, and the interpolation
inequality (1.6) with a =0, b=1 and 6 = § imply that

[ula < Cullullyje < Coy/TulsJulli for any ue HY(QR™). (L)

This is Ladyzhenskaya’s inequality.
A proof of Properties 1.1.2 — 1.1.4 can be found in [BIN79, Ste70, Tay97].

1.1.2 Functions of space and time variables

Solutions of the equations mentioned in the introduction are functions depend-
ing on the time ¢ and the space variables x. We fix any T > 0 and view a
solution u(t,z) with 0 <t <T as a map

[0,T] — “space of functions of z”, t— u(t,-).

Let us introduce corresponding functional spaces.

For a Banach space X, we denote by C(0,T;X) the space of continuous
functions w : [0, 7] — X and endow it with the norm

lullcorx) = sup [lu(t)|x,
0<t<T

where || - || x stands for the norm in X. We denote by S(0,T; X) the space of
functions of the form

N
u(t) = Z ukHFk (t) )
k=1

where N > 1 is an integer depending on the function, u; € X are some vectors,
'), are Borel-measurable subsets of [0,7] (see Subsection 1.2.1), and I stands
for the indicator function of T'. If X is separable, then for p € [1,00] define
L?(0,T; X) as the completion of the space S(0,T; X) with respect to the norm

T 1/p
</ ||u(t)||§(dt> for 1 <p < oo,
0

ess sup |lu(t)|| x for p = co.
0<t<T

||U||LP(0,T;X) =

Note that, in view of Fubini’s theorem, we have
LP(O,T;LP(Q;]R”)) = Lp((O,T) X Q;R”) for p < oo.

A more detailed discussion of these spaces can be found in [Lio69, Yos95].

We shall also need the space of continuous functions on an interval with
range in a metric space. Namely, let J C R be a closed interval and let X be a
Polish space, that is, a complete separable metric space with a distance distx.
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We denote by C(J; X) the space of continuous functions from J to X. When J
is bounded, C(J; X) is a Polish space with respect to the distance

lu—vlcwux) = max distx (u(t),v(t)).

In the case of an unbounded interval J, we endow C(J; X) with the metric

. - ”u_U”C(JuX)
dist =) 27k ik 1.9
ish{u,v) ; L+ Jlu=vlewax)’ (19)

where J, = J N [—k,k]. Note that, for a sequence {u;} C C(J,X), we have
dist(u;,u) — 0 as j — oo if and only if |lu; — ul|c(s,;x) for each k. That is,
(1.9) is the metric of uniform convergence on bounded intervals. When J = Z
(or J is a countable subset of Z), formula (1.9) may be used to define a distance
on X7. This distance corresponds to the Tikhonov topology on X .

Exercise 1.1.6. Prove that if J C R is an unbounded closed interval, then
C(J;X) is a Polish space. Prove also that if X is a separable Banach space,
then C(J; X) is a separable Fréchet space.

1.2 Basic facts from the measure theory

In this section, we first recall the concept of a o-algebra, together with some
related definitions, and formulate without proof three standard results on the
passage to the limit under Lebesgue’s integral. We next discuss various metrics
on the space of probability measures on a Polish space and establish some results
on (maximal) couplings of measures.

1.2.1 o-algebras and measures

Let €2 be an arbitrary set and let F be a family of subsets of Q2. Recall that F is
called a o-algebra if it contains the sets @ and (2, and is invariant under taking
the complement and countable union of its elements. Any pair (2, F) is called
a measurable space. If (Q;, F;), i = 1,2, are measurable spaces, then a mapping
f Q1 — Qy is said to be measurable if f~5(T) € F; for any ' € Fp. If p is
a (positive) measure on (21, F7), then its image under f is the measure f.(u)
on (9o, F») defined by f.(u)(I') = u(f~1(T)) for any I € F». Note that f, is a
linear mapping on the space of positive measures:

felerpn + capz) = c1 fu(pa) + cafu(pa)  for any ci,c2 > 0.

The product of two measurable spaces (Q;, F;), i = 1,2, is defined as the set
Q1 x Q5 endowed with the minimal o-algebra F; ® F» generated by subsets
of the form I'y x I's with I'; € F;. The product of finitely or countably many
o-algebras is defined in a similar way.

Given a probability measure p on a measurable space (€2, F), we denote
by N, the family of subsets A C  such that A C B for some B € F with
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w(B) = 0. A o-algebra F is said to be complete with respect to a measure y if
it contains all sets from N,,. The completion of F with respect to p is defined
as the minimal o-algebra generated by F U N, and is denoted by F,. This
is the minimal complete o-algebra which contains F. A subset I' C 2 is said
to be universally measurable if it belongs to F, for any probability measure u
on (Q,F). If p is a measure on (€, F1), F1 is complete with respect to u, and
amap f:Q; — Oy is a p-almost sure limit of a sequence of measurable maps,
then f is measurable.

Now let X be a Polish space, that is, a complete separable metric space. We
denote by distx the metric on X. The Borel o-algebra B = B(X) is defined as
the minimal o-algebra containing all open subsets of X. The pair (X, B(X)) is
called a measurable Polish space. If X; and X5 are Polish spaces, then a map
f: X1 — Xs is said to be measurable if f~1(T') € B(X;) for any I' € B(X>). In
particular, a function f : X — R is called measurable if it is measurable with
respect to the Borel o-algebras on X and R. An important property of Polish
spaces is that any probability measure on it is reqular. Namely, Ulam’s theorem
says that, for any probability measure u on a Polish space X and any € > 0,
there is a compact set K C X such that u(K) > 1 —e. A proof of this result
can be found in [Dud02] (see Theorem 7.1.4).

Recall that, for any probability measure P on a measurable space (2, F),
the triple (2, F,P) is called a probability space. A probability space (Q2, F,P)
is said to be complete if Fp = F. We shall often consider a probability space
together with a family {F; C F} of o-algebras that depend on a parameter ¢
varying either in R4 or in Z,. In this case, we shall always assume that F; is
non-decreasing with respect to t. The quadruple (2, F, F;,P) is called a filtered
probability space. We shall say that (Q, F, F;,P) satisfies the usual hypotheses
if (Q, F,P) is complete and F; contains all P-null sets of F.

If X is a Polish space, then an X-valued random wvariable is a measurable
map & from a probability space (2, F,P) into X. The law or the distribution of &
is defined as the image of P under £ and is denoted by D(&), i.e., D(§) = £.(P).
If we need to emphasise that the distribution of a random variable is considered
with respect to a probability measure p, then we write D,(§). An X-valued
random process is defined as a collection of a probability space (2, F,P) and a
family of X-valued random variables {£;} on Q (where ¢ varies in Ry or Z4 ). If
the underlying probability space is equipped with a filtration F;, then we shall
say that the process & is adapted to F; if & is Fi-measurable for any ¢ > 0.
Finally, a random process &; defined on a filtered probability space (2, F, F;, P)
is said to be progressively measurable if for any ¢ > 0 the map (s,w) — &(w)
from [0,¢] x © to X is measurable. It is clear that if ¢ varies in Z4, then these
two concepts coincide.

1.2.2 Convergence of integrals

In what follows, we shall systematically use well-known results on the passage
to the limit under Lebesgue’s integrals. For the reader’s convenience, we state
them here without proofs, referring the reader to Section 4.3 of [Dud02].
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Let (Q, F) be a measurable space, let 1 be an arbitrary o-finite measure on
it (so p(Q) < o0), and let f,, : 2 — C be a sequence of integrable functions.
The following result called Lebesgue’s theorem on dominated convergence gives
a sufficient condition for the convergence of the integrals of f,, to that of the
limit function.

Theorem 1.2.1. Assume that {f,}n>1 is a sequence of functions that converge
w-almost surely and satisfy the inequality

|[fr(w)] < g(w) for p-almost every w € (1.10)

where g : @ — Ry s a p-integrable function. Then

lim fnd,u:/(lim fn> dy. (1.11)

In the case when the functions f, are real-valued and form a monotone
sequence, bound (1.10) can be replaced by a weaker condition, which a poste-
riori turns out to be equivalent to the former. Namely, we have the following
monotone convergence theorem.

Theorem 1.2.2. Let f, : & — R be a non-decreasing (or non-increasing)
sequence that converges p-almost surely and satisfies the condition

/ fndu’ < Q.
Q

sup
n>1

Then relation (1.11) holds.

Finally, the following result called Fatou’s lemma is useful when estimating
the integral of the limit for a sequence of non-negative functions.

Theorem 1.2.3. Let f, : @ — Ry be an arbitrary sequence of u-integrable

functions. Then
/ (lim inf fn) dp < lim inf/ fndu.
Q n—oQ n—roo Q

In particular, the three theorem above apply if Q2 is the set N of non-negative
integers with the counting measure. In this case, they describe passage to the
limit for sums of infinite series.

1.2.3 Metrics on the space of probabilities and conver-
gence of measures

In what follows, we denote by X a Polish space with a metric dx. Define C(X)
as the space of bounded continuous functions f : X — R endowed with the
norm

[fllsc = sup [f(w)],
ueX
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and denote by L,(X) the space of bounded Lipschitz functions on X. That is,
of functions f € C,(X) for which

D)y M)~ S
Lip(f) = ,ul,sqtlzix distx (u1, ug2) =

The space Ly(X) is endowed with the norm

1fllz = I flloe + Lip(f).-

Note that Cy(X) and Ly(X) are Banach spaces with respect to the corresponding
norms. The following exercise summarises some further properties of these
spaces.

Ezercise 1.2.4. Let X be a Polish space.
(i) Prove that Cy(X) is separable if and only if X is compact.

(ii) Prove that Ly(X) is not separable for the space X = [0, 1] with the usual
metric.

Hint: To prove that Cp(X) is separable for a compact metric space X, use the
existence of a finite e-net and a partition of unity on X. To show that if X
is not compact, then Cp(X) is not separable, use the existence of a sequence
{zx} C X such that distx (2, zm) > ¢ > 0. Finally, to prove (ii), construct a
continuum {p,} C L°(X) such that the distance between any two functions is
equal to 1, and use the integrals of ¢,,.

Let us denote by P(X) the set of probability measures on (X, B(X)) and
by P1(X) the subset of those measures u € P(X) for which

my(p) = /Xdistx(muo),u(du) < o0, (1.12)

where ug € X is an arbitrary point. The triangle inequality implies that the
class P1(X) does not depend on the choice of ug. We shall need the following
three metrics.

Total variation distance:

1
HMI - NZHvar = 5 sSup |(f7 /J/l) - (fa /~L2)
feCy(X)
fllee <1

y M1, U2 EP(X) (113)

This is the distance induced on P(X) by its embedding into the space
dual to Cy(X). Tt can be extended to probability measures on an arbitrary
measurable space; see Remark 1.2.8 below.

Dual-Lipschitz distance:

= ol == sup  [(fipr) = (fsp2)|,  pape € P(X).  (1.14)
f € Ly(X)
Iflle <1
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This is the distance induced on P(X) by its embedding into the space
dual to Ly(X).

Kantorovich distance:

1 —pallx == sup  [(Fim) = (Frp2)|,  pa,pe € Pi(X). (1.15)

Ezercise 1.2.5. Show that the symmetric functions (1.13) — (1.15) define met-
rics on the sets P(X) and P;(X). Hint: The only non-trivial point is that if
measures 1 and pg satisfies the relation ||py — pe||; = 0, then gy = po. This
can be done with the help of monotone class technique; see Corollary 7.1.3 in
the Appendix.

An immediate consequence of definitions (1.13) — (1.15) and the inequalities
[flloe < [Ifllz and Lip(f) < |[f]|z is that

1 = w2l < 2l — pallvar  for pa, p2 € P(X), (1.16)
1 = p2llp, < [lpa — p2llx - for pa, pe € Pr(X). (1.17)

Furthermore, if the space X is bounded, that is, there is an element vy € X
and a constant dg > 0 such that

distx (u,up) < dy for allu € X,
then, for any function f € Cp(X) vanishing at up € X, we have
[fllse < do Lip(f),
where the right-hand side may be infinite. It follows that in this case
1 = pllx < 2dollpr — paflvar  for p, po € Pi(X).

It turns out that the distance || - ||}, is equivalent to the one obtained by re-
placing Ly(X) in (1.14) with the space of bounded Hélder-continuous functions.
Namely, for v € (0,1) we denote by C,/(X) the space of continuous functions
f: X — R such that

L=l + sup IO

0<distx (u,v)<1 distx (u7 U)’Y

Let us set
I = pally o= sup [(fyp0) = ()|, s p2 € P(X). (1.18)
fecy(X)
171, <1

Proposition 1.2.6. For any v € (0,1) and p1, pe € P(X), we have

_1
1 = pall, < llpa — pally <5(llpa — pallz) >
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Proof. The lower bound of the inequality is obvious, and therefore we shall
confine ourselves to the proof of the upper bound. For any continuous function
f: X — R, we define an approximation for it by the relation

fe(u) = Uig)f((s’ld(u,v) + f(v)), u€X, (1.19)

where € > 0 is an arbitrary constant. It is a matter of direct verification to
show that if f € C(X) and ||f]|y <1, then

Ifelle <14e7t,  0< f(u)— fo(u) <eT7  foru € X. (1.20)
We now fix § > 0 and find a function f € C}(X) with ||f||, <1 such that

1 = p2ll5 < 1Cf; 1) = (f p2)| + 6. (1.21)

It follows from (1.20) that, for any € > 0, we have

(1) = (fo12)] < 1(fe = Fom)|+ [(fe = Fri)| + [(fer ) = (fer o)
<2:75 + (Le ) s — ol

Choosing € = (||u1 — u2||*L)é% and noting that [|u1 — pe2||; < 2, we get

(o) = ()] <5l = pall )T

Combining this with (1.21) and recalling that § > 0 was arbitrary, we arrive at
the required assertion. O

The following proposition gives an alternative description of the total vari-
ation distance and provides some formulas for calculating it.

Proposition 1.2.7. For any p1,us € P(X), we have

1 = p2llvar = sup i (T) — pa(T)]. (1.22)
reB(Xx)

Furthermore, if p1 and po are absolutely continuous with respect to a given
measure m € P(X), then

i1 = palos = 5 [ Jon(@) = pa(w] dm = 1= [ Gpu A o)y, (123

where p;(u) is the density of u; with respect to m.

Remark 1.2.8. Let us note that a measure m € P(X) with respect to which gy
and po are absolutely continuous always exists. For instance, we can take m =
3(p1 + p2). Furthermore, relation (1.22) enables one to extend the definition of
the total variation distance to an arbitrary measurable space.
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Proof of Proposition 1.2.7. Step 1. Let us denote by ||pu1 — 2 |4s, the right-hand
side of (1.22) and show that relation (1.23) is true for it. Setting p = p1 A p2
and integrating the obvious relation

%|Pl*ﬂ2|:%(ﬂl+m)*ﬂ

over X with respect to m, we obtain the second equality in (1.23).
We now show that

s = palfas < 1= [ ol am. (1.24)

Let us define the set Y = {u € X : p1(u) > p2(u)}. Since p = p3 on Y, we have

1 (T) — pa(T) = / (pr — p2) dm < / (pr — p2) dm

ny

:/my(m—p)dméfx(pl—p)dm=1—/XP(U)dm

for any T" € B(X). By symmetry, this inequality implies (1.24).
To prove the converse inequality, we note that p = p; on Y° and p = po
on Y. It follows that

i (V) — oY) = /Y (b1 — p2) dm

([ans [ pin) ([ pwins [ oam)
- (/Y/mdm/rmdm) ~([Lpan+ [_pim)

This completes the proof of (1.23) for |[u1 — p2|ar-

Step 2. We now prove (1.22). Using Step 1, for any f € Cy(X) with
| flloe <1, we derive

\(f 1) — (Fs )| < /X | £ () (pr (1) — pa(uw)) | dm < 2 iy — pislle

which implies that
11 = p2llvar < o1 — g2l var-

To establish the converse inequality, let us consider a function f(u) that is equal
tolonY and to —1 on Y. We have

() = (Fopa) = [ @) (p1(0) = pau)) i

- /X 1 (0) — po(w)| dm = 2 s — pallmes (125
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where we used the first relation in (1.23). To complete the proof of (1.22), let
us choose a sequence f, € Cy(X) such that (see Exercise 1.2.12 below)

[falloe <1 forall n>1,
fa(u) = f(u) asn — oo for m-a.e. u € X.

It is easy to see that the difference (f,,, 1) — (fn, p2) tends to the left-hand side
of (1.25) as n — oo. This completes the proof of the proposition. O

Ezercise 1.2.9. Analysing the proof of relation (1.23), show that it remains valid
for any positive Borel measure m (that is, we no longer require that m(X) = 1)
with respect to which @y and s are absolutely continuous.

Ezercise 1.2.10. Let X be a Polish space and let L>°(X') be the space of bounded
measurable functions endowed with the norm ||-||o.. Prove that for any measures
w1, p2 € P(X) we have (cf. (1.13))

1
||:U/1 - M?”var = 5 sup ’(f>/141> - (f7 :U/2)| (126)
f € L>(X)
Iflle <1

Two measures pu,v € P(X) are said to be mutually singular if there is a
Borel subset A C X such that pu(A) = 1 and v(4) = 0. Relation (1.23) of
Proposition 1.2.7 implies the following result.

Corollary 1.2.11. Two measures p,v € P(X) are mutually singular if and
only if | —vlvar = 1.

Ezercise 1.2.12. Let X be a Polish space and let m € P(X). Show that for
any bounded measurable function f: X — R there is a sequence of continuous
functions that are uniformly bounded by || f||s and converge to f for m-almost
all u € X. Hint: It suffices to prove that f can be approximated by continuous
functions in the space L!(X,m). To do this, show that any bounded measurable
function can be approximated (in the sense of uniform convergence) by finite
linear combinations of indicator functions and that the indicator function of any
measurable set can be approximated (in the sense of convergence in L!(X,m))
by bounded continuous functions. For the latter property, one could use Ulam’s
theorem on interior regularity of Borel measures; see Section 1.2.1.

Ezercise 1.2.13. (i) Let (Q;, F3), @ = 1,2, be two measurable spaces and let
f: Q1 — Qo be a measurable mapping. Prove that, for any measures
s pg on (Q, Fi),

| (1) = fao(p2)lvar < [l11 — p2llvar;

see Remark 1.2.8 and relation (1.22) for the definition of the total variation
distance in the case of measurable spaces.
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(ii) Let X be a Polish space and let &1, & be two X-valued random variables
defined on a probability space (€2, F,P) such that £; = ;0P almost surely,
where @ : @ — ) is a measurable transformation. Show that

HD(gl) - D(§2)Hvar < ||P - 9ﬁ*(ﬂm)nvar

Hint: Use (i) with f = &, pe =P, and p; = &, (P).
We shall say that a sequence {ux} C P(X) converges weakly to pn € P(X) if

(fopr) = (fip) ask — o0 (1.27)

for any f € Cp(X). In this case, we write ur — p. Recall that a family
{ta; v € A} C P(X) is said to be tight in X if for any € > 0 there is a compact
set K. C X such that pu(K.) > 1— ¢ for any a € A. In what follows, we shall
need the following well-known result called Prokhorov theorem, which gives a
necessary and sufficient condition for the compactness of a family of measures
in the weak topology. Its proof can be found in [Dud02, Theorem 11.5.4].

Theorem 1.2.14. Let X be a Polish space and let {uq,a € A} be a family of
probability measures on X. Then {uq} is relatively compact in the weak topology
of P(X) if and only if it is tight.

The following result of fundamental importance shows, in particular, that
the weak convergence of measures is equivalent to the convergence in the dual-
Lipschitz distance.

Theorem 1.2.15. (i) The set P(X) endowed with the total variation dis-
tance is a complete metric space. Furthermore, a sequence {ur} C P(X)
converges to a measure p in this space if and only if (1.27) holds uniformly
in f € Cp(X) with || flleo < 1. In particular, P(X) is naturally embedded
in the dual space of Cp(X) as its closed subspace.

(ii) The set P(X) endowed with the dual-Lipschitz distance is a complete met-
ric space. Furthermore, a sequence {uy} C P(X) converges to a measure
in this space if and only if either {ux} converges weakly to p or (1.27) holds
for any f € Ly(X).

Proof. Assertion (i) follows easily from the definition and basic properties of the
metric || - [|var- Indeed, if {ur} C P(X) is a Cauchy sequence, then by (1.22)
for each Borel set I' C X there exists a limit limg_, o0 g (T) =: u(T). If we show
that p is a probability measure, then it will be the limit of {u;} for the total
variation distance.

It is obvious that the mapping I' — wu(T) is additive and that u(T) = 1.
To complete the proof of (i), it remains to establish the o-additivity of u. To
this end, it suffices to verify that, for any decreasing sequence {I',,} of Borel
subsets in X, we have pu(N,I'y) = lim,,—, o u(I',). However, this relation follows
from (1.22) since each py, is a measure. The second claim of (i) is an immediate
consequence of (1.13).
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We now prove assertion (ii). To simplify the presentation, we carry out the
proof for compact metric spaces X, referring the reader to [Dud02, Chapter 11]
for the general case.

We first show that if (1.27) holds for any f € Ly(X), then pup — p in the
dual-Lipschitz distance. Indeed, using the compactness of X, it is easy to show
that for any € > 0 the ball {f € Ly(X) : ||fllz < 1} has a finite e-net in
Cy(X) that consists of functions of Ly(X). Therefore convergence (1.27) for
any f € Ly(X) implies the convergence of {ux} in the space P(X) endowed
with the dual-Lipschitz distance.

We now prove that if pp — g in the dual-Lipschitz distance, then (1.27)
holds for any function f € Cy(X). Indeed, without loss of generality, we can
assume that f > 0. The compactness of X implies that the function f. € Ly(X)
defined by (1.19) converges to f in the norm || - || as € — 0. Furthermore,

(i) = (s )l ST i) = (fes )| + [(Fes i) = (e )| + | (e ) = (F )

The first and third terms on the right-hand side of this inequality go to zero
as ¢ — 0 uniformly in k, while the second can be made arbitrarily small by
choosing a sufficiently large k.

Finally, let us prove that the space P(X) endowed with the dual-Lipschitz
distance is complete. Let {ur} C P(X) be a Cauchy sequence. Since X is
a compact space, by Prokhorov’s theorem we can find a subsequence {jy,}
that converges weakly to a measure p € P(X), that is, (1.27) holds for any
f € Cp(X). If we show that the limiting measure p does not depend on the
subsequence, we can conclude that the entire sequence converges to p weakly
and, hence, in the space P(X) as well.

Since {uy} is a Cauchy sequence, for any f € Ly(X) we have

—00 kj—o00
Thus, the limiting measure is uniquely defined. This completes the proof of the
theorem in the case of compact metric spaces. O

Let us emphasise that if ux — p weakly in P(X), then, in general, it is not
true that
ur(T) = () as k — oo (1.28)

for any I' € B(X). However, the well-known portmanteau theorem claims that
i — w if and only if one of the following conditions is satisfied:

likm inf i (G) > (@) for any open set G C X, (1.29)

—00

likm inf pg(F) < p(F) for any closed set F' C X. (1.30)
—00

It is also equivalent to convergence (1.28) for any Borel subset I' € X such that
1(0T) = 0, where OT stands for the boundary of I'. We refer to Theorem 11.1.1
in the book [Dud02] for a proof of these results.



1.2. BASIC FACTS FROM THE MEASURE THEORY 15

A simple, but important consequence of the portmanteau theorem is the
following description of the weak convergence of measures on the real line. Given
a probability measure u € P(R), we denote by F),(x) its distribution function,
defined by F},(x) = p((—o0,x]) for z € R. Note that the distribution function
of a measure is always non-decreasing and right-continuous at any point, and if
the measure has no atoms, then its distribution function is continuous.

Lemma 1.2.16. Let {u,} C P(R) be a sequence. Then {u,} converges weakly
to a measure p € P(R) if and only if

F,.(z) = Fy,(z) asn— oo,

n

where © € R is an arbitrary point of continuity for F,.

Another remarkable property of weak convergence is that, under some as-
sumptions, one can pass to the limit under the integrals, even if the integrand is
not continuous. To formulate the corresponding result, recall that a continuous
mapping 7 : X — X acting in a Polish space X is called a projection if momw = .

Lemma 1.2.17. Let X be a Polish space, let w, : X — X, n > 1, be continuous
projections, and let {ur} C P(X) be a sequence converging weakly to a measure
p € P(X). Assume that f : X — RU {400} is a Borel functional such that
{fom,} is a sequence of bounded continuous functions converging to f pointwise
and

(fomp,ux) <C  for any k,n > 1. (1.31)

Then (f,u) < C, provided that either f >0 or {f om,} is non-decreasing.

Note that if { fom, } is non-decreasing, then inequality (1.31) will be satisfied
if we assume that (f, ur) < C for any k > 1.

Proof. We can pass to the limit in inequality (1.31) as k& — oo. This results in
(f omp, ) < C. Now the required assertion follows from Fatou’s lemma in the
first case and from the monotone convergence theorem in the second case. [

We complete this subsection by two exercises establishing some further prop-
erties of the space of probability measures and of the weak convergence.
Ezercise 1.2.18. (i) Let X be a Polish space. Prove that the complete metric

space (P(X),] - |I3) is separable.
(ii) Prove that the space (P(R), || - [|var) is not separable.
Exercise 1.2.19. Let X be a Polish space and let (], ¢, (™, ¢ be some X-valued
random variables such that
D) — D(C™) asm — oo for any n > 1,
sup E (distx (Gm, () + distx (¢",¢)) = 0 as n — oo.
m>1

Show that D((m) — D(C) as m — 0.
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1.2.4 Couplings and maximal couplings of probability mea-
sures

Definition 1.2.20. Let py,pe € P(X). A pair of random variables (£1,&2)
defined on the same probability space is called a coupling for (u1, ps2) if

D) = p; for j=1,2. (1.32)

The law D(&1,£2) =: p is a measure on the product space X x X. If we
denote by 7 and ms the projections of X x X to the first and second factor,
respectively, then

() spt = p1,  (M2)upt = pia. (1.33)
Other way round, if p is a measure on X x X satisfying conditions (1.33), then
the random variables & = m; and & = my defined on the probability space
(X x X,B(X x X), 1) meet (1.32). So a measure p on X x X satisfying (1.33) is
an alternative definition of the coupling. In this form, the coupling was system-
atically used by L. Kantorovich starting from late 1930’s, e.g., see in [KA82].

In what follows, an important role is played by the maximal coupling of
measures. Let (£1,&2) be a coupling for (p1, u2). For any T' € B(X), we have

p1(T) — pa(T) = E(Ir(&1) — Ir(&2))
= E(H{&#EQ} (HF(El) - HF(§2))) < IP){fl # 52} .

Therefore,
]P){gl 7& 52} > ||:U’1 - ,u2Hvar .

Definition 1.2.21. A coupling (&1, &2) is said to be mazimal if

P{& # &t = [l — pallvar

and the random variables &; and & conditioned on the event N = {&; # &}
are independent. The latter condition means that, for any I'1,T's € B(X), we
have 2

P{fl S Fl,gg ey |N} :}P’{gl el ‘N}P{fl el |N}
Ezercise 1.2.22. Let py, p2 € P(X) be such that ||u1 — p2l|var = 1. Show that a
coupling (&1, &) for (p1, p2) is maximal if and only if &; and & are independent.
Ezercise 1.2.23. Let (£1,&2) be any pair of random variables that are indepen-
dent on the event N = {&; # &}. Show that
P{& e, & el > P{& e T P{& e} for any I' € B(X). (1.34)

The following result is often referred to as the coupling lemma or Dobrushin’s
lemma. It makes an effective tool to study the total variation distance between
measures.

2In the case P(N) = 0, this condition should be omitted.



1.2. BASIC FACTS FROM THE MEASURE THEORY 17

P2
P1

Figure 1.1: Densities p1, p2, and p marked by thin and thick graphs

Lemma 1.2.24. For any two measures py, o € P(X) there exists a mazimal
coupling (&1,&2).

Proof. Let us set § := ||u1 — pz|lvar- If 6 = 1, then, by Exercise 1.2.22, any
pair (£1,&2) of independent random variables with D(&;) = g, @ = 1,2, is a
maximal coupling for (ui,p2). If § = 0, then u1 = po, and for any random
variable & with distribution p; the pair (£, €) is a maximal coupling. Hence, we
can assume that 0 < § < 1.

Let m = §(u1 + p2) and let (see Figure 1.1)

dm’
Direct verification shows that the measures fi; = p;dm and u = (1 —§)"Lpdm

are probabilities on X. Let (1, (3, (, and a be independent random variables
defined on the same probability space such that

D(G) = fui, D) =p, Pla=0}=6 Pla=1}=1-4 (1.36)

pi p=p1Ap2,  pi=06"(pi—p) (1.35)

We claim that the random variables & = al+(1—«)(;, i = 1,2, form a maximal
coupling for (u1, p2). Indeed, for any T € B(X), we have

P{¢ €T} =P{¢ € T,a =0} +P{¢ e [, =1}
=P{a=0}P{¢; e T} +P{a =1}P{¢ €T’}

=5 [ ptwydm+ [ pladm = i (r), (1.37)

where we used the independence of ({1, (2,(,a) and the relation p; = p + §p;.
Furthermore,

P{& # &} =P{& # &, a =0+ P{& # &, a =1}
=P{a=0}P{¢1 # (2} =,

where we used again the independence of ({1, (2, (, ) and also the relation

(G = o} =572 / / P (1) pa(1az) m(duy ym(dus) = 0,
{ur=u2}

which follows from the identity p1(u)p2(u) = 0. A similar argument shows that
the random variables &; and & conditioned on {&; # &} are independent. This
completes the proof of Lemma 1.2.24. O
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Relation (1.37), Corollary 1.2.11, and Exercise 1.2.22 imply the following
alternative version? of the coupling lemma.

Corollary 1.2.25. Any two measures u1, o € P(X) admit a representation

where § = ||p1 — p2llvar, 1,2 € P(X), and the measures v1 and vy are
mutually singular.

We shall call (1 — §)u the minimum of p; and po and denote it by g A ua.
Another important corollary is the following result on the conditional law of
the random variables that form a maximal coupling. Recall that the conditional
law D(| N) of an X-valued random variable £ given an event N of non-zero
probability is defined by the relation

Dl V)(r) = L,

I' € B(X).
Lemma 1.2.26. Let (£1,&) be a mazimal coupling for a pair of measures
p1spe € P(X) such that py A pe(X) > 0. Then P{& = &} > 0, and we

have
H1 A p2

fin A pro(X)
Proof. The case in which & = & almost surely is trivial, and we assume that
& # & with positive probability. Proposition 1.2.7 implies that

D(&1 [{& = &2}) =D(&[{& =&)) = (1.38)

P{& # &} = ([ — pallvar = 1 = A p2(X) < 1, (1.39)

whence we conclude that P{¢; = &2} > 0, and the conditional laws in (1.38) are
well defined. Let us set p=D(& |{& = &}) and 1; = D(& | {&1 # &2}). Then

pi =P{& = Lot + P{& # S}, i=1,2.

It follows that

p1 A pg =P{& = Lot + P{&1 # S} A o

Combining this with (1.39), we see that iy A i = 0, and the above relation
gives immediately (1.38). O

In what follows, we deal with pairs of measures depending on a parameter,
and we shall need a maximal coupling for them that depends on the parameter
in a measurable manner. More precisely, let Z be a Polish space endowed with
its Borel o-algebra and let {u(z,du), z € Z} be a family of probability measures
on X. We shall say that u(z,du) is a random probability measure on X if for
any Borel set I' C X the function z — u(z,T') is measurable from Z to R.

31n this form, the coupling lemma was intensively used by Dobrushin; e.g., see [Dob74].
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Ezercise 1.2.27. Prove that {u(z,du),z € Z} is a random probability measure
if and only if the mapping z — p(z,-) is measurable from Z to the space P(X)
endowed with the Borel o-algebra corresponding to the dual-Lipschitz metric.

Theorem 1.2.28. Let X and Z be Polish spaces, and let {u;(z,du),z € Z},
i = 1,2, be two random probability measures on X. Then there is a probability
space (Q, F,P) and two measurable functions &(z,w): Z xQ — X, i = 1,2,
such that (&1(z,),&(z,+)) is a mazimal coupling for (u1(z,du), ua(z,du)) for
any z € Z.

Proof. In view of Theorem 7.2.2 in the Appendix, any Polish space is a standard
measurable space. Since the objects considered in the theorem are invariant with
respect to measurable isomorphisms, we can assume from the very beginning
that X coincides with one of the spaces described in Definition 7.2.1. To be
precise, we shall assume that X is the interval [0, 1] endowed with its Borel
o-algebra.

We shall repeat the scheme used in the proof of Lemma 1.2.24, controlling the
dependence of the resulting random variables on the parameter z. To this end,
we first note that if u(z,du) is a random probability measure on X, then there
is a probability space (2, F,P) and a measurable function {(z,w) : Z x Q — X
such that the law of £(z,-) coincides with pu(z,du) for any z € Z. For instance,
we can take for the probability space the interval [0, 1], endowed with its Borel
o-algebra and the Lebesgue measure, and define £ by the relation

&(z,w) = min{t € [0,1] : F(z,t) > w},

where F(z,t) = p(z,(—o00,t]) is the probability distribution function for the
measure fi.
We now introduce the family

v(z,du) = pi(z,du) A po(z, du),

where v1 A vo denotes the minimum of two measures vy, v € P(X), and define
the following families of probability measures (cf. (1.35)):

fui(z, du) = { 6(2)7 (pilz, du) —v(z,du))  for 5(2) #0,

w1 (z, du) otherwise,
1-— 5(2))_11/(2 du)  for §(z) #1
#(z, du) { A otherwise,

where §(z) = ||p1(2, ) — p2(2, *)||var, and A € P(X) is any fixed measure. It can
be shown that ¢ is a measurable function of z € Z, and fi;(#,-) and u(z,-) are
random probability measures on X; see Exercise 1.2.29 below.

What has been said implies that there is a probability space (2, F,P) and
measurable functions (i, (2, ¢, and « of the variable (z,w) € Z x Q such that,
for any z € Z, the random variables (;(z,-), ((z,), and a(z, ) are independent,

and
D(CZ(Z»)) :ﬂi(zadu)v 'D(C(Z,)) :N(Zvdu)’
P{a(z,-) =0} = d(2), Pla(z,-) =1} =1—-6(2);
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cf. (1.36). The proof of the theorem can now be completed by a literal repetition
of the argument used to establish Lemma 1.2.24. O

Ezercise 1.2.29. Show that d(z) is a measurable function of z € Z, and fi;(z, -)
and p(z,-) are random probability measures on X. Hint: Use a parameter ver-
sion of the Radon-Nikodym theorem (e.g., see [Nov05]): if A(z, du) and v(z, du)
are random probability measures on X such that A(z, du) is absolutely continu-

ous with respect to v(z, du) for any z € Z, then the Radon—Nikodym derivative
d/\(Z,')
dv(z,-)

The existence result of the following exercise is useful when one constructs
a coupling for solutions of stochastic PDE’s; see [Mat02b, Oda08] and Sec-
tion 3.5.1.

FEzercise 1.2.30. Let X and Y be Polish spaces.

(i) Show that for any pair of measures pi,pus € P(X) and any measur-
able mapping f : X — Y there is a coupling (&1,&) for (u1,p2) such that
(f(&1), f(&2)) is a maximal coupling for (fi(u1), fi(p2))-

(ii) Let Z be a Polish space and let f: X x Z — Y be a measurable map-
ping. Show that for any random probability measures p1(z,du) and po(z, du)
on X there is a probability space (2, F,P) and X-valued measurable func-
tions &;(z,w), i = 1,2, defined on Z x § such that, for any z € Z, the

pair (f(z,&1), f(2,€2)) is a coupling for (fu(z, pi(z,-)), fu(z, pa(2,-))), where
fx(z, 1i(z,-)) stands for the image of u;(z,) under the mapping u — f(z,u).

can be chosen to be a measurable function of (z,u) € Z x X.

1.2.5 Kantorovich functionals
Let F' be a measurable symmetric function on X x X such that
F(uy,ug) > distx (ug,uz) for all uj,us € X. (1.40)

We define the Kantorovich functional corresponding to F' as the following func-
tion Kp on P(X) x P(X):

Kr(p1, p2) = inf{E F'(&1,82)}, (1.41)

where the infimum is taken over all couplings (&1, £2) for (1, p2). The function F'
is called the (Kantorovich) density of the functional K.

Lemma 1.2.31. For any i, uz € P(X), we have®

I = ol < Ko, o). (1.42)

Proof. Let (&1,&2) be a coupling for (u1, p2). Then, for any g € Ly(X) with
lgllz <1, we have

(9,11 — p2) =E (9(&1) — 9(&2)) < Edistx(&1,&) <EF(£1,&).

Taking first the supremum in g and then the infimum with respect to all cou-
plings (&1,&2), we obtain (1.42). O

4The right-hand side of inequality (1.42) may be infinite.
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In the case when the function F' coincides with distx, we have the following
result, which is the celebrated Kantorovich—Rubinstein theorem.

Theorem 1.2.32. For any probability measures p1, g € P(X), we have

|1 — p2l|l e = inf{Edistx (&1, 82)} = Kaisex (101, p2) (1.43)

where the infimum is taken over all couplings (&1,&2) for (p1,p2). Moreover,
the infimum is attained at some coupling (&1,&2).

In the case when the space X is endowed with the discrete topology (that is,
distx (u1,uz) = 1 for any uy # us), Theorem 1.2.32 is a straightforward conse-
quence of the existence of a maximal coupling of measures (see Lemma 1.2.24).
For the general case, we refer the reader to [KA82, Section VIII.4] or [Dud02,
Theorem 11.8.2].

In his celebrated research on the mass-transfer problem (for which he was
given a Nobel prise in economics), L. Kantorovich interpreted E distx (1, &2) as
the work needed to transport mass points &; (w) to {2(w), and used relation (1.43)
to estimate the work via the distance between the measures 1 and ps. We shall
use that equality other way round, that is, as a tool to estimate this distance.
Accordingly, inequality (1.42) will be sufficient for our purposes.

1.3 Markov processes and random dynamical sys-
tems

1.3.1 Markov processes

Let X be a Polish space. A Markov family of random processes in X (or sim-
ply a Markov process) is defined as a collection of the following objects (e.g.,
see [KS91, Section 2.5]):

e a measurable space (2, F) with a filtration {F,t € T };

e a family of probability measures {P,,v € X} on (£, F) such that the
mapping v — P, (A) is universally measurable® for any A € F;

e an X-valued random process {u;,t € 7} adapted to the filtration F; and
satisfying the conditions below for any v € X, I € B(X), and ¢,s € T;:

P,{up =v} =1, (1.44)
Po{utrs € T | Fs} = Pi(us,I')  for P,-almost every w € Q. (1.45)

Here P; stands for the transition function of the family defined as the law
of u; under the probability measure P,:

P(v,T) =P {us €T}, veX, TeBX). (1.46)

5See Section 7.3 for the definition of universal measurability.
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Relation (1.45) is called Markov property, and the above Markov family is de-
noted by (us,P,). If T4 = Z,, then the object we have just defined is also
called a family of Markov chains (or a discrete-time Markov process or simply
a Markov chain).

Given A € P(X) and a Markov process (ut, P,), we define the probability
measure

Py(I') = /X P,(T)A(dv), T € F, (1.47)

and denote by E) the corresponding mean value. The following exercise gives a
simple generalisation of the Markov property.

Ezercise 1.3.1. Show that if (u,P,) is a Markov process, then for f € L>(X)
and A € P(X), we have

Ex{f(utss) | Fs} = Ey, f(usr) Py-almost surely. (1.48)

More generally, for any m > 1, any 0 < ¢t; < --- < t,,, and any bounded
measurable function f: X x --- x X — R, we have

E)\{f(ut1+37 s 7utm+8) ‘ ]:8} = ]Eusf(utu s 7utm) Px-almost Surel}" (1'49)

We now establish the so-called Kolmogorov—Chapman relation, which will
imply, in particular, that every Markov process generates an evolution in the
space of probability measures.

Lemma 1.3.2. For any t,s € T4, v € X, and I' € B(X), the transition

function P; satisfies the relation

Pt+3(v,lﬂ):/XPt(v,dz)Pg(z,F). (1.50)

Proof. In view of (1.45), we have
Pt+s(U7 I)=E, HF(utJrs) =E, {Ev (HF(ut+s) |]:t)}
=E, Ps(u,T) = / Pi(v,dz)Ps(2,T),
X

where we used the fact that the law of u; under P, coincides with P(v,-). O

To each Markov process there correspond two families of linear operators
acting in the spaces of bounded measurable functions L*°(X) and of probability
measures P(X). They are called Markov semigroups and are defined in terms
of the transition function by the following relations:

Pr: L¥(X) = L(X), Pof(v) = /X Py(v,d2)f (),
T P(X) = P(X), () = /X Py(v, T)u(dv),

where ¢ € T,. It is straightforward to check that P, f € L>°(X) for f € L>(X)
and Pju € P(X) for p € P(X). The following exercise justifies the term
semigroup and establishes some simple properties.
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Exercise 1.3.3. Show that the families B, and PB; form semigroups, that is,
PBo = Id and Pi+s = Ps 0Py, and similarly for P;. Show also that they satisfy
the following duality relation:

(Bef,n) = (f,Bip) for any f e L>(X), p e P(X).

Hint: Use the Kolmogorov—Chapman relation (1.50) for the semigroup property
and Fubini’s theorem for the duality relation.

Ezercise 1.3.4. Let (u,P,) be a Markov process in X, let A € P(X), and
let P\ be the measure defined by (1.47). Prove that the Py-law of u; coincides
with P . Use this property to show that if f € L>°(X), then

Exf(ur) = /X 1 (0) A(dv). (151)

Definition 1.3.5. A measure 4 € P(X) is said to be stationary for (u, P,) if
PBipu=pforall t > 0.

Ezample 1.3.6. Let H be a separable Banach space, let S : H — H be a
continuous mapping, and let {ng, k¥ > 1} be a sequence of i.i.d. random variables
in H defined on a complete probability space (Q, F,P). We fix v € H and
consider a sequence {vy, k > 0} defined by the rule

vy =, vg = S(vk—1) + gk, k> 1. (1.52)

This system defines a discrete-time Markov process in H. Indeed, let us denote
by (92, F) the product of the measurable spaces (H,B(H)) and (2, F) (that is,
Q=H xQand F = B(H)® F) and provide it with the filtration {F, k > 0},
where Fj, = B(H) @ Fj, and Fj, is the o-algebra generated by ny,...,n (so
that Fo is the trivial o-algebra). For any v € H, we take P, = §, @ P and define
a process {ux, k > 0} as follows: for @ = (v,w) we set u¥’ = v¥, where {v}} is
given by (1.52). Denote by Py (v, ) the law of vy, where k > 0 and v € H. It is
easy to see that the objects introduced above meet (1.44) and (1.45).

Now let v be an H-valued random variable independent of {n;} with a law p.
Then, by Exercise 1.3.4, we have D,,(ux) = By u for £ > 0. In particular, if p is
a stationary measure for the Markov process (ug,P,), then D, (uy) = p for all
k > 0. In what follows, a stationary measure for (ug,P,) is called a stationary
measure for Eq. (1.52) and the sequence {v;} defined by (1.52) is called a
stationary solution.

An important feature of Markov processes is the strong Markov property.
It says, roughly speaking, that relation (1.45) remains valid if s is replaced
by a random time o, provided that it satisfies an addition property of the
“independence of the future”. To formulate the corresponding result, we first
introduce the concept of a stopping time, formalising that property.

Definition 1.3.7. A random variable 7 : Q — T, U{oc} is called a stopping time
for a filtration {F;,t € T4} if the event {7 <t} belongs to F; for any t € T,.
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Ezercise 1.3.8. (i) Show that if 7 and o are stopping times, then the random
variables 7 4+ o, T Ao, and 7 V ¢ are also stopping times.

(ii) Suppose that the function t — u; is continuous from Ry to X. Show that
for any closed subset A C X, the random variable

T(A) =min{t € T} : u, € A}

is a stopping time. Hint: See Exercise 2.7 in [KS91].

For any stopping time 7, we shall denote by F, the o-algebra of the events

I' € F such that
'n{r<t}eF, foranyteT;.

Ezercise 1.3.9. Show that any stopping time 7 is F.-measurable.

In what follows, we shall always assume the Markov processes we deal with
satisfy the following additional hypotheses:
Feller property. For any f € Cp(X) and t > 0, we have P, f € Cp(X).

Time continuity. The trajectories u;(w), w € €2, are continuous in time.”

Theorem 1.3.10. Let (u:,P,) be a Markov process, let f: X — R be a
bounded measurable function, and let T be a stopping time. Then, for any almost

surely finite F.-measurable random wvariable o : Q@ — T, and any measure A
on (X, B(X)), we have

Ex(Ir<oot f(Urio) | Fr) = Lircoo}(Bof)(ur) Pa-almost surely. (1.53)

Relation (1.53) is called the strong Markov property of the Markov fam-
ily (ug, Py,).

Proof of Theorem 1.3.10. We confine ourselves to the case in which 7T} = Z,.
The proof in the case of continuous-time Markov processes can be carried out
with the help of approximation of 7 by stopping times with range in an increasing
sequence of discrete subsets of Ry ; e.g., see Section IT1.3 in [RY99].

Step 1. It suffices to show that

Ex (]I{T<00}f(u‘f+m) |~FT) = ]I{7'<oo} (mmf)(ur), (154)

where m > 0 is an arbitrary integer, and the equality holds Py-almost surely.
Indeed, if (1.54) is established, then we can write

EA{H{T<oo}f(UT+0') |]:'r} = Z E)\{]I{T<DQ}]I{U:m}f(uT+m) | -7:7'}

m=0

= Lir<oot D Tomm) (Bon ) (ur)

m=0
= H{‘r<oo} (maf)(uT)

6 As usual, the minimum over an empty set is equal to +oo.
"This condition is imposed only if 7} = R.
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Step 2. We now prove (1.54). To this end, it suffices to show that

Ex (I[Fﬂ{‘r<oo}f(u7'+7n)) =Ei\ (Hrn{r<oo}(mmf) (uT)), (1-55)

where I € F, is an arbitrary subset. Let us note that

HFﬁ{'r<oo} = Z]II‘Q{T:n}- (156)

n=0

Since I';, := I'N {7 = n} belongs to F,,, the Markov property (1.48) implies that

E, (Hrnf(uf—&-m)) =Ex (Hrnf(un+M))
= E)\ (HFnE {f(un+m) |-7:n})
= Ex (Ir, (P f) (n)).

Combining this relation with (1.56), we obtain (1.55). O

Corollary 1.3.11. Let 7 be a stopping time such that T < t almost surely.
Then, for any T' € B(X) and u € X, we have

P(u,T) =E, Pr—-(u,,T). (1.57)
More generally, if f: X — R be a bounded measurable function, then

Bof (u) = Ey (Bi—rf)(ur) for any u € X. (1.58)

Proof. To prove (1.57), let us set ¢ = t — 7 and apply (1.53) to the function
f =1Ip. This results in the relation

Py(u,T) = Eyllr (u) = Eu Eu (Ir (ur+0) | Fr)
= Eu(Polr)(ur) = EuPs (ur,T).

Relation (1.58) is a straightforward consequence of (1.57). O

In conclusion, we discuss yet another version of the strong Markov property.
Recall that C(7,, X) stands for the the space of continuous functions® from 7,
to X with the topology of uniform convergence on bounded subsets of T, ;
cf. (1.9). In view of Exercise 1.1.6, C(7;, X) is a Polish space, and we endow it
with its Borel o-algebra.

Ezercise 1.3.12. Let f: C(74+,X) — R be a measurable function that is either
bounded or non-negative. Show that, for any u € X and any stopping time 7,
we have

Eu (Tircoo} f(trs) | Fr) = Lrcooy (Bo f(u)) ’U:uT P,-almost surely. (1.59)

81n the case 74 = Z4, we obtain the space of all functions from Z4 to X.



26 CHAPTER 1. PRELIMINARIES

1.3.2 Random dynamical systems

In Example 1.3.6, we constructed a Markov chain starting from a dynamical
system depending on a random parameter. That construction can be extended
to more general situations, enabling one to associate a Markov process with
some PDE subject to random perturbations. A key point here is the concept of
a random dynamical system, which is introduced below. The relation between
random dynamical systems and Markov processes is described in the next sub-
section.

Let (92, F,P) be a complete probability space, let T be either R or Z, and
let @ = {0;: Q2 — Q,t €T} be a group of measurable mappings. We shall say
that 0 is measure-preserving if (6;).P = P for all ¢t € T; that is,

P(6,(T)) =P(I') foranyteT,T € F. (1.60)

Ezample 1.3.13. Let U be a Polish space ans let u be a probability measure
on U. Define a probability space (€2, F,P) by the following rules.

e () is the set of functions w : 7 — U; we shall write w; for the value of w
at the point .

e F is the minimal o-algebra generated by the cylindrical sets
F={weQ:w, €l fori=1,...,n}, (1.61)
where tq,...,t, € T and T'y,..., T, € B(U).

e PP is the unique probability measure on (€2, F) such that
P(r) = [ [ ()
i=1

for any cylindrical set of the form (1.61).

With a slight abuse of notation, we shall denote by the same symbol the com-
pletion of the probability space defined above.
Let 6 = {0; : © — Q} be the family of shifts on :

(Htw)s = Wt+s for s € T

Then 0 is a group of measure-preserving transformations on 2. We refer the
reader to the book [Str93] for more details on this construction.

Below in this section, given a probability space (£, F,P), we shall always
assume that a group of measure-preserving transformations 0 = {0;,t € T} is
acts on it. Let Ty = {t € T : t > 0} and let X be a Polish space endowed with
its Borel o-algebra B(X). Consider a family @ = {¢; : Q@ x X — X,t € T} of
measurable mappings.

Definition 1.3.14. We shall say that @ is a (continuous) random dynamical
system (or an RDS) in X over @ if the following properties are satisfied.
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(i) Continuity. For any w € Q and ¢t € T, the mapping ¢¥ : X — X is
continuous.

(ii) Cocycle property. For any t,s € T, and w € ), we have
0s
wo =ldx, @ =@ ogy. (1.62)

If T =R, we assume in addition that the trajectories ¢%¥(u) are continuous in
t e T; forany w € Q and uw € X. If T = Z, we shall sometimes say @ is a
discrete-time RDS, to emphasise the difference between the two cases.

In what follows, we often omit w from notation and write p;u instead
of ¥ (u). The following example gives a canonical way for constructing an
RDS associated with a random perturbation of a deterministic mapping.
Ezample 1.3.15. In the setting of Example 1.3.6, let us construct a discrete-time
RDS in H whose trajectories have the same distribution as {vg, k € Z4 }.

Let (2, F,P) be the complete probability space defined in Example 1.3.13,
where T = Z, U = H, and u is the law of n,. Let 8 = {0, : Q — Q} be
the corresponding group of shifts on 2. We now define measurable mappings
wr : @ x H— H by the formulas

Piu=Su) fun, gfu=S(pEw) fwrn k=1, (1.63)

where w = (wj,j € Z). It is easy to verify that @ = {¢x,k € Z;} is an
RDS over 6. Moreover, for any v € H the distribution of the corresponding
trajectory {uy } under the law P coincides with that of the sequence {vy} defined
by (1.52) with v = w.

An important class of RDS is formed by those possessing an additional
property of independence of the past and the future. To each such RDS there
corresponds a Markov processes. We now turn to a description of those RDS
and a construction of associated Markov processes.

1.3.3 Markov RDS

As before, let (2, F,P) be a complete probability space on which acts a group
6 = {0;,t € T} of measure-preserving transformations, let X be a Polish space,
and let & = {¢¥,t € T;} be an RDS in X over 6. For any p,q € T with p < g,
we denote by F, , C F the sub-o-algebra generated by the subsets of F of zero
measure and the X-valued random variables gafswu, where

veX, tseT, p<s<gq 0<t<qg-s. (1.64)

The definition implies that, for any ¢,s € 7 and u € X, the random variable
wfs‘”u is ]-"[Sysﬂ]—measurable. We also define the o-algebras
Fleoog) = 0(Fipg 1P €T, p <),
Fiptoc] = 0(Fipg 22 € T,q0>p),
]:[700,+oo] = U(*F[p,q] pq€eT,p< q)
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Ezercise 1.3.16. Describe the o-algebra Fj, , for the RDS of Example 1.3.15.
Hint: Fj, 4 coincides with the o-algebra of the sets of the form

{(wj,1 €Z): (wpg1,...,wg) €T}, TeEBH)R---QB(H). (1.65)

q — p times

generated by wg, p+ 1 < k < ¢ and the subsets of zero measure.

Ezercise 1.3.17. Show that for any finite or infinite numbers p < ¢, we have
0 (Fip.q) = Fipttagrey t€T.
We now introduce an important concept of Markov RDS. Let us set
F~ = Fl_oo,0]5 Ft= Flo,400]-
The o-algebras F~ and F7T are called the past and the future of @, respectively.

Definition 1.3.18. The RDS @ is said to be Markov if its past and future are
independent.

Ezercise 1.3.19. Show that the discrete-time RDS defined in Example 1.3.15 is
Markov.

Ezercise 1.3.20. Let F;” = F|_o, and .7-}+ = Flt,+o0]- Show that, in the case
of Markov RDS, the o-algebras F;  and JF,  are independent for any t € T

In what follows, we assume that the RDS & under study is Markov. We
write F; instead of F; and call {F;,t € T} the filtration generated by ®.
Note that the very definition of F; implies that the filtered probability space
(Q, F, Fi,P) satisfies the usual hypotheses.

An important property of Markov RDS is that the distribution of the random
variable ¢,u, where u is an X-valued random variable, depends only on the
distribution of the initial state u, provided that the latter is JFyp-measurable.
In other words, a Markov RDS defines an evolution in the space of probability
measures on the phase space X. To prove this assertion, we shall need the
Markov property; cf. (1.45).

Proposition 1.3.21. Let f: X — R be a bounded measurable function. Then,
for any Fo-measurable random variable u : Q@ — X and any s,t € T4, we have

E{f(psseu)| Fs} ={E f(‘PtU)HU:@;Ju P-almost surely. (1.66)
Proof. Let us consider a function g : Q x X — R defined as
9w, v) = f(p{“v), weQ, veX.

The definition of the o-algebras Fj, ;) implies that, for any v € X, the function
g(w,v) is FF-measurable and that ¢“u is Fs-measurable. Since F, and FJ
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are independent, it follows that (for instance, see Problem 9 in Section 10.1
of [Dud02])

E{g(w, p%u) | Fs} = {E g(w,v)}|vz%u almost surely. (1.67)

On the other hand, in view of the cocycle property, we have
9w, pu) = [ 0 pu) = [ u). (1.68)
Combining (1.67) and (1.68), we obtain (1.66). O

We now introduce the transition function for @; cf. (1.46). For any v € X
and t € T, we denote by P;(v,-) the law of ¢sv:

P,(v,T) =P{pwel}, veX, T eBX). (1.69)

The following result is the analogue for Markov RDS of the property described
in Exercise 1.3.4.

Corollary 1.3.22. Let u : Q — X be an Fy-measurable random variable and
let . = D(u). Then the distribution p: of ¥ is given by the formula

e (T) = /X Py(v, T)u(dv). (1.70)

In particular, the measure p; depends only on p (and not on the random vari-

able u).
Proof. In view of (1.66) with f = Ip, for any I" € B(X), we have

Elr(piu) = E{E (Ir(esu) | Fo) } = E{(Elr(pev)) ’v:u}'
It remains to note that Elp(piv) = P{pw € T} = Py(v,T). O

Proposition 1.3.21 implies that the transition function 1.69 satisfies the
Kolmogorov—Chapman relation. So it is the transition function of some Markov
process; see Section III.1 in [RY99]. Using the Markov RDS @, it is possible
to construct a Markov process with this transition function in a canonical way.
We now present this construction.

Let us denote by € the product space X x Q endowed with the product
o-algebra B(X) ® F, and introduce the filtration F; = B(X) ® F;. Let us
define the process u;(w') = ¢Yu, where w' = (u,w) € ', and the family of
probability measures P, = §, ® P, where §,, € P(X) is the Dirac measure
concentrated at w. It is straightforward to see that (u;,P,) is a Markov family
whose transition function coincides with (1.69). We denote by B; and 9B} the
corresponding Markov semigroups. The continuity of ¢,u with respect to u
implies that (u¢, P,) possesses the Feller property; cf. Exercise 1.3.23 below. In
what follows, we shall often drop the prime from notation and write w, Q, F, F;
instead of w’, Q', 7', F/. This will not lead to a confusion.

The following exercise implies, in particular, that the strong Markov prop-
erty is true for Markov processes corresponding to continuous Markov RDS. In
particular, relations (1.57) — (1.59) hold for them.



30 CHAPTER 1. PRELIMINARIES

Ezercise 1.3.23. Show that if @ is a continuous Markov RDS, then the corre-
sponding Markov process possesses the Feller property. Combine this fact with
Theorem 1.3.10 to conclude that the strong Markov property holds. Hint: Use
Lebesgue’s theorem on dominated convergence.

We conclude this subsection by a simple exercise describing the Markov
semigoups in the case of deterministic dynamical systems.

Ezercise 1.3.24. Let @ = {¢}Y : X — X} be an RDS such that
WYu=1(u) foranyweQ, ueX,

where ¥ : X — X is a continuous operator. Describe the Markov semigroups By,
and P in terms of .

1.3.4 Invariant and stationary measures

To every RDS @ = {¢¥,t € T, } there corresponds a semigroup of measurable
mappings in an extended phase space. Namely, we consider the product space
(2 x X,F®B(X)) and define a family of mappings ©® = {©,t € 7.} by the
relation

O (w,u) = (bw, piu), (w,u) €QxX.

Ezercise 1.3.25. Show that the family © is a semigroup of measurable transfor-
mations.

We now introduce the concept of an invariant measure for @. Let P(Qx X, P)
be the set of probability measures on (2 x X, F x B(X)) whose projection to §2
coincides with P.

Definition 1.3.26. A measure Mt € P(Q2 x X, P) is said to be invariant for &
if (©4).9 = M for any t € T;. In other words, O is a semigroup of measure-
preserving transformations of the space (2 x X, F ® B(X), M) (cf. (1.60)).

In what follows, we shall need an alternative description of invariant mea-
sures for @. Recall that a family {u,,w € Q} C P(X) is called a random
probability measure if for any I' € B(X) the function w > u,(T) from Q to R
is (F, B(R))-measurable. It is well known that any measure 9 € P(Q2 x X, P)
admits a disintegration

M(dw, du) = g, (du) P(dw), (1.71)

where {p,} is a random probability measure on X. Relation (1.71) means that
if f:Q x X — R is a bounded measurable function, then

//QXX f(w, w)M(dw, du) :/Q{/X f(w,u)uw(du)}P(dw),

Moreover, representation (1.71) is unique up to a set of zero measure in the
sense that if {u/,,w € Q} is another random probability measure for which (1.71)
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holds, then p,, = p, for almost every w € Q. We refer the reader to Section 10.2
of [Dud02] for the proof of these results. Note that if 9 is represented in the
form (1.71), then the projection of M to X coincides with the mean value of p,,.
That is,
(Ix). M=Ep. := / o P(dw).
Q

Proposition 1.3.27. A measure M € P(Q x X,P) is invariant for & if and
only if for any t € T, its disintegration {u.} satisfies the relation

(08 s o = po,0  for almost all w € Q. (1.72)

Proof. Suppose that 91 is an invariant measure for @. Then for any bounded
measurable functions f: X — R and ¢g: 2 — R we have

/Q/Xf(%)U)g(etw)uw(du)]P(dw):/Q/Xf(u)g(w)uw(duﬂ?’(dw). (1.73)

Replacing g(w) by g(6_;w) and using the invariance of P with respect to 6, we
see that

/ { /. f(wi’u)uw(du)}g(w)P(dw)z / { /. f(u)uatw(du)}g(w)l[”(dw),

Since this relation is true for any function g, we conclude that

/ floFu) py,(du) = / f(u) po,w(du) for almost all w € Q. (1.74)
X X

Now note that the Borel o-algebra on a Polish space is countably generated (see
Corollary 7.1.3 in the Appendix). Therefore (1.74) implies that (1.72) holds for
any t € T,.

Conversely, if (1.72) holds, then reversing the above arguments, we arrive
at (1.73) for any bounded measurable functions f and g. Application of the
monotone class technique (see Theorem 7.1.1 in the Appendix) shows that 90t
is invariant for @. O

We conclude this subsection with the concept of a stationary measure for a
Markov RDS. Recall that the Markov semigroups for such an RDS were intro-
duced in the foregoing subsection.

Definition 1.3.28. A measure u € P(X) is said to be stationary for an RDS &
if it is stationary for the corresponding Markov process, i.e., ‘Bip = p for any
teTs:.

Note that, in contrast to invariant measures, stationary measures are defined
only for Markov RDS.

Exercise 1.3.29. Let F; be the filtration generated by @ and let v : Q@ — X
be an Fp-measurable random variable such that D(u) = p. Show that if y is a
stationary measure for @, then

D(piu) =p forallt e T,
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Let A C X be a closed subset. We shall say that A is absorbing for the
RDS @ if for any u € X there is an almost surely finite random time T, € T
such that, with probability 1, we have

wPue A foranyt>T,.

Lemma 1.3.30. If A is an absorbing set for the RDS ® and p is a stationary
measure for @, then supp u C A.

Proof. We need to show that if a function f € Cy(X) vanishes on A, then
(f, ) = 0. To this end, note that

(f>#):(f,q3rﬂ) mtfa / mt

Since A is an absorbing set, we have f(pu) = 0 for ¢ > T,, whence, by
Lebesgue’s theorem on dominated convergence, we conclude that

PBif(u) =E f(pu) >0 ast— co.

Hence, (f,u) = 0 for any f € Cp(X) vanishing on A. This completes the proof
of the lemma. O

We conclude this chapter by a result showing that a global stability of a
Markov RDS implies the uniqueness of a stationary measure. For simplicity, we
confine ourselves to the case of a separable Banach space X with a norm || - ||.

Proposition 1.3.31. Let & = {¢:,t € T} } be a Markov RDS in X such that
leFu — o] < Yypa@)|lu—o|, t€Ts, we, uvelX, (1.75)

where R > 0 is arbitrary, 1y, s an almost surely finite random variable mea-
surable with respect to its arguments, and «(t) is a function going to zero as
t — +o0o. Then @ has at most one stationary measure. Moreover, if a sta-
tionary measure [ exists, then for any R > 1, v € X, and t € T;, we have

1P =l < 2(Bx(RY) 4 [ (2 (@l ol) o). (176)
Bx(R)

Proof. Let u,v € P(X) be two stationary distributions. Then for any bounded
measurable function f : X — R we have

(Fo1) = (f,0) = (Befo) — (Bef.ov) // (es) — F (o)) plduw(dv).

XxX
Assuming that f € Ly(X) with ||f||z < 1 and using inequality (1.76), for any
R > 0 we derive

[(F )= (F.0)] < 21(B% (R)) +2v (B (R)) +2 / / E(LARY,,,a(t) p(du)pu(dv).

XxX
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Passing to the limit as t — 400 and then R — +o00, we see that (f,u) = (f,v)
for any f € Ly(X). This implies that u = v.

We now prove (1.76). To this end, we essentially repeat the above argument.
Namely, take an arbitrary function f € Cy(X) and write

(f,Pt(u,-))—(fyﬂ)=(‘Btf,éu)—(%f,u)=/XE(f(s0tU)—f(s0tv))u(dv)~

Using (1.75) to bound the right-hand side of this relation and taking the supre-
mum over all f € Ly(X) with ||f|| <1, we arrive at the required result. O

Notes and comments

The basic facts about Sobolev spaces used in this monograph are very well
known, and their proof is widely available in the literature; see the books of
Lions, Magenes [LM72] and Taylor [Tay97]. A comprehensive treatment of the
theory of Sobolev spaces can be found, for instance, in the books [Ada75, Maz85]
by Adams and Maz’ja. Classes of measurable functions with range in a Banach
or Hilbert space and the concept of Bochner’s integral on an abstract measurable
space are studied in Chapter V of [Yos95], and a rich source of their applications
in the theory of nonlinear PDE’s is the book [Lio69].

An excellent book about the measure theory on metric spaces is the one by
Dudley [Dud02]. A lot of useful information can also be found in Bogachev’s two-
volume book [Bog07]. The idea of coupling goes back to Doeblin [Doe38, Doe4(],
but its systematic application in the theory of stochastic processes started much
later; see the papers [Harbb, Pit74] by Harris and Pitman. Lemma 1.2.24 was
often used by Dobrushin [Dob68, Dob74] in his celebrated work on Gibbs sys-
tems.

The general theory of random dynamical systems and Markov processes is
treated in many textbooks and monographs; e.g., see the books of Revuz [Rev&4],
Kifer [Kif86], Karatzas, Shreve [KS91], and L. Arnold [Arn98]. Our presentation
of this subject essentially follows one of these references.
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Chapter 2

Two-dimensional
Navier—Stokes equations

In this chapter we present some well-known results on the 2D Navier—Stokes
equations. We begin with the deterministic case. Galerkin approximations are
used to prove existence, uniqueness, and regularity of solutions. Some important
estimates due to Foiag and Prodi are also established. We next consider the
Navier—Stokes system perturbed by a random external force and prove well-
posedness of the Cauchy problem and some a priori estimates for solutions.
Combining these results with the classical Bogolyubov—Krylov argument, it is
then shown that the randomly forced Navier—Stokes equations have at least one
stationary measure.

2.1 Cauchy problem for the deterministic sys-
tem

2.1.1 Equations and boundary conditions

The 2D Navier—Stokes (NS) equations have the form
U+ (u, Viu — vAu+ Vp = f(t,x), (2.1)
divu = 0. '
Here u = (u',u?) and p are unknown velocity field and pressure, v > 0 is the
kinematic viscosity, f is the density of an external force, and (u, V) stands for
the differential operator u'd; +u20,. Equations (2.1) are considered either in a
bounded domain @ C R? with a smooth boundary dQ or on the standard torus
T? = R?/27Z2. The latter means that the space variable z = (21, 73) belongs
to R?, and the functions u, p, and f are assumed to be 27-periodic with respect
to x;, ¢ = 1,2. All the results and proofs remain valid without any change

35
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for non-standard tori T?/a(Z ® bZ), where a,b > 0. In the case of a bounded

domain, Egs. (2.1) are supplemented with the no-slip boundary condition:
ulyo = 0. (2.2)

The Cauchy problem for the Navier—Stokes system consists in finding a pair of

functions (u,p) of appropriate regularity that satisfy (2.1) and (2.2) in a sense
to be specified, as well as the initial condition

u(0,x) = ug(x), (2.3)

where ug is a given function. In the case of torus, the boundary condition (2.2)
should be omitted.

In what follows, to simplify the presentation, results of this chapter usually
are proved for the torus. If the corresponding proof in the case of a bounded
domain is different, or the result is not valid, we mention this explicitly.

2.1.2 Leray decomposition

Let H™(T?;R?) be the space of vector fields on T? whose components belong
to the Sobolev space of order m and let

H™ = {u € H™(T%R?) : divu = 0 on T?},

where the divergence is taken in the sense of distributions. It is clear that H"
is a closed subspace of H™(T?;RR?).

The following result can be easily established with the help of Fourier ex-
pansions of square-integrable functions.

Ezercise 2.1.1. Show that H™ coincides with the closure in H™(T?;R?) of the
space
V = {u € C°°(T?%R?) : divu = 0 on T?}.

Let us recall that H™ = H™(T?) stands for the space of functions in H™ (T?)
with zero mean value (see (1.2)), and let VH™*! be the space of functions
u € H™(T?;R?) that are representable in the form u = Vp for some p € H™ 1.
Since ||Vp||x is a norm on H™t!) we see that VH™! is a closed subspace
in H™(T? R?). The following result due to Helmholtz is a common tool in the
theory of Navier—Stokes equations since the work of Leray.

Theorem 2.1.2. For any m € R, the space H™(T?;R?) admits the direct
decomposition

H™(T*R?) = H™ + VH™ !, (2.4)

Moreover, the sum is orthogonal for m = 0, and decompositions (2.4) corre-
sponding to two different values my and mo give the same representation for
any function belonging to the intersection H™ (T?;R?) N H™2(T?;R?).
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Proof. We first note that the intersection of H™ and VH™*! consists of the
zero function. Let us expand a function u € H™(T?;R?) into the Fourier series:

u(z) = Z uge®,  u, e C2.
sE€Z?2
Denoting s+ = (—s3, 51), we write
u@) =3 (s 5 )37 e g s e (2.5)
. sl . sl

To prove (2.4), it remains to note that the first sum on the right-hand side is
an element of H", while the second is the gradient of the function

. (Us, S) 44
_ZZ |S|2 ezax7

SEZ?

which belongs to H™!. The fact that (2.4) is an orthogonal sum for m = 0
is easy to show with the help of integration by parts, and compatibility of
decompositions (2.4) corresponding to different values of m follows from (2.5).

O

In what follows, we denote by II : H™(T?; R?) — H™ the projection associ-
ated with decomposition (2.4). It is called the Leray projection. Even though
the definition of IT depends on m, Theorem 2.1.2 implies that the function ITu
depends only on u, and not on the space H™(T?;R?) in which the operator IT
is considered. Therefore we do not indicate the dependence of the projection
operators on m.

An analogue of the Leray—Helmholtz (2.4) decomposition is true for any
bounded Lipschitz domain. Let us formulate the corresponding result in the
case m = 0. We set

L2(Q;R?) = {u € L*(Q;R?) : divu = 0 in Q, (u,n) = 0 on 9Q},

where n denotes the outward unit normal to 8Q. Furthermore, define VH' as
the space of functions u € L?(Q;R?) that are representable in the form u = Vp
for some p € H(Q). A proof of the following theorem can be found in [Tem79,
Chapter 1].

Theorem 2.1.3. The subspaces L2 and VH? are closed in L*(Q;R?), and we
have the orthogonal decomposition

L*(Q;R*) = L2 VH. (2.6)

As before, we denote by II : L?(Q;R?) — L2 the Leray projection. It can
be shown that II is continuous in H'(Q,R?) and admits a continuous exten-
sion to an operator from H~'(Q,R?) to the dual space of L2 N Hg(Q,R?); see
Section I.1 in [TemT79]. We refer the reader to Chapter 17 of the book [Tay97]
for a detailed presentation of the corresponding results in the case when @ is a
compact manifold.
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2.1.3 Properties of some multilinear maps

In this subsection, we establish some elementary estimates of linear and non-
linear functionals relevant to the Navier—Stokes equations. We shall need two
auxiliary lemmas.

Lemma 2.1.4. Let X1,..., X, andY be Banach spaces and let F' be an r-linear
map from the direct product X; X -+ X X, to'Y such that

|F (w1, ..., un)ly < Clluillxy - lurllx, forallu; € X;, j=1,...,r. (2.7)

Then F is continuous. Moreover, if V; C X;, i = 1,...,r, are dense vector
spaces, F' is defined for u; € V;, and inequality (2.7) holds for u; € V;, then F
extends to an r-linear continuous map from X; X --- x X, toY.

The proof of this lemma is straightforward. To formulate the second result,
we introduce some notations. For any sufficiently regular vector fields u and v
on the torus T?, we set

Lu = —TIAu, B(u,v)=1I({u, V)v). (2.8)

For the periodic boundary conditions, Lu equals —Aw, but this is not the case
for bounded domains and Dirichlet boundary conditions. It is easy to check
with the help of Fourier expansion that L is a self-adjoint operator in L2 with
the domain D(L) = H2. Tt is called Stokes operator.

Define the space

H={uec L*0,T;H}) : v e L*0,T; H; ')}

and endow it with the norm

T 1/2
|MM=<A(M@H+M@WJ£>,

where the time derivative is understood in the sense of distributions. Note
that H is a Hilbert space. A proof of the following result can be found in [LM72]
(see Theorem 3.1 in Chapter 1) and [Lio69] (see Theorem 5.1 in Chapter 1).

Lemma 2.1.5. The space H is continuously embedded in C(0,T; L2) and com-
pactly embedded in L?(0,T; H™) for any m < 1. In particular, u(t) is a well
defined vector in L% for any u € H and t € [0,T].

We now turn to some estimates that will be needed in the sequel. The first
result essentially is an integration-by-parts formula.

Proposition 2.1.6. For any u,v € H and 0 <t < T, we have
T T
/ (Lu(t), v(t)}dt:/ (Vu(t), Vo(t)) dt, (2.9)
0 0
! 1 2 2
| i s = S0 = u0)B). (210)
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Proof. In view of Lemma 2.1.4, it suffices to establish (2.9) and (2.10) for smooth
functions v and v. In this case, both relations are obvious. O]

Let us note that the function t — (u,u) belongs to L1(0,T) for any u € H.
it follows from (2.10) that |u(t)|? is an absolutely continuous function, and

% lu(t)|* = 2(u,u) for any u € H.

Proposition 2.1.7. For any divergence-free smooth vector fields u, v, and w,
we have

(B(u,v),v) =0, (2.11)
(B(u,v),w) = —(B(u,w),v), (2.12)
[(B(u, v), w)| < Cllully/2l[v]l1/2llwll, (2.13)
1B(u, v)[| -1 < Clluflyz vll2 (2.14)
1B, )5 < Clulz [v]2, (2.15)

where C' > 0 is a constant not depending on the functions.

Proof. Integrating by parts, we derive

2 2
_ (9l o e — 1 5 102
(B(u,v),v) = Z /]1‘2 uw (0;v") vt do = Z 3 ) uw 0;|v|° dz

J,i=1 j,l=1
1 . 9
=—— [ (divu)|u|®dz =0.
2 oo

This proves (2.11). To establish (2.12), it suffices to use (2.11) with v replaced
by v + w.

Let us prove (2.13). Applying consecutively relation (2.12), the Holder in-
equality, and the continuous embedding H'/? ¢ L* (see Property 1.1.2), we
obtain

|(B(u,v),w)| = (B(u,w),v)| <Cy /T2 lul [Vw] |v| dz
< Co |Vl |ulg [v]s < Csllwlly Jullyyz [v]l1)2 - (2.16)

Inequality (2.14) follows from (2.13) by duality. Finally, to establish (2.15), it
suffices to estimate the integral in (2.16) by the product |Vw|s |ul2 |v|2 and
apply the Sobolev embedding H? C L. O

Combining Lemma 2.1.4 and Propositions 2.1.6 and 2.1.9, we obtain the
following result.

Corollary 2.1.8. The operator B defined initially on smooth vector fields ex-

tends to a continuous bilinear map from HY? x HY? to H; ' and from L2 x L2
to H3.



40 CHAPTER 2. TWO-DIMENSIONAL NAVIER-STOKES EQUATIONS

Consider now a trilinear map b defined on smooth non-autonomous vector
fields on T? by the relation

b(u,v,w) = (B(u(t,-),v(t,-)),w(t,-)).

Proposition 2.1.9. The map b(u,v,w) is continuous from HxHx L*(0,T; H})
to L1(0,T), and
b(u,v,v) =0 for any u,v € H, (2.17)

where the equality holds in the space L1(0,T). In particular, for any u,v € H
the function B(u,v) belongs to L*(0,T; H;').

Proof. We first note that H C L*(0,T; H'/?). Indeed, since ||u||‘1L/2 < |ul3||ul|?,
we have

T T
o = [ M@ de< (s @) [ lu(olfde < ful.
0 0<t<T 0

Hence, using (2.14), for smooth functions u,v € H and w € L*(0,T; H}), we
obtain

T T
/ by v,w)| ds < C / ol llls e [0l 2 ds
0 0

T 1/2 T 1/4 T 1/4
s(/ ||w|%ds) (/ ||u||%/2ds) (/ ||v||;*/2ds)

< Cllwllzzo,r;m)llullafvlls - (2.18)

Lemma 2.1.4 implies now the continuity of b. By duality, it follows from in-
equality (2.18) that B(u,v) belongs to L?(0,T; H, ). Finally, relation (2.17),
which is true for smooth functions in view of (2.11), extends to the general case
by continuity. O

2.1.4 Reduction to an abstract evolution equation

We now introduce the concept of a solution for the Navier—Stokes system. Let
us fix a constant T > 0 and functions f € L?(0,T; H~') and ug € L%(T? R?).
We shall denote by D’ the space of R2-valued distributions on (0,7) x T2.

Definition 2.1.10. A pair of functions (u,p) is called a solution of Equa-
tion (2.1) on (0,T) x T? if u € H, p € L?(0,T;L?), and (2.1) holds in D'.
If, in addition, relation (2.3) is also satisfied, then (u,p) is called a solution of
the Cauchy problem (2.1), (2.3).

Let us note that (2.1) is not a system of evolution equations in the sense that
it does not contain the time derivative of the unknown function p. However, it
is possible to exclude the pressure from the problem in question and to obtain
a nonlocal nonlinear PDE which can be regarded as an evolution equation in a
Hilbert space.
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To this end, let us apply formally the Leray projection II to the first equation
n (2.1). Since I(Vp) = 0, u(t) € L2 for any ¢, and T4 = 1, using notation (2.8)
we obtain
+ vLu+ B(u) = T1f(t), (2.19)
where B(u) = B(u,u). Let us introduce the concept of a solution for (2.19).

Definition 2.1.11. A function v € H is called a solution of Equation (2.19)
on (0,7) x T? if (2.19) holds in D’. If, in addition, the initial condition (2.3) is
also satisfied, then u is called a solution of the Cauchy problem (2.19), (2.3).

Note that the functions Au and (u, V)u are elements of L2(0,7; H~1), and
therefore their Leray projections are well defined and belong to L?(0,T; H; 1).
Thus, all the terms in (2.2) belong to D', and Definition 2.1.11 makes sense.
The following result shows that the Cauchy problems for (2.1) and (2.19) are
equivalent.

Theorem 2.1.12. Let a pair (u,p) € H x L*(0,T; L?) be a solution of (2.1)
on (0,T) x T2. Then u € H is a solution of (2.19). Conversely, if u € H is a
solution of (2.19), then there is p € L?(0,T; L?) such that (u,p) is a solution
of (2.1).

Proof. Let (u,p) be a solution for (2.1). Then integrating the first equation
in (2.1) with respect to time, we obtain

t
u(t) = ug +/O (VAU —({u,V)u—Vp+ f) ds, 0<t<T, (2.20)

where the equality holds in H~!. Applying to (2.20) the Leray projection II,
which is continuous in H~', and using the fact that II commutes with the
integration in time, we obtain

u(t) = ug + /Ot(—VLu — B(u) +1If)ds, 0<t<T. (2.21)

This implies that (2.19) holds in D’. Conversely, let u € H be a solution
of (2.19). Then @ € L?(0,T; H;'). Consider the equation
Vp(t) = g(t) == =t + vAu — (u, Viu + f, (2.22)
whose right-hand side g belongs to L?(0,T; H~1). If we show that
g(t) € VL? for almost all t € [0, T, (2.23)

then we can resolve (2.23) with respect to p and find a solution p € L?(0,T; L?).
In this case, the construction will imply that (u, p) satisfies (2.1) in the sense of
distributions.

To prove (2.23), note that u satisfies (2.21). It follows that

H</0tg(s)ds> :Atﬂg(s)ds:o for0 <t <T.
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whence we conclude that IIg(¢t) = 0 for almost all ¢ € [0,T]. This implies the
required relation (2.23). O

An analogue of Theorem 2.1.12 is true for the Navier—Stokes system in a
bounded domain. However, its proof is more complicated, and we refer the
reader to the book [Tem79] for the details.

2.1.5 Existence and uniqueness of solution

In this subsection, we prove that problem (2.19), (2.3) possesses a unique so-
lution u € H for any functions vy € L2 and f € L?(0,7; H'). In view of
Theorem 2.1.12, this will imply that problem (2.1), (2.3) is also well posed in
an appropriate functional space.

Theorem 2.1.13. Let ug € L2 and f € Lo(0,T; H~1). Then problem (2.19),
(2.3) has a unique solution u € H, which satisfies the inequality

t t
\U(t)|§+l// [Vu(s)[3 ds < IuO|§+lfl/ [f(s)21ds, 0<t<T. (2.24)
0 0

Proof. To simplify the presentation, we shall assume that v = 1.

Uniqueness. Let uy,us € H be two solutions equal to ug at ¢t = 0. Then the
difference u = uy — uy satisfies the equation

U+ Lu + B(ug,u) + B(u,u1) =0. (2.25)
Multiplying this relation in H by u(s) and integrating in time, we derive
t
/ ((@, u) + (Lu, u) + (B(u,u1),u)) ds = 0. (2.26)
0

Since (Lu,u) = |Vul3 and u(0) = 0, combining (2.26) with (2.10), (2.13) and
using the second inequality in (1.8), we obtain

1 t t
3B+ [ Vu(o)ids == [ (Buw).uds
0 0
t
< C1/ Vi |2|Vulz|ulz ds
0
1 ¢ 2 ‘ 2 2
< 3 [Vu(s)|zds+ Co | |Vuals |ul3 ds.
0 0
It follows that
t t
uOF + [ [Vu(s)Bds <202 [ Vua(s) us) s
0 0

Since t +— |Vu(t)|3 is an integrable function, Gronwall’s lemma implies that
u = 0.
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Ezistence. The proof of existence is based on a well-known general approach
called Galerkin method. Roughly speaking, we construct solutions for finite-
dimensional approximations of the equation and then show that they have a
limit point which satisfies the original equation. The proof is divided into three
steps.

Step 1: A priori estimate. Let u(t,x) be a smooth solution of (2.19). We
consider the function u ~ 3 |u|3 and calculate its derivative along trajectories
of (2.19):

% ()3 = (u(t), (t)) = (u, —Lu — B(u) + ILf(t))
=Vl + (u, f) < =[Vul3 + [Vulz [|fl| -2

IN

1 1
5 |Vul3 + By If11%,,

where we used (2.11). Integrating in time, we obtain inequality (2.24) with
v =1. It follows that

lullLoe ,7:m) + lull 20,011y < luolz + [l oo, mim-1) =2 Cr(uo, ). (2.27)
Furthermore, using (2.14) and the interpolation inequality, we obtain
IB(u)|[-1 < Cllull?)y < Clul [Vul2,
whence it follows that

|1 B(w)| 20,711y < Caluo, f)-

Expressing @ in terms of u from (2.19) and recalling (2.27), we get

il 22 0,7:5-1) < C3(uo, f) -
We have thus shown that

Jull2 < C(uo, f). (2.28)

Step 2: Galerkin approrimations. Let us introduce the standard trigonomet-
ric basis in L2. Denote by Z2 the set of non-zero integer vectors s = (s1, s2).
For s € Z3, let

Lo 2
Cs8 sin(s, x), sezs,
€, = { (s, 2) N (2.29)

css™t cos(s, ), seZ?,

where ¢; = (V27|s|) 7!, st = (—s2,s1), Z% stands for the set of vectors s € Z3
such that either s; > 0 or s; = 0 and s, > 0, and Z2 is the complement of Zi
in Z%. Given an integer N > 0, we write

Hny = span({es, |s| < N}U{(1,0),(0,1)}) (2.30)
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and denote by
Py : L*(T%R?) — L*(T?% R?)
the orthogonal projection onto Hy. It is clear that
Hny CC™®NLZ, dimHgy) < oo,

and that the operator L maps the subspace H(y) into itself. Let us apply Py
to (2.19):
Pyt + PyLu+PyB(u) =Pynf.

A curve u(t) € H(yy satisfies this relation if and only if
u+LU+PNB(u) =Pnf. (231)

This is an ODE in H(y) defined by a smooth vector field, with a square-
integrable right-hand side. Let us supplement it with the initial condition

U(O) = PNUO. (2.32)

Problem (2.31), (2.32) has a unique solution v = ux defined on a time inter-
val [0,Tn), where either Ty = T, or Ty < T and un/(t) blows up as t — Ty .
We claim that Ty =T and

uny € C(0,T;H(ny), tn € L*(0,T;Hyy). (2.33)

To prove these claims, we shall derive an a priori estimate for uy.
Let us calculate the derivative of the functional %|u\2 along trajectories
of (2.31). We have

u(t)]* = (u,u) = (u, —Lu — Py B(u) + Pn f)
= (u,—Lu — B(u) + f(t)).

Ld
2 dt

Repeating the argument used in Step 1, we see that u = uy satisfy inequali-
ties (2.27) and (2.28) with T'= Ty uniformly in N > 1. Tt follows that Ty =T
for all N. Thus, the Galerkin approximations {uy} form a bounded sequence
in H.

Step 3: Passage to the limit. We now wish to pass the limit in Eq. (2.31)
as N — oo. Since H is a Hilbert space, and a closed ball in a Hilbert space is
weakly compact, there is a sequence N;j — oo such that {uy, } converges weakly
to an element u € H as j — oco. Since the linear operators

H— Lo(0,T; H7Y), w1,

g

H— L2(0,T; HY), ww— Lu,
are continuous, we have
an, = @ in  Ly(0,T;H;"), (2.34)
Luy, = Lu in Ly(0,T;H;"). (2.35)

o
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Consider now the nonlinear term {B(uy;)}. By Lemma 2.1.5,
un, —u i L2(0,T; Hy'?). (2.36)
Noting that, by (2.14), the bilinear form w +— B(u) is continuous from the space
L2(0,T; Hy'?) to L'(0,T; H;1), we see that
B(un,) = B(u) in L*(0,T;H;'). (2.37)
Finally, due to (2.36),
un,(0) = u(0) in LZ. (2.38)
Let us take any integer m > 1 and apply the projection P, to Eq. (2.31)
with N = N; > m. Since P,, o Py; = Py, we obtain
PmTle + PmLuNJ + PmB(uNJ) = me .
Letting N; — oo and using (2.34) — (2.37), we derive
Pt + Py Lt + P B(w) = Py f

where the equality holds in the space L'(0,T; H,1). Since m is arbitrary, we
conclude that
i+ Lu+ B(u) = f.

Furthermore, due to (2.38),

u(0) = lim un,(0) = lim Py;up = ug.
J—0 j—o0

We have thus proved the existence of a solution. It remains to establish inequal-
ity (2.24).

To this end, note that inequality (2.24) remains valid for u = uy. Since
{un;, } converges weakly to u € H, we see that

||u||L2(0$t;H1) < lim inf ||uNj ||L2(07t;H1) for any t < T.
j—oo

Combining this with convergence (2.36), we conclude that one can pass to the
limit in (2.24) with v = uy; as j — oo. This results in inequality (2.24) for the
constructed solution u(¢,z). The proof of Theorem 2.1.13 is complete. O

Ezercise 2.1.14. Show that any solution u(t, z) of the Navier—Stokes system (2.19)

satisfies the relation

u(t)l3 +2V/O Vu(s)l3ds = [u(0)[3 +2/0 (f(s), u(s))ds, (2.39)

which is called the energy balance. Hint: Relation (2.39) can be obtained for-
mally by taking the scalar product of Eq. (2.19) with « and integrating in time.
To justify this calculation, use relation (2.10).
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Remark 2.1.15. Our proof shows that any sequence of Galerkin approxima-
tions uy; contains a subsequence that converges to a solution of the Navier—
Stokes system. By the uniqueness, the limiting function must coincide with the
solution u(t, z) constructed in Theorem 2.1.13. Hence, the whole sequence {uy }
converges to u weakly in H and, by Lemma 2.1.5, strongly in L?(0,T; H”) with
r<1:

uy —u in H, uy —u in  L*0,T;HL). (2.40)

Theorem 2.1.13 on existence and uniqueness of a solution is true for 2D
Navier—Stokes equations in a bounded domain with the Dirichlet boundary con-
dition, and the proof of remains essentially the same; see Chapter IIT in [Tem79].

We conclude this subsection by a remark on solutions with zero mean value.
Recall that the mean value (u) of a function v € H™(T?) with m > 0 is defined
in (1.2). In the case of an arbitrary m € R, it can be defined as the zero-order
coefficient in the Fourier expansion of u. Let u(f,z) be a solution of (2.19).
Integrating in time Eq. (2.19) and taking the mean value of both sides, we
obtain

(u(t)) +/0 (—Au+ B(u)) ds = (u(0)) —l—/o (f(s))ds.

Now note that the integrand on the left-hand side vanishes, and therefore

So if the mean value of f(t) is zero for almost all ¢ € [0,7], then (u(t)) is
constant. In what follows, we shall study problem (2.19), (2.3) for the case
when the mean values of f(¢) and ug vanish. What has been said implies that
in this case (u(t)) =0 for all ¢ € [0, 7.

Let us introduce the function spaces

H={ucl?(T*R?:(u)=0}, V=H'NH, VF=HnH (241)

and denote by V* the dual space of V with respect to the scalar product in L2.
Note that V* can be regarded as the quotient space H~!/W, where W is the
space of functionals f € H~! vanishing on VH?2. It follows from Poincaré’s
inequality that the usual Sobolev norm on V™ is equivalent to <Lmu,u>1/ 2,
Slightly abusing the notation, we sometimes denote the latter norm by || - |-
Finally, for a bounded domain @, we write H = L2 and V = H}(Q;R?) N L2
and denote by V* the dual of V.

When dealing with stochastic Navier—Stokes equations, we shall very of-
ten apply It6’s formula to processes that take values in one space and pos-
sess stochastic differentials in a larger space. In this context, the concept of a
Gelfand triple will play an important role; see Section 7.6. Note that, the spaces
V C H C V* form a Gelfand triple, as do the spaces VF*t1 ¢ V¥ c VF=1 for
any integer k > 1.
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2.1.6 Regularity of solutions

Navier—Stokes system is a parabolic-type equation, and in the 2D case it has
good smoothing properties. The proof of this fact is particularly simple for the
problem on the torus due to the following lemma.

Lemma 2.1.16. Ifu € HN H?, then (B(u), Au) = 0.

The proof of this result is based on the existence of a stream function for
divergence-free vector fields.

Ezercise 2.1.17. Show that for any vector field u € H on the 2D torus there
is a function ¥ € H'(T?) such that u = curlvy := (=02, d17)). Moreover, the
function 1 is unique up to an additive constant, and if u € H*(T?,R?), then
v € H*T1(T?). Hint: Use the Fourier expansion.

Proof of Lemma 2.1.16. By Exercise 2.1.17, there is a function ¢ € H3(T?)
such that v = curlvy. Furthermore, it follows from Theorem 2.1.2 that for any
u € H N H? there is p € H*(T?) such that B(u) = (u, V)u — Vp. Thus, setting
curlu = 01u? — Gou' and integrating by parts, we obtain

(B(u), Au) = / ((u, V)u — Vp) curl(Av) da

’H‘Z
z/ (u, V)(curlu) Ay dz. (2.42)
TZ
where we used the relations
curl({(u, V)u) = (u, V)(curlu), curl(Vp) =0.

Now note that curlu = curl(curly) = A¢. Substituting this into (2.42), inte-
grating by parts, and using that divu = 0, we arrive at the required result. [

We can now state a first regularisation result for 2D Navier—Stokes equations.
It says, roughly speaking, that the solution immediately becomes more regular
than the initial function.

Theorem 2.1.18. Let ug € H and f € L*(0,T; H). Then the solution u(t,x)
of problem (2.19), (2.3) belongs to the space C(ty, T; HY)NL?(ty, T; H?) for any
to > 0. Moreover, for 0 <t <T, we have

t t t
()2 + v / sllu(s)|3ds < [uol? + v / SIF(s)2ds + / 1£(s)]% ds.
(2.43)

Proof. We shall confine ourselves to a formal derivation of the a priori esti-
mate (2.43) for smooth solutions. Its justification can be carried out with the
help of Galerkin approximation; cf. proof of (2.24). Once (2.43) is established,
we conclude immediately that u € L>(to, T; H') N L?(tg, T; H?) for any to > 0.
Combining this with Eq. (2.19), we see that @ € L?(to, T; H), whence it follows
that u € C(to, T; HY).
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To prove (2.43), consider the functional ¢(t,u) = ¢ (Lu,w). Differentiating
it with respect to time and using Eq. (2.19) and Lemma 2.1.16, we derive
et u) = ||ullf + 2¢(Lu, @)
= ||lu||? + 2t(Lu, —vLu — B(u) + I1f)
= |lullf — 2vt [Lul3 + 2¢(Lu, f).

Using the inequality 2t(Lu, f) < vt|Lu|3 + v~1t|f|3, we obtain
e (tllull}) < llullf — vt llull3 + vt |£]3-

Integrating from 0 to ¢, we get

t

t t
Hmwﬁ+vzgﬂwﬂﬁwﬁvﬂz;ﬂﬂﬂﬁh+lHwéﬁw-

Using (2.24), we see that u satisfies (2.43). O

An analogue of Theorem 2.1.18 is true for the Navier-Stokes system in a
bounded domain. However, in this case the proof becomes more complicated,
because Lemma 2.1.16 is no longer true, and the term (B(u),Lu) does not
vanish. The corresponding argument is similar to that used below to prove the
higher regularity of solutions. For simplicity, we assume again that v = 1.

Theorem 2.1.19. Let ug € H, and let f € L?(0,T; H™ 1) for some integer
m > 2. Then a solution u(t,z) of problem (2.19), (2.3) belongs to the space
Clto, T; H™) N L2(to, T; H™HL) for any to > 0. Moreover, there is a constant
Cin > 0 such that the following inequality holds for 0 <t <T':

t

t
OO+ [ el ds < [ s ds
0 0
+ (ol + fuolf™2 + 3oz + 15 ) - (244

Proof. As in the proof of the previous theorem, we shall confine ourselves to
the formal derivation of (2.44). We argue by induction. Note that, in view of

Theorem 2.1.18, inequality (2.44) holds for m = 1. We now assume that m > 2

and set ¢, (t,u) = t™|jul|2, = t™(L™u,u). Then, for a smooth solution u, we

have
Drpm(t, ) = mt™ = ful|2, + 26 (L™, )
=mt"™ w2, = 2wt™||ullZ, = 26" (L™ u, B(u) — ). (2.45)

To estimate the nonlinear term, we need the following proposition, whose proof
if given at the end of this subsection.

Lemma 2.1.20. For any integer m > 2 there is a constant Cy, > 0 such that

m R L2 +1
[{L"u, Blu)) < Cllull, Ty el July™  forwe HOH™T. (2.46)
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Substituting (2.46) into (2.45) and carrying out some simple transformations,
we derive

m m m— m 2(m+1 m m
e (t™ [ul2,) + ™ ull? sy < mt™ ull?, + O™ [ul 3l 4+ e £,
(2.47)
By Theorems 2.1.13 and 2.1.18 with v = 1, we have

2
tllullluls < C (Juol3 + I Z20.7.0m) -

Substituting this into (2.47) and integrating in time, we obtain
t t t
el + [ ) Brads <m [ s+ [ ds

t
2m
+ G2+ 112 0.2010)) Anmww&<u&

Using now inequality (2.24) and the induction hypothesis to estimate the first
and third integrals on the right-hand side of (2.48), we arrive at the required
estimate (2.44). O

Proof of Lemma 2.1.20. We first note that
(B(u),L™u) = Y Co(D*B(u), D"u), (2.49)

|a]=m

where C,, are some constants. Each term under the sum can be written as

(D*B(u), D*u) = ) (B(D*Pu, DPu), D).
> ()

Since (B(u, D*u), D*u) = 0, the term with 8 = « vanishes, and using (2.13),
we get

(D B(u), D*u)| < C > [ID*Pully 2| D ully | Dull1 /2
B<a

<C Z Hu”1/2+m—|ﬁ\ ||u||1+\5|||u‘|m+%v (250)
B<a

where m = |a| and 0 < [8| < m. Note that the numbers 2 +m — ||, 1+ |3]
and m + % lie between 1 and m + % By the interpolation inequality (1.7), for
any a € [1,m + 1], we have

%ﬂ 1—a=1 a—1
m—+1 = X? HU”a < ||U’H1 " Hu”mwfkl =Y.

- mfy
[ulla < fuly [[ul

Take any term in the sum in the right-hand side of (2.50). Estimating each of
its factors by X?Y =% with a suitable @, we obtain

4m—1

(D® B(u), D*u)| < Cflull, 3y [lull® fuly™

Substituting this into (2.49), we arrive at (2.46). O
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Theorem 2.1.19 implies, in particular, that if the right-hand side is infinitely
smooth, then so is the solution of (2.19) for ¢t > 0. It can also be shown that
the space-time analyticity of f implies a similar property for the solution. We
refer the reader to [FT89, DGY5] for an exact formulation and proof of the
corresponding result.

An analogue of Theorem 2.1.19 is true for bounded domains with smooth
boundary. In this case, to prove the regularity of u we have to assume that the
right-hand side is smooth both in space and time, and the initial function ug
satisfies some compatibility condition. These results are not needed for studying
ergodic properties of the Navier—Stokes flow, and therefore we do not give any
further details, referring the reader to [Tay97] for a systematic study of regularity
of solutions to nonlinear PDE’s.

2.1.7 Navier—Stokes process

Let us consider the Navier-Stokes system (2.19) in which f € L2 (R, H™!)
and v = 1. By Theorem 2.1.13, for any 7 € R and any ug € H Eq. (2.19)
has a unique solution u € C(R,, H) N L2 _(R,,V) such that u(r) = ug, where
R, = [1,00) . We introduce the resolving operator S; , : H — H by the relation
St.r(up) = u(t). It is straightforward to verify that the family {S; .t > 7 > 0}

form a process:
S:r=1dg, Sty =5ts08s, foranyt>s>72>0,

where Idg stands for the identity mapping in H. We shall call S; » the Navier—
Stokes process or, for short, the NS process. Let us set S; = S ¢. The following
proposition establishes a dissipativity property of the NS process.

Proposition 2.1.21. (i) Letug € H and f € L2 (R4, H™'). Then

loc
t
1S4 ()2 < e Juo[2 + / e~ = f(s)|[2ds,  (251)

where oy > 0 stands for the first positive eigenvalue' of the Laplacian.

(ii) Letup € V and f € L (Ry, H). Then

loc

t
15 (uo) 17 Se‘“ltHuoller/o e” )| f(s)[3ds. (2.52)

Proof. In view of (2.24) with v = 1, we have

t t
Setwo)li + [ (V5. (w0)l3ds < Juols + [ 17)IE s ds.
0 0

Using Poincaré’s inequality |Vu|3 > a1|ul3 to minorise the integrand in the left-
hand side and applying the Gronwall inequality, we arrive at (2.51). The proof
of (2.52) can be carried out by a similar argument, using Lemma 2.1.16; cf. the
proof of Theorem 2.1.18. O

IIn the case of the standard torus T2 = R2/27TZQ, we have a1 = 1.
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Ezercise 2.1.22. Prove inequality (2.52).

Ezercise 2.1.23. Show that any solution of the Navier—Stokes system satisfies
the inequality

O3 <C (v 1)/0 (1S5 @O + 1F(£)]121) ds, (2.53)

where C' > 0 is a constant not depending on ¢ and wg. Hint: Use (2.51) to
estimate from above the left-hand side of (2.39).

Note that inequality (2.51) remains true for the Navier-Stokes system in a
bounded domain, and the proof is literally the same as in the case of a torus.
On the other hand, inequality (2.52)is no longer valid, because Lemma 2.1.16
does not hold in general. Still, the NS process is bounded from H to V, and
some explicit bounds for ||S¢(u)||1 can be obtained by repeating the arguments
used in the proof of Theorem 2.1.18.

Corollary 2.1.24. Suppose that f = 0. Then the function u = 0 is the only
fized point of the NS semigroup, and it is globally exponentially stable in H.
Moreover, in the case of a torus, it is also globally exponentially stable in V.

We now turn to continuity properties of the NS process. We shall write
St(ug, f) to indicate the dependence of the resolving operator on the right-
hand side of the NS equation. The following result shows that S; is uniformly
Lipschitz continuous on bounded subsets of H.

Proposition 2.1.25. (i) There ezists a constant C > 0 such that, for any
functions ugy,uge € H and f1, fo € L?OC(R+,H_1), we have

t
| St (uo1, f1) — St(UOQaf2)‘§ < |uor —U02|36XP(C/ Sr(Um,fl)H%dr)
0

+ [ ([ 15 tuon £ 1166) - £l s (250

(ii) There exists a constant C' > 0 such that, for 0 <t <1 and any functions
uo1,uo2 € H and fi, fo € L2 (R, H), we have

loc

t
|| Se(wo, f1) — St(UOQ,fQ)Hi < C/o |f1 = fal3ds

+A(t)t? <|u01 — up2l3 +/ llf1 — f2||21ds), (2.55)
0

where we set

t
Alt) = exp(c / (1150 (o £OIZ + 155 (wozs )2 + 1112 + £ol2) ds).
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The proof of this result is rather standard and uses a well-known idea.
Namely, one should take the difference between the equations corresponding
to two solutions, multiply (in the sense of scalar product in H) the resulting re-
lation by an appropriate function, estimate the nonlinear terms with the help of
Sobolev embedding and interpolation inequalities, and finally apply Gronwall’s
lemma. The realisation of this scheme is somewhat technical, and to keep the
presentation on an elementary level, we postpone the proof of Proposition 2.1.25
until Section 2.6. The reader not interested in those technical details may safely
skip it.

An analogue of Proposition 2.1.25 holds for the Navier—Stokes system in a
bounded domain. Namely, in that case, inequality (2.54) and its proof remain
true without any changes. As for (2.55), its proof used inequality (2.43), which
does not hold for a general bounded domain. One can show, however, that
the quantity HSt(um,fl) — Si(uog2, f2){|?/2 is bounded by the right-hand side

of (2.55) in which ¢~ is replaced by t~5/2.

Ezercise 2.1.26. Prove the above claims for the Navier—Stokes system in a boun-
ded domain with the Dirichlet boundary condition.

The following exercise establishes the continuity of the resolving operator
for the Navier—Stokes system in different norms. This will be important in
Section 4.3.

Exercise 2.1.27. (i) Prove that, for any functions ug € H, h € L?(0,T; H), and
g € L*>(0,T;V), Eq. (2.19) with the right-hand side f = h + ;g has a unique
solution u € X7 := C(0,T; H) N L%(0,T; V) issued from ug.

(i) Let uy,us € Xr be two solutions of Eq. (2.19) with f = d:¢;, i = 1,2,
where g; € L*°(0,T;V). Then for any R > 0 there is a constant Cr > 0 such
that if |UZ(O)|2 < R and ||gi||L°°(0,T;V) < R, then

Jur — uallap < Cr(Jui(0) — u2(0)l2 + llg1 — g2l 0,15v))-

2.1.8 Foiag—Prodi estimates

The Foiag—Prodi inequalities enable one to establish the exponential convergence
of two solutions for the Navier—Stokes system, on condition that one has a
good control over their low Fourier modes. We shall need two versions of these
estimates that correspond to discrete- and continuous-time perturbations.

Let us fix an integer N > 1 and denote by H(y) the vector span? of the
basis functions e, with |s| < N; see (2.29). We write Py for the orthogonal
projection in L? onto H(yy. Along with the Navier-Stokes system (2.19), let us
consider the equation

i+ Lu+ B(u) + APy (u—u'(t)) = 11f (1), (2.56)

2This space is slightly different from the one defined by (2.30), because we exclude the
constant functions (1,0) and (0, 1).
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where u/(¢) is a given function and A > 0 is a large parameter. Equation (2.56) is
a Navier—Stokes-type system, and the arguments in the proof of Theorem 2.1.13
can be used to show that the Cauchy problem for (2.56) has a unique solution
we C(Ry, H)N L2 (R, V) for any o' € L2 (R, H).

loc loc

Theorem 2.1.28. Let f € L} (R, H ') and let v’ € C(Ry, H)NLE (R4, V)
be a solution of the Navier—Stokes system (2.19) such that
t
/ |/ (r)|3dr < p+ K (t—s) fors<t<s+T, (2.57)

where s, T, p, and K are non-negative constants. Then for any M > 0 there are
constants N > 1 and A\ > 0 depending on M and p such that for any solution
u€CRy, H)NLE (Ry,V) of (2.56) we have

loc
lu(t) — ' (t)]p < e ME=DTCP y(s) —u'(s)]y fors <t <s+T,  (2.58)

where C > 0 is an absolute constant.

Proof. We confine ourselves to the formal derivation of (2.58). The difference
w = u — v satisfies the equation

W+ Lw + B(u) — B(u') + APyw = 0.

Taking the scalar product in L? of this equation with 2w and using (2.11)
and (2.13), we derive

w3 + 2/ Vw3 +2X [Pywl3 < Crflwlifwla|lu]y
< [Vwl3 + Call/[[F|wl]3- (2.59)

Now note that, by Poincaré’s inequality, we have
[Vwl|3 > N? (I - Py)wls.
Substituting this into (2.59), we obtain
Ofwl3 + (M = Collu[[7) [wl3 <0,

where \; = min{/N?,2\}. Application of the Gronwall inequality results in

[w(t)3 < lw(s)]3 exp (—Al(t —s)+ 02/ ||u'(r)||§dr)
< [w(s)[3 exp(Cap — (A1 — C2K) (¢ — 9)).

Choosing A and N so large that Ay > CoK + 2M, we arrive at (2.58) with
C=Cy/2. O
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Remark 2.1.29. The above proof does not use the fact that the space variables
belong to the torus, and the result remains true for a bounded domain. In this
case, Py denotes the orthogonal projection in L? to the subspace spanned by the
first NV eigenfunctions of Stokes operator L = —IIA. Furthermore, the regularity
in time of the function f was not used either. In particular, if the right-hand
side has the form f = h + 0;¢, where h € L2 (Ry,H) and ¢ € C(Ry, H),

loc
then the conclusion of Theorem 2.1.28 remains valid; cf. Exercise 2.1.27 for the

existence of a solution. This observation will be important for the case in which
the right-hand side is the sum of a deterministic function and the time derivative
of a Brownian motion.

We now turn to the discrete version of the Foiag—Prodi estimate. To simplify
the presentation, we shall assume that the right-hand side f is independent of
time and belongs to the space H. In this case, the resolving operator Sy, of
the Navier—Stokes equation (2.19) depends only on the difference ¢t — 7, and
we shall write S;_,. Let us fix a constant T > 0 and consider four sequences
Uk, U, G, Cr, € H satisfying the relations

up = S(up—1) + G, up = S(up_1) + ¢, k=1, (2.60)
where S = St.
Theorem 2.1.30. Suppose that
Pvur =Pnuy,, (I—PnN)Gi=(I—Pn)( forl+1<k<m, (2.61)

where m > 1 > 0 are some integers. Then there is an absolute constant C > 0
such that

Juk—uilz < (CN™H*exp(Cl—0) () + (' IDF+1) ) = uila, (2.62)

where | <k < m, and for a sequence {v;} C H we set

- Ly (o) 2t
Aol == | 1Se(wy)ldt.
j=l

Proof. Let us set Ay = |ur — u}la. It follows from (2.55), (2.61), and the
Poincaré inequality that
A = |(I = P)(ur = up)l2 = [(1 = P ) (S(ur—1 = S(uj_1))],
< C1N_1H5(Uk—1 - S(U;g—l)Hl

T
< CoN'AR, eXp<Cz/ (1S (ur—0)IT + 1S (ug— )T + [ £13) dt)-
0

Iteration of this inequality results in (2.62). O

Remark 2.1.31. As in the case of continuous-time perturbations, the conclusion
of Theorem 2.1.30 remains true for a bounded domain. The only difference is
that the constant N~! in (2.62) should be replaced by aX,l, where «; stands for
the j* eigenvalue of the Stokes operator L.
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2.1.9 Some hydrodynamical terminology

As we mentioned in the Introduction, the behaviour of incompressible fluid oc-
cupying a domain @ C R? (or the d-dimensional torus T%), with d = 2 or 3,
is described by the d + 1 equations (2.1), supplemented by suitable boundary
conditions if necessary. In those equations, u(t,z), p(t,x), and v denote, re-
spectively, the velocity, pressure, and the kinematic viscosity of the fluid. The
quantity |u(t)|3 = %fQ |u(t, z)|?dx is called the energy of the fluid (at time t).

Let us assume that f = 0 and that the fluid satisfies the no-slip condition,
ie, u = 0 on 0Q. Multiplying the first equation in (2.1) by u(t) in Lo, we

obtain
1d

ia\u(t)@ + V/Q |Vu|*dx = 0.
Accordingly, the quantity e = v fQ |Vu|?dz is called the rate of dissipation of
energy.

The Reynolds number of the flow is defined as

R_ (characteristic scale for x) - (characteristic scale for u)
> .

The terms in the numerator are ambiguous, and for the purposes of this book,
we understand them as follows:

(characteristic scale for z) = diameter of @ (or the period of torus),

VE.

(characteristic scale for u) =

u
— |U|2 =
V2
If u depends on a random parameter, then we modify this definition:

(characteristic scale for u) = (E E)l/ 2,

In the 2D case, we denote by v = curlu = d1u? — dyu' the vorticity of the
flow, and call Q = % [v2dx the enstrophy.

Ezercise 2.1.32. Show that Q = %IQ |Vul?dz.

Applying the operator curl to the first equation in (2.1) and using the relation
curl({u, V)u) = (u, V)v, we derive

U —vAv + (u, V)v = curl f. (2.63)

Let us assume that f = 0 and consider the case of a torus. Multiplying (2.63)
by v in Lo, we obtain

Ld, o 2 g
§%|U|2+V/Tz |Vo|*dz = 0.

We deduce that ufw |Vo|?dx is the rate of dissipation of enstrophy.

Ezercise 2.1.33. Show that, in the case of a torus, we have [, [Vv|*dz = [Aul3.
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2.2 Stochastic Navier—Stokes equations

We now turn to the Navier—Stokes system with a random right-hand side. More
precisely, we shall consider Egs. (2.1) in which f has the form

f(tax) - h(l’) + 77(73%)7 (264)

where h is a deterministic function and 7 is a stochastic process. For the latter,
we study the following three cases that give rise to a Markov process in the
phase space: random kick force, spatially regular white noise, and the time
derivative of a compound Poisson process. Each of these three types of forces
has its own advantages: the first and third ones are more realistic in the sense
that they allow non-Gaussian perturbations, while the second can be considered
as a limiting model for a large class of stationary processes whose time integral
does not necessarily satisfy the condition of independence of increments; cf.
Theorem 2.2.2 below and Théoreme 4.3 in [Rio00].

Let us describe the above-mentioned models in more detail. We shall say
that a stochastic process 7 is a random kick force on T? if it has the form (see
Figure 2.1)

0t x) =Y m(@)d(t - KT), (2.65)
k=1
where T' > 0 is a constant and {7} is a sequence of i.i.d. random variables in H.

We shall say that a stochastic process 7 is a spatially regular white noise if

n(t,x) = %C(t,x), C(t,x) = 4ijﬂj(t)ej(:1:)7 t >0, (2.66)

where {e;} is an orthonormal basis in H, b; > 0 are some constants such that

Bi=> b <o, (2.67)
j=1
mt etk
2
m
A ————
0 T 2T 3ar - kT (k+1)T t

Figure 2.1: Time integral of a random kick force
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and {f;} is a sequence of independent standard Brownian motions. The fol-
lowing result is a simple consequence of Doob’s moment inequality (7.56) and
Levy’s equivalence theorem? (see Theorem 9.7.1 in [Dud02]).

Ezercise 2.2.1. Show that for any T > 0 the series in (2.66) converges almost
surely in the space C(0,T; H). Hint: One can apply the argument used in
the proof of Theorem 2.2.2 below to prove the convergence of the series in
probability; see the solution of Exercise 2.4.17.

Finally, we shall say that n is the time derivative of a compound Poisson
process if (see Figure 2.2)

n(t, ) = ()t — te). (2.68)
k=1

Here {n} are i.i.d. random variables in H, {t;} is a sequence independent
of {nx} such that* 7, = t;, —t;_1 are i.i.d. random variables with an exponential
distribution; see Example 1.3.10 in [App04].

Mot

72

m r—

0 tl t2 t3 .. tk tk+1 t

Figure 2.2: Compound Poisson process

We shall mostly study the first two types of noise, confining ourselves to a
brief discussion of the results for the third class.

The concept of a solution for the Navier—Stokes system with random kicks
and spatially regular white noise is defined in the next two subsections. Here
we recall a result due to Donsker which shows the universality of white noise.
Namely, we shall prove that an appropriately normalised high-frequency random
kick force is close to a spatially regular white noise.

Let tg > 0 be a constant, let X be a separable Banach space, and let
D(0,t9; X) be the space of functions that are right-continuous and have left-
hand limits at any point of the interval [0,y]. It is a well-known fact that the
space D(0,tg; X) is complete with respect to the modified Skorokhod metric,
which is defined in the following way (see [Bil99, Section 12]). Let A be the
space of all strictly increasing continuous functions X : [0, ¢p] — [0, to] such that
A(0) = 0 and A(to) = to. If (1,¢2 € D(0,%0; X), then the modified Skorokhod

3In [Dud02], this result is proved for real-valued random variables. However, analysing
the proof, it is easily seen that if a series of independent random variables with range in a
separable Banach space converges in probability, then it converges also almost surely.

4By definition, we set tg = 0.
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distance is defined as the least upper bound of those § > 0 for which there is
A € A such that

Alt) = As)

<9
t—s -

sup In
0<s<t<to

. osup |G —GeoA|x <.
0<t<to

In the case X =R, we shall write D(0,tg) instead of D(0, to; R).
Let us consider a family of random kick forces depending on a parameter
€ > 0 and defined by

ne(t,x) = Ve y_ mi(@)d(t — ke). (2.69)
k=1
Assume that {n;} is a sequence of i.i.d. random variables of the form
me(z) = bigire; (), (2.70)
j=1

where {e;} and {b;} are the same as in (2.66), and {{;x} is a family of inde-
pendent scalar random variables whose laws do not depend on k and satisfy the
relations

E&e=0, E&,=1
Let us define the time integrals of processes (2.69) and (2.66):

Gt ) = VEY m(@)0(t —ke) = VEY biej(x) > &ub(t — ke),
k=1 j=1 k=1

C(t,z) = ijﬁj(t)ej(a;). (2.71)

Here 0 is the Heaviside function, that is, 6(¢t) = 1 for ¢ > 0 and 6(t) = 0
for t < 0. It is clear that, for any ¢y > 0, almost every trajectory of (. and (
belongs to D(0,to; H).

Theorem 2.2.2. For any tg > 0, the family D({.) converges to D(() weakly in
the space P(D(0,to; H)).

Proof. Let us write (. as
C(ta) = bBi(the;(x), B5() = VED  &b(t — ke).
j=1 k=1
Donsker’s theorem implies that, for any ¢ty > 0,
D(B5) — D(Bj) in P(D(O,to)) ase — 0T
see Section 14 of [Bil99]. It follows that, for each n > 1,

D(¢) = D(C™) in P(D(0,to; H)) ase — 0T, (2.72)
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where we set

¢t x) = Z b; Bj (t)e;(x),

and (" (t,z) is defined in a similar way. In view of Doob’s moment inequal-
ity (7.56), we have

E sup [¢"(t) = ()3 <4E[C"(to) —C(to)l3 <4 > b7 =0  (2.73)

OStStO ]:n+1

as n — oo, and a similar estimate holds for ¢ and (.. Combining (2.72)
and (2.73) and using Exercise 1.2.19, we arrive at the required result. O

In Chapter 4, we shall need another version of Theorem 2.2.2 that concerns
convergence to ( in the weak topology of the space of probability measures on
C(0,tp; H). Namely, let us denote by 55 a continuous process that coincides
with (. at the points t; = ke and is linear between any two consecutive points
of that form. In this case, it is easy to check that

sup  [Ce(t) = C(B)2 < Velmle k21,

by SE<ER
whence it follows that

sup [¢-(t) — Ce(t)]2 < Vemax{|nk|2, 1 < k < [to/e] +1}. (2.74)

0<t<to

FEzercise 2.2.3. Assuming that E|n;|4 < oo for some ¢ > 2, show that

IP’{ sup [Co(t) — Co(t)]2 > 5} 50 ase— 0, (2.75)
0<t<to

where tg > 0 and 0 > 0 are arbitrary constants.

Combining this result with Theorem 2.2.2; it is not difficult to show that
D(C.) converges to D(¢) weakly in the space P(D(0,to; H)). The following
exercise shows that the convergence holds in fact for a stronger topology without
any additional assumption on 7.

Exercise 2.2.4. Prove that, for any tg > 0, the family D((NE) converges to D(()
weakly in the space P(C(0,to; H)). Hint: Repeat the scheme used in the proof
of Theorem 2.2.2, applying Donsker’s theorem given in Section 8 of [Bil99].

2.3 Navier—Stokes equations perturbed by a ran-
dom kick force

This section is devoted to a systematic study of the Navier—Stokes system (2.1)
with a right-hand side given by (2.64), (2.65). We shall always assume that h €
H is a deterministic function and {n;} is a sequence of H-valued i.i.d. random
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variables defined on a complete probability space (2, F,P). After projecting to
the space H, the problem takes the form (cf. (2.19))

i+ vLu+ B(u)=h+ Y nd(t — kT). (2.76)
k=1

As before, we shall consider the case of a torus and make remarks concerning
the problem in a bounded domain. Accordingly, the problem will be studied in
the functional spaces (2.41).

2.3.1 Existence and uniqueness of solution

We begin with a definition of the concept of a solution for (2.76). Let us denote
by Si : H — H the resolving operator for Eq. (2.19) with f(t,z) = h(x):

t+vLu+ B(u) = h. (2.77)

In other words, S; takes ug to u(t), where u € C(Ry, H) N L (R, V) stands
for the solution of (2.77) satisfying u(0) = uo.

A filtration for (2.76) is defined as any non-decreasing family of o-algebras
{G:,t > 0} of the space (€2, F) such that G; = G_1yp for (k —1)T" <t < kT
and 7 is Gyr-measurable and independent of G;_q)r for any integer k > 1.
Recall that a random process v(t), t > 0 is said to be adapted to G; if the
random variable v(t) is G;-measurable for any ¢ > 0. Let us define the interval
Jr = [(k—1)T,kT) and the space

H(J) = {u € L*(Jp, V) :a € L*(Jy, V*)},

where the space V' is defined in (2.41) and V* denotes its dual. In view of
Lemma 2.1.5, every element of H(J;) extends to a continuous curve J, — H.

Definition 2.3.1. A random process u(t), t > 0, is called a solution of Eq. (2.76)
if it is adapted to the filtration G; for (2.76), and almost every trajectory of u
satisfies the following conditions for any integer k > 1:

e the restriction of u to Jji belongs to H(Jx) and satisfies (2.77) (in par-
ticular, u : Jy — H is a continuous curve which has a limit at the right
endpoint of Jy);

e we have the relation
u(tf) = ulty) = (2.78)

where u(t; ) and u(t}) denote the left- and right-hand limits of u at the
point tj = kT.

That is, on the interval (tx_1,%x) the function w is a solution of the “free”
Navier—Stokes system (see (2.77)), and at any point t; it has an instantaneous
increment equal to the k' kick 7, (see Figure 2.3). We shall always normalise
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U1

T Uk \/
%) \/ 72
U2

0 T 2T 3r - KT (k+1)T ¢

Figure 2.3: Evolution defined by Eq. (2.76)

the solutions of (2.76) by the condition of right-continuity at the points #,
k > 1. That is, denoting ug, = u(kT), k =0,1,..., we can write

up = ST(ukfl) +n, k>1, (2.79)
and for t = kT + 7 with 0 < 7 < T, we have u(t) = S, (ug).

The following theorem establishes the existence and uniqueness of a solution
for the Cauchy problem for (2.76). Its proof is a straightforward consequence
of Theorem 2.1.13 and is left to the reader as an exercise.

Theorem 2.3.2. Let ug be an H-valued Gy-measurable random variable. Then
Eq. (2.76) has a solution satisfying the initial condition (2.3) for all w € Q.
Moreover, the solution is unique in the sense that if @ is another random process
with the above properties, then

P{u(t) = a(t) for allt >0} = 1.

2.3.2 Markov chain and RDS

Theorem 2.3.2 enables one to define a discrete-time process and an RDS in H
which are associated with solutions of the Navier—Stokes system, evaluated at
times kT, k € Z,. Indeed, the sequence {ug, k > 0}, where uj, = u(kT), satisfies
Eq. (2.79). By Example 1.3.6, the latter defines a Markov family of random
processes ® on the extended probability space H x 2, and by Example 1.3.15, it
defines an RDS @ = {¢%} in H, which is Markov in view of Exercise 1.3.19.

Recall that a measure p € P(H) is said to be stationary for (2.79) if
Pip = p, where P; denotes the Markov semigroup associated with (2.79);
see Section 1.3.1. A trajectory {ug,k > 0} of (2.79) such that the law of wuy
coincides with a stationary measure is called a stationary solution.

5Equation (2.79) itself defines a Markov chain (starting from ug) on the original probability
space.
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2.3.3 Additional results: higher Sobolev norms and time
averages

Our next goal is to establish some estimates for solutions of (2.76). We begin

with moments of solutions, evaluated at deterministic or random times propor-

tional to T'. To simplify the presentation, we assume that v = 1; all the results
remain valid for any v > 0 if we suitably adjust the constants.

Proposition 2.3.3. (i) In addition to the hypotheses of Theorem 2.3.2, as-

sume that
m

Eluol3" <oo, K :=E[m|3" <oo (2.80)
for an integer m > 1. Then there are positive constants Cyp, = Cp(T)
and q < 1 such that

E|u(kT)|3" < ¢*TE |ug|y' + Cop (K +1), k> 1. (2.81)

(ii) If Kom < 00 and o is a stopping time with range in TZ, U{oco} satisfying
the condition E := ", (P{o = ZT})1/2 < 00, then we have
E (Lot [u(@)5") < E (¢7uoly') + CnB(Ky) +1),  (282)
where we set ¢>° = 0.
Proof. Recall that up = u(kT'). Inequality (2.51) implies that
1S7 ()| < e~ T2 |v|y + C|hly  for v e H.
Furthermore, it follows from (2.79) that
lug|2 = ST (ur—1) + nrl2 < [ST(up—1)|2 + |1k |2-
Combining the last two relations, we obtain
Jukl5* < q" fuk—1]5" + Co(Imel5" + [Rl3"), (2.83)
where ¢ < 1 is a constant depending only on the first eigenvalue a;, and Cy > 0

depends on m. Iterating this inequality, we get
k
Jurl” < ¢ fuoly' + C2 Y "I (jml5 + [hl5"). (2.84)
1=1
Taking the mean value, we arrive at (2.81).
We now prove (2.82). Taking k = (¢/T) An in (2.84), where n > 1 is an
integer, and multiplying the resulting relation by I;, .}, we get

oA (nT) ‘uo‘gn

(e/T)An
+ C2H{1§o<oo} Z qa/\(nT)—lT(‘n”gn + |h’|;n)
=1
oo SAN

< "M Dugl + Co > (67)"" gy (Iml3" + [R15).
s=11=1

]I{a<oo} |u(0/T)/\n|£n < H{0<<>o}q
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Taking the expectation and using Fatou’s lemma to pass to the limit as n — oo
in the left-hand side of the above inequality, we derive

E (Ig<oo} tio/r™) < E (q7Iuol5") + Cobm, (2.85)
where N
Em = nlgr;o ZZ S/\Tl l H{a:sT}(mllgn + ‘h|72n))
s=1 =1

Applying the Cauchy—Schwarz inequality, we get

oo sAn
s/\n l i 2mn L
< — 2 m m
£ < Jim 323 (") (Bl = TH (E ") + )
oo sAn—1 N
3 Tr — 2
=(K3,+1) nh_}Irolo ; > q""(P{o = sT})
oo s—1 .
Z q""(P{o = sT})=.
s=1r=0
Substituting this inequality into (2.85), we obtain (2.82). O

Proposition 2.3.3 implies that if all moments of the initial function uy and
those of the random perturbations 7 are finite, then so are moments of the
solution. If we replace this hypothesis by the stronger condition of finiteness
of a second exponential moment, then we can obtain some bounds of a similar
quantity for solutions. More precisely, we have the following result.

Proposition 2.3.4. In addition to the hypotheses of Theorem 2.3.2, assume
that for some 9 > 0 we have

Eexp (»0|uol3) < 00, @ :=Eexp(sq|ml3) < oco. (2.86)
Then there are positive constants » and q¢ < 1 such that
kT
Eexp (s [u(kT)[3) < C (Eexp(s|uol3)? , k>0, (2.87)
where we set C = (Q exp(%dh\%))7 and v = (1 —q7)~L.
Proof. Tt follows from inequality (2.83) with m = 2 that

E exp (se|ur|3) < Eexp(seq” [up-1l3 + Cose(lmn3 + |h[3))
= Eexp(3q" |uy—_1]3) Eexp(Cas|ni|3) exp(Cas|hl3),

where we used the independence of 7, and wui_1. Choosing » = 3¢/Cy and
applying Holder’s inequality, we derive

E exp(sefug|3) < Q exp(s0|h)3) (E exp(%|uk_1|§))q

Tterating this inequality, we obtain (2.87). O
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We now turn to some estimates for the mean value of higher Sobolev norms.
Since the corresponding proofs are similar to those of Propositions 2.3.3 and 2.3.4,
we shall confine ourselves to formulating the results.

Proposition 2.3.5. (i) In addition to the hypotheses of Theorem 2.5.2, as-
sume that

Eluply: < oo, El|ml|y <oo forallm>1, (2.88)

where s > 1 is an integer. Then there are integers lg, > m and a con-
stant Cy,,, such that

E u(kT)[* < Com (Elu((k = )T +Elp |7 +1), k>1. (2.89)

(il) In addition to the hypotheses of Theorem 2.3.2, assume that
Eexp(so|uol3) < oo, Eexp(sa|mll?) < oo. (2.90)

where s > 1 is an integer. Then there are positive constants ps, s, and Cy
such that

E exp (se||u(kT)||?*) < CsEexp (¢ Ju((k—1)T)|3) Eexp(s0l|ml?), (2.91)

where k > 1 is an arbitrary integer and » is the constant in Proposi-
tion 2.8.4 (ii).

Let us note that, in view of Propositions 2.3.3 and 2.3.4, the right-hand
sides of (2.89) and (2.91) are finite. Thus, to ensure that the moments of
higher Sobolev norms of solutions are finite, it suffices to assume that so are
the moments of the L?-norm of the initial function. More precisely, we have the
following result on uniform bounds for the mean value of higher Sobolev norms
of solutions.

Corollary 2.3.6. Under the hypotheses of parts (i) or (ii) of Proposition 2.3.5,
we have respectively the following estimates for the solutions of Eq. (2.76) such
that u(0) = uo:

Ellu(kT)[[J" < Csm(uo), k=1, (2.92)
E exp (ss|[u(kT)[[2*) < Com(uo), k>1, (2.93)

where Cysm and Cs are some constants depending on the initial condition and
the right-hand side of (2.76).

Exercise 2.3.7. Prove Proposition 2.3.5 and Corollary 2.3.6. Hint: Use Theo-
rem 2.1.19 to establish (2.89) and (2.91); a proof can be found in the Appendix
of [KS01b).
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We now derive some estimates for the stopping time at which the time
average of solutions becomes large. Given a function u(¢) with range in H* and
integers | < k, we define

2k 1 v 2
()t = 7= [ It
k—1/)ir
Let us fix a constant M > 0 and consider the stopping time
(M) = Tmin{k > 1: (||Jul|))E > M}, (2.94)
where we set 7(M) = +oo if the condition in the brackets is never satisfied.

Proposition 2.3.8. Assume that the conditions of Proposition 2.3.4 are ful-
filled. Then there are positive constants § = §(s¢9,T) and C = C(T, h) such that

P{r(M) = kT} < R(CQ)Fe™MEFTD  for | > 1, (2.95)
where R = E eoluol3 Furthermore, if 0M > In(R + CQ), then
R
P{r(M) = > — . 2.
{r(M) +oo}_R+CQ>O (2.96)

Proof. Step 1. We first show that, for any integer k > 1,

tr k
Ju(te)]3 +/0 lu(®)IF < 2Juol3 + Ch (Z mil3 + tk||h||2_1>, (2.97)

=1

where t;, = kT, and C; is a constant depending on 7. Indeed, on any inter-
val Jy, = [tr—1, k] the solution u(t,z) satisfies the deterministic Navier—Stokes
equations (2.77) wih v = 1. Thus, by (2.24), we have

t
u(t;)f3 +/ lu()[idt < |u(ti-1)[5 +T|h]2 ;-
-1

Furthermore, relation (2.78) implies that
u(t)[3 = [u(ty) 3 + lml3 + 20, u(ty))
< (L4 mlu(t) B+ 1+ p w3,

where the constant p > 0 will be chosen later. Combining these two inequalities,
we derive

t;
(14 )" Hut)]3 +/ lu()lFdt < Ju(ti=1)[3 + TIAlZy + p~ 3

ti—1

Taking the sum over [ = 1, ..., k, we obtain

(1+ ) Hult)2 + / ()2t

k—1 k
H _
< Juol3 + 5 T D )3+ tellAlZy + 7Y Il
=1 =1
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It follows from inequality (2.53), applied to the intervals J;, 1 <1 < k — 1, that

t
0

k—1 X
> lult)fs < Cz/ [u(t)|[Tdt + Caty||hl2 4,
=1

where Cy > 0 is a constant depending on 7. Choosing the constant p € (0,1)
so small that 2uCs < 1+ u, we derive (2.97) from these two inequalities.

Step 2. Let us set

k+1
Iy = (k+ D) ([lullf), -

Inequality (2.97) implies that
k
Iy < 2lugl + Cs (Z Il + tk:+1||h||21)-
=1

Let the constant § > 0 be so small that (C3 V 2)d < s¢. Then it follows from
this inequality and (2.86) that

Ee’ls < R(CQ)*.
Chebyshev’s inequality now implies that
P{I, > M(k+1)} < R(CQ)ke oMK+,

It remains to note that {7(M) =k} C {I > M(k+1)}.

Step 3. Tt remains to establish (2.96). Note that if M > In(R + CQ), then
in view of (2.95) we have

o] 0o - / CQ
P{r(M) < oo} = ;P{T(M) =k} < I;R(CQ)% SM(k+1) < e

This inequality readily implies the required result. O

2.4 Navier—Stokes equations perturbed by a spa-
tially regular white noise

2.4.1 Existence and uniqueness of solution, and Markov
process

Let us turn to the equation

w+vLu+ Bu)=h+n, n= %, ((t,x) = ijﬁj(t)ej(x), (2.98)
j=1
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where h € H is a deterministic function, and b;, 8; and e; are the same as
in (2.66). In particular, we assume that

%zib? < 0.
j=1

This ensures that ((¢,-) is a continuous process with range in H. Since for
almost every w € Q the curve ¢“(¢) is only H-continuous, i.e. has law smooth-
ness, we cannot apply deterministic tools to construct solutions of (2.98); see
Exercise 2.1.27. Using instead a stochastic approach, we shall show that, for
a.e. w and for any initial function u(0) = ug € H, Eq. (2.98) has a unique solu-
tion u(t, x). Moreover, solutions can be written as u = U(uo, (¥(+), where U is
a Borel mapping of its arguments.

Let us start with a concept of solution for (2.98). We shall always assume
that the Brownian motions {f,} are defined on a complete probability space
(Q, F,P) with a filtration G;, ¢ > 0, and that the o-algebras G; are completed
with respect to (F,P), that is, G; contains all the P-null sets A € F. In this
case, we shall say that the filtered probability space (Q,F, G, P) satisfies the
usual hypotheses.

Definition 2.4.1. An H-valued random process u(t), t > 0, is called a solution
for (2.98) if :

(a) The process u(t) is adapted to the filtration G;, and its almost every
trajectory belongs to the space®

X = C(R-i-v H) n LIQOC(RJF) V)
(b) Equation (2.98) holds in the sense that, with probability 1,
t
u(t) + / (vLu + B(u)) ds = u(0) + th+((t), t>0, (2.99)
0

where the equality holds in the space H!.

It is easy to see that, with probability 1, the left- and right-hand sides
of (2.99) belong to the space C(Ry, H~1), so relation (2.99) makes sense. The
construction of a solution for (2.98) given below is based on a reduction to an
equation with random coefficients. Namely, let us consider the stochastic Stokes
equation

Z+vLlz=mn(tz) t>0. (2.100)

The concept of a solution for (2.100) is similar to that for (2.98), and we do
not repeat its definition. The following result uses the existence of an analytic

6We recall that C(Ry; X) is a Fréchet space endowed with distance (1.9).
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semigroup e~“*F generated by the Stokes operator, and the concept of a stochas-

tic convolution. We refer the reader to Chapter 1 of [Hen81] and Section 5.1
of [DZ92] for the corresponding definitions and results.”

Proposition 2.4.2. FEquation (2.100) has a solution z(-) € X satisfying the
initial condition z(0) = 0. Moreover, this solution is unique in the sense that
if Z(t) is another solution, then z = Z almost surely. Finally, the solution z can
be represented as the stochastic convolution

2(t) = /Ot e V=L gc(s), (2.101)

and for almost every w we have z¥ = Z (%), where Z : C(Ry; H) — C(Ry; V™)
is the continuous linear mapping defined by the right-hand side of (2.102).

Proof. The uniqueness of a solution can be established by the same argument
as in the deterministic case (see the proof of Theorem 2.1.13), and therefore we
shall confine ourselves to the proof of its existence and to representation (2.101).

Integrating by parts, we rewrite the stochastic integral (2.101) in the Wiener
form (cf. Section 2.1 in [McK69))

t t
/ e VE=9ILac(s) = ¢(t) — u/ Le V(=9)L¢(5) ds. (2.102)
0 0

In view of Exercise 2.2.1, we have ¢ € C(0,7; H) almost surely. Since the
operator Le~"*" is continuous from H to V* with a norm bounded by C(vt)~1/2
it follows from (2.102) that z(¢) is a random process in V* that has continuous
trajectories and is adapted to the filtration G;. The required assertions will be
established if we prove that, with probability 1, the trajectories of z belongs to
the space X introduced in Definition 2.4.1 and satisfies the relation

z(t) + I//Ot Lz(s)ds =((t), t>0. (2.103)

The proof of this fact is rather simple in the case when the orthonormal ba-
sis {e;} entering the definition of ¢ (see (2.98)) consists of the eigenfunctions of
the Stokes operator L. To simplify the presentation, we shall consider only that
particular case, leaving the general situation to the reader as an exercise.

Let us consider a sequence of processes z, defined by

zn(t) = (" (1) — l//t Leil’(tfs)LC”(s) ds,

0

"The stochastic convolution is encountered only in this chapter. The reader not interested
in that concept may regard the right-hand side of (2.102) as the definition of the stochastic
convolution (the proof of Proposition 2.4.2 uses only representation (2.102)). Alternatively,
the convolution z(t) can be defined by duality:

t > t
(€, 2() = /0 (g de(s)) = b, /0 & (s)dBi(s), €€ H,
=1

where £;(s) is the 5 component of the vector e~ *(*—=5)L¢.
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where ("(t) = 3°7_, b;B;(t)e;. Since the subspace H, = spanfer,...,en} is
invariant under L and ||[Le=%||z(g,v+) < ¢!, we see that z, is an H,-valued
process with continuous trajectories such that

sup E ||z, (t) — 2(1)]
0<t<T

Y. =0 asn— oo, (2.104)

where T' > 0 is an arbitrary constant. Moreover, it is easy to see that

zn(t) + V/Ot Lzn(s)ds =¢"(t), t>0. (2.105)

We claim that there is a subsequence z,, converging almost surely to a limit z
in the space X7 = C(0,T; H)N L?(0,T;V). Indeed, for any integers m < n the
H,-valued process z,,, = z, — zm satisfies the stochastic differential equation

Zmn + VLlzmy = Z bjﬂ.j(t)ej(x)'

j=m+1

Applying 1t6’s formula to |z, (t)|3, we derive

t n t
o (D2 = / (=20 [V 2 (5) Bt Frn) ds+2 3 / (s €548, (2.106)
0 0

Jj=m+1
where F,, = Y7 b3. Taking the mean value in (2.106), we see that
T
supE | zmn (D)2 + QVIE/ 2 (8)[2dt < CiTFpy. (2.107)
0<t<T 0

Furthermore, application of Doob’s moment inequality (7.56) to the stochastic
integral in (2.106) results in (cf. derivation of (2.73))

T n
E sup |zmn(®)2 < FonT + Co E / SR (nlt), e)?dt. (2.108)
0<t<T 0 =1

Now note that F,,, — 0 as m,n — co. Combining this with (2.107) and (2.108),
we conclude that

T

E sup |zmn(t)[3 —l—E/ | Zmn (8)]|2dt — 0 as m,n — oco. (2.109)
0<t<T 0

Thus, the sequence {z,} converges to a limit z in the space L?(Q, Xr). It follows

that a subsequence {z,, } converges almost surely to z in Xp. Since

t
oo () + 1// Lo, (s)ds = C™ (1), 0<t<T,
0

where the equality holds in H~! for almost all w € , then passing to the limit
as k — oo, we arrive at relation (2.103) with z = z. Thus, the function Z is
a solution of (2.100) vanishing at ¢ = 0. The fact that Z can be written in
the form (2.101) can easily be established by passing to the limit in a similar
relation for zj,, . O]
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Remark 2.4.3. Denote

H: =span{e; : b; # 0} C H, (2.110)

and denote by m¢ the law of (. This is a measure on C'(R; H) whose support
equals C'(Ry; H¢). We write F¢ for the m¢-completion of the Borel o-algebra on
C(Ry; H). The process z,(t) constructed in the proof has the form z, = Z,(¢),
where Z,, is a continuous operator from C(Ry; H) to X, and our proof shows
that m¢-almost surely the sequence {Z,} converges to Z. In particular, it
follows that

Z: (C(Ry; H), Fe) — (X, B(X))

is a measurable mapping. It is straightforward to see that, for any 7" > 0, the
restriction of Z(¢) to [0,T] depends only on (jo 7). Finally, if

oo
B, = Za]b? < o0,

j=1

where {«; } are the eigenvalues of the Stokes operator, then ¢ € C(Ry; V') almost
surely. The restriction of Z to C(R4;V) defines a continuous linear mapping
from C(Ry; V) to X.

Exercise 2.4.4. Without assuming that {e;} is an eigenbasis for L, prove that
the stochastic convolution (2.101) defines a random process that has continuous
trajectories and satisfies relation (2.103).

We now show how to reduce the stochastic Navier—Stokes system (2.98) to an
equation with random coefficients. As before, we assume that the deterministic
and random forces h and 7 satisfy the hypotheses formulated in the beginning of
this subsection. From now on, we change slightly the definition of the space H
and denote

H={uc L*0,T;V):u € L*0,T;V*)};

cf. Section 2.1.3. We seek a solution in the form w = z + v, where z(t) is
the process constructed in Proposition 2.4.2. The function v must satisfy the
equations

v+vLv+ B(v+z) = h, (2.111)
v(0) = ug. (2.112)

This is a Navier—Stokes type system with random coefficients entering through
the stochastic process z.

Proposition 2.4.5. Let v and T be some positive constants and let h € H be
a given function. Then for any ug € H and z € Xp problem (2.111), (2.112)
has a unique solution v € H. Moreover, the operator R : H x Xp — H taking
a pair (ug, z) to the solution v € H is locally Lipschitz continuous. That is, for
any R > 0 there is a constant Cr > 0 such that

HR(uOIwzl) - R(UO%ZZ)HH < CR(‘U01 - U;OQ‘Q + ||Zl — ZQHXT), (2.113)
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where ug; € H and z; € Xp are arbitrary functions whose norms do not ex-
ceed R.

In the case z = 0, this result is a straightforward consequence of Theo-
rem 2.1.13 and Proposition 2.1.25. The case of a non-zero function z can be
handled with similar arguments, and therefore we omit the proof; cf. Exer-
cise 2.1.27. We are now ready to establish the main theorem on existence and
uniqueness of a solution for the stochastic Navier-Stokes equation (2.98).

Theorem 2.4.6. For any v > 0 and any Go-measurable random variable uo(x)
the Navier—Stokes system (2.98) has a solution u(t), t > 0, satisfying the initial
condition

u(0) =wug almost surely. (2.114)

Moreover, if u(t) is another solution of (2.98), (2.114), then u(t) = a(t) almost
surely. Furthermore, the solution u(t) possesses the following properties.

(i) Almost all trajectories of u(t) are continuous with range in H and locally
square integrable with range in V.

(ii) The process u(t) can be written in the form

ult) = uo + / f(s)ds +C(t), >0, (2.115)

where f(t) is a V*-valued G;-progressively measurable process such that

P{ / ")

Let Cr = C(0,T; H) and m¢p = D(C|[0,T])- Then supp me,r = C(0,T; He);
see (2.110). Let F¢r be m¢ p-the completion of B(Cr). Remark 2.4.3 and
Proposition 2.4.5 imply the following result.

2.dt < oo for any T >0} = 1. (2.116)

Proposition 2.4.7. There exists a measurable mapping
U (H X CT,B(H) (24 J—"(’T) — (XT,B(XT)),

which is locally Lipschitz continuous in w € H for m¢ r-almost every w € Cr,
such that

u” =Ul(ug,C”) for me p-almost every w and all ug € H. (2.117)

Moreover, the restriction of U to H x C(0,T;V) is locally Lipschitz continuous
in both variables.

In particular, if we denote by Uy the restriction of U at time ¢t € [0, T], then
for any (random) initial function g which is independent of ¢* the law of u®(t)
can be written as the image of the product measure D(ug) ® m,, under the
mapping Uy:

D(u(t) = Un(A®@mcy), A= D(up). (2.118)
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Proof of Theorem 2.4.6. We first prove the uniqueness. If w and 4 are two
solutions, then for almost every w € Q) the difference w = w — @ belongs to X,
vanishes at ¢ = 0, and satisfies the equation

W+ vLw + B(w,u) + B(a,w) = 0.

This equation implies that 1w € L?(0,T;V*) for any T > 0, and as in the case of
deterministic equation (see the proof of Theorem 2.1.13), it follows that w = 0
almost surely.

To prove the existence, we denote by z(¢) the solution of Eq. (2.100) van-
ishing at zero; see Proposition 2.4.2. Let g C © be a set of full measure that
consists of those w € ) for which z € X. We define v € X as the solution of
problem (2.111), (2.112) for w € o and set v = 0 on the complement of €.
Then the random process u = v + z is a solution of problem (2.98), (2.114).

We now prove assertions (i) and (ii). The continuity of trajectories of u in H
follows from a similar property for z and v. Relation (2.99) implies that u(t)
can be written in the form (2.115) with f(¢t) = h —vLu(t) — B(u(t)). Finally, it
follows from Propositions 2.4.2 and 2.4.5 that (2.116) holds. O

Theorem 2.4.6 established above not only gives the existence and unique-
ness of a solution for the stochastic Navier—Stokes equation (2.98), but also
ensures that the solution meets Condition 7.7.4 from Section 7.7. Therefore
the infinite-dimensional It6 formula proved in the Appendix applies to the con-
structed solution. This provides us with a convenient tool for deriving a priori
estimates without resorting to finite-dimensional approximations of the Navier—
Stokes system.

In conclusion, let us note that the family of solutions corresponding to all
possible initial data form a Markov family; see Section 1.3.1. This fact is true
for “any” PDE perturbed by the time derivative of a stochastic process with
independent increments, provided that the corresponding Cauchy problem is
well posed. We refer the reader to Chapter 7 of [@Dks03] for the proof of the
Markov property in the case of SDE’s (see also Section V.5 of [Kry02]) and
to Section 9.2 of [DZ92] where this property is proved for various classes of
SPDE’s. In the context of the Navier—Stokes equations perturbed by a spatially
regular white noise, the Markov property can be established with the help of a
similar argument, using relation (2.118) for the law of a solution. We also note
that, as will be shown in Section 2.4.4, the family of solutions for (2.98) form a
Markov RDS, and as was explained in Section 1.3.3, to each Markov RDS one
can associate, in a canonical way, a Markov process. This provides a rigorous
proof of the above-mentioned claim.

For the reader’s convenience, we now briefly describe the construction of
a Markov process associated with the stochastic Navier-Stokes system. Let
Q = H x Q, where (Q, F, G, P) is the filtered probability space defined in the
beginning of this section (see page 67), and let

Fo=BH)®G, P,=0,0P,
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where v € H. Writing @ = (v,w) for points of §~2, we now define the process
t — u (W) = u®(t;v), where u®(t; v) denotes the solution of (2.98) constructed
in Theorem 2.4.6 with a deterministic initial function ug = v. We thus obtain a
family of Markov processes (us, Py, ), v € H, associated with (2.98). All concepts
and properties that are valid in the general setting of Markov processes apply in
the case under study. In particular, a measure p € P(H) is said to be stationary
for Eq. (2.98) if Pju = u for all t > 0, where B} : P(H) — P(H) denotes the
Markov semigroup for the family (us,P,), and a solution wu(t) of Eq. (2.98)
is called stationary if its law D(u(t)) coincides with a stationary measure for
all t > 0. Let us also note that 3} \ coincides with the right-hand side of (2.118).

2.4.2 Additional results: energy balance, higher Sobolev
norms, and time averages

Our first result concerns the energy balance for solutions of the Navier—Stokes
system (2.98). It is an analogue of relation (2.39) in the stochastic case.

Proposition 2.4.8. Under the hypotheses of Theorem 2.4.6, assume that the
initial function ug has a finite second moment, I |ug|3 < co. Then for any v > 0
the following relation holds for a solution u(t) of problem (2.98), (2.114):

t t
E\u(t)|§+2uE/ |Vu(s)|§ds:E|uo|§+%t+2]E/ (u, hyds, ¢>0. (2.119)
0 0

Moreowver,
Eu(t)3 < e E fugl3 + (von) "B + (van) 2l ¢>0,  (2120)
where oy > 0 stands for the first eigenvalue® of the Stokes operator L.

Proof. We wish to apply Theorem 7.7.5 to the functional F(u) = |u|3. Since
OuF(u;v) = 2(u,v), 02F(u;v) = 2|v|3,
relation (7.24) takes the form

tATy o tATh

[u(t ATa)l5 = IuO|§+2/ ({u, h—vLu) +B) d3+22bj/ (u, e;)dB;(s),
0 , 0
Jj=1
(2.121)

where we set

Tn =inf{t > 0: |u(t)|2 > n}.
Taking the mean value in (2.121) and using Doob’s optional sampling theorem,
we obtain

tATH

tATn
E|u(tmn)|g+2u1@/ Vu(s)2ds = E |uo|2+ BE (t/\Tn)+2E/ (u, B ds.
0 0
(2.122)

8Recall that, in the case of periodic boundary conditions, we consider the problem in the
spaces of functions with zero mean value, and therefore the first eigenvalue of L is positive.
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Since the trajectories of u(t) are continuous H-valued functions of time, we have
Tp — 00 as n — oo. Passing to the limit in (2.122) as n — oo and using the
monotone convergence theorem, we arrive at (2.119).

We now note that
(Vuls > anlul3,  2|(u, h)| < vealuls + (var) A3

Substituting these estimates into (2.119) and using Gronwall’s inequality, we
arrive at (2.120). O

The technique used in the previous proposition applies to higher moments

of the L?-norm of solutions and gives some a priori estimates for E |u(t)|3™ in

terms of F |ug|3™, where m > 2 is an arbitrary integer. We shall not give either
a proof or a formulation of the corresponding results, referring the reader to
the book [VF88]. Instead we now establish an estimate for the second expo-
nential moment that will imply the above-mentioned results under a stronger
assumption on the initial function.

Proposition 2.4.9. Under the hypotheses of Theorem 2.4.6, there is a constant
¢ > 0 not depending on v, h, and {b;} such that if ¢ > 0 satisfies the condition

sup b? <e, (2.123)
i>1

then the following assertion holds: for any Go-measurable H-valued random
variable ug(x) such that

Eexp(sev|ugl3) < oo (2.124)
the corresponding solution of (2.98), (2.114) satisfies the inequality
E exp (sev|u(t)]3) < e R exp (sev|uol3) + K (v, 2,8, h), (2.125)
where we set
K(v,5,%B,h) = v 'Rexp(»%R/a1), R=Cv ' h3+ B+, (2.126)
and C > 0 s an absolute constant.

Proof. We wish to apply Theorem 7.7.5 to a functional F' : H — R defined as
F(u) = exp(sev|ul3). It is straightforward to verify that

OuF(u;v) = 230 F (u)(u, v),
D2F (u;v) = 230 F () (Jv]3 + 230 (u, v)?).

It follows that relation (7.24) can be rewritten as

Flu(t Am)) = Flug) + /O " A(s)ds + Mt AT, (2.127)
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where M (t) is a stochastic integral (cf. (2.121)), and

A(t) = 2 F (u(t)) (—V(u(t), Lu(t)) + (u(t), h) + %% o > B ult), ej>2).

Jj=1

Taking the mean value in (2.127) and using Doob’s optional sampling theorem,
we derive

tATh
EF(u(t A7,)) =E F(ug) +IE/ A(s) ds. (2.128)
0
Now note that if (2.123) holds with ¢ < (8a1)~!, then

A(t) < sevF (u(t) (—vu®)]§, + C1v~HAl3 + B)
—J{V2

F(u(t)) + s K (v, ,%, h),

IA A

where |ul|?, = (u, Lu). Substituting this inequality into (2.128) and using Fa-
tou’s lemma to pass to the limit as n — oo, we obtain

t
E exp(sev|u(t)]3) + %1/2/ Eexp(sev|u(s)|3) ds < »* K (v, 2,8, h).
0

Application of Gronwall’s inequality completes the proof of the proposition. [

The next result gives an estimate for the rate of growth of solutions as
t — oo. Let us set

t
Eut) = |u(t)|3 + V/ |Vu(s)|3ds. (2.129)

0
Proposition 2.4.10. Assume that the hypotheses of Theorem 2.4.6 are fulfilled,
and ug is an H-valued random variable with a finite second moment. Then for

any p > 0 the solution u(t) of problem (2.98), (2.114) satisfies the inequality

P{sup(Eu(t) — (B +2(010) ) 1) > o} +p} <eT7 (2130)

where we set vy = %al (supj b?)fl,

Proof. Let us recall that relation (2.121) was established in the proof of Propo-
sition 2.4.8. In view of (2.119), we have

os] t t
Ebe/ (u(s),ej)?ds S(s_up b?)/ |u(s)|3ds < oo for any t > 0.
i=1 0 Jj21 0
So the stochastic integral

V=230, / (u(s), ¢;)dB; ()
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defines a martingale (see Section 7.11), and relation (2.121) implies that, with
probability 1, we have

t t

Eu(t) = |uol3 + Bt + 1// |Vu(s)|3ds + 2/ (u(s), h)yds + My, t>0. (2.131)
0 0

To estimate the right-hand side of this relation, we apply the classical method

of exponential supermartingales; e.g., see Problem 5 in Section 2.9 of [McK69]

for the one-dimensional case. Namely, noting that the quadratic variation of M;
is equal to

oo t
(M), = 421@/ (u(s),e;)?ds
j=1 70
(see Section 7.11 and [Kry02]), we rewrite (2.131) in the form
) 1
Eult) = Bt = [uol} + (M, — Syw(M):) + K, (2.132)

where we set

K, = 2/01<u(s), hyds + %7V(M)t - V/O |Vu(s)|3ds.

/Ot(u(s), h)ds

t 1 t
() < o supt? [ [Vuo)fids == [ Vats) s
Ji>1 0 7 Jo

Since

t
< [ [Fu)ds + ()b,
0

we see that
K; < 2(ayv) "t h|3t.

Substituting this inequality into (2.132), we obtain

Eul(t) = (B+2(cqv) MA3) t < Juols + (Mt - %7u<M>t). (2.133)

Consider the exponential function exp(yvM; — (yv)?(M);). Applying the ex-
ponential supermartingale result given in Section 7.11, we see that

P{sup(Mt — Tw(M),) > p} = P{supexp(’yth — (W) (M)y) > ew”}
>0 >0
< e P,

Combining this with (2.133), we arrive at the required inequality (2.130). O

Corollary 2.4.11. Under the hypotheses of Proposition 2.4.10, assume that the
random variable ug satisfies the condition

E |uo|3™ < oo, (2.134)
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where m > 1 is an integer. Then there is a constant C,, > 0 depending only
on m such that for any T > 1 we have

E sup &u(t)" < O (Eluol3™ +T" B +v~ " (y " +a; "T™|h[3™)), (2.135)
0<t<T

where v > 0 is the constant defined in Proposition 2.4.10.

Proof. Inequality (2.130) implies that

1}»{ sup Eu(t) > Juol2 + CT + p} < e, (2.136)

0<t<T

where we set C' = B +2(a;v)~|h|3. Now note that if £ and 7 are non-negative
random variables, then

Efm S 2m—1 (E(E _ 77)77LH{§>77} 4 Enm)

= 2”“/ P{¢—n> A"} dx+ 2" "En™
0

Applying this inequality to & = sup, £,(t) and = |ug|3+C T and using (2.136),
we derive

E sup &,()™ < Zm_l/ exp(—fyu/\l/m) d\+ 2™ E (Jugl3 + CT)™.
0<t<T 0

It remains to note that the right-hand side can be estimated by that of (2.135)
with a constant C,, depending only on m. O

Let us emphasise that Theorem 2.4.6, Propositions 2.4.8 — 2.4.10, and Corol-
lary 2.4.11 are valid both for periodic and Dirichlet boundary conditions, and
the same proof work in these two cases. In the next result concerning higher
Sobolev norms, it is essential that the problem is considered under periodic
boundary conditions. To simplify the presentation, we shall assume that the
sequence {e; } entering the right-hand side of (2.98) coincides with the family of
normalised eigenfunctions of the Stokes operator L and denote by a; < g < - -+
the corresponding eigenvalues. For any integer k > 0, we set

t
Eulh,t) = Hllu(t) |2 + v / $*[lu(s)|12,1ds,

so that &£,(0,t) coincides with the function &, (¢) defined by (2.129).
Proposition 2.4.12. Let k > 1 be an integer, let h € V¥, and let the sequence
{b;} satisfy the condition

By, = Za?b? < 00. (2.137)

Jj=1
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Let ug be a Go-measurable H-valued random variable satisfying (2.134) for any
integer m > 1. Then for any m > 1 and T > 1 there is a C(k,m,T) > 0 such
that

E sup Eu(k,t)"™ < Ck,m, T)(14 v ™5+ (B ug|3™ T £1)).  (2.138)
o<t<T

In what follows, this result is only used in Exercise 2.5.8 (for proving similar
bounds for stationary solutions) and in Section 3.5.3 (devoted to convergence of
mean values of functionals on higher Sobolev space). Its proof is based on the
standard idea of differentiating higher Sobolev norms along solutions. Accurate
calculations, which involve It6’s formula for infinite-dimensional diffusions and
some interpolation inequalities, are rather technical, and we present them in
Section 2.6. The reader not interested in these details may safely skip them, to-
gether with the rest of this subsection, and jump directly to the final part of this
section, which is devoted to the construction of a Markov RDS corresponding
to Navier—Stokes equations with white noise; see page 81.

Corollary 2.4.13. Under the conditions of Proposition 2.4.12, assume that
inequality (2.124) holds for the initial function uy with a constant »x > 0 satis-
fying (2.123). Then for any integer m > 1 and any constants T > 1 and ty > 1
we have

to+T m
E sup ||u<t>||im+umE< / ||u<s>i+1ds)

to<t<to+T to
<C(1+ p~m(Ok+4) (e7"E exp(sev|uo|3) + K) + me(7k+2))’ (2.139)

where K = K (v, 2,8, h) is defined by (2.126), and C > 0 is a constant depend-
g on k, m, T, and .

Proof. Let us denote by Py, (to,T) the left-hand side of (2.139). Applying
Proposition 2.4.12 in which the interval [0, T is replaced by [to — 1,tg + T, we
conclude that

Pim(to, T) < Cy (1 4 v~ ™T2(B Ju(to — 13" *Y 4+ 1)). (2.140)
Now note that
TR (g — 1) 3m(k+1) < O~ MO exp (sev|u(to — 1)[3),
where Cs depends only on k, m, and s. Using Proposition 2.4.9 to bound the
quantity E exp (sev|u(to—1)|3) and substituting the resulting estimate into (2.140),
we arrive at (2.139). O

We now state an exercise summarising some further properties of solutions
for the stochastic Navier—Stokes system on the torus. They can be established
with the help of the methods developed above.
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Ezercise 2.4.14. Let us consider the stochastic Navier-Stokes system (2.11) in
which h € H is a deterministic function and {e;} is the family of normalised
eigenfunctions of the Stokes operator L.

(i) Assume that B; < oo (see (2.137)) and the initial function ug is such that
Eexp(sevuo2) < oo,

where 3¢ > 0 satisfies inequality (2.123) with a sufficiently small ¢ > 0.
Show that

Eexp(sev|u(t)|?) < ef’”’?tEeXp(m/HuoH%) + v R e/ (2.141)

where Ry = Cv=1h|2 + B, + v, and C > 0 is a constant not depending
on other parameters. Hint: Repeat the argument used in the proof of
Proposition 2.4.9.

(ii) In addition to the above conditions, assume that

ZeP\/OTJ‘((h, ej)? 4 b7) < o0, (2.142)

j=1

where p > 0 is a constant. Prove that there are positive constants p and ¢
such that, for any any integer m > 1 and any tg > 1 and 7" > 1, we have

[ee] m
E sup ( exp(‘/oajryl/p)@(t),ej)z) <Cpv™ 1, Er,™<Cp,
1

to<t<to+T \ =

where C,, > 0 is a constant not depending on v, and 7, is a random
variable not depending on p, ¢, and m. Hint: A proof can be found
in [Shi02].

2.4.3 Universality of white noise forces

Theorem 2.2.2 and Exercise 2.2.4 show that a spatially regular white noise force
is universal in the sense that an appropriately normalised high-frequency random
kick force converges to it in distribution. In this section, we shall prove that
this property is inherited by solutions of the corresponding equations. Namely,
together with Eq. (2.98), let us consider the Navier—Stokes system perturbed
by the high-frequency kick force (2.69):

t+vLiu+ Bu)=h+n., n(t,z)= \@ink(a:)é(t — ke), (2.143)
k=1

where {n;} is a sequence of i.i.d. random variables of the form (2.70) and 0 < € <
1. As was explained in Section 2.3, Eq. (2.143) is equivalent to the discrete-time
system

Uy, = Sg(uk—l) + \/gnk, k>1, (2.144)
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where S; denotes the time shift along trajectories of Eq. (2.143) with n. = 0.
With a slight abuse ? of notation, we denote by Pf(u,-), t € eZ, the transition
function associated with (2.144) and by P:(¢) and PB;(e) the corresponding
Markov operators. We extend the transition function Pf(u,-) (as well as the
corresponding Markov semigroups) to the half-line R} by defining it as the law
of the solution for (2.143) issued from v € H.

Theorem 2.4.15. In addition to the above hypotheses, assume that B, < co.
Then for any T > 0 and R > 0 we have

sup sup ||Pf(v,-) — Pi(v, )||2 —0 as e—0%. (2.145)
0<t<T |v]2<R

Proof. We need to prove that if u(¢;v) and u.(t;v) are solutions issued from
v € H for the Navier—Stokes system perturbed by a high-frequency kick force
or a spatially regular white noise, then for any sequence {e,, > 0} going to zero
we have
sup |E(f (ue, (t;0)) — f(u(t;v)))| =0 asn — oo, (2.146)
tu,f
where the supremum is taken over ¢t € [0,T], v € By(R), and f € Ly(H) with
IIflz < 1. This is done in two steps.
Step 1. We first note that it suffices to prove convergence (2.146) in which u,
is replaced by the solution @. of Eq. (4.110) with n = 9;(., where (. is the
continuous process defined in Section 2.2. Indeed, it follows from the condition

By < oo that, with probability 1, the random variables 7, belong to a bounded
ball in V. Therefore the definition of (. implies that (cf. (2.74))

ng - CsHLW(O,T;V) < Cive.

Recalling Exercise 2.1.27, we see that, on the set ', = {||C:|| o (0,73v) < 7}, we
have the estimate

sup ||ue(t;v) — u(t;v)]|1 < Co(r)ve.
0<t<T

On the other hand, applying the Doob—Kolmogorov inequality (7.55) to (., we
derive

P(Te) = P{ sup [|G.(Oll > 1} <r2E[C(DIE < Cy(T)r
<t<T

0

Combining these estimates, for any ¢ € [0,T], v € Bg(R), and f € Ly(H) with
Ifll <1, we obtain

[E(f(ue, (t,v)) = f(u(t,v)))| < E (Ir,||Jus(t; v) — u(t;v)]1) +2P(T7)
< Co(r)Ve+2Cs(T)r2.

9In Section 2.3, the discrete time varies in Z independently of the length T of the interval
between two consecutive kicks. Since we wish to compare solutions for systems perturbed by
white noise and random kicks, we have to take here the same scale of time.
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The right-hand side of this inequality can be made arbitrarily small by choosing
R>1land ek 1.

Step 2. We now prove (2.146) with u., replaced by .. To this end, note
that the expression in (2.146) depends only on the laws of u., and u. In other
words, if we replace (., and ¢ by some other random variables &,, and & valued
in C(0,7T;V) such that

D(n) = D(C.,),  D(§) = D(Q), (2.147)

then the corresponding solutions wy, (¢;v) and w(t;v) of Eq. (4.110) will satisfy
the relation

E(f (G, (t;v)) = f(u(t;v)) = E(f(wa(t;v)) = f(w(t;v), t€[0,T].

In view of Exercise 2.2.4, we have D(C., ) — D(¢) in the weak topology of the
space P(C(0,T;V)). Therefore, by Skorohod’s embedding theorem (see Theo-
rem 11.7.2 in [Dud02]), there are random variables &, and & valued in C(0,T;V)
such that (2.147) holds and, for any ¢ > 0, we have

P{||&n — Ellco,rsvy <6} =0 asn — oo.
On the other hand, the Doob—Kolmogorov inequality (7.55) implies that
P{lllcorvy >r} =0 asr — oo.

Combining these two relations with the argument used in Step 1, we easily prove
the required convergence. The proof of the theorem is complete. O

The following exercise shows that convergence of solutions remains true in
the case when the initial function is random, and moreover, it is uniform with
respect to measures almost entirely concentrated on bounded parts of the phase
space.

Ezercise 2.4.16. Under the hypotheses of Theorem 2.4.15, prove that, for any
T > 0 and any subset A C P(H) satisfying the condition

sup/ lul3\(du) < oo,
AeAJH
we have
sup supH&Bf(s))\—mf)\H*L -0 as e—0". (2.148)
0<t<T AeA

Hint: Use the idea applied in Step 3 of the proof of Theorem 4.3.1.

2.4.4 RDS associated with Navier—Stokes equations

We conclude this section with a construction of a Markov RDS associated with
the Navier—Stokes system perturbed by a spatially regular white noise. For any
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b > 0, denote by (Qq,.40,P) the probability space associated with the two-
sided centred Brownian motion with variance b2. Namely, €y is the space of
continuous functions w; : R — R vanishing at ¢ = 0 with the metric of uniform
convergence on bounded intervals (see (1.9)), Ag is the Borel o-algebra, and P,
is a Gaussian measure on ({2, Ap) such that, for any ¢ty < t; < --- < ¢, and any
Borel subsets I'y,...,I';, C R, we have

Pb({w ENo:wy —wyy €T, wp, —wy,_, € Fn}) = HNb(trtk_l)(Fk)a
k=1

where N, stands for the normal distribution with zero mean value and vari-
ance o2. Given a random process  of the form (2.98), we denote

Define (2, F,P) as the completion of the direct product of the probability spaces
(Q0, Ao, Py, ) with j € A. Elements of € are continuous functions w : R — RA,
where R is endowed with the Tikhonov topology; see formula (1.9) and the
discussion after it.

Ezercise 2.4.17. Let w) be the jth component of w € . Show that the series

Clt,x) = Zwﬁj)ej(x), teR, (2.149)
JeA

defines an H-valued random process with almost surely continuous trajectories.
Show also that the law of the restriction of { to the positive half-line coincides
with that of (.

Let us define a family of shifts on the probability space (Q, F,P) by the
relation
(iw)s = wiys —wy, t,s €R.

Ezercise 2.4.18. Show that 8 = {6;: Q — Q,t € R} is a group of measure-
preserving transformations on (Q, F,P).

Everything is now ready for the construction of an RDS associated with the
stochastic Navier—Stokes system (2.98). We first explain the construction for
the simpler case of a more regular force. Namely, assume that B < co. In this
case, the trajectories of ¢ belong to C(R;V) on a set Q, € F of full measure,
and solutions of (2.98) with ¢ = C~ can be written as u = (N—i— v, where v is a
solution of the problem

v+ vLw+ ) +Bw+C) =h, v(0)=mu.

It is clear that €, can be chosen to be invariant with respect to the group {6;}.
Let us define p¥ug = C¥(t) + v (t) for w € Q, and ¢¥ug = ug for w ¢ Q,. The
co-cycle property is an obvious consequence of the uniqueness of solutions for
the above problem, while the Markov property follows from the fact that wfs“’uo
depends only on the increments {wsy, — ws, 7 € [0,¢]}.
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In the general case, the construction of an RDS associated with (2.98) is
similar. However, we need to use the Ornstein-Uhlenbeck process because the
regularity of ¢ is not sufficient. Let us consider the stochastic Stokes equa-
tion (2.100) in which n = 9;¢. Its solution issued from zero can be written as

i(t) = /Ot e V=L ac(s), t>0. (2.150)

Let © be the set of those w € Q for which the corresponding trajectory z*
belongs to the space X = C(Ry;H) N L (R4;V). Then Q € F, and by
Proposition 2.4.2, we have P(Q) = 1. It follows that ), = Nhez 0,(Q) is a set
of full measure. We now denote
w { Z9(t) + 0¥ (1), for w € €1,
Py uo =

2.151
ug, for w ¢ Q,, (2.151)

where 0% stands for the solution of (2.111), (2.112) with z = 2¥. The proof
of the following result on the existence of an RDS associated with the Navier—
Stokes system is given in Section 2.6.

Theorem 2.4.19. The family & = {¢Y,t > 0,w € Q} is a continuous Markov
RDS in H over 6. Moreover, for any ug € H the law of the random vari-
able {piug,t > 0} in the space C(Ry; H) coincides with that of the solution
for (2.98), (2.114).

2.5 Existence of a stationary distribution

There is a general and simple method for constructing stationary distributions
for Markov processes that satisfy a compactness condition. It was introduced
by Bogoliouboff and Kryloff in [KB37] and enables one to prove the existence
of a stationary measure for a large class of nonlinear stochastic PDE’s. In this
section, we first use the method of Bogoliouboff-Kryloff to establish an abstract
result and then apply it to the Markov process associated with the 2D Navier—
Stokes system with random perturbation.

2.5.1 Bogolyubov—Krylov argument

Let (2, F) be a measurable space with a filtration {F;}, let X be a Polish space,
and let (u,Py), v € X, be a family of X-valued Markov processes on (2, F)
adapted to F;. We assume that the corresponding transition function P(u, )
associated with (ug,P,) possesses the Feller property and that the trajecto-
ries us(w) are continuous in time for any w € Q. Denote by P and P; the
Markov semigroups associated with Pi(u,-). Let us fix A € P(X) and define a
family of measures \;, t € T, be the relation

A(T) = %/0 (BA)(T) ds:%/o /XPs(u,I‘)/\(du) ds, TeB(X), (2152)
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where the integral in s € [0, ¢] should be replaced by the sum over s = 0,...,t—1
if the time parameter is discrete. The Feller property implies that Ps(u,T) is a
measurable function of (s,u) € T} x X, and therefore the integrals in (2.152) are
well defined. Recall that a family of measures {uq, @ € A} C P(X) is said to be
tight if for any € > 0 there is a compact subset K C X such that p,(K) >1—¢
for any a € A.

Theorem 2.5.1. Under the above condition, assume that A € P(X) is a mea-
sure for which the family {\;,t > 0} is tight. Then the Markov family (us,P,)
has at least one stationary measure.

Proof. In view of the Prokhorov compactness criterion (see Theorem 1.2.14),
there is a subsequence {t,} C T, going to +oo such that {\; } converges
weakly to a measure p € P(X). That is,

(f,A\e,) = (f,1) asn — oo for any f € Cp(X).

We claim that p is a stationary measure for (ut,P,). Indeed, in view of this
convergence, Exercise 1.3.23, and the definition of ), for any f € Cy(X) and
r € T4+ we have

(f, i) = (Bofo) = Tim (Brf, A,

: 1 tn * : 1 i *
= nILH;O ™ /0 (B f,PiN) ds = nILH;o E/o (f, Biy A ds
1 tn tn+Tr '
=t ([T omass [ as- [Crmas)
n—oo t, 0 . 0

= (f. 1)
Since this is true for any f € Cp(X), we see that Pu = p for each r € T4 So,
W is a stationary measure. O

Ezercise 2.5.2. Let (u,Py), v € H, be a family of Markov processes in X
satisfying the above conditions. Suppose that there is an initial point v € X,
an increasing sequence of compact subsets K,, C X and finite times t,, € T,
such that

sup P,{us ¢ K;,} — 0 asm — oo.

>t

Show that the hypotheses of Theorem 2.5.1 are satisfied.

2.5.2 Application to Navier—Stokes equations

Let us consider the problem of existence of a stationary measure for the kick-
forced Navier—Stokes system (2.76).

Theorem 2.5.3. Let h € H be a deterministic function and let {ni} be a
sequence of i.i.d. random variables in H such that E|ni|2 < co. Then Eq. (2.76)
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possesses at least one stationary measure. Moreover, every stationary measure
w € P(H) satisfies

/ lulap(du) < oo. (2.153)
H

Proof. Step 1. To prove the existence of a stationary measure, we shall show
that the hypotheses of Exercise 2.5.2 hold for the initial point v = 0. In view of
relation (2.79), it suffices to construct, for any given € > 0, two compact subsets
KW K@) c H such that

P{Sr(ue—1) ¢ KV} <e, Pim ¢ K?P}<e,

where {uy,} is the trajectory of (2.79) with ug = 0. Taking then K = K() 4+ K(?),
we see that P{u; ¢ K} < 2e for any k > 1.

The existence of a compact set K2 with the required property follows im-
mediately from Ulam’s theorem on regularity of probability measures on a Polish
space; see Section 1.2.1. To construct K1), we note that (see (2.81))

Elugle < C for all k > 0.
Hence, by Chebyshev’s inequality, for any € > 0 there is R. > 0 such that
P{lup_1| > R} < R-'Ejup_1]s < e for k> 1. (2.154)

By part (ii) of Proposition 2.1.25, the operator St is continuous from H to V.
Denoting by By (r) the closed ball in H of radius r centred at zero, we conclude
that the set K1) := Sp(By(R.)) is compact in H. Inequality (2.154) implies
that the probability of the event {Sy(ux_1) ¢ KM} does not exceed ¢.

Step 2. We now prove (2.153) for any stationary measure p € P(H). Let us
fix a constant R > 0 and consider a function fg : H — R defined by

_ |u|27 |u|2 < R7
Tr(u) = { R, |uls>R.

Then, for any k& > 0, we have
| tutwntaw) = [ [ Puu.do)fae) ula), (2.155)
H HJH

Let us estimate the right-hand side of (2.155). If |u|o < p, then by inequal-
ity (2.81) with m = 1 we have

[ Plwdo)falo) <Elunke < 4+ C, (2156)
H
where {u} is the trajectory of (2.79) with uy = u, and C' > 0 and ¢ < 1 are

constants not depending on u, k, and R. Substituting (2.156) into (2.155) and
using the inequality fr < R, for any R > 0 and p > 0 we derive

| rw) ) < Ru(H\ Bu(p) +*p-+ C.



86 CHAPTER 2. TWO-DIMENSIONAL NAVIER-STOKES EQUATIONS

Passing to the limit as £ — oo and p — oo, we see that

/H fr(u) pldu) < C.

Fatou’s lemma implies now the required inequality (2.153). O

Ezercise 2.5.4. Show that if the law of the random variables 7, satisfies the
hypotheses of part (i) of Proposition 2.3.5 with some integer s > 0, then for any
stationary measure 1 € P(H) of (2.76) we have

/ lul|7*u(du) < oo for any m > 1.
H

In particular, if (2.88) holds for any s > 0, then any stationary measure is con-
centrated on the space C°°(T?;R?). Similarly, show that, under the hypotheses
of part (ii) of Proposition 2.3.5, any stationary measure p € P(H) satisfies the
inequality

/ exp (52 [ul|?*) u(du) < oo,
H

where 2, and p, are some positive constants, and py = p; = 2. Hint: Use the
argument of the proof of inequality (2.153).

Theorem 2.5.3 is valid for the Navier—Stokes equations in a bounded domain,
and its proof remains literally the same. Moreover, the results announced in
Exercise 2.5.4 are also true in this case, except that p; < 2.

We now turn to the existence of a stationary measure and some estimates
for its moments in the case of the Navier—Stokes system with a spatially regular
white noise. Since the proofs are based on similar ideas, we shall mostly confine
ourselves to formulating corresponding results and outlining their proofs.

Theorem 2.5.5. Under the hypotheses of Theorem 2.4.6, the stochastic Navier—
Stokes system (2.98) with an arbitrary v > 0 has a stationary measure. More-
over, any stationary measure u, € P(H) satisfies the relations

/H(V llull? + exp(m/|u|§)> f(du) < C(B + v 1 h|3), (2.157)

9 B B
v /H o ) = > + /H (w By (du),  (2158)

where positive constants »x and C do not depend on v.

The left-hand side of (2.158) is called the rate of dissipation of energy;
of. (2.119).

Proof. We first prove the existence of a stationary measure. Let us denote
by u(t,x) the solution of (2.98) issued from ug = 0 and by A; the law of u(t)
regarded as a random variable in H. Thus, we have A\, = B;dp for ¢t > 0,
where P; : P(H) — P(H) stands for the Markov semigroup associated with
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the equation and dy denotes the Dirac measure concentrated at zero. By Theo-
rem 2.5.1, the existence of a stationary measure will be established if we show
that the family {\;, ¢ > 0} is tight, where ); is defined by relation (2.152) with
X = H. Since the embedding V' C H is compact (see Property 1.1.2), it suffices
to prove that
sup A (H \ Bv(R)) =0 as R — oo, (2.159)
>0
where By (R) stands for the ball in V' of radius R centred at zero. To this end,
let us note that relation (2.119) with ug = 0 implies that

t
2 [ [Vu(s)Bds < t(B 40 ). t=0
0

Combining this with Chebyshev’s inequality, we derive

S(H\By(R) = 7 [ A\ By(R)ds = 7 [ Bl > Ry ds
< %R‘QE/O |Vu(s)|3ds < R™2(B + vt hl3),

whence follows convergence (2.159).

To prove that any stationary measure satisfies (2.157) and (2.158), we first
note that inequality (2.125) and the argument used in derivation of (2.153)
enable one to prove that

/ exp (sev|ul3) p (du) < Cy (B + v h|3).
H

Let up be an H-valued random variable independent of ( whose law coincides
with g and let u(¢) be a solution of (2.98) issued from wug. Then u(t) is a
stationary process, and it follows from (2.119) that

2wt Blju||3 = Bt + 2t E(u, h).

Dividing the above relation by 2t, we obtain (2.158). Combining (2.158) with
Schwarz’s and Friedrichs’ inequalities, we derive the required upper bound for
the first term on the left-hand side of (2.157). We leave the details to the reader
as an exercise. O

Ezercise 2.5.6. Under the hypotheses of Theorem 2.5.5, show that any station-
ary solution u(t,z) of (2.98) satisfies the inequality

e s (B +r / fuls)l3as)

to<t<to+T
< Ch (T"”Bm +r My + 0417’"Tm|h|§m))7

for any constants to > 0, T > 1, v > 0 and any integer m > 1. Here C,, is a
constant depending only on m, and v > 0 is defined in Proposition 2.4.10. Hint:
Use inequalities (2.125), (2.135), and (2.157).
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The above theorem and exercise are true both for periodic and Dirichlet
boundary conditions. The following exercise gives some extra a priori estimates
for stationary measures for the Navier—Stokes system on the torus.

Exercise 2.5.7. In addition to the hypotheses of Theorem 2.5.5, assume that
B, < oo and h € V. Show that there are positive constants » and C not
depending on v such that any stationary measure p, € P(H) for (2.98) satisfies
the relations

/H exp (evllul2) j (du) < C (By + v )12, (2.160)

2 _ B u U
V/H\Lu|2/,ty(du)— y +/H<v VA (du). (2.161)

Combine (2.160) with an analogue of (2.125) and (2.135) for ug € V to obtain
some bounds for Esup, &,(1,%)™, where u(¢, z) is a stationary solution for (2.98).
Hint: To prove (2.160), combine (2.141) with the idea of the proof of (2.153).

The left-hand side of (2.161) is called the rate of dissipation of enstrophy;
of. (2.158).

In case of higher regularity of the deterministic and random forces, some
further bounds for various moments of stationary solutions in terms of the vis-
cosity can be found in [BKLO00, Shi02, KS03]. In Chapter 5, we shall need the
result announced in the following exercise.

Exercise 2.5.8. Let the hypotheses of Proposition 2.4.12 be fulfilled for some
integer £ > 1. Show that, for any m > 1 and T > 0, there is a constant
C(k,m,T) > 0 such that any stationary solution of (2.98) satisfies the inequality

E sup Eu(k,t)™ < C(k,m,T)(1+ v mTHF2), (2.162)
0<t<T
In particular, if h € C°°(T?;R?) and (2.137) holds for all ¥ > 1, then any
stationary measure is concentrated on the space C°°(T?;R?). Hint: Use in-
equality (2.138) and the scheme of the proof of Theorem 2.5.3.

We conclude this chapter by the following result on the uniqueness of a
stationary measure for the Navier-Stokes system with a small noise.

Ezercise 2.5.9. Show that for any v > 0 there is € > 0 such that if |h|s +B <,
then the RDS & associated with the stochastic Navier—Stokes system (2.98)
satisfies inequality (1.75). In particular, ¢ has a unique stationary measure p,,.
Show also that the transition function converges to p, exponentially fast in the
dual-Lipschitz distance. Hint: Use Propositions 1.3.31 and 2.4.10, as well as the
proof of (2.54).

2.6 Appendix: some technical proofs
Proof of Proposition 2.1.25. We shall confine ourselves to the formal derivation

of (2.54) and (2.55). The calculations can be justified with the help of Galerkin
approximations.
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(i) Let us set u;(t) = S¢(uoi, fi), ¢ = 1,2. Then the difference u = u; — us
satisfies the equation

U+ Lu + B(u,u1) + B(ug,u) = f1 — fa. (2.163)

Let us take the scalar product of this equation with 2u(t) in H. Using (2.11)
and the inequalities

1
|(Blu,ua),w)| < exflullfys llurlly < efula [full [lually < Zllull + e w1 Jul3,

(1 = Far)] < Iy = Fall alllly < el + 12 = Foll2

we derive from (2.163) the differential inequality

t t
at(|u|%+ / ||u||%ds) < 2c§||u1||%(u|%+ / ||u||%ds) o o2, (2.164)

Applying the Gronwall inequality, we arrive at

t t
B + [ lulids < exp (23 [ s ar) uos ~ woal
0 0
t t
w2 o (2 [l )46 - )P ads. (2169
0 s
This implies, in particular, inequality (2.54).
(ii) We now take the scalar product of (2.163) with 2¢tLu in H:
O (tllull})+2t|Lul3 = [Jul|F—2t(B(u,u1), Lu) —2t(B(us, ), Lu)+2t(fi— fa, Lu).
(2.166)
Let us use the inequalities
13 < eslvlz[Lofa, (0]l < Jv]2| Lol

[[v

to estimate the second and third terms on the right-hand side of (2.166):

1/2 3/2 1/2 1/2
[(B(u,ur), Lu)| < eallulloollur |y |Lule < esluly’®|Luly *|ur |5/ *| Lua |5
1
< g Lul3 + cofulua 3 Lu |5, (2.167)

|(Bug,u), Lu)| < eallusloo|lullt [Luls < eslusly’*|Lusly *July | Luly?

1
< §|Lu\§ + colul3|uzl3| Lual3. (2.168)
Furthermore, by the Cauchy inequality,

|(fr = fa, Lu)| < ilLuli + /1 — fal3. (2.169)
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Substituting (2.167) — (2.169) into (2.166) and integrating in time, we derive

t t
Hul? + / s\ Luf3ds < / Jul2ds
t t
+C7/O slul3 (Ju1]3 [Lua|3 + |ual3 | Lusl3) d5+2/0 s|fi — fa|3ds.

Combining this with (2.165), we see that the required inequality will be estab-
lished if we show that

t t
/ s|uil3| Lug)3 ds < cgt™2 exp (Cs/ ([Jus] + 1 £:]3) ds), (2.170)
0 0

where i = 1,2 and 0 <t < 1.
To prove (2.170), we first note that, by (2.43),

¢ ¢
/ 8| Lu;i|3ds < |ugi|3 + 2/ |f|3ds for 0 <t < 1. (2.171)
0 0

Furthermore, taking the scalar product of (2.19) with 2u and integrating in
time, we derive

t t
(D)2 + 2 / sl 3ds = [uosl? + 2 / (us, fi) ds.
0 0

Combining this with (2.51), we conclude that

t
(1= ol <o [ (lullf+ 1A ds. (2.172)

It follows from (2.51), (2.171), and (2.172) that

t t 2
[ stuzaigas < e (juofs + [ 15305)
O 0

t t 2
<en(@=e [l 152 s+ [ 15Bas)
0 0
This implies the required inequality (2.170), and the proof of the proposition is
complete. O

Proof of Proposition 2.4.12. The proof is by induction in k. For &k = 0, a
stronger result is established in Corollary 2.4.11. We now assume that k =n > 1
and that for & < n — 1 inequality (2.138) is already proved. We wish to apply
[t6’s formula to the functional

Fu(t,u) = t"ull;, = (L"u, u).

To this end, we use Theorem 7.7.5 with H = V", V = V"t and V* = VL
The fact that the hypotheses of Theorem 7.7.5 are fulfilled can be checked with
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the help of an argument similar to that used in the proof of Propositions 2.4.8
and 2.4.10 (which correspond to the case n = 0). Therefore we shall confine
ourselves to a formal derivation of estimates.

Let us set f,(t) = F,(t,u(t)). By It&’s formula (7.37), we have (cf. (2.131))

¢
fa(t) = / (ns™Hul|2 + 2" (L"u, h — vLu — B(u)) + B,s") ds
0

t
0

+i2bj/ s"(L"u, e;)dp;(s). (2.173)

We now distinguish between two cases: n =1 and n > 2. In the first case, by
Lemma 2.1.16, we have (Lu, B(u)) = 0. Combining this with (2.173) and the
relations

2s|(Lu, h)| < [|ullf + s?[|R]IF,  (Lu,e;) = aj{u, e;),

we derive
i 2 1 2 1 2,3
E.(1,1) <2 / Jull ds + S0t + SR+ K (),
0

where we set

t
0

[e%¢] t
Ki(t) = Zzbjaj/ slu, ;) dB; (s) —1// sllull2 ds. (2.174)
j=1 0
It follows that

T
sup Eu(l,t)§2/ [ul2ds + B T2 + [B2T? + sup Ki(t).  (2.175)
0<t<T 0 0<t<T

The first term on the right-hand side of (2.175) can be estimated with the help
of (2.135). To bound the last term, we repeat the argument used in the proof
of (2.130). Namely, we denote by M(¢) the martingale defined by the sum
in (2.174) and remark that its quadratic variation is equal to

<M>t:Z4b§a§/ 52(u, e;)2ds < AT (supb?) / s ||lu(s)||2 ds.
=1 0 j21

0
Therefore, setting v = (27 sup, b) ~! we obtain

Ki(t) < M(t) — %(M)t.

By the supermartingale inequality (7.57), we have

]P’{ sup K;(t) > p} = ]P’{ sup exp(ywM(t) — %(M}t) > e"’”p} <e P

0<t<T 0<t<T
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whence it follows that (cf. proof of Corollary 2.4.11)

E sup &,(1,t)" < Cy(BYPT?™ + ||h|3"T°™)
0<t<T

+Cy (ymEsu(T)m + / e d)\>. (2.176)
0

Combining this with (2.135), we obtain the inequality

E sup &,(1,8)™ < Co(BIT>™ + ||n)|7"T?™)
0<t<T

+ Cov™™ (1 + Efugl3™ + T™B™) + Cov ™ (1 + T™a; ™|h3™), (2.177)

which gives the required estimate (2.138) with k& = 1.

We now assume that n > 2. In this case, the scalar product (L™u, B(u))
does not vanish, and we need to estimate it. In view of Lemma 2.1.20, we have

(L™, Bu))| < Collull 2 a2 ]2
< Zllul 1 + Gl a3
Combining this with (2.173) and the relations
25(L"u, )| < 5" Mull2 + s" T2, (Lu,e;) = ol (u,e5),

J

we derive
Euln,t) < ( +1>/t "l ds + o, |7 e+
w(n,t) < (n ] ull;, ds + ——5,, —hll5
0 n+1 n+2
t
+C?’”%”/ s" ull " g ds + K (1),
0

where we set

t
0

oo t
n n v n
Kn(t):Zijaj/ s <u,ej>dﬁj(s)—§/0 s |ul|2 ., ds.
i=1
Since

¢
sup /s"||u|ﬁ("+1)|u|§”ds§1/*1 sup &, ()" TEL(L, )",
o<t<T Jo 0<t<T

we conclude that

sup Eu(n,t) < Cy(v '€ (n —1,T) + B, T + ||h||]ZT7?)
0<t<T

+ Cy~ W) qup (Eu(®)" T EL(L,E)") + sup K, (t).
0<t<T 0<t<T
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Setting P(m,n) = Esup&,(n,t)"™ and repeating the argument used in the
derivation of (2.176), we prove that

P(m,n) < Csy~™(P(m,n —1) + v~ (P(2m(n + 1),0) P(2mn, 1))1/2)
+Cs5(14+07™). (2.178)
Recalling that (see (2.135) and (2.177))
P2m(n +1),0) < Cg(E |ugly™ "™ 4 »=2m D) 4 1),
P(2mn, 1) < C7 (L4 v 2E Jup|3™" + v~ "),

and using the induction hypothesis, we see that (2.178) implies the required
estimate (2.138) with & = n. This completes the proof of the proposition. [

Proof of Theorem 2.4.19. Step 1. Suppose we have shown that
0s(2) =, for any s € R. (2.179)

To prove that @ is an RDS, we need to check the continuity and cocylcle prop-
erties of Definition 1.3.14. The continuity of ¢4 (-) is trivial for w ¢ Q.. To
prove it for w € €, let us note that, in view of (2.151), we have

WYug = 2°(t) + Re(ug, 2°(-)) for t >0, w € Q, (2.180)

where R; : H x X — H stands for the operator that takes (ug, z) to the solution
at time ¢ of problem (2.111), (2.112). Proposition 2.4.5 now implies the required
continuity w € ..

Let us prove the cocycle property (1.62). The first relation is obvious, as is
the second one with w ¢ Q. (in view of (2.179)). We need to show that

O Uy = OV (pug) fort,s >0, w e Qy, ug € H. (2.181)
To this end, note that, in view of (2.150) and (2.102), we have
0 (t) = 29(s+1t) fort>0,s€R, we,, (2.182)
where Zs(¢) is the solution of the problem
i4vLlz=0,, 2(s)=0
Combining (2.180) and (2.182), we write
0y (Pug) = 22 (L + 8) + Re(@uo, 22 (s, ). (2.183)

For any s € R and w € ., the right-hand side of (2.183) regarded as a function
of ¢ is a solution of the problem

i+ vLu+ B(u) = h+0,C%,  u(s) = ¢“up. (2.184)
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On the other hand, the function ¢, jug also satisfies (2.184). By uniqueness,
the two functions must coincide, and we obtain (2.181).

Step 2. Let us prove (2.179). To this end, it suffices to show that f,w € Q
for any s € R. Let w € Q, and let n € Z be such that n + s > 0. In view
of (2.182), the difference

wt) =2 (s+n+t)— 209 0t) = (s +n+t) - 22 (s +1)
regarded as a function of ¢ satisfies the equations
w+vLw=0, w(0)=2“(s+n)eH.
It follows that w € X. Since 2/-7“(s + n+-) € X, we conclude that F0sw —

Z¥(s+n+-) —w e X and, hence, O;w € Q for any s € R.

Step 8. We now prove that @ is Markov. In view of Definition 1.3.18, we
need to show for any finite sets u;t € H, tf, st €R,i=1,...,N*, such that

1%
s; <0, 0<t; <-s;, si>0, tf>0,
and any Borel subsets T} C H, the events '°

Ajt:{weQ:go(ti HKiw)uf EF?,i:l,...,Ni}

are independent. To this end, note that (cf. (2.180) and (2.102))
o = 2 (s 1) + Raluo, 2 (s + 1)),

(s +t)=C¥(s+1t) —e V(Y (s) - V/ Le v(t=9L¢w () ds.

where s € R, t > 0, and w € Q,. It follows that, up to an event of zero
measure, A~ depends only on the path {ws,s < 0}, whereas A* depends only
on {ws,s > 0}. Since the process w; has independent increments and vanishes
at t = 0, we conclude that A~ and A" are independent.

Finally, the fact that the law of {¢sug,t > 0} is the same as that of the solu-
tion u(t) for (2.98), (2.114) follows immediately from (2.151) and the construc-
tion of u (see Theorem 2.4.6). The proof of the theorem is now complete. [

Notes and comments

The results presented in Section 2.1 are very well known. The well-posedness
of the 2D Navier—Stokes system in a bounded domain and the regularity of
solutions was proved due to contributions of many researchers, starting from the
pioneering paper of Leray [Ler34], followed by Ladyzhenskaya [Lad59, Lad63],
Lions and Prodi [LP59, Lio69], Temam [Tem68] and others. We refer the reader

10We write here ¢(t,0sw) instead of gofsw to avoid triple subscripts.
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to the books [Tem79, CF88, Soh01] for a comprehensive study of the initial-
boundary value problem for Navier—Stokes equations.

The Foiag—Prodi estimates presented in Section 2.1.8 are of fundamental
importance for this book. They shows that the dynamics of the 2D Navier—
Stokes system in a bounded domain is determined by finitely many modes.
This type of result was first established by Foiag and Prodi [FP67]. It is used
in various problems related to the large-time behaviour of solutions, including
the theory of attractors and inertial manifolds; see the books [Tem88, CFNT89,
BV92] and references therein.

The theory of well-posedness for Navier—Stokes equations with various types
of additive noises is a rather straightforward consequence of deterministic re-
sults, due to the simple reductions described in Sections 2.3 and 2.4. The
study of the Navier—Stokes system perturbed by a spatially regular white noise
was initiated by Bensoussan, Temam [BT73], Viot [Vio75, Vio76], and Vishik,
Komech, Fursikov [VKF79, VF88]. They proved that the 2D Navier-Stokes
system perturbed by a white noise force defines a Markov process in a suitable
function space and that It6’s formula applies to its solutions and results in the
a priori estimates (2.119) and (2.135) with m = 1. These inequalities with
m > 2 and other estimates for more regular random forces were derived by E,
Mattingly, Sinai [EMS01, Mat02b] and Kuksin, Shirikyan [KS02a, KS03]. The
case of an analytic random force was investigated by Bricmont, Kupiainen, Lefe-
vere [BKLO0O], Mattingly [Mat02a], and Shirikyan [Shi02]. A more delicate task
is to prove the existence and uniqueness of a solution for white forces of low spa-
tial smoothness. This situation was studied, for instance, by Flandoli [Fla94],
Ferrario [Fer03], Da Prato, Debussche [DD02], and Brzezniak, Ferrario [BF09].
Navier—Stokes equations perturbed by random kicks are less traditional, but
their investigation is technically simpler. The estimates described in Section 2.3
are taken from [KSO1b, Shi04]. Theorem 2.4.15 and relation (2.148) belong to
a large group of results in stochastic PDE’s motivated by numerical methods,
since a popular way to calculate solutions of a PDE perturbed by a white force
is to replace it by high-frequency normalised random kicks. This approach is
called splitting up method in numerical analysis. We refer the reader to the pa-
per of Gyongy and Krylov [GK03] for some results in this direction that concern,
in particular, the rate of convergence.

Finally, the idea of studying limit points of the averaged laws of solutions to
construct a stationary distribution of Markov processes goes back to Kryloff and
Bogoliouboff [KB37]. It is a simple, but effective tool for producing stationary
distributions in various problems; see the books [VF88, KH95] and references
therein. The question of uniqueness of a stationary distribution is, in general,
much more complicated. However, in the laminar case, the RDS generated by
the 2D Navier—Stokes system is globally asymptotically stable, which implies the
uniqueness and exponential mixing of a stationary measure (see Exercise 2.5.9).
This fact was proved by Mattingly [Mat99].
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Chapter 3

Uniqueness of stationary
measure and mixing

This chapter contains some results on uniqueness of a stationary distribution and
the property of exponential mixing. Their proof is based on a development of the
classical coupling argument introduced by Doeblin in late thirties; see [Doe38,
Doe40]. Without going into details, let us describe two essentially equivalent
versions of Doeblin’s approach to study ergodic properties of Markov chains.
Let X be a complete metric space and let (ug,P,), k& € Z, be a Feller
family of Markov chains in X parametrised by the initial point u € X. We shall
denote by Px(u,T), u € X, T" € B(X), the transition function associated with
the Markov family and by Py : Cp(X) — Cp(X) and P : P(X) — P(X) the
corresponding Markov operators (see Section 1.3.3). Let us assume that

||P1(u, ) - Pl(ula ')”var < Y (31)

for any u,u’ € X, where || - ||var denotes the total variation distance, and v < 1
is a constant not depending on w and u’. In this case, the uniqueness of a
stationary distribution and exponential mixing for the family (ug,P,) can be
proved using the coupling lemma in one of the two equivalent forms given in
Section 1.2.4.

Contraction of the space of measures. Let us endow P(X) with the
total variation distance and consider the operator B : P(X) — P(X). We
claim that this is a contraction:

IBIA = BTN [[var <7 [IA = Nllvar  for any A, X" € P(X). (3.2)
Indeed, let us use Corollary 1.2.25 to write
A=1=0r+d6\ N=(1-0v+dN,
where § = ||A = X||var, ¥ € P(X), and X and X are mutually singular measures.

97
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Using (3.1) and (1.22), for any I' € B(X) we obtain
PIAD) — PIN (D) = 8 (BIAT) — BTN (D))
_s / / (Py(u,T) — Py(u/, T)) A(du) N (du)

XxX

< 6//75\(du)5\’(du’)

XxX
= ”/\ - /\/”var -

Using the symmetry and taking the supremum over I' € B(X), we arrive at (3.2).

Since PB7 is a contraction of the complete metric space (P(X),| - ||var), there

is a unique measure p € P(X) such that Piu = p, and for any A € P(X) we
have

||§B;;)‘ - :U’Hvar < 7k7 k> 0. (33)

When (3.3) holds, we say that the Markov process (which defines the semi-
group) is exponentially mizing in the total variation norm. Similarly, if inequal-
ity (3.3) holds with the total variation distance replaced by the dual-Lipschitz
distance, then we say that the Markov process is exponentially mixing in the
dual-Lipschitz norm.

Coupling argument. Let (R(u,u/,-), R'(u,v’,-)) be a pair of random vari-
ables in X that depend on u,u’ € X and form a maximal coupling for the mea-
sures P;(u,-) and Pi(v/,-). That is, D(R) = Pi(u,-), D(R') = Pi(v/,-), and

P{R(u,u’) # R (u,v')} = [|Pr(u,") = PL(u,")|lvar for all u,u’ € X; (3.4)

cf. Section 1.2.4. In particular, R(u,u) = R'(u,u) for any v € X. Such random
variables exist in view of Theorem 1.2.28. Let us denote by €2 the direct product
of countably many copies of the probability space on which R and R’ are defined
and consider a family of Markov chains {u;} in X = X x X given by the rule

up(w) = u, up(w) = (R(ug_1,w), R (ug_1,wy)) fork>1.  (3.5)

Here w = (wj,j > 1) € Q denotes the random parameter and w € X is an initial
point. Writing u = (u, ') and uwy = (ug,u},), we derive from inequalities (3.1),
(3.4) and the Markov property that

Pu{thg1 # upyy | Fi} <y forany uw e X, k>0, (3.6)

where Fj, denotes the o-algebra generated by wi,...,u;. Iterating inequal-
ity (3.6) and using the fact that uy_1 = wj,_, implies uy = uj,, we obtain by
induction

Pu{ur # )} = Bu (T, 20y 3Puf{ur # )| Froa})
< AP {up1 A uj_ 1} <AF (3.7)
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for any u € X, k > 0. So,
Hpk(ua ) - Pk(u/7 ')”var < 7k~ (38)

Combining this with the Kolmogorov—Chapman relation, we see that for any
two measures A and X’ on X the total variation distance between ;A and PN’
goes to zero exponentially fast. In particular, there is at most one stationary
distribution. Moreover, the sequence {Py(u,-)} converges to a limiting mea-
sure p, which is stationary for (ug,P,). Finally, inequality (3.3) also follows
from (3.8).

Inequality (3.1) is satisfied for a number of problems with compact phase
space, e.g., for stochastic differential equations (SDE) with non-degenerate dif-
fusion on a compact manifold. On the other hand, condition (3.1) is rather
restrictive if the phase space is not compact. For instance, in the case of SDE’s
in R™, it is fulfilled only if there is a strong nonlinear drift towards a bounded
ball. However, sometimes one can overcome this difficulty with the help of the
following modification of the coupling argument.

Let X be a Polish space and let (ug,P,) be a Feller family of Markov chains
in X. Retaining the notation used above, suppose we can find a closed subset
B C X for which the two properties below are satisfied:

Recurrence : The first hitting time 75 of the set B is almost surely finite for any
initial point u € X, and there is 6 > 0 such that

E, exp(67p) < oo for all u € X. (3.9)

Squeezing : Inequality (3.1) with a constant v < 1 holds for any u, v’ € B.

Let (R, R’) be the family of random variables in X defined above and let {uy}
be the family of Markov chains given by (3.5). Denote by p, the n'" instant
when the trajectory uj enters the set B := B x B. Then, using (3.1), (3.4),
and the strong Markov property, we get (cf. (3.6))

P{up, 11 # uj, 1| Fp,} <y forany uwe X, n>1, (3.10)

where F,  denotes the o-algebra associated with the Markov time p,,. Iteration
of (3.10) results in (cf. (3.7))

Pu{tp, 1 # U, 1} <" foranyuwe X,n>1.

Combining this with (3.9), one can prove inequality (3.8) with a larger con-
stant v < 1, and this implies all the properties established for the case in
which (3.1) holds uniformly. Thus, Doeblin’s method applies also in the case
of an unbounded phase space, provided that inequality (3.1) is satisfied on a
subset that can be reached from any initial point at a random time with finite
exponential moment.

Application of the above technique to stochastic PDE’s encounters one es-
sential difficulty: inequality (3.1) cannot be true (even for close w and ), unless
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some very restrictive conditions are imposed on the diffusion; see Section 3.5.1
below for the case of Navier—Stokes equations. In this chapter, we show how
to develop Doeblin’s approach to be able to treat the 2D stochastic Navier—
Stokes equations and other dissipative SPDE’s with degenerate diffusion. In
Section 3.1, some general criteria are established for the uniqueness of a sta-
tionary distribution and mixing in the dual-Lipshcitz norm. In Sections 3.2 —
3.4 we apply these criteria to the Navier—Stokes system with various random
perturbations. Section 3.5 is devoted to some further results on uniqueness and
mixing, a discussion of the Navier—Stokes system perturbed by a compound
Poisson process, and a description of an alternative proof for mixing of the
model with random kicks. Finally, in Section 3.7, we clarify the importance of
the results of this chapter for physics.

3.1 Three results on uniqueness and mixing

In this section, we establish some sufficient conditions for uniqueness of a sta-
tionary measure for a Markov process. We begin with the case in which there is
a Kantorovich functional (see Section 1.2.5) decaying along any pair of trajec-
tories. This property immediately implies that the Markov process in question
defines a contraction in the space of measures, and therefore has a unique sta-
tionary measure, which is exponentially mixing. We next discuss a simple cri-
terion for uniqueness and mixing. Roughly speaking, we prove that if a Markov
process is recurrent, and the dual-Lipschitz distance between the laws of trajec-
tories issued from close points remains small (without any contraction!), then
there is at most one stationary measure, and if it exists, then solution converges
to it in distribution. Our third result gives a sufficient condition for unique-
ness and exponential mixing. Its proof is based on a stopping times technique
well known in the theory of renewal processes; see Chapters XI in [Fel71] or
Chapter 5 in [PSS89].

3.1.1 Decay of a Kantorovich functional

Let X be a Polish space, let T = Ror Z, let T, = {t € T : t > 0}, and
let (ug,P,) be a Feller family of Markov processes in X. Recall that, given a
measurable symmetric function F : X x X — R, satisfying (1.40), we define
the Kantorovich functional Kr with the density F' by relation (1.41). In what
follows, we suppose that there is a constant C' > 0 and a point ug € X such
that

F(uy,ug) < C (1 +distx (uy,uo) + distx (ug, up)) for any ui,us € X. (3.11)
Recall that P;(X) is the class of measures p € P(X) such that

my(p) = /X distx (u, up)p(du) < oo.

Inequality (3.11) implies that if & and & are two random variables whose laws
belong to P1(X), then E F(&;,&2) < co.
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Theorem 3.1.1. Let (us,P,,) be a Feller family of Markov processes in X sat-
isfying the following two conditions.

A priori estimate: There is a constant C' > 0 and a point ug € X such that

/ distx (2, u0) Pi(u, dz) < C (1 +distx (u,up)) for anyue X, teTy.
b'e
(3.12)

Contraction: There is a time s € Ty, a constant v < 1, and a Kantorovich
density F : X x X — Ry satisfying (3.11) such that

Kr(BINBIN) <yKr(\,X)  for any A\, N € P1(X). (3.13)

Then the Markov family (ug, P.,) has a unique stationary distribution p € P1(X).
Moreover, there are positive constants C' and « such that

A — ally < Cet(1+mi(N) forteTs, (3.14)
where X € P1(X) is an arbitrary measure.

In what follows, we shall say that a Markov process is exponentially mizring
in the dual-Lipschitz norm if it satisfies (3.14).

Proof. Step 1. Let us endow P(X) with the dual-Lipschitz distance. By The-
orem 1.2.15, this is a complete metric space. Integrating (3.12) with respect
to A(du), we see that

m (PiA) <C(1+my(N) forteT;. (3.15)
Inequalities (1.42) and (3.13) imply that
”stA - ‘BZSXHE < KF(mZSAvaSA/) < rYk’CF(Aa /\/) for k > 0. (316)

Let us show that { Pys(u, ),k > 1} is a Cauchy sequence in P(X) for any u € X.
Indeed, applying the Kolmogorov—Chapman relation, for uw,u’ € X, > k, and
for an arbitrary function f € Ly(X) with ||f||z < 1, we obtain

(f, Pis(u',)) = (f, Prs(u, )
/Pl ks (U dz)/ (Pis(z,dw) — Prs(u, dw)) f(w)

<Ak /P(l—k)s(u/adZ)ICF(dzadu)~
X

Using the fact that Kp(dy,,du,) = F(u1,us) and recalling inequality (3.11), we
see that

(f7 PlS(u/7 )) - (f? PkS(u> ))
< 'yk/ Py_pys(u',dz) (1 + distx (2, ug) + distx (u, ug))
X

< CyF (1 + distx (v, ug) + distx (u, ug))-
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Integrating this inequality with respect to A(du) X' (du'), where A\, X' € Py (X)
are arbitrary measures, using the symmetry with respect to A and )\, and taking
the supremum over f, for [ > k we derive

BN = Pr A < Cory® /X((l + dist x (v, ug) + distx(u,uo)))\(du))\(du’)
< (Cy ’yk(1+m1()\) —l—ml()\’)) (317)

In particular, taking A = X = §,,, we see that {Pys(u,-)} is a Cauchy sequence
in P(X), and therefore it converges to a limit p € P(X). It follows from (3.17)
that y does not depend on u € X. Since p = limy_, o (P})* 0y, applying B to
this relation, we see that LIy = p.

Step 2. Let us show that pu € P1(X). We choose any increasing sequence
{fn} C Cu(X) converging pointwise to the function distx(-,ug). Then, us-
ing (3.12), we can write

(frs i) = lim (fp, Prs(uo,-)) < limsup/ distx (2, uo) Prs(uo,dz) < C.
k—o0 k—o0 X

Applying the monotone convergence theorem and passing to the limit as n — oo,

we see that my(u) < C.

Step 3. Applying inequality (3.17) with I = k, X' = Pfu, A = p and
using (3.15), we obtain

[B5 1= pll7, = BesBie — Braplls, < C3y*(1+my(p)).

Letting & — oo, we obtain PBju = p for each ¢ € Ty, and we see that p is
a stationary distribution. If A € P;(X) is another stationary measure, then
by (3.17) we have A = u. So p is a unique stationary distribution for the
Markov family (ut,P,,) in the space Py (X).

Step 4. To complete the proof of the theorem, it remains to establish (3.14).
To this end, take any ¢ € 7, and write ¢t = ks + r, where k£ > 0 is an integer
and 0 < r < s. Using (3.15) with ¢ = r and inequality (3.17) in which X = pu
and A is replaced by BN, we derive

IRA = w7, = IBis (BrA) — il < C3* (1 4+ mi(PrA)) < Cary™(1+mi(N)).

This inequality readily implies (3.14). O

3.1.2 Coupling method: uniqueness and mixing

As before, we denote by (ug,Py,), t € Ty, a Feller family of Markov processes
in X. Let X = X x X be the direct product of two copies of X. We write
u = (u,u’) € X and denote by Il : w + u and II' : w +— u' the natural
projections. Let us consider a family of Markov processes (u¢,Py), t € T4,
in X. We denote by P;(u,T) its the transition function and by P; and P} the
corresponding Markov operators. We shall write w; = (us, u}).
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Definition 3.1.2. The Markov family (u;,P,) is called a coupling of two copies
of (ug,Py) if for any u = (u,u’) € X the laws under P, of the processes ITu,
and IT'u; (regarded as measures on the space of functions from 7, to X) coincide
with those of u; under P, and P/, respectively. In this case, we shall also say
that (u.,Py,) is an extension of (uy, Py,).

That is, if (u¢, Py) is an extension of (ut, P, ), then
H*Pt('u,,-) :Pt(u,-), H;Pt(u,) :Pt(u’,-). (318)
For a closed subset B C X, we denote by B the direct product B x B and
by 7(B) the first hitting time of B for wu,:
7(B) =min{t > 0:u € B,u; € B} =min{t > 0: u; € B}.
The following result gives a sufficient condition for the uniqueness of a stationary
distribution and mixing in the dual-Lipschitz distance.

Theorem 3.1.3. Let (ug,P,) be a Markov process and let (uy, Py,) be its exten-
sion. Let us assume that for any integer m > 1 there is a closed subset B,, C X
and a constant §,, > 0 such that 6, — 0 as m — oo, and the following two
properties hold.

Recurrence: For any u = (u,u’) € X and m > 1, we have
Pu{T(By) < o} =1. (3.19)
Stability : There is a constant T, € T} such that
sup ||Pt(u, — Pi(u ||L <ém foranyu € B,, = B, X By,. (3.20)

t>Tm
Then, for any u,u’ € X, we have

HPt(u, — Py(u —0 ast— oo (3.21)

Al

Moreover, if u is a stationary distribution for the family (uy,P,), then it is
unique, and for any A € P(X) we have

PiXx—pllm =0 ast— oo (3.22)
L

That is, the Markov process is mizing in the dual-Lipschitz norm.

Proof. Step 1. We first assume that (3.21) is proved and establish the claims
concerning the stationary distribution. The uniqueness is a straightforward
consequence of (3.22). To prove (3.22), we take any function f € Ly(X) and
write

|(f q3t/\ H)| —| f‘Bt/\ ‘Btu)l
\ [ et = es) M)

XxX

< //’f‘ptf( — P f ()| Adu) p(du). (3.23)

XxX
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Taking into account (3.21) and using the Lebesgue theorem on dominated con-
vergence, we see that the right-hand side converges to zero as t — +oo for
any f € Ly(X). In view of assertion (ii) of Theorem 1.2.15, this is equivalent
to (3.22).

Step 2. We now prove (3.21). For any m > 1 and ¢t > T,,, write
T(m,t) = 7(Bm) At, p(u,m,t) =P, {7(By) + Tn > t}.

Applying the strong Markov property (1.57) to the family (u;,P,) and taking
into account the first relation in (3.18), for any integer m > 1 we obtain

Pi(u,T) = Py(u,I' X X) =EuPir(m ) (Ur(m,t), I X X)
= ]EuPtfr(m,t) (u‘r(m,t)a F)

A similar relation holds for P,(u/,T"). It follows that
1P, ) = Pt ], < Bug(t = 7(m, 1), s, (3.24)
where for s > 0 and z = (z,2') € X we set
9(s.2) = [ Pu(z,) = P2,
Now note that, by the stability condition (3.20), we have

sup g(s,z) <6, for z € B,. (3.25)
s>Tm

Combining inequalities (3.24) and (3.25) and taking into account that the rela-
tion 7(By,) + Ty <t implies g(t — 7(m,t), Ur(m,t)) < Om, We get

HPt(ua ) - Pt(ulv )Hz < 5m +p(u7m7t) for ¢ > Tm-

In view of (3.19), the right-hand side of this inequality can be made arbitrar-
ily small by choosing m first and then taking ¢ to be sufficiently large. This
completes the proof of Theorem 3.1.3. O

Analysing the above proof, it is easy to see that if Y C X is a Borel subset
such that

Zlell; Pu{T(Bm) > t} < p(m,t), (326)

where p(m,t) — 0 as t — oo for any integer m > 1, then

sup||Py(u,-) — P(u',-)||, =0 ast— oc. (3.27)
uceyY

This simple observation enables one to prove the following result on uniform
convergence to the stationary distribution.
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Theorem 3.1.4. Under the hypotheses of Theorem 3.1.3, assume that (3.26)
holds for any compact set Y C X and any integer m > 1, where p(m,t) — 0
ast — oo. Then for any compact subset A of the space P(H) endowed with the
dual-Lipschitz metric convergence (3.22) holds uniformly with respect to X € A.

Proof. Let us fix a constant ¢ > 0 and use Prokhorov’s theorem to find a
compact subset Y C X such that A(Y) > 1 —¢ for any A € AU {pu}. Let
f € Ly(X) be an arbitrary function such that ||f||z < 1. Then it follows
from (3.23) that

[(F,BiA — )] < Sl}gy}‘l*tf(U) — Pof ()| + 4e.

Using inequality (3.27) with ¥ = Y xY and recalling that € and f are arbitrary,
we arrive at the required uniform convergence. O

Let us also mention that the rate of convergence in (3.22) can be estimated
in terms of the mean value of the hitting time 7(B) and the sequence {d,,}
(see the recurrence and stability conditions of Theorem 3.1.3). In particular, if
the Markov process in question depends on a parameter 6 in such a way that
the above-mentioned quantities are estimated uniformly in 6, then the rate of
convergence to the stationary measure is also uniform in 6.

An application of Theorem 3.1.3 to the Navier—Stokes system is presented in
Section 3.3. Here we discuss the case of the viscous Burgers equation, for which
the stability holds uniformly with respect to the viscosity.

Ezample 3.1.5. Let us consider the Burgers equation with periodic boundary
conditions:

u—u6§u+axu2:ﬁ “(t,x), z=eT, /ude/CdeO, (3.28)

where T = R/2nZ. We abbreviate H™(T;R) = H™ for m € R (see Sec-
tion 1.1.1) and denote by {e;,j € Zo} the usual L?-normalised trigonometric
basis of these spaces. As for the white-forced Navier—Stokes system, we choose
¢“(t,x) = Zj b;B% (t)ej(x). For simplicity, assume that all quantities B, =
>, 3%™b3 are finite. Then Eq. (3.28) is well posed in each space H™ m > 1,
and defines there a Markov process; see [DZ96]. Consider the RDS {yy,t > 0}
defined by (3.28). It is known that for a.e. w the maps ¢¢ extend by continuity
to non-expanding transformations L' — L', where L' denotes the space of in-
tegrable functions on T with zero mean value; e.g., see Lemma 3.2.2 in [H6r97].
So (3.28) defines a Markov process in L. Theorem 3.1.3 applies to it. Indeed,
choose B,, = Bj.(1/m). Then the recurrence follows from the same simple
argument as for the Navier-Stokes system (see below Section 3.3.2 and the
discussion after Theorem 3.3.1). The stability with T;,, = 0 and 6,, = 1/m im-
mediately follows from the fact that the maps ¢% : L' — L' are non-expanding.

If all numbers b; are non-zero, then the rate of recurrence may be chosen to be
independent of v (cf. Section 3.3.2 below). Since characteristics of stability are



106 CHAPTER 3. UNIQUENESS OF STATIONARY MEASURE

also independent of v, in this case the rate of mixing for (3.28) does not depend
on the viscosity. See [Bor12] for further properties of the Burgers equation (3.28)
and [BKO07] for its relevance as a physical model.

3.1.3 Coupling method: exponential mixing

This subsection can be omitted at first reading, since its results are used only in
the proof of exponential mixing for equations with unbounded noise. To simplify
the presentation, we assume here that X is a separable Banach space with a
norm || - ||. The main result of this section—Theorem 3.1.7—gives a sufficient
condition for exponential mixing for Markov processes in X. In addition to the
coupling, the proof uses some techniques of the theory of renewal processes;
cf. [Fel71, Chapter XI] or [PSS89, Chapter 5].

Let (u¢,P,) be a Feller family of Markov processes in X, let (u;,Py,) be its
extension, and let B be a closed subset in X. Recall that 7(B) stands for the
first hitting time of the set B = B x B for u;. We also introduce the stopping
time

o=inf{t € T4 : |Juy — uj|| > Ce P}, (3.29)

where C' and [ are some fixed positive constants. In other words, o is the first

I«

instant when the curves u; and w; “stop converging” to each other exponentially
fast. In particular, if ¢ = oo, then

us — uy|| < Ce Pt fort > 0. (3.30)
Definition 3.1.6. We shall say that the family (us,P,,) satisfies the coupling
hypothesis if there is an extension (u¢, P, ), a closed set B C X, and an increasing
function ¢g(r) > 1 of the variable » > 0 such that the following two properties
hold.
Recurrence: There is 6 > 0 such that
E,exp(07(B)) < G(u) for all u = (u,v') € X, (3.31)
where we set G(w) = g([[u]]) + g([[u"]))-

Exponential squeezing: There are positive constants d1, do, ¢, K, and g > 1
such that, for any u € B, we have

IP’u{cr = oo} > 61, (3.32)
Eu{l{o<oo} exp(020) } <, (3.33)
EU{H{U<OO}G(UU)q} < K. (3.34)

Any extension of (u,P,,) satisfying the above properties will be called a mizing
extension.
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Note that 0 = 0 for any w € X with [|u — «/|| > C. It follows from (3.32)
that the set B must belong to the C-neighbourhood of the diagonal, that is,
Bc{u:l|u—v]<C}.

Before formulating the main result of this subsection, we make some com-
ments on the above definition. Let us take an arbitrary initial point u € B.
Then, in view of (3.32), with P,-probability > d;, we have 0 = 0o, and therefore,
with the same probability, the trajectories u; and u} converge exponentially fast
(see (3.30)). On the other hand, if they do not, inequality (3.33) says that the
first instant o when the trajectories “stop converging” is not very large. More-
over, by (3.34), we have some control over u; at the instant ¢ = o. If the initial
point u € X does not belong to B, we cannot claim that the above properties
hold. However, we know that, with probability 1, any trajectory hits the set B,
and by (3.31), the first hitting time 7(B) has a finite exponential moment.

These observations make it plausible that, for any initial point uw € X, the
trajectories u; and u; converge exponentially fast. In fact, we have the following
result.

Theorem 3.1.7. Let (uy,IP,) be a Feller family of Markov processes that pos-
sesses a mizing extension (ug,Py). Then there is a random time £ € Ty such
that, for any u € X, with P, -probability 1, we have

lue —uh|| < Cre P9 fort > ¢, (3.35)
E e < C1G(u), (3.36)

where w € X is an arbitrary initial point, g(r) is the function in Definition 3.1.6,
and C1, a, and [ are positive constants not depending on uw and t. If, in
addition, there is an increasing function g(r) > 1 such that

Eug(||ut||) <g(lu]l) forueX,t>0, (3.37)

then the family (us, Py) has a unique stationary measure p € P(X), and there
is a constant v > 0 such that

1Pe(u, ) = pllz, < V(([ul)e™" fort >0, ue X, (3.38)
where V' is given by the relation
V(r) =3Ci(g(r) + g(0)). (3.39)

Proof. We first show that inequalities (3.35) — (3.37) imply the existence and
uniqueness of a stationary measure and the mixing property (3.38). Namely, we
shall derive from these relations that, for any u, v’ € X,

| Pe(u,) = P, -)

L <3C1G(u)e M, t>0. (3.40)

To this end, we fix an arbitrary functional f € Ly(X) with || f]|z < 1 and note
that

|(f, Pelu, ) = Po(u, )| < Eulfue) — f(uy)]
<P {0 > £} + Euf{lpcsy|f(u) = flup)]}. (3.41)
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In view of (3.36) and Chebyshev’s inequality, we have

at

P, {¢> 1} <CiG(u)e =.

Furthermore, it follows from the assumption ||f||, < 1 and inequality (3.35)
that the second term on the right-hand side of (3.41) does not exceed
_Bt
]Eu{ﬂ{egg}ﬂut—u;/”}gcle 2.
Substituting the last two estimates into (3.41) and using that G > 2, we obtain
the required inequality (3.40) with v = 2(a A B).

We now use (3.40) to prove the existence and uniqueness of a stationary
measure and inequality (3.38). Let us fix arbitrary points u,u’ € X and a
functional f € Ly(X) such that ||f||p < 1. By the Kolmogorov—Chapman
relation and inequality (3.40), for ¢ < s we have

(. Piu.) — Pl )] = ’/X Ps_t(u’,dz)/X(Pt(u,dv)—Pt(z,dv))f(v)

<30ie ™ [ Paald)[g(ul) + o)1)
X
= 3C1e” " [g(|[ull) + Ew g(|lus—e])]-
Taking into account (3.37), we conclude that

[Pe(u, ) = Po(u', )|, < 3C1e™ (gllul)) + (/1)) (3.42)

Since P(X) is a complete metric space with respect to the dual-Lipschitz dis-
tance, we conclude that P;(u,-) converges, as t — +00, to a measure y € P(X),
which does not depend on w and is stationary. Setting u’ = 0 in (3.42) and
passing to the limit as s — +oo, we obtain inequality (3.38) with V' given
by (3.39).

Thus, we need to establish inequalities (3.35) and (3.36). Their proof is
divided into four steps.

Step 1. We introduce the stopping time
p=inf{t €T, :¢t>0,u;s € B}. (3.43)

In other words, we wait until the first instant o when the trajectories u; and u;
“stop converging” and denote by p the first hitting time of B after o. Let 6,
01 and d3 be the constants in (3.31), (3.32), and (3.33). We claim that, for
any u € B,

Pu.{p = o0} > 1, (3.44)
Eu{ﬂ{p<oo}€ap} < q, (345)

where av < 92 A § and ¢ < 1 are positive constants not depending on w. Indeed,
the definition of p and (3.31) imply that {p = oo} = {0 = =}, so (3.44) is an
immediate consequence of (3.32).



3.1. THREE RESULTS ON UNIQUENESS AND MIXING 109

To prove (3.45), we first show that
Eu{]l{p<oo}653”} <M for any u € B, (3.46)
where 3 = W and M > 0 is a constant not depending on u. Indeed,

using relation (3.43), the strong Markov property, and inequality (3.31), we
derive

Eu{lpcoye™ } = Eu{l{rcoc}™ (Bu, €7™) } < Eu{l{rco)e™ Glug)}-

Combining this with (3.33) and (3.34), we conclude that

—1

Eu{l{peoc}®} < (Buf{lipeoc}™ }) T (Bu {Ifrcoe)Gluo)?})
< (T'K)@ = M.

Q=

To derive (3.45), let us set o = £d3 and note that, in view of (3.44) and (3.46),
we have

Eu{lfpeoc)e®} < (Pup < 00})' " (Bu{ljpenne™})” < (1-01)' M.

The right-hand side of this inequality is less than 1 if € > 0 is sufficiently small.

Step 2. We now consider the iterations of p. Namely, we define two sequences
of stopping times p; and pj, by the formulas

Po = TB,
P =inf{t € Ty 1t > pr_y, |Juy — uj|| > Ce PP} > 1,
pr =inf{t € T, : t > pj,us € B}, k>1.

That is, py is the first occurrence of p after py_;. We claim that
Euf{l{p <oy} < ¢"G(u) for any u € X. (3.47)

Indeed, inequality (3.47) is true for & = 0 in view of (3.31). Let us assume
that (3.47) holds for py, ..., px—1, where k > 1. Since u,, € B, inequality (3.45)
and the strong Markov property imply that

Eu{ﬂ{kaX;}eapk} < Eu{ﬂ{pk71<oo}6apk_l Sgg E, (H{p<oo}6aﬂ)}

< qE"{H{Pk71<oo}eapk71 }

Combining this with the induction hypothesis, we arrive at (3.47).

Step 3. We now note that, if pr < co and ppy1 = oo for an integer k > 0,
then
e — uh|| < Ce™PE=Pe) for t > pp. (3.48)

For any u € X, let us set k = sup{k > 0: p; < co}. We wish to show that, for
any u € X, -
k < oo P,-almost surely. (3.49)
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To this end, note that, in view of (3.44) and the strong Markov property,
Pu{pr < o0} < (1 —8)Pyu{pr_1 < oo} < (1 —61)"Pu{po < 00} < (1 —6))k.

Hence, the Borel-Cantelli lemma implies (3.49).
Step 4. Let us set
pr if k < oo,
= { oo if k= oo.
Inequality (3.35) follows immediately from (3.48), the definition of pg, and the
fact that p;,, = oo. To prove (3.36), we write

Eue™ =) Eu{ljiogye™™} < Eu{lipcape™} < (1-9)'Glu),
k=0 k=0

where we used inequality (3.47) and the fact that £ < oo with P,-probability 1
for any u € X. This completes the proof of Theorem 3.1.7. O

Remark 3.1.8. Analysing the proof given above, it is not difficult to see that
Theorem 3.1.7 remains valid if ¢ is replaced with any other stopping time &
such that

P, {6 <o} =1 forany u e B.
In other word, if inequalities (3.32) — (3.35) hold with o replaced by &, then
the conclusion of Theorem 3.1.7 is true. To see this, it suffices to repeat the
arguments above, replacing everywhere o by &.

3.2 Dissipative RDS with bounded kicks

3.2.1 Main result

Let H be a separable Banach space with a norm | - || and let S: H — H be a
continuous (nonlinear) operator. We consider an RDS defined by the relation

ug = S(uk—1) + g, k>1, (3.50)

where {n;} is a sequence of independent identically distributed (i.i.d.) random
variables in H whose law D(n;) has a bounded support. As it was explained in
Example 1.3.15, one can regard (3.50) as a Markov RDS in H. Our goal in this
section is to study the Markov chain defined by (3.50) in H (See Example 1.3.6).
In what follows, we assume that the following four conditions are satisfied.

Condition 3.2.1. For any R > r > 0 there are positive constants C = C(R),
a =a(R,r) <1 and an integer ng = ng(R,r) > 1 such that

[1S(u1) — S(uz)|| < C(R)||uy —uz|| for all wy,us € By(R), (3.51)

1S (w)]| < max{a||ull,r} for we€ By(R), n > ng, (3.52)

th

where S™ stands for the n*® iteration of S.
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Let us denote by K the support of the measure D(r;) and define the sets of
attainability from B C H by the relations

Ao(B) =B, Ay(B)=S(A,_1(B))+K for k>1.

Condition 3.2.2. There is a constant p > 0 and a non-decreasing continuous
function ko = ko(R) > 0 such that

Ar(Bu(R)) C Bp(p) forany R > 0and k > ko(R), (3.53)
where By (r) stands for the closed ball of radius r centred at origin.

Let us introduce the set

A= A(Bu(p). (3.54)

k>0

where p is the constant defined in Condition 3.2.2. A straightforward conse-
quence of (3.51) and (3.53) is that A is a bounded invariant absorbing set for
the RDS (3.50); see Section 1.3.4.

Condition 3.2.3. There is a finite-dimensional subspace £ C H, a continuous
linear projection operator P : H — H onto E, and a constant v < 1 such that

1Q(S(u1) — S(ug))H <vllur —ug|| forall wuy,us € A, (3.55)
where Q =1 — P.

Note that, in view of the Hahn—Banach theorem, a continuous projection
onto a finite-dimensional subspace of a Banach space always exists. The last
condition concerns the law of random variables 7.

Condition 3.2.4. The support of D(7;) contains the origin and the random
variables P, and Q.7 are independent. Furthermore, the measure P.D(n;)
has a density p(z) with respect to the Lebesgue measure on E, and there is a
constant C such that

/ p(e +y) - p(e)|de < Clly|l for y € E. (3.56)
E

Before formulating the main result of this section, we make some comments
on the above conditions. Inequality (3.51) is nothing else but the Lipschitz
continuity of S on bounded subsets of H, while (3.52) expresses the property of
dissipativity for S. In particular, it follows from (3.52) that u = 0 is a stable
fixed point for the deterministic dynamical system generated by S. It is easy to
see that inequality (3.52) of Condition 3.2.1 is fulfilled if S satisfies the inequality

IS(w)]| < q|lu|| forallue H,

where g < 1 and C are positive constants not depending on u. Condition 3.2.2
means that the RDS (3.50) has a bounded absorbing set, and the function ko(R)
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provides an upper bound for the time of absorption. In applications to evolu-
tionary PDE’s, Condition 3.2.3 (sometimes referred to as the squeezing property)
manifests itself as a smoothing property of flow maps. It is usually satisfied for
quasilinear parabolic PDE’s, such as Ginzburg-Landau and reaction—diffusion
equations. It also holds for the 2D Navier—Stokes system, which can be written
as a non-local parabolic PDE; see (2.19). Finally, Condition 3.2.4 expresses the
non-degeneracy of the random perturbation and the continuous dependence on
the shifts of the law of its projection to E. The latter property is certainly
satisfied if the density p belongs to the Sobolev class W11 (E).?

We now formulate the main result of this section. Its proof is based on
Theorem 3.1.1 and is given in the next two subsections. An application to the
randomly forced Navier—Stokes system is discussed in Section 3.2.4.

Theorem 3.2.5. Suppose that Conditions 3.2.1 — 3.2.4 are satisfied. Then the
RDS (3.50) has a unique stationary distribution p € P(H). Moreover, there
are positive constants C' and «g such that, for any o € (0, ag] we have

952 = ul < €t [ explaka(lul)) Maw), k0, (357

where A € P(H) is an arbitrary measure for which the right-hand side of (3.57)
is finite, and kg is defined in Condition 3.2.2.

3.2.2 Coupling

Let us denote by x(du) the law of the random variable 7, by xg(dz) its image
under the projection P, and by xg(u,dz), v € H, the law of P(S(u) 4+ n1). We
shall need the following auxiliary result.

Lemma 3.2.6. Let S : H — H be a continuous operator, and suppose that
Condition 3.2.4 is satisfied. Then there is a probability space (2, F,P) such that
for any pair v,v' € H there are two H-valued random variables ¢ = ((v,v’,w)
and ¢’ = {'(v,v',w) possessing the following properties.

(i) The laws of ¢ and (' coincide with .

(ii) The random variables (P¢,P(") and (QC,Q¢’) are independent. Further-
more, the projections Q¢ and Q(’ coincide for allw € Q and do not depend
on (v,v").

(iii) The pair
V=P(S)+¢), V =P(SW)+C)
is a maximal coupling for (xg(v,-),xeg(',-)). Moreover,

P{V £ V'} < C1||S(w) = SW')|| for any v,v" € H, (3.58)

where Cy > 0 is a constant not depending on v and v'.

'nequality (3.56) means precisely that the density p belongs to the Nikolski-Besov
space A}"™(E); see Chapter V in [Ste70].
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(iv) The functions ¢ and ' are measurable with respect to (v,v',w).

Proof. For any v,v' € H, let (V,V’) be a maximal coupling for the pair of
measures (xg(v, ), xg(v',-)). By Theorem 1.2.28, we can assume that V and V'
are defined on the same probability space (Q1,F1,P1) for all v,0" € H and are
measurable functions of (v,v',wy). Let (Qg, F2,Py) be the probability space on
which the random variables 7 are defined. We denote by (Q, F,P) the direct
product of these two spaces and, for any w = (w1,w2) € €, set

(v,

(v,

Assertions (i), (ii), (iv) and the first part of (iii) are straightforward conse-
quences of the construction. To prove inequality (3.58), we note that x g (v, dy)
is absolutely continuous with respect to the Lebesgue measure on E, and the

corresponding density is given by p(z — PS(v)). Since (V,V’) is a maximal
coupling, inequality (3.56) and relation (1.23) imply that

P{V 7é V/} = |XE ) XE(U,’ )Hvar
- /|pa:—PS —p(z —PS( |d$

/7"‘)) = V(’U7’UI,OJ1) - PS(U) + Q’I71(LU2),

/,OJ) = V’(U, 1;’7w1) _ PS(U’) Qi (ws). (3.59)

(%
v

< 50 IP(S(v) = S() < C1|S(v) = S,

where we used the continuity of the projection P. This completes the proof of
Lemma 3.2.6. O

We now fix a constant d > 0 and use the following rules to define coupling
operators (R,R’) on the probability space (£, F,P) (constructed in the proof
of Lemma 3.2.6): for v,v" € A with [jv —v'|| < d, we set

R(v,v",w) = S(v) 4+ ((v,v",w), R'(v,v",w)=S8)+(v,v,w); (3.60)
for v,v" € A with [jv — v'|| > d, we set
R(v,v",w) = S() +m(wa), R'(v,v",w) =S+ n(ws). (3.61)

Let us recall that the concept of extension for a family of Markov chains was
introduced in Section 3.1.2. We now define an extension of the Markov chain
associated with the RDS (3.50). Denote by (£, F,P) the direct product of
countably many coples of the probability space (Q,F,P) in Lemma 3.2.6. We
shall write & = (w!,w?,...) for the points of Q.

Let us consider the followmg RDS &), = (P, },) on the product space H x H:

Po(@)(v,0') =v, BL@)(v,0") =,
Qk(@)(%v/) = R(Qkfl(vﬂvl)végfl(u’U/)awk)v
@2(@)(1), UI) = R/((pk—l(v’ 'U/)a @;671(1}7 U/)’ wk)'
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Note that @) depends only on (w',...,w¥). Arguing by induction and using

the definition of the coupling operators R and R', we see that the Markov chain
(ug,Py,) associated with @}, is an extension? for the restriction to A of the
Markov chain (ug,P,) corresponding to (3.50). In what follows, we shall drop
the hat from the notations and write P, w, etc. The following two propositions
are crucial points of the proof of Theorem 3.2.5.

Proposition 3.2.7. Suppose that Conditions 3.2.1 — 3.2./ are satisfied. Then,
for sufficiently small d > 0 there is a constant K > 0 such that, for any pair of
vectors v,v" € A with ||lv —v'|| < d, we have

P{||R(v,v") = R'(v,o")| < yllv =2} 21— K [lo =], (3.62)
]P’{H@k(v,v’) — & (v,0)|| < A*|lv = V| for k> 0} >1—Kiljv—=2", (3.63)

_ K
where K1 = T
Proof. We first prove (3.62). The definition of the operators R and R’ implies

that if v,v" € A and [|jv —v'|| < d, then
IR (v, 0") = R (v, )| < IV(0,0") = V' (v, ") + |Q(S(v) = S@W))II.  (3.64)

In view of (3.51) and (3.58), the first term on the right-hand side of (3.64)
vanishes with probability no less than 1 — K ||[v — v’||. Furthermore, it follows
from (3.55) that

[Q(S(v) = S(W))|| < vllv—2].
Combining this with (3.64), we arrive at (3.62).

We now iterate (3.62) to prove (3.63). Let us assume that d > 0 is so small
that K7d < 1/2. For any integer k > 1, we set

Gr = {[|Pk(v,0") = B (v,0")|| < 7| Pr—1(v,0") = B (v,0)]I},
k
ék = m G, k<4
=1

It is clear that the event on the left-hand side of (3.63) coincides with Go.
Since G1 D G D - -+, inequality (3.63) will be established once we show that

k—1
P(Gr) > 1— K [[o—'|| Y ~' =i, for each k > 1. (3.65)
=0

The proof of (3.65) is by induction in k. For k = 1, inequality (3.65) coincides

with (3.62). Assume now that (3.65) is established for some k. Let us write

w = (wk,w},), where wy, == (w!,...,w") and w) := (w/,j > k + 1), and denote

2In other words, the laws of the components of the random variables uy = & (w)(v,v’)
coincide with Pg(v,-) and Py (v’,-) for any v,v’ € A.
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by Py the projections of P to the first k& components of w. Since @, depends
only on wyg, the event G can be written as

G = {w = (wp,w}) €Q:wi € gr},

where g; is a measurable subset of the direct product of k copies of the prob-
ability space constructed in Lemma 3.2.6. By the induction hypothesis, we
have P*(g;.) > 4., and by (3.62), for each w;, € gi the probability of the event
{wF L (Wi, w* 1) € gyt } is minorised by 1 — K+*||v — ¢'||. Therefore,

Pri1(ghs1) = sae(1 — KA¥|lv = 0'|)) > 541,

whence we conclude that (3.65) holds with & replaced by k + 1. This completes
the proof of the proposition. O

Proposition 3.2.8. Suppose that Conditions 3.2.1 — 3.2.4 are satisfied and that
2K1d < 1, where K7 is the constant constructed in Proposition 3.2.7. Then for
any 6 > 0 there is an integer £ = l5 > 1 and a constant 85 > 0 such that

P{||®¢(v,0") — B)(v,0")|| <6} > 05  for any v,0v' € A. (3.66)

Proof. We fix § > 0 and assume, without loss of generality, that § < dA(2K;) L.
Let us introduce the stopping time

7 =7(v,v") =min{k > 0 : ||Pk(v,0v") — &} (v,0")|| < d}.

Choose m > 0 so large that dy™ < §. In view of the strong Markov property
and inequality (3.63), for any integer ¢ > 1 we have

P{[|Pem — Dpymll <6} = P{7 < €} N {||Prgm — Ppypll < 63)
=E(I{r <y P({[|Prym — Brymll < 6} F7))

(1— Kid)P{r < 0}

P{r < ¢}.

ALY

1
2
Thus, inequality (3.66) will be established if we show that

P{r(v,0") > ¢} <p forall v,v' € A, (3.67)

where ¢ > 1 is a suitable integer and p < 1.

To prove (3.67), we use inequality (3.52) with » = d/4 to find an integer
¢ > 1 such that
1S4 (u)|| < 4 forallue A

The Lipschitz continuity of S on bounded subsets implies that if ¢ > 0 is
sufficiently small and ||ng|| < e for & = 1,...,¢, then the trajectory {uy}
of (3.50) issued from any point u € A satisfies the inequality ||ue| < d/2.
By Condition 3.2.4, we have v = P{||m| < €} > 0. Let us define random
variables (i (v,v") and ¢, (v,v’) by the relations

Gk =Pp — S(Pr1), (=@ —S(P_y), k>1
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The construction implies that each of the sequences {(;} and {(}} consists of
i.i.d. random variables whose distributions coincide with that of n;. Let us
consider the events

G=AlGll<e1<k<t}, &={IGl<el<k<i)
What has been said above implies that P(G) = P(G’) = v* and
|Pe(v,v")]| V [|®)(v,0")|| < dj2 forwe GNE,
whence it follows that
|Pe(v,0") — Pp(v,0")]| <d forwe GNG.
Thus, we see that
7(v,v") <4 for w e GNG and any v,v" € A. (3.68)

On the other hand, the definition of @) and @}, implies that if w € {7 > ¢},
then ¢ = ¢}, for 1 <k < £. Tt follows that

GNG'N{r>0=Gn{r >} =G n{r >} (3.69)
Assume that P{7 > ¢} > 1 — v*. Then the event in (3.69) is not empty, which
contradicts (3.68). So (3.67) is proved with p = 1 — v/%. O

3.2.3 Proof of Theorem 3.2.5

Step 1. Let us recall that the set A defined by (3.54) is invariant and absorbing
for the RDS (3.50). Therefore, by Lemma 1.3.30, the support of any stationary
measure is contained in A. Let us fix any stationary measure p and suppose we
have proved that

| Pe(u,-) — pl; < Ce ok for k>0, uc A, (3.70)

where C and «q are some positive constants. In this case, if ' is another
stationary measure, then by the Lebesgue theorem on dominated convergence,
for any f € Ly(H) we have

(Foi) = (FB0u') = (Bif ) = /H (f. Pl ) 1 (d) = (f.11) s & — oo,

Thus, (f,u) = (f,u') for any f € Ly(H), and therefore p/' = p.
We now prove that (3.70) implies (3.57). By Condition 3.2.2, we have

up € A for any uw € H and k > ko(J|ul]).

Therefore, the support of the measure Py (u, ) is contained in A for k > ko(||u|).
Combining this with inequality (3.70) and the Kolmogorov—Chapman relation,
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we obtain

|(f7Pk(ua)) - (f7M)| = ’/Hpko(u7dz)((fapk—ko(z7')) - (fa:u))

< / Pro (1, d2) sup| (£, Po—so (2 )) — (f,10)|
H z€EA
< Cemolk—ko) (3.71)

where f € Ly(H) is any function with ||f|lr < 1 and k& > ko = ko(J|ul]).
Furthermore, inequality (3.71) remains valid for 0 < k < kg, provided that
C > 2. Tt follows that, for any v € H, k > 0, and « € (0, ], we have

|(f7 Pk(”? )) - (f7 :u)| < Ce_a(k_k())‘
Integrating this inequality with respect to A(du) and taking the supremum over
f € Ly(H) with ||f|lL <1, we arrive at (3.57).

Step 2. We now prove (3.70). To this end, we apply Theorem 3.1.1, in which
X = A, and the Markov family in question is the one generated by the restriction
of the RDS (3.50) to .A. Since the metric space A is bounded, inequality (3.12)
is trivial, and we only need to check (3.13).

Let us choose a small constant d > 0 and set d_; = +o0 and d,, = ¥v"d
for m > 0, where v > 0 is defined in Proposition 3.2.7. We now define a
Kantorovich density F' by the relation

R for ||U1 — UQH > do,
R2dm for dm+1 < HUJ_ - U2|| < dma

F(uy,u9) = {

where m > 0, and R > 1 stands for a constant that will be chosen later in such a
way that Rd < 1/2, so that F(u1,u2) < R. We claim that if d > 0 is sufficiently
small, then

Kr(BiABiN) <+ Krp(A,N)  for any A\, N € P(A), (3.72)

where £ > 1 is the integer defined in Proposition 3.2.8 for § = d, and 4" < 1
is a constant not depending on the measures A and \. Once this inequality is
established, the required result will follow from Theorem 3.1.1.

For any pair of vectors (v,v") € H x H, we set

f(w,v") =EF(®(v,v), ®)(v,v)),
where the RDS @), = (94, P is defined in Section 3.2.2. Define the subsets
Am ={(v,v) EAX A:dmi1 < |v—""|| <dm}, m>-1.
Since F' < R, for (v,v') € A,, we have

f(vavl) < R2dm+1P(Qm(”,v/)) + R(l - ]P’(Qm(v,v/)))
= R*dy11 P (v,0') + R(1 = P (v,0'))),
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where m > —1, Qum(v,0v") = {w € Q : [|Pp(v,v") — D)(v,0V")|| < dpmy1}, and
P (v,0") = P(Qm(v,v")). It follows that if (u,u’) is a coupling for the pair of
measures A\, A" € P(A) which is independent of {®y, k > 1}, then

oo

E F(®(u,u'), Py(u,u)) = > E{Tjuuyea fuu)}
m=—1
< > E{Lwean) (F2dmsr Po(u ) + R(1 = Po(u,u'))) |

m=—1
=RE {H{(u,u/)GA_l} (1 — P,l(u, u’)(l — Rd))}
+ Y RdnE {T{uuyean) (VPm (u,0) + (Rdp) ™ (1 = Py (u, 1)) }.
m=0

By (3.66) and (3.63) for (u,v') € A_; and (u,u') € A, m > 0, we have
P_, >0, and P, >1— K;d. So choosing R and d so that v+ R™'K; < 1 and
2Rd < 1, we derive

E F(®¢(u,u), ®y(u,u’)) < R(1 - 04(1 — Rd))P{(u,u’) € A_1}

+ i Rdp(y+ R K1) P{{(u,v') € Ay} < YEF(u,u’), (3.73)

where 6y is constructed in Proposition 3.2.8, and 4 < 1 is a constant not
depending on w and v’. Since inequality (3.73) is true for some coupling (u, u')
of the pair of measures (A, \'), taking the infimum over all couplings, we arrive
at (3.72). The proof of the theorem is complete.

3.2.4 Application to Navier—Stokes equations

Let us consider the homogeneous Navier—Stokes system perturbed by a random
kick force (cf. (2.76)):

i+ vLu+ B(u) =Y ned(t — kT). (3.74)
k=1
Here {n;} is a sequence of i.i.d. random variables in H of the form
o0
me(z) = bigre; (), (3.75)
j=1

where {e;} stands for an orthonormal basis in H consisting of the eigenfunctions
of the Stokes operator L, {;; are independent scalar random variables whose
ranges are included in [—1,1] and laws are independent of k, and b; > 0 are
some constants such that

Bi=> b < oo (3.76)
j=1
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As was explained in Section 2.3, the restriction of trajectories for (3.74) to TZ
satisfies relation (3.50), where uy = u(kT'), and S : H — H stands for the oper-
ator that takes ug to the solution at time T' of the homogeneous Navier—Stokes
system. We denote by @ = {¢k, k > 0} the Markov RDS associated with (3.50)
and by By and P; the corresponding Markov semigroups; see Section 1.3.3.

Recall that a function p : [-1,1] — R is said to have a bounded variation if3
Var(p) = sup » _ |p(r;) — p(rj_1)|, (3.77)
{ri} j=1
where the supremum is taken over all partitions rp = -1 <r; <--- <71y =1

of the interval [—1,1].

Theorem 3.2.9. Under the above conditions, assume that the laws of ;5 are
absolutely continuous with respect to the Lebesgue measure, and the correspond-
ing densities p; are functions of bounded variation such that

€
/ pi(r)dr >0 for anye > 0. (3.78)
—&
In this case, there is an integer N = N(B,v) > 1 such that if

bj#0 forj=1,...,N, (3.79)

then the RDS @ has a unique stationary measure u € P(H). Moreover, there
are positive constants C and o such that

92— ul < et (14 [ pladaw), k=00 (350)

where A € P(H) is an arbitrary measure with finite first moment.

For example, the assumptions of Theorem 3.2.9 are met for any v > 0 if
the random variables ;. are independent, each &j; is uniformly distributed
on a non-degenerate segment [r},r7] C [~1,1] containing the point 7 = 0, all
numbers b; are non-zero, and B < oo.

Proof. We shall show that the Markov family generated by & satisfies the hy-
potheses of Theorem 3.2.5. It follows from assertion (i) of Proposition 2.1.25
and inequality (2.24) that the operator S : H — H is Lipschitz-continuous on
bounded subsets. Moreover, inequality (2.51) implies that

[S(uw)|2 < qlule  for any u € H, (3.81)

where ¢ = exp(—a1T/2). Thus, S satisfies Condition 3.2.1.

3Equivalently, the derivative p’ of the function p(x) in the sense of distributions is a signed
measure, and Var(p) = 2||p/||var (see (1.13)).
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We now check Condition 3.2.2. It follows from (3.76) that |n;]2 < v/%B almost
surely, and therefore the support of the law for 7 is contained in a ball By (7).
Combining this with inequality (3.81), we see that

|prule < qlulz +r for any uw € H and almost every w € Q.
It follows that

sup lule < qu—&— (1- q)_lr.
uEAk(BH(R))

We conclude that Condition 3.2.2 holds with
p=2r(1—q)", ko(R)=[(lng ") "m(2E +1)] +1, (3.82)

where [a] stands for the integer part of a.

Let us check Condition 3.2.3. To this end, we use the regularising property
of S. Inequality (2.55) implies that

[1S(u1) — S(u2)|l1 < Cpluy —uzle  for any uy,us € A,

where A is defined by (3.54). Combining this with Poincaré’s inequality, we see
that

|(I = Pn)(S(u1) — S(uz))|2 < \/OiviIIS(ul) — S(u2)l1
Yy —
anLi Ui U2|2,

where a; denotes the eigenvalue of L corresponding to an eigenvector e;, and Py
stands for the orthogonal projection to the space E := span{ey,...,en}. Since
o — 00 as j — oo, we conclude that Condition 3.2.3 is satisfied for P = Py
with a sufficiently large N > 1.

It remains to verify Condition 3.2.4. We first show that the support of D(n;)
contains the origin. To this end, it suffices to prove that

P{|n]2 <0} >0 for any 6 > 0.

But this relation readily follows from (3.76) and (3.78). Indeed, if m is suffi-
ciently large, then (3.76) implies that |(I — P,,)n1]2 < /2 for almost all w, and
it follows from (3.78) that P{|P,,m|2 < §/2} > 0 for any m > 1.

To check the second part of Condition 3.2.4, we note that the law of Py
possesses a density (with respect to the Lebesgue measure on E) given by the
relation

N
p(r) = H gi(z;), qi(x;) =b;'p;(x;/b;), x=(21,...,an) € E.  (3.83)
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To prove (3.56), we first assume that p; are C'-smooth functions. In this case,
we have

/Elp(fchry)—p(%)ldﬂcﬁIyI/E/0 |(Vp)(x + 0y)| doda
N
— Jy] /E |(Vp)(2)] de < lylj; / 102,43 ()] da;

N N
= |yl > Var(q;) = |y >_ by " Var(p;)-
j=1 j=1

In the general case, inequality (3.56) can be established by a standard approxi-
mation argument.

We have thus shown that the conclusion of Theorem 3.2.5 holds for the
RDS (3.50) corresponding to the kicked Navier-Stokes system (3.74). This
proves the uniqueness of a stationary measure and inequality (3.57). To estab-
lish (3.80), we choose a € (0, ap] such that o < Ing~!. In this case, taking into
account the second relation in (3.82), we see that

exp(ako(R)) < Ci(R+1).

Substituting this inequality into (3.57), we arrive at (3.80). The proof of Theo-
rem 3.2.9 is complete. O

3.3 Navier—Stokes system perturbed by white
noise

In this section, we consider the stochastic Navier—Stokes system in a bounded
domain @ C R? (or on a torus R?/(aZ @ bZ), assuming that the space-mean
values of the force and solutions vanish). Namely, we study the problem

U+ vLu+ B(u) = h+n(t), (3.84)
u(0) = wo, (3.85)

where v > 0, h € H is a deterministic function, and 7 is a random process of
the form (2.66), i.e.,

where B = Zj b? < oo. We shall denote by u(t;ug) the unique solution
of (3.84), (3.85) constructed in Theorem 2.4.6. The main result of this sec-
tion claims that, under some non-degeneracy assumptions, the Markov process
associated with (3.84) has a unique stationary measure p, and all the trajecto-
ries of (3.84) converge to p in law. Among a number of theorems of this kind,
we have chosen the one with the simplest proof. Stronger results and those with
different assumptions on the random force 7 are discussed in Section 3.5.
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3.3.1 Main result and scheme of its proof

Let us denote by (u¢, P,) the Markov family in H associated with the Navier—
Stokes system (3.84) and denote by B, and P} the corresponding Markov semi-
groups. Recall that if ug is an H-valued random variable independent of {§;},
then the law of the solution for (3.84), (3.85) coincides with P;A, where A is
the distribution of ug.

Theorem 3.3.1. Let us assume that the basis {e;} in the definition of the
process ) consists of the eigenfunctions for the Stokes operator L and the co-
efficients b; satisfies (2.67). Then the Markov family (u:,P,) has a unique
stationary measure p € P(H), provided that b; # 0 for all j > 1. Moreover, for
any compact subset A of the space P(H) endowed with the dual-Lipschitz metric
we have

sup |BiA —pl|lz =0 ast — oo. (3.86)

AEA

This theorem remains true under the weaker hypothesis that b; # 0 for
j=1,...,N, with a sufficiently large N. Indeed, the only point where we use
that all the coefficients b; (rather than finitely many of them) are non-zero is
Lemma 3.3.11. However, we need the conclusion of that lemma to be true only
for the family of balls B centred at a given point & € H. In this situation, finitely
many non-zero components of the noise 7 are sufficient to be able to prove that,
for an appropriately chosen function 4 € H, the probability of transition from
a given point to any neighbourhood of @ is positive. For instance, if h = 0,
then the function @ = 0 is a globally exponentially stable fixed point for the
unperturbed dynamics (see Corollary 2.1.24), and it is not difficult to see that
the probability of transition from any point to an arbitrary small neighbourhood
of origin is positive. We refer the reader to Exercise 3.3.12 for some more hints
in the case of a non-zero function h and finitely many non-zero coefficients.

Convergence (3.86) and the a priori estimates for solutions of the Navier—
Stokes system imply that for a large class of functionals f : H — R the following
assertion holds: the mean value of f calculated at a solution at time ¢ converges,
as t — 0o, to the mean value of f with respect to the stationary distribution.
Namely, denote by W the space of continuous functions w(r) > 0 that are de-
fined and non-decreasing on the positive half-line. In what follows, the elements
of W will be called weight functions. For any w € W, let C(H,w) be the space
of continuous functionals f : H — R such that

_ |/ (W)

Il = 500 ula)

(3.87)

Corollary 3.3.2. Under the hypotheses of Theorem 3.3.1, there is s > 0 such
that if f € C(H,w) with w(r) = exp(»wvr?), then

Ef(u(t;v)) — /H f)u(dz) ast— +oo for anyv € H. (3.88)

In particular, this convergence holds for the energy functional E(u) = |ul3.
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Proof. Let us denote by 271 and sz, the constants 3 > 0 defined in Proposi-
tion 2.4.9 and Theorem 2.5.5, respectively, and let s = (3¢1/2) A sc5. Then
for f € C(H,w) the quantities Ef(u(t;v)) and (f, u) are well defined in view
of (2.125) and (2.157).

Convergence (3.86) with A = §,, and assertion (ii) of Theorem 1.2.15 imply
that

PBig(v) =Eg(u(t;v)) = (g,1) ast — +oo, (3.89)

where g € Cy(H) is an arbitrary function. For any R > 0, let xgp € Cy(H) be
a function such that 0 < xg < 1, xr(u) = 1 for |uls < R, and xg(u) = 0 for
|u|g > R+ 1. Then for any f € C(H,w) we can write

E f(u(t;v)) = (Bef<r)(u) + E for(u(t;v)), (3.90)

where we set f<gp = xrf and f>r = (1 — xg)f. Note that f<r € Cy(H).
By (3.89), the first term in the right-hand side of (3.90) satisfies the inequality

|(Be f<r)(u) — (f<r,p)| < e1(t, R, u),

where €1 (¢, R,u) — 0 as t — oo for any R > 0 and v € H. Furthermore, it
follows from Proposition 2.4.9 and Chebyshev’s inequality that

E f>r(u(t;v)] < [E{(1 — xr(u(t;v))) exp(sev|u(t;v)[3) }|

< (P{lu(t;v)]2 > R} (E exp(2sevfu(t; v)|2))
< C(lufz)e2(R),

where ¢ > 0 is arbitrary, and €2(R) — 0 as R — oo. We have thus shown that

1/2

‘Ef(U(t;v))—/Hf(Z)u(dZ) S |(fzr )l +e1(t, Ry u) + C(lulz)e2(R).

This inequality implies the required convergence, since (f>g, ) — 0 as R — oo
in view of Theorem 2.5.5 and Lebesgue’s theorem on dominated convergence.
O

Theorem 3.3.1 applies to the Navier—Stokes system (3.84) in a bounded
domain or on the torus. In the latter case, we can consider the unique stationary
distribution p as a measure on the space of locally square-integrable functions
on R? that are 2m-periodic in both variables. Hence, one may ask a question
about the invariance of p with respect to the translations in space. It turns out
that this is indeed true, provided that the random force is invariant. Namely,
let us consider the white-forced Navier-Stokes system (3.84), in which® h =0
and the coefficients of the random process

Bt) = 2i(te), Cta) = 3 bB(tes(a),

t
g SEZ3

4Note that the Dirac measure concentrated at a function h(z) is invariant with respect to
translations if and only if h is constant. Since the mean value of h over the torus must be
zero, the assumption that h = 0 is necessary for the law of the right-hand side of (3.84) to be
invariant.
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satisfy the relations
bs =b_, forall s€Z3. (3.91)

We claim that in this case the law of the process ((t,z) is invariant under
translations with respect to z. Indeed, if a € R? and T, : T? — T2 denotes the
translation operator taking x to x + a (mod 27), then

C(t, Tex) = Z csbss™ (Bs(t) cos(s, Tuz) + Bs(t) sin(s, T,))

2
SELL

= Z csbes™t (Bs(t) cos(s, x) + B_s(t) sin(s, z)),

s€Z3

where c; and Zi are defined in Section 2.1.5,

Bs(t) = Bs(t) cos(s,a) + B_s(t) sin(s, a),
B_o(t) = —Bs(t)sin(s, a) + B_s(t) cos(s, a).

The following property of the multidimensional Brownian motion is a simple
consequence of the definition.

Erercise 3.3.3. Let B(t) be a d-dimensional Brownian motion, that is, an R%-
valued stochastic process whose components are independent standard Brow-
nian motions. Then for any orthogonal d x d matrix U the process UB(t) is
also a Brownian motion. Hint: Show that UB(t) is a Gaussian process with the
same correlations as B(t).

Applying this property with d = 2, we see that Bs and B_ s are independent
Brownian motions. Thus, the processes ((t,T,z) and ((¢,x) have exactly the
same form and, hence, the same laws. A similar argument proves that the laws
of ¢(t,—z) and ((¢,x) also coincide. The following assertion shows that the
same properties hold for the stationary measure.

Corollary 3.3.4. Let us assume that h = 0 and the coefficients by # 0 are such
that Y b2 < co and (3.91) holds. Then for any v > 0 the unique stationary
measure f1, of (3.84) is invariant under translations of R? and the reflection
T —x.

Proof. We first prove the invariance of p, under translations. Let us consider
Eq. (3.84) in which 7 is replaced by n, (¢, z) = n(t, T,2). Then, by Theorem 3.3.1
applied to the torus, the new equation has a unique stationary distribution,
which must coincide with u,, because the laws of n and 7, are the same. On
the other hand, the process u%(t,z) = u,(t,T,x) is a stationary solution of
Eq. (3.84) with n replaced by 7,. By the uniqueness of a stationary measure,
the law of u%(¢) coincides with u,. A similar argument shows that p, is invariant
under the reflection z — —zx. O

Ezxample 3.3.5. Let us assume that the hypotheses of Corollary 3.3.4 are satisfied
and the unique stationary measure 1 € P(H) for (3.84) is concentrated on VF+1
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with some integer k& > 1. (This is indeed the case if h € V* and (2.137)
holds; see Exercise 2.5.8.) Consider a functional of the form f,(u) = g(u(z)),
where ¢ : R?> — R is a continuous function and z € T? is a fixed point. The
functional f, is well defined on V2, and therefore its mean value (f,, ) has a
sense. Moreover, the invariance of p with respect to space translations implies
that the function x — (fy,n) is constant. On the other hand, by Fubini’s
theorem, we have

(i) = 2m 2 [ [ stu@) dnydo= [ (a0 n(du).

In particular, taking g(v!,v?) = v/ with j = 1 or 2, we see that (u’(-)) = 0 for
any u € H and, hence,

/ u! (z)pu(du) =0 for x € T2, j =1,2.
Vh+1

Thus, the mean velocity in the unique stationary regime is equal to zero. Let us
also note that we did not use the uniqueness, and the same conclusion is true for
any space-invariant stationary distribution concentrated® on V**! with k& > 1.

Let us outline now the proof of Theorem 3.3.1. We wish to apply Theo-
rem 3.1.4. To this end, we shall construct an extension (u¢,P,) for the fam-
ily (us,P,) and a decreasing sequence of closed subsets B,, C H such that
the recurrence and stability properties of Theorem 3.1.3 hold, together with
inequality (3.26) in which Y C H is an arbitrary compact subset.

Let us first describe a trivial extension for (u;,P,) that will be called a pair
of independent copies. We denote by (2, F) the measurable space on which the
family (ut,P,,) is defined and by (€2, F) the direct product of two copies (€2, F):

Q=0xQ, F=FaF

The points of © will be denoted by w = (w,w’). We now define a process u;(w)
in the space H = H x H by the formula

u(w) = (ur(w), ug(w'))

and, for any v = (u,u’) € H, we denote P, = P, x P,,. Clearly, the fam-
ily (u¢,Py,) is an extension for (us, P, ), and its transition function P, satisfies
the relation

Py(u,I'xI") = P(u,l) P(«,T") for u = (u,v) € H,T,T' € B(H), (3.92)

where P;(u,I") stands for the transition function of (us,P,).
Let us denote by B,,, C H the closed ball of radius 1/m centred at zero and
define the stopping time

T =7(m) =min{t > 0: u, € By, X B, }.

5The fact that u is concentrated on V#+1 is not really important: one can give a meaning
to the mean value (fz, p) for any space-invariant measure p € P(H), and the same conclusion
will be valid; see [VF88].
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We shall show in the next two subsections that the following propositions are
true.

Proposition 3.3.6. Under the hypotheses of Theorem 3.3.1, for any integer
m > 1 there are two positive constants C' and o such that

Eyexp(ar) < C(1+ [ul3 +|u[3) for allu,u' € H. (3.93)

In particular, the stopping time T is almost surely finite for any initial point
u e H.

Proposition 3.3.7. Under the hypotheses of Theorem 3.3.1, there is a sequence
0m > 0 going to zero such that

sup || Pi(u, ) — Pe(u, )] < 0 for any u,u’ € By,. (3.94)
>0

Once these two propositions are established, the required results will follow
from Theorem 3.1.3.

Analysing the proof of the theorem, it is not difficult to see that convergence
is uniform with respect to the random perturbations n that are bounded and
“uniformly non-degenerate”. Namely, we have the following result that can be
established by repeating step by step the proof of Theorem 3.3.1.

Ezercise 3.3.8. Let v > 0 be a constant, let h € H be a deterministic function,
and let {b;} be a sequence of positive numbers such that 37, 0% < co. Prove
that for any 9B > 0 there is § > 0 such that if

Zb? <$B, suplb; —b;| <9,
i>1
then the Markov family (u;,P,) associated with Eq. (3.84) has a unique sta-
tionary measure y € P(H), and for any compact subset A C P(H) we have
sup | BiA — pl|z < aa(t) >0 ast— oo,
AEA

where ap is a function depending only on B and {Ej}

Finally, it is sometimes useful to know that laws of solutions in the space of
trajectories also converge to a limiting measure. Namely, let @(t), ¢ > 0, be a
stationary solution of (3.84) and let i € P(C(Ry; H)) be its law.

Ezercise 3.3.9. Under the hypotheses of Theorem 3.3.1, show that for any so-
lution u(t) of (3.84) we have

D(u(t+-)) = i ast— oo,

where the convergence holds in the weak topology of the space P(C (Ry; H ))
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3.3.2 Recurrence: proof of Proposition 3.3.6
For any R > 0, define the stopping time
Tr = min{t > 0: ||u¢|| < R},
where we set
lull = [Vul, [ul® = [ul3 + [u']3.
The proof of Proposition 3.3.6 is based on the following two lemmas.

Lemma 3.3.10. For anyv >0, h € H, and *B > 0 there is R > 0 such that if
the coefficients b; > 0 satisfy the inequality Zj b? < 9B, then

Eyexp(yTr) <1+ K |u|*  for any u € H, (3.95)

where K and ~y are positive constants. In particular, P,{Tr < co} =1 for any
ueH.

Lemma 3.3.11. Under the hypotheses of Theorem 8.3.1, for any R > 0 and
any non-degenerate ball B C H there is p > 0 such that

Py(u,BXx B)>p for anyu,u’ € By(R). (3.96)

Let us emphasise that, in the first lemma, some of the constants b; may be
zero, whereas in the second lemma, the condition that all of them are positive
is crucial for the result to be true with an arbitrary non-degenerate ball. Note,
however, that if we wish (3.96) to be true for any ball centred at a fized point,
then it suffices to assume that a large, but finite number of coefficients b; are
non-zero; see below Exercise 3.3.12. Taking the above lemmas for granted, let
us complete the proof of the proposition. It is divided into three steps.

Step 1. Let us introduce an increasing sequence of stopping times o, by the
rule
op=Tgr, o), =min{t>o0l_;+1:[uw|| <R}, n>1

We also set 0, = o), + 1. In order to estimate the stopping time T = 7(m)
(which is the first instant when |u:| V |uj| < 1/m), we start with estimating the
first integer n = n(m) for which |u,,,| < 1/m. The probability of the event
{n(m) > k} is equal to

Pu(k) = Pu<ﬁl{|ugn| > 1/m}).

By the construction of ¢}, and the strong Markov property, we have
Puk)<(1—-p)* foranyue H, k>1, (3.97)

where p = p(m) > 0 is the constant constructed in Lemma 3.3.11 for the ball
B = B,,.
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Step 2. We now show that
Eyexp(yor) < CF(1+ [ul?), &k >1, (3.98)

where C; > 0 depends only on R. Indeed, define Tj, = min{t > 1: ||u.| < R}.
Then, by the Markov property and inequalities (3.95) and (2.120), for any u
such that |u| < R we have

Eue' Tk = BB, (75 | F1) = By (Bu,’T7)< By (1 4 K |uy[?) < O,

where F; is the filtration corresponding to the process u; and Cy > 0 is a
constant depending only on R. Applying now the strong Markov property, for
k > 1 we obtain®

E,e% = E,E, (e'y"’/ﬂ |.7-1) =E, (e””’/ﬂflEu([,Lil)e'nyl?) <Oy Eue'y";ﬁl,

where we used again the fact that ||u,, || < R for any n > 0. Iteration of this
inequality results in
E,e7%% < C§Euew°.

Combining this with (3.95), we arrive at (3.98).

Step 3. We can now prove (3.93). For any initial point u € H, any constant
M > 0, and any integer k > 1, we have

P {r>M} =P, {7 > Mo, <M} +P,{17>M,or > M}
<Py {T > 01} +Pu{or > M}. (3.99)

It follows from (3.97), (3.98), and Chebyshev’s inequality that

Pu{T > ox} < Pu(k) < (1-p)",
P, {ox > M} < e "ME, exp(yoi) < Cfe*WM(l + |ul?).

Substitution of these estimates into (3.99) results in
P,{T> M} <(1 —p)k + Cfe‘”M(l + |u|2)
Choosing k ~ e M, where € > 0 is sufficiently small, we obtain
Pu{T> M} < 036_7/N1(1 + |u\2),

where C3 and «' < ~ are some positive constants. This inequality immediately
implies (3.93), where o < +'. To complete the proof of Proposition 3.3.6, it
remains to establish the two lemmas above.

Proof of Lemma 8.3.10. If all the coefficients b; are zero, then we get a deter-
ministic Navier—Stokes system, and the lemma is a straightforward consequence

6We shall sometimes write u(oy,) instead of us,, to avoid double subscript.
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of (2.44) (with t = 1 and m = 1) and (2.52). Therefore, we shall assume that
there are non-zero coefficients.

Recall that relation (2.131) was established in the proof of Proposition 2.4.10
as a result of application of It&’s formula to the functional F(u) = |ul3. A similar
argument applied to F(¢,u) = e**"*|u|? implies that

t
ea1ut|ut|2+2y/ 60‘1”5|Vu8\2d8= |’U,0|2
0

t
+/ eV (arv|us|® + 2B + 2(us + ul, h)) ds + My,
0

where M, is the corresponding stochastic integral. Let us fix a parameter N > 0,
take t = Tr AN =: T, and apply E,. Using Doob’s optional sampling theorem
and the inequalities

2
12 < o Va2 ‘ Py < 12 1 2 h2
ual? < 0 Vel s+ 1] < S+ 2o
we derive
T v
Eu(ea“’T|uT\2)+Eu/ e (F19u? — (28 + A5 |hI3) )ds < Juf?. (3.100)
0
Now note that [|us||? > R? for 0 <t < Tg. Hence, if
R* > 8v (B + 2 |hl3),

then (3.100) implies that

R2 T
E. <U / e“l”sds> < |u|2
4 Jo

Therefore,
4C¥1
Ey(exp{a1v(TR AN)} — 1) < ﬁ|u|2
Passing to the limit as N — oo and using Fatou’s lemma, we obtain the required
inequality (3.95) with v = a;v and K = 4a; R™2. O

Proof of Lemma 8.3.11. In view of (3.92), it suffices to show that

inf  Pj(v,B) > 0.
vEBy (R)

In other words, we must prove that

inf P{|lu(l;v) —d|z <e} >0 forany ae€ H,e>0. (3.101)
vEBv (R)

Before giving a rigorous proof of (3.101), we describe the main idea. We wish
to show that the probability of transition from any state v € By (R) to the
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e-neighbourhood of a given point @ € H is separated from zero. Since our noise
is non-degenerate in all Fourier modes, it is straightforward to find a path f
that belongs to the support of the noise and stirs the solution from v to an
arbitrarily small neighbourhood of @. By continuity of the resolving operator,
we can find § > 0 such that for any path ¢ from the d-tube Os around é the
corresponding trajectory ends up in the e-neighbourhood of 4. Since é is in
the support of the noise, the probability of the event {¢ € Os} is positive,
and therefore so is the probability of {|u(1;v) — 4| < e}. The fact that these
probabilities are separated from zero uniformly in v € By (R) follows from some
compactness and continuity arguments.

The accurate realisation of this scheme is rather simple when the external
force is H'-regular. To simplify the presentation, we give here the proof in this
particular case; the general situation is considered in Section 3.6.1.

Let us assume that h € V and 8, < oo. In view of Proposition 2.4.7, so-
lutions of the stochastic Navier—Stokes systems are locally Lipschitz continuous
with respect to the trajectories of the noise. In particular, a solution at time 1
can be written as u(1) = Uy (v, (), where Uy : H x C(0,T;V) — H is a locally
Lipschitz continuous mapping. We claim that, for any ¢ > 0 and v € By (R),
we can find ¢, € C(0,T; V) such that

sup Uy (v, ) —dila < e/2, (3.102)
’UEBv(R)

and the mapping v &, is continuous from H to C'(0,T;V). Indeed, let x(t)
be a smooth function equal to 1 for ¢ < 0 and to 0 for t > 1. For § > 0 and
0<t<1, we set

us(t) = XDy + (1 - x (1),

Co(t) = us(t) — us(0) + /Ot (vLus + B(us))ds — th.

Then us(0) = e**v and Uy (e®Fv,5) = e*F4. Choosing § > 0 sufficiently small
and using the uniform continuity of U;, as well as the compactness of By (R)
in H, we conclude that (3.102) holds. The continuous dependence of Cy on v is
a straightforward consequence of the above relations.

We now choose § > 0 so small that for any £ € C(0,T;V) satisfying the

inequality || — €v||C(O,T;V) < 0 we have (cf. (3.102))

sup |U1(v,§) — 2 <e,
UEBv(R)

It follows that
{lu(1;v) —lz < e} D {I¢ = Glleryvy <8} = T(v) for v e By(R),
whence we conclude that

inf P 1;v) — 1 > inf P(T . 3.103
Lt Plu(y) — il <e} > nf P((0) (3.103)
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Since the support of the law for the restriction of ¢ to [0,T] coincides with
C(0,T;V), we have P(I'(v)) > 0 for any v € By(R). Furthermore, in view of
the portmanteau theorem, the function v — IP’(F (v)) is lower semicontinuous.

It remains to note that the image of By (R) by the mapping v — (, is a com-
pact subset of C(0,T;V), and therefore the right-hand side of (3.103) must be
positive. This completes the proof of the lemma in the case of an H'-regular
external force. O

Exercise 3.3.12. Prove that, for any R,v > 0 and h € H, there is a function
% € H and an integer N > 1 such that, if b; #0 for j =1,..., N, then

Pr(u,Bx B)>p forany u,u € By(R), (3.104)

where B C H is any ball centred at @, and T > 0 and p € (0,1] are some
cosnatnts depending on B. Hint: If h = 0, then the claim is true with @« = 0
for any coefficients b; > 0. Similarly, if |h|s < 1, then the unperturbed problem
has a unique stationary point 4 € V', which is globally exponentially stable as
t — o0, and the claim is valid again for any b; > 0. In the case of an arbitrary
h € H, one can use finitely many non-zero components of the noise to annihilate
the low modes of h, while the contribution of high modes will be small.

3.3.3 Stability: proof of Proposition 3.3.7

We first outline the scheme of the proof, which is based on the Foiag—Prodi
estimate and Girsanov’s theorem. Without loss of generality, we can assume
that u = 0, because the general case can be easily derived from this one with
the help of the triangle inequality. Thus, we need to show that

ID(u) — D(uy)||5, < 6y for all t >0, (3.105)

where u; and u; stand for trajectories of the Navier—Stokes system (3.84) that
are issued from u = 0 and v’ € By, = {u € H : |uls < m~!'}, respectively,
and 0, — 0 as m — oo. Let us define an auxiliary process v; as a solution of
the problem

O+ vLv+ B(v) + APy (v —u}) = h+n(t), (3.106)
v = 0, (3.107)

where Py : H — H denotes the orthogonal projection on the subspace H
spanned by e;, j = 1,...N, and A > 0 and N > 1 are large parameters that
will be chosen later. Using the Foiag-Prodi estimate (see Theorem 2.1.28), we
shall show that, with high probability,

lvg —ujla < Ce Hu'|y for t >0, (3.108)
where C' > 0 is a deterministic constant. This inequality will imply that

ID(ve) — D)5 <6 for all t >0, (3.109)
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where 65,%) — 0 as m — oo. Thus, it suffices to compare the laws of u; and wv;.
We shall prove that if [u/|; < -, then

|D(uy) — D(wy)||5 <62 for all t >0, (3.110)

where 6%2) — 0 as m — 0o. Note that since inequality (3.110) concerns the law
of solutions (and not the solutions themselves), we can choose the underlying
probability space (2, F,P) at our convenience. We assume that it coincides with
the canonical space of the Wiener process {¢(t),t > 0}; see (2.71). Namely, € is
the space of continuous functions w : Ry — H endowed with the metric of
uniform convergence on bounded intervals, P is the law of (, and F is the
completion of the Borel o-algebra with respect to P (cf. Example 1.3.13 and
Section 3.4 in [Str93]). In this case, ¢ is the canonical process given by ((t) = w;
for ¢ > 0. We now define a transformation @ : Q — € by the relation

t
Plw) = wi — A / Pa(ve — ul) ds, (3.111)
0

where v; and u; are solutions of the corresponding equations with the right-hand
side n(t) = n¥(t) = dywy. We shall show that

P{uy(P(w)) = vi(w) for all t > 0} = 1. (3.112)

In view of Exercise 1.2.13 (ii) and inequality (1.16), to prove (3.110) it suffices
to estimate the total variation distance between P and @, (P). This will be done
with the help of Girsanov’s theorem. We now turn to the accurate proof, which
is divided into several steps.

Step 1. Let us prove (3.109). To this end, we fix any integer € > 0 and use
Proposition 2.4.10 to find positive constants K and p. such that

t
IP’{/ |ul||2ds < p. + Kt for alltZO} >1—¢ forany v € By.
0

Let Qg ,. be the event in the left-hand side of this inequality. By Theorem 2.1.28
with M = 1 and Remark 2.1.29, there is a constant A > 0 and an integer N > 1
such that if v is a solution of (3.106), (3.107), then inequality (3.108) with
C = C. = €= holds for w € Qg ,_. In this case, for any t > 0, v’ € By, and
f € Ly(H) with || ]|z <1 we have

[E(f(ve) = f(up)] < 2P(Qc ) + [El,e,,. (f(ve) = f(ur))] < 26+ Celu']2

Since f was arbitrary, we conclude that (3.109) holds.
Step 2. We now prove (3.112). Let us set 0;(w) = u(P(w)). Since
9, ¢

_ _ !
a@(w)—a AP (vy — 1),
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the process ¥ is a solution of problem (3.106), (3.107). By the uniqueness of a
solution (see Theorem 2.4.6), we conclude that

P{0:(w) = v¢(w) for all t > 0} = 1.

This relation coincides with (3.112).

Step 3. We have thus shown that, for any ¢ > 0, the random variables u;
and vy satisfy the hypotheses of Exercise 1.2.13 (ii). Therefore, to estab-
lish (3.110), it suffices to prove that the transformation @ : Q@ — Q defined
by (3.111) satisfies the inequality

[P — &, (P)|lvar <62 =0 asm — oo. (3.113)

The proof of this fact is based on Girsanov’s theorem. The space Q@ = C(R, H)
can be written as the direct sum of the closed subspaces Qn = C(R4, Hn))

and Qy = C(R+7H(J]-V)). We shall accordingly write Q > w = (w®,w®). In
this notation, the transformation @ takes the form

B(wM w?) = (Ll'/(w(l),w@)),w@)),

where ¥ : ) — Qp is defined by the relation
t
(WM, W), = wt(l) +/ a(s;w(l),w(z)) ds, a(t)=—APy(v; —uyp). (3.114)
0

We now need the following lemma established at the end of this subsection.

Lemma 3.3.13. Let Py and P3; be the images of P under the natural projections
Pv:Q—Qy, Qn:Q—Qy.

Then

By (P) — Pllyar < / |2 (Pn, w®) = Pu |, P (dw®), (3.115)
af

where U, (IP’N, w(g)) stands for the image of Px under the mapping ¥(-,w®).

Thus, to prove the required result, it suffices to derive an appropriate es-
timate for the right-hand side of (3.115). To do this, we may try to apply
Theorem 7.10.1 to the processes y = w) and § = Jl(w(l),w@)). However,
we cannot do it directly because the process a(t) does not necessarily satisfy
Novikov’s condition (7.51). To overcome this difficulty, we fix any ¢ > 0 and
find a constant C = C. > 0 such that (3.108) holds with probability no less
than 1 — e (cf. Step 1). We now introduce an auxiliary process defined as

a(t) = X((C|u’|2)_1 sup (e°|vs — u;|2)) a(t),

0<s<t
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where x is the indicator function of the interval [0,1]. In other words, the
process & coincides with a if v —u’ satisfies (3.108) and is zero starting from the
first instant ¢ > 0 when (3.108) fails. This construction implies that

P{a(t) = a(t) forallt >0} > 1 —e. (3.116)
We now define ®(w®, w®) = (@(w(l),w@)),w(z)), where ¥ : Q — Qy is given

by relation (3.114) with a replaced by a. Inequality (3.116) implies that ¢ and o
coincide with probability > 1 — &, whence it follows that

| (P) — B, (P)]|yar < £. (3.117)

We now estimate the total variation distance between 5*(IP’) and P. In view
of (3.115), it suffices to compare ¥, (P,w®)) and Py. To this end, we apply
Theorem 7.10.1. Define the processes

t
y(t) =wp”, ﬂ(t)=w§1)+/ a(s;w®,w®) ds
0

and note that Py = D(y) and ¥, (P,w®) = D(j). Furthermore, the definition
of a implies that

la(t)] < Ce 'y forallt>0and ae weQ, (3.118)
and therefore Novikov’s condition (7.51) holds for a. Hence, recalling that b; > 0
for all j > 1 and using (7.52), we derive

~ 1
1. (P,w®) = Prllar < 5(vVQv =)', (3.119)

where we set

_ o [T 2 o in B
Qn =E exp(6bN /0 la(t)] dt), by = 1g}1ganj'
It follows from (3.118) that Qn < exp(Cn.c[v/|3), where Cx . > 0 does not
depend on u/. Combining this with (3.117) and (3.119), we conclude that

||¢*(]P)> - anar <e+ C;V}6|’Uzl|2 for any u e Bj.

Since £ > 0 was arbitrary, we arrive at (3.113). To complete the proof of
Proposition 3.3.7, it remains to establish Lemma 3.3.13.

Step 4: Proof of Lemma 3.3.13. Let f : 2 — R be a bounded continuous
function with || f||cc < 1. Then

B (£(@) — )| = | [ (F0 ) = Fa, ) P(dm]

<

Qy

s/\
QL

N

(F@ (D, w®),0®) - fwM,w®)) PN(dw(l))‘ Py (dw®)
QN

7, (Py,w?) — Py |lvar Px (dw®).

Since f was arbitrary, we arrive at (3.115). The proof of Proposition 3.3.7 is
complete.
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3.4 Navier—Stokes system with unbounded kicks

In Section 3.2.4, we proved that the homogeneous Navier—Stokes system per-
turbed by a sufficiently non-degenerate bounded kick force has a unique sta-
tionary distribution, and the laws of all other solutions converge to it exponen-
tially fast. The proof of this result was based on the exponential decay of a
Kantorovich functional (see Theorem 3.1.1). In this section we establish these
results for the case of unbounded kicks. To do this, we use Theorem 3.1.7, whose
proof combines the coupling with a stopping times technique.

3.4.1 Formulation of the result

Let us consider the Navier—Stokes system (3.84) in a bounded domain Q C R2.
We assume that h € H is a deterministic function and 7 is the random process
given by (2.65), (3.75):

n(t,z) =Y ne(@)s(t — k1), me(z) =3 bi&we (),
k=1 j=1

where the kicks {n;} form a sequence of i.i.d. random variables in H. As was
explained in Section 2.3, the problem in question is equivalent to the discrete-
time RDS (3.50), in which S = Sy : H — H stands for the operator that takes
a function ug € H to the value at time T of the solution of the deterministic
Navier—Stokes system (2.77) supplemented with the initial condition u«(0) = ug.

We now formulate the main conditions imposed on the kicks. We assume
that {e;} is an orthonormal basis in H formed of the eigenfunctions of L, b; > 0
are some constants satisfying (3.76), and &, are independent scalar random
variables satisfying the inequality

Eexp (s |&il?) < C (3.120)

with some positive constants C' and s not depending on j and k. It is straight-
forward to see that if this inequality holds, then E exp(s¢|n1|3) < oo for some
9 € (0, 5]. In particular, the conclusions of Propositions 2.3.4 and 2.3.8 hold.

Recall that we denote by {¢x, k > 0} the Markov RDS associated with (3.50);
that is, prup = uy for k > 0, where ug, u1, us, ... are defined by (3.50). Let Py
and B} be the corresponding Markov operators. The following theorem is the
main result of this section (cf. Theorem 3.2.9).

Theorem 3.4.1. Under the above conditions, assume that the laws of the ran-
dom variables 5, are absolutely continuous with respect to the Lebesgue mea-
sure, and the corresponding densities p; are functions of bounded total vari-
ation that are positive almost everywhere. In this case, there is an integer
N = N(®B,v) > 1 such that if

b #0 forj=1,...,N, (3.121)
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then the RDS {¢k, k > 0} has a unique stationary measure p € P(H). More-
over, there are positive constants C' and o such that

A -l < Ce (14 [ o). kz0, @122)
H

where A € P(H) is an arbitrary measure with finite first moment.

The scheme of the proof of this result is described in the next subsection, and
the details are given in Subsections 3.6.2 and 3.6.3. Here we make a comment on
the conditions imposed on the external force of (3.84) and establish a corollary
of Theorem 3.4.1.

In the case of bounded kicks, we assumed that the function h is zero, and the
support of the law for the kicks contains zero. This hypothesis ensured that, with
positive probability, any two solutions approach each other arbitrarily closely.
In the present section, the function h € H is arbitrary, however, we do assume
that the noise is very efficient in the sense that the support of its law contains a
subspace of high dimension (rather than a ball in a subspace of high dimension,
as was the case in Theorem 3.2.9).

As in the case of white noise, the mixing and a priori estimates imply the con-
vergence of the mean value of a functional f: H — R, calculated on solutions,
to the mean value of f with respect to the stationary distribution. Namely, for
any weight function w € W and a constant v € (0, 1], we denote by CV(H, w)
the space of Holder-continuous functions f : H — R with finite norm

o L £ — £(0)]

= + )
7 wen w(lul2) ocqu—sla<t [u = vl3 (w(lulz) + w(lv]2))

1]

Note that in the case v = 1 and w = 1 we obtain the space Ly(H).

Corollary 3.4.2. Under the conditions of Theorem 3.4.1, for any v € (0,1],
v >0, and B > 0 there are positive constants C, 8, and s such that, for any
function f € CV(H,w) with w(r) = exp(3r?), we have

‘E floru) — /H f)p(dv)| < C|f|wﬁw(|u|2)e_ﬁk fork>0,ue H. (3.123)

Proof. We shall apply the scheme used in the proof of Corollary 3.3.2. The only
difference is that now the estimates are more quantitative.

We first note that both terms on the left-hand side of (3.123) are well de-
fined. Indeed, the fact that E f(pru) is finite was proved in Proposition 2.3.4.
Furthermore, repeating the argument of the proof of Theorem 2.5.3 and using
inequality (2.87) instead of (2.81), for s < 1 one can show that

/ exp(2x|v]3) u(dv) < 0. (3.124)
H

This implies, in particular, that (f, ) is finite for any f € C7(H,w).
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To prove (3.123), we fix any function f € C7(H,w) and assume, without
loss of generality, that |f|, , = 1. Using representation (3.90) with ¢ = k, we
estimate the left-hand side Ay, of (3.123) as follows:

A < Brf<r(u) = (f<r, )| + [E f>r(pru)| + [(f> R, )] (3.125)

Let us estimate each term of the right-hand side. Inequality (3.122) and Lemma 1.2.6
imply that

Brg(w) — (g, )] < Chlgl,e " (1 + |ulz), k>0, (3.126)

where g € C}(H) is an arbitrary function. Taking g = f<g, we get

P f<r(w) = (f<r, w)| < Cae” " w(R+1)(1+ |ul2).

Furthermore, it follows from inequality (2.87) with s replaced by 2s¢ that

E f>r(exw)| = [E(I{jppul>r f>r(0K0))|
< (P{lowul2 > RY)"*(E /2 (piu)
< (P{w(pru) > w(R)})"? (Eexp(2sdppul2))
< ng(|u|2).
= Vu(B)

2

1/2

Finally, inequality (3.124) implies that

Cy
w(R)’

|(fzr )] <

Substituting the above estimates into (3.125), we obtain

L ollu))

Ak S C5 (evakw(R + 1)(1 + |u|2) w(R)

Choosing R such that R? = %, we arrive at the required inequality (3.123)

with § = 2. O

3.4.2 Proof of Theorem 3.4.1

Let (ug,P,) be the Markov family that is associated with the RDS {py, k > 0}
corresponding to (3.50). It follows from Proposition 2.3.3 that

Elukls < Cr(1+|ulz) forallue H, k>0

where C; > 0 does not depend on v and k. By Theorem 3.1.7, the required
result will be established if we construct a mixing extension (uy,P,) for the
family (ux,P,) and show that relations (3.31) — (3.34) hold with a function of
the form

g(r)=C1 +r). (3.127)



138 CHAPTER 3. UNIQUENESS OF STATIONARY MEASURE

It turns out that one can construct a suitable extension in the same way as for
the case of bounded kicks (see Section 3.2.2). Namely, we fix an integer N > 1
and denote by Py : H — H and Qn : H — H the orthogonal projections
onto the subspaces Hy) and H(lN), respectively. The proof of Lemma 3.2.6
does not use the boundedness of the kick n; and its assertions remain valid in
the context of this section with F = H(yy, P = Py, and Q = Qu. Let us
denote by ¢ = ((v,v’,w) and ¢’ = {'(v,v’,w) the random variables constructed
in Lemma 3.2.6 and define coupling operators (R, R’) be relations (3.60). Re-
peating the construction of Section 3.2.2, we obtain an RDS @), = (&, P),) in
the product space H x H such that the corresponding Markov family (uy,P,)
is an extension for (ug,P,). Let us set

oo = min{k >0 |uy — u}|s > ce "}, (3.128)

where ¢ > 0 is a constant that will be chosen later. In Section 3.6, we shall show
that the following two propositions are true.

Proposition 3.4.3. Suppose that condition (3.121) is satisfied with a suffi-
ciently large N > 1. Then for any d > 0 the recurrence property of Defini-
tion 3.1.6 holds for the extension (ug,P,) with B = By = By (d) x By (d) and
a function g of the form (3.127).

Proposition 3.4.4. For sufficiently large integers N > 1 there is a stopping
time o and a constant d > 0 such that if condition (3.121) is satisfied, then

Pu{oc < oo} =1 for any u € By, (3.129)
and relations (3.32) — (3.34) hold for (uy,P,) with B = By.

Combining these results with Theorem 3.1.7 and Remark 3.1.8, we easily
derive the uniqueness of stationary distribution and inequality (3.122). Indeed,
in view of the propositions, we can choose the parameters NV > 1 and d > 0 so
that, if condition (3.121) is fulfilled, then the Markov family (uy,P,) possesses
the recurrence and exponential squeezing properties of Definition 3.1.6 with B =
B, a stopping time o satisfying (3.129), and a function g of the form (3.127).
Therefore, by Remark 3.1.8, the conclusions of Theorem 3.1.7 are true for the
Markov family (ug,P,). This completes the proof of the theorem.

3.5 Further results and generalisations

3.5.1 Flandoli-Maslowski theorem

The very first result on the uniqueness of a stationary distribution for the 2D
Navier—Stokes system perturbed by a random force was obtained by Flandoli
and Maslowski [FM95]. In this subsection we formulate their result and give
some references.

Let us consider again the Navier—Stokes system (3.84), in which h € H is a
deterministic function and 7 is a random process of the form (2.66). In contrast
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to the situation studied in Section 3.3, we now assume that all coefficients b;
are non-zero and satisfy the two-sided inequality

e <b; < C’c)aj_%_E for any j > 1, (3.130)

where C, ¢, and ¢ are positive constants and {«;} is the non-decreasing sequence
of eigenvalues for the Stokes operator L. Note that, by the well-known spectral
asymptotics for L (e.g., see Chapter 4 in [CF88]), we have a;; ~ j as j — oo,
whence it follows that condition (2.67) is not satisfied, so that the random
force n(t,z) is very rough as a function of the space variable x. Nevertheless,
one can show that the initial-boundary value problem for (3.84) is well posed.
We consider the corresponding Markov process in H. The main result of [FM95]
is the following theorem.

Theorem 3.5.1. Assume that the coefficients b; satisfy condition (3.130). Then
the following assertions hold.

Uniqueness: The Markov process possesses a unique stationary distribution
weP(H).

Mixing: For any A € P(H), we have

BN = pllvar = 0 as t — oco.

Ergodicity: Let f : H — R be a Borel-measurable function integrable with
respect to p and let u(t,x) be any solution with a deterministic initial
datum u(0) € H. Then

1 T
lim — fu(t))dt z/ fdu almost surely.
T "

T—o0 0

Without going into details, let us outline the main ideas of the proof.” It
is based on Doob’s theorem which provides sufficient conditions for uniqueness
and mixing; see [Dood8, DZ96, Ste94, Sei97]. According to that result, if the
transition function of the Markov RDS @ is regular in the sense that the prob-
ability measures P;(u,-), u € H, are absolutely continuous with respect to one
another for some ¢ > 0, then the conclusions of Theorem 3.5.1 are valid. The
regularity of the transition function is, in turn, a consequence of the following
two properties.

Irreducibility : There is t; > 0 such that

P, (u,BH(v,r)) >0 forallu,ve H,r>0.

Strong Feller property: There is ¢ty > 0 such that the function u — Py, (u,T")
is continuous on H for any I' € B(H).

"The scheme presented below is not entirely accurate. We refer the reader to the original
work [FM95] for the precise argument, which is more complicated.
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It is not difficult to show that if these properties holds, then the transition
probabilities are mutually absolutely continuous for ¢t = ¢ +t¢5. Thus, it suffices
to establish the irreducibility and strong Feller property.

The proof of irreducibility can be carried out by repeating the argument
used to establish Lemma 3.3.11. The hard point of the Flandoli-Maslowski
analysis is the verification of the strong Feller property. The latter is based on
an application of the Bismut—Elworthy formula [Bis81, Elw92] to Galerkin’s ap-
proximations of the Navier—Stokes system and derivation of a uniform estimate
for the derivative of the Markov semigroup.

The Flandoli-Maslowski result was developed and extended by many au-
thors. In particular, Ferrario [Fer99] proved that the non-degeneracy condi-
tion (3.130) can be relaxed to allow random forces that are regular with respect
to the space variables, Bricmont, Kupiainen, and Lefevere [BKLO01] established
the exponential convergence to the unique stationary distribution in the total
variation norm for the Navier—Stokes system perturbed by a kick force, and
Goldys and Maslowski [GMO05] obtained a similar result in the case of white
noise perturbations. We refer the reader to those papers for further references
on this subject.

3.5.2 Exponential mixing for the Navier—Stokes system
with white noise

Let us recall that Theorem 3.3.1 establishes the uniqueness of a stationary mea-
sure and the mixing property for the Navier—Stokes system (3.84) with a spa-
tially regular white noise . On the other hand, Theorems 3.2.9 and 3.4.1 show
that, in the case of a non-degenerate kick force, the corresponding RDS is ex-
ponentially mixing. It turns out that a similar result is true for white noise
perturbations. Namely, the following theorem was proved in [BKL02, Mat02b,
KS02a, Oda08] at various levels of generality; see Notes and Comments at the
end of this chapter.

Theorem 3.5.2. In the setting of Section 3.3, assume that B = Zj b? < 00.
Then there is an integer N > 1 depending on v, B, and |h|z such that the
following properties hold, provided that

b #0 forj=1,...,N. (3.131)
Uniqueness: The Eq. (2.98) has a unique stationary measure y € P(H).

Exponential mixing: There are positive constants C' and o such that

wir—ul < 0 (14 [ i), 120, (3132

where A € P(H) is an arbitrary measure for which the right-hand side is
finite.
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Let us also mention that this theorem remains true for some classes of multi-
plicative noises (see [0da08]). The proof is based on the ideas used to establish
the exponential mixing in the case of a kick force, and therefore we confine our-
selves to a brief description of the coupling construction. The interested reader
will be able to fill in the details repeating the scheme applied for the kick force
model (cf. the paper [Shi08] in which the details are carried out for the complex
Ginzburg—Landau equation (0.4)).

Outline of the proof of Theorem 3.5.2. Let (u,P,,) be the Markov process as-
sociated with (2.98) and let {u(t;v),t > 0} be a solution of (2.98) issued
from v € H at t = 0. We wish to construct a mixing extension for (u:,P,);
cf. Definition 3.1.6. Let us fix a time 7' > 0, an integer N > 1, and an arbitrary
function x € C*°(R) such that x(¢t) = 0 for t < 0 and x(t) = 1 for t > T.
Recall that Py and Qu stand for the orthogonal projections in H onto the sub-
spaces Hy and H ﬁ,, respectively, where Hy is the vector span of the first N
eigenfunctions of the Stokes operator. Given two points v,v’ € H, we denote
by A(v), N (v,v") € P(C(0,T; H x H)) the laws of the random variables

((u(t;v),¢t),t € [0,T]),  ((u(t;v") — x(®)Pn (" —v),{(t)),t € [0,T]).
Let us define a mapping f : C(0,T; H x H) — C(0,T; Hy x Hy) by the formula

F((ut),&(t),t € [0,T1])) = ((Pnu(t), Qué(t), t € [0,T7)).
In view of Exercise 1.2.30, there is a coupling (¥ (v,v’), Y’ (v,v")) for the pair of
measures (A(v), N (v,v’)) such that (f(2(v,v")), f(X'(v,0"))) is a maximal cou-
pling for (f.(A(v)), f«(X (v,v'))). Thus, ¥ and ¥’ are H x H-valued stochastic
processes on the interval [0, 7], and we denote by Y3(v,v") and T/ (v,v’) the re-

striction of their first components to time t. We now define coupling operators
on the interval [0, 7] by the relations (cf. (3.60))

Ri(v,0") =Ti(v,0"), Ri(v,0") =7/ (v,0") + x(t)Pn(v' —v), 0<t<T.

Tteration of R and R’ enables one to construct a Markov RDS &; = (&, P}) in
the product space H x H; cf. Section 3.2.2. Namely, we define (2, F,P) as the
direct product of countably many copies of the probability space for the coupling

operators and denote by w = (w!,w?,...) points of Q. Given v,v" € H, we now
set
& (w)(v,v") = Ry(v,v,wh
(@) =Rl o<t
ét(w)(uv):Rt(UvU W )
D (w)(v,0") = Ry(Pr_1yr(w)(v,0), wF
f( ) /) f( (k-7 (W)( /) k)} for (k— )T < t < kT,
@t(w)(v,v ) = Rt(é(k—l)T(w)(va v ),(.4) )

where k > 2. Tt is straightforward to see that the Markov process (u,P,)
associated with the RDS &, is an extension for (u;,P,). It turns out that the
recurrence and exponential squeezing properties of Definition 3.1.6 hold for it,
so that we have a mixing extension for (u;,P,). Application of Theorem 3.1.7
enables one to conclude the proof. O
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As in the case of the Navier—Stokes system perturbed by random kicks,
Theorem 3.5.2 implies the exponential convergence of the probabilistic average
for an observable to its mean value with respect to the stationary distribution.
Namely, we have the following result that can be established by repeating the
arguments of the proof of Corollary 3.4.2.

Corollary 3.5.3. Under the hypotheses of Theorem 3.5.2, for any v € (0,1]
and sufficiently small 3¢ > 0 there are positive constants C' and B such that, for
any f € CY(H,w) with w(r) = e*", we have

By fu) = (f, )] < Ce P fL, yw(uls), t>0, weH. (3.133)

All the results of this chapter that concern the Navier—Stokes system were
established for a general bounded domain with smooth boundary. In the case of
periodic boundary conditions and white noise perturbations, one can go further
and prove the uniqueness and exponential mixing for any v > 0 with a fixed
finite-dimensional external force. More precisely, let us consider the Navier—
Stokes equation (2.98) on the standard 2D torus. The following result was
established by Hairer and Mattingly [HMO06, HMO08, HM11]; see also the pa-
pers [AS05, AS06] by Agrachev and Sarychev dealing with the closely related
question of controllability of the Navier—Stokes system by a finite-dimensional
external force and the review [Kupl0] by Kupiainen.

Theorem 3.5.4. In the setting of Section 3.3, assume that x € T? and h = 0.
Then there is an integer N > 1 not depending on v > 0 such that the conclusions
of Theorem 3.5.2 are true, provided that condition (3.131) holds.

The proof of this theorem is based on the Kantorovich functional technique
(see Sections 3.1 and 3.2) and some gradient estimates for the Markov semi-
group PB;. The latter, in turn, uses a version of Malliavin calculus developed by
Mattingly and Pardoux [MP06]. We refer the reader to the above-cited original
works for more details of the proof. Let us also mention the paper [AKSS07],
which proves that, for a large class stochastic nonlinear systems with finite-
dimensional noises, the corresponding solutions are such that projections of
their distributions to any finite-dimensional subspace are absolutely continuous
with respect to the Lebesgue measure.

3.5.3 Convergence for functionals on higher Sobolev spaces

Theorems 3.2.9, 3.3.1, 3.4.1, and 3.5.2 show that if a random perturbation acting
on the Navier—Stokes system is sufficienly non-degenerate, then for a large class
of continuous functionals on H, the ensemble average converges, as t — oo,
to the space average with respect to the stationary distribution. At the same
time, many important characteristics of fluid flows, such as the enstrophy or
correlation tensors, are continuous functions on higher Sobolev spaces, but not
on H. It is therefore desirable to have similar convergence results for that type of
functionals. In this subsection, we prove that convergence of functionals defined
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on higher Sobolev spaces can easily obtained from we have already established,
provided that the external force is regular in the space variables. To simplify
the presentation, we confine ourselves to the case of a torus with a spatially
regular white force.

We thus consider Eq. (2.98) on T? and assume that, for some integer k > 1,
we have

heVk B,=> akb? <. (3.134)
j=1

For any integer m > 0 and s > 0, we define weight functions w(™)(r) = (147r)™
and w,(r) = e

Theorem 3.5.5. In addition to the hypotheses of Theorem 3.5.2, let us assume
that (3.134) holds for some integer k > 1. Then for any v € (0,1] and p > 0,
any integer m > 0, and any functional f € CY(V*, w(™)) we have

B f(ur) = (f, )| < Ce™PUfL pomwp(lul2), >0, weH,  (3.135)
where C' and [ are positive constants not depending on f.

For instance, if (3.134) holds with k¥ = 1, then the result applies to the
enstrophy functional Q(u) = |curlul3. Furthermore, if (3.134) holds with
k = 2, then convergence (3.135) is valid for the velocity correlation tensors

() = u (1) - uln (), (3.136)
where i; € {1,2} and x1,...,z, € T2 Or one can take for f a structure function
f(u) = |u(x +£) — u(x)|P with z € T2, £ € R?, and p € N. .

To prove Theorem 3.5.5, we shall need the following lemma, which is of
independent interest and will also be used in Chapter 4.

Lemma 3.5.6. Suppose that (3.134) holds for some integer k > 0. Then the
following assertions hold.

(1) For any v € (0,1] and sufficiently small > > 0 there exist positive con-
stants o < 7y and p such that P, f € C*(H,w,) for any f € CV(H,w,.),
and the norm of the linear operator

P, : C7(H,w,,) — C*(H,w,) (3.137)

is bounded uniformly on any compact interval [0,T]. Moreover, the con-
stants « and p can be chosen in such a way that p — 0 as » — 0.

(ii) For any integer m > 0 and any vy € (0,1] and p > 0, there is o € (0,7] such
that P, f € C*(H,w,) for any f € CY(VE w™) and t > 0. Moreover,
the norm of the linear operator

P CV(VE w™)) = C(H,w,) (3.138)

is bounded uniformly on any compact interval [7,T|, where T =0 fork =0
and T >0 fork > 1.
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Proof of Theorem 3.5.5. Let us note that, by the semigroup property, for ¢ > 1
we have

Eof(ur) = Bef(u) = (PBio1(B1Sf)) (w).

In view of Lemma 3.5.6 (ii), the function 91 f belongs to C*(H,w,), where
p > 0 can be chosen arbitrarily small. Applying Corollary 3.5.3 to 1 f, we see
that

‘Euf(ut) - (f7 M)| = |(mt71(%1f))(u) - (mlfv /1’)’
< CePUDIB S| 4, wol[ul2)-

Since operator (3.138) is continuous, the right-hand side of this inequality can
be estimated by that of (3.135). O

Proof of Lemma 3.5.6. (i) Let us fix arbitrary constants v € (0,1] and 3 > 0
and a functional f € C7(H,w,) with norm |f|, _ < 1. The continuity of
operator (3.137) and the uniform boundedness of its norm will be established if
we show that

B/ (u)| < C vl (3.139)
m}tf(u) - mtf(vﬂ <Clu—vl§ ebt+p(|“‘§+|“|§), (3.140)

where u,v € H,0 <t < T, and b, C are some positive constants depending only
on 7y and ». Inequality (3.139) with p = s follows immediately from (2.125). To
prove (3.140), let us denote by u; and v; the trajectories of (2.98) issued from
the initial points u and v, respectively. Then, by (2.54), the difference u; — vy
satisfies the inequality

t
lur — vl < Ju—vla eXp(C’l/ ||us\|%ds>, t > 0. (3.141)
0
Now note that, for any « € (0,~], we have

|f(Ut) - f(Ut)| < Jug — Ut|;(w%(|ut\2) + wu(|’0t\2))
< Oy |ug — ve]§ (wase(Juel2) + wase(|ve]2)). (3.142)

Combining inequalities (3.141) and (3.142) and choosing a < 7 so small that
aCh < 2xv, we derive

|§Btf(u) - ‘Btf(”)| <E |f(ut) - f(vt)| < C3lu—wvly Eez}@» (3.143)
where we set

t
6 = luf} + o} + [ s
0
Inequality (2.130) implies that

Po{& > |ul3 + [v]3 +2Bot +2} <e %, t>0, z€R,
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where ¢ > 0 does not depend on ¢,z and u,v € H. Therefore, if 0 < £ < ¢, then
Ee®t* < Cyexp(2¢Bot + c([ul3 + [v]3)).
Hence, if 22c < g, then
E e < (Ee) >/ < Cyexp(bt + p(lul? + [0]2)),

where b = 4exBg/e and p = 2sxc/e. Comparing this with (3.143), we arrive
at (3.140). The explicit form of the constant p implies that it goes to zero
with se.

(ii) We shall confine ourselves to proving the required properties under a
slightly more restrictive condition. Namely, we shall assume that (3.134) holds
with & replaced by k£ + 1. The proof in the general case is based on an estimate
for the V*-norm of the difference between two solutions; cf. (2.55) for the case
k = 1. That estimate can be obtained by taking the scalar product in H
of (2.163) with the function 2¢L*u and carrying out some arguments similar to
those in Section 2.6. Since the corresponding estimates are technically rather
complicated, we do not present them here, leaving the proof of assertion (ii) in
full generality to the reader as an exercise.

We need to show that if f € C7(VF, w(™) is a functional whose norm does
not exceed 1, then inequalities (3.139) and (3.140) hold for ¢ € |7, T] with some
positive constants C' and b. The first of them follows immediately from (2.138).
To prove the second, we use the interpolation inequality (1.7) and the Holder
continuity of f to write

|F(u) = £ o)) < Nlue = vl (0™ (fuellx) + ™ (Joex))

+1
< Cs lup — vl (1 + lJuelliss + lJoellera)™

)

where « € (0, k%_l] is arbitrary, and we keep notation used in the proof of (i).
Combining this with (3.141), we derive

B f (u) = Pef ()| <E|f(ue) — f(vr)]

t
P m—+1
< Csfu— ol B{(1+ uulhs + i)™ exp(aCr [ fuclBas) }.
0

Applying Schwarz’s inequality to the expectation, using (2.138) with k& and m
replaced by k£ + 1 and m + 1, and repeating the argument used in the proof
of (i), we see that (3.140) holds for sufficiently small o > 0. This completes the
proof of the lemma. O

3.5.4 Mixing for Navier—Stokes equations perturbed by a
compound Poisson process

In this section, we consider the Navier—Stokes system(3.84) in which 7 is the time
derivative of a compound Poisson process (2.68). It is straightforward to check
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that a solution of (3.84), (2.68) satisfies a deterministic Navier—Stokes system
between two consecutive random times t;_; and tj, while at the point ¢ = t,
it has a jump of size n,. Let us set T, = {tx(w),k > 1}. The following result
is a consequence of the existence and uniqueness of a solution for the Navier—
Stokes system and the well-known property of independence of increments for
a compound Poisson process.

Ezercise 3.5.7. Show that, for any ug € H, problem (3.84), (2.68) has a unique
solution u(t,z) issued from uy whose almost every trajectory belongs to the
space C(Ry \ To; H) N L (R1;V) and can be chosen to be right continuous
with left limits existing at the points t;. Prove also that the corresponding

solutions form a Markov process in H.

Let us denote by B; and P; the Markov semigroups associated with (3.84),
(2.68). The following result on existence, uniqueness, and polynomial mixing
of a stationary measure was established by Nersesyan [Ner08] in the case of
the complex Ginzburg-Landau equation, which is technically more complicated
than the 2D Navier—Stokes system.

Theorem 3.5.8. Assume that the random kicks ny satisfy the hypotheses im-
posed in Theorem 3.2.9. Then for any v > 0 there is an integer N > 1 such
that if b; #0 for j =1,...,N, then the following assertions hold.

Existence and uniqueness: The semigroup B has a unique stationary dis-
tribution p.

Polynomial mixing: For any p > 1 there is a constant C, > 0 such that for
any function f € Ly(H) we have

[Bef (w) = (f ] < Cpt P+ D) L, t>0.

We confine ourselves to outlining the main idea of the proof, referring the
reader to the original work [Ner08] for the details. Let us set @ = u(tx) and
note that

U = Sy, (ﬂkfl) 4+, k>1. (3.144)

It turns out that the trajectories {y} form a Markov chain in H, whose proper-
ties are rather similar to those of the RDS (3.50) with unbounded® kicks. Using
the ideas of Section 3.4, it is possible to prove that (3.144) has a unique station-
ary measure ji, which is mixing faster than any negative degree of k. Once this
property is established, one can go back to the original problem and prove the
uniqueness and polynomial mixing of a stationary measure p for it. Moreover,
the measures p and fi are linked by the following Khas minskii relation:

(f.p) = (E7) B /0 Flw)dt, fe Cy(H). (3.145)

8Note that even though the kicks 7, are bounded, in the case when they are non-zero
almost all trajectories of (3.144) are unbounded in H. This is due to the fact that on any
finite interval interval the system can receive arbitrarily large number of kicks.
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Ezercise 3.5.9. Prove that if fi is a stationary measure for (3.144), then the
measure p defined by (3.145) is stationary for the Markov process associated
with (3.84), (2.68).

3.5.5 Description of some results on uniqueness and mix-
ing for other PDE’s

The methods developed in this chapter for proving the uniqueness of a stationary
measure and exponential mixing apply, roughly speaking, to random perturba-
tions of any dissipative PDE with a finite-dimensional attractor. Let us describe
briefly some results concerning the complex Ginzburg-Landau equation:

i — (v +i)Au + (o + i\ |u*Pu = h(z) +n(t, ), 0. (3.146)

“|8Q =
Here v > 0, « > 0, A > 0, and p > 0 are some parameters, Q C R is a bounded
domain with smooth boundary, h is a deterministic function, and 7 is a random
force from one of the classes described in Section 2.2. We thus consider only
the case when the conservative term i|u|?’u is defocusing. In this case, the
Cauchy problem for (3.146) is well posed in Hi = H}(Q; C) under the following
assumptions on the parameter p:

p<oo ford=1,2, pS% for d > 3. (3.147)
The behaviour of solutions for (3.146) heavily depends on whether the pa-
rameter « is positive or not. Roughly speaking, when « > 0, the dissipative
term a|u|?’u compensates for the strong nonlinear effects due to the conserva-
tive term, and the uniqueness of a stationary measure and exponential mixing
can be established under essentially the same hypotheses. On the other hand,
without strong nonlinear dissipation (i.e., for @ = 0), these properties are not
known to hold, unless either the random perturbation is bounded or the pa-
rameter p satisfies much more restrictive conditions. Let us discuss the latter
situation in more details, referring the reader to the papers [Hai02b, Oda08]
for the easier case of equations with a strong nonlinear dissipation. Note that
Eq. (3.146) with a = 0 is a stochastic PDE with a conservative nonlinearity and
a linear damping. So this is an analogue of the main topic of this book—the
stochastic Navier—Stokes system.

We assume that p satisfies the following inequalities (cf. (3.147)):

p<1 ford=1, p<1l ford=2, p < for d > 3. (3.148)

2
d
Concerning the external force, we suppose that h € H'(Q;C) and n(t,z) is a
random process of the form (2.66), where {b;} C R is a sequence decaying faster
than every negative degree of j, {e;} is an eigenbasis for the Dirichlet Laplacian
in @, and {3; = B} + ZBJQ} is a sequence of independent complex Brownian
motions. A proof of the following result can be found in [Shi08].



148 CHAPTER 3. UNIQUENESS OF STATIONARY MEASURE

Theorem 3.5.10. Under the above hypotheses, assume that o = 0 and b; # 0
for all j > 1. Then for any v > 0 and A > 0 the Markov process associated
with (3.146) has a unique stationary measure u € P(HE). Moreover, for any
function f € Ly(L?(Q;R)) and any solution u(t) for (3.146), we have

Ef(u(t)) = (f, )| < Ce™|| fll (1 +Eu(0)]3), t=0,
where C' and v > 0 are universal constants.

A brief discussion on other results concerning the uniqueness and mixing for
various classes of randomly forced PDE’s can be found in the section Notes and
comments at the end of this chapter.

3.5.6 An alternative proof of mixing for kick force models

In Section 3.2, we established the uniqueness of a stationary distribution and
the exponential mixing for the Markov chain defined by (3.50). The proof
presented their is based on a coupling argument which enabled one to establish
a contraction in a space of measures. In this section, we outline an alternative
proof of the uniqueness and mixing, which is based on a Lyapunov-Schmidt
reduction and a version of the Ruelle-Perron—Frobenius theorem. To simplify
the presentation, we impose more restrictive hypotheses on the system than in
Section 3.2; however, essentially the same proof works in the general case.

We consider the discrete-time RDS (3.50), in which S : H — H is a locally
Lipschitz compact mapping in a Hilbert space H with a norm || - || and {n} is
a sequence of i.i.d. random variables in H supported by a compact subset. We

assume that
|S(w)] < qlul| forall u e H, (3.149)

where ¢ < 1 does not depend on u. Then, for a sufficiently large R > 0,
the ball By (R) is an invariant absorbing set for (3.50). It follows that the
RDS (3.50) has a compact absorbing set X C By (R), and we can confine our
consideration to X. We assume, in addition, that there is a constant v < 1
and a projection P : H — H with a finite-dimensional range £ C H such
that inequality (3.55) holds with A = By(r) and r = R/(1 — ¢q), the random
variables (I — P)ny, are almost surely zero, and the law of Pry has a C''-smooth
density p with respect to the Lebesgue measure on F such that p(0) > 0. Let us
denote by Py (u,I') the transition function of the Markov chain (3.50) restricted
to X and by P and P}, the corresponding Markov semigroups. Our aim is to
establish the following result.

Theorem 3.5.11. Under the above hypotheses, there is a unique stationary
distribution p € P(X) for B, and for any A € P(X) we have

LA —ullz =0 ask — oo. (3.150)

Existence of a stationary measure is a consequence of the Bogolyubov-Krylov
argument (see Section 2.5.2). We now outline the proof of the uniqueness under
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the additional hypothesis that (I — P)n; = 0 almost surely. It is divided into
three steps.

Step 1: Lyapunov-Schmidt reduction. Let us consider the projection of
Eq. (3.50) to the orthogonal complement of E:

wg = QS(kal + ’wkfl). (3.151)

Here Q = I — P, vy = Puy, and wi = Qui. We denote by X and Y the spaces
of sequences v = (v, k € Z_) and w = (wy, k € Z_) with vy € Bg(R) and
wy € Bgi(gr), endowed with the metric

dx (u',u?) = sup(e™[luf — ), u' = (uf,k € Z_),
k<0

where a > 0 is such that ve® < 1. Using the contraction mapping principle, it is
straightforward to prove that for any v € X there is a unique w := W(v) € Y
satisfying (3.151) for each k < 0. Moreover, the mapping W : X — Y is
globally Lipschitz-continuous. (These properties are essentially a consequence
the Foiag—Prodi estimates discussed in Section 2.1.8.)

Let us define a Markov RDS in X by the formula

vP = (v PS (T + W(0FTY) 4+ ), (3.152)

where W = W(v) stands the zeroth component of W(v), and given two el-
ements v = (vg,k € Z_) € X and v € Bg(R), we write (v,v) for the se-
quence (...,v_1,v9,v) € X. Given a stationary measure p for P}, we denote
by p € P(X) a unique law satisfying the relation

u({(vk,k €Z-)e X :(v_y,...,00) € F})

= /N/,L(d’u,,l)Pl(’u,,l, dulfl) .. .Pl(ul,duo) for any I'e B(Hl+1>.
r

Here Py(u,-) is the transition function of the family of Markov chains corre-
sponding to (3.50), and

U= {(u_y,...,up) € H*': (Pu_y,...,Pug) € T'}.

In other words, p is the restriction to Z_ of the law for the projection to E of
a stationary trajectory of (3.50) with distribution p. The following proposition
establishes a relationship between (3.50) and (3.152). Its proof can be found
in [KS00].

Proposition 3.5.12. Let u € P(H) be a stationary measure for P5. Then p
is a stationary measure for (3.152).

Thus, the uniqueness of a stationary measure for P} will be established if
we establish this property for the Markov chain (3.152). In the next step, we
formulate an abstract result that gives a sufficient condition for the uniqueness
and mixing of a stationary measure for a Markov semigroup on a compact space.
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Step 2: Ruelle—Perron—Frobenius type theorem. Let X be a compact metric
space and let Pp(v,I') be a Markov transition function on X. We denote
by Py : C(X) — C(X) and P}, : P(X) — P(X) the corresponding Markov
semigroups. Recall that a family C C C(X) is said to be determining if any
two measures p,v € P(X) satisfying the relation (f, ) = (f,v) for all f € C
coincide. The following result gives a sufficient condition for the uniqueness and
mixing for a stationary measure.

Theorem 3.5.13. Suppose that the transition function satisfies the following
two hypotheses.

Uniform Feller property. There is a determining family C such that for any
f € C the sequence { Py f,k > 0} is uniformly equicontinuous.

Uniform recurrence. There is © € X such that for any r > 0 one can find
an integer m > 1 and a constant p > 0 for which

Py(u,Bx(d,r)) >p fork>m and allu € X. (3.153)

Then Pj, has a unique stationary measure p € P(X), and for any f € C(X),
we have
P.f— (f,n) ask— oo uniformly on X. (3.154)

This theorem has an independent interest, and its proof is given at the end
of this subsection. We now show how to apply it in our situation.

Step 3: Verification of the hypotheses. The uniform recurrence condition is
a straightforward consequence of the fact that « = 0 is a globally stable fixed
point for the deterministic (nonlinear) semigroup obtained by iterations of S
and the fact that the random variables 7 are small with a positive probability.
The latter follows from the inequality p(0) > 0. To prove the uniform Feller
property, we note that the transition function Py(v,-) for the Markov chain
associated with (3.152) is such that

0
Pi(v,T)= | ] elzr—F(v,215,...,2021) dz1 . .. d2o, (3.155)
i1k

where I' C E**! is an arbitrary Borel subset, F(v) = PS(vg + W(v)) for
v = (Unum € Z_), and

'={v=(vm,meZ_): (v_g,...,v0) €T}

Let us denote by C the space of functions f € C(X) that depend on finitely
many components. It follows from (3.155) that if a function f € C depends only
on v_n,-...,v, then

0
Pif(v) = . H plzi — F(v, 21—k, 21-1)) f(2=Ny - oy 20) d21 k- . . d20.
I=1—k
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Since the mapping W is Lipschitz continuity, so is F', and the above formula
readily gives uniform equicontinuity of the family { Py f, k > 0} for any f € C.

Further analysis shows that the original and the reduced systems are equiv-
alent, and therefore the convergence to the stationary measure for (3.152) im-
plies (3.150). We refer the reader to the original work [KS00] for more details
on this subject.

Proof of Theorem 3.5.13. Existence of a stationary measure follows immedi-
ately from the compactness of X and the Bogolyubov-Krylov argument. To
prove the uniqueness, it suffices to show that if p € P(X) is a stationary dis-
tribution, then (3.154) holds for any f € C. Indeed, if (3.154) is proved and
p,v € P(X) are two stationary measures, then (f, u) = (f,v) for any f € C.
Since C is a determining family, we conclude that pu = v.

Suppose now that pu € P(X) is a stationary measure. Let f € C be an
arbitrary function. We wish to prove (3.154). There is no loss of generality in
assuming that 0 < f < 1. It follows from the uniform Feller property that Py, f
converges uniformly to a limit g € C(X) for some sequence k, — co. We claim
that g must be constant. If this assertion is proved, then the obvious relation
(P1h,p) = (hy, ), which holds for any h € C(X), implies that the constant
must be equal to (f, ), whence we conclude that the whole sequence {Pyf}
converges to (f, ).

Suppose that g # C'. We can assume that m,, = k,11 — k, — co as n — oo.
It is easy to see that P,, g — ¢ uniformly on X. Since g is not constant,
then g(®) (where ¢ is defined in the uniform recurrence condition) is either
smaller than the maximum of g or greater than the minimum of g. Assume that
the first case is true. Denoting by u € X a point where ¢ attains its maximum,
we can find positive constants § and r such that

g(u) > g(z)+46 for ze€ Bx(d,r). (3.156)

‘We now write

Pog(u) = /X Py, (u,d2)g(2)

[ Putudng@ s [ P (wdzlgo).

Bx (d,1) B (d,r)

Using (3.156), we derive

P, g(u) < P, (u, Bx (9,7))(g(u) = 0) + P, (u, Bx (8,7))g(u)
< g(u) — 6P, (u, Bx (9,7)). (3.157)

Since m,, — 00, inequality (3.153) implies that
P, glu)<gut)—6p forn>1. (3.158)

Passing to the limit as n — oo, we arrive at a contradiction. This completes
the proof of the theorem. O



152 CHAPTER 3. UNIQUENESS OF STATIONARY MEASURE

3.6 Appendix: some technical proofs

In this section, we have compiled some relatively difficult proofs that are not of
primary importance. The reader not interested in technical details may safely
skip this section.

3.6.1 Proof of Lemma 3.3.11

Compared to the case of H!'-regular external force, the additional difficulty is
that the resolving operator is not continuous as a mapping defined on the space
of H-valued paths. To overcome this problem, we first rewrite the Navier—Stokes
system as an equation with random coefficients and then repeat essentially the
same scheme, using the continuous dependence of solutions on coefficients. The
proof is divided into three steps.

Step 1. Let us recall a decomposition of u(t;v) described in Section 2.4. We
write u(t; v) = z(t) + 0(t), where z(t) is the solution of Stokes’ equation (2.100)
with zero initial condition and

(t) = Re(v, 2)

is the solution of problem (2.111), (2.112); see Proposition 2.4.5. Recall that the
space Xp = C(0,T; H) N L?(0,T;V) and denote by X7 the space of functions
in Xy vanishing at ¢ = 0. We claim that the following two properties hold.

(a) For any @ € V there is a continuous operator Z; : H — Xy, v Zg(v; t),
that is uniformly Lipschitz on bounded subsets and is such that the solu-
tion of (2.100) with n = 0,Z4 + vLZ; equals @ at t = 1:

R4 (’U, Z@(U)) + Zﬁ('U; 1) = . (3159)

(b) Let O C X; be any neighbourhood of the origin and let £ C X; be a
compact set. Then
inf P{z—2€ O} > 0. (3.160)
zeK
Taking these properties for granted, let us complete the proof of (3.101). With-
out loss of generality, we can assume that & € V. Since the operator Z is
continuous, there is a constant p > 0 such that the image of the compact
set By (R) C H under Z is contained in the ball By (p). The Lipschitz prop-
erty on bounded subsets implies that

R1(v,21) — Ri(v, 22)|2 < C'l|21 — 22|,

for any v € By (R) and 21,22 € By, (p), where C' > 1 is a constant depending
only on R. In particular, taking zo = Z4(v), we see that

13
for ||z1 — Za(v)|x, <

|R1(v,21) = Ri(v, Za(v))]2 < <56

DO ™
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It follows from property (a) that
lu(l;0) —dlz < [2(1) = Za(v; D)2 + [Ra(v, 21) = Ra(v, Za(v))]2
Combining the last two inequalities, we conclude that

P{|u(1;0) —ils < €} > P{||Z—Zﬁ(v)||xl < %} for any v € By (R). (3.161)

Applying property (b) in which K = Z;(By (R)) and O C X; is the open ball of
radius 5% centred at zero, we see that the right-hand side of (3.161) is separated
from zero uniformly in v € By (R). Thus, to complete the proof of (3.101), it
suffices to establish properties (a) and (b).

Step 2: Proof of (a). Let w € H be the solution of the problem
ow+vLw =0, w(0)="v.

For any v € H, define a function w € H by the relation w(t) = x(¢t)w(t) + ta,
where x € C*°(R) is an arbitrary function such that x(¢) = 1 for ¢ < 0 and
x(t) =0 for t > 1. Then w(0) = v, w(l) = 4, and

n = Opw + vLw + B(w) — h € L*(0,1; V*).

Moreover, 7 is uniformly Lipschitz continuous in v € H on bounded subsets as
a function with range in L%(0,1;V*). Let us define Z;(v) € X; as the unique
solution of the problem

Z+vLZ =n(t), Z(0)=0.

Then
w(t) = Za(v;t) + Re(v, Zg(v)),

whence we conclude that (3.159) holds. The Lipschitz continuity of Z;(v) follows
from a similar property for the mapping v — 7.

Step 8: Proof of (b). Let us note that the process z(¢) can be written in the
form (cf. (2.101))

S t
z(t):ij/ eVt dB(s) ej(z), 0<t<1,
j=1 70

where {e;} stands for the family of normalised eigenfunctions of the Stokes
operator, a; denotes the eigenvalue corresponding to e;, and the series above
converges in L?(Q; Xl). We claim that the support of the law for the process
{2(t),0 <t < 1} regarded as a random variable in X coincides with the entire
space. To prove this, it suffices to show that, for any 2 € C(0,1;V) vanishing
at zero and any € > 0, we have

P{|z — 2|, <€} >0. (3.162)
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Let us fix a function 2 and write it in the form

=D 2i(t)ej(@)

Jj=1

where 2;(t) = (2(¢),e;), and the series converges in V uniformly in ¢t € [0,1].
For any integer N > 1, we have

Z(t) —?:“(t) :DN(t)+TN(t)+fN(t), (3163)

where we set

DN<t>=i(bj / =) 4B, (s) - <t>) (@),
by / e )4 (5) 5 a),

zj(t)e;(x).

Let us estimate each term on the right-hand side of (3.163). Since {e;} is an
orthogonal system with respect to the scalar product (Lu,u)'/? and leill? = a;
for any j > 1, we have

Dyl < v o (sw o] [ e s 6) - 5,0

0<t<1

Since 2; is a continuous function on [0, 1] vanishing at zero, combining this
inequality with Proposition 7.4.2, we see that

P{ sup ||Dn(#)|lv < E} >0 forany N > 1. (3.164)
0<t<1 3

Now let Py : H — H be the orthogonal projection onto the vector span of
€1,...,en. Then one can find an integer Ni(¢) > 1 such that

sup [|Fn(t)]lv = S H(I Pr)2(0)]lv < g for N > Ny (e).
0<t<1

Furthermore, the technique developed in the proof of Proposition 2.4.2 (see
derivation of (2.109)) enables one to show that

Elryl% =E|(I —Py)zl% =0 as N — co.

Therefore there is an integer Na(e) > 1 such that

£
IED{||TN||2(1 < §} >0 for N > Ns(e).
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Combining the above estimates and noting that the random variables Dy and r
are independent, we arrive at the required inequality (3.162).

We are now ready to prove (3.160). Since supp D(z) = X}, for any neigh-
bourhood of zero @ C A; the function p(2) = P{z — 2 € O} is positive at
any point of X;. Furthermore, in view of a well-known property of the weak
convergence of measures (e.g., see Theorem 11.1.1 in [Dud02]), p is lower semi-
continuous. It follow that p is separated from zero on any compact subset of ;.
This completes the proof of Lemma 3.3.11.

3.6.2 Recurrence for Navier—Stokes equations with un-
bounded kicks

This section is devoted to the proof of Proposition 3.4.3. For any d > 0, we
introduce the stopping time

T4 =inf{k > 0: u, € By}

We wish to show that, for any w € H and d > 0, the random variable 74 is
P,-almost surely finite, and there are positive constants ¢ and C' > 0 such that

Eyexp(d7y) < C(1 + |ul), (3.165)

where |u| = |ula + |¢/]2.

As in the case of the Navier—Stokes system with spatially regular white
noise, inequality (3.165) is a consequence of the following two lemmas (cf. Sec-
tion 3.3.2).

Lemma 3.6.1. There is R, > 0 such that
Py{tr <o} =1 foranyuwe H, R> R,. (3.166)
Moreover, there are positive constants K and v such that
Eyexp(yTr) <1+ KR Y u| for anyw € H, R> R,. (3.167)

Lemma 3.6.2. For any positive constants B, R, d, and v there is p > 0 and
integers Ng > 1 and m > 1 such that if (3.121) holds, then

P.{u,, € By} >p for any u € Bg. (3.168)

Once these lemmas are established, inequality (3.165) will follow by exactly
the same argument as in Section 3.3.2. Thus, we shall confine ourselves to the
proof of the above lemmas.

Proof of Lemma 3.6.1. We use a well-known argument based on the existence
of a Lyapunov function. It follows from Proposition 2.3.3 that

Eulug| < q(|ulV R,) for any u € H, (3.169)
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where ¢ < 1 and R, > 0 are some constants not depending on u. Let us fix any
R > R, and set

Pro() = Eu (Trgs iy [ul)-
The Markov property and inequality (3.169) imply that
Prr1 () < By (Lrpsiy (Bultpia || Fr)) = Eu (Lirps iy Bo|wal)],_, )
<E, (H{TR>k} Q(‘uk| \ R*)) = qpk(u)v

where we used the fact that |ui| > R > R, on the set {Tp > k}. Iterating the
above inequality and noting that po(u) < |u|, we obtain

pr(w) < ¢Flu| forall k>0, u e H.
It follows that
Pu{tr >k} < R 'Ey (Iirysnyur]) < B¢ ul, (3.170)

whence we conclude that (3.166) holds.
We now prove (3.167). Let v > 0 be so small that e¥¢g < 1. Then, us-
ing (3.166) and (3.170), we derive

E, exp (’}/TR) = Z E. (]I{.,.R:k} eXp(’yTR))
k=0

<1+ Ze”k]P’u{TR >k — 1}
k=1

(oo}
<1+ R ul Ze”’qufl.
k=1

The series on the right-hand side of this inequality converges in view of the
choice of 7, and we obtain (3.167). O

Proof of Lemma 3.6.2. Step 1. Inequality (3.168) will be established if for any
constants R > d > 0 we find € > 0 and ¢ < 1 such that

P{|R(v,v")]2 VR (v,v")|2 < (q(Jv| V [v'])) Vd} > e for (v,0') € Bg. (3.171)

Indeed, let us denote by G (v, v") the event on the left-hand side of this inequality
and choose an integer m > 1 so that gd < ¢™R < d. Denoting B® — B,

k > 0, we have B c B;. Combining (3.171) with the Markov property, for
1 <k<m-—1 we derive

Pu{ur € B} > Py (G(up—1) N {up_1 € BE YY)
=Eu(Ige-1 (up-1)Pu{G(up_1) | Fr-1})
= Eu (Tpen (i) P(G0,0)] )
> ePy{up_, € BE Y}
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A similar argument shows that
Py{tn € By} > ePy{tty_1 € B}
Combining the above inequalities, we see that
Pu{wm € By} > e"Py{ug € B(O)} =™,
This implies inequality (3.168) with p = ™.
Step 2. We now prove (3.171). For 6 > 0, we set
As = {PNR(v,v") = PxyR'(v,0'), [PNR(v,v")]2 < 6, |Qn¢(v, V)] < 8},

where ((v,v") = R(v,v") — S(v). Suppose that for any § > 0 and a constant
g’ =€'(6) > 0 we have

P(As) > & for (v,v) € Bg. (3.172)

In this case, using the regularising property of S and the Foiag—Prodi estimate
(see Theorems 2.1.18 and 2.1.30), for any w € As we derive

R(v,0)]2 < [PNR(v,0')]2 + [QuR(v,0)]
<6+ Cray 1S )l + QN ¢(v, )]
<20 4 Coay'?|v]s,

IR (0,0)]2 < [R(v,0)]2 + R (v,0") = R(v,0")]2
<26 + Caay*ola + Ca(R)ay*Jo — v']2.

Combining these two inequalities, we obtain

R, v")]2 VR (v,0")]2 < 26 + Ca(R)ary' " (Jv]a V [o]2).
Choosing N > 1 and § > 0 so that C’4(R)oz;vl/2 < 1/2 and ¢ = d/6, we see that
the right-hand side of this inequality does not exceed (2(|v|z V [v/[2)) V d. We
thus arrive at (3.171) with ¢ = 3.

Step 3. It remains to establish (3.172). The construction of (R, R’) implies
that Qu( is independent of (PyR,PyR’). Hence,

P(A5) > P(AJY) P(AP), (3.173)
where we set

A = {IQw¢(v, 02 < 6},
AP = {IPNR(v,0)|2 < 6,PNR(v,0) = PNR (v,0)}.

Since D({(v,v")) = D(n1), the conditions imposed on b; and D(&;) imply that

[P’(Agl)) >¢e1(6) >0 for any § > 0.
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Furthermore, recalling that the pair (PyR(v,v),PyR/(v,v")) is a maximal
coupling for (x%, X”N/), where x% = (Pn).D(S(u)+m1), and using Lemma 1.2.26,
we derive

BAF) = (XX AXK) (Brrgy, (9)-
Now note that x% (dx) = p(x — PnS(u)) dx, where p stands for the density of

the law for Py with respect to the Lebesgue measure on H(yy (see (3.83)).
Since p(x) > 0 almost everywhere, we conclude that

( ir)lfB (X% A X}’\}) (Bry, (6)) > €2(6) >0 for any 6§ > 0.
v,v')EBR

The required inequality (3.172) follows now from (3.173). O

3.6.3 Exponential squeezing for Navier—Stokes equations
with unbounded kicks

In this section, we establish Proposition 3.4.4. Its proof is divided into three
steps.

Step 1. For any M > 0, we define the stopping times

k T
_ : . 2 I\ (12
(M) =min{k > 1 ;/ (ISeCug) I3 + 1S () I3) de > Mk + 1)},
o(M)=7(M)Amin{k > 1:Pyuy # Pyuj}.

We claim that for any M > 0 there is an integer N > 1 such that, for any d > 0
and an appropriate choice of the parameter ¢ > 0 entering the definition of oy,
relation (3.129) holds, that is, o < o almost surely. Indeed, by the Foiag-Prodi
estimate (2.62), on the set {o(M) > k} we have

fur — w2 < (Cay"®)" exp(COM + 1)k)fuo — uply < 24(Ce7M i /)",

Choosing ¢ = 3d and N > 1 so large that CeC(M“)a;,l/Q < e7!, we see
that (3.129) is true.

Step 2. We now prove that, for sufficiently large M > 0 and N > 1, the
stopping time o(M) satisfies (3.32) — (3.34). To this end, it suffices to show
that

P, {o(M) =k} <2 % fork>1,uc By. (3.174)

Indeed, if these relations are established, then
Pu{o(M) =00} =1-Y P{o(M)=k}>1-2% e >0,
k=1 k=1

]Eu (]I{U(M)<oo}€o(M)) = Zekpu{U(M) = k‘} = QZe_k < oQ.
k=1
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Furthermore, by inequality (2.82), we have
EU(H{U(M)<OO}|UO'(M)|2) < II':‘:u|/u’|2 + Cl < 2d2 + Cl; u < Bd7

where C; > 0 is a constant depending on E |n;|3 and 3, (P {c(M) = k})¥/2.
Thus, it remains to prove (3.174).

Step 3. Let us introduce the events
B k
k) = {Pnur = Pyuy},  A(k) = () AQ)
1=1

k T
D) = {3° [ (ISl + [Siw))[2) e < 21+ 1)}
j=0"0

We argue by induction on k > 1. For k = 1, we have
{o(M) =1} Cc{m(M) =1} U A(1)". (3.175)
Proposition 2.3.8 implies that if M > 0 is sufficiently large, then
P {r(M)=1} <e > (3.176)

Furthermore, since S : H — H is Lipschitz-continuous on bounded subsets (see
Proposition 2.1.25), we have

|S(v) — S(v')]2 < Calv — 0’| <2Cad  for (v,v') € By.
Assertion (iii) of Lemma 3.2.6 now implies that
P {A(1)°} = Py {Pnuy # Pyu},} < C3(N)d < e ? ford< 1.

Combining this with (3.175) and (3.176), we obtain (3.174) with k£ = 1.

We now assume that k = m > 2 and for 1 < k < m — 1 inequality (3.174) is
already established. It follows from the definition of o(M) that (cf. (3.175))

{o(M) =m} C {7(M)=m}U B(m), (3.177)

where B(m) = A(m—1)NA(m)*N{T(M) > m}. Let us estimate the probability
of the two events on the right-hand side of (3.177). Proposition 2.3.8 implies
that, for M > 1, we have

P {T(M)=m} < C,Qme MM+l < g=2m, (3.178)
Furthermore, using (3.174) with 1 < k <m — 1, for any u € B, we derive

Py {A(m —1)ND(m —1)} >Py{oc(M >m}>1—2z —2k >1. (3.179)

[\
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Therefore, since {T(M) > m} C D(m — 1), we can write

Pu(B(m)) <P, {A(m —1)NA(m)*NnD(m —1)}
< 2P, {A(m)°|A(m —1)ND(m — 1)}, (3.180)

where we used (3.179) to get the second inequality. By the Markov property,
the conditional probability P,{A(m)¢|F,,—1} depends only on w,,_;. The
construction of coupling operators and Lemma 3.2.6 imply that

Pu{A(m) | Frnt} < C5(N) [S (1) — S(_)],
It follows from Theorem 2.1.30 and Remark 2.1.31 that, for N > 1 and Py-a.e.
weAm—-1)ND(m—1),

[S(tm1) = S(up )], < 2d (Cay!?)"eCHTHIM < Cgd e,
Combining these two inequalities with (3.180), we see that
P, (B(m)) < C7(N)de ™.

Choosing d < 1 and evoking (3.177) and (3.178), we get the required inequal-
ity (3.174) with £ = m. The proof of Proposition 3.4.4 is complete.

3.7 Relevance of the results for physics

The uniqueness of a stationary distribution and the convergence to this distri-
bution are very important for the statistical hydrodynamics. In the physical
literature, these two properties are usually postulated. For instance, in the clas-
sical book of G.K. Batchelor [Bat82], it is taken for granted that dynamical
systems with a large number of degrees of freedom, and with coupling between
these degrees of freedom, approach a statistical state which is independent (par-
tially, if not wholly) of the initial condition; see there pp. 6-7. The results of
this chapter rigorously prove this postulate for the periodic 2D turbulent flows
(with zero space average) and for flows in bounded 2D domains, driven by a
non-degenerate random forces.

Namely, we show that if in Eq. (0.1) the random force f(t,z) is a kick
force, or a white in time force, or a compound Poisson process (see Introduc-
tion and Section 2.2) and if it is non-degenerate, then Eq. (0.1) has a unique
stationary distribution g, which is a measure in the space of divergence-free
vector fields {u(x)}. The distribution of every solution u(t, x) for (0.1) at time ¢
(which is a measure in the same function space) converges to p exponentially
fast when ¢ — oco. The measure p is one-smoother than the force f(¢,x), re-
garded as a function of the space variables, and any functional g(u) is integrable
with respect to u(du), unless g(u) grows at infinity very fast (i.e., faster than
exp(d|ul3) with some fixed positive §). So practically for any observable g(u)
and for any solution u(t) of (0.1) our results imply that the averaged in ensemble



3.7. RELEVANCE OF THE RESULTS FOR PHYSICS 161

observable E g(u(t)) approaches [ g(u) pu(du) exponentially fast when the time ¢
goes to infinity, provided that the random force f is as above and is sufficiently
smooth in the z-variable. In particular, this is true if the observable g(u) is the
energy of a flow u, or its enstrophy, or the correlation tensor u’(z)u’(y) (where i
and j are 1 or 2, and z,y are any fixed points).

In the case of periodic boundary conditions when the flows u have zero space-
average, the stationary measure p is space-homogeneous if so is the force f. In
this situation, we have

[ st utan) = [ tg)wntau),

where (g) is the space-averaged observable defined by

@@ =02 [ o0y o) =)

T2

(we assumed that both periods equal 27). In particular, if g(u) is a linear
functional, then (g)(u) = g(u) =0, so [ g(u) p(du) = 0. For example, choosing
g(u) = v’ (x) we get

/uj(x) p(du) =0 for j =1,2 and for any x.

That is, for the homogeneous turbulence the mean value of velocity, evaluated
at any fixed point, vanishes.

Notes and comments

The investigation of uniqueness of a stationary distribution for the Markov pro-
cess generated by the randomly forced 2D Navier—Stokes equation began in 1995
by the pioneering article of Flandoli and Maslowski [FM95]. The main result of
their paper is Theorem 3.5.1 of this section on uniqueness of a stationary distri-
bution and the mixing property in total variation norm. The proof in [FM95]
is obtained by adjusting Doob’s argument [Doo48] to the infinite-dimensional
system defined by the Navier—Stokes equations (3.84), under the crucial assump-
tion that the noise is a rough function of  (i.e. the coefficients b; decay to zero
very slowly). The Flandoli-Maslowski theorem was generalised in various direc-
tions. Ferrario [Fer97, Fer99] gave a simpler proof of Theorem 3.5.1, allowing for
more regular noises. Bricmont, Kupiainen, and Lefevere [BKLO01] established
the uniqueness of a stationary measure and exponential mixing for the Navier—
Stokes system perturbed by a rough kick force. Goldys and Maslowski [GMO05]
proved a similar result in the case of white noise force with low spatial regu-
larity. Da Prato, Debussche, Tubaro [DDTO05], Barbu, Da Prato [BD07], and
Da Prato, Rockner, Rozovskii, Wang [DRRWO06] studied the Burgers, magneto-
hydrodynamics and porous media equations in analogous settings. Eckmann,
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Hairer [EHO1] and Hairer [Hai02a] considered a one-dimensional Ginzburg—
Landau equation with a mildly degenerate rough forcing and proved the ex-
ponential convergence to a unique stationary measure in the total variation
norm.

From the physical point of view, the roughness condition imposed on the
noise is not very natural, and much efforts were spent to remove it. In the
context, of randomly forced PDE’s, a first result in this direction was obtained
by Sinai [Sin91]. He studied the Burgers equation on the real line, perturbed
by a white in time space-periodic random force. Sinai proved that there ex-
ists a space-periodic stationary measure which attracts distributions of a large
class of solutions (these solutions are not space-periodic, and the uniqueness
of a space-periodic stationary measure was not established). A few years later
Mattingly [Mat99], then a PhD student of Sinai, established that the 2D Navier—
Stokes system considered on the torus T2, with a large viscosity and spatially
regular white force, has a unique stationary measure, which attracts distribu-
tions of all solutions. °

A first result on the uniqueness of a stationary measure for Navier—Stokes
equations with any positive viscosity and a smooth in x random force was ob-
tained by Kuksin and Shirikyan [KS00] (see also [KS01b, KS02b] for some fur-
ther developments). They proved Theorem 3.5.11, applicable to a large class
of dissipative PDE’s perturbed by a smooth random kick force which is non-
zero in sufficiently many modes. The proof is based on two key ingredients:
a Lyapunov—Schmidt reduction and a version of the Ruelle-Perron-Frobenius
theorem. The first of them is a well-known tool for studying dissipative PDE’s
and was used, for instance, in the theory of inertial manifolds. It is a con-
sequence of the Foiag—Prodi estimates and enables one to reduce the Navier—
Stokes equations to a finite-dimensional system with memory (which may be
regarded as an abstract Gibbs system in the sense of Bowen [Bow75]). The sec-
ond ingredient provides a sufficient condition for the uniqueness of a stationary
measure for Markov semigroups. Various versions of this result were known ear-
lier (see [Rue68, LY94, Sza97]), however, the uniform Feller property introduced
in [KS00] was a crucial point and turned out to be useful in other situations; e.g.,
see [LS06]. The simple proof of the Ruelle-Perron—Frobenius theorem given in
Section 3.5.6 seems to be new. Next, Weinan E, Mattingly, Sinai [EMS01] and
Bricmont, Kupiainen, Lefevere [BKLO02] studied the stochastic Navier—Stokes
system in the case when the space variables x belong to the torus and the
right-hand side is white noise in time. They showed that there is at most one
stationary measure. Moreover, it was established in [BKLO02] that the distribu-
tions of solutions converge to the stationary measure exponentially fast. These
two works are similar to [KS00]: they also are based on the Lyapunov—Schmidt
reduction, followed by a study of the resulting finite-dimensional system with
memory. The papers [EMS01, BKL02] treat the case when the random force

9The large viscosity case is much simpler since, in this situation, inequality (2.130) implies
that any two solutions with non-random initial data converge exponentially fast almost surely;
cf. Exercise 2.5.9.
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has a large, but finite number of exited modes (so it is a random trigonometric
polynomial in z). Important contribution of [EMSO01] to this field of research
is the introduction of Girsanov’s theorem as a tool for studying ergodicity of
stochastic PDE’s with spatially regular white noise.

A different approach for investigating mixing behaviour of randomly forced
PDE’s was developed by Kuksin and Shirikyan [KS01la], Mattingly [Mat02b],
Masmoudi and Young [MY02], and Hairer [Hai02b]. It is based on the concept of
coupling and enables one to obtain stronger results with shorter proofs. Namely,
it was established in [KS0la, KPS02, Kuk02b] that the Navier—Stokes system
perturbed by a bounded kick force is exponentially mixing. The approach pre-
sented in Sections 3.1.1 and 3.2 is taken from these articles. In particular,
the method of Kantorovich functional as tool to study mixing for stochastic
Navier—Stokes system was introduced in [KPS02, Kuk02b], while the Lipschitz-
dual distance as a suitable metric for convergence to a stationary distribution
in the context of randomly forced PDE’s was suggested in [KS0la]. These two
tools are now commonly used in works of this field. A different, but closely
related method was developed independently by Masmoudi and Young [MY02].
Mattingly [Mat02b] combined the coupling with a stopping time technique to
establish the exponential mixing for the Navier—Stokes system with periodic
boundary conditions and a random force which is a white noise in time and a
trigonometric polynomial in space of a large finite degree. Similar techniques
were used by Hairer [Hai02b] to study some parabolic PDE’s with nonlinear
dissipation. Various versions of the coupling argument were applied by Kuksin
and Shirikyan [KS02a] to prove the exponential mixing for the Navier—Stokes
system in a bounded domain with a spatially regular white noise of infinite di-
mension, by Shirikyan [Shi04] to study the Navier-Stokes system perturbed by
an unbounded kick force, and by Debussche and Odasso [DO05] to investigate a
1D Schrodinger equation with a linear damping. Further results on the problem
of mixing for various types of randomly forced PDE’s can be found in [Shi05a,
Shi06b, Ner08, Oda08, Shi08]. The presentation of Sections 3.1.2 and 3.1.3
follows essentially [Shi04, Shi05a, Shi08], and the proof of the stability property
of Section 3.3.3 is based on some ideas taken from [EMS01, Oda08]. We refer
the reader to the review papers [ES00, Kuk02a, Bri02, Mat03, Hai05, Shi05b]
for further discussions of the results on the uniqueness and mixing for stochastic
PDE’s with a sufficiently non-degenerate smooth noise.

All the above results concern the case when all determining modes of the
problem in question are perturbed by a random force. In particular, when
these results are applied to the Navier—Stokes system, in order to have a unique
stationary measure, one has to assume that the dimension of the random per-
turbation goes to infinity when the viscosity goes to zero; e.g;, every mode of
the random force is exited. An important question is whether one can prove
the uniqueness and mixing for finite-dimensional noises for any positive value of
the viscosity. A progress in this direction was achieved by Hairer and Mat-
tingly in 2006. Combining the method of the Kantorovich functional with
an infinite-dimensional Malliavin calculus (developed in [MPO06]), they proved
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in [HM06, HM08, HM11] that if the problem is studied on the standard torus
and the deterministic part of the noise is zero, then the uniqueness of a station-
ary measure is true for a four-dimensional white-noise force and the exponential
convergence of other solutions to the stationary measure holds in the dual-
Lipschitz metric; see Theorem 3.5.4. Two key questions remain open in this
context. Namely, does a similar result hold when: (a) the deterministic part
of the external force is non-zero; (b) the random perturbation is not white in
time. Note that the answers to both questions is positive for a different type
of degenerate noises. Namely, it was proved recently by Shirikyan [Shilla] that
the Navier—Stokes equations with a random perturbation supported by a given
subregion of the space domain possess the exponential mixing property under
some mild non-degeneracy assumptions. We also mention the work [AKSS07],
in which it is proved that, for a large class of low-dimensional random forces,
the support of the law D(u(t)) of a solution of the 2D Navier—Stokes system is
infinite-dimensional for any ¢ > 0; see Section 6.3.1 for more details.



Chapter 4

Ergodicity and limiting
theorems

In this chapter, we study limiting theorems for the 2D Navier—Stokes system
with random perturbations. To simplify the presentation, we shall confine our-
selves to the case of spatially regular white noise; however, all the results remain
true for random kick forces. The first section is devoted to derivation of the
strong law of large numbers (SLLN), the law of iterated logarithm (LIL), and
the central limit theorem (CLT). Our approach is based on the reduction of the
problem to similar questions for martingales and an application of some gen-
eral results on SLLN, LIL, and CLT. In Section 4.2, we study the relationship
between stationary distribution and random attractors. Roughly speaking, it
is proved that the support of the random probability measure obtained by the
disintegration of the unique stationary distribution is a random point attractor
for the RDS in question. The third section deals with the stationary distribu-
tions for the Navier—Stokes system perturbed by a random force depending on
a parameter. We first prove that that the stationary measures continuously de-
pend on spatially regular white noise. We next consider high-frequency random
kicks and show that, under suitable normalisation, the corresponding family of
stationary measures converges weakly to the unique stationary distribution cor-
responding to the white noise perturbation. Finally, in Section 4.4, we discuss
the physical relevance of the results of this chapter.

4.1 Ergodic theorems

4.1.1 Strong law of large numbers

Let us consider the Navier—Stokes system (3.84) in which h € H is a given func-
tion and 7 is a spatially regular white noise of the form (2.66). As was established
in Theorem 3.3.1, if sufficiently many first coefficients b; are non-zero, then
Eq. (3.84) has a unique stationary distribution. Moreover, by Theorem 3.5.2,

165
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the Markov process (u,P,,) defined by the equation is exponentially mixing,
and by Corollary 3.5.3, for any functional f € C7(H,w,,), where v € (0, 1] and
w,,(r) = e with 0 < 5 < 1, and any initial datum v € H the mean value
of the corresponding trajectory E, f(u;) converges to (f,u) as t — oo expo-
nentially fast (see inequality (3.133)). The following theorem shows that the
mean value with respect to the probability ensemble can be replaced by time
average. In this case, however, the convergence to the mean value holds only at
an algebraical rate.

Theorem 4.1.1. Under the hypotheses of Theorem 3.5.2, there is a constant
» > 0 such that for any e > 0, v € (0,1], v € H, and f € C"(H,w,.), with
P, -probability 1, we have

t
i 5 ([ pa)as— (2 ) =

Proof. We first outline the main idea. Without loss of generality, we can assume
that (f, u) = 0. We need to prove that, for any v € H,
. t
t727° [ f(us)ds — 0 with P,-probability 1. (4.1)
0

Let us denote by F; the filtration corresponding to the Markov process (u¢, Py)
(see Section 1.3.1) and consider Gordin’s martingale approximation:

M= [T ) | F) - Ef ) | o)) ds, e, 20. (@42

By Proposition 7.13.3, the process M, is a martingale with respect to the fil-
tration {F;} and the probability P,. Furthermore, relation (7.70) implies that

/0 flus)ds = /0 f(us) ds —|—/t flus)ds = M; — g(uz) + g(ug) +di,  (4.3)

where ¢ stands for the integer part of ¢ > 0,

dt:/i fus) ds, g(u)/ooo‘ﬁsf(u)ds. (4.4)

Using representation (4.3) and a priori estimates for solutions of the Navier—
Stokes system, we show that

¢
lim ‘t_i‘/ flus)ds — f_%ME =0 P,-almost surely. (4.5)
0

t—o0

Hence, to prove (4.1), it suffices to establish the SLLN for the discrete-time
martingale Mj. This will be done with the help of Theorem 7.12.1. We now
turn to the accurate proof divided into two steps.
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Step 1. We first prove (4.5). In view of (4.3), it suffices to show that

]P’v{ Jim. ke (k;glzﬂ |de| + \g(uk)l) = 0} =1. (4.6)

In what follows, we denote by C; positive constants that may depend on f, but
not on u. Let us set

Us= sup |wl;, Dp= sup |df.
k<t<k+1 k<t<k+1

By inequality (2.130), we can find positive constants C and « such that
P,{Uy > p} < C’lew’lgf"’p forve H, p>0.
Combining this with the Markov property and inequality (2.125), we obtain
P, {Uy > p} = B,P,, {Up > p} < Cre WE, %13 < Oy (7P 4 1)e77. (4.7)

On the other hand, in view of Corollary 3.5.3, we have

(o)
lg(v)| < / B f(v)|ds < Cse*PE, v e H (4.8)
0
Furthermore, the definition of d; implies that
Dy, < Cue”Yr for k> 0. (4.9)

Combining (4.7) — (4.9), for » < 7 we derive

S P Dy + lg(u)| = KV} < 3R {CuerVh 4 Gyl > 1)
k=1 k=1

< Z]P'U{C56%Uk > k1/4}

k=1
< 6'7(6'””‘g + 1) Z k4% < o0,
k=1

Hence, by the Borel-Cantelli lemma, there is a P,-almost surely finite random
integer kg > 1 such that

sup  |dy| 4 |g(uz)| < kY% for k> k.
R<t<k+1

This implies the required relation (4.6).
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Step 2. We now prove that
IP’v{ lim k=30, = o} —1 for any v € H.
k—o0

In view of Theorem 7.12.1, this claim will be established if we check that the
martingale differences Xy = M}y — M}, satisfies the condition

Zkfl’é E, X7 < oo foranyve H,§>0. (4.10)
k=1

It follows from (4.3) that

k
X = g(ug) — glug—1) +d,;, d, = Afl f(us)ds. (4.11)

By the Markov property, we have
E,Xj = EE,(X; | Fio1) = Evp(ur—1) = (Br-19) (v), (4.12)
where ¢(v) = E,X?. We see that

S ETTOEXE =D R (Bro1p)(v). (4.13)

k=1 k=1

To estimate the right-hand side of this relation, let us derive an explicit formula
for . It follows from (4.11) that

p(v) = Evgz(ul) + EvQQ(UO) + ]Ev(dl_)z
—2E,(9(u1)g(uo)) + 2E, (dy g(u1)) — 2B, (dy g(ug)). (4.14)

Now note that
Evg®(uo) = g*(v), Evg?(u1) = P1°(

E, (g(uo)g(u)) = g)Brg(v),  Eo(dy glun)) = g(v / P

Furthermore, using the Markov property, we write
1 2 1 1
E,(d])* =E, s)ds| = E, s dsd
2=, ([ suas) = [ [ B () s
1 gt
= s —s dsd y
2 [ () @ dsar
1 1
Ev(dlgwl)):EU(g(ul) / f(us)d8> — [ (P9 )ds
0 0

We now need the following lemma, whose proof is given at the end of this
subsection.
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Lemma 4.1.2. Under the hypotheses of Theorem 4.1.1, for any v € (0,1] and
sufficiently small s > 0 there exist positive constants o < v and p such that
the function g defined by (4.4) belongs to C*(H,w,) for any f € CV(H,w,)
satisfying the condition (f,u) = 0, and the linear operator taking [ to g is
bounded in the corresponding spaces. Moreover, the constants o and p can be
chosen in such a way that p — 0 as s — 0.

Lemmas 3.5.6 and 4.1.2 show ! that all the functions on the right-hand side
of (4.14) belong to the space C*(H,w,) with suitable constants o and p, and
their norms are bounded by C|f|,, .. Therefore we have ¢ € C*(H,w,) and

1€, 0 < Clflu, 4 (4.15)

Furthermore, since p — 0 as > — 0, Corollary 3.5.3 imply that if ¢ > 0 is
sufficiently small, then

|(Brp)(v) — (o, )] < Cs(lvl2) e, k> 0.

Combining this with (4.13), we see that condition (4.10) is satisfied. This com-
pletes the proof of the theorem. O

Proof of Lemma 4.1.2. Since g satisfies (4.8), to prove that g € C*(H,w,), it
suffices to show that if [f|, , <1 and (f,u) =0, then

lg(u) — g(v)| < Calu—v|* ePUulEHvE) e H. (4.16)
By Corollary 3.5.3, for any such function f € C7(H,w,,), we have
1B f(u)] < Cexp(—pt+ sul3), t>0, wecH. (4.17)

Combining this with (3.140), for any u,v € H and T > 0, we derive

o~ 9] < [ 1Bs() - Bl i+ [ (B + 1B f)]) dt

< (4 |u _ U|a ebT+P(|“‘§+|U‘§) 4 C’4efﬁT (ez\u@ + 6”'”‘3).

Choosing T = es(|ul3 + [v]3 + In(1 V |[u — v|3 ")), where 0 < & < 1, we arrive
at inequality (4.16) in which « and p are replaced with (o — e3r) A (Bex) and
(p + bese) V 3¢, respectively.

The fact that the linear operator taking f to g is continuous follows from
inequalities (4.8) and (4.16), which are true for any f € C7(H,w,,) such that
|f] < 1 and (f,u) = 0. Finally, the explicit form of the constant p implies

Wi,y =
that it goes to zero with s. O

Lemma 3.5.6 was proved for the Navier—Stokes system on the torus. However, when k = 0,
the assertions remain true in the case of a bounded domain.
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Exercise 4.1.3. Under the hypotheses of Theorem 4.1.1, prove that, for any
function f € C7(H,w,,) with a sufficiently small s > 0 and any measure A
satisfying the condition (w,.(Ju|2),\) < oo, we have

k—1
IP’A{k:l > fw) = (f,p) as k— oo} =1.
=0

Hint: Use the same scheme as for the continuous time. In this case, the mar-
tingale approximation is defined by

o0

My, = Z(E)\(f(ul) | Fre) — Ex(f (u) | Fo)).

=0

4.1.2 Law of iterated logarithm

The law of large numbers established in the previous subsection can be strengthen
to the law of iterated logarithm. To simplify the presentation, we shall confine
ourselves to the case of stationary solutions. The general case is briefly outlined
in Exercise 4.1.6.

As before, we consider the Navier—Stokes system (3.84), in which 7 is spa-
tially regular white noise of the form (2.66). Let {F;,t > 0} be the filtration as-
sociated with the corresponding Markov process (u¢, P, ). In what follows, we as-
sume that the hypotheses of Theorem 3.5.2 are satisfied and denote by u € P(H)
the unique stationary measure. Recall that, given a function f € CV(H,w,,)
with 3 < 1 such that (f,u) = 0, we defined g(u fo B f(u)ds; see (4.4).
Before formulating the LIL, we establish the followmg auxiliary result.

Proposition 4.1.4. Under the above hypotheses, we have

t 2
lim EM(\}E/O fus) ds) =2(fg,u) =07, o5 >0. (4.18)

t—o0
Moreover, oy > 0 if f # 0 and the constants b; entering (2.66) are all non-zero.

Proof. Using the Markov property and the stationarity of u, we write

£ Otf(us)d8>2 —5, [ [ sty dras

/ dr / W(F(us) | 7)) ds
/ dr/ fur)(Bs—r f)(ur)) ds

= / dr / (fBarf. 1) ds =2 / (P fp) ds

Dividing both sides of this relation by ¢ and using (4.17) together with Lebesgue’s
theorem to pass to the limit as t — oo, we arrive at (4.18).
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We now assume that b; # 0 for all j > 1 and prove that oy > 0, provided
that f # 0. Suppose, by contradiction, that oy = 0. We first show that

P, {M;, = 0 for all integers k > 0} = 1. (4.19)

Indeed, it follows from relation (4.3), which is true with P,-probability 1, that

k
/o flus)ds = My — g(ug) + g(ug), k>0. (4.20)

In view of the Markov property, we have
k 2
£ 02 <35, ([ Ju)ds) + 3B, lg()l + 3B, lotuo)
0

“am, ([ sas) 3 [ (gt + )t

Combining this with Corollary 3.5.3 and Lemma 4.1.2, we see that

k 2
Jim kT'E, M} < 3E, (/ f(us)ds) =0. (4.21)
Rl 0

On the other hand, since M}, is a martingale with stationary differences Xy, we
have

k 2 k
E.M!=E, (Z Xl> =E, ) X/ =kE,X7.
1=1 1=1
Substituting this into (4.21), we conclude that E,X? = 0 for any k > 0. It
follows that M = 0 almost surely for any k& > 0, and therefore (4.19) holds.

We now prove that relation (4.20) with M) = 0 cannot hold for all k£ > 0,
unless f = 0. Indeed, suppose there is a non-degenerate ball B C H and a
constant € > 0 such that f(u) > ¢ for v € B. Using the fact that b; # 0 for all
j > 1, it is not difficult to show that (cf. proof of Lemma 3.3.11)

Pu{uterorOgtSk}>0 for any k > 1.

It follows that

k
Pu{/ flus)ds > ks} >0 for any k> 1. (4.22)
0

On the other hand, since g is bounded on bounded subsets of H, we have
g(v) < C for v € B. This implies that if ug, ur € B, then |g(ug) — g(uo)| < 2C.
Choosing k > 1 so large that ke > 2C and recalling (4.22), we see that (4.20)
cannot hold with probability 1. The contradiction obtained completes the proof
of the proposition. O



172 CHAPTER 4. ERGODICITY AND LIMITING THEOREMS

Theorem 4.1.5. Under the hypotheses of Theorem 3.5.2, assume that? op >
0. Then for any v € (0,1], sufficiently small > > 0, and any function f €
C7(H,w,.) such that (f,n) =0 we have

: L
P"{llﬁgpm/o flus)ds = af} =1, (4.23)
o1
Pu{hglor.}fw/o flus)ds = —af} =1, (4.24)

where w(t) = (2tInlnt)/2,

Proof. In view of (4.5), it suffices to establish the LIL for Mj. To this end, we
shall apply Theorem 7.12.2. Let us define the conditional variance V;? by rela-
tion (7.58) in which E is replaced by E,,. The required result will be established
if we show that

P {k'Vi = 07 as k — oo} = 1. (4.25)

Repeating the calculations used in Step 2 of the proof of Theorem 4.1.1, we

see that
k

ETVE =) e(w),

=1

where p(v) = E,M?. As was mentioned in the proof of Theorem 4.1.1 (see
inequality (4.15)), the function ¢ belongs to C*(H,w,), where p — 0 as s — 0.
Therefore, by Exercise 4.1.3 with A = p and f = ¢, the required relation (4.25)
will be established if we show that (¢, ) = o7.

In view of relation (4.14) and the formulas for the terms in its right-hand
side, we have

(0, 1) = (Brg> 1) + (9% 1) +2/0 /O (B (fPBi—sf), 1) dsdt
— 2(g%B19, 1) +2/0 (B (fPB1-s9), 1) ds—2/0 (9Bsf, ) ds.  (4.26)

Let us denote by A,, the m*™ term on the right-hand side of this relation. Then,
using the stationarity of u, we derive

1 1
Al = (92”“)7 A3 = 2/ (1 - S)(fmsfa ‘LL) ds A5 - 2/ (fm&gv.u“) ds.
0 0

Substituting these expressions into (4.26) and using the simple relation

msngommsﬂfdt:g—/:mtfdu

we obtain the required result. The proof is complete. O

2We recall that, by Proposition 4.1.4, or >0if bj #0 for all j > 1.
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Exercise 4.1.6. Prove that the assertions of Theorem 4.1.5 remain valid for all
solutions. Hint: There are two possibilities: (a) one can apply Theorem 4.7
of [HH80] to prove that the martingale M}, satisfies the LIL; (b) using the
existence of a mixing extension, one can couple a given solution with a stationary
one. See the paper [Kuk02a] in which the latter idea is applied to prove a CLT.

Ezercise 4.1.7. Under the hypotheses of Theorem 3.5.2, assume that o5 = 0.
Show that, for any v € (0, 1], sufficiently small 5 > 0, and any f € C7(H, w,,)
such that (f, u) = 0, we have

Pu{tliglo %/0 fus)ds = 0} =1 (4.27)
Hint: Use (4.19) and (4.5).

4.1.3 Central limit theorem

Let us denote by N(0,0) the centred normal law with a variance 02 > 0 and
by &, its distribution function (see Section 7.4). Recall that the constant oy > 0
is defined by (4.18). The following theorem establishes the CLT for solutions
of (3.84), (2.66).

Theorem 4.1.8. Under the hypotheses of Theorem 3.5.2, the following conver-
gence holds for an arbitrary v € (0,1], sufficiently small 3¢ > 0, any function
feC"(H,w,) with (f,u) =0, and anyv € H:

DU<\2 /Otf(us)ds) 5 N(0,04) ast— oo, (4.28)

where D, denote the distribution of a random variable under the law P,.

Note that, in view of Lemma 1.2.16, the weak convergence (4.28) is equivalent
to

1 t
Py{ﬁ/ f(us)dsgx}%sﬁ[,f(x) as t — oo for any =z € R. (4.29)
0

A more detailed analysis enables one to prove that convergence (4.29) holds
with the rate ¢t=1/47¢ for any £ > 0; see [Shi06¢]. This rate is the best possible
in the case of martingales (see [Bol82]), but it is not known if it is optimal in
our context.

Proof of Theorem 4.1.8. We confine ourselves to the more complicated case
of > 0. The main idea of the proof is the same as in the previous two subsec-
tions: we use the martingale approximation to reduce the problem to a similar
question for martingales and apply a general result on CLT for martingales.

Let us note that, for any v € H, we have the relation (cf. (4.5))

t R 2
lim EU’t_l/Q/ flus)ds —i7Y2M;| =0,
t—o0 0
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which follows from (4.3) and the inequality
Ev|dt —g(ug) + g(uo)|2 < (Cp forallt>0,
with a constant Cy > 0 depending only on |v|s. Thus, it suffices to prove that
D, (k~Y2My) — N(0,04) as k — oo.

By Theorem 7.12.3, this convergence will be established if we check that the
martingale M}, satisfies Lindeberg’s condition (7.64). To this end, it suffices to
show that the martingale differences X}, satisfy the inequality

E, Xt < Cexp(clv|3) forall k > 0; (4.30)

see the remark preceding Theorem 7.12.3. To prove (4.30), using the Markov
property, we write (cf. (4.12))

E,Xp =E,E,(Xp | Fi1) = BBy X1 = Eotp(ug—1),

where we set ¥(v) = E, X{. Since

1
0(0) < Ca(Bug' () 490 + [ Bpu)as),
0
f e C'(H,w,), and g € C*(H,w,), where p — 0 as » — 0, we see from
Lemmas 3.5.6 and 4.1.2 that 1(v) < Cyexp(c|v|3) for v € H and some small
¢ > 0. Applying again Lemma 3.5.6, we arrive at the required estimate (4.30).
This completes the proof of Theorem 4.1.8. O

Ezercise 4.1.9. Prove analogues of Theorems 4.1.1, 4.1.5, and 4.1.8 for the
Navier—Stokes system perturbed by a kick force of the form (2.66). Hint: The
martingale approximation described in Section 7.13 remains true for discrete-

time RDS, and the same schemes apply. Note that, in this case the constant oy
entering the LIL and CLT is defined by the relation O'ch = 2(fg, 1) — (f?, ),

where g(u) = > oo B f(u).
Ezercise 4.1.10. Prove the SLLN, LIL, and CLT for Hélder continuous func-

tionals defined on higher Sobolev spaces. Hint: Combine Theorem 3.5.5 with
scheme used above.

4.2 Random attractors and stationary distribu-
tions

In this section, we study the relationship between stationary distributions for
Markov RDS and random attractors. We first establish a sufficient condition
ensuring the existence of a minimal random point attractor in the sense of almost
sure convergence. We next prove the Ledrappier—Le Jan—Crauel theorem which
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shows that there is a one-to-one correspondence between stationary distributions
and Markov invariant measures. Finally, we establish the main result of this
section claiming that the support of the disintegration of a Markov invariant
measure is a minimal random point attractor in the sense of convergence in
probability. We shall confine ourselves to the case of continuous-time RDS,
which is technically more complicated.

4.2.1 Random point attractors

Let X be a Polish space with a metric disty. For any subset K C H, we define
the function
. K) — inf di
distx (u, K) nf dist x (u, v),
where the infimum over an empty set is equal to +oco. Let (2, F,P) be a complete
probability space and let K = {K,,w € Q} be a family of closed subsets in X.

Definition 4.2.1. The family K is said to be measurable if for any v € X the
real-valued function w — distx (u, K,,) is (F, B(R))-measurable. In this case,
K will be called a closed random set. If, in addition, K, is compact for almost
every w, then K is called a compact random set.

Ezercise 4.2.2. Let K be a closed random set in X. Prove the following prop-
erties.

(1) If f: Q — X is an (F,B(X))-measurable function, then the function
w > distx (f(w), K,,) is measurable.

(ii) The function (w,u) — distx (u, K,,) is (F @ B(X), B(R))-measurable.

Hint: Use approximation by functions taking at most countably many values.

Let us assume that a group of measure-preserving transformations 8 =
{0;,t € R} is defined on Q and consider an RDS & = {¢¥,t € R} over 0
(see Section 1.3.2). We shall always assume that the trajectories ¢¥(u) are
continuous in time for any v € X and w € 2.

Definition 4.2.3. A compact random set A = {A,,w € Q} in H is called
a random point attractor for @ in the sense of almost sure convergence® if it
satisfies the following properties:

(i) Invariance. For almost every w € 2, we have

A, = Ag, t>0. (4.31)
(i) Attraction. For any v € X, we have

]P’{distx(gof"w(u), Ay) —»0ast — oo} =1. (4.32)

3In what follows, if there is no confusion, we shall simply say a random attractor.
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Definition 4.2.4. A random point attractor A is said to be minimal if for any
other random point attractor A" = {A/,w € Q} we have

A, C Al, for almost every w € Q.

The following theorem provides a sufficient condition for the existence of a
minimal random point attractor in the sense of almost sure convergence.

Theorem 4.2.5. Let & = {¢,t > 0} be an RDS over 6 in a Polish space X.
Suppose that there is a compact random set K = {K,} and a subset Q, € F of
full measure such that 6:(Q.) = Q. for allt € R and

distx(gof‘tw(u),Kw) —0 ast— oo for anyw € Qy, u e X. (4.33)

Then @ possesses a minimal random attractor.

Proof. Step 1. For any u € X and w € (), we set

Au(u,n) = ¢/ (w), (4.34)

t>n

where C denotes the closure of C in X. Note that A, (u,n) is the union of the

continuous curve {wf’tw(u), t > n} and of the set of its limit points. The latter
is a closed set that belongs to K, in view of (4.33). The sequence {4, (u,n)}
is a nested family of compact sets, and therefore

Ay(u) = (] Aw(u,n)

n>0
is a non-empty compact subset of X. Furthermore,
A, (u) is the set of all limiting points for the curve {apf’tw(u),t >0} (4.35)
Thus, by (4.33),
Ay(u) C K, forallue X, we Q,. (4.36)

We now define a family of subsets 4 = {A,,,w € Q} by the rule

{ U Au(w) for w € Q,,

Aw = ueX (437)

1% for w e 2\ Q..

Due to (4.36), A, is a compact set for each w € 2. We shall show that A is a
minimal random point attractor.

Step 2. Let us show that A is a compact random set. To this end, we need
to show that the function w +— distx (v, A) is (F, B(R))-measurable for any
veX.
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Using the compactness of A, (u,n), it is easy to show that

dist.x (v, A (u)) = lim_ distx (v, A (u,n)) = liminf dx (v, oy ")
— 00

n—oo

for any u,v € X and w € Q.. Since the probability space (Q, F,P) is complete
and P(Q.) = 1, we conclude that the function

d: X xXxQ->R, du,vw)=distx(v, A,(u)),

is measurable. By Corollary 7.3.2 of the projection theorem (see Section 7.3),
for any v € X the function
w inf d(u,v,w) = distx (v, Ay)
ueX
is universally measurable. Using again that (Q, F,P) is complete, we arrive at
the required result.

Step 3. Let us prove that A satisfies the invariance property. In what follows,
we shall sometimes write o;(w) instead of ¢¥ to avoid complicated expressions
in superscripts.

The invariance property is a consequence of the relation

07 Au(u) = Ag,(u) for any u € X, w € Q.. (4.38)

Indeed, if (4.38) is proved, then ¢YA,(u) C Ag,., whence it follows that
PP A, C Ap,.,. To establish the converse inclusion, note that ¢{’ A, is a compact
set containing Ay, (u) for any u € X. Therefore, it must contain the closure of
Uy Ag,w(u), which coincides with Ag,,,.

To prove (4.38), note that, in view of (4.35), a point v € X belongs to A (u)
if and only if there is a sequence t; — oo such that

@i, (0_y,w)u — v as j — oo.

Applying the continuous operator ¢} and using the cocycle property, we see
that
Pttt; (0 (t4e,) (Orw))u — pfv as j — oo.
This implies that p¥v € Ay, (u) for any v € A, (u), that is, oY A, (u) C Ag,w(w).
Conversely, suppose that w € Ay, (u) and choose a sequence t; — oo such that
@1, (0_¢; (Osw))u — w as j — oo. (4.39)
Now note that

@1, (0—¢, (Ow)) = @F 0 01, —k(0_(1,—yw) for t; > k. (4.40)

It follows from (4.35) that the sequence ¢, 1 (0_(;,—ryw)u has a limit point v,
which belongs to A, (u). Since ¢ is continuous, we conclude from (4.40) that

P, (0, (brw))u — @v  as j — oco.
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Comparing this with (4.39), we obtain ¢¥v = w. Since w € Ay,,, was arbitrary,

we have proved that oY A, (u) D Ag,u(u).
Step 4. We now prove that A possesses the attraction property. Let w € (.
and let v € X. If @f’twu does not tend to A,,, then there is a constant € > 0

and a sequence t; — 0o such that
distx (¢, (0—¢,w)u, A,) > e forall j > 1. (4.41)

In view of (4.33) and the compactness of K, there is no loss of generality in
assuming that the sequence {¢;, (6_¢,w)u} converges to a point in X. This point
belongs to A, which contradicts (4.41).

Step 5. Tt remains to show that A is a minimal random attractor. We claim
that if A" = {A/,} is another random attractor and €/, is the set of full measure
on which the attraction property holds for A’, then

A, C A, forweQ.NQ.. (4.42)

Indeed, for any w € Q. N, and v € X the set A/, must contain all the limit
points of the curve {p:(0_;w)u}. It follows that

A,(u) C Al, for any u € X.

Since A/, is closed, we conclude that (4.42) holds. To complete the proof of
Theorem 4.34, it remains to note that €, N’ is a set of full measure. O

In what follows, we shall need another concept of random attractors for
which the attraction property holds in a weaker sense.

Definition 4.2.6. A compact random set A = {A,,w € O} in X is called a
random point attractor for @ in the sense of convergence in probability (or a weak
random attractor) if it possesses the following properties (cf. Definition 4.2.3):

(i) Invariance. For any ¢t > 0 and almost every w € €, we have oY A, = Ag, ..

(ii) Attraction. For any v € X, the function w — distx(cpf’twu, A,) converges
to zero in probability as k — +o0, that is, for any € > 0, we have

P{distx (o1 (0_sw)u, A,) > e} =0 ast— oo. (4.43)

Note that the convergence “from the past” (4.43) is equivalent to the con-
vergence “in the future”

P{dist x (¢{'u, Ag,,) > €} =0 ast— oo, (4.44)

because 6; preserves P, and for discrete-time RDS, the invariance property of
Definitions 4.2.6 and 4.2.3 are equivalent. Since almost sure convergence im-
plies convergence in probability, any random attractor (in the sense of Defini-
tion 4.2.3) is also a weak random attractor. However, it does not need to be
minimal (cf. Definition 4.2.4).
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A natural question is whether (weak) random attractors contain “all rele-
vant information” on the system as time goes to +oc. In particular, do they
support disintegrations of invariant measures? In general, the answer is neg-
ative (see [Bax89, Cra0l]). There is, however, an important class of invariant
measures for which this property is true. They are called Markov invariant
measures and are studied in the next section.

4.2.2 Ledrappier—Le Jan—Crauel theorem

Let (Q, F,P) be a complete probability space, let X be a Polish space, and
let @ = {p¥,t > 0} be a Markov RDS over a measure-preserving group of
transformations 8 = {0;,t € R}. Recall that the concepts of an invariant
measure for @ and of its disintegration, as well as the class P(2 x X, P), were
introduced in Section 1.3.4.

Definition 4.2.7. An invariant measure 9 € P(2 x X,P) for & is said to be
Markov if its disintegration {u,} is Fo-measurable, that is, for any I' € B(X)
the function w +— p, (T) is (Fo, B(R))-measurable.

The following proposition shows that the time ¢t = 0 does not play any
particular role for a Markov invariant measure.

Proposition 4.2.8. Let M € P(Qx H,P) be an invariant measure for a Markov
RDS ®. Then following properties are equivalent:

(a) M is Markov.
(b) pw is Fi-measurable for some t € R.
(€) b is Fi-measurable for any t € R.

Proof. We shall only show that (b) implies (a), because the proof of the impli-
cation (a) = (c) is similar, and (c) trivially implies (b).

Suppose that p,, is Fi-measurable for some ¢ > 0. Then the random measure
Ho_, 1s Fo-measurable and the mapping w — gof’twu acting from Q to X is
(Fo, B(X))-measurable. We claim that the random measure (cpf’tw)*ugfw is
Fo-measurable. If this is proved, then the Fy-measurability of u,, follows from
relation (1.72) and the fact that Fy contains all subsets of F of zero measure.

We need to show that the real-valued function f(w) = ug_tw((apf‘tw)’l(F))
is Fo-measurable for any I' € B(X). We have

£) = [ oyu)pa (v, (4.45)
p's
where h(w,u) = Hp((pf’twu). The function h is (Fo ® B(X), B(R))-measurable.

If it was the product of two functions hj(w) and he(u), then the integral (4.45)
could be written in the form

() /X o (w)pto. o (du),
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and the required measurability would follow immediately. The Fy-measurability
of (4.45) in the general case can be obtained with the help of the monotone class
technique. We leave the details to the reader as an exercise. O

We now turn to the main result of this section, which shows that there is
a one-to-one correspondence between the Markov invariant measures and the
stationary distributions for @.

Theorem 4.2.9. Let & = {¢}Y,t > 0} be a Markov RDS in a Polish space X.
Then the following assertions hold.

(i) Let M € P(2 x X,P) be a Markov invariant measure and let {p.,} be
its disintegration. Then E u. is a stationary measure for @. Moreover, if
M € P(Q x X,P) is another Markov invariant measure with disintegra-
tion {p,} such that Ep! = Ep., then M = M.

(ii) Let p € P(X) be a stationary measure for . Then for any sequence
tr, + oo there is a set Q € F of full measure such that there is a weak*
limit

o = Tim 1, (B—1,0). (1) (4.46)

k—o0
for any w € Q. Moreover, if {t}.} is another sequence going to +oo, then
the corresponding family of measures {ul,} coincides with {u.} almost

surely. Finally, the measure M € P(Q x X, P) defined by its disintegra-
tion* {u,} is a Markov invariant measure for ®, and E . = pu.

Thus, there is a one-to-one correspondence between the stationary measures and
Markov invariant measures for ®.

Proof. (i) In view of Proposition 1.3.27, we have

(f((ptu)v /Lw) - (f, /‘LGtUJ) P-almost SurelYa (447)

where f : X — R is an arbitrary bounded measurable function. We wish to
take the mean value. Using the fact that p,, is Fo-measurable and @su is F; -
measurable and recalling that Fy and F;" are independent, we can write

E (f(‘ptu)a :uw) = (E f(‘:ptu)vE:U’w> = (mtfa /1')7 (448)

where we set p = Ep.. On the other hand, since P is invariant with respect
to 6, we have

E(f, po,w) = (f, ). (4.49)
Combining (4.47) — (4.49), we obtain

(f,Biw) = (f,p) for any bounded measurable function f,

whence it follows that p is a stationary measure for &.

4We set i, =~y for w € Q\ Q, where v € P(X) is an arbitrary measure.
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Ezercise 4.2.10. Justify the first equality in (4.48) and relation (4.49). Hint:
Use the monotone class technique.

We now prove the second part of (i). Let us fix any increasing sequence {t}
going to +o0o. In view of Proposition 1.3.27, with probability 1 we have

Ot (G_tkw)ug%kw =, forall k>1. (4.50)

It follows that

[ 1 tnnmowldn) = [ fpaldn) for any k1, 1 € G(X),
X X

(4.51)
Let us set Gx = F|_y, o] for & > 1 and note that f(py, (0_¢,w)u) is Gp-measurable,
while Ho_¢, w is mdependent of Gi.. Therefore, taking the conditional expectation
of both sides of (4.51) given Gy, with probability 1 we derive

/X £ (91 (0 o)) () = E((f, 1) | G)- (4.52)

Since p,, is Fo-measurable and Fy = 0{Gy, k > 1}, we see that the right-hand
side of (4.52) is a right-closable martingale with respect to the filtration {Gy}.
Hence, by Doob’s theorem on convergence of right-closed martingale sequences,
we have

klig.lo('ﬂ Pty (G,tkW) ) hm f(‘Ptk (G*tkw)u)u(du) = (f7 /J'w)

k—o00

for any f € Cp(X) and almost every w € Q. Theorem 7.5.2 now implies that
there is a set of full measure Q € F such that (4.46) holds, where the convergence
of measures is understood in the weak™ topology. It follows that s, is uniquely
defined by p on the set €, and therefore 9 = M for any Markov invariant
measure I’ for which the associated stationary measure coincides with p.

(ii) Let us take an arbitrary sequence {¢x} going to +oo. Without loss of
generality, we can assume that {¢;} is increasing. Given a bounded continuous
function f : X — R, consider the sequence & (w) = (f, ¢, (0—¢,w)p). Sup-
pose we have shown that {£;} is a martingale with respect to the filtration
Gr = Fl—t,,0)- Since {{} is bounded uniformly in & and w, Doob’s martingale
convergence theorem implies that £ (w) converges almost surely In particular,
for any f € Cy(X) the sequence (f, u*) converges for almost every w € Q. There-
fore, by Theorem 7.5.2, there is a random probability measure {u,} C P(X)
and a set of full measure Q € F such that (4.46) holds.

We now prove that {£;} is a martingale. Setting gi(w,v) = f(pt, (0—t,w)v),
we can write

&k = (gk(wv')’u) = (gk(w,v),u(dv)).
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The cocycle and Markov properties imply that

E{&+1 16k} =E{(grs1(w, ), 1) |Gk }
= E {(g1(w, ¢s, (01, 0)v), 1(dv)) | G }
= Euw { (g5 (w; @5, (01, , W' )0), p(dv)) }
= Eur { (gr(w, @s, (W')0), p(dv)) }
= (Psgr(w, )i 1) = (gr(w, ), Bs, 1) = &
where s = tp+1 — tg, and we used that p is a stationary measure for @.

Let us show that the limit in (4.46) does not depend on {¢;}. Indeed, let {¢} }
be another sequence going to +oo and let y/, be the corresponding limit. Let us
consider the altered sequence {sp} = {t1,t],t2,5,...}. Since the limit (4.46)
with ¢, = s, also exists almost surely, we conclude that u,, = u/, for a.a. w € Q.

We now set

M(dw, du) = p, (du) P(dw) (4.53)

and prove that is a Markov invariant measure for @. Indeed, the definition of 9t
implies that its disintegration is JFp-measurable. To prove that 901 is invariant,
it suffices to show that

©F e = Mo, for any t >0 and a.e. w € Q. (4.54)

Let us set ¢, = kt and denote by Q the set of convergence in (4.46). Choose
any w € 2 such that 6w € Q. Then convergence (4.46) and the cocycle property
imply that

(. 05 ) = /X o u)po(du) = Tim | F(92u) (9 (0—sw)s) (du)

k—o0 X

= lim f(‘p‘tu O Yy, (Q*tkw)u> :u’(du)

k—o0 X

= lim . f(‘ptk+1 (9*tk+1 (Hthu) M(du) = (fa ,U/Otw)'

k—o0

Since f € Cy(X) is arbitrary, it remains to note that the set {w € Q : f,w € Q}
is of full measure.

It remains to show that E u. = p. To this end, take any function f € Cp(X)
and note that, in view of (4.46), we have

(f, o) = klim (f, ok (0_gw)p) for almost every w € Q.
—o00

Taking the mean value of both sides and using the Lebesgue theorem on domi-
nated convergence and the stationarity of u, we obtain

E(f,p) = lim E (f, o (0-x)p)

— lm E /X Flipw) pldu) = Tim (Bef, u) = (f,1).

k—o0

The proof of Theorem 4.2.9 is complete. O



4.2. RANDOM ATTRACTORS AND STATIONARY DISTRIBUTIONS 183
Ezercise 4.2.11. In the setting of Theorem 4.2.9, prove that, for any I" € B(X)
and any sequence {t;} going to +oo, we have

(1, (O, w)p) (T) = py(T)  as k — oo for almost every w € Q.

Hint: The fact that {4} is a martingale is true for any bounded measurable
function f.

We now study the relationship between the support of the disintegration for
a Markov invariant measure and weak random attractors.

Proposition 4.2.12. Let @ be a Markov RDS, let M € P(QAxP,P) be a Markov
invariant measure for @ with disintegration {u,}, and let A = {A,} be a weak
random attractor for ®. Then

Supp pw C Ay for almost all w € Q. (4.55)

Proof. Step 1. We first show that if f(w,w) is a real-valued bounded measurable
function on 2x H that is continuous in v and u € P(H ) is the stationary measure
associated with 9 (see Theorem 4.2.9), then

/ F(w, 0" u) pu(du)P(dw) — / / F(w, 1) oo (du)P(dw) (4.56)
QxH QxH

as k — oo. Indeed, by (4.46), for almost every w € Q, we have

[t ) = [ e (o n @ > [ @)

as k — oco. Taking the mean value with respect to w and using the Lebesgue
theorem on dominated convergence, we obtain (4.56).

Step 2. We now fix any integer n > 1 and set

folw,u)=1— (ndistx(u,Aw)) A,
A ={u € H : distx(u, A,) < 1/n}.

Applying (4.56) to f,, we obtain

dim [ el nawps) = [ [ £ n@p)

QxH QxH

< [ notazp). (4.57)
On the other hand, it follows from (4.43) that

lim [ fo(w, SOZ *u)P(dw) =1 for any u € H.

k—o0 Q
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Integrating this relation with respect to 1 and using again the Lebesgue theorem,
we derive

k—o0
QxH

lim // fn(w,QQZ”“wu)u(du)IP’(dw) =1 (4.58)
Comparing (4.57) and (4.58), we see that

[ oAz ) = 1.
Q
It follows that
P{we Q:pu,(A) =1} =1 for any integer n > 1.
Since N, A, = A,,, we obtain the relation

]P{Nw(Aw) = 1} =1,

which is equivalent to (4.55). O

4.2.3 Ergodic RDS and minimal attractors

We now study the connection between invariant measures and random attractors
for ergodic RDS. As before, we denote by @ = {¢Y,t > 0} an RDS in a Polish
space X over a group of measure-preserving transformations 8 = {0;,t € R}.
We shall assume that @ satisfies the two hypotheses below.

Condition 4.2.13. Compactness: There is a compact random set K = {K,,}
attracting trajectories of ¢¢ (in the sense specified in Theorem 4.2.5). Moreover,
for any € > 0 there is Q. € F and a compact set C. C X such that P(2.) > 1—¢
and

_w

gpf u€ele forweQ,ueX,t>t(u), (4.59)

where the time ¢.(u) > 0 depends only on u and e.

Condition 4.2.14. Mixing: The RDS @ is of mixing type in the following
sense: it has a unique stationary measure p, and for any f € L,(X) and any
initial point u € X we have

Bl () =B o) = (F0) = [ Sutd) st oo (460)

Ezercise 4.2.15. Prove that if an RDS & satisfies Condition 4.2.13, then there
is a compact random set A = {A,} that satisfies the invariance property of
Definition 4.2.6 and the attraction property of Definition 4.2.3. In particular,
A is a weak random attractor for @. Hint: Repeat the scheme used in the proof
of Theorem 4.2.5.
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Recall that the concept of the semigroup associated with an RDS was intro-
duced in Section 1.3.4. The following theorem shows that if a Markov RDS &
satisfies Conditions 4.2.13 and 4.2.14, then the associated semigroup ©; also
possesses a mixing property. For any sub-c-algebra G C F, denote by L(X, G)
the set of measurable functions F'(w,u): Q x X — R that are G-measurable in w
for any fixed u € X and satisfy the condition

ess sup || F(w, )|z < oo. (4.61)
weN

Theorem 4.2.16. Let us assume that @ satisfies Conditions 4.2.13 and 4.2.14.
Let € P(X) be the unique stationary measure for @ and let M € P(Q x X, P)
be the corresponding Markov invariant measure. Then for any F € L(X,F ™)
we have

]EF(@t(-,u))—>(F,im):/Q/XF(w,u)uw(du)P(dw) ast— o0, (4.62)

where u € X s an arbitrary initial point.

Let us denote by u,, the disintegration of 9t and set

Supp fi,, w € Q,
A, = . 4.63
{ &, w ¢ Q, ( )

where Q0 € F is a set of full measure on which the limit (4.46) exists. By
Corollary 1.6.5 in [Arn98], A, is a closed random set. Moreover, it follows
from (4.46) that A, is measurable with respect to F~ in the sense that the
function w +— distx (u, A,) is (F~, B(R))-measurable for any u € X.

Theorem 4.2.17. Let us assume that @ satisfies Conditions 4.2.13 and 4.2.14.
Then the random set { A, } defined by (4.63) is almost surely compact and forms
a minimal weak random attractor for ®.

Proof of Theorem 4.2.16. Step 1. We first assume that F(w,u) € L(X, Fj_s0)
for some ¢ > 0. Since 6; preserves P, for any t > s > 0 we have

pe(u) == EF(@tw, <p‘t"u) = EF(w, tpf"’wu) = ]EE{F(w, tptg_twu) "7:[_870]}.

By the cocycle property (see (1.62)),

G,f,w

o =l o g, s <t

Hence, setting Fy(w,u) = F(w, (pz‘swu), for any s < t we derive
0_tw
pe(u) = EE{F,(w, 0, _4"u) | Fi_s,0 }- (4.64)

We now note that Fi € L(X, F_ ) if s > £. Since npfjgwu is measurable with
respect to F|_y ) and since the o-algebras F[_, g and F|_; _ are independent,

it follows from (4.64) that

pr(w) = EE{ Fy(w, !~ u) = E (P, F)(w, u), (4.65)
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where £ < s <t and E’ denotes the expectation with respect to w’. In view of
Condition 4.2.14 and the Lebesgue theorem, for any s > ¢, the right-hand side
of (4.65) tends to E (Fs(w, "), ) as t — +oo. Recalling the definition of Fy, we
see that

(FS(OJ, ')nu') = (F(wv ')790?,54:.;#) - (F(wv'),/iw) as § — o0,

where we used Proposition 1.3.27. What has been said implies the relation

lim pi(u) =E (F(w,"), ),

t——+oo

which coincides with (4.62).

Step 2. We now show that (4.62) holds for functions of the form F(w,u) =
f(u)g(w), where f € Ly(X) and g is a bounded F~-measurable function. To
this end, we use a version of the monotone class theorem.

Let us fix f € Ly(X) and denote by H the set of bounded F~ -measurable
functions g for which convergence (4.62) with F' = fg holds. It is clear that H
is a vector space containing the constant functions. Moreover, as was shown
in Step 1, it contains all bounded functions measurable with respect to F[_, g
for some ¢ > 0. Since the union of F[_, o}, £ > 0, generates F—, the required
assertion will be proved as soon as we establish the following property: if g, € H
is an increasing sequence of non-negative functions such that ¢ = supg, is
bounded, then g € H.

Suppose that a sequence {g,} C H satisfies the above conditions. Without
loss of generality, we shall assume that 0 < g, g, < 1. By Egorov’s theorem, for
any € > 0 there is Q. € F such that P(Q.) > 1 — ¢ and

lim  sup |gn(w) — g(w)| = 0.

n—+00 wEN,

It follows that for any € > 0 there is an integer n. > 1 such that n. — +o00 as
e — 0 and

In. (W) < g(w) < gn. (W) +e+Iae(w) forall we.

tw

Multiplying this inequality by f (apf’ u), taking the expectation, passing to the
limit as ¢ — 400, and using the estimate P(Q¢) < e, we derive

E{(f. )gn. (@)} < lim inf E{f (0} “u)g ()}

< limsup]E{f(gpf’twu)g(w)} < ]E{(ﬂ Ho) . (w)} + 2e.

k—-+o0

Since ¢ > 0 is arbitrary and E{(f, ttw)gn. (W)} — E{(f, pw)g(w)} as e — 0
(by the monotone convergence theorem), we conclude that

E{/(¢7u)g(0w)} = E{f(o}~“u)g(w)} 5 B{(/. p)g(w) },



4.2. RANDOM ATTRACTORS AND STATIONARY DISTRIBUTIONS 187

which means that ¢ € H. This completes the proof of (4.62) in the case
when F(w,u) = f(u)g(w).

Step 3. Now we consider the general case. Let F' € L(X, F~) be an arbitrary
function such that [|[F(w,-)|[r(x) < 1 for a.e. w € Q. For any u € X and
e > 0, we choose t.(u) > 1, Q. € F, and C. € X for which (4.59) holds.
By the Arzela—Ascoli theorem, the unit ball B, = {f € Ly(C.) : ||fllr < 1}
is compact in the space Cy(C.), and therefore there is a finite set {h;} C B.
whose e-neighbourhood contains B.. It follows that B. can be covered by non-
intersecting Borel sets U; 3 h;, 7 =1,..., N, whose diameters do not exceed 2¢.
Let us denote by f; € L(X) arbitrary extensions of h; to X such that || f;||z < 2.
For instance, we can take

fi(uw) = vig(i (hj(v) + distx (u,v) A1),

Let us consider the following approximation of F':
N
GE(wvu) = ij(u)gj(w)’ gj(w) = ]IUj (ch(wv'))’
j=1

where Fe_(w,u) is the restriction of F' to 2xC.. Since only one of the functions g;
can be non-zero, we have [|G.(w,")|lcc < 2. Therefore, for any v € X and
a.e. w € ), we derive

|Ge(w,u) = F(w, )] < 26 +Iee (u) ([|Ge(w, ) lloo + 1 F(w, )o0)
< 2e + 3lee (u), (4.66)

where we used the inequality ||F(w,)|lcc < 1. Let us set
pi(u) = E F(Oww, ofu), pi(u,€) = EGe (0w, pf'u).

It is clear that

|pt(u)—(F,Em)| < ‘pt(u)—pt(u,e)’+|pt(u,5)—(GE,9ﬁ)’—|—|(GE—F,9ﬁ)|. (4.67)
Let us estimate each term on the right-hand side of (4.67). Combining (4.59)
and (4.66), for t > t.(u) we derive

|pt(u) - pt(u7€)| S ‘E{F(w7 (ptg_twu) - GE(W7 gpf_twu)}|
<2+ 3P{p) *“u) ¢ C.} <2 4+ 3P(QF) <5e.  (4.68)

Furthermore, the functions g; are 7 ~-measurable, and hence, by Step 2, for any
fixed € > 0,
pr(u,e) = (G, M) as t — +o0. (4.69)

Finally, inequality (4.66) implies that

[(Ge — F,9M)| < 2e + 3(I¢e, M) = 2e + 3u(CY). (4.70)
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Since € > 0 is arbitrary, it follows from (4.67) — (4.70) that the required conver-
gence (4.62) will be established if we show that p(CS) — 0 as e — 0.
To this end, we note that

n(ed) = [ Pleru ¢ Chutan). (4.71)
It follows from Condition 4.2.13 that, for any fixed u € X,
limsupIP){gofu ¢ CE} = limsup]P’{gof’twu ¢ CE} <e.
t—+o0 t—4o00

Passing to the limit ¢ — 400 in (4.71), we conclude that u(CS) < e for any
€ > 0. This completes the proof of Theorem 4.2.16. O

Proof of Theorem 4.2.17. We first show that A, is compact for almost every
w € Q. To this end, note that, by Exercise 4.2.15, the RDS possesses a (compact)
weak random attractor {A/,}. Furthermore, by Proposition 4.2.12, we have
A, C A, for almost every w. Since A, is closed, we obtain the required result.

We now prove that the compact random set {A4,} is a random attractor.
Let us fix § € (0,1) and consider the function

Flou)=1-3txlwde) g0 e X, we

We claim that F' € L(X, 7). Indeed, the definition implies that F(w,u) is a
bounded measurable function and that

|F(w,u) — F(w,v)| < disb‘f(”’v) for all u,v € X, w e Q.

Thus, F' satisfies (4.61). Since A, is a compact random set measurable with
respect to F—, we conclude that so is the function F. This proves the required
properties of F'.

Since F(w,u) = 1 for u € A,, we see that (F,9%) = 1. So, applying
Theorem 4.2.16, we get

distx (¥ u, Ag,w)
0

]EF(Qtw7go;"u):1—]E< /\1) — (F,M) = 1.

That is,
distx (¢ u, g,
pe(u) == IE( e X(@t&“’ o) 1) 0. (4.72)

We now note that, by Chebyshev’s inequality,

pi(u)
1)

In view of (4.72), the right-hand side of this inequality goes to zero as t — +oo.
This completes the proof of the fact that A, is a random attractor.

P{distx((pfu,Agtw) > 5} <

To show that A, is a minimal random attractor, it suffices to note that,
by Proposition 4.2.12, the Markov invariant measure 91 is supported by any
random attractor {A/ }, and therefore supp p, C A/, for a.e. w € Q. O
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4.2.4 Application to the Navier—Stokes system

In this subsection, we show that Theorems 4.2.16 and 4.2.17 can be applied to
the Navier—Stokes system (3.84) perturbed by a white noise force (2.66). To this
end, it suffices to check that Conditions 4.2.13 and 4.2.14 are fulfilled. As was
proved in Theorem 3.3.1, the second condition holds if the coefficients b; are all
positive and satisfy (2.67). Thus, we shall concentrate on Condition 4.2.13 and
prove that it holds for any sequence b; satisfying the hypothesis

B = Z(ij? < 0. (473)
=1

Recall that a Markov RDS associated with the Navier—Stokes system per-
turbed by a spatially regular white noise was constructed in Section 2.4.4.
We denote by (Q, F, F;,P) the corresponding filtered probability space and by
0; : © — § the group of shift operators on 2. We shall show that the required
properties are implied by the following proposition.

Proposition 4.2.18. There is an increasing sequence of subsets Qi € F satis-
fying the following properties.

(i) The union Q. = UrQy is invariant under the group 0; and has the full
measure.

(ii) For any k > 1 there is an almost surely finite random constant Ry such
that

Hsﬁta_tw(w)nl < Rig(w) forwe Q, we H, t > Ti(w), (4.74)

where Ty, (w) > 0 is a deterministic constant.

Taking this result for granted, let us check Condition 4.2.13. We first prove
the existence of a compact random set attracting the trajectories. Let us set €2,
be the set defined in Proposition 4.2.18 and let

By (Rk(w)) for w e O \ Q—1,
K, =
a, for w ¢ Q,,

where g = @. Then K = {K,} is a compact random set in H. We claim that
it is an absorbing set. Namely, there is a measurable function T : H x Q, — R
such that

gof’tw(w) €K, foranywe H,we Q, t > T(w,w). (4.75)

Indeed, if we set T(w,w) = Ti(w) for w € Qi \ Qp_1, then (4.75) follows
immediately from (4.74). Furthermore, since T}, is almost surely finite, so is T'.

We now prove (4.59). Let us fix ¢ > 0 and choose k. > 1 so large that

P(Q.) > 1 —5. We next find p. > 0 such that P{Ry, > p.} < 5. It is
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straightforward to see that (4.59) holds with C. = B,_(V) and t.(u) = Tj_(u).
Thus, it suffices to establish Proposition 4.2.18. Before doing so, we summarise
the properties resulting from the application of Theorems 4.2.16 and 4.2.17 to
the Navier—Stokes system (3.84).

Theorem 4.2.19. Let us assume that the random part n of the external force
in (3.84) is such that b; # 0 for all j > 1 and B1 < co. Let p be the corre-
sponding unique stationary measure and let {p,} be the Markov disintegration
of the invariant measure associated with . Then there is a full measure event
Q C Q such that the random set A,, defined by (4.63) is a minimal weak random
attractor for (3.84).

Let us mention that similar results hold for the Navier—Stokes system per-
turbed by a random kick force. Furthermore, the weak random attractor de-
scribed in Theorem 4.2.19 is contained in the global random attractor, which may
be even larger than the one constructed in Theorem 4.2.5. A minimal global
random attractor {A,} is uniquely defined (in the sense described in Defini-
tion 4.2.4), and for many stochastic PDE’s (including the 2D Navier—Stokes
system), it is known that the Hausdorff dimension of almost every set A, can
be estimated by a deterministic constant; see [Deb97, Deb98, LRO6].

Proof of Proposition 4.2.18. We shall need the following auxiliary result estab-
lished at the end of this subsection.

Lemma 4.2.20. Suppose that (4.73) holds and define a process ((t) as in (2.98).
Then for any a > 0, the stochastic integral

t
colt) = / eo-Lgc(s), teR, (4.76)
defines an H-valued stationary process possessing the following properties.

(i) The process z, is adapted to the filtration {F;,t € R}, and its trajectories
belong to the space C(R; V)N L2 (R; V?2) with probability 1 and satisfy the
equation

‘4 alz=9((t), teR. (4.77)

(ii) For any v > 0 and almost every w € §, we have

sup  ||za(t)]1 < oo, (4.78)
—1<t<0
. — 2 _
Jim [t]™"[2a(t)l3 =0, (4.79)
1 [ B
lim — [ |Vza(s)|3ds = —, (4.80)

(4.81)
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We wish to construct an increasing sequence {Qx} C F satisfying (i) and
random constants Ry > 0 such that the solution u of Eq. (3.84) issued from w
at time ¢t = t( satisfies the inequality

lu(0)|l1 < Ri(w) for we Qp, we H, tg < —Tg(w). (4.82)

This will imply the required inequality (4.74).
Let u(t) be a solution (3.84) satisfying the initial condition

u(ty) = w.

We can write it in the form v = z, + v, where the (large) constant o > 0 will
be chosen later. Then v must satisfy the equations

O+ vIv+ B+ zo) =h+ (@ —v)Lza, v(tg) =w — 24(to). (4.83)

For fixed M > 0 and k € Z4, let Q be the set of those w € 2 for which
1 0 2 M vait 2
I |Lzo(s)l3ds < —, €"zq(t)]3 <1 for t< —k. (4.84)
¢ !

By (4.81), for a sufficiently large M > 0 we have P(2;;) — 1 as k — oo, whence
it follows that the union €, = U, is a set of full measure. Moreover, it is
easy to see that it is invariant under the shifts. The proof of (4.82) is divided
into two steps.

Step 1. We first show that

sup |u(t)]2 < 7p(w) forw e Qp, we H, tg < —Tj(w), (4.85)
—1<t<0

where 7 is an almost surely finite random constant and 7} depends only on w.
Taking the scalar product of (4.83) with v and carrying out some transforma-
tions based on Schwarz’s inequality and standard estimates of the nonlinear
term, we derive

aulvl3 +vvl|f < Crg(t) + C1|Vzal3lvf3, (4.86)

where g = |h|3 + a?|Vz4|3 + |2al2|L2al2- Since ||v]|1 > a1|v]3, applying Gron-
wall’s inequality, we obtain

t
o(t)]5 < e 4w — 2o (to)[5 + Cl/ e 49g(s) ds, (4.87)
to
where we set .
Alt,s) = / (vaq — C1|Vza(r)]3) dr.
Choosing a > 0 sufficiently large, we see from the first inequality in (4.84) that

A(t,s) >vag(t—s—1) for =1 <t<0, s < -k, we Q.



192 CHAPTER 4. ERGODICITY AND LIMITING THEOREMS

Substituting this into (4.87) and using the second relation in (4.84), for ¢y < —k,
—1 <t <0, and w € Q we obtain

[o(t)]3 < Ca(1+ e |w]3)

—k ¢
+ Cs (/ everlt=s=Ng(s) ds + / e~ A3 g(s) ds) .
—o0 —k

This implies the required inequality (4.85), in which

—k t
rp(w) = Cy (2 +/ e’ 1=V g(s)ds + sup / e A3 g(s) ds).

—0o0 —1<t<0 J -k

Step 2. We now use the regularising property of the Navier—Stokes dynamics
to prove that

[[v(0)]|1 < Fr(w) for w e Qk, we H, tg < —Ti(w), (4.88)

where 7, are random constants. Once this inequality is established, the required
estimate (4.82) with Ry (w) = ||2a(0)|l1 + 7r(w) will follow from the representa-
tion u(0) = 24(0) + v(0).

Integrating (4.86) in ¢ € (—1,0) and using (4.85) and the first inequality
in (4.84), we get

0

1 0
v / lo(@®)|2dt < Jo(~1) + Oy / g(t)dt + Oy / V20 2 of2dt
0 —1

-1
0 0

< rp(w) <1 + 01/ |Vza|§dt) + 03/ (1+ |Lzal3) dt
—k —k

§ C4k rk(w). (489)

We now take the scalar product in H of (4.83) with 2(¢ + 1)Lv. After some
transformations, we obtain

Oy ((t+ 1) |ILY20[3) + v(t + 1) |Lv|3 < 0] + Cs(t + 1) (|h]3 + [[2al13)
+Cs5(t+1) (v + 2alol L0 + 2a)l2) v + 21| Lvfa.

It follows from (4.85) and (4.78) that the last term on the right-hand side of
this inequality can be estimated by

Cs(w)(t + 1) (|Lvfs"* + [Lzal3?) (ILY?0]2 + 1),

where Cg is a random constant. Therefore, the function ¢ (t) = (t+1)|L'/2v(t)|2
satisfies the differential inequality

U'(8) < Cr(w)d(t) + Cr(w)(|Lzal3 + 0l +1), —1<t<0.
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By Gronwall’s inequality, we obtain
0
o)1 < e [ (1Lzalf + ol + 1) at
-1

0 0
§6C7(‘*’)</ |Lza|§dt+/ ||v||§dt+1).
—k —1

Recalling (4.84) and (4.89), we arrive at the required inequality (4.88). This
completes the proof of the proposition. O

Proof of Lemma 4.2.20. The fact that z, is a well-defined H-valued stationary
process possessing properties mentioned in (i) follows easily by finite-dimensional
approximations (cf. proof of Proposition 2.4.2). Therefore we shall confine our-
selves to the proof of assertion (ii).

An analogue of Proposition 2.4.10 is true for the process z,. By stationarity,
it follows that

E( sup exp(al/HzaH%)) =C; <oo forall T eR, (4.90)
T<t<T+1

where o > 0 does not depend on v and T'. Inequality (4.90) implies, in partic-
ular, that (4.78) holds. Let us introduce the events

Ty = { sup  |za(t)]s > zw/‘*}, k> 1.
—k<t<l—k

Then (4.90) implies that Y, P(I'y) < oo, whence it follows that |z, (t)]2 < t~7/4
for t < —tg, where ty > 0 is an almost surely finite random constant. We thus
obtain (4.79).

To prove (4.80), we apply Itd’s formula to the process |z, (t)|3. This results
in

0 0
20(0) 3 + 20 / V0 () Bds = 2 (t)3 + BJt] + 2 / (2a(s), dC(5)).

Dividing this relation by 2«/|t|, we derive

0 0
‘71|/t \Vza(s)léds=2§+ 1 (Iza(t)lg—lza(0)|§+2/t (zmdo). (4.91)

a  2alt]

As was proved above,

1
m(|za(0)|§ +|2a(t)[3) = 0 ast — —oo almost surely.

On the other hand, using Theorem 7.12.1 and inequality (4.90), one can show
[¢]

Combining this with (4.91), we obtain (4.80). Finally, the proof of (4.81) is
based on the application of It6’s formula to the functional ||z]|3 and can be
carried out by a similar argument. O

0
/ (Zas d()‘ — 0 ast— —oo almost surely.
t
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4.3 Dependence of a stationary measure on the
random force

In this section, we discuss some continuity properties of stationary measures
with respect to parameters. We shall study only the dependence of a stationary
measure on the random component of an external force. However, similar results
remain true when one varies the deterministic component of an external force
or the viscosity. We begin with the case in which the random force 7 entering
Eq. (3.84) depends continuously on a parameter a. It is shown that if the
hypotheses ensuring the uniqueness of a stationary measure are fulfilled, then
the stationary measure continuously depends on a. This implies, in particular,
that a solution of the Cauchy problem converges in distribution to a limiting
solution uniformly in time. We next turn to the case of a high-frequency random
kicks that converge to a spatially regular white noise and establish a similar
result on convergence of stationary measures.

4.3.1 Regular dependence on parameters

Let us consider the Navier—Stokes equations (3.84), in which v > 0 and h € H
are fixed, and 7 is a spatially regular white noise depending on a parameter a
that belongs to a metric space X:

oo

n(tax) = TIa(tvx) = %Ca(ta .’E), Ca(tvx) = ij(a)ﬂj(t)ej(x)' (492)
j=1

Here (3; and e; are the same as in (2.98), and b; : X — R, are some continuous
functions. We shall always assume that

B := sup Zb?(a) < 00. (4.93)
aceX j=1

We denote by Pf(u,T") the transition function associated with n,, and by PB;(a)
and P} (a) the corresponding Markov semigroups. The following theorem shows
that if the stationary measure is unique for some a = a, then it is the only
accumulation point of stationary distributions in the sense of weak convergence
as a — a.

Theorem 4.3.1. Under the above hypotheses, let bj(a) > 0 for all j > 1, where
4 € X is a given point, and let {iq,a € X} be any family of stationary measures
for Eq. (3.84) with n =1n,. Then p, — pa in the weak topology as a — a.

Proof. We first outline the scheme of the proof. We wish to prove that
ltta — pall;, — 0 as distx(a,a) — 0. (4.94)
To this end, we note that By (a)pe = pe for all t > 0, whence it follows that

fa — o = (Br (@)pa — B (@)a) + (B (@) ta — pa)- (4.95)
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It suffices to show that both terms on the right-hand side of (4.95) go to zero in
the dual-Lipschitz metric as distx (a,a) — 0. Suppose for any 7' > 0 and R > 0
we have proved that

sup sup ||PA(v,-) — Pi(v,")||; =0 as distx(a,a) — 0. (4.96)
0<t<T |v],<R

In this case, using Prokhorov’s theorem, one can show that, for any 7' > 0 and
any tight family A C P(H), we have

sup sup ||Bi(a)A —Pi(a)A|]; = 0 as distx(a,a) — 0. (4.97)
0<t<T AeA

Furthermore, by Theorem 3.3.1,

sup ||B; (@)X — pallz, =0 as ¢ — oo. (4.98)
AEA

Combining (4.95), (4.97), and (4.98) and noting that the family {u,} is tight
in H, we arrive at the required result. The accurate proof is divided into four
steps.

Step 1. Let us prove (4.96), where T' > 0 is any fixed number. To this end, we
first establish an estimate for the difference between two solutions for Eq. (3.84)
with different right-hand sides. Let u®(¢,z) be a solution of problem (3.84),
(3.85) in which n = 7, and uyp = v. Then the difference u(t) = u(t) — u®(t)
vanishes at ¢ = 0 and satisfies the equation

i+ vLu + B(u®(t),u) + B(u, ul(t)) = &(t, ),

where we set

QJ‘@

= 51 2 () ~ @) t)es (o)

Let us denote by z(t) = z(t; a,a) a solution of the linear problem
Z4+vLz=¢(txz), =z(0)=0.

Then we can write © = z + w, where w vanishes at ¢t = 0 and satisfies the
equation )
w+vLw+ B(u®, z +w) + B(z + w,u®) = 0. (4.99)

For any curve £ € C(0,T; H) N L2(0,T; HY), let

Eelt) = [EBE +v / Ve(s) 2ds.

The argument used in the proof of Proposition 2.4.2 (see the derivation of (2.109))
enables one to show that

IE( sup &, (t ><C1Z\b a)*.

0<t<T
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Recalling that b; are continuous functions that satisfy (4.93), we conclude that

E( sup 5Z(t)> —0 as distx(a,a) — 0. (4.100)
0<t<T

Furthermore, Corollary 2.4.11 implies that if |v]s < R, then

sup E( sup Eye (t)) < Cy =Cy(R,T). (4.101)
a€eX 0<t<T

Taking the scalar product of (4.99) with 2w and carrying out some standard
transformations (cf. proof of Proposition 2.1.25), we obtain

Or|wls + 2w} < Csllwlly|wlal[u®(]y
a a a a 1/2 1/2
+ Ca([lu[[1[ula + l[u®lla|u®2) " (I2l1]2l2) " llwlls,
whence it follows that
Ofwls + viwll} < Cyllu®|Flwl3 + Ca(llullrJu]2 + l[u[l1Ju®]2) | 2]11]2]2,

where Cy > 0 depends on v. Application of Gronwall’s inequality results in

sup E,(t) < Cs(v) exp(C5(V)/O ||ud(t)%dt>K(a7&), (4.102)

0<t<T

where we set
T ~ ~
K(a,a) = / (a2 + a1 ful2) 2] ]2]2dt.
0
Suppose we have shown that, for any positive constants § and R,

sup IE”{ sup &,(t) > (5} —0 asa—a. (4.103)

lvlo<R  LOKt<T

Let us take any function f : H — R such that || f||z < 1 and fix an initial datum
v € Bu(R). Denoting by €25, the event on the left-hand side of (4.103), for
0<t<T we write

[E(f(u®(t) = f(u®(1))] < E[Tog  (f(u®(t) = f(u®(£)))] + 2P(2s,0)
< V6 +2P(Qs5.).

Since f and v were arbitrary, we arrive at the required convergence (4.96).

Step 2. We now prove (4.103). Since &,(t) < 2(E.(t) + Ew(t)) for all t > 0,
in view of (4.100), it suffices to show that

sup P{€(w) >} -0 asa— a, (4.104)
[v]2<R
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where for a function ¢(¢,x) we write

E(g) = sup &(t).
0<t<T

For any M > 0, we have

P{E(w) > 6} < P{E(u®) > M} +P{E(u®) > M}
+ P{E(w) > 6,E(u®) < M, E(u®) < M},
In view of (4.101), the first two terms in the right-hand side of this inequality

can be made arbitrarily small, uniformly in v € By (R), by choosing a large M.
Therefore, convergence (4.104) will be established if we show that

sup P{E(w) > §,E(u®) < M,E(u?) < M} -0 asa— a, (4.105)
[vl2<R

for any positive § and M. To this end, note that, in view of (4.102), on the set
{Ew™) < M,E(u*) < M}, we have

E(w) < CeK(a,a) < C7E(2).

Combining this with (4.100) and Chebyshev’s inequality, we easily prove (4.105).

Step 3. Let us prove (4.97). Let A C P(H) be a tight family in H. Then,
for any € > 0 and a sufficiently large R. > 0, we have

sup A(B§(R:)) <e. (4.106)
AEA

On the other hand, the obvious relation
P (a)A — P (a)A = /H(Pta(zw ) = P{(z,-))A(dz)

implies that, for any R > 0,

IPB7 (@) = BE(@) Al < S 1Pf (v, ) = Pf(v, )L + M(By(R)).
Combining this inequality with (4.106) and (4.96) (where R = R.), we get (4.97).

Step 4. To complete the proof of (4.94), it remains to show that the fam-
ily {po} C P(H) is tight in H. To see this, let us note that, in view of (2.157),
we have

/ l|u||? 1o (du) < Cg(v) for all a € X.
H

Chebyshev’s inequality and the compactness of the embedding V' C H prove
that the family {yu,} is tight in H. The proof of Theorem 4.3.1 is complete. [

As a consequence of Theorem 4.3.1, we have the following result on uniform
convergence of distributions of solutions for Cauchy’s problem.



198 CHAPTER 4. ERGODICITY AND LIMITING THEOREMS

Corollary 4.3.2. Under the hypotheses of Theorem 4.3.1, for any compact
subset A C P(H) there is a continuous function Ap(p) > 0 going to zero with p
such that

sup [ (@)h1 = B @A |, < An (M = Aalf +distx(a,0)), (4.107)

where A\, s € A and a € X.
In particular, if u®(¢,x) is a solution of (3.84), (3.85) with 1 = 7,, then

§1>110)||D(u“(t)) —Dui®)|[; >0 asa—a.

Proof of Corollary 4.3.2. Let us fix a compact subset A C P(H) and define the
function

A(ta a, >\1a )‘2) = ||m>tk (a’))\l - ‘B: (&)A2 ||2

To establish (4.107), it suffices to prove that for any € > 0 there are positive
constants T and § such that

sup A(t,a, A\, \2) <e for A, A2 € A, distx(a,a) <. (4.108)
t>T

Indeed, an argument similar to that used in Step 1 of the proof of Theorem 4.3.1
enables one to show that

sup A(t,fl,)\l,)\g) —0 as )\1,)\2 S A, ||>\1 — /\QHE — 0.
0<t<T

Combining this with (4.97), we conclude that

sup A(t,a,A1,A2) = 0 as A\, de € A, [|[A1 — A2 — 0, distx (a,a) — 0.
0<t<T
This convergence and inequality (4.108) imply the required result.

We now prove (4.108). Let y, be a stationary measure for (3.84) with 7 = 7,.
By Exercise 3.3.8, such a measure is unique for distx (a,d) < § < 1 and satisfies
the inequality

sup  sup [P (@)A — pa|l; = 0 ast — oo. (4.109)
a€Bx (a,8) AeA

We write

At a, A1, A2) < || B (@A — pal|) + |85 (@) A2 — pal|, + llta — pall}-

In view of (4.109), the first two terms on the right-hand side of this inequality
go to zero uniformly in A\;, Ay € A as t — co. Furthermore, by Theorem 4.3.1,
the third term vanishes as a — a. These two observations immediately im-
ply (4.108). O
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4.3.2 Universality of white noise perturbations
In this section, we consider the Navier—Stokes system
U+ vLu+ B(u) =7, (4.110)

where the space variable belongs to a bounded domain and the right-hand
side n = 7. is a high-frequency kick force of the form (2.69), i.e.,

Ne(t,x) = Ve Y mi(x)d(t — ke).
k=1

We assume that the random variables 7, satisfy the hypotheses of Theorem 3.2.9.
In this case, if b; # 0 for all j > 1, then for any € > 0 the RDS associated with
the equation

U :Sg(uk—1)+\/g77k7 k>1, (4.111)
has a unique stationary distribution p.. On the other hand, if n is a spatially
regular white noise of the form (2.66), then the Navier—Stokes system (4.110)
also has a unique stationary distribution u. The following theorem shows that,
under a mild regularity assumption, the family {p.} converges to p in the weak
topology.

Theorem 4.3.3. Let us assume that the above hypotheses are fulfilled and the
coefficients b; are such that B, = Zj ozjb? < oo. Then pe — p as e — 0% in
the weak topology of P(H).

Proof. We essentially repeat the scheme used in the proof of Theorem 4.3.1.
Let Pf(u,I") (where t € €Z4, u € H, and I € B(H)) be the transition func-
tion for the Markov family defined by (4.111) and let B:(¢) and B;(e) be the
corresponding Markov operators; cf. Section 2.4.3. In this case, we can write
(cf. (4.95))

pe — p = (Vi (€)pe — Pipe) + (Bipe —p), teely, (4.112)

where ; and PB; stand for the Markov semigroups associated with Eq. (4.110)
in which 7 is given by (2.66). We wish to show that the right-hand side of (4.112)
goes to zero in the dual-Lipschitz distance as t — +oo and € — 0. By Exer-
cise 2.4.16, for any T' > 0 and any subset A C P(H) satisfying the condition

sup/ lul3\(du) < oo, (4.113)
AeAJH

we have (cf. (4.97))

sup sup H‘BI(E))\ —PBiA
0<t<T AEA

|, =0 as e—0T, (4.114)

where the Markov semigroup P; (¢) is extended to Ry in a natural way; cf.
Section 2.4.3. Furthermore, by Theorem 3.5.2, for any family A C P(H) satis-
fying (4.113), we have

sup||’l§;")\—,uH2—>O as t— oo. (4.115)
AEA
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If we prove that the family of measures A = {u.} satisfies (4.113), then com-
bining (4.112) with relations (4.114) and (4.115), we see that || — pe||5 — 0
ase — 0F. Thus, it remains to show that (4.113) holds for the family A = {u.}.

In view of (2.51), we have |S.(u)]2 < e %|u|s for u € H. Since 7y, and wuy, are
independent, it follows that

2 _
Elug|3 = B |Sc(ur—1)|, + e Elnkl3 < e Elup_1l3 + B,

where we used the relations
oo oo
En,=0, Elplz=) bE =) bj="=5.
j=1 j=1
Iterating the above inequality, we derive

B e 2k lug|3 + ? for all k> 0.

E Jugl3 < e *F|ugl3 + T2 =

The argument used in the proof of Theorem 2.5.3 implies now the required
inequality (4.113). O

In contrast to Section 4.3.1, we cannot derive from Theorem 2.5.3 a result
similar to Corollary 4.3.2 since we miss an analogue of (4.109). In other words,
we cannot prove that the convergence D(u.(t;v)) — p. is uniform with respect
to the parameter £ > 0.

4.4 Relevance of the results for physics

The Strong Law of Large Numbers proved in this chapter shows that, for the
2D turbulence driven by a non-degenerate random force, the time average of
an observables equals its ensemble average. This equality is postulated in the
theory of turbulence; e.g., see [Bat82], p. 17, or [Fri95], p. 58. It is important
for numerical and experimental simulations, since it allows to calculate various
averaged characteristics of a turbulent flow by running one experiment for a long
time, rather than by making a large number of costly independent experiments
in the stationary regime. The Law of Iterated Logarithm shows that the rate
of convergence to the time-average is essentially the same as for the sum of
independent random variables.

The Central Limit Theorem, in particular, justifies the widely accepted belief
that, in the turbulent regime, in large time-scales the velocity of the fluid has
an approzimately normal distribution; see [Bat82], p. 174. For instance, an
experiment carried out by A. A. Townsend in the middle of 20*" century showed
that the probability density function of the velocity of a turbulent fluid at an
arbitrary point is very close to the Gaussian density; see [Bat82], p. 169. We
believe that this observation is explained by the CLT, since any mechanical
device measures not the instantaneous velocity, but its average over some time
interval.
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The random attractors and their deterministic counterparts are well-estab-
lished tools for studying 2D Navier—Stokes equations. The fact that they have
finite dimension for any positive value of the viscosity implies that large-time
asymptotics of fluid motion, even in the turbulent regime, can be described by
finite-dimensional dynamical systems. Theorem 4.2.19 shows that the random
attractor has an additional natural structure—the probability measures u,,,
which form a disintegration of the unique invariant measure.

Results of Section 4.3.1 indicate that, for statistical hydrodynamics, in strik-
ing difference with its deterministic analogue, the distribution of a velocity
field u(t,-) satisfying (0.1) continuously depends on parameters of the random
force f uniformly in time t.

Finally, our results in Section 4.3.2 establish that, in certain sense, white
forces are universal for the randomly forced 2D Navier—Stokes system (0.1).
Namely, there we prove that if the system is perturbed by the force

fe(t,x) = Ven(e 'tz), 0<e<1, (4.116)

where 7 is a non-degenerate kick-process with zero mean value, then its unique
stationary measure converges, as € — 0, to the unique stationary measure of a
white-forced system. Certainly this is a general phenomenon which holds true
for many other fast oscillating random forces of the form (4.116), provided that
the random field 7(t, z) satisfies assumptions (a) and (b) from the Introduction.

Notes and comments

The LLN, LIL, and CLT are well understood for independent random variables
and for processes with strong mixing properties. Roughly speaking, these re-
sults hold as soon as the strong mixing coefficient decays to zero sufficiently
fast; see the books [Has80, JS87, MT93, Rio00]. In the context of randomly
forced PDE’s, this condition can be satisfied only if the noise is rough with
respect to the space variables; cf. Example 1.3 in [Shi06¢]. In the context of
randomly forced Navier—Stokes system, the SLNN and CLT were established
by Kuksin [Kuk02al], using a coupling argument and some general limit the-
orems for stationary processes. The martingale approximation introduced by
Gordin [Gor69] is a powerful tool for studying limit theorem for stochastic pro-
cesses. It was used by Shirikyan [Shi06¢] to derive the rates of convergence in
the SLLN and CLT. The LIL for Navier—Stokes equations was announced by
Denisov [Den04], however, a proof has never appeared. The SLLN and CLT
discussed in this monograph can be derived from more general results of the
book [DDL"07], while the LIL can be obtained as a consequence of the invari-
ance principles established in the recent papers [DM10] and [BMS11].

A systematic study of random dynamical systems can be found in the book
of L. Arnold [Arn98]. Random attractors are a natural extension of attrac-
tors for non-autonomous equations (cf. [CV02]). They were constructed in the
papers of Crauel, Debussche, and Flandoli [CF94, CDF97], and their finite-
dimensionality for various stochastic PDE’s was proved by Debussche [Deb97,
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Deb98], Langa, Robinson [LR06], and many others. Theorem 4.2.9 was estab-
lished at various levels of generality by Ledrappier [Led86], Le Jan [Le 87], and
Crauel [Cra91]. Theorems 4.2.16, 4.2.17, and 4.2.19 were proved by Kuksin and
Shirikyan [KS04a]

The dependence of stationary measures on various parameters in the context
of randomly forced PDE’s was studied by Kuksin, Shirikyan [KS03], Chueshov,
Kuksin [CKO08a], and Hairer, Mattingly [HMO08]. The presentation here follows
the paper [KS03].



Chapter 5
Inviscid limit

In this chapter, we consider the Navier-Stokes system on the 2D torus T2,
perturbed by a spatially regular white noise (with trivial deterministic part)
whose amplitude is proportional to the square root of the viscosity:

Oyu +vLu+ B(u) = Vvn(t,z), (5.1)
we) = o), C6) = 3 biba(tes(a), (-2
SEZ

Here {es} is the basis defined in (2.29), {8} is a sequence of independent
standard Brownian motions, and bs > 0 are some constants decaying to zero
sufficiently fast. According to Theorem 3.3.1, if all the constants bs are non-zero,
then Eq. (5.1) has a unique stationary distribution u,. In this chapter, we show
that the family {p, } is tight and investigate properties of the limiting measures.
In particular, it will be proved that any such measure is the law of a stationary
process concentrated on solutions of the homogeneous Euler equation. Some
a priori estimates and a non-degeneracy property will also be obtained. The
results of this chapter (with properly modified constants) remain true for the
Navier—Stokes system on a non-standard torus R?/(aZ @ bZ), a,b > 0.

5.1 Balance relations

5.1.1 Energy and enstrophy

As before, for k € Z we denote

where oy = |s|? stands for the eigenvalue associated with e. Note that By = B.

203
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Let us recall some results established in Section 2.5.2. Theorem 2.5.5 implies
that, if By < oo and u,(t, ) a stationary solution of problem (5.1), (5.2), then

1
E <LUV7UV> = 5‘303 (53)
E exp (s0|uy [5) < Co, (5.4)

where 3¢ and Cj are positive constants not depending on v > 0. Furthermore,
by Exercise 2.5.7, if B < oo, then

1
E|Lu, |3 = 5%1’ (5.5)
E exp (5 [Juy [|7) < Cy, (5.6)

where the positive constants s¢; and Cy are also independent of v > 0. Note that
relations (5.3) and (5.4) are true for any bounded domain with smooth boundary,
whereas (5.5) and (5.6) are valid only for periodic boundary conditions, because
their proof uses the crucial relation (B(u),u) = 0.

A simple corollary of the above estimates is the inequality

2
il <E [ P <5 oraty>0 (5.7)

Indeed, the right-hand estimate is a straightforward consequence of (5.3) and
the obvious inequality |v|3 < (Lv,v). To prove the left-hand estimate, note
that, by the interpolation inequality for Sobolev spaces (see Property 1.1.4), we
have

(Lv,v) < |v|a|Lv]z for any v € V2.

It follows that

E (Luy,u,) < (E|u,|2)"* (B [Lu,|2)".

Recalling relations (5.3) and (5.5), we arrive at the left-hand inequality in (5.7).

5.1.2 Balance relations

Equalities (5.3) and (5.5) are related to the fact that the energy and enstrophy
are integrals of motion for the 2D Euler equations on the torus. It is well known
that the integral over T? of any function of vorticity also is preserved under the
dynamics of the Euler system. It turns out that if the right-hand side of (5.1)
is sufficiently smooth in x, then to each function of vorticity there corresponds
a balance relation similar to (5.3) and (5.5). To formulate the corresponding
result, we first introduce some notation.

Let us assume that B, < oco. Then, by Exercise 2.5.8 with £ = 2, al-
most every trajectory of a stationary solution w, (¢, z) for (5.1) belongs to the
space L2 _(Ry; V3) N C(Ry;V?). Applying the operator curl to (5.1) and using

loc
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the relation curl(Vq) = 0, we obtain the following equation! for the station-
ary process v, = curlu, whose almost every trajectory belongs to the space

L}, Ry H) N O(Ry; HY):
O — vAY + (u, Vv = /v E. (5.8)
Here ¢ is an H'-smooth white noise given by the relation
0
tx) =curln(t,z) = — Y bsfBs(t)ps(), .
&(t,x) = curly(t, z) (,%6222 Bs(t)ps() (5.9)
SEL4G

where we set

cos(s,x), se€Z2,
{ (s, ) 3 (5.10)

s\T) =
#:(2) V2r | —sin(s,z), se€Z>.

Theorem 5.1.1. Let B < 0o and let g(r) be a continuous function satisfying
the inequality

lg(r)] < C(1+ |r|)l forr e R, (5.11)
where C' and | are some constants. Then for all v > 0 and t > 0 we have
1
]E/ 9(v,) |V, |?dr = = Z b?E/ g(v,)p2da. (5.12)
']1‘2 2 622 ']1‘2
S&Lp

The meaning of the left-hand side of inequality (5.12) needs to be clarified,
because the trajectories of v, are continuous only as functions of time with
range in H', and the integral in 2 does not necessarily converges. However,
it follows from Exercise 2.5.8 that E ||lv,(¢)]|3 < co for almost every ¢, and the
mean value of the integral makes sense for almost every ¢. Since v, is stationary,
the left-hand side of (5.12) is in fact independent of time. Readers willing to
avoid this type of complications may assume that B3 < oo, in which case all
the terms are well defined without taking the mean value.

Proof of Theorem 5.1.1. Let G be the second primitive of g vanishing at zero
together with its first derivative, that is, G”(r) = g(r) and G(0) = G’'(0) = 0.
Consider a functional F : H' — R defined by

Fw)= | Gw(z))dz. (5.13)
T2
It is straightforward to see that F' satisfies the hypotheses of Theorem 7.7.5
for the triple (V, H,V*) = (H? H', L?), and therefore we can apply Itd’s for-
mula (7.24) to the process F'(v,(t)). Omitting the subscript v for the simplicity
of notations, we get

F(v(tAm)) =F(v(0)) + /OMW (A(G) o+ Y Bi(9) dﬁs), (5.14)

SEL

I Note that Eq. (5.8) is valid for any solution whose trajectories possess the above-mentioned
regularity.
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where 7, = inf{t > 0: ||v(t)||1 > n},

At) = /T? <G’(v)(VAU — (u, V)v) + g Z bﬁg(v)go?) dx,

SEZ3
By(t) = ﬁbs/ G (v)ps dz.
’]T?

Suppose we have shown that condition (7.36) is satisfied for the process F(v).
Then, by Corollary 7.7.6, relation (5.14) implies that

F(u(t)) = F(v(0)) + tA(e) o + M, (5.15)

where M; stands for the corresponding stochastic integral. Taking the mean
value of both sides of (5.15), using the stationarity of v, and recalling the defi-
nition of A, we get EA(t) = 0 for any ¢ > 0. Noting that

/ G'(v) (vAv — (u, V)v) dz = —1// g(v)|Vv|? dz
T2 T2

for any functions v € H? and u € V2, we arrive at the required relation (5.12).

To complete the proof of the theorem, it remains to prove that we can apply
Corollary 7.7.6. That is, we need to check that

t

> E/ |B(0))?df < oo for any t > 0. (5.16)
SEZ 0

In view of (5.10), (5.11), and (5.6), for any ¢ > 0 we have

> E/Ot B,(0)]?d0 = v > bﬁ]E/Ot

SEZ3 SEZ3

2

G'(v)ps| db

T2

t
!
< Cv Z b§|s|2/0 E ’v(@)@ili;de < CoBtv,

SEZ3
where C; and C5 are some constants not depending on v and {bs}. The proof
is complete. O

Exercise 5.1.2. Calculate the first and second derivatives of the functional F
defined by (5.13) and verify that the hypotheses of Theorem 7.7.5 are satisfied
for F. Hint: Use the fact that the Sobolev space H' is continuously embedded
in LP for any finite p > 1.

We now consider a particular case in which the stationary measure is unique,
and the law of the random perturbation is invariant under translations and re-
flections. Namely, as was proved in Corollary 3.3.4, if the coefficients b, are
all non-zero and b, = b_;, then the unique stationary measure p, is invariant
under translations and reflections. This property enables one to draw some fur-
ther conclusions on the stationary distributions. Namely, we have the following
result.
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Proposition 5.1.3. In addition to the hypotheses of Theorem 5.1.1, suppose
that B4 < o0 and

bs=b_s#0 for allsGZ%.

Let p, be the unique stationary measure of (5.1), let u, be a corresponding
stationary solution, and let v, = curlu,,. Then for allv >0, t >0, and x € T?
we have?

E(g(ou (6, 2)) Vo (1, 2)) = 5(2m) *BaE(g(o(t0))).  (5.17)

Equalities (5.17) (with various functions g) are called balance relations for a
stationary solution v,,.

Proof of Proposition 5.1.3. Since by = b_g, the right-hand side of (5.12) is equal
to

1 2 2 2 _ 1 —2
EX 8 [ s+t ) o= 50mBE [ g(u)do

2
sez? T

2
where we used the relation ¢? + p? , = % Substituting this into (5.12), we
derive

/TQ ]E(g(vu)(lvva — %(277)—2%1)) dz = 0.

Since the law of v, is invariant under translations in z, the integrand is inde-
pendent of x and vanishes. The proof is complete. O

Relation (5.3) and the space homogeneity of the process v, (t,x) imply that
E|Vu,(t,z)|> = $Bo(27) 2. So (5.17) means that the random variables g(v, (¢, z))
and |Vu,(t,z)|? are uncorrelated: the expectation of their product equals the
product of their expectations. Jointly the balance relations (5.17) (i.e., the as-
sertion of Proposition 5.1.3) may be reformulated in terms of the conditional
expectation with respect to the o-algebra F, ;) generated by v, (t, ).

Corollary 5.1.4. Under the hypotheses of Proposition 5.1.3, for all v > 0,
t >0, and z € T? we have

1 —
E(IVou (1, 0) | Fot) = 5(27) B,

Proof. We first note that, in view of Exercise 2.5.8, almost all trajectories of v,
are continuous in time with range in H?, whence it follows that, with proba-
bility 1, the expression |Vu,(t,z)| is well defined for any ¢t > 0 and x € T2.
The required assertion is now a straightforward consequence of (5.17) and the
definition of the conditional expectation. O

2Note that the left- and right-hand side of (5.17) are well defined, because almost every
trajectory of v, is a continuous function of time with range in H3, and the corresponding
norm has finite moments; see Exercise 2.5.8.
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Other way round, the assertion of the corollary implies that

E(g(v,(t,2))[Vo, (t,2)]%) = E(g(v(t,2)) Vo, (t,2)* | Fo, 1,0 )
1 _
= 5(27r) 2%, E(g(vy(t,x))).
Thus, Corollary 5.1.4 is equivalent to the balance relations.
The following exercise gives yet another form of the balance relations (5.17).
Ezercise 5.1.5. In addition to the hypotheses of Proposition 5.1.3, assume that
B < 0o. Prove that the following properties hold for any fixed ¢ > 0.

(i) For 7 € R and w € €, define I'y(1,w) = {z € T? : v,(¢t,z) = 7}. Then for
almost all w €  and 7 € R, the set [';(7,w) is a C3-smooth curve in T2,

(ii) Let d¢ be the length element on I';(7,w) (whenever the latter is a smooth
curve). Then for almost every 7 € R, we have the following co-area form
of the balance relations:

1
IE/ Vv, |dl = 7(27r)‘1%11E/ Vo, |~Hde.
Iy (m,w) 2

Ty (m,w)

Hint: Integrate (5.17) over dx and perform the co-area change of variables
dx = |Vv,|~'drdl in the integral. (We refer the reader to [Kuk06b] for a full
proof of this result.)

5.1.3 Pointwise exponential estimates

Inequality (5.6), which is true for any stationary solution w, of (5.1), implies
that

P{||u, ()|1 > R} < Cre ™ F" for all R > 0.
Thus, large values of the enstrophy are very unlikely in a stationary regime. The
aim of this section is to show that if the law of the random perturbation 7 is
invariant under translations, then some similar estimates hold pointwise for u,
and Vu,. Namely, we have the following result.

Theorem 5.1.6. Under the hypotheses of Proposition 5.1.3, there are positive
constants o and K, depending only on By, such that, for allt > 0, x € T?,
v >0, we have

B eolov(to)l 4 eolun(to)l 4 g ool Vun o) < g (5.18)

Proof. Tt suffices to estimate each term on the left-hand side of (5.18) by a
constant depending only on B;. We begin with the first term.

Integrating over z € T? relation (5.17) in which g(r) = |r|?* with p > 0 and
applying Hélder’s inequality, we derive

]E/ |UV|2p|VUV|2dm:C'1%1]E/ vy [P da
T2 T2

p
p+1
< Cy(2m)?/ (P H1) <IE / ] |vy|2<p+1>dx> . (5.19)
T
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On the other hand, in view of generalised Poincaré’s inequality (7.75), we have
/ |vu|2p|VvV‘2d;1: > 02(p+ 1)72/ \vy|2(p+1)d:c.
T2 T2

Taking the mean value and substituting the resulting inequality into (5.19), we
obtain

E/ o, 2PV dz < (C3B1)PT(p + 1)) for any p > 0. (5.20)
T2

Since the law of v, (¢, ) is invariant under the translations, we conclude that
E |v, (¢, )™ < (C4%B1)™?m™ for all integers m > 0,
where we set 0° = 1. It follows that if 0 < 0 < (ey/C4B1)1, then

o0 m [o'e) m
Eelor ol = N TR, (t,2)™ < Y T (CaBy)™ 2
m:

m=0 m=0

< (1—0e\/CiB,) 7, (5.21)

where we used the well-known inequality m! > (m/e)™. We have thus proved
the required estimate for the first term on the left-hand side of (5.18).

The derivation of an upper bound for the second and third terms is based on
similar ideas, and we shall confine ourselves to the proof for the more difficult
third term. Let us recall that the velocity field u, can be recovered from the
vorticity v, by the relation u, = curl(A~1v,), where A~! stands for the inverse
of the Laplace operator on the space of the L? function on T? with zero mean
value. It follows that the components of the matrix Vu, can be written in the
form Rv, = ’y(@ajA*l)vy, where v = +1. Now note that R is a singular integral
operator on T2, or more precisely, a composition of two Riesz projections; see
Chapters IT and IIT in [Ste70] for definitions. Therefore, by the Calderén—
Zygmund theorem (see Sections 2.2 and 6.2 in Chapter IT of [Ste70]), we have

|Ru,|q < Cqlvy|, for any ¢ € [2,0).
Combining this estimate with ¢ = 2(p + 1) and inequality (5.20), we obtain

E/ |Vuy|2(p+1)dx < (CsiBl)pH(p + 1)4(p+1) for any p > 0.
’1‘[‘2

Since the law of Vu, (¢, x) is invariant under translations, it follows that
E |v, (¢, x)[™/? < (C6B1)™*m™  for all m > 0.

The required estimate can now be obtained by exactly the same argument as
above; see (5.21). O

Ezercise 5.1.7. Prove that the middle term in (5.18) can be bound by the right-
hand side. Hint: Repeat the scheme of the proof of Theorem 5.1.6 using the
fact that |u,|, < C'|v,|, for any p > 2, where C' > 0 does no depend on p; the
latter follows from the elliptic regularity for the Laplacian and an interpolation
theorem for Sobolev spaces.
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5.2 Limiting measures

5.2.1 Existence of accumulation points

Throughout this subsection, we shall assume that
B < 0.

Let {u,,v > 0} be a family of stationary solutions for (5.1) and let p, be the
law of w,(t,-). In view of the results described in Section 5.1.1, we have

E [lu (£, )||2 = / 10]12 o (dv) < O for all v > 0. (5.22)
H

Since the embedding H? C H?~¢ is compact for any £ > 0, Prokhorov’s theo-
rem implies that the family {s,} is tight in H2~¢, and therefore any countable
subsequence {f,,;,v; — 0} has a limiting point in the sense of weak conver-
gence of measures on H2~¢. Furthermore, if ;4 is an accumulation point of
the sequence {j,,}, then p is concentrated on H 2, Indeed, for any R > 0
the ball Byz2(R) is closed in H*~¢, and p,, (By2(R)) > 1 — CR™? by (5.22)
and Chebyshev’s inequality. Therefore, by the portmenteau theorem, we have
w(Byz(R)) > 1 —CR™2 for any R > 0, so u(H?) = 1. Theorem 5.2.2 estab-
lished below shows that the laws of the solutions Uy, (regarded as elements of
an appropriate space of trajectories) also converge to a limiting measure. We
shall need some notations.

Let us denote by p,, the law of a stationary solution u,. Since the trajecto-
ries of solutions of (5.1) almost surely belong to the space L2 (Ry; V), we see
that p, is a probability measure on on it.

Ezercise 5.2.1. Show that if B; < oo, then the measure p,, is concentrated on
the space C(Ry; V)N LE (Ry;V?).

loc

Given a Banach space X, a finite interval J C R, and constants « € (0,1)
and p > 1, we define WP(J; X) as the space of curves f € LP(J; X) such that

1£(6) ~ £
£ lwa i) = 1F 1500 + / / W dsar < o

The following theorem proves the tightness of the family {g,} in an appropriate
functional space and describes some properties of the limiting measures.

Theorem 5.2.2. For any € > 0 the family of measures {,} is tight> in the
space C(Ry; H'=)NLE (Ry; H>=%). Moreover, if  is a limiting point for {u,}
and u(t,x) is a random process whose law coincides with w, then the following

properties hold.

3Recall that the space C(R4;V) is endowed with the topology of uniform convergence on
bounded intervals of Ry ; see Section 1.1.2. Similarly, the space L12OC (Ry; H?®) is endowed with

the topology generated by the norms of L2(0,n; H®), where n > 1 is any integer.
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(i) Almost every realisation of u(t,z) belongs to the space

L3 (R V) NI (R4 V) N WL (R LP) (5.23)

loc loc

for any p € [1,2) and satisfies the Euler equation
i+ B(u) = 0. (5.24)
(il) The process u(t,z) is stationary in time, and the functions |u(t)|s and
[Vu(t)|2 are time-independent random constants.
Before proving this result, we establish the following corollary.

Corollary 5.2.3. Let p be a limiting point of the family {u,} in the space
C(R;HY™%) as v — 0%, where ¢ € (0,1), and let u be the restriction of u at
timet = 0. Then

B2
/|u|2u (du) E (5.25)
B
[ Malgutan =32, (5.20
/|Lu|2u du) % (5.27)
| expGelull)utaw) < . (5.28)

where »x and C are some positive constants. If, in addition, the hypotheses of
Proposition 5.1.3 are fulfilled, then for all x € T? we have

/ (1@ g 7 Vu@) () < K (5.29)
H

with suitable positive constants o and K. Moreover, in this case the measure p
is invariant under translations and reflections of R?.

Proof. Inequality (5.25) is a straightforward consequence of (5.26), (5.27) and
the interpolation inequality for Sobolev spaces; cf. proof of (5.7). The deriva-
tion of (5.26) — (5.29) is based on passing to the limit in similar estimates for
stationary solutions of the Navier—Stokes system. The last assertion of the the-
orem follows from similar properties of the measures p,. Therefore, we shall
confine ourselves to the proof of (5.27), (5.28) and (5.26).

Since p is a limiting point of the family {g,}, there is a sequence v; — 0T
such that M, — pin the sense of weak convergence of measures on C(R; H7¢).
It follows that p,, — p as j — oo, where pu,,; stands for the restriction of My,
at time ¢t = 0, and the convergence holds weakly in the space of Borel measures
on H'=¢. Now (5.27) easily follows from Lemma 1.2.17, where 7, is the orthog-
onal projection P, : H — H to the vector span of the first n eigenfunctions of
the Stokes operator L; see Section 2.1.5.



212 CHAPTER 5. INVISCID LIMIT

Let us prove (5.28). It follows from (5.27) that the family {u,,} is tight
in H2~° for any § > 0, and by Prokhorov’s theorem, there is no loss of generality
in assuming that p,, — p in the weak topology of H?7%. Using (5.6) and
applying again Lemma 1.2.17, we derive inequality (5.28).

We now prove (5.26). It follows from (5.3) that, for any R > 0, we have

B
[l [ i ) = 5,
By (R) B¢ (R)

Using (2.157), for any ¢ > 0 we can choose R = Rs > 0 so large that the second
term on the left-hand side is smaller than § uniformly in j. On the other hand,
for any fixed R > 0, the first term converges to a similar integral for p. These
two observations combined with Fatou’s lemma immediately imply that

SBO %O
e [ B < [ el ) < 22
By (Re H

Since € > 0 is arbitrary, we obtain the required inequality. O

Ezercise 5.2.4. Prove inequality (5.29). Hint: Use the fact that the functionals
taking u € V to |u(x)| and |Vu(z)| are measurable on V, and apply Fatou’s
lemma.

Proof of Theorem 5.2.2. We first prove the tightness of the family {u,}. To
this end, it suffices to show that its restriction to any finite interval J = [0, n]
is tight in C(J; H'=¢)N L2(J; H>~¢). To simplify the formulas, we assume that
J =10, 1], and with a slight abuse of notation, denote the restriction of measures
to J by the same symbol.

We fix some constants ¢ > 0 and a € (1/4,1/2) and introduce the functional

spaces?

X =L*7;VHN (HY(J;H) + WO V) = & + Xs,
Y=IL*J;H*°)NC(J; H )

where we set
X, =L*(J; V)N HYJ; H), Xy =L*J;V)nW>(J; V).

Let us note that we have a compact embedding X C ). Indeed, it follows
from Theorem 5.1 and 5.2 in [Lio69, Chapter I] that X; and X, are compactly
embedded in L?(J; H?7¢). Furthermore, in view of Theorem 3.1 in [LM72],
we have a continuous embedding X; C C(J; V), whence it follows that the
embedding X; C C(J, H~¢) is compact. Finally, by Lemma I1.2.4 of [Kry02],

4Recall that if By and By are Banach spaces embedded into a topological vector space L,
then their sum B + Bs is defined as the vector space of those elements u € L that are
representable in the form v = w; + u2, where u; € B;. It is a Banach space with respect
to the norm |[ju|| = inf(||u1]| B, + [lu2||B,), where the infimum is taken over all pairs (u1,u2)
whose sum is equal to u.
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we have a continuous embedding W*#4(.J; V) ¢ C*i(.J; V), whence it follows
that Xy is also compactly embedded in C'(J; V).

Let us denote by u,(t,z) a stationary solution for (5.1) on J whose law
coincides with p,. The tightness of {u,} in Y will be established if we prove
that

E [|uy|% < C1, (5.30)

where C7 > 0 is a constant not depending on v. To this end, we first note that,
in view of (5.5), we have

1
E/O Ly ()2 = %. (5.31)

Equation (5.1) implies that
u () = w,, (8) + up () + G (2),
where we set (, = /v (,

t
ufD () = u,(0) - / Luy(s)ds, u?(t) / Bluy (s
0

It follows from (5.31) that

E |Jul” Hmum < Cy. (5.32)

We now need the following properties of the nonlinear term B(u).

Ezercise 5.2.5. For any p € [1,2), the bilinear map (u,v) — B(u,v) satisfies the
following inequalities:

1B(u,v)|2 < C (|ula|[ull2) *|lv] for u e H2, v e H, (5.33)
IBu,v)1 < Clullzllo]l5 forue H ve H,  (5.34)
|B(u,v)|p < Cy ||lull1]|v]l1 forue H', v e H. (5.35)

Combining (5.33), (5.31) and (5.6), we see that

1 r
E [|u < cguz/ a2 a2 dt < Cs (5.36)
0

||H1(J H) =

Furthermore, since for a centred Gaussian random variable ¢ with variance o2

we have E &4 = 30%, then

=(% csasa) S e B(B(5 ()

SEZ3 5,8’ €L
2
g csce EBA(L) = 3t2< E cs> ,
s,8' €L SEZ3

(S e s <wA(Z )

s€ZE SEZE
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where ¢s € R are arbitrary constants. It follows that

1 1 5
E/ IICII‘%dt=IE/ (Zasbiﬂﬁ(t)) dt < C5%3,
0 0

sEZ%
1 ,1 4
16(t) — ¢(r)llT 2
E/o/o it — [i+ie drdt < Cg'B1.

Combining these inequalities with (5.32) — (5.36), we arrive at (5.30).

We now prove assertions (i) and (ii). As before, it suffices to consider the
restrictions of the measures and of the corresponding processes to the inter-
val J = [0,1]. Tt is easy® to see that all needed properties of the process u(t)
can be reformulated in terms of its law p. For instance, the energy and enstro-
phy of v are random constants if and only if the image of p under the mapping

w (|w|§, |Vw|§), Y — C(J;R?),

is concentrated on the space of constant vector functions. Thus, it suffices to
establish assertions (i) and (ii) for any particular choice of the process w.

Now let g be a limiting measure for the family {u,} as v — 01 in the
sense of weak convergence in the space ). Relation (5.30) and Lemma 1.2.17
with f(u(-)) = [, [lull3 dt and 7, (u(-)) = P, (where P, is the projection from
Section 2.1.5) imply that pu(L?(J;V?)) = 1.

By Skorokhod’s embedding theorem (see Theorem 11.7.2 in [Dud02]), there
is a sequence of stationary processes i, (t,z) with v; — 0" and an Y-valued
random variable u(t, z) that are defined on the same probability space (€2, F,P)
and satisfy the properties

D(tw,) = p,,, D(u)=p, (5.37)

P{@,, »uinYasj— oo} =1 (5.38)

As p(L?(J;V?)) =1, then u € L?(J;V?) almost surely. Since @,, is a stationary
process, so is u.

Let us prove that almost every trajectory of u satisfies the Euler equa-

tion (5.24). Indeed, since p,, is the law of a stationary solution for (5.1),
the process u,,; can be written as

o (0) = 0, 0) = [ (viTu, + Bl ) ds 4 GO, (539

where (; is a V-valued spatially regular white noise distributed as ¢. Since the
random sequence {,/7; (;} C C(J; H) goes to zero in probability, passing to a
subsequence, we can assume that

P{/7;¢; = 0in C(J;H) as j — oo} = 1. (5.40)

51t is not straightforward that the space defined by (5.23) is a Borel subset of C(Ry; H1=¢)N
L2(Ry4; H27¢). The verification of this property is the content of Exercise 5.2.6.
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Finally, since E||u,, Hsz(JHz) < C (see (5.31)), passing again to a subsequence,
we see that
P{v;Lu,, — 0in L?*(J;H) as j — oo} = 1. (5.41)

Let us denote by 2. the intersection of the events in the left-hand sides of (5.38),
(5.40) and (5.41). Then P(Q2,) = 1, and for any w € ., we can pass to the
limit in relation (5.39) as j — oo, regarding it as an equality in L'(J x T?).
This results in the relation

u(t) = u(0) — /0 B(u)ds, teJ,

which is equivalent to (5.24).
We now prove some further regularity properties for u. It follows from (5.34)
and (5.35) that

1 1
| 1Bl < G [ fulBa, s sup Bl < Coess sup ful?.
0 0 teJ teJ

Since u € L?(J;V?) N C(J;V) with probability 1, we conclude that the right-
hand sides in the above inequalities are almost surely finite. Combining this
with Eq. (5.24), we see that u € W11(J; V) N Whee(J; LP).

It remains to prove that the energy and enstrophy are random constants.
Let us fix any w € Q for which v € L?(J; V?) N W11(J, V). Then the function
t — |[Vu(t)]? is absolutely continuous, and in view of (5.24) and Lemma 2.1.16,
for almost all ¢t € J we have

%Wu(tﬂ2 = 2(Va(t), Vu(t)) = =2 (B(u(t)), Au(t)) = 0.

This implies that |[Vu(t)|3 does not depend on ¢. A similar argument shows that
|u(t)|? is also independent of time. The proof of the theorem is complete. [

Ezercise 5.2.6. Prove that the space defined by (5.23) is a Borel subset of the
spaces C(Ry; H*1) and L (Ry; H®) with s < 2. Hint: It suffices to consider
the restrictions to finite intervals and to show that the closed balls are Borel
subsets. This can be done by describing balls with the help of some countable

system of inequalities for functionals.

In Theorem 5.2.2, we showed that the energy and enstrophy of a limiting
process are random constants. The proof of this fact was based on some well-
known properties of the flow for the homogeneous Euler equations. It turns out
that the regularity we obtained for the limiting measure is sufficient to derive
an entire family of integrals of motions.

Ezercise 5.2.7. Under the hypotheses of Theorem 5.2.2, show that if g : R — R
is a continuous function with at most a polynomial growth at infinity, then the
expression

(g(curlu(t))) = (271')_2/ g(curlu(t, x)) dx (5.42)

T2
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defines a random constant not depending on time. Hint: In the case of regular
solutions of the Euler equations, quantity (5.42) is preserved. This fact follows
immediately from the observation that the vorticity satisfies a transport equa-
tion defined by the vector field u(t, z). Prove that a similar argument applies in
our case, on condition that ¢ is a C'-function with a bounded derivative, and
then use a standard regularisation procedure to treat the general situation.

We now construct a topological space X C V in which the Euler equation is
well posed and any limit point of stationary distributions {u,} is an invariant
measure for the corresponding flow. Let us note that if p is a limiting measure
obtained in Corollary 5.2.3, then for p-almost every initial function ug € V
the Euler equation (5.24) has a global solution belonging to space (5.23). The
following exercise shows that the constructed solution is unique.

Ezercise 5.2.8. Let u; and ug be two solutions of (5.24) that belong to the
space L2(J; V) N C(J; V), where J = [0,7] is a finite interval. Assume that
u1(7) = ue(7) for some 7 € J. Show that u; and us coincide. Hint: The proof
can be carried out with the help of an argument due to Yudovich [Jud63] (see
also [Che98]).

Let us introduce the Fréchet space K = L2 (R; V?) ﬂWlf)’Cl(R; V') and denote
by Kg the set of curves u € K that satisfy the Euler equation (5.24) on the real
line R. We note that Kg is a closed subset of X and provide it with the distance
induced from /. Then K becomes a Polish space. Clearly, the restriction of a
function u € K to any interval J C R belongs to the space L2(J; V) NC(J; V).
Therefore, by Exercise 5.2.8, if uj,us € Kg are such that uq(0) = u2(0), then
U = uUg.

Let m : K — V be the linear continuous operator that takes u to «(0) and
let mg be its restriction to Kg. What has been said above implies that 7g is
an injective mapping. Let us denote by X its image and endow it with the
induced distance.® Thus, X is a complete metric space embedded in V and
homeomorphic to Kg. The very definition of X implies that for any ug € X
the function 7' (up) € Kp is the unique solution of the Euler equation (5.24)
supplemented with the initial condition

u(0) = ug, (5.43)

Moreover, this solution continuously depends on ug. Thus, we can define a
group of homeomorphisms S; : X — X such that {S;ug,t € R} is a unique
global solution of (5.24), (5.43). The mapping 7g conjugates any S; with the
time shift 6, : Kg > u(-) — u(- +t). The following theorem establishes some
further properties of X and S;.

Theorem 5.2.9. (i) The space V? is continuously embedded in X .
(ii) For any ug € X, the curve {Stug,t € R} C X is continuous.

(iii) For any u € Kg and any bounded continuous function g : R — R, the
integral (5.42) is independent of time, as is the L*-norm |u(t)|2.

In other words, distx (7 (u), 7E(v)) = distx, (u,v) for all u,v € Kg.
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(iv) Under the hypotheses of Theorem 5.2.2, any limit point of the family {u, }
as v — 0T is concentrated on X and is an invariant measure for S;.

Proof. (i) It is well known that the 2D Euler equations are well posed in the
space V3, and the corresponding solutions belong to C'(R; V3); e.g., see Chap-
ter 17 in [Tay97]. Using the equation and properties of the nonlinear term, it
is straightforward to see that any solution u with an initial condition from V3
satisfies the inclusion @ € C(R;V?), whence we conclude that v € Kg. This
means that V3 C X.

(ii) This follows from the fact that the shifts §, are continuous homeomor-
phisms of Kg.

(iii) We confine ourselves to the sketch of the proof, leaving the details to
the reader as an exercise. It suffices to show that, for any time-dependent vector
filed u € Kg, the Cauchy problem

g=ulty), y(s)=wo, sER, yoeT? (5.44)

is well posed, and the corresponding flow U (¢, s) : T? — T? that takes yo to y(t)
preserves the Lebesgue measure on T?. Indeed, if these properties are estab-
lished, then the classical argument of the theory of first-order linear PDE’s show
that (curlu)(t,z) = (curlw)(0,U(0,¢)x). Combining this with the measure-
preserving property of U, for any function g € C,(R) we obtain

/W g(curlu(t,z)) do = /W g(curlu(0,U(0,t)x) do = /T2 g(curlu(0,z)) dz.

We now prove the above-mentioned result on problem (5.44). It is well known
that any function from the unit ball in H? possesses the modulus of continuity
o(r) = r|logr|. It follows that any time-dependent vector field v € K has a mod-
ulus of continuity in x that has the form ¢(t)o(r), where ¢ € L (R). Thus, by
Osgood’s criterion (see Corollary 6.2 in Chapter III of [Har64]), problem (5.44)
is well posed. The fact that the corresponding flow preserves the Lebesgue
measure would follows from the relation div, v = 0 if the vector field u was C!-
smooth. In our situation, it suffices to approximate it by regular divergence-free
vector field and to pass to the limit.

(iv) Let p € P(H) be a limit point of the family {u,}. Then there is a
subsequence v; — 0 such that Mu, — pas j — oo. Let {u;} be a sequence
of stationary solutions of the Navier-Stokes system (5.1) with v = v; that
are defined throughout the real line and distributed at any fixed time as p,,
and let p; be the law of the process u;. Analogues of Theorem 5.2.2 and
Corollary 5.2.3 for the real line imply that p; converges weakly to the law of a
stationary process u(t) whose almost every trajectory belongs to the set Kg. It
follows from what has been said that D (u(t)) = p for any ¢ € R and p(X) = 1.
Furthermore, with probability 1, we have

S¢(u(0)) = u(t) forallte R,
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whence we conclude that p is an invariant measure for S;. The proof of the
theorem is complete. O

Remark 5.2.10. It is an interesting open question to decide whether X is a vector
subspace of V. We believe that it is not the case, though we cannot prove this
fact.

We proved that the group of homeomorphisms S; : X — X possesses an
invariant measure p, which was obtained as an inviscid limit of stationary dis-
tributions for Navier—Stokes system. Let us define the space Y = P(R) x R
with the natural metric on the product space (where P(R) is endowed with the
dual-Lipschitz distance) and consider the mapping

U:X =Y, uw— ((curlu).(dz),|ul2),

where dz = (27) 2dx is the normalised Lebesgue measure on the torus T2
Using the continuity of the embedding X C V, it is straightforward to see
that ¥ is continuous. Furthermore, assertion (iii) of Theorem 5.2.9 implies that
WU (Siup) is constant for any ug € X. In other words, we have ¥ o S; = ¥
for any ¢t € R. Thus, denoting by X} the pre-image” of b € Y under ¥ and
endowing it with the topology induced from X, we see that S; : X — X is
a homeomorphism for all t € R. Let us set A = ¥, (u). The following result is
an immediate consequence of a disintegration theorem for probability measures;
see Sections II1.70-73 in [DMT8].

Theorem 5.2.11. There is a random probability measure {A\p, b € Y} on the
space X such that the following properties hold.

(i) We have \p(Xp) =1 for allb €Y and

W(ANT(B)) = / Mo(A)IA(db)  for any A € B(X), B € B(Y).
B
(ii) For A-almost every b € Y, the measure Ny is invariant for the dynamical
system Sy : Xp — Xp.

Proof. Assertion (i) is just a reformulation of the disintegration theorem, and
we confine ourselves to the proof of (ii). The relation ¥ o S; = ¥ implies that
S (¢=1(B)) = w~1(B) for any Borel subset B C Y. Since (S;).u = i, we have

/ Mo (Su(A))A(db) = / M(AN(db) for any A € B(X), B € B(Y).
B B

It follows that (S¢)«Ap = Ap for any ¢ € R and M-almost every b € Y. Combining
this with the continuity of S; in time, we arrive at the required result. O

"Note that X3 is a closed subset of X, since it is the pre-image of a closed set under a
continuous mapping.
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5.2.2 Estimates for the densities of the energy and enstro-
phy

The balance relations established in Theorem 5.1.1 and Proposition 5.1.3 give
infinitely many identities for stationary measures of the Navier—Stokes sys-
tem (5.1). Unfortunately, the convergence established in Theorem 5.2.2 is not
strong enough to pass to the limit in those relations and to obtain similar in-
formation for the accumulation points of the family of stationary distributions,
even though both sides of relation (5.12) are well defined for a limit process u
and any bounded continuous function g. Instead, in this section we prove that
the concept of local time, combined with relation (5.5), enables one to get some
qualitative properties of the energy and enstrophy functionals in the limiting
stationary regimes. Namely, we establish the following result.

Theorem 5.2.12. Let By < oo and let {p,,v > 0} be a family of stationary
measures for (5.1). Then the following properties hold for any limit point ug of
the family {1, } in the sense of weak convergence of measures on H.

(i) Let bs # 0 for at least two indices in Z&. Then ug has no atom at zero.
Moreover, there is a constant C > 0 not depending on {bs} such that

pio(Br(8)) < Cy~'\/B14  for all § >0, (5.45)
where we set v = inf{Bo — b?,s € Z3}.

(ii) Let bs # 0 for all s € Z3. Then there is an increasing continuous func-
tion p(r), vanishing at = 0 and depending only on the sequence {bs},
such that

po({u € H : |uly € T}) + po({fu € H : [Vulp € T}) < p(¢(T))  (5.46)
for any Borel subset ' C R, where ¢ stands for the Lebesgue measure on R.

Before presenting a proof of this result, we outline its main idea. We claim
that it suffices to establish inequalities (5.45) and (5.46) for any measure of the
family {u, } with some universal constant C' and function p. Indeed, consider,
for instance, the case of the second inequality. It follows from (1.29) that in-
equality (5.46) remains true for any limiting measure o and any open subset
I' € R. Now recall that the Lebesgue measure is regular:

¢T) =inf{{(G) : G DT, G is open}.

Combining this relation with the continuity of p, we conclude that (5.46) is true
for any Borel set I' C R.

The proof of inequalities (5.45) and (5.46) for the measures of the fam-
ily {u,} is based on an application of some properties of the local times for
It0 processes. If we were just interested in absolute continuity of the law for
the components (u,es) under a measure p, with a fixed v > 0, then it would
be sufficient to remark that the corresponding stationary process (u,(t),es) is
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an It6 process with a non-zero constant diffusion, and the required assertion
would follow immediately from a well-known technique involving the concept
of local time (see Step 2 in the proof below) or from Krylov’s estimate (see
Theorem 7.9.1). In our situation, the estimates must be uniform in v > 0, and
diffusion terms in the equations satisfied by |u, (t)|3 and |Vu,(t)|3 are not sep-
arated from zero. This difficulty will be overcome with the help of a thorough
study of the local times for the processes in question.

Proof of Theorem 5.2.12. As was mentioned above, it suffices to find a con-
stant C' > 0 and a function p with the properties stated in the theorem such
that (5.45) and (5.46) hold for any measure u' of the family {x,}. This will
be done in several steps. In what follows, we denote by u(t,z) a stationary
solution for (5.1) whose law coincides with p’ and write us(t) = (u(t), es) for its
components in the Hilbert basis {es, s € Z2}.

Step 1. We first show that, for any real-valued function g € C?(R) whose
second derivative has at most a polynomial growth at infinity and for any Borel
subset I' C R, we have

B [ T (02 (/) (32 = V) + () 3 0202 ) o

SEZ3

+ > B2E (I (g(uld) (o' (uld) w,)*) =0 (5.47)

s€Z2

Indeed, let us fix any function g € C?(R) and consider the process f(t) =
g(Ju(t)|3). By Ito’s formula, we have

f(t)=f(0>+1//o A(s) ds+2be/o (lul2)usdBs,
SEZ

where we set

A<t>=2( () (B — [Vul) + " (uld) 3 2 )

SEZ?
Let At(a) be the local time for f. Then, in view of relation (7.42) with h = I,

we have
2/ a)da = 4v Z b2/ )(g’(|u|§)us)2dr.

s€Z?
Taking the mean value and using the stationarity of u, we derive

/(EAt da = 2ut Z b’E ( (|u\§)us)2>

SEZ3
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On the other hand, taking the mean value in (7.45) and using again the sta-
tionarity of u, we obtain

EA(a) = —ptE(Ts 00) (£(0)) A(0)).

The last two equalities and the definition of the drift A imply the required
relation (5.47).

Step 2. We now prove that (cf. (5.45))
u'({u EH:0<|ulp < 5}) < C~'y/B§ forany ¢ > 0. (5.48)
Let us apply relation (5.47) in which T’ = [, 8] with a > 0 and g € C?(R) is a

function that coincides with y/z for z > « and vanishes for 2 < 0. This results
in

8 By — 2|Vul?
E/ﬂ H(a,oo>(|u2)( 04|u\2 : 4\U|zzb )
5 3 EEon(ub)u ") =0

It follows that

B 2
[ s Sz on() oo

SEZE

Now note that

Boluls — Y Wdui =" (Bo—0)ui > ~lul3,

SEZ3 SEZ]
\V4 2
HE<||142> S Cﬁﬁnlﬂﬂg S CH\/Qsh
U|2

where we used interpolation and inequality (5.27). Substituting these estimates
into (5.49) and passing to the limit as a — 0T, we derive

B
E/ Ia,00) (Jl2)[ul; ' da < C1y ™" /By B. (5.50)
0

We now fix a constant 6 > 0 and note that the left-hand side of (5.50) can be
minorised by

B B
B [ Loa(ula)luly do > 078 [ T (lul) da
0 0
B
= 6_1/ P({a < |ulz < 0)da
0
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Substituting this inequality into (5.50), we obtain

1 [P
B/ IP’({a < |uls <) da < Cry~ /B, 6.
0

Passing to the limit as 3 — 07, we arrive at the required inequality (5.48).

Step 3. In view of (5.48), inequality (5.45) will be established if we prove
that 4’ has no atom at zero. To this end, we could apply the local time technique
used in Step 1 to a one-dimensional projection of u. However, the following proof
based on Krylov’s estimate for It6 processes is simpler.

Let us fix an index s € ZZ such that by # 0. The stationary process u(t)
satisfies the equation

us(t) = us(0) +/0 v(r)dr + v bsBs(t),

where we set v(t) = (—vLu — B(u),es). Since |u|s > |us|, it suffices to show

that P = P{us(0) = 0} = 0. By Theorem 7.9.1 with d =1 and f =[_. ), we
have
Vv bsP{|us(0)| < e} < Ce for any £ > 0,

whence it follows that P = 0.

Step 4. It remains to establish (5.46). We shall confine ourselves to the proof
of the fact that the first term on the left-hand side can be bounded by p(¢(T).
A similar argument shows that the same is true for the second term.

Applying relation (5.47) with g(x) = x, we obtain

E<Hr(|u|§) 3 b§u§> < /FJE(H(G,OO)(m\g)Wu\g) da < 1Bol(T),  (551)
SEZ3

where we used (5.3) to get the second inequality. We wish to estimate the left-
hand side of this inequality from below. To this end, note that if |u|s > § and
|Lu|y < 6~/2, then for any integer N > 1 we have

S elsi Y ug_bmu@— 3 )

s€Z? 0<|s|<N |s|>N
> b?v(|u|§ - N4Lu|§) > 3, (8 - N,

where by = min{b,, |s| < N}. Choosing N = N(¢) sufficiently large, we find an
increasing function €(6) > 0 going to zero with ¢ such that

Z b2u? > () for |uly > 8, ||ulls < 6712 (5.52)
SEZ

Define now the event G5 = {|u(0)|]2 < & or |Lu(0)|]2 > v/d} and note that,
in view of (5.5), (5.45), and Chebyshev’s inequality, we have

P(Gs) < P{|uls < 8} + P{|Luls > V3} < Cs6.
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Combining this with (5.51) and (5.52), we write
P{lul3 € T} =P({Jul3 €T} N Gs) + P({jul3 €T} N GS)

< C56+¢e(6)'E (Hr(lué) > b§u§>

SEZ3
< C56 + Cee(8) ().
This inequality immediately implies the required result. O

Ezercise 5.2.13. Prove that the second term on the left-hand side of (5.46) can
be bounded by p(¢(T")). Hint: A relation similar to (5.47) holds for the process
g(]Vu|3). To see this, it suffices to repeat the arguments used in Step 1 of the
above proof.

5.2.3 Further properties of the limiting measures

In the previous subsection, we have shown that the limiting measures of the
family of stationary distributions for (5.1) possess some non-degeneracy prop-
erties. Indeed, Theorem 5.2.12 implies, in particular, that the image of such
a measure under the energy and enstrophy functionals has no atoms. In this
section, we combine balance relations with Krylov’s estimate for It6 diffusions
to show that a similar assertion is true for a large class of multidimensional
functionals.

Let f1,...,fq : R — R be real-analytic functions whose second derivatives
have at most a polynomial growth at infinity and are bounded from below:
J(z) > —C forzeR, k=1,...,d. (5.53)

These hypotheses are satisfied, for instance, if the functions fj are trigonometric
polynomials or polynomials of even degree with positive leading coefficients.
Since H'(T?) is continuous embedded in LP(T?) for any p < oo, we can consider
the map F : V2 — R defined by

F(u) = (Fi(u),...,Fa(u)), Fiu)= [ fe(curlu(z))daz.
T2
Assume the the functions f; are independent modulo constants, that is, if
c1fl + -+ cafl; = const, then all ¢;, vanish. The following theorem gives some
information on the distribution of F' under any limiting point of the family of
stationary measures for (5.1).

Theorem 5.2.14. Let by = b_, # 0 for all s € Z3, let By < oo, and let
functions f1, ..., fq be as above. Then there is an increasing continuous function
p(r) vanishing at r = 0 such that for any limiting point p of the family {u,},
as v — 0, in the sense of weak convergence on H and any Borel subset T € R?,
we have®

F(i)(T) < p(£(T)). (5.54)

8Recall that, by (5.27), any limiting point u is concentrated on the space V2.
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Before proving this result, we establish a corollary showing that the limiting
measures are not concentrated on subsets of low dimension. Its formulation uses
the concept of Hausdorff dimension (e.g., see Section X.1 of the book [BV92]).

Corollary 5.2.15. Under the hypotheses of Proposition 5.1.3, let X C H be
a closed subset whose intersection with any compact set K C V2 has finite
Hausdorff dimension with respect to the metric of V2 and let yi be a limiting point
of {un}, as v — 0, in the sense of weak convergence on H. Then pu(X) =0.

Proof. We shall only outline the proof, leaving it to the reader to fill in the
details. We know that p is concentrated on V2. By Ulam’s theorem (see Sec-
tion 1.2.1), any Borel measure on a Polish space is regular, and therefore we can
find an increasing sequence of compact subsets K,, C V2 such that u(K,) — 1
as n — oco. Hence, it suffices to show that u(K,, N X) = 0 for any n > 1. Thus,
we can assume from the very beginning that X is a compact subset in V2 of
finite Hausdorff dimension.

Let us take an integer d > 1 larger than Hausdorff’s dimension of X and
consider any map F : V2 — R? satisfying the hypotheses of Theorem 5.2.14. It
is easy to see that F' is uniformly Lipschitz continuous on any compact subset
of V2. Combining this with the definition of the Hausdorff dimension, we see
that the compact set F/(X) C R? has zero Lebesgue measure. Inequality (5.54)
with I' = F(X) now implies that p(X) = 0. O

Proof of Theorem 5.2.1/. It suffices to prove that inequality (5.54) holds for
any measure p,, with a function p not depending on v. Let us fix a stationary
solution u(t) distributed as p, and define the stochastic process y(t) = F(u(t)).
The first and second derivatives of the mapping F : V2 — R? have the form

Flush) = (/ fi(curlu(e ))curlh(x)dm,kzl,...,d),
F"(u;h,h) = (/f (curlu(z )(Curlh(x))zdx7kzl,...,d).

Combining these relations with estimates (2.162), Corollary 7.7.6, and Eq. (5.8)
for the vorticity v = curlu, we prove that y(t) is an Ité process whose compo-
nents are representable in the form (cf. proof of Proposition 5.1.3)

ye(t) = 1 (0) + /Ak dr+Z/Bks YdBs, k=1,...,d, (5.55)

SEZ3

where we set

A0 = [ Sl dolt.z) o+ 5 Z b2/ )o2(x) da

eZ2
/ N(=IVo]? + &%) d,
Bia(t) = by / F () () dr.
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We now apply Krylov’s estimate (7.46) with f = Ir to the process y. In view
of stationarity of y, Ag, and By, this results in

E ((det 09) /4 Ir(y(0))) < Cal(D)*E|A(0)], (5.56)

Where A= (Ay,...,A4), and oy stands for the d x d diffusion matrix BB* (that
is, ofl = 3 Bys(t)Bis(t)). Next, we estimate E|A(0)| and det oy from above
and below, respectively.

It follows from (5.53) that |f;/(2)| < f}/(2) + 2C for all z € R. Therefore,
B0 <E [ If ot )] |- [Tof + 2] do
T2
<E [ (f(u(t.0) +20) (Vol* + B4) da.
T2

The balance relation (5.17) with g = f;/ implies that

/ fi (v(t, 2))[Vo(t, x)|2d:c—CIE/ fi (v(t, @) da.

Combining this with the above inequality, we derive
E|A(0)) < GE [ (ff (o(t,2)| + [Volt,)f + 1) do.
']1‘2

Recalling that f;/ has at most a polynomial growth at infinity and invoking
estimates (5.5) and (5.6), we obtain

E|A(0)] < Cy fork=1,...,d, (5.57)

where Cy > 0 is a constant depending only on the sequence {bs}.

To estimate from below the quantity det oy, we need an auxiliary lemma
established at the end of this section. Recall that H ™(T?) stands for the
space of functions in H™(T?) with zero mean value. We abbreviate f'(w) =
(fi(w),..., f4(w)) and define a function D : H'(T?) — R by the relation
D(w(-)) = deto(f' ow). Here for a vector function g : T> — R? we denote
by o(g) a d x d matrix with the entries

D=3 8 [ s@e@d [ @
s€Z2
cf. definition of the diffusion matrix oy.

Lemma 5.2.16. For any functions f1,..., fq satisfying the hypotheses of The-
orem 5.2.14, there is v < 1 such that D(w) admits a continuous extension to
the space H™ = H"(T?) and there does not vanish outside the origin.



226 CHAPTER 5. INVISCID LIMIT

Let us note that detog = D(v(0)). For any ¢ > 0, we introduce the event
Qs = {v(0) € Os}, where O5 = {w € HY(T?) : |w|; < 6%, |Jwl, > 6}, and r
denotes the constant constructed in the above lemma. Since the embedding
H'(T?) ¢ H"(T?) is compact, Oy is a compact subset of H"(T?) not containing
zero. Lemma 5.2.16 implies that there D(w) > ¢3(d) > 0. It follows that

det og > ¢3(d) for w € Q5.
Combining this with (5.56) and (5.57), we obtain
P{y(0) € T} < E(Ig,Ir(4(0))) + P(Q5)

<(e3(8)) " E ((det 00) /4 T (y(0))) + P(QS)
< Ca(8) ()" +P(Q5). (5.58)

Let us show that the second term in the right-hand side goes to zero with 4.
Indeed, we have

P(QS) < P{[u(0) 1 > 51} + P{[lo(0)]}» > &})
< P{J[u(0)]ls = 5~} + P{u(0)]2 > 5},

where we used the inequalities
|| curlully < ||ulle, | curlu|l, > |curlu|s > |uls.

It follows from (5.5) and (5.45) that P(Q§) — 0 as 6 — 0. Combining this
with (5.58), we arrive at the required inequality (5.54). O

Proof of Lemma 5.2.16. The conditions imposed on f; implies that
f@)+ () < Cr(1+ [2])? for all z €R,
where ¢ > 1 is a constant. Let < 1 be such that H” is continuously embedded
into L?7(T?). By the Cauchy—Schwarz inequality,
(0) < (3 Bl ocblal: < C o
s€Z2
Therefore D is continuous as the composition of the continuous maps
wi g = f'(w(z)), H"(T%) — L*(T%RY),
g — deto(g), L*(T%RY) — R.

We now prove that D(w) # 0 for w € H”\{0}. It is an elementary exercise in
linear algebra to show that if # is a Hilbert space and B : H — R is a surjective
continuous operator, then the application BB* : R — R? is an isomorphism.
Let us denote by L?(T?) the space of L? functions with zero mean value and
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define a family of continuous operators B(w) : L2(T2?) — R¢ by the relation (cf.
the relation for the first derivative of F')

B = (L lwd [l o) do k= 1.....d).

SEZE

It is straightforward to check that
Bys(w) = bs/ fiw(x))ps(z)de, 1<k<d, sé€IL,
T2

are the matrix entries of the operator B(w) with respect to the orthonormal
basis {|s| 1¢s, s € Z3}. Therefore o(f'(w)) = B(w)B*(w). It follows that the
application o(w) : R — R? is an isomorphism and its matrix is nonsingular
for those w € H" for which B(w) is surjective. Hence, the required assertion
will be established if we show that B(w) is surjective for any non-zero function
we H.

Suppose that B(w) is not surjective. Then there exists a non-zero vector
c=(ci,...,cq) € R? such that

d
& B@)e) =3 e 3 157 1ba(€, 00) / Fi(w(@)) pu(@) de = 0
k=1 sez? T2

for any ¢ € L?(T?). That is,

S 151 o) [ (w(a))u(a) do =0 for any € € L2(1),

SEZ

where h(w) = ¢ f{(w) + -+ + caf)(w). Choosing & = ¢, with s varying in Z
and recalling that the numbers by are non-zero, we get

/ h(w(z))é(z)de =0 for any £ € C°°(T?) with zero mean value.
TQ

Therefore there exists a constant C' = C,, such that h(w(z)) = C almost every-
where, whence we conclude that

w(z) € No  for almost every x € T?, (5.59)

where No¢ = {z € R: h(z) = C}. Recalling that f1, ..., f} are analytic functions
linearly independent modulo constants, we see that N is a discrete® subset
of R. Combining (5.59) with Lemma 7.15.1, we see that the function w must be
a constant almost everywhere. Since the mean value of w is zero, we conclude
that w = 0. O

9Recall that a subset of R is said to be discrete if it has no finite accumulation points.
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5.2.4 Other scalings

We have studied so far the inviscid limit of stationary measures for the Navier—
Stokes equations in the case when the random perturbation is white in time and
has an amplitude proportional to v/v. A natural question is to find out what
happens for white noise perturbations of different size. In this section, we prove
that the scaling we studied is the only one for which a nontrivial limit exists.

Let us consider the equation (cf. (5.1))
0w+ vLu + B(u) = v(t, x), (5.60)
where a € R is a constant, and 7 is a regular white noise.

Theorem 5.2.17. Let {u,,v > 0} be a family of stationary measures for (5.60).
Then the following assertions hold.

(i) Leta > 1/2. Then {u,} converges weakly on V? to the Dirac measure &
asv — 0%,

(i) Let a <1/2. Then {u,} has no accumulation points in the sense of weak
convergence on H as v — 0.

Proof. We first assume that a > 1/2. By (2.161), we have

2a 1
/ | L2 (du) %1 (5.61)

Let f € Ly(V?) be an arbitrary function such that ||f||z < 1. Then, applying
the Cauchy—Schwarz inequality and using (5.61), we derive

‘/Hf(u)uy(du)—f(w‘S/H|u||2u,,<du)gcwa_1/2_

Recalling assertion (ii) of Theorem 1.2.15, we conclude that u, — 0y weakly
onV.

We now assume that a < 1/2. Let u,(t) be a stationary solution for (5.60)
whose law coincides with p,. We fix a constant b > 0 and consider the random
process v, (t) = vPu, (¥°t). It is a matter of direct verification to show that v,
is a stationary solution of the equation

o + v Ly 4+ B(v) = VY 9, (5.62)

where CN(t) = V’%C(Vbt). Using the scaling properties of the Brownian motion,
it is easy to see that 5 is a process with the same distribution as (. Choosing
b= 3 — a, we conclude from (5.62) that v, satisfies Eq. (5.1), in which ¢ and v
are replaced by 5 and 7 = v'tP, respectively.

To prove that {u,} has no accumulation points as v — 07, we argue
by contradiction: suppose that {x,,} converges weakly on H for some se-
quence v; — 0. Then, by Prokhorov’s theorem, for any ¢ > 0 there is R > 0
such that

tw, (Bu(R)) = P{|u,,(0)]2 > R} <& forall j > 1.
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Recalling the definition of v,, we see that
P{|v,, (0)]2 > v R} = P{|u,,(0)]2 > R} <& forall j > 1,

whence it follows that the law of v, (0) converges weakly to the Dirac measure dg
as j — oo. On the other hand, by Theorem 5.2.2 and Corollary 5.2.3, the
accumulation points of the family of stationary measures for (5.1) are non-
degenerate in the sense that they are not concentrated at zero (see (5.25)).
Since the law of v,,(0) is a stationary measure for (5.1) with v = V;-H), we
arrive at a contradiction. The proof of the theorem is complete. ]

Ezercise 5.2.18. Prove that the process v, defined in the above proof satis-
fies (5.62). Hint: Rewrite Eq. (5.1) in the form

u(t) = u(0) —/O (vLu + B(u)) ds + Vo C(t), >0,

and make a suitable change of the time variable.

Remark 5.2.19. If in Eq. (5.1) we replace the viscous term v Lu with a hypervis-
cous one of the form vL™u, m > 1, then still the equation has a unique station-
ary measure /', and there exist limits along sequences u(' = lim,, o tyyy - For
the same reason as in Section 5.2.1, we have B [|ul|Z, = 198, and B llull?, 1 <
3B1. AsE,, ||ul|? = 3B, then the non-degeneracy property of Corollary 5.2.15
implies that E,, ||ul|2, > 1 By. So the measure " differs from yq (it is smoother).
That is, introducing in Eq. (5.1) a hyperviscosity, we change the limiting, as

v — 0, distributions of velocity and vorticity.

5.2.5 Kicked Navier—Stokes system

We now discuss the existence of an inviscid limit for the kicked Navier—Stokes
system on T? with a random force proportional to /v (cf. (3.74)):

U+ vLiu+ B(u) = ﬁinké(t—k). (5.63)
k=1

Here {n:} is a sequence of i.i.d. random variables satisfying the hypotheses
imposed in Section 3.2.4. We assume, in addition, that

E&s, = 0 for all s € Z2, B, = Z 15|26 < oo,
s€z2

and introduce the quantities

Do=Y B2EE, Di= ) bsPEE.

SEZE SEZE
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Ezercise 5.2.20. Let u(t), t > 0, be a stationary solution for the Markov semi-
group associated with (5.63). Prove that

k Do k D,
/ |Vu(t)2dt = —, / |Lu(t)|3dt = — for any k > 1.
k—1 2 k—1 2
Let C(R4 \ Z4;V) be the space of V-valued functions on R, that are con-
tinuous on each interval I = [k — 1, k) with k£ > 1 and have a limit as ¢t — k~.
This space is endowed with the family of seminorms

lulle(yvy = sup [lu(@)]l1, k=1
tely

It is easily seen that C'(R \ Z4; V) is a Fréchet space. The following result can
be proved with the help of the argument used to establish Theorem 5.2.2; we
leave its proof to the reader as an exercise.

Theorem 5.2.21. Under the above hypotheses, let {u,,v > 0} be any fam-
ily of stationary measures for the discrete-time Markov semigroup associated
with (5.63) and let {p,} be the corresponding family of measures on the space
of trajectories. Then for any e > 0 the family {p,} is tight in C(Ry \Z; V)N
L2 (Ry; H*79). Moreover, if p is a limiting point for {m,} and u(t,z) is a
random process whose law coincides with w, then the following properties hold.

(1) Almost every realisation of u(t,z) belongs to space
L%OC(RJF; Vz) N I/Vl:i))c1 (R+; V) n I/Vli)fo (RJF; Lp)’

for any p € [1,2), and satisfies the Euler equation (5.24).

(ii) The process u(t,x) is 1-periodic in time. Moreover, the functions |u(t)|2
and |Vu(t)|2, as well as quantities (5.42), are time-independent random
constants.

(iii) We have the relations

D
E[Vu(t)f = 2

E|Vu(t)|3' <Cp  forallt >0, m>1,

for allt >0,

k D,
[ B <% prae=1,
k

-1
where Cy, > 0 are some constants not depending on the limiting measure.

The investigation of the inviscid limit was based essentially on the existence
of two “good” integrals of motion for the limiting equation. In the case of
Navier—Stokes equations, they are given by the energy and enstrophy. The
additional set of infinitely many integrals given by the functions of vorticity
enabled us to study further properties of the limiting measures, such as the



5.2. LIMITING MEASURES 231

existence of density for finite dimensional functionals. A similar analysis can
be carried out for other problems possessing those properties, e.g., the damped-
driven Korteweg—de Vries equation. Moreover, due to complete integrability
of the latter, it is possible to prove uniqueness of the limiting measure and to
describe it as a stationary measure for a non-local stochastic PDE; see [KP08,
Kuk10a, Kuk12].

5.2.6 Inviscid limit for the complex Ginzburg-Landau
equation

The complex Ginzburg-Landau equation is an example for which we know the
existence of only two integrals of motion, and this turns out to be sufficient to
draw some nontrivial conclusions. They are, however, less complete than those
obtained in the case of the Navier—Stokes system. We now briefly discuss the
corresponding results.

Let us consider the following problem in a bounded domain Q C R%, d < 4,
with a smooth boundary 0Q:

0 — (v +i)Au + iXu|*u = Vun(t,z), 0. (5.64)

“|aQ -
Here v and A are positive parameters and 7 is a white noise force of the
form (2.66), where {e;} stands for a complete set of normalised real eigenfunc-
tions for the Dirichlet Laplacian with eigenvalues o, {8; = ﬁf + 1B } is a se-
quence of independent standard complex-valued Brownian motions, and {b,;} C
R is a sequence In this case, as was mentioned in Section 3.5.5, the Cauchy prob-
lem for (5.64) is well posed in the space H}(Q;C), and almost every trajectory
of solutions belongs to the space
4
L3 (R H?) N (W

loc

(R+;L§)+WO"4(R+;H1))7

loc

where a € (%, %) is an arbitrary constant. Moreover, using the Bogolyubov—

Krylov argument, one can prove that Eq. (5.64) has a stationary measure p,, for
any v > 0; cf. Sections 2.5. Let {u,} be the corresponding family of measures
on the space of trajectories.

Using essentially the same argument as in Sections 5.2.1 and 5.2.2, one can
prove the following assertions.

Tightness. The family {u,} is tight in H?~¢ and {p,} is tight in the space

_ _d_
LIQOC(R+; H2 E) N C(R+7 H™+ E)'
Limiting process. Any limiting measure p for the family {g,,} is concentrated
4
on the space L (Ry; H2) N W2 (Ry; L3), and p-almost every curve v(t)
of that space satisfies the nonlinear Schrodinger equation

¥ —iAv +iXv]?v = 0.
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Moreover, the quantities

Ho(u) = 3 /D () Pdz,  Ha(u) = /D (3 IVu@)P + 2 @) da

are preserved along any such trajectory, and their mean values admit some
explicit bounds in terms of the coefficients b;.

Non-degeneracy. Suppose that all numbers b; are non-zero. Then the laws
of Ho(u) and Hi(u) with respect to any limit point of the family {u,}
possess densities against the Labesgue measure on the real line.

We refer the reader to the papers [KS04b, Shillb] for an exact statement of
the above results and their proofs and to [Kuk12] for some related results.

5.3 Relevance of the results for physics

Results of this chapter form a beginning of a rigorous mathematical theory of the
space-periodic 2D turbulence in fluid stirred by a random force. Namely, here we
study periodic flows of 2D fluid with high Reynolds numbers and finite energy.
We are concerned with their stationary measures (i.e., the statistical equilibria).
Denoting by i, the unique stationary measure for fluid with viscosity v, we show
that if p,, has a nontrivial limit as v — 0, then the force must be proportional
to y/v. Accordingly, we take the force of the form!'® “/v times a random
force n(t, x) independent of v”:

Ou+vLu+ Bu) =vVon(t,z), n= > bibs(t)es(x). (5.65)
SEZ2\0

Here {e;(7)} is the usual trigonometric basis of the La-space of periodic solenoi-
dal vector fields with zero mean value (see (2.29)), 5,(t) are standard indepen-
dent white noises, and bs are real numbers such that

By=Y b2<oo, Bi=)» |s]’h? <oc.

In this case, when v — 0, the energy of the fluid stays of order one, while its
Reynolds number grows like 1.

Equation (5.65) has a unique stationary measure p,. The latter has limits
as v goes to zero along sequences, g = lim,; .o p,;- We do not know if the

limiting measure g is unique, but each g has a number of universal properties.

(i) The measure g is supported by the space H?, jg(H?) = 1, and
Epllull3 < 3B1 < oo. (5.66)

It is space homogeneous if so is the force.

10Note that the Navier-Stokes equations with viscosity v and a random force v%n(t, z) with
any a € R reduces to (5.65) by suitable scaling of v, u, and ¢; see Section 5.2.4.
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(ii) The po-averaged enstrophy IE,, [|curlu|?>dz equals 1B,, while the
po-averaged energy E,,, [ |u|?dz has explicit lower and upper bounds. The ran-
dom variables exp(x|u(z)|) and exp (k| curl u(z)|*/?) are uo-integrable for any z,
where the constant x > 0 does not depend on py.

(iii) wo is an invariant measure for the free 2D Euler equation.

(iv) It is genuinely infinite-dimensional. Namely, po(K) = 0 if K is a finite-
dimensional set.

(v) It is po-unlikely that the energy E = 1 [ |u|?dz of the fluid is very small
or very large. That is,

po{E(u) <6} <OVS, po{E(u) >t} < Ce™" forall § >0,

where ¢ and C are independent of p.

(vi) The stationary measures p,,, v > 0, satisfy infinitely many explicit alge-
braical relations. These relations are independent of v and depend only on two
scalar characteristics By and By of the random force. We cannot pass to the
limit in these relations to show that they remain true for pg, but we use them
to study po; e.g., to derive the second assertion in (ii).

In Remark 5.2.19, we explained that the limiting measure(s) uo will change
if in Eq. (5.65) we replace the viscosity v Lu with a hyperviscosity v L™u, m > 1.

Note that (iii) agrees with the belief (which goes back at least to On-
sager [Ons49]) that the 2D Euler equation describes certain classes of 2D tur-
bulence. Unfortunately, the equation does this in an implicit way since Euler-
invariant measures form a large class and we do not know how to single out
from it the measure pp. Also note that (vi) indicates certain universality of the
space-periodic 2D turbulence. Various universalities of 2D turbulence are often
suggested in physical literature.

For k > 1 denote by E} the density of energy at a wave-number k. That is,
for u(z) = Zsezg uses(x) we define

Ek = (20)_1 Z %Euo|us|2,
k—C<|s|<k+C

where C' > 1 is of order one and we are the most interested in large k. Then
(o)
Eollull?, ~ / E k*™dk  Ym. (5.67)
1

The function k — FE}, is called the energy spectrum of turbulence. Making bold
assumption that Ejy ~ k=" for some r, we get from (i) that » > 5. We neglect
the weak logarithmic divergence of the integral in (5.67) which occurs when
r =5 (to remove the divergence one may correct the anzats for Fj, by a suitable
logarithmic factor). The exponent r = 5 is distinguished due to relation (5.66),
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which follows from the conservation of enstrophy in the 2D Euler equation. We
conjecture that o(H?1%) = 0 for positive § and that

E,ollull345 =00 V4> 0.

Then
B~k for k>1, (5.68)

modulo a possible logarithmic correction. This relation implies that periodic
2D turbulence exhibit a direct cascade of energy: even though the force n(t, x)
in (5.65) is concentrated in low modes (and has a non-significant smooth com-
ponent in high modes to guarantee the non-degeneracy), the energy spectrum
decays only as k~°.

It is interesting to compare our results and predictions with those of the
heuristic theory of 2D turbulence originated by Batchelor [Bat82] (pp. 186—
187), [Bat69] and Kraichnan [Kra67], and called below the BK theory. That
theory is based on the assumption that the rate of dissipation of enstrophy
VE,,, || curlul|? converges to a finite non-zero limit € as v — 0. Since || curlul|; =
||lu|2 for divergence-free vector fields, then for the space-periodic 2D turbulence
we have e = 0-E,, ||u||3 which vanishes by (5.66). So the assumption fails. The
explanation for this is simple: for the BK theory to hold, the 2D flow of the fluid
should be not 27-periodic, but 27 L-periodic, where N 5 L — oo (it is not quite
clear what relation should be imposed on v~ ! and L when both of them go to
infinity). The force n(t,z) remains essentially the same: most of its energy is
supported by modes e, (), where s is an integer of order one, while other modes
ey (x), 8" € (Z/L)?, carry a tiny proportion of the energy, just to make the force
non-degenerate with respect to the period 27 L. In this large-volume setup the
force n enters the right-hand side of the Navier—Stokes equations without any
scaling factor, so the equations take the form

Owu + vLu + B(u) = n(t, z). (5.69)

The BK theory predicts that for v < 1 and L > 1 the energy spectrum FEj
behaves as follows:

E ~ k3, 1<k < ky, (5.70)
Ej, ~ k=53, - <k, (5.71)

where k4 — oo and k_ — 0 as v — 0 and L — oo. The theory also specifies
e-dependent factors in front of k2 and k~°/3 which we do not discuss. The
asymptotics (5.70) differs from what we have in the space-periodic 2D turbu-
lence, where the assumption Ey ~ k=" implies that » > 5 and we predict that
r = 5. Presumably, this happens since the 2m-periodic boundary conditions,
imposed on the fluid, regularise it and make the direct cascade of energy weaker
than the BK-cascade (5.70). !

1'When asked if his theory of turbulence applies to 3D periodic flows, A.N. Kolmogorov
said that he is not certain in that, since periodic flows may be “too regular” (we are thankful
to A.V. Fursikov and M. I. Vishik for this recollection).
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Relation (5.71), known as the inverse cascade of energy, has no analogy in
the space-periodic turbulence, where k£ > 1. Some experts in turbulence believe
that for limits (5.70) and (5.71) to exist when v — 0 and L — oo, the right-
hand side of Eq. (5.69) has to be modified by the friction term —7u (sometimes
called the Ekman damping in honor of Swedish oceanologist V. W. Ekman).
The parameter 7 has to be sent to zero with v and L1 (again, relation between
these three quantities is not clear). See [Ber00] for an advanced version of the
corresponding argument and see [BV11] for a detailed discussion.

So, in difference with the BK theory, the theory of space-periodic 2D turbu-
lence, presented in this section, has a rigorous component (i) — (vi). It gives rise
to a direct cascade of energy with an exponent > 5, which is predicted to be five,
and differs from the BK-exponent 3 in (5.70). Further rigorous development of
this theory by means of modern mathematical tools (including those presented
in this book) seems to us more feasible than rigorous justification of the BK
theory.

Notes and comments

The existence of an inviscid limit of stationary measures (see Theorems 5.2.2
and 5.2.21) was proved by Kuksin [Kuk04]. The balance relations described
in Section 5.1.2 were established by Kuksin and Penrose [KP05]. The co-area
form of the balance relations (see Exercise 5.1.5), pointwise exponential esti-
mates of Section 5.1.3, and the properties of the limiting measures described in
Sections 5.2.1 — 5.2.4 were obtained by Kuksin [Kuk06b, Kuk08, Kuk07]. The in-
viscid limit for the complex Ginzburg-Landau equation was studied by Kuksin
and Shirikyan [KS04b], and the local time technique used in Section 5.2.2 is
taken from [Shillb]. We refer the reader to the review papers [Kuk07, Kuk10b]
for further references and a discussion of the inviscid limit for damped/driven
integrable PDE’s.
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Chapter 6

Miscellanies

This chapter is mostly devoted to the 3D Navier—Stokes equations with random
perturbations. We begin with the problem in thin domains and state a result on
the convergence of the unique stationary distribution to a unique measure which
is invariant under the flow of the limiting 2D Navier—Stokes system. We next
turn to the 3D problem in an arbitrary bounded domain or a torus. We describe
two different approaches for constructing Markov processes whose trajectories
are concentrated on weak solutions of the Navier—Stokes system and investi-
gate the large-time asymptotics of their trajectories. Finally, we discuss some
qualitative properties of solutions in the case of perturbations of low dimension.
Almost all the results of this chapter are presented without proofs.

6.1 3D Navier—Stokes system in thin domains

In this section, we present a result that justifies the study of 2D Navier—Stokes
equations in the context of hydrodynamical turbulence. Namely, we study the
3D Navier—Stokes system in a thin domain and prove that, roughly speaking,
if the domain is sufficiently thin, then the problem in question has a unique
stationary measure, which attracts exponentially all solutions in a large ball and
converges to a limiting measure invariant under the 2D dynamics. Moreover,
when the width of the domain shrinks to zero, the law of a 3D solution converges
to that of a 2D solution uniformly in time. The accurate formulation of these
results requires some preliminaries from the theory of Navier—Stokes equations
in thin domains. They are discussed in the first subsection. We next turn to
the large-time asymptotics of solutions and the limiting behaviour of stationary
measures and solutions.

237
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6.1.1 Preliminaries on the Cauchy problem

Let Q. = T? x (0,) C R?, where T? stands for the two-dimensional torus®
and £ > 0 is a small parameter. We denote by x = (z1,22,23) the space
variable, so that (z1,z2) varies in T? while z3 belongs to the interval (0,¢).
Consider the 3D Navier—Stokes system

U+ (u, Viu —vAu+ Vp =n(t,z), divu=0, z€Q., (6.1)

where u = (u1,ug,us) and p are unknown velocity field and pressure, and 7 de-
notes a random kick force of the form (2.65). Equations (6.1) are supplemented
with the free boundary conditions in the vertical direction x3:

uz = d3u; =0 for x3 =0 and &, (6.2)

where i = 1,2. Asin the 2D case with periodic or Dirichlet boundary conditions,
problem (6.1), (6.2) can be reduced to an evolution equation in an appropriate
functional space. Namely, denote by V2 the space of divergence-free vector
fields u € H2(Q.;R?) that satisfy the boundary conditions (6.2) and whose first
and second components have zero mean value on Q.. Let H. and V. be the
closures of V2 in the spaces L?(Q.) and H'(Q.), respectively, and let II. be the
orthogonal projection in L?(Q.) to the closed subspace H.. The space H. is
endowed with the usual L? norm |- |-, and V. is an Hilbert space with respect to
the norm ||ul|e = |Vule, due to Poincaré’s and Friedrichs’ inequalities. Applying
formally II. to the first relation in (6.1), we get the nonlocal equation

U+ vLeu+ Be(u) = Iln(t, x). (6.3)

Here L. is the Stokes operator in H. given on its domain VE2 by L.u = —II.Au
and Bc(u) = Bc(u,u), where B, : V. — V* is a quadratic mapping defined
for u,v € V2 by the relation B:(u,v) = II.((u, V)v). Introduce the following
orthogonal projections in L?(Q.; R3):

€ €
Moy = (5_1/ ul(x’7y)dy,€_1/ ug(x’,y)dyﬁ), N, =1d - M.,
0 0

where 2’ = (x1,22). It is straightforward to check that these projections also
are continuous and orthogonal in V., and their images are closed subspaces in
both cases. Furthermore, recall that the spaces H and V' were introduced at the
end of Section 2.1.5 and note that they can be identified with the images of M.
in H. and V_, respectively, by associating to each element (u1,us) the vector
function (uq,uz,0). The following result due to Raugel and Sell [RS93] (see also
the paper [TZ96] by Temam and Ziane) enables one to construct global in time
solutions of the homogeneous equation for initial data in a large ball, provided
that € > 0 is sufficiently small.

ITo simplify the presentation, we assume that the sides of the torus are equal. However,
all the results remain true in the case of an arbitrary ratio of the sides.
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Theorem 6.1.1. Let R : (0,1] — R4 be an arbitrary function such that

lim e’R(e) =0 for some 6 € (0,3). (6.4)

e—0t

Then there is €9 > 0 depending on R(-) such that, for any initial function
u§ € V. satisfying the inequality ||ug|le < R(e), Eq. (6.3) has a unique solution

u® € C(Ry; Vo) N Lie (Ry; V)

issued from ug at time t = 0. Moreover, if M.uf — vo as € — 0 weakly in H,
then for any T > 0 we have

lim M.u® =v in C(0,T;H)NL*0,T;V), (6.5)

e—0

where v(t, x) is the solution of the 2D Navier—Stokes equation (2.19) with f =0
1ssued from vg.

6.1.2 Large-time asymptotics of solutions

We first describe the random kick forces we are dealing with. For simplicity, we
shall assume that 7(t, ) belongs to the image of the projection II. for all ¢ > 0,
so that we can omit II. from the right-hand side of (6.3). As was explained in
Section 2.3, the Navier—Stokes system (6.1) with the random kick force (2.65)
is equivalent to the discrete-time dynamical system

U = S%(uk_l) + Nk, (66)

where ur, = u(kT), S denotes the resolving operator for the homogeneous
problem (see Theorem 6.1.1), and the solutions are normalised by the condition
of right-continuity at the points of the form k7. In the 3D case, there is an
additional problem related to the fact that S; may not be defined for all ¢t > 0.
However, it is possible to construct large subsets of V. on which the RDS (6.6)
is well defined. Namely, for given positive functions a(e) and b(e), we set

Be = {u e Ve : [|Mcullc < a(e), | Neull <b(e)}

The following result is established in [CK08a] (see Proposition 4.1).

Proposition 6.1.2. Let a(e) and b(e) be two positive functions such that (6.4)
holds for R(e) = a(e) + b(e) and

_VED(e)
lim 5= = 0. (6.7)

Then for any Ty > 0 there are positive constants €9 and co such that if
P{|[Menille < coa(e), [Nemlle < coble),k > 1} =1, (6.8)

then the RDS (6.6) is well defined on the set B, for any T > Ty and € < gg.
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This proposition enables one to define a family of Markov chains on B, as-
sociated with (6.6). We denote by Pg (u,I") its transition function and by P (¢)
and 97 (¢) the corresponding Markov operators.

We now turn to the question of large-time behaviour of trajectories for (6.6)
under some additional hypotheses on the kicks 7. To formulate them, let us
introduce a special orthogonal basis in the space V.. The Stokes operator L. is
self-adjoint and has a compact resolvent, so the spaces H. and V. decompose
into the direct sum of one-dimensional orthogonal subspaces spanned by the
eigenfunctions of L.. Moreover, since the Stokes operator preserves the direct
decomposition V. = M.V, & NV, its eigenfunctions must belong to these sub-
spaces, and it is easy to see that those belonging to M.V, are also eigenfunctions
for the Stokes operator L on the 2D torus T? and are independent of e. We
denote them by e; and write A; for the corresponding eigenvalues. As for the
eigenvectors belonging to N:V¢, they do depend on € and will be denoted by €.
We normalise the eigenfunctions by the condition

lejlle = lle5lle = Ve forall j >1, (6.9)

whence it follows, in particular, that the norm in V' of e; considered as a vector
field on T2 is equal to 1.

We shall assume that the kicks 7 entering the random force n of the
form (2.65) can be written as

() = ng(r) = Z bi€jke;(x) + Z djCire5(x), (6.10)

where b; and d; are non-negative numbers such that

%:ib§<oo, @:id§<oo,
Jj=1 j=1

and {&;i} and {(;x} are two independent sequences of independent random vari-
ables whose laws possess densities p;(r) and g;(r) with respect to the Lebesgue
measure on the real line. Furthermore, the functions p; and g; have bounded to-
tal variation and their supports are subsets of [—1, 1] containing the point r = 0.
Note that, in view of (6.9), the V.-norm of the kicks satisfies the inequality

(o)
2 <D (B3 lles 12 + dFlle52) = (B + D).
j=1

Thus, by Proposition 6.1.2, the RDS (6.6) with the above hypotheses on 7y, is
well defined on B, provided that the functions a and b are minorised C'y/c with
a large constant C' > 0 and satisfy relations (6.4) and (6.7) in which R = a +b.

Theorem 6.1.3. Let the above-mentioned hypotheses on ny be satisfied and
let a(e) and b(e) be two functions such that (6.7) holds and

Cive <ale) < Cave (Ind)?, Civ/e < ble) < Co(ln %)0/2,
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where ) < 0 < % and C1 > 0 is sufficiently large. Then there is a constanteg > 0
and an integer N > 1 not depending on € such that the following assertions are
true for 0 < € < g, provided that

bj A0 forj=1,...,N: (6.11)

Existence and uniqueness. The RDS (6.6) has a unique stationary mea-
sure fie.

Exponential mixing. There are positive constants a. and C. such that for
any A € P(B:) we have

1B ()N — pel|f, < Cee™ ™% for k >0,
where || - |3, stands for the dual-Lipschitz norm on P(V.).

We refer the reader to Section 5 in [CKO08a] for a proof of this result. Note
also that if the random force 7 is more regular in z, then the stationary mea-
sure is supported by a space of smoother functions and the convergence to it
holds in a stronger norm. Furthermore, under some additional assumptions, the
constants o, and C.; may be chosen to be independent of ¢.

6.1.3 The limit ¢ — 0

We now turn to the main result of this section. Recall that the 2D Navier—
Stokes system on the torus T? perturbed by a random force of the form (2.65)
gives rise to a Markov chain in the space H; see Section 2.3. In view of The-
orem 3.2.9, if the kicks have the form (6.10) with d; = 0 for all j > 1 and
the non-degeneracy condition 6.11 is fulfilled, then the Markov chain has a
unique stationary measure y. The following theorem established Chueshov and
Kuksin [CK08a] shows that the averaged horizontal component of the unique
stationary measure for (6.6) can be approximated by p.

Theorem 6.1.4. Under the hypotheses of Theorem 6.1.5, if (6.11) holds with
a sufficiently large N, then

(M) spte = 1t ase — 0, (6.12)

where the convergence holds in the weak topology of P(H). If, in addition,
> /\?bf < 00, then (6.12) holds in the weak topology of P(V2~?) for any § > 0.

Theorem 6.1.4 enables one to strengthen convergence (6.5) for solutions
of (6.1), showing that it holds uniformly in time for an appropriate topology.
Namely, we have the following result (cf. Corollary 4.3.2).

Corollary 6.1.5. Under the hypotheses of Theorem 6.1.4, let {ug} € V. be a
family of initial functions such that ||ug]le < C\/e for some constant C > 0 and
Mou§ — vo weakly in H, where vg € V. Let u®(t) be a solution of (6.1), (6.2)
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issued from u§ and let v(t) be a solution of Eq. (2.76) with h = 0 on T? such
that v(0) = vg. Then

sup | D(Mew (t)) — D(w())||; =0 ase—0, (6.13)
>0
where || - |3 stands for the dual-Lipschitz distance over H.

We note that the condition ||uf|l: < Cv/e is not a smallness assumption
for uf since it signifies not that the vector field u§(z) is small, but that the
volume of the domain (). is of order . A proof of the above results can be
found in Section 5.3 of [CK08a]. Let us also mention that convergence (6.13)
holds for the dual-Lipschitz distance over V279 if the coefficients b; satisfy the
additional decay condition of Theorem 6.1.4.

For the 3D stochastic Navier—Stokes system in ). with a white in time ran-
dom force 7(t, z), the argument of this section does not work, because Proposi-
tion 6.1.2 is no longer true, as domains of the form B are not invariant for the
corresponding RDS. However, if we smooth out the stochastic system (6.1) by
replacing there the bilinear term B(u) with B((I — aA)™!u,u), where a > 0
is arbitrary, then we get a well-posed stochastic PDE, and the corresponding
RDS converges weakly to trajectories of (6.1) as a — 0. An analogue of
Theorem 6.1.3 is valid for this system with any positive «, and an analogue of
convergence (6.12) holds true as a — 07 and € — 0 (in any order); see [CK08D)].

Relevance of the results for physics

The results of this section show that, in the thin domain T? x (0,¢), non-
isotropic 3D turbulence described by the Navier—Stokes system with a not to
big vertical component may be well approximated by the 2D turbulence in T?.
The same results holds also for the non-isotropic 3D turbulence in the thin
spherical layer S? x (0, ¢).

Figure 6.1: Motion of the atmosphere above Madeira island. On the scales of
order the island’s size, the motion clearly looks two-dimensional; cf. Figure 1
and Section 6.1.

Figure 6.2: Jupiter Red Spot. This is a huge 2D structure in the Jovian at-
mosphere (twice bigger than the Earth), persistent for more than 180 years.
It is believed that the motion inside the spot is driven by the 2D turbulence,
cf. Figure 1.

6.2 FErgodicity and Markov selection

The aim of this section is to discuss some results on 3D stochastic Navier—Stokes
equations. Since the corresponding results are rather technical and certainly
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far from their final form, to make them more transparent, we begin with the
case of stochastic differential equations in R? (SDE). We use a simple example
to explain informally two fundamental results: martingale problem and Markov
selection. We next turn to 3D Navier—Stokes equations and discuss two different
approaches for constructing Markov processes concentrated on solutions and
proving a mixing property in the total variation distance.

6.2.1 Finite-dimensional stochastic differential equations

Let us consider the SDE
dr; = b(.]ft)dt + dwt, Ty € Rd, (614)

where b : R — R? ig a continuous function and w; is an R%valued standard
Brownian motion. If b is globally Lipschitz continuous, then for any = € R?
Eq. (6.14) has a unique solution defined on the positive half-line and satisfying
the initial condition

xo =T, (6.15)

and the family of all solutions form a Markov process (z;,P,) in R? with the
transition function Py(z,T") = Py{x; € I'}. Itd’s formula implies that if f is a
C?-smooth function with bounded derivatives, then

Fa) = flao) + /0 Lf(z,) dr + /O (VF (), duoy), (6.16)

where we set 1
L= iA + (b(x), V).
The operator L is called the generator corresponding to the SDE (6.14). Let us
denote by F; the filtration associated with the Markov process and apply the
condition expectation E,(-| Fs) to (6.16). Recalling that the stochastic integral
defines a martingale, we obtain
]-"s)

E, (f(wt) -/ LfGe)dr fs) — f(z)+E, ( / () dw)

= o)+ / (), dw,)
— o) - /0 " Lf(ay) dr,

where the equality holds with P,-probability 1. Hence, we see that the process

t

M = f(x) —/O/Lf(xr)dn £>0, (6.17)

is a martingale with respect to the filtration F; and the probability P,, with
an arbitrary « € R%. The following proposition shows that the latter condition
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is sufficient for the existence of a weak solution for (6.14), (6.15). Let Q be
the Fréchet space C (R, ; R?) with its Borel o-algebra and let {z;(w)}+>0 be the
canonical process.

Proposition 6.2.1. Let b : R? — R? be a bounded continuous function and
let P be a probability measure on 2 such that Mtf is a continuous martingale
with respect to P for any C?-function f with bounded derivatives. Then the
process Ty — xog — fot b(z,) dr is an Ré-valued standard Brownian motion. In
particular, problem (6.14), (6.15) has a weak solution defined on R .

We refer the reader to Section 5.4.B of the book [KS91] for the proof of a
more general result. In what follows, any probability measure P satisfying the
hypotheses of Proposition 6.2.1 is called a solution of the martingale problem
associated with L. What has been said above implies that problem (6.14), (6.15)
has a weak solution associated with an initial measure u € P(R?) if and only if
the martingale problem associated with its generator L has a solution P whose
restriction at ¢t = 0 coincides with pu. Moreover, the uniqueness of the law for
a weak solution is equivalent to the uniqueness of a solution for the martingale
problem with a given initial measure. We now study a sufficient condition for
the latter property.

Let P be a solution of the martingale problem associated with L, let x;
be the canonical process, and let w; be the Brownian motion constructed in
Proposition 6.2.1. Let u(t, ) be an arbitrary function having continuous partial
derivatives 9] 0%u for 2j + |a| < 2 that are bounded in the strip [0, 7] x R? for
some T > 0. Then, applying Itd’s formula to the process y; = w(T — t,x¢), we
derive

¢ ¢
Y — Yo = / (=0 + Lu)(T —r, ;) dr+/ (u(T —r,z,), dw,).
0 0

Assuming now that u is the solution® of the Cauchy problem for Kolmogorov’s
backward equation

o= Lu, u(0,z)=f(z), zeR% >0, (6.18)

where f € C§°(R?) is a given function, we see that the process y; is a martingale
under P. In particular, taking the expectation with respect to P, we obtain

Eu(T —t,z;) =Ey, =Eyg = Eu(T,z9) for any ¢ € [0,T].
Setting t =T, we see that
E f(yr) =Eu(0,z7) =E f(ar) = Eu(T, x0).

The right-hand side of this relation depends only on the function f and the
law of the restriction of P at time ¢t = 0. Since C§°(R?) is a determining

2Solutions with the above-mentioned regularity exist, for instance, if b is Hélder continuous;
see Chapter 8 of [Kry96].
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family for the Borel measures on R%, we conclude that the law of zp under
a solution of the martingale problem depends only on the initial law P|;—.
Further analysis shows that the law of the canonical process {z;} under P also
depends only on P|;—¢, provided that problem (6.18) has a solution satisfying
the above-mentioned boundedness condition for any T' > 0. More precisely, we
have the following result due to Stroock and Varadhan; see Sections 5.4.E of
the book [KS91].

Theorem 6.2.2. Let b : R — R? be a continuous function such that for any
f € C3°(R?) problem (6.18) has a solution u(t, ) whose derivatives 07 0%u with
2j + |a| < 2 are bounded in the strip [0,T] x R for any T > 0. Then for every
x € R? the martingale problem associated with L has at most one solution P
such that Pli—g = 0.

It is a “natural” idea to try to apply the above approach to 3D Navier—Stokes
equations, for which well-posedness is not known to hold. Unfortunately, the ex-
isting methods do not allow one to construct a sufficiently regular solution for the
infinite-dimensional analogue of problem (6.18), and the possibility of carrying
out the Stroock—Varadhan program for 3D Navier—Stokes equations is unclear.
Nevertheless, one can prove that Kolmogorov’s equation possesses a solution
with weak regularity properties, and this turns out to be sufficient for building
a Markov family concentrated on trajectories of Navier—-Stokes equations. This
approach, together with an investigation of mixing properties, was realised by
Da Prato, Debussche, and Odasso in the series of papers [DD03, DO06, Oda07]
and is presented briefly in Section 6.2.2.

We now turn to the case in which the uniqueness of the law for the SDE (6.14)
is unknown. In this situation, Krylov [Kry73] suggested a general scheme for
constructing a Markov selection—a family of strong Markov processes concen-
trated on martingale solutions of (6.14). We now describe his approach follow-
ing essentially the presentation in [SV79] and confining ourselves to the Markov
property. The strong Markov property of the selection is more delicate and will
not be discussed here.

As before, we assume that b(x) is a bounded continuous function and denote
by L the generator corresponding to (6.14). Given s > 0 and = € R?, we shall
say that a probability measure P on the canonical space 2 is a solution of the
martingale solution for L starting from (s,z) if P{ay = xfor 0 <t <s} =1
and the process M defined by (6.17) is a martingale after time s for any
f € C3°(R?). Let us denote by C(s,x) the set of all solutions to the martingale
problem for L starting from (s,z). Thus, C(s,z) is a subset in the space P(£),
which is endowed with the dual-Lipschitz distance and the topology of weak
convergence. We shall write C(x) instead of C(0, ). Since the drift coefficient b
does not depend on time, it is clear that C(s, =) can be obtained from the set C(x)
by “shifting” it to the half-line [s,+00) and “gluing” to the resulting measure
the Dirac mass at the function equal to x for 0 < ¢t < s. To formulate accurately
this and some other properties of C(s,z), we need the following lemma, whose
proof in a more general setting can be found in [SV79] (see Section 6.1).
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Lemma 6.2.3. Let s > 0 and let Q,, : @ — P(Q) be a random probability
measure such that Q.(I') is Fs-measurable for any I' € B(Q) and

Qu{zi =w(s) for0<t<s})=1 forallweQ.
Then for any P € P(Q) there is a unique measure P ®; Q. € P(Q)) such that

(P®, Q)(BNT) = /B Qu(T)P(dw) (6.20)

for any B € F, and T € F}, where F; stands for the o-algebra generated by

s 7 S
the canonical process on [s,+00).

In other words, if @, is a random probability measure that is measurable
with respect to F5 and whose restriction to F coincides with the Dirac mass at
the function identically equal to w(s) on the interval [0, s], then there is a unique
measure in P(§2) such that its restriction to Fy coincides with P (see (6.19)) and
the restriction to F7 of its regular conditional probability given F coincides
with Qu|z+ (see (6.20)). Note also that the uniqueness is a straightforward
consequence of relation (6.20), the monotone class technique, and the fact that F
is generated by the m-system of the sets of the form BNT with B € Fs and
reF/ .

The time-independence of b imply that if P € C(s,z) for some s > 0, then
(05)+P € C(x), where 6, stands for the shift operator on Q. Conversely, if P €
C(x), then §, ®; ((6—s)«P) € C(s,x), where §, is the Dirac mass at the function
identically equal to « and, with a slight abuse of notation, we denote by (6_g).P
the measure defined by ((0_s).P)(I') = P(6I"). That is, the mapping

P 5L Rs ((0—5)*P) S C(S"I)

defines a bijection between C(z) and C(s, x).

The proposition below establishes some further properties of the sets C(s, ).
It is the first of the two key ingredients for the construction of a Markov selection
for (6.14).

Proposition 6.2.4. The family {C(s,z),s > 0,2 € R?} possesses the following
properties.

(a) The set C(s,x) is compact in P(Q) for any s >0 and z € R?.
(b) The mapping (s,x) — C(s,x) is lower-semicontinuous. That is, if s, — s,
Tn = x, Py € C(sp,xyn), and P, — P in P(Q), then P € C(s,xz). In

particular, the mapping (s,x) — C(s,z) defines a random compact set
in P(Q), with the underlying space R, x RY.

(c) Let P € C(x) and let Ps(w,T) be the reqular conditional probability of P
given F,. Then there is a P-null set N € F such that®

Ou(s) ®s Ps(w,-) € C(s,w(s)) forw¢ N. (6.21)

3Note that the second factor Ps(w, -) in the product ®; of (6.21) is considered as a constant
measure.
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(d) Let P € C(x) and let Q. : @ — P(Q) be an Fs-measurable function such
that 0y(s) @5 Qu(s) € C(s,w(s)) for allw € Q. Then P ®, Q. € C(x).

We do not give a proof of this proposition, leaving it to the reader as an
exercise or referring to [SV79, Lemma 12.2.1] for a more general result. Let us,
however, clarify informally the meaning of properties (a) — (d) and give some
hints for their proof.

The compactness of C(s, z) is almost obvious because, due to the bounded-
ness of b, any measure in C(s,z) is concentrated on a set of functions whose
C'-norm is bounded with high probability on any finite interval. The lower-
semicontinuity of C(s,z) means essentially that the limit of a sequence of solu-
tions is again a solution. Since the noise is additive, this property is a straightfor-
ward consequence of Skorohod’s embedding theorem. Property (c) says, roughly
speaking, that if {y;(w),t > 0} is a weak solution of (6.14) starting from (0, z),
then its restriction to the half-line [s, +00) is a weak solution of (6.14) start-
ing from (s, ys(w)). Finally, property (d) is a formalisation of the claim that if
we cut a solution starting from (0, x) at a time s and then continue it as an-
other solution, then the resulting process is again a solution starting from (0, z),
provided that the two solutions agree at time s.

The second key ingredient for constructing a Markov selection is the following
theorem, which says that one can choose elements in C(x) that depend on z in
a measurable manner and satisfy the Markov propoerty.

Theorem 6.2.5. Let b: R? — R? be a bounded continuous function, let C(x) be
the set of solutions for martingale problem starting from (0, ), and let {x¢}i>0
be the canonical process on ). Then there exists a measurable mapping x — P,
from R to P(Q) such that P, € C(z) for all x and (x4, P,) is a homogeneous
family of Markov processes.

We refer the reader to Krylov’s original paper [Kry73] or to Chapter 12 of
the book [SV79] for a proof of this theorem and some further results. Note that
the Markov process constructed in Theorem 6.2.5 may not satisfy the Feller
property. For instance, the one-dimensional equation & = sgn(z)|z|'/? has no
Feller selection; see Exercise 12.4.2 in [SV79]. Furthermore, not every selec-
tion z — C(x) will produce a Markov family, as is easily seen by studying the
equation & = |z|'/2.

The above scheme can be carried out in the case of 3D Navier—Stokes equa-
tions with additive noise. There is, however, a number of essential difficulties,
which result in that one can establish only almost sure Markov property. This
question, as well as the problem of mixing under a non-degeneracy assumption
on the noise, was analysed in the papers of Flandoli and Romito [FR08, Rom08|
and is discussed in Section 6.2.3.

6.2.2 Da Prato—Debussche—Odasso theorem

Let us consider the 3D Navier—Stokes equations with a white noise perturbation.
To simplify the presentation, we assume that the space variable x belongs to
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the 3D torus, even though most of the results in this and next subsections
remain valid for any bounded domain with smooth boundary. Projecting to the
space H, we get the equation

u+vLu+ B(u) = h(z) + 0:¢(t,x), ((t,x)= Z bsfs(t)es(x), (6.22)

SEZ3

where h € H is a deterministic function, b, € R are some constants such that

B=> b <oo, (6.23)

SEL

{Bs} is a family of independent standard Brownian motions, and {es} is the
normalised trigonometric basis in H (in the 3D case); cf. Sections 2.1.4, 2.1.5,
and 2.4. Using the methods of the deterministic theory and treating the equa-
tion pathwise, one can prove the existence of a global weak solution for (6.22)
satisfying the initial condition

(0, z) = up(x), (6.24)

where ug € H is a given function. Indeed, denoting by z(¢) a solution of the
stochastic Stokes equation (2.100) issued from zero and writing v = v + z, we
see that v must be a solution of problem (2.111), (2.112). The regularity of z
guaranteed by Proposition 2.4.2 turns out to be sufficient to prove the existence
of a weak solution v with probability 1. The resulting process u is a weak solution
of the original problem, and further analysis shows that an energy inequality
holds for it. We thus obtain the following result established in [BT73, VF88];
see also [CC92, FGI5] for the case of a multiplicative noise.

Proposition 6.2.6. Under the above hypotheses on h and n, for any ug € H
there is a random process u : Ry — H whose almost every trajectory belongs to
the space

Li)OOC(RJF; H) N L%OC(RJF; V) N C(R+7 V_T) (625)

with any r > 0 and satisfies Eq. (2.99), where the equality holds in C(R4; V™).
Moreover,

t
E<|u(t)|§ + V/ |Vu(8)|§ds> <l|ul3+ (B+ClR3)t, t>0, (6.26)
0

where C' > 0 is a constant depending only on v.

The question of uniqueness of a weak solution remains open. However, under
strong non-degeneracy hypotheses on the noise, it is possible to construct a
Markov process concentrated on weak solutions of (6.22) and to prove for it
the property of exponential mixing. To state the corresponding results, we first
reformulate the above proposition on the existence of a solution in different
terms.
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For technical reasons, we consider solutions of weaker regularity than those
constructed in Proposition 6.2.6. Let us fix a small constant » > 0 and introduce
the Fréchet space (cf. (6.25)

Q= LIQOC(R+; Vlir) n C(RJM Vﬁr)a (627)

endowed with a natural metric. Let F be the Borel o-algebra on 2 and let F;
be the natural filtration on Q. The law P of the weak solution for (6.22), (6.24)
constructed in Proposition 6.2.6 is a probability measure on (2, F) possessing
the following properties:

(i) P{w e Q:w(0) =uo}) = 1;

(ii) The P-law of the process*
t
M, = w(t) — w(0) + / (vLw+ B@)ds—ht, t>0,  (6.28)
0

coincides with that of (.

In what follows, any probability measure P on (2, F) satisfying these properties
is called a martingale solution for problem (6.22), (6.24). Similarly, a probability
measure P on (2, F) is called a stationary martingale solution for Eq. (6.22) if
the canonical process is stationary under P and property (ii) mentioned above
holds for it.

Let us assume that the coefficients of the random force ¢ entering Eq. (6.22)
satisfy the inequality

cls| ™ < byl < Cls|73° for all s € Z3, (6:29)

where C, ¢, and § are positive constants. This means, rouhgly speaking, that
the trajectories of ¢ have regularity higher than H®/*, but lower than H3/2.
The following result shows that it is possible to construct a family of martingale
solutions which satisfy a Markov property.

Theorem 6.2.7. Let h € V and let ¢ be a random force for which (6.29)
holds. Then there is a measurable mapping ug — Py, from V2 to the space of
probability measures on (2, F) with the weak topology such that the following
properties hold.

(i) For any ug € V2, the measure P,, is a martingale solution for (6.22),
(6.24) such that P;(ug, V?) = 1, where Py(ug,-) stands for the law of w(t)
under P, :

Pi(ug,T) =Py {w(t) €T}, TeBV). (6.30)

41t is easy to see that the trajectories of My belongs to C'(R;V ~2) with P-probability 1.
Thus, the law of M is a probability measure on that space.
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(ii) For any ug € V2 and t > 0, with P, -probability 1 we have
Py {w(t+-) €| F} =Py (T), (6.31)
where I' € F is an arbitrary cylindrical set,
F={weQ:w(;)eB; fori=1,...,n},
with 0 <ty < -+ < t, and B; € B(V?).

(iii) The function t — P;(uq,-) from V2 to P(V?) is continuous in the weak
topology.

We refer the reader to the original work [DOO06] for a proof, confining our-
selves to some comments on this result. Its formulation in [DOO06] is slightly
different: weak solutions are constructed there on an abstract probability space
depending on the initial condition. Nevertheless, it is easy to see in the case
of an additive noise that the law of a weak solution for (6.22) considered as
a probability measure on the canonical space (6.27) is a martingale solution.
Thus, we consider a (measurable) mapping taking an initial condition ug to
its law P,,. Property (i) means that, at any time ¢ > 0, the solution is H?
smooth. Note, however, that this property is not sufficient to ensure that the
trajectories lie in H2. Assertion (ii) is a weak form of the Markov property: in
relation (6.31), one can take only cylindrical subsets I" that are defined with the
help of some Borel sets in V2.° Finally, the last property means that the Markov
semigroup PB; associated with the transition function P;(ug,T") is stochastically
continuous.

Once there is a Markov semigroup associated with the 3D Navier—Stokes
equations, a natural question is whether it is ergodic. The following theorem
gives a positive answer to it.

Theorem 6.2.8. Under the hypotheses of Theorem 6.2.7, the Markov semi-
group {P:} constructed there is irreducible and possesses the strong Feller prop-
erty in V2. In particular, it has a unique stationary distribution u € P(V?),
and for any A € P(V?) we have

||q3;:k)‘ - M”var —0 ast— oo, (6.32)

where || - ||var stands for the total variation norm in V2. Furthermore, if ||h|1
is sufficiently small, then convergence (6.32) is exponentially fast for any mea-
sure A with finite second moment on H.

The proof of the strong Feller and irreducibility properties can be found
in [DOO06], while the exponential convergence in the total variation norm is es-
tablished in [Oda07]. In conclusion, let us note that Theorem 6.2.8 does not im-
ply uniqueness of a stationary distribution for the 3D Navier—Stokes equations,
since different Markov semigroups may have different stationary measures.

5The set G = Gr C 2 on which (6.31) holds is a full-measure event depending a priori
on I', and we cannot rule out that the intersection of all Gr, with I' varying in F, is empty.
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6.2.3 Flandoli-Romito theorem

The results discussed in the foregoing subsection show that it is possible to con-
struct martingale solutions for the Navier—Stokes equations that satisfy a weak
form of the Markov property, provided that the spatially regular white noise
is sufficiently rough. A different approach inspired by Krylov’s paper [Kry73|
(see the discussion in Section 6.2.1) was taken by Flandoli and Romito, who
proved the existence of a (weak) Markov selection without any non-degeneracy
assumption on the noise. To formulate their results, we shall need some auxiliary
concepts.

Definition 6.2.9. Let X be a separable Banach space and let Q = C(Ry; X)
be the canonical space, which is endowed with its Borel o-algebra F and the
natural filtration {F;,t > 0}. We shall say that a family of probability measures
{P,,u € X} possesses the a.s. Markov property if the mapping u — P, is
measurable from X to the space P(Q2) with the weak topology, and for any
u € X there is a subset T}, C (0, +00) of zero Lebesgue measure such that, with
P,-probability 1, we have

Eu(f(w(®))|Fr) =By flw(t—r)) forr ¢ T, and all t > r, (6.33)

where f: X — R is an arbitrary bounded measurable function and w(t) stands
for the canonical process.

For the purposes of this section, we need a concept of a martingale solution
for (6.22) which is slightly different from (and is stronger than) that used in the
foregoing subsection. To simplify the presentation, we shall always assume that
h = 0 and the coefficients b; satisfy (6.23). Let 2 be the Fréchet space defined
by (6.27) and endowed with its natural filtration and let z be a solution of the
Stokes equations that vanishes at ¢ = 0 (see (2.101)).

Definition 6.2.10. A probability measure P on € is called a admissible mar-
tingale solution of (6.22) with an initial measure p € P(H) if it possesses the
following properties:

(i) The restriction of P to t = 0 coincides with p and
IP)(LIO()OC(R+; H) N L%OC(RJF’ V)) = 1;

(ii) The law of process (6.28) with h = 0 coincide with that of (;

(iii) There is a set T' C (0, 400) of zero Lebesgue measure such that
P{&(v,2) <& (v,2)} =1 forr¢ T andallt>r, (6.34)

where we set v(t) = w(t) — z(t) and

£,(v) = %|v(t)|§ + /O'(ym\g +(Bo+ 2,2),0)) ds.
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In what follows, we call (6.34) the energy inequality for solutions of (6.22).
The main difference between admissible martingale solutions and the solutions
considered in the preceding section is that the former satisfy the energy inequal-
ity. This property is crucial for proving the following weak-strong uniqueness
result (see [Soh01] for the deterministic problem and [Shi07b] for the stochastic
case).

Proposition 6.2.11. Let P be an admissible martingale solution for (6.22)
issued from a point ug € V' and let {u(t),t € [0,T]} be a random process with
continuous V -valued trajectories that satisfy (6.22) and coincide with ug att =0
with probability 1. Then the restriction to [0,T] of P coincides with the law

of {u(t),t € [0,T7}.

We now turn to the problem of a Markov selection among admissible martin-
gale solutions of (6.22). The following result established in [FR08, Theorem 4.1]
is an analogue of Theorem 6.2.5 in the case of Navier—Stokes equations.

Theorem 6.2.12. Assume that the coefficients by satisfy (6.23). Then there
is family {Py,,uo € H} of measures on Q possessing the a. s. Markov property
such that, for any ug € H, P,, is an admissible martingale solution for (6.22)
with the initial measure s, .

In what follows, any such family will be called a Markov selection for (6.22).
Theorem 6.2.12 is true without any non-degeneracy hypothesis on the noise.
In particular, it holds in the case ( = 0. If we assume that the noise is very
rough, then the Markov property will be true for any time s > 0, and the
Markov family (w(t),P,,) will be ergodic. More precisely, let us assume that
the coefficients by satisfy the inequality (cf. (6.29))

cls|7% 0 < |bs| < Cls|m @0 for all s € ZE, (6.35)

where C > ¢ > 0 are some constants. The following theorem is established
in [FRO8, Rom08].

Theorem 6.2.13. Assume that (6.35) holds. Then there is 6 > 0 depending
on & such that the assertions below hold for the Markov selection {Py,,uo € H}
constructed in Theorem 6.2.12.

Markov property. The family (w(t),P.,) is a Markov process. That is, rela-
tion (6.33) holds for allt > r > 0 and any bounded measurable function
f:H—=R.

Strong Feller property. The family (w(t),Py,) is strong Feller in the topology
of VI¥0. That is, the function ug — Pi(ug,T") is continuous on V+9 for
any I € B(H).

Stationary distribution. There exists a unique stationary distribution u for
(w(t),Puy,).
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Exponential mixing. Convergence (6.32) holds exponentially fast for any ini-
tial measure X\ € P(H) with finite second moment.

A striking consequence of the existence of a Markov selection is that the local
existence of a strong solution on an arbitrary small interval implies the global
existence, provided that the selection possesses the Feller property on V1% with
# > 0 and is irreducible. In particular, the result is true under the hypotheses
of Theorem 6.2.13.

Proposition 6.2.14. Let {P,,u € H} be an arbitrary Markov selection for the
3D Navier—Stokes equations (6.22) which possesses the following properties for
some 6 > 0.

Feller property. The Markov semigroup associated with P, is Feller on V1.
That is, Vi f € Co(VIT0) for any f € Cy(VIH?).

Irreducibility. For anyt >0 and u € V9 we have Py(u,G) > 0 for all open
subsets G C V110,

Let us assume that Eq. (6.22) possesses a martingale solution P on an inter-
val [0,7] such that P(C(0,7; V') = 1. Then, P,(C(Ry; V') =1 for
any u € VY9, In particular, the stochastic Navier-Stokes equations (6.22) are
well-posed in V110,

Let us emphasise that no initial condition is imposed on P. So P|;—g may be
any measure on V't e.g. a Dirac mass at zero.

Sketch of the proof. We follow essentially the argument used by Flandoli and
Romito [FRO8, Section 6.4]. To simplify formulas, we shall assume that 6 = 0.
Let u be the projection of P to time ¢ = 0:

w(l) =P({we Q:w(0)eT}), T eB(H).

We define P, = [}, Pypu(du) and note that P, is an admissible martingale so-
lution for (6.22) with the initial measure u. By Proposition 6.2.11, we see that
the restriction of P, to [0, 7] coincides with P. The Markov property of P, now
implies that ©

1="P,(C(0,7;V)) =E,P,.{C(0,7;V) | Fy}
=E,u{Ic(0,0:v)Pu(o) (C(0,7 — 6;V)) ],

where we set 6 € (0,7) is an arbitrary point for which the Markov property
holds. Since the non-negative function under the second expectation above
does not exceed 1, we conclude that

P, 0) (C(O, T —0; V)) =1 for P,-almost every w € (.

6With a slight abuse of notation, we use the same symbol for a measure on Q and its
restriction to the interval [0, 7].
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The irreducibility property implies that there is a dense subset A C V such that
P,(C(0,7—6;V)) =1 for any v € A. We claim that this relation is true for any
v € V. If this is established, then the Markov property will imply by iteration
that P, (C(Ry;V)) = 1 for any u € V. Since a solution of the Navier-Stokes
system is unique in the class C(Ry; V'), we conclude that it is well-posed in V.

We now prove P, (C(0,6,;V)) =1 for any v € V, where §; = 7 — 6. For any
integer N > 1, denote by Qx(61) the set of all rational numbers 2= Vp € [0, 64],
where p is integer. Then

C(0,0,;V) = G(N, k,m), (6.36)

1

—
>
Il

MR

DY
-t
DY

where we set
G(N,k,m) ={w e Q: lw(t) —w(s)|v < L for t,s € Qu(61), [t —s| < +}.

Note that each subset G(N,k,m) depends on the values of w € Q at finitely
many points t1,...,¢ € [0,61], where [ > 1 is an integer, and can be represented
in the form

G(N,k,m) ={w € Q: (w(t1),...,w(t;)) e T(N,k,m)},

where T'(N, k,m) is a closed set in the direct product of [ copies of V.
Now let v € V and let {v,} C A be a sequence converging to v in V. Then
P, (C(0,6;V)) = 1, whence it follows that

P, (G(N,k,m)) >1—e; for all m,n, N,

where €, — 0 as k — oo. The Feller and Markov properties and the above
mentioned structure of G(N, k,m) imply that

P, (G(N, k,m)) > limsupP,,, (G(N7 k, m)) >1—¢;, forall m,N.

n—oo

Combining this with (6.36), we arrive at the required result, which completes
the proof of the proposition. O

In conclusion, let us note the irreducibility condition of Proposition 6.2.14
implies that the noise 7 is non-zero, and therefore it cannot be satisfied for
the deterministic problem. On the other hand, the energy inequality (for ad-
missible martingale solutions) and the Feller property make sense also for the
deterministic Navier—Stokes system. The energy inequality is true for any solu-
tion obtained by a constructive procedure (such as Galerkin approximations or
regularisation of the nonlinear term), while the Feller property means, roughly
speaking, that any sequence of strong solutions converge to a strong solution,
provided that the initial conditions converge in V11 This is a very strong
property and would immediately imply global existence of a strong solution in
the deterministic case.
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6.3 Navier—Stokes equations with a very degen-
erate noise

The understanding of the 3D Navier—Stokes dynamics with a smooth stochastic
forcing is rather poor, and only some partial results showing its mixing character
are available. They are based on a detailed study of controllability properties
of the Navier—Stokes system. The counterparts of these results in the 2D case
are much more complete and have independent interest. In this section, we
first discuss some results for 2D Navier—Stokes equations and then turn to their
generalisations for the 3D case. We confine ourselves to the case of periodic
boundary conditions, even though some of the results remain true for other
geometries.

6.3.1 2D Navier—Stokes equations: controllability and mix
ing properties

Let us consider controlled” Navier-Stokes equations on a 2D torus :
U+ vLu+ B(u) = h+n(t). (6.37)

To simplify the presentation, we shall consider only the case of a square torus T?;
however, all the results are true for a rectangular torus. We assume that h € H
is a given function and n(t) is a control taking values in a finite-dimensional
space E C V2. Recall that S;(ug,h + 1) denotes the solution of (6.37) issued
from ug € H. We shall need the following two concepts of controllability.

Definition 6.3.1. We shall say that Eq. (6.37) is approzimately controllable at
a time T > 0 by an E-valued control if for any ug, 4 € H and any € > 0 there
is p € C*°(0,T; F) such that

|ST(ug, h+1n) —dla < e. (6.38)

We shall say that Eq. (6.37) is solidly controllable in projections at a time T > 0
by an E-valued control if for any ug € H, any R > 0, and any finite-dimensional
subspace F' C H there is a compact set X C L%(0,T; E) and a constant & > 0
such that for any continuous mapping @ : X — F satisfying the inequality
supge x [|2(€) — St(uo, &)|| < & we have

Pr®d(X) D Br(R), (6.39)
where Pr : H — H denotes the orthogonal projection in H onto F.

Thus, when studying the controlled Navier—Stokes system (6.37), we assume
that the function 7 is at our disposal, and we try to make sure that at the final
time T the solutions possess some particular properties.

"The meaning of this term is clarified below.
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To formulate the main result on controllability, we introduce some notations.
Given a finite-dimensional subspace G C V2, we denote by £(G) the largest
vector space in V2 whose elements can be represented in the form

N .
m=n-> B(),
j=1

where 7, ¢!, ..., (N € G and N is an integer depending on 7;. Let us define an
increasing sequence { Ey} of subspaces in V2 by the rule

EO = E‘7 Ek = g(Ek—l) for k Z 1,

and denote by F., the union of Fy, k& > 1. We shall say that E is saturating
if E is dense in H. The following result is due to Agrachev and Sarychev [AS05,
AS06].

Theorem 6.3.2. Let h € H and let E C V? be a saturating subspace. Then
for any T > 0 Eq. (6.37) is approzimately controllable and solidly controllable
at time T by an E-valued control.

A necessary and sufficient condition for a subspace to be saturating can be
found in [AS06, Theorem 4]. In particular, if £ contains the basis vectors e, ,)
with |s1] V |s2] < 1, then it is saturating.

We now fixe T > 0 and assume that the external force n in (6.37) is a
random process on [0, 7] whose trajectories belong to L?(0,T; E) almost surely.
In this case, the dynamics of (6.37) is well defined because we can apply the
corresponding deterministic result to any realisation of n (see Theorem 2.1.13).
We wish to investigate qualitative properties of solutions for (6.37) at time 7.
To this end, we impose the following decomposability assumption on the law of 7.
Let A be the law of the process 7 regarded as a random variable in L?(0,T; E).

Definition 6.3.3. We shall say that A is decomposable if there is an orthonormal
basis in L2(0, T; E) such that the measure A can be written as the direct product
of its projections to the straight lines spanned by the basis vectors.

Given a decomposable measure A, we shall denote by A; its projection to the
straight line spanned by the j* basis vector. Thus, we can write A = Q24 A
Combining controllability properties of the Navier—Stokes system with a re-
sult on the image of probability measures under analytic mappings, Agrachev,
Kuksin, Sarychev, and Shirikyan [AKSS07] established the following theorem.

Theorem 6.3.4. Let T > 0, let h € H, let E C V? be a finite-dimensional
subspace, and let ) be a random process whose law X is a decomposable measure
in L?(0,T; E) such that the support of A coincides with the entire space, the
second moment ma(N) is finite, and the one-dimensional projections \; possess
continuous densities with respect to the Lebesgue measure. Then for any ug € H
the solution u(t,ug) of (6.37) issued from ug possesses the following properties.

Non-degeneracy. The support of the law of u(T;ug) coincides with H.
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Regularity. For any finite-dimensional subspace F' C H, the law of P pu(T}; up)
possesses a density with respect to the Lebesque measure and continuously
depends on ug € H in the total variation norm.

Note that a similar result is true when the random perturbation 7 is a spa-
tially regular white noise or a kick force. In this case, the above properties can
be reformulated in terms of the transition function P;(u,I"). Namely, the non-
degeneracy is equivalent to the relation supp P:(u,-) = H, while the regularity
means that the finite-dimensional projections of P;(u, -) are absolutely continu-
ous with respect to the Lebesgue measure and continuously depend on w in the
total variation norm. These properties implies, in particular, that if y is a sta-
tionary measure, then its support coincides with H and any finite-dimensional
projection is absolutely continuous.

6.3.2 3D Navier—Stokes equations with a degenerate noise

The Cauchy problem for the Navier—Stokes system is not known to be well
posed in the 3D case. Nevertheless, the control problem still makes sense,
and an analogue of Theorem 6.3.2 is true. We shall not give here an exact
formulation, referring the reader to the papers [Shi06a, Shi07a]. Theorem 6.3.4
can be extended partially to the 3D case, and we now describe the corresponding
result.

To this end, we first introduce the concept of an admissible weak solution
for 3D Navier—Stokes equation; cf. Definition 6.2.10. We consider Eq. (6.37)
on the 3D torus, assuming that h € H is a deterministic function and 7 is a
spatially regular white noise defined on a filtered probability space (2, F, F;, P)
satisfying the usual hypotheses; see Section 1.2.1.

Definition 6.3.5. We shall say that a random process u(t) is an admissible
solution for (6.37) if it can be written in the form u(t) = z(¢t) + v(t), where z is
the solution of the stochastic Stokes equation constructed in Proposition 2.4.2
and v is a random process satisfying the following properties.

(i) The process v is adapted to the filtration F%, and its almost every trajec-
tory belongs to the space L (R, ; H)NLE (R ; V) and satisfies Eq. (2.111).

loc loc
(ii) The following energy inequality holds for all ¢ > 0 with probability 1:

1 t t 1 t
§|v(t)|g + 1// |V'U\§ds Jr/ (B(v + z, z)) ds < 5\1}(0)@ +/ (h,v) ds.
0 0 0

We shall say that @ is an admissible weak solution for (6.37) if there is a spatially
regular white noise 7 distributed as 7 such that @ is an admissible solution for
Eq. (6.37) with 7 replaced by 7.

A proof of the existence of an admissible weak solution for (6.37) can be
found in [VF88, CG94, FG95]. Moreover, it is proved in [VF88, FG95] that
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one can construct an admissible weak solution with a time-independent law u
satisfying the condition

(i) = /H el () < .

In this case, we call p a stationary measure for (6.37). Given two measures fiq
and ps on a Polish space X, we write py < po if p1 () < po(T) for any T' € B(X).
The following result is proved by Shirikyan [Shi07b].

Theorem 6.3.6. Let h € H and let n be a spatially reqular white noise of the
form (2.66). Then there is an integer N > 1 not depending on v such that if
bj #0 for 1 < j < N, then the following two assertions hold for any stationary
measure j for (6.37) that satisfies the inequality ma(p) < m, where m > 0 is a
constant.

Non-degeneracy. For any ball Q C V there is a constant p = p(Q,m) > 0
such that u(B) > p(Q,m).

Weak regularity. Let F' C H be a finite-dimensional subspace and let up be
the projection of p to F'. Then there is a function pp € C*®(F) depending
only onm such that pp > pplp, where Lp stands for the Lebesgue measure
on F.

In conclusion, let us mention that the non-degeneracy property remains true
in the case of a bounded domain, provided that the noise is non-zero in all
Fourier modes. This result was established by Flandoli [Fla97].
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Appendix

7.1 Monotone class theorem

Let Q be a set and let M be a family of subsets of (2. We shall say that M is
a monotone class if it contains ) and possesses the following properties:

e if A BeEMand ANB =, then AUB € M;
e if ABe Mand AC B, then B\ A€ M;
o if Aje Mfori=1,2...,and Ay C Ay C ---, then |J; 4; € M.

It is clear that any o-algebra is a monotone class, but not vice versa. The follow-
ing well-known theorem gives a sufficient condition ensuring that the minimal
monotone class containing a family of subsets coincides with the o-algebra gen-
erated by that family. Recall that a family C of subsets of € is called a 7-system
if ANB e C for any A,B € C.

Theorem 7.1.1. Let Q be a set and let C be a mw-system of subsets of Q). Then
the minimal monotone class containing C coincides with the o-algebra generated
by C.

Proof. Tt suffices to show that the minimal monotone class M containing C is a
o-algebra. This will be established if we prove that the intersection of any two
sets in M is also an element of M.

Let us fix an arbitrary set A € C and define the family

My={BeM:ANBe M}

It is clear that M4 is a monotone class and M4 D C. Therefore, by the
definition of M, we must have M4 D M. We have thus shown that, for any
A € C and B € M, the intersection A N B belongs to M.

We now fix A € M and consider the family M 4. Repeating literally the
above argument, we can show that M4 D M. This completes the proof of the
lemma. O

259
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The following two results provide important applications of the monotone
class technique.

Corollary 7.1.2. Let (2, F) be a measurable space and let C C F be a w-system
generating the o-algebra F. Suppose that p1 and pe are two probability measures
on (Q, F) such that

w1 (T) = po(T)  forany T €C. (7.1)
Then py = pa.

Proof. The o-additivity of measures imply that if (7.1) holds, then p1 and s are
equal on the minimal monotone class M containing C. In view of Theorem 7.1.1,
the o-algebra F coincides with M. O

Corollary 7.1.3. Let X be a Polish space with its Borel o-algebra B(X). Then
there is a countable family {f;,j > 1} of bounded Lipschitz functions such that
any two measures i1, o € P(X) satisfying the following relation are equal:

(fi,m1) = (fj,p2)  for any j > 1. (7.2)

Proof. For any closed subset F' C X, there is a sequence of Lipschitz func-
tions {gx} such that 0 < g5 < 1 and {gi} converges pointwise to the indicator
function of F. For instance, we can take

dist x (u, Gl/k)

g () = distx (u, G 1) + distx (u, F)’

where G stands for the complement of the e-neighbourhood for F'. Now note
that if (gk,p1) = (gk, p2) for all k, then passing to the limit as k — oo, we
obtain u1(F) = po(F).

Let C C F be a countable 7-system of closed subsets that generates F. For
any F' € C, we can construct a sequence {g; } that satisfies the above properties.
Taking the union of all such sequences, we obtain a countable family {f;} such
that, for any two measures p1, uo € P(X) satisfying (7.2), we have

p1(F) = pa(F) for any F €C.

Since C is a m-system generating F, we see that pu; = us. O

7.2 Standard measurable spaces

Recall that two measurable spaces (£2;, F;), ¢ = 1,2, are said to be isomorphic if
there is a bijective map f : Q; — Q9 such that f(T') € F, if and only if T’ € Fj.

Definition 7.2.1. Let (2, F) be a measurable space. We shall say that (2, F)
is a standard measurable space if it is isomorphic to one of the following Polish
spaces endowed with their Borel o-algebras:
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e the finite set {1,..., N} with the discrete topology;
e the set of positive integers N with the discrete topology;
o the closed interval [0, 1] with its standard metric.
A proof of the following theorem can be found in [Dud02] (see Chapter 13).

Theorem 7.2.2. Any Polish space endowed with its Borel o-algebra is a stan-
dard measurable space.

An important property of a standard measurable space is that its o-algebra
is countably generated. Namely, we have the following result.

Proposition 7.2.3. Let (Q,F) be a standard measurable space. Then there
is a w-system C C F that is at most countable and generates the o-algebra F.
Moreover, if Q is a Polish space endowed with its Borel o-algebra, then there is
a m-system C of closed subsets that satisfies the above properties.

Proof. We shall confine ourselves to the proof of the assertion concerning the
Polish spaces, because the first part of the theorem follows from it and the
definition of a standard measurable space. Let {w;} C € be a countable dense
subset and let Cy be the countable family of all closed balls centred at w; with
rational radii. We claim that the family C of all finite intersections of the
elements in Cy satisfies the required properties. Indeed, the construction implies
that C is an at most countable m-system. Furthermore, any open set in 2 can
be represented as a countable union of the elements of Cy. It follows that the
Borel o-algebra is the minimal one that contains C. O

7.3 Projection theorem

Let (©, F) be a measurable space and let X be a Polish space endowed with
its Borel o-algebra B(X). Consider the measurable space (2 x X, F ® B(X)),
and the natural projection Il : Q x X — Q. It is well known that the image
under Il of a measurable subset of § x X does not necessarily belong! to F.
Recall that a subset A C € is said to be universally measurable if it belongs
to the completion of F with respect to any probability measure on (Q,F). A
proof of the following result can be found in [CV77] (see Theorem II1.23).

Theorem 7.3.1. (projection theorem) For any set A € F ® B(X), its pro-
gection Ilg(A) is universally measurable.

As an immediate consequence of the above theorem, we establish the follow-
ing result (see Chapter 2 in [Cra02]). Recall that a function g : @ — R is said
to be universally measurable if so is the set {w € Q: g(w) > a} for any a € R.

I This property is not true even in the case when € is the closed interval [0, 1], so that the
map Ilg is continuous.
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Corollary 7.3.2. Let f : Q@ x X — R be a measurable function. Then the
functions

f(w) = sup f(w’u)a i(w) = inf f(wvu)

weX ueX

are universally measurable.

Proof. Note that
{we: flw)>a} ={weQ: f(w,u) > a for some u € X} =Tn(A),

where we set
A={(w,u) €QUx X : f(w,u) > a}.

It remains to note that the set A belongs to F ® B(X), and therefore, by Theo-
rem 7.3.1, its projection is universally measurable. The universal measurability
of f can be established by a similar argument. O

7.4 Gaussian random variables

Let us recall that a one-dimensional normal distribution N(m, o), with mean
value m € R and variance o2 > 0, is given by its density against the Lebesgue

measure:
1 _(a:77n)2
pm,a(x) = e 22 | xeR.
210

In the case 0 = 0, the normal distribution N(m,0) coincides with the Dirac
measure concentrated at = m. The distribution function of N (0, o) is denoted
by &,:

1 T
b, (x) = / e*yg/%gdy.

oV21 J_
Recall that the characteristic function of a measure p € P(R) is defined as
ou(t) = [z €™ p(dx). A measure y is a normal distribution N (m, o) if and only
if its characteristic function is given by

Om.o(t) = exp(imt — o?t?/2), tER. (7.3)

Let X be a separable Banach space and let X™* be its dual space. A prob-
ability measure p on (X, B(X)) is said to be Gaussian if £,(1) has a normal
distribution for any ¢ € X*. A Gaussian measure p is said to be centred if the
mean value of £,(u) is zero for any ¢ € X*. An X-valued random variable is
said to be Gaussian if its distribution is a Gaussian probability measure. A
comprehensive study of Gaussian measures on topological vector spaces can be
found in [Bog98]. The following proposition establishes some simple properties
that were used in the main text.

Proposition 7.4.1. (i) Let X be a separable Banach space and let {p,} be
a sequence of Gaussian measures that converges weakly to u € P(X).
Then p is a Gaussian measure.



7.4. GAUSSIAN RANDOM VARIABLES 263

(ii) A finite linear combination of independent Gaussian random variables is
also Gaussian.

Proof. (i) It suffices to consider the one-dimensional case. Let us denote by m,,
and o, the mean value and the variance for u,. Then the characteristic function
of puy, is given by ¢, (t) = exp(im,t—o2t?/2). Furthermore, since y,, converges
weakly to u, the corresponding characteristic functions must converge pointwise.
It follows that the sequences {m,, } and {0, } have some limits m € R and o > 0,
respectively, and the characteristic function of y coincides with (7.3). We thus
conclude that p is a normal distribution on R.

(ii) This property is a straightforward consequence of the fact that the char-
acteristic function of the sum of independent random variables is equal to the
product of the corresponding characteristic functions. O]

We now consider an important example of a Gaussian random variable.
Let B(t) be a standard Brownian motion. For a constant v € R, we define the
stochastic process

A(t) = /0 =)d8(s), te0,1]

It is straightforward to see that almost every trajectory of z belongs to the space
C'(0,1) of real-valued continuous functions on [0, 1] vanishing at zero.

Proposition 7.4.2. The process {z(t),0 < t < 1} regarded as a random vari-
able with range in C(0,1) has a centred Gaussian distribution whose support
coincides with the entire space.

Sketch of the proof. To prove that z is a centred Gaussian random variable,
we need to show that if ¢ : €((0,1) — R is a continuous linear functional,
then ¢(z) has a normal distribution with zero mean value. By the Riesz theorem
(e.g., see Theorem 7.4.1 in [Dud02]), there is a function of bounded variation
¢ :[0,1] — R such that

Lg) = /0 g(t)de(t) for any g € C(0,1).

w0 = [ ([ st )asto

We wish to change the order of integration. To this end, we use the following
lemma whose proof is left to the reader as an exercise.

It follows that

Lemma 7.4.3. Let 8 be a standard Brownian motion, let f :]0,1] x [0,1] = R
be a continuously differentiable function, and let ¢ : [0,1] = R be a function of
bounded variation. Then, with probability 1, we have

/(/f”dﬂ ) dett) /(/ftsdso())dﬁ() (7.4
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Relation (7.4) implies that

0(z) = /0 h(s)dB(s), h(s) = e / tdp(t).

The mean value of a stochastic integral is always zero. Thus, the required
assertion will be proved if we show that the stochastic integral of any square-
integrable deterministic function h has a normal distribution.

If h is a piecewise constant function equal to ¢; on [tyx_1,tx), k=1,..., N,
then

1 N
| heasts) = 3o eulaie) - pte-)

k=1

Assertion (ii) of Proposition 7.4.1 implies that this random variable has a normal
distribution. In the general case, it suffices to approximate h by piecewise
constant functions and to use assertion (i) of Proposition 7.4.1.

We now prove that the support of the distribution for {2(¢),0 < ¢ < 1}
coincides with the space C(0,1). To this end, it suffices to show that for any
function g € C*(0, 1) vanishing at zero and any € > 0 we have

p{os;tlgl 12(t) — g(t)] < 5} > 0. (7.5)

Let f € C1(0,1) be a function vanishing at zero such that

g(t) = /Ot eV f/(s) ds.

Integrating by parts, we can write

2(t) = g(t)] < B(t) — f(B)] + Ivl/0 2)|B(s) = f(s)| ds.

It follows that if
we As:={ sup |B(t) - f(1)] < 3},
0<t<1
then |2(¢) — g(t)] < 6(1 + ell) for any ¢ € [0,1]. Hence, the required inequal-
ity (7.5) will be established if we show that P(As) > 0 for any 6 > 0. This

property is an immediate consequence of the fact that the support of the law
for {B(t),0 <t <1} is the space C(0, 1). O

Exercise 7.4.4. Prove Lemma 7.4.3. Hint: If ¢ is continuously differentiable,
then (7.4) is obvious. In the general case, construct a sequence of C''-functions
with uniformly bounded variations that converges pointwise to ¢ and apply
Helly’s first theorem (see [KF75]).
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7.5 Weak convergence of random measures

Measurable isomorphisms between Polish spaces (see Section 7.2) need not to
preserve the topology. In particular, the properties of continuity of functions
and of weak convergence of measures are not invariant under such isomorphisms.
The following result shows that any Polish space is homeomorphic to a subset
of a compact metric space.

Theorem 7.5.1. Let X be a Polish space. Then there is a metric d on X
such that the topology defined by d coincides with the original one and (X,d) is
relatively compact, that is, the completion X of (X,d) is compact. Moreover,
B(X) is formed by intersections with X of the sets from B(X).

Proof. For the first assertion, see Theorem 2.8.2 in [Dud02]. To prove the sec-
ond, denote by C the intersections with X of the sets from B(X). This is a
o-algebra. Denote by i : X — X the natural embedding. For any closed set
F C X, we have i *(i(F)) = F. That is, the o-algebra C contains all closed
sets. So it equals B(X). O

The well-known Alezandrov theorem says that if a sequence of measures {u }
on a Polish space X is such that (f, ux) converges for any bounded continu-
ous function f : X — R, then the sequence {u;} weakly converges to a limit
(see [Ale43] or the corollary of Theorem 1 in [GS80, Section VI.1])). The fol-
lowing theorem due to Berti, Pratelli, and Rigo [BPRO06] establishes a similar
result for random probability measures.

Theorem 7.5.2. Let (Q,F,P) be a probability space and let {u*,w € Q} be a
sequence of random probability measures on a Polish space X, endowed with the
Borel o-algebra, such that the sequence {(f, %)} converges almost surely? for
any f € Cp(X). Then there is a random probability measure {p,,} such that

pF =, as k — oo for almost every w € Q. (7.6)

Proof. Step 1. In view of Theorem 7.5.1, there is no loss of generality in assum-
ing that X is a subset of a compact metric space Y such that I'N X € B(X)
for any T' € B(Y'). Let us define a sequence of random measures on Y by the
relation

o) = pi(TNX), T eB(Y).

Since Y is compact, for any w € €2 there is a sequence k,, — oo and a measure
fio € P(Y) such that g* — f,. It is well known that the space Cy(Y) is
separable (see Exercise 1.2.4 or Corollary 11.2.5 in [Dud02]). Let {f]} be a
dense sequence in Cy(Y). Then a sequence of measures v, € P(Y) converges
weakly to v € P(Y) if and only if (f;, vx) = (f;,v) as k — oo for any j > 1.

Let us denote by f; the restriction of f; to X, and let {2y be the set of w €
for which the sequence {(f;, u*)}x>1 converges for any j > 1. By assumption,

2We emphasise that the set of convergence may depend on f.
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we have P(£2g) = 1. Since

(f3o i) = (fj,pl) for any j,k > 1,
we conclude that
(" = fi, as k — oo for any w € Q. (7.7)

Suppose we have constructed C C X and a full-measure set 2; C Qg such that
C e B(Y) and
fw(C) =1 forw e Q. (7.8)

In this case, setting

(N X) for w € Qq,
Ho = ~y otherwise,

where v € P(X) is an arbitrary measure, we see that (7.7) implies (7.6).

Step 2. To prove (7.8), note that, by the Lebesgue theorem on dominated
convergence, for any f € Cy(X), the sequence E (f, u¥) converges. By Alexan-
drov’s theorem, it follows that the measures E u* converge weakly in P(X). On
the other hand, in view of (7.7), we have E ¥ — E . as k — oo.

Let us fix any constant € > 0 and use Prokhorov’s compactness criterion to
find a compact set C. C X such that

EM{C(CE) >1—¢ foranyk >1.
Since C. is closed in Y, we obtain

Ei.(X) > Efi(C) > limsupE ¥ (C.) = limsup E p*(C.) > 1 —¢.
k—o0 k— o0
Recalling that € > 0 was arbitrary and defining C = U,,Cy,,, we conclude that
E /1.(C) = 1, whence follows (7.8). The proof is complete. O

7.6 Gelfand triple and Yosida approximation

Let H and V be two separable real Hilbert? spaces such that V is continu-
ously and densely embedded into H. We denote by (-,-)g and (-, )y the scalar
products in H and V, respectively, and by || - ||z and || - | the corresponding
norms. The space H can be regarded as a dense subspace of the dual space V*.
Indeed, each element u € H defines a continuous linear functional 4, : V' — R
by the relation

(ly,v) = (u,v)g forveV, (7.9)

where (-,-) stands for the pairing between a Hilbert space and its dual. Since
the embedding V' C H is continuous, we have

[1€u]

v+ = sup ’(u,v)H‘ < Cllullg.
[lollv <1

3The construction below also applies if V' is a reflexive Banach space.
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Furthermore, if uy # wug, then £,, # ¢,,, because V is dense in H. Finally, to
show that H is dense in V*, assume that f : V* — R is a continuous linear
functional vanishing on H. Then

(filu) = (by,vy) = (u,v5)g =0 for any u € H, (7.10)

where vy € V is the element corresponding to f in the natural isomorphism
between V** and V. Relation (7.10) implies that vy = 0 and, hence, f = 0.
Thus, we have dense and continuous embeddings

VCcHCV™ (7.11)

In what follows, any separable Hilbert spaces satisfying these conditions are
called a Gelfand triple and H is called a rigged Hilbert space.

We now describe a general construction, called Yosida approximation, that
enables one to approach the elements of H and V* by those of V' in a regular way.
By the Riesz representation theorem, there is a unique isometry L : V — V*
such that

(Lu,v) = (Lv,u) = (u,v)y for any u,v € V. (7.12)

Proposition 7.6.1. The operator I + €L taking v € V to v+elv € V* is
invertible for any € > 0, and its inverse is continuous. Moreover, for X = H,V,
or V* and u € X, we have

(I +eL)  ullx <llullx fore>0, (7.13)
(I+el)y u—u inX ase— 0. (7.14)

Proof. Relations (7.9) and (7.12) imply that
(I + eL)u,u) = ||ul|3 +¢el|jull} for any u €V, (7.15)

and therefore the operator I 4+ L is injective. To prove that it is surjective, we
fix f € V* and consider the equation (I+eL)u = f for u € V. In view of (7.12),
it is equivalent to

(u,v)e := (u,v) g + ¢ (u,v)y = {f,v) forany v eV. (7.16)

Endowing the space V with the new scalar product (-, )., we can use the Riesz
representation theorem to find, for any € > 0, a unique element u. € V sat-
isfying (7.16). Thus, I + L is a bijection of V' onto V*. The Banach inverse
mapping theorem implies that (I +&eL)~!: V* — V is continuous.

We now prove (7.13) and (7.14) for X = H; the proof in the two other cases
is similar. Let w € H and u. = (I +&eL) " *u. Then (I +eL)u. = u. Applying
both sides of this relation to u. and using (7.15), we obtain

luellzr + € lluelly = (u,ue) = (u,ue)m < |l lluellz,

whence (7.13) follows immediately. To prove convergence (7.14), we first note
that it suffices to consider the case in which w € V; the general case can be
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treated by a standard approximation argument combined with (7.13). Let u € V
and let
6e i =(I+el)'u—u=—e(l +eL) " Lu.

Setting g = Lu and g. = (I +¢L)~!g and using again relation (7.15), we derive

%/* +e HQEH%/?

1
19:17 + € llgell} = (9. 9:) < llgllv+ llgellv < = ldl

whence it follows that

2
Vo

1
lgellzr < —llgl
4e

Recalling the definition of §., we obtain

v —0 ase—0T.

NG
161 = < lgellar < gl

This completes the proof of the proposition. O

Ezercise 7.6.2. Prove (7.13) and (7.14) for X = V and X = V*. Hint: To
prove (7.13), apply both sides of the relation (I+eL)u. = u regarded as elements
of V* to Lu. and L™ u.. To establish (7.14), modify the argument used in the
above proof.

7.7 Ito6 formula in Hilbert spaces

Let (Q, F,P) be a complete probability space with a right-continuous filtration
{Fi,t > 0}. We assume that F; is augmented with respect to (F,P), that is, the
o-algebra F; contains all P-null sets of F. Let H be a separable Hilbert space,
let {us,t > 0} be a random process in H, and let {;(t),j > 1} be a sequence
of independent standard Brownian motions. We assume that all these processes
are defined on (Q,F,P) and are Fi-adapted, and that almost all trajectories
of u; are continuous in time.

Definition 7.7.1. We shall say that {u;} is an It6 process in H with constant
diffusion if it can be represented in the form

t 0o
Uy = U + / feds + Zﬁj(t)gj’ t>0, (717)
0 =

where the equality holds almost surely, {g;} C H is a sequence satisfying the
condition

> llgillF < oo, (7.18)
j=1

and f; is an F;-progressively measurable H-valued process such that

T
]P’{/ | fell mdt < oo for anyT>O} =1. (7.19)
0



7.7. ITO FORMULA IN HILBERT SPACES 269

Before formulating a first result, we make some comments on the above
definition. Conditions (7.18) and (7.19) ensure that the right-hand side of (7.17)
makes sense. Indeed, the integral is almost surely finite due to (7.19), and the
series converges in L?(Q; H) for any fixed ¢t > 0, because
2

_EZ”g]”HﬁQ _tZng”H_)O as m,n — oo.

] m

Moreover, the Doob—Kolmogorov inequality (7.55) implies that

B s |3 s,

0<t<T
RS j=

oo
> 5} <e™ T Z lgillF; — 0 asm — oo,
j=m

and therefore the series on the right-hand side of (7.17) converges in probabil-
ity in the space C'(0,T; H). It defines an H-valued process whose almost all
trajectories are continuous in time.

Theorem 7.7.2. Let J = [0,T], let H be a separable real Hilbert space, let
F:JxH — R be a twice continuously differentiable function that is bounded
and uniformly continuous together with its derivatives, and let {u;,t > 0} be an
It6 process in H with constant diffusion. Then

t oo t
F(t,u;) = F(0, A(s)d B;(s)dBi(s), teJ 7.20
(tur) (WﬁA@MW;AJ@@@ eJ (120
where we set

A(t) = (O F)(t,w) + (8uF)(t ues fr) + %Z O2F)(t, uz; g5), (7.21)

B;(t) = (0uF)(t, us; 95), (7.22)

and (0, F)(u;v) and (92F)(u;v) denote the values of the first and second deriva-
tives of F' with respect to u at a point v € H.

This result can be established by literal repetition of the derivation of It&’s
formula in the finite-dimensional case. A detailed proof of a more general result
can be found in [DZ92].

Ezercise 7.7.3. Show that all the terms on the right-hand side of (7.20) are
almost surely continuous functions of time.

As in the case of finite-dimensional It6 processes, relation (7.20) remains
valid for a more general class of functionals. Namely, let us assume that F (¢, u)
is twice continuously differentiable on Ry x H, and F' is uniformly continuous,
together with its derivatives, on any bounded subset of Ry x H. In this case,
relation (7.20) holds in the following sense. Let us introduce the stopping times 4

7o =inf{t > 0: |u|lg > n}, (7.23)

4Note that, since the trajectories of u; are continuous, the stopping times 7, go to +oo for
almost all w
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where the infimum of an empty set is equal to +o00. Then

tAT, tATR
F(t A o,y Utnr,) = F(O,uo)Jr/ A(s) d5+2/ B,(s)dp;(s), t>0.
0 0

(7.24)
It is not difficult to see that all the terms on the right-hand side of (7.24) make
sense. We refer the reader to [Kry02, Chapter III] and [DZ92] for a justification
of (7.24) in the finite- and infinite-dimensional cases, respectively.

The above version of Itd’s formula is not applicable to study solutions of
nonlinear stochastic PDE’s. Indeed, these solutions are random processes in a
function space and Itd processes in some bigger space, while very often one needs
to study the behaviour of functionals defined on the former space. In literature,
there are versions of Itd’s formula that apply to some nonlinear PDE’s (e.g.,
see [Roz90]). However, they are not flexible enough to treat all the situations
encountered in this book.

Below we suggest a version of It6 formula sufficient for our purposes. To
state the result, we assume that H is a rigged Hilbert space. More precisely, let
V C H C V* be a Gelfand triple and let {us,t > 0} be an H-valued random
process. We assume that it satisfies the following hypothesis.

Condition 7.7.4. Almost all trajectories of {u;} are continuous with range
in H and locally square integrable with range in V. Moreover, {u:} is an Itd
process in V* (rather than in H) with constant diffusion (see Definition 7.7.1)
such that g; € H for any j > 1, inequality (7.18) holds, and (7.19) is replaced
by the stronger condition

T
IP’{/O il dt < oo} 1. (7.25)

Note that, due to (7.18), the diffusion term in (7.17) is a continuous H-valued
function of ¢ > 0 for almost all w € 2. Combining this with the continuity of w;,
we see that the integral fg fsds is also continuous with range in H. However, it
is not absolutely continuous in general, and the function f; is locally (square)
integrable only with range in V*.

Theorem 7.7.5. Let F : Ry x H — R be a twice continuously differen-
tiable function that is uniformly continuous, together with its derivatives, on
any bounded subset of Ry x H. Assume also that F' satisfies the following two
conditions.

(i) For any T > 0 there is a positive continuous function Kr(r), r >0, such
that®

|(0uF) (t, usv)| < Kr(|ulla) llullv|[v]ve  fort€[0,T], ueV,ve V™
(7.26)

5Inequality (7.26) implies that the derivative (04 F)(t,u) defined initially on H admits a
continuous extension to V* for any u € V.
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(ii) For any sequence {wy} C V converging to w € V in the topology of V and
anyt € Ry and v € V*, we have

(0uF)(t,w;v) = (O, F)(t,w;v) as k — oo.

Then for an arbitrary random process {us,t > 0} satisfying Condition 7.7.4
relation (7.24) holds for almost every w € Q.

Before proving this result, let us show that all the terms on the right-hand
side of (7.24) make sense and for almost every w € {2 are continuous in time.
Indeed, approximating f; by piecewise constant functions and using (7.26), we
easily show that (0, F)(t,u; f¢) is a measurable function of (¢,w). Moreover, it
follows from (7.21), (7.25), and (7.26) that

ve + Co Y Nlgiller < Cs(1+ el + 1£lI3-).
j=1

|A(t)] < Cy + Ko (Ry)|luel|v || f2

where Ry = sup{||lut||z,0 < t < T} and C; are almost surely finite random
constants. Hence, the function A is locally square integrable in time for almost
all w € Q, and its integral is continuous in time. Furthermore, if ||u||g < n,
then |B;(t)| < C’4(n)|\gj|\H for any j > 1, whence it follows that

2
< Ci(n tZHgJHH<OO

f/\T,,

s) df;(s)

Thus, for any T" > 0, the series on the rlght—hand side of (7.24) converges
in L2 () uniformly with respect to t € [0, T]. Moreover, by the Doob—Kolmogorov
inequality (7.55), for any € > 0 we have

o s |2 [ B 2

as m — 0o, whence we conclude that the series of (7.24) converges in probability
in the space C(0,T) for any T > 0, and its limit is almost surely continuous in
time.

} <202 T g5l — 0

Proof of Theorem 7.7.5. Both left- and right-hand sides of (7.24) are continuous
functions of time for almost all w € ). Therefore, if we show that, for any fixed
t > 0, the equality in (7.24) holds almost surely, then a standard argument
based on continuity will imply that (7.24) takes place for all t > 0 outside a
universal P-null set.

Let us fix a constant € > 0 and define the vectors g5 = (I +eL)~'g; and the
processes uf = (I + L) tu; and ff = (I +eL)"tf;, where L : V — V* is the
operator satisfying (7.12). It follows from Proposition 7.6.1 that {u$} is an It
process in H with constant diffusion. So, It6’s formula (7.24) holds for it:

AT, 00 tATE
F(EATE ) :F(o,ug)+/ As(s)ds+2/ Bi(s)dB;(s), >0,
0 = Jo
(7.27)
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where 75 = inf{t > 0 : [|u{||g > n}, and the processes A° and B are defined by
relations (7.21) and (7.22), where u, f;, and g; are replaced by uj, ff, and g5,
respectively. We wish to pass to the limit in (7.27) as e — 0.

Step 1. Proposition 7.6.1 and the continuity of trajectories of u; imply that,
for almost all w € 2, we have

7o > 71, fore>0, 7. =T, ase— 0t (7.28)

Since F' is a continuous function of its arguments, we conclude that for any
s > 0 and almost all w, we have

F(s N1, uipme) = F(s AT, uspns,) ase— 0T, (7.29)

€
SATS

It follows that we can pass to the limit in the left-hand side and the first term
of the right-hand side of (7.27).

Step 2. We now study the first integral in (7.27). In view of Proposition 7.6.1,
for almost all w, we have

sup |(0F)(t,uf) — (8 F)(t,ug)| =0 ase— 0F, (7.30)
0<t<T
s |(@F)(t uf 65) — (uF)(t uesgj)| < Cs(e) llgjlle + Collgs — gl
o (7.31)

where C5(¢) is a random constant going to zero as € — 0. Proposition 7.6.1,
inequality (7.18), and Lebesgue’s theorem on dominated convergence imply that

ZHg?fng%,%O ase — 0. (7.32)
j=1
Combining this with (7.31) and (7.28), we see that

oo

D

Jj=1

AT tATy
/ (35F)(s,u§;g§)ds—/ (02F)(s,us;g;)ds| =0 a.s.ase— 0F.
0 0

Furthermore, it follows from inequality (7.26) that
|(QuF) (¢ i f7) = (OuF)(t wss f1)]
< Crllug v IfE = Fellve + [(0uF) (8, ugs fr) = (QuF)(t ues fo)-
In view of (7.25) and Proposition 7.6.1, for any T' > 0, we have

T T 1/2 T
/ u§||v||f§—fs|wd8S</O ||u§||2vds) (/ Ty

as € — 07. Using the Lebesgue theorem on dominated convergence and prop-
erty (ii) of the function F, we derive

1/2
%/*ds) -0

tATH
/ (OuF) (5 £1) — (OuF) (b uss f2)] ds 0 as & - 0F.
0
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Finally, it follows from (7.28) and Proposition 7.6.1 that

tAT,

tAT,
/ ‘(8uF)(s7u§;f§)‘ds§Cg(n)/ llusllv || fsllv=ds — 0 ase—0F.
t

ATn, tATh

Combining all what has been said above, we obtain
tAT; tATy
/ A®(s)ds — / A(s)ds ase— 0T for almost all w € Q. (7.33)
0 0

Step 3. It remains to study the sum on the right-hand side of (7.27). By
[t0’s isometry, we have

/ " B (o)

NTp

2 t
E < / Elpr, 1<) (s)| BS(s)| ds
0

< Com)g5 I Elt ATy —t ATy

Combining this with (7.28) and inequality (7.13) with X = H, and using the
Lebesgue theorem on dominate convergence, we obtain

2 [e’e)
< Co(n) (B[t ATE —tATal) D llgslE =0 (7.34)
j=1

(s)dB;(s)

tATh

as ¢ — 07. Furthermore, since 9, F is uniformly continuous on bounded subsets,
we have

sup |Bj(s) — Bj(s)| < llgjlla  sup [[(OuF)(s,us) — (OuF) (s, us)llc(mm)

0<s<tATp, 0<s<tATy,

+1lg5 —gille sup  [[(OuF) (s, us)llc(r )
0<s<tATn

= Cro(n,e)|lg;llar + Cri(n)llg; — g5l 1,

where Cjg(n,€) is a random constant going to zero as € — 07. It follows that

Z/ Eljo1nr(5)|B5(s) — B;(s)| ds

<20 (n,e Z 95117 +2CF1 (n Z g5 — 95117

=1

tAT,

(B;E'(S) dﬂj

In view of (7.32), the right-hand side of this inequality goes to zero as € — 0.
Combining this with (7.34), we find a sequence e — 0T such that, for almost
all w e Q,

t/\Tn

t/\T
Z/ B5(s)dp;(s —>Z/ (s)dBj(s) ase=ep —0F. (7.35)

Comparing (7.29), (7.33), and (7.35) and passing to the limit as € = g, — 0T in
relation (7.27), we obtain (7.24). The proof of Theorem 7.7.5 is complete. [
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Corollary 7.7.6. Suppose that the conditions of Theorem 7.7.5 are satisfied,
and

oo t
ZE/ |B,(s)|*ds < oo for any t > 0. (7.36)
— 0

Then the sum of stochastic integrals

M, = Z/ $)d;(s), 120,

defines a square-integrable martingale with almost surely continuous trajectories,
and with probability 1, we have

Pt ) = F(ug) —&-/OtA(s) ds+ M, >0, (7.37)

Proof. The fact that (7.36) is a square-integrable martingale with continuous
trajectories is a standard assertion in the theory of It0’s integral; e.g., see Chap-
ter 3 in [@ks03]. When proving (7.37), as in the case of Theorem 7.7.5, it suffices
to show that the equality holds almost surely for any fixed ¢ > 0. We wish to
pass to the limit in (7.24) as n — oo. Since 7, — o0 as n — oo and u; is
continuous in time with range in H, for almost every w € {2 we have

F(t A oy uinr,) = F(t,ur) asn — oo. (7.38)

Furthermore, it follows from (7.18) and (7.21) that A(:) is a continuous function
of time, and therefore,

tATh t
/ A(s)ds — / A(s)ds with probability 1 as n — occ. (7.39)
0 0

Finally, condition (7.36) and Itd’s isometry (see [Dks03]) imply that

$)dB;(s Z/ By(s) dB; (s
:E/ Z’HOt/\Tn] 1| |B ‘QdS

Applying the Lebesgue theorem on dominated convergence, we see that €, — 0
as n — oo. Combining this with (7.38) and (7.39), we arrive at (7.37). O

25/\7'77

7.8 Local time for continuous It6 processes

In this section, we discuss distributions of convex functionals evaluated on one-
dimensional 1t6 processes. Recall that a function f : R — R is said to be convex
if

flax+ (1 —a)y) <af(z)+ (1 —a)f(y) for any z,y € R, a € [0,1]
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It is well known that a convex function has left- and right-hand derivatives 0~ f
and 0T f at any point € R. Furthermore, theses derivatives are non-decreasing
functions, they satisfy the inequality 9~ f(z) < 0% f(z) for any x € R, and the
equality breaks on a set which is at most countable. Finally, the second deriva-
tive 9% f(x) in the sense of distributions is a positive measure, which satisfies
the relation

pg(la, b)) =07 f(b) — 0" f(a) forall a <b.

The following result is a straightforward consequence of Theorem 7.1 in [KS91,
Chapter 3.

Theorem 7.8.1. Let (2, F,P) be a probability space with filtration F;, t > 0,

let {B;} be a sequence of independent Brownian motions with respect to F, and
let y; be a scalar It6 process of the form

t 0t
w=wnt [ odse Y [ olase) (7.40)
0 =10
where xy and 0{ are Fi-adapted processes such that

t o]
E/ <|I;|+Z|9ﬁ|2) ds < oo for anyt > 0. (7.41)

0 =
Then there is a random field A¢y(a,w), t > 0, a € R, w € Q, such that the

following properties hold.

(i) The mapping (t,a,w) — A¢(a,w) is measurable, and for any a € R the
process t — Ai(a,w) is Fi-adapted, continuous and non-decreasing. More-
over, for every t > 0 and almost every w € Q the function a — Ay(a,w) is

right-continuous.

(ii) For any non-negative Borel-measurable function g : R — R, with probabil-
ity 1 we have

/ot 9(ys) (i |9§2> =2 /0; gla)Ai(a,w)da, ¢>0.  (742)

(iii) For any convex function f: R — R, with probability 1 we have
Flo) = ) + Y [ 07 f(w.)6ids,
j=1"0

t 3 oo )
+/O 0 f(ys)asstJr/ Ai(a,w)0” f(da), t>0. (7.43)

— 00
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The random field A;(a,w) constructed in the above theorem is called a local
time for y;, and relation (7.43) is usually referred to as the change of variable
formula. This is an analogue of Itd’s formula (7.20) for one-dimensional pro-
cesses and non-smooth convex functionals. Let us comment on properties (ii)
and (iii). Taking g(z) = 4,4 (7) in (7.42), we obtain

[ Tt (i o) s =2 [ " Ao, da. (749

Assuming that the quadratic variation of the diffusion term is bounded from
above and separated from zero, we see that

B
(({se0,t]:a<ys <p}) N/ A¢(a,w) da.

Thus, one can say roughly that A;(a,w) measures the fraction of time spent by
the process y;, 0 < s < ¢, in the vicinity of a.

Furthermore, relation (7.43) enables one to find an explicit formula for A¢(a,w).
Indeed, taking f(z) = (z — a); = max(0,x — a), we obtain

o t t
(yt_a)+ = (yO_a’)++Z/ H[a,-&-oo)(ys)egdﬁj"'/ H[a,+oo)(ys)xsd3+At(aaw)'
= Jo 0

(7.45)

7.9 Krylov’s estimate

There is no analogue of the concept of local time for multidimensional It6 pro-
cesses, so a multidimensional version of formula (7.44) is not available. In many
cases, however, it is possible to get rather sharp estimates for a process’ law,
using It6’s formula and martingales inequalities. This type of results were ob-
tained by Krylov; see [Kry74, Kry86] and the book [Kry80]. In Chapter 5, we use
a simplified version of such an estimate. Namely, consider a d-dimensional Ito
process written in the form (7.40), where z; and 6 are adapted d-dimensional
processes satisfying condition (7.41), and §; are independent Brownian motions.
We shall denote by 0{ k, k=1...,d, the components of the vector function 9{
and by o, the diffusion, which is a d X d symmetric matrix with the entries

(oo}
oft =>"01%01', ki=1,... .d
j=1
Note that o; is non-negative for any ¢ > 0. To simplify the presentation, we

shall assume that y; is a stationary process; this is the situation considered in
Chapter 5.
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Theorem 7.9.1. Under the above hypotheses, there is a constant Cy > 0 de-
pending only on the dimension d such that, for any bounded measurable function
f:R* = R, we have

1 1
E/ (det Jt)l/df(xt) dt < Cd|f\dE/ || ds, (7.46)
0 0

where |f|q stands for the L norm of f.

Proof. A standard argument based on the monotone class theorem and Fatou’s
lemma shows that it suffices to establish inequality (7.46) for smooth func-
tions f > 0 with compact support. The general idea of the proof is rather
simple: we first apply It6’s formula to the stationary semimartinagale 1 (y;)
and derive an identity for it and then, choosing a particular function 1, we
obtain an expression minorised by the left-hand side of (7.46).

Let ¢ : R* — R be a twice continuously differentiable function with bounded
derivatives. By It0’s formula, we have

t d
6l = o) + [ ((Vetmdn) + 3 S B @) ds).

k=1

Taking the mean value, using the stationarity of y;, and setting ¢t = 1, we get

d
°F / (Ve (ys), ) ds + E Z o (D Dr) () ds = 0. (7.47)

0 ki=1

We now need the following proposition, whose proof® can be found in [Kry87]
(see Theorem I11.2.3).

Proposition 7.9.2. For any A > 0 and any non-negative function f € C§°(R?)
there is a function ¢ € C?(R?) with bounded derivatives such that

d
3" an(@r0)(x) — N(Tra)ib(x) + (deta) /" f(z) <0, (7.48)

k,l=1
V(@) < A2(x),  a) < Aan 2| fL, (7.49)

where a = (ay) s an arbitrary non-negative symmetric d X d matriz, Agq is a
constant depending only on d, and the inequalities hold for all x € RY.

Let us take for ¢ in (7.47) the function constructed in Proposition 7.9.2.
Recalling that o; is a non-negative matrix for any ¢ > 0 and taking into ac-
count (7.48), we derive

1 1/a 1 1
E/ (detoy) " f(ys)ds < 2IE/ (V(ys),zs)ds + AE [ (ys)(Tros) ds.
’ ’ ’ (7.50)

6Note that Proposition 7.9.2 is obvious for d = 1. In this case, it suffices to take for ¢ the
unique bounded solution of the equation ¢ — 1 + f = 0.
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Using inequalities (7.49), we see that the right-hand side of (7.50) can be esti-
mated from above by

1 1
C'1|f\1IE/ |a:s|ds+02ﬁ|f|1E/ Tr o.ds,
0 0

where (7 and Cy are some constants depending only on d. Substituting this
expression into (7.50) and passing to the limit as A — 0T, we arrive at the
required inequality (7.46). O
7.10 Girsanov theorem

In this section, we deal with processes defined on a complete probability space
(Q, F,P) with a right-continuous filtration {F;,¢ > 0}. The following result is
a simple consequence of Girsanov’s theorem (see [Dks03]).

Theorem 7.10.1. Let y be an RN -valued process of the form
N
= ijﬁj(t)ej, t Z 0,
j=1

where {e;} is an orthonormal basis in RN, B; are independent standard Brow-
nian motions, and b; > 0 are some constants. Let § be another process given

by .
3(t) = y(t) + / a(s) ds,

where a = (a1, ...,an) is a progressively measurable process such that

E exp (C’/ |a(t)|2dt) < oo forany C > 0. (7.51)
0

Then the distributions of the processes y and § regarded as random variables in
C(Ry,RY) satisfy the inequality

IDW) - D@ llvar < ;((Eexp{G I ibﬁaﬂt)m})” : 1)1/2. (752)

Proof. Let us consider an exponentlal supermartingale M; corresponding to the
stochastic integral & = fo a;(t)dp;(t). That is,

My( exp< / (t)dB;(t) /ij—?aj(t)ﬁdt), t>0.
=1

By Girsanov’s theorem (see Theorem 8.6.5 in [Dks03]), condition (7.51) implies
that this is a martingale. So E M; = E My = 1 for each ¢t > 0. Since M; > 0, by
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the convergence theorem of Section 7.11, there exists a limit lim; oo My = M,
and EM = 1. Let us consider the probability measure Q = M(w)P on the
space (Q, F). Due to Girsanov’s theorem (see [Dks03]), the P-law of y coincides
with the Q-law of §. That is, D(y) = y«(P) = 7.(Q) and D(g) = 9.(P). By
Exercise 1.2.13 (i), the left-hand side of (7.52) can be estimated by ||P — Q||var-
Proposition 1.2.7 implies that the latter quantity does not exceed

1/2

1 1
SEIM —1] < 5(EM2 -1) (7.53)

To estimate the right-hand side, let us note that
EM? = Ee* (&) < (E e4£t78<5>1)1/2 (E 66<5>t)1/2 <(E 66<£>t)1/2

for any t > 0, where we used that exp(4¢; — 8(£);) is the exponential super-
martingale corresponding to &;. By the above inequality and the monotone
convergence theorem, we have E M? < (E €6<£>°°)1/2. Substituting this inequal-
ity into (7.53), we arrive at the required result. O

7.11 Martingales, submartingales, and supermar-
tingales

The results of this section are valid for both discrete and continuous time pro-
cesses. To simplify the presentation, we mostly restrict ourselves to the case of
continuous time. We assume that the corresponding processes are continuous
in ¢ for a.e. w since in the main text we do not use discontinuous processes.

Let (2, F, Fi,P) be a filtered probability space satisfying the usual hypothe-
ses. Recall that a (continuous) random process {&,¢ > 0} valued in a Hilbert
space H is called a martingale with respect to {F;} if it is adapted to F%, each
random variable &; is integrable, and for ¢ > s > 0 we have E (§; | F;) = & with
probability 1. A martingale {&} is said to be square integrable if E||&]|? < oo
for any ¢t > 0. A quadratic variation of an H-valued square-integrable martin-
gale {&;} is a real-valued random process (£); adapted to {F;} such that (£)g =0
almost surely, almost every trajectory of (£); is non-decreasing, and the process
1&:11%; — (€)¢ is a real-valued martingale.

Important examples of continuous martingales are given by stochastic in-
tegrals. Namely, consider a Hilbert space K with an orthonormal basis {e;},
standard independent F;-adapted Brownian motions {3;(t)}, and an F;-adapted
process By valued in £L(K, H) such that

T
IE/ | Bt ||fgdt < oo for any T > 0.
0

Here ||C||ns stands for the Hilbert—Schmidt norm of an operator C € L(K, H)
(that is, |C||%s = > |Ce;||?). Then the stochastic integral

ftz/o ;Btejdﬁj(t) (7.54)
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is a continuous square-integrable martingale in H; see Section 5.2 in [DZ96].
Moreover, its quadratic variation is given by

t
(), = / 1B, sds.

Ezample 7.11.1. The H-valued process ((t) defined in (2.98) can be written in
the form (7.54), where K = H and B is an operator in H such that Be; = bje;
for any j > 1. In this case, | B|/}g = B and (¢); = Bt.

A continuous random process {M;,t > 0} in R is called a submartingale (or
supermartingale) with respect to {F;} if it is integrable and adapted to JF, and
for all t > s > 0 we have

E (M| Fs) > My (or E (M| Fs) < My).

If & is a martingale in H and f : H — R is a continuous convex function,
then f(&:) is a submartingale, while —f(&;) is a supermartingale; see [DZ92].

We now formulate without proof several results on martingales, submartin-
gales and supermartingales.

Doob—Kolmogorov inequality. Let {M;,0 <t < T} be a non-negative sub-
martingale. Then

1
P{ sup M, > c} < ZE My (7.55)
0<t<T c

In particular, if & is an H-valued martingale, then (7.55) is true with
My = ||&]|%; for any p > 1.

Doob’s moment inequality. Let {M;,t > 0} be a non-negative submartin-
gale. Then, for any p € (1,00), we have

p b,
P\ < p.
E(ilzllg Mt) (p 1) thm E M (7.56)
A similar inequality is true on any finite interval [0, 7], in which case the

supremum should be taken over ¢ € [0,7] and the limit of E M} should
be replaced by E M.

Exponential supermartingale. Let {¢;,¢ > 0} be a martingale whose quad-
ratic variation (£), is a.s. finite for all ¢ > 0 and let {; := & — 5(¢);. Then
the process exp((;) is a supermartingale, and we have the inequality

]P’{sup G > c} <e ¢ foranyc>0. (7.57)
t>0

A similar result holds on a finite interval [0, T, in which case the supremum
should be taken over ¢ € [0, 7.
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Doob’s optional sampling theorem. Let {&,¢ > 0} be a submartingale and
let o < 7 be two almost surely finite stopping times for the filtration {F;}.
Then E¢, = EE,.

A proof of (7.55) and (7.56) can be found in Section ITI.3 of [Kry02]. The
fact that the process exp (; is a supermartingale is established in [RY99, Sec-
tion 4.3], and (7.57) is the classical supermartingale inequaity; see [Kry02, The-
orem I11.6.11] or [Mey66, Theorem VI.T1]. Finally, Doob’s optional sampling
theorem is proved in Section 1.3.C of [KS91].

The assertion below is a special case of a more general theorem due to
Doob. Its proof can be found in [Dud02]; see Theorems 10.5.1 and 10.5.4 and
Corollary 10.5.2.

Convergence theorem. Let {Mj,k > 0} be a real-valued martingale such
that sup,~q E |[M}| < co. Then there is an integrable random variable Mo,
such that

M, — My almost surely, E|M; — My| —0 ask — oo.

7.12 Limit theorems for discrete-time martin-
gales

Let (92, F,P) be a probability space, let {Fy, k > 0} be a discrete-time filtration

on it, and let {My,k > 1} be a martingale with respect to F;. The following

theorem establishes a strong law of large numbers. Its proof can be found
in [Fel71]; see Theorem 3 in Section VII.9.

Theorem 7.12.1. Let {My, k > 1} be a zero-mean square-integrable martingale
and let {ci} be an increasing sequence going to +0o such that

o0
ZC];QEX]% < 00,
k=1

where Xy = My, — My_1 and My = 0. Then
]P’{cllek —0ask — oo} =1.

We now turn to the law of iterated logarithm (LIL). Given a square integrable
martingale {M}}, define its conditional variance by the formula

k
Ve =) E(X7|Fi1). (7.58)
=1

The following result on the LIL for martingales with identically distributed
increments is due to Heyde [Hey73].
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Theorem 7.12.2. Let a zero-mean martingale { My} be such that the martin-
gale differences Xy are identically distributed, E X? = 0% > 0, and

k~'V2 — o in probability as k — oo. (7.59)

Then for almost every w € Q we have
M, M
limsup ———— =0, liminf ——— = —o0. (7.60)

k—oo V2kInlnk k—oo /2kInlnk

Finally, let us discuss the central limit theorem (CLT). We define

k
st =EM; =) EX}.
=1

In what follows, we assume that

EX? —o0? ask — oo, (7.61)

s;,2Vy — o®  in probability as k — oo, (7.62)

where o > 0 is a constant, and that the martingale differences Xy, satisfy Lin-
deberg’s condition, that is,

n

522 Y B (XPIjx, 5es,)) = 0 asn — oo, (7.63)
k=1

where € > 0 is arbitrary. Note that, if ¢ > 0, then si ~ ko? as k — oo, and
Lindeberg’s condition holds if and only if, for any ¢ > 0,

n

Y R (X x sevmy) 2 0 asn — oo, (7.64)
k=1

This condition is not very restrictive. For instance, it holds if IEJX,‘CL <C< oo
for all £ > 1. Indeed, using Schwarz’s and Chebyshev’s inequalities, we derive

1/2
E(X?Tix, sevi) < (EXY)2P{IX0] > ev/n}/?
< g ?p7! IEIX,‘C1 < CE_Qn_l,

whence it follows that (7.63) holds. The following theorem due to Brown [Bro71]
establishes the CLT for martingales.

Theorem 7.12.3. Let {M}} be a zero-mean martingale such that the martin-
gale differences Xy, satisfy (7.61), (7.62) with some o >0 and (7.63). Then

D(kil/sz) — N(0,0) ask — oco.
That is (see Lemma 1.2.16),
lim P{k~'2M,, < 2} = &,(z) for any z € R.

k— o0
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7.13 Martingale approximation for Markov pro-
cesses

Let X be a separable Banach space and let (u, P,,) be a continuous-time Markov
process in X defined on a measurable space (£, F) with filtration {F,¢ > 0}.
We denote by P;(u,I") the transition function for (u¢, P, ) and by B, and B} the
corresponding Markov semigroups (see Section 1.3.3). Given a weight function w
(see Section 3.3.1) and a constant v € (0, 1], we denote by C7(X,w) the space
of continuous functions f : X — R for which

o )

Y uex w(l|ull)

|f(w) = f(v)]

< 00.
o<flu—vlx<t l[u = vl (w(|lullx) +w(]v]x))

£

+

This is a subspace of the space of Holder-continuous functions on X.

Definition 7.13.1. A Markov process (u;, P,,) is said to be wuniformly mizing
for the class C7 (X, w) if it has a unique stationary distribution p € P(X), and
for any f € C7(X,w), we have”

[Bef (@) = (f )] < a(®)lfl,wi(ullx), >0, (7.65)

where « is a non-increasing integrable function on R, w; is a weight function,
and both of them do not depend on f.

The exercise below shows that an analogue of inequality (7.65) is true for
random initial conditions.

Ezercise 7.13.2. Let (ut,P,) be a Markov process in X that is uniformly mixing
for the class C7(X,w) and let A € P(X) be a measure such that

(w1, N) ::/ w1 ([lul|x)A(du) < oo, (7.66)
b
where w; is the function from (7.65). Show that, for any f € C7(X,w), we have

[Exf(ue) = (f, )| < a(®)Ifl,, (w1, ), t=>0. (7.67)
Hint: Integrate (7.65) with respect to A(du).

The following construction due to Gordin [Gor69] is very useful when study-
ing limit theorems for stochastic processes. In the context of uniformly mixing
Markov processes, it enables one to reduce the problem to the case of martin-
gales.

Let us take any function f € C7(X,w) with (f,u) = 0 and a measure
A € P(X) and set

M) = /j(m(f(usnft)—&(f(us)fo))ds, t>0,  (7.68)

7"We assume, in particular, that any function f € C7(X,w) is integrable with respect to p.
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where E) stands for the mean value with respect to the measure P, defined by
PyT) = / P.(T)A(du), T e F.

Q

Proposition 7.13.3. Let (ut,P,,) be a Markov process in X uniformly mizing
for the class CV(X,w). Assume, in addition, that

Eywy (JJuel| x) < C’(l + w1(||u||X)) foranyt >0, ue X, (7.69)

where C' > 0 is independent of t > 0 and uw € X. Then, for any measure
A € P(X) satisfying (7.66) and any function f € CV(X,w) with zero mean
value, the process {M}*,t > 0} is well defined and forms a zero-mean martingale
with respect to the filtration {F;} and the probability Py. Moreover, we have,
with Py-probability 1,

/0 f(us)ds = M — g(ug) + g(uo), t>0, (7.70)

where g(v) = [ B f(v) ds.

Proof. To simplify notations, we shall write M; instead of M. We first show
that

ExM;| < (1f] 1)t + C1 (1 + (i, \)), (7.71)

where C7 > 0 is a constant not depending on A and ¢ > 0. Indeed, the Markov
property and inequality (7.67) imply that, with Py-probability 1, we have

[Ea(f (us) | F)| < [Bsmef ()] < als = )1 fl,wr(Juellx), s>t (7.72)
Integrating (7.69) with respect to A(du), we see that
Exw (Jue]|x) < C(1+ (wr,A)) for any ¢t > 0. (7.73)

Taking the mean value Ey of inequality (7.72) and using (7.73), for s > t we
obtain

Ex|Ea(f (us) | F2)| < Ca(s = )| fl,,- (1 + (w1, ). (7.74)

On the other hand, since ug is Fz-measurable for t > s, inequality (7.67) with f
replaced by |f| implies that

EAEA(f (us) | F)| = Ealf(us)| < (I, 1) + a(s)f]y (w1, ), s <t

Combining this with (7.74) and using the fact that [~ a(t) dt < oo, we obtain
the required inequality (7.71).

The fact that M; is a martingale can be checked easily by applying the con-
ditional expectation Ey(-|F,) to M; with ¢ > r. Furthermore, it is straightfor-
ward to check that EyM; = 0 for all ¢ > 0. Thus, it remains to establish (7.70).
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To this end, we use the Markov property and write
t o] 00
M= [ s+ [ B F)ds [ B () Fo)ds
0 t 0

- /otf (us) ds + /too(ms—tf)wt)ds— /O " (B f) (o) ds.

This implies the required relation (7.70). O

7.14 Generalised Poincaré inequality

Proposition 7.14.1. For any integer d > 1 there is a constant Cy > 0 such
that, for any p > 1, we have

/ |u\2pdx§Cd/ ’V(|u|2p)’2dx:C’dp2/ Ju|2P=Y) | Vu|2dz, (7.75)
T4 T4 Td

where w € HY(TY) is an arbitrary function with zero mean value for which the
right-hand side is finite.

Proof. We argue ® by contradiction. If (7.75) does not hold, then we can con-
struct a sequence of functions u, € H'(T?) with zero mean value and some
constants p; > 1 such that

/ lug |*Peda = (27)%, pz/ lug 2P~V | Vug |?de < k™1, k>1.  (7.76)
Td Td
Let us set vy = |ug|P*Lug. Then inequalities (7.76) imply that
/ (g |2da = (27)7%, / Vorl2dz < k', k> 1. (7.77)
Td Td

Thus, {vx} is a bounded sequence in H!. Since the embedding H' C L? is
compact (see (1.5)), there is no loss of generality in assuming that vy — v in L?,
where v is a function in H'. Moreover, it follows from the second inequality
in (7.77) that Vv = 0 almost everywhere, and therefore v = C'. On the other
hand, the first relation in (7.77) implies that |v|3 = (27)¢, whence it follows
that C'= 1. We have thus shown that

/ g P>~ g, — 1f2dac —0 ask — oo.
Td

Combining this with the elementary inequality |y — 1| < 2||y[P~'y — 1|, valid for
any y € R and p > 1, we see that up — 1 in L?. This contradicts the fact that
the mean value of uy, is zero. O

8We thank S. Brandle and M. Struwe for communicating us this proof.

9The case in which the L?Pk norm of uy, is infinite can easily be treated by truncation.
Namely, it suffices to consider the sequence @y = p(ug/Ng), where N is sufficiently large,
and ¢ : R — R is a function such that ¢(r) = r for |r| < 1 and ¢(r) = sgn(r) for |r| > 1.
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7.15 Functions in Sobolev spaces with a discrete
essential range

Let (X,F) be a measurable spaces, let 11 be a positive measure on it, let ¥
be a Polish space endowed with its Borel o-algebra, and let f : X — Y be a
measurable map. The essential range of f is defined as the set of points y € Y
such that u(f~*(0)) > 0 for any open set O C Y containing y. In other words,
the essential range of f is the support of the measure f.(u).

It is an obvious fact that that if D C R? is a connected open set, then a
continuous function f : D — R with a discrete essential range must be constant.
The following lemma shows that a similar result is true for functions in a Sobolev
space of order r > 1/2. Its stronger versions can be found in [HKL90, BD95,
BBMO00]. For the reader’s convenience, we shall give a proof of the lemma,
following the argument in [BD95].

Lemma 7.15.1. If u € H"(T?) with r > % and the essential range of u is a
discrete subset of R, then u = C almost everywhere.

Proof. For i = 1,2, denote by T; the one-dimensional torus R/27Z, T; = {z;}.
Then T? = T; x T,. It follows immediately from the definition of the Sobolev
norm that

2
/ lu(n, ) ey s < Jlul:
0

Hence, there exists a full measure set A C Ty such that u(xy,-) € H"(Ty)
for 1 € A. Since H"(T3) C C(T2) and the essential range of u is a discrete
subset, Fubini’s theorem implies that, for almost every z; € A, the essential
range of u(z1,-) is a discrete subset. It follows that, for almost every z; € Ty,
the function u(x1,-) is constant almost everywhere. Similarly, for almost every
x9 € To, the function (-, z2) is constant almost everywhere.

For = (z1,22) and y = (y1,y2), we now write

lu(r) —u(y)| < [u(z1, z2) — w1, y2)| + [w(1,y2) — u(y1,y2)|-

Taking into account what has been said above and applying Fubini’s theorem,
we see that
[ tuta) = u(w)| dady = 0.
T2 x T2

It follows that u(z) — u(y) = 0 almost everywhere on T2 x T2. Let B C T? be a
subset of full measure such that, for z € B, we have u(x) = u(y) almost every-
where in y. Integrating this relation in y, we conclude that u(z) = fT2 u(y) dy
for x € B. This completes the proof of the lemma.



Chapter 8

Solutions to some exercises

Ezercise 1.2.4. (i) Let us assume that X is compact and prove that Cy(X) is sepa-
rable. Using relation (1.19) and taking into account inequality (1.20), it is easy to
approximate each continuous function f : X — R by bounded Lipschitz functions.
Therefore, it suffices to construct countably many continuous functions whose finite
linear combinations are dense in the unit ball of Ly(X) for the norm || - |[|c. Let us
fix e > 0 and denote by {z1,...,2,} C X an e-net in X and by {¢k}i—1 C Cp(X)
a partition of unity subordinate to the covering of X by the balls Bx(xg,2¢). In
this case, if f is an element of the unit ball in Ly(X), then the norm of the function
f =, f(xr)pr does not exceed 2e.

Conversely, let us assume that X is not compact and prove that Cy(X) is not
separable. Indeed, since X is not compact, there is ¢ > 0 and a sequence {zx} C X
such that distx (zx,Zm) > 2¢ > 0. Let ¢r € Cp(X) be such that supp pr C Bx (zk,¢€)
and @r(zr) = 1. Then the infinite linear combinations of the form Zk crpr with
cr = £1 form an uncountable family of functions such that the distance between any
two functions is equal to 2.

(ii) Let us denote by @q(z) a function equal to 0 for z < « and to 1 for x > « and
define 9o (z) = [; wdy. Then the family {1)o,0 < o < 1} C Lp(X) is uncountable and
the distance in Ly(X) between any of its two elements is equal to 1. O

FEzercise 1.2.10. Let us denote by ||p1 — p2l/var the right-hand side of (1.26). Since
Cy(X) C L*=(X), it follows from (1.13) that ||p1 — p2llvar < |1 — p2lvar- To prove
the converse inequality, we use a simple approximation argument. Namely, let us fix
an arbitrary € > 0 and chose a function f € L*°(X) with || f|loc < 1 such that

liis — plloar < 2 (o) — (frpi2)) +e.

-2

We now choose a finitely many disjoint subsets I'y, € B(X) and real constants cx such
that |cx| < 1 and |f(z) — >, cxlr, (#)| < € for all z € X. Combining this with the

287
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above inequality and using (1.22), we derive

1
i = 2l < 5 D ex(pr(Tr) = p2(T's)) + 3¢
k

< % Z (#1(Tk) = p2(Tk)) “'% Z (#2(T'%) = 1 (Th)) + 3¢

keA+ keA—
1 1 _ _
< 5(#1(F+) — u2(T7)) + §(H2(F ) = (T7)) + 3¢
< lur — p2llvar + 3e,

where A* stands for the set of indices k such that +¢; > 0 and (1 (D) —p2(Tx)) > 0,
and I'F is the union of 'y with k € A¥. Since & > 0 was arbitrary, we arrive at the
required inequality. O

Ezercise 1.2.12. We first recall that if a sequence of functions {f,} converges in the
space L'(X,m) to a limit f, then there is a subsequence {fn,} that converges to f
almost surely. Thus, given a bounded measurable function f : X — R and a con-
stant € > 0, it suffices to construct fe such that ||f— fellp1(x,m) < €and |f(z)] < || flleo
for all x € X. A simple approximation argument shows that it suffices to consider
the case when f is the indicator function of a Borel set I'. Let K C I' be a com-
pact set and let G D T" be an open set such that m(G \ K) < e. Then the function

fe(x) = distx(jislz;( Jfgi’g;(x e is continuous and satisfies the required inequality. O

Ezercise 1.2.13. We confine ourselves to the proof of (i). For any I' € F», we have

£« (1) (T) = fu(p2)(D)] = [pa (f7HD)) = p2(f 71D < Nl = pzlvar-

Since I was arbitrary, we arrive at the required inequality. O

Ezercise 1.2.18. (i) Let {zx} C X be an arbitrary dense sequence. We claim that
for any p € P(X) and £ > 0 there is sequence {cx} C R with finitely many non-zero

elements such that
e e
k

where J, stands for the Dirac measure concentrated at y. This property immediately
implies the required result.

Let us fix 4 € P(X) and € > 0 and choose a compact subset C C X such that
w(X \ C) < e/2. We next cover C by finitely many disjoint subsets B; with nonempty
interior and diameters < €/2. Choosing arbitrary points xx; € Bj, for any function
f € Ly(X) with norm || f||z < 1 we obtain

|(Fo) = 3 Flan 0By N€)| < 3| (FTs s 1) = Flaw Ju(B; NO)| + [(FLxre )

<e, (8.1)

*
L

< ZM(BJ' NC) sup |f(z) = flzw;)l +e/2<¢,

J z€B;NC
where we used the fact f is Lipschitz continuous with a constant < 1. Since f was
arbitrary, we arrive at inequality (8.1) in which cx; = pu(B; N C) and ¢, = 0 for the
other indices.
(ii) It is straightforward to see {d,,y € R} is an uncountable subset P(R) such that

the distance between any two elements is equal to 1. This implies that the space P(R)
endowed with the total variation distance is not separable. O
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FExercise 1.2.19. We need to show that

sup ‘E(f((m)ff(g)” — 0 asm — oo. (8.2)

Ifllz<1
Let us take any function f € Ly(X) with || f||z <1 and write

|E (£(¢m) = FO)] < E(f(Gm) = FGD] + [E(F(C) = FCNI + [E(F(CR) = £(E™)]
< sup E(distx (¢m, Gn) + distx (¢,¢™)) + [D(¢) — D)L

The first term on the left-hand side can be made arbitrarily small by choosing n > 1
while the second goes to zero, for any fixed n > 1, as m — oco. Since f was arbitrary,
we arrive at the required assertion. O

Ezercise 1.2.22. Since ||p1 — pz2|lvar = 1, by Corollary 1.2.11, there is a set A € B(X)
for which p1(A) = p2(X \ A) = 1. It follows that if & and &, are independent, then

Pl 26 = [ mdupn(an) = [ (X \ (mhuda)

{u1#uz}
> / (X \ A)p(dur) = 1.
A

Furthermore, it is straightforward to see that the random variables £; and &2 condi-
tioned on the event N = {&; # &} are independent.
Conversely, if (£1,£2) is a maximal coupling for (u1, u2), then P(N) = 1, and for
any I'1, 2 € B(X) we have
P{fl el & e FQ} = ]P’{il el,& ely |N}
:]P’{El eIy ‘N}IF’{& el |N}
=P{& eI} P{& e T},
whence we conclude that £ and &2 are independent. O
Exercise 1.2.23. Let us set
G,:]P)(AllE)IP(AQ‘E), bl ZP(Al‘J\T)7 bz :]P)(A2|N),
where E = {{; = &} and A; = {§; € I'}. Noting that P(E) +P(N) = 1, we can write
=P(A, | E)P(E) +P(A, | N)P(A2 | N)P(N) = az + b1b2(1 — z),
P{& € T} P{& € T} = P(A1) P(Az2) = (az + bi(1 — z)) (az + b2(1 — z)),
where x = P(E). We wish to show that the function
f(@) == az + biba(1 — x) — (az + b1(1 — 2)) (az + ba(1 — z))

is non-negative for « € [0,1]. Note that f is a quadratic function such that f(0) = 0
and f(1) = a — a® > 0 Therefore, the required property will be established if we show
that the coefficient in front of the linear term is non-negative. Thus, it suffices to prove
that

a+ brbs — a(b1 + bg) >0 for a,bl,bz S [0, 1].

This inequality can easily be checked. O
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Ezercise 1.2.27. Since convergence in the dual-Lipschitz metric is equivalent to the
weak convergence of measures (see Theorem 1.2.15), the corresponding topology on
the space P(X) is generated by the open sets of the form {u € P(X) : (f,u) < a},
where f € Cy(X) and a € R. It follows that a function z — u(z,-) from Z to P(X) is
measurable if and only if, for any f € Cy(X), so is the function z — (f, u(z,-)) acting
from Z to R.

Now let u(z,:) be a random probability measure and let f € Cy(X). Approxi-
mating f by finite linear combinations of indicator functions, we see that (f, u(z,-))
is a pointwise limit of measurable functions of the form °, crpu(2z,T'x). This obser-
vation immediately implies that (f, u(z,-)) is measurable. Conversely, if (f, u(z,-))
is measurable for any f € Cp(X) and F C X is a closed subset, then approximat-
ing Ir pointwise by continuous functions (see the proof of Corollary 7.1.3), we see that
w(z, F) = (Ip,u(z,-)) is measurable. The measurability of u(z,I') for an arbitrary
I' € B(X) follows by the monotone class technique. O

Ezercise 1.2.29. The fact that fi;(z,-) and p(z, -) are random probability measures fol-
lows from their definition and the measurability of 6(z). To prove that § is measurable,
recall that (see Proposition 1.2.7)

5(2) = laa(z:) = oz M = 5 [ 1a(er) = pa(es )] m (),

where m. = 1(p1(z,") + pa(z,)), and pi(z, u) is the density of p; with respect to m..
By a parameter version of the Radon—Nikodym theorem, the functions p; can be
assumed to be measurable in (z,u). Thus, the required property will be established if
we show that (f(z,-), m) is measurable for any measurable function f: Z x X — R
such that f(z,-) € L'(X,m;) for any z € Z. A standard approximation argument
shows that it suffices to consider the case when f = Ir, where I' € B(Z x X). The
claim is obvious for sets of the form I' = T'; x 'y with I'1 € B(Z) and I's € B(X). The
general case follows by the monotone class technique. O

Ezercise 1.2.30. Let us define measures fi; € P(X x Y) by the relation
fi(Ax B) = pi(An f4(B)) for Aec B(X), BeB(Y).

Then (Py)«fti = fe(ui), where Py : X XY — Y denotes the natural projection,
and by the disintegration theorem, there are random probability measures u;(y, dz)
on X such that f;(dz,dy) = fo(us)(dy)pi(y,dx), i = 1,2. Now let (n1,72) be a
maximal coupling for (fi(u1), f«(u2)) and let ¢(y,-), ¢ = 1,2, be some X-valued
random variables independent of (11, n2) such that D(¢;(y,)) = pi(y, ) forany y € Y.
Then the random variables & (w) = (i (n:(w),w), © = 1, 2, satisfy the required property.
This proves assertion (i). To establish (ii), it suffices to use in the above argument
some parameter versions of the corresponding results. O

Ezercise 1.3.1. In view of (1.48), for any f € L*(X) and any B € Fs, we have

Eu (f (uirs)IB) = Eu ((Bef) (us)B).

Integrating this relation with respect to Px(du), we obtain

Ex (f(ut+s)]IB) =Ex ((S'Btf)(ué)]IB)

Since B € F, was arbitrary, we arrive at (1.48).
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When proving (1.49), we assume for simplicity that m = 2. It suffices to consider
the case when f(u1,u2) = Ir, (u1)Ir, (uz2). Using (1.48), we write

Ex{f(tty 45, wyts) | Fs} = Ex(Iry (wey1s) Ex{Ir, (weyts) | Fryps | Fs)
=E, (Hrl (ut1+5) Pyt (ut1+37 F2) | ]:5)
:mil (]IF1Pt2—t1('7F2)) (us)' (8'3)

On the other hand, using again the Markov property, we derive

Evf(utl ) utz) =E, (HFI (utl)HF2 (th)) =E, (HFI (utl )]Ev{]lrz (utz) ‘ ]:tl })
=E. (HFI (utl )Ptzftl (utl ) FQ)) =Py (HFI Pry—ty (" F2)) (v)

Taking v = us in this relation and comparing it with (8.3), we obtain the required
result. O

Ezercise 1.5.3. 1t is clear that Py is the identity operator in C,(X), and we shall prove
the semigroup property. A simple approximation argument shows that it suffices to
prove the relation

Be(Pslr) = PitsIr  for any I' € B(X).

However, since B, Ir(u) = P(u,I"), the above equality coincides with the Kolmogorov—
Chapman relation. The proof of the claim concerning B} is similar.

We now prove the duality relation. It suffices to consider the case f = Ir. In this
situation, we have

(Pullr, ) = /X Py(u, Dypu(du) = 3 () = (I, Wi ).
O

Ezercise 1.3.4. By definition, the P, law of u; coincides with P;(v,-). It follows that

Pa{us €T} = /va{ut € TIA(dv) = /X Po(v, T)A(dv) = PEA(D),

where I' € B(X) is an arbitrary set. To prove (1.51), we write

Eaf(u) = [ fPas) = [ @@ = [ Brwhr).
where we used the duality relation of Exercise 1.3.3. O

Ezercise 1.3.9. We need to prove that {7 < t}N{r < s} belongs to F; for any ¢, s € T;.
This fact follows immediately from the definition of a stopping time. O

Ezxercise 1.3.12. We confine our case to the case of a discrete time. It suffices to
establish relation (1.59) for indicator functions f = Ip with a Borel set B of the form

B={v=(vj,j €Zs):v; € Bjfor j =0,...,n},

where B; € B(X). The case of an arbitrary Borel set B C X%+ will follow by the
monotone class technique, and an approximation argument will yield relation (1.59)
for functions f satisfying the hypotheses of the exercise.
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Thus, we wish to prove that

m
E. (H{T<OO} H I[Bj (u7+j)

=0

.7:7) = H{T<oo} (EU H ]IBJ- (UT-H))
j=0

with P,,-probability 1. To this end, it suffices to show that

V=Ur

E. (HF0{7—<00} H HBj (ur+j)> =E, (HFO{T<<X>} ]Eu,— H ]IBj (U])> y (84)

j=0 Jj=0

where I' € F is an arbitrary subset. Using (1.49) and (1.56), we write

Ey (HF0{7<00} H ]IBJ- (u7+j)) = E. (HFM{T:n} H HBj (Un+j)>

j=0 j=0

M 1M

Q)

E. (HFN{T:n}]Eu { H HB]‘ (un+j)
7=0

E. (HFM{T:n}Eun H I[Bj (UJ)>

n=0

M

n=0 j=0
=E, (Hrm{r<oo}EuT H Ip; (Uj))~
j=0
This completes the proof of (1.59) in the case of the discrete time. O
Ezercise 1.8.16. Since 0s(wj,j € Z) = (wj+s,j € Z), the definition of @ implies that
gpfs‘“u depends only on wsy1,...,wsyt. It follows that Fj, o) is contained in the o-
algebra generated by the cylindrical sets depending on wp41,...,wq. On the other

hand, for any integer k satisfying the inequality p+1 < k < ¢q the o-algebra generated
by the random variables @fkflwu = S(u) 4+ wk, u € H, coincides with the cylindrical
sets defined by wy. What has been said implies that F|, ;) coincides with the o-algebra
of the sets of the form (1.65). O

Ezercise 1.3.17. To be precise, we assume that p and ¢ are finite. Since the family of
those I' € F[p, q| for which 6, ' (I') € Fp4rq4s is a o-algebra, it suffices to prove this
inclusion for any subset of the form

P={weQ: " uec A}, AcB(X),

where p, g, t, s, and u satisfy conditions (1.64). To this end, note that, by the group
property for 8, we have

07 M) ={weQ: POy c Ay = {weQ: gt ue A},
whence we conclude that 6,7 (I') € Flpir gir]- O

Ezxercise 1.3.19. Tt was proved in Exercise 1.3.16 that 7~ and F* coincide with the
o-algebras generated by the cylindrical sets depending on w; with j < 0 and j > 1,
respectively. The required assertion follows now from the definition of the probabil-
ity P. (]
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Exercise 1.3.20. Let us note that, for any I'V € F* and I'” € F~, we have
P(o; () ne; (I7)) =P(6; " (I"T7)) =P(I"T7)
=PI PT7) =P(6;, "(I'"))P(6; '(T7)).

Combining this relation with Exercise 1.3.17, we arrive at the required result. O

Ezercise 1.3.23. We need to show that if f € Cy(X), then P, f(u) is continuous in u.
Recall that

Pof (u) = / () P(dw).

Since f is bounded and ¢fwu is continuous in u, Lebesgue’s theorem on dominated
convergence implies the required result. O

Ezercise 1.3.24. Recall that Py (u,-) is the law of the trajectory issued from w. Since
the mapping ¢: is deterministic, we see that Py (u, -) is the Dirac measure concentrated
at ¥" (1), where 1* is the k*® iteration of +. It follows that

Pif(u) = (" (), PBip=pn(w; " (I)).

Ezercise 1.3.25. Using the group and cocycle properties, we write
0 (0s(w, 1)) = Or(wsw, p2u) = (0:(0sw), 7™ (PE ) = (Brpstw, Py att) = Oprs(w, w).

The fact that ©g is the identity operator is obvious. O

Exercise 1.3.29. By Corollary 1.3.22, the law of ¢,u coincides with B} . Since p is a
stationary measure, we see that D(¢ru) = p for all ¢ € T4. O

Ezercise 2.1.1. Any (real-valued) function u € HJ" can be written as a Fourier series

u(z) = Z upe™” (8.5)

where u € (C2, (uk, k) =0, and 4 = u_. I"s straightforward to see that the functions
defined by the truncated series Zm <N ure’™ belong to V and approximate u in the
H™ norm. - O

Ezercise 2.1.14. Let us note that if u is a solution of the Navier—Stokes system (2.19),
then 4 = —vLu—B(u)+ILf belongs to L2(0, T; V*). Therefore, using (2.10) and (2.11),
we obtain

t

3 (w0 = wold) = [ (—vLu— B + 17w ds = [ (o/Vu(li + (7.) ds.

0

This coincides with the required relation (2.39). O
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Ezxercise 2.1.17. The fact that v is unique up to an additive constant is obvious. Let
us fix a function v € H and consider its Fourier series (8.5). It is easy to see that the

coeflicients uy can be written as ur = cxk®, where k+ = (—k2,k1), c_p = —¢ € C,
and
2 2\ 7120 (2
lullz = > (L [kI%)™ K[ ex .
kez?
It follows that the function
P(x) = —i Z cre™®
kez3

is real-valued, belongs to H 1('11‘2), and satisfies the required properties. O

Ezercise 2.1.23. Combining (2.39), (2.51), and the inequality 2|(f, u)| < ||£fIIT + ||ull3,
we derive

0)|2 = éztvgd—zt,d
[u(0)] |u<t>|+v/0|u|s /O<fu>s

t
<e @3+ [ (Callulf + 201712 ds
0
This estimate readily implies the required inequality. O

Ezercise 2.1.26. Let u € H be a solution of the Navier—Stokes system (2.19). Differ-
entiating the function ¢(t) = t|LY/*u(t)|3 in time and using some standard estimates,
we get

@' (t) = | LY ul? + 26 (LY ?u, 0) = | LY *ul2 — 20t | L3 *u|? + 2t (L' ?u, I1f — B(u))
<14l — S LYl + Cov e |13 + Cot |1 ula 2 ul
< LMl = vt |L¥ ulE + Cov M| f13 4 Cov ™t |Jul 3| LY 3.
It follows that
O (¢ 1L u()3) + vt ully < llulld + Cav™"|lull? (¢ 12" *u(t)3) + Cav™'t|f3.

A simple argument based on Gronwall’s inequality and (2.24) now implies that

t t t
@l + [ sluolas < Cawyesp(ca) [ ultas) (ks + [ 170)as).
0 0 0
8.6)
Now let u1,u2 € H be two solutions of (2.19). Their difference u = u1 —us2 satisfies
Eq. (2.25). Multiplying it by 2¢L*?u in H and carrying out some transformations, we
derive

0 (tIL u()3) + vt ul} < [lull} + Crv~"t1f1 — fol2
4/3) 12/3 2 2\1/3
+ Cst [fullylul" (fus 2 lua I + usla lu2§)

whence it follows that
t
@ < [ (el + sl - £3) ds
0

t
+06(V)/ 5|U|§(\U1\2Hu1\|zg +|U2\2Hu2\|2g)d8-
0
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The required inequality can now be derived by the same argument as in the proof of
Proposition 2.1.25. O

Ezercise 2.1.27. To prove the existence of a solution, we assume without loss of gen-
erality that g(0) = 0 and seek a solution in the form u = g +v. Then v must be a
solution of the problem

v+vilv+ Blw+g)=h, v(0)=ue. (8.7)

The existence of a solution for this problem can be established using the methods
similar to those in Section 2.1.5.

To prove the Lipschitz continuity, we assume again that g1(0) = ¢g2(0) = 0. Rep-
resenting the solutions in the form u; = g; + v;, we see that v; must be a solution of
problem (8.7) with h = 0 and uo = u;(0). It follows that the difference v = v1 — v2
satisfies the equations

U+ vLlv+ B+ g,u1) + B(uz,v+g) =0, v(0) =u1(0) — u2(0),

where g = g1 — g2. Taking the scalar product in H of the first equation with 2v and
repeating essentially the scheme used in the proof of assertion (i) of Proposition 2.1.25,
we arrive at the required result. O

Ezercise 2.2.3. Let us set k. = [to/e] + 1. It follows from inequality (2.74) and the
independence of 7 that

P{ sup [¢(t) — C(t)]2 < 6} = P{max{lmela, 1 <k <k} < £}

0<t<tg

ke

= H(1 = P{|nkl> > %}) > (1-Ci(8)e”?)"
k=1

> exp(—C2(8)k-e”?).

Since k. ~ 1/ and g > 2, we see that the right-hand side of this inequality goes to 1
ase — 0. O

Ezercise 2.2.4. Theorem 8.2 of [Bil99] implies that
D(C) = D(C") in P(C(0,t0; H)) as e — 0T,

where the process (" is defined in the proof of Theorem 2.2.2 and C? is a similar finite-
dimensional approximation for (.. Combining this convergence with inequality (2.73),
its analogue for (., and Exercise 1.2.19, we arrive at the required result. O

Ezercise 2.4.4. Let us denote by {é;} an orthonormal basis in H composed of the
eigenfunction of the Stokes operator L. For any integer n > 1, we denote by P, the
orthogonal projection in H to the vector space spanned by é;, j = 1,...,n. Let us
consider the n-dimensional linear stochastic equation

Zn + Vinzn = 0:PrC" (1), (8.8)

where L, = P,L and ¢"(t) = >_7_ b;(t)Bje;. In view of the well-known results
on existence and uniqueness of solutions for stochastic ODE’s (e.g., see Chapter 5
in [@ks03]), Eq. (8.8) has a unique solution z, satisfying the initial condition z,(0) = 0.
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It suffices to prove that there is a subsequence of {z,} that converges to z(t) almost
surely in the space Xr = C(0,T; H) N L*(0,T;V) for any T > 0.

The proof of this fact is divided into two steps: we first derive some a priori
estimates for z, with the help of It6’s formula and Doob’s moment inequality and
then, using a similar technique, we show that the difference z,, — z,, converges to zero
in an appropriate space and that the limiting function satisfies (2.103).

Step 1: A priori estimates. We claim that

E( sup (0 + [ nzn<t>n%dt) < O(B,7) v, (8.9)

0<t<T

where the constant C (%8, T) does not depend on n. Indeed, by the finite-dimensional
It6 formula (see Chapter 4 in [Jks03]), we have

t n t
2@ = [ (-2 Va@B+ S BIPeE) ds+2 [ od). (510)
0 = 0
Taking the mean value and using Friedrichs’ inequality, we obtain

T
sup E|z.(t)]5 + 2VIE/ |l zn|l3dt < C1(B,T) for all n> 1. (8.11)
0

0<t<T

Furthermore, in view of Doob’s moment inequality, we have

/(zmdg‘ <IE/ Zb (zn(t),e;)%ds

< Co(B)E / |zn (t)[3dt < C3(B,T)v ™"

E sup
0<t<T

where we used (8.11) in the last inequality. Combining this with (8.10) and (8.11), we
arrive at (8.9).

Step 2: Convergence. We now prove that a subsequence of {z,} converges in Xr
almost surely and that the limit function coincides with z. Let us fix some integers
m < n. The difference zymn = zn — zm vanishes at t = 0 and satisfies the equation

where we used the relation (P, — Pp)Lzm = 0 and set
Cmn Zb]ﬂj eg + Z b; ﬁ] nej
j=m+1

Applying It6’s formula, we derive

|2mn (£)[3 :/0 (=20 [V2mn(8)[3 + Fmn) ds + 2/0 (Zmn, dCmn), (8.13)

where
Frin = b3|(Pa = Pu)esl3+ Y b3|Paesl3.
j=1 j=m+1
Taking the mean value in (8.13), we see that (2.107) remains true. The proof can now
be completed by exactly the same argument as in the case of Proposition 2.4.2. O
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Ezercise 2.4.17. Let usset Ax ={j € A:j < N}. Then

iv(ta) =Y wile(z), teR,

JEAN

is an H-valued process with continuous trajectories whose range is contained in the
vector span of ej, 7 € Any. Let us denote by Fi, t € R, the natural filtration on 2
augmented® with respect to (F,P). The process 5 ~ is the sum of finitely many Brow-
nian motions and therefore is a zero-mean martingale with respect to ;. By Doob’s
moment inequality, for any 7" > 0 and M < N we have

E( sup [Ev(® - Cu()) S4BT - u(@E= 3 82

t|<T .
It< JEAN\AM

Thus, the series (2.149) converges in L* (2, C(=T,T; H)) for any T' > 0 and defines an
H-valued process with continuous trajectories. Furthermore, since the laws of finite-
dimensional approximation for ¢ and (f |z, coincide, this convergence implies that the
same is true for the limiting processes. O

Ezercise 2.4.18. The fact that 0 is a group is obvious. Now note that the restriction
of 6, to the space spanned by e; with j € Ay is the usual shift on the canonical
probability space of a finite-dimensional Brownian motion and therefore is measure
preserving. The monotone class technique now implies the required result. O

Ezercise 2.5.2. Let us set Ay = t 7! fot Ps(u,-) ds. We claim that the family {\;,¢ > 0}
is tight, so that the hypotheses of Theorem 2.5.1 are satisfied for the initial measure §,.
Let us fix € > 0 and choose m > 1 so large that P,(u, K,,) < &/2 for t > t,,. On the
other hand, the time continuity of trajectories implies that the mapping t — P:(u,-)
is continuous from R4 to the space P(X) endowed with the weak topology. Therefore
the image of the interval [0, ¢,,] is compact in P(X), whence it follows that there is a
compact set Ko C X such that Pi(u, K§) < ¢&/2 for 0 < ¢ < t,,. Combining these two
inequalities, we see that ;\t(KO UKn)>1—cforallteT,. O

Ezercise 2.5.9. Let us establish the uniqueness of a stationary measure. To this end,
it suffices to prove that if the right-hand side is sufficiently small, then the stochastic
Navier—Stokes system satisfies (1.75). To this end, we repeat the argument used in
the proof of inequality (2.54). Namely, if ug,vo € H are two initial functions and u, v
are the corresponding solutions, then their difference w = u — v satisfies the equation
(cf. (2.166))

W+ vLw + B(w,u) + B(v,w) = 0.

Taking the scalar product of this equation with 2w in H and carrying out some trans-
formations, we derive

Be|wl3 + (arv — Crv™ul}) w3 < 0.
Applying Gronwall’s inequality, we obtain

lw(t)[3 < [uo — vol exp(—a1vt/2)¥(t,uo), t >0,

Hn other words, we take the o-algebra generated by the random variables ng) with s <t
and j € A and add zero-measure subsets of F.



298 CHAPTER 8. SOLUTIONS TO SOME EXERCISES

where we set .
1 _
U(t,up) = exp(—iau/t + Civ 1/ Hu||fds)
0

It follows from (2.130) that if |h|z + B is sufficiently small, then

P{sup@(t,uo) > p} < exp(~6Tnp + dluol3),

t>0

where § > 0 is a small constant. We thus obtain inequality (1.75) with a(t) = e~*1"¢/2
and Pug,vy = SUP;>o ¥ (¢, uo). Further analysis based on inequalities (1.76) and (2.157)
enables one to prove exponential convergence to the unique stationary measure in the
dual-Lipschitz distance. O

Ezercise 3.5.7. The existence and uniqueness of a solution whose almost every trajec-
tory belongs to C'(R\ 7; H) N LY . (R4; V) is obvious, since we can treat the equation
pathwise (cf. the case of a random kick force considered in Section 2.3). Furthermore,
the existence of left- and right-hand limits at ¢ follows from the properties of solution
for deterministic Navier—Stokes system. To prove the Markov property, let us denote
by F: the filtration generated by the random variables ((s) with 0 < s < ¢. It is
well known that the process (¢t + s) — ((t), s > 0, is independent of F;; e.g. see
Problem 3.2 of Chapter 1 in [KS91] for the case of a Poisson process. The Markov
property can now be established by an argument similar to that used in the proof of
Proposition 1.3.21. O

Ezercise 3.5.9. Let us denote by F: the filtration associated with the problem in ques-
tion, that is, the o-algebra generated by the process

oo

/0 n(s)ds = 3 m (@) H(t — 70,

k=1

where H(t) =1 fort > 0 and H(t) = 0 for t < 0. Since the indicator function I}y -,1(t)
is Fi-measurable, for any initial measure A € P(H) and any s > 0 we have

E\ /OT1 f(UH—s) dt = ]EA/O H[O»T1](t)f(ut+s) dt

B [ om0 Ba{f(unss) | 72}
0

_E, / T L) ()R f) (ue) dt = E / (B f) ) .

Therefore, setting ¢ = (E;)~" and using the definition of p, for any f € Cy(H) we
obtain

s+T71

(Bof, i) = cEp / "B f) (ue) dt = cEp [ rwa

s

s+T71

= (f,u)+C]Eﬂ/

T1

flug)dt — cEg /S fue)dt.
0

It remains to note that, due to the strong Markov property, the second and third terms
on the right-hand side coincide and, hence, Bipu = p for any s > 0. O
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Notation and conventions

Z, R, C denote the sets of integer, real, and complex numbers, respectively.
R™ stands for the n-dimensional Euclidean space.

Z" is the set of integer vectors (s1,..., S,) and Z{ is the set of non-zero vectors
in Z™.

T stands for Zor R, Ty ={t € T :t >0}, and T_ ={t € T : t < 0}.
If Y C X is a subset, then Y stands for the complement of Y in X.

The infimum over an empty subset of R is +00. Given two real numbers a and b,
we denote by a V b and a A b their maximum and minimum, respectively.

We often deal with random forces decomposed in an orthonormal basis {e;} of
the space L?(Q;R?). We denote by b; the corresponding coefficients and always

assume that
o0
Bi=> b < oo
=1

When {e;} is a basis formed of the eigenfunctions of the Stokes operator, we
set
w= Yol
j=1

where o; stands for the eigenvalue associated with e;. Note that B9 = B. In
case of the standard torus T2, the eigenfunctions (as well as the eigenvalues and
coefficients) are indexed by s € Z2, and we obtain

By, = Z |s|2*D2.

2
SELg

Abstract spaces and functions

For an arbitrary set Y, we denote by Idy the identity operator on Y (which take
an element y € Y to itself). If I' C Y, then we write I the indicator function
of T (equal to 1 on T" and to zero otherwise).

If Q is an arbitrary set and F is a o-algebra on €2, then (92, F) is called a
measurable space.

Let (2, F;), ¢ = 1,2, be measurable spaces and f : 9y — Qo be a mapping. We
say that f is measurable if f~1(T') € F; for any I' € Fy. For any probability x
on (1, F1), we denote by f. () or fiu the image of g under f, that is, a measure
on (Qs, F») defined by the relation f.(u)(T') = u(f~1(I")) for T € F.

X denotes either a Polish space (that is, a separable complete metric space) or a
separable Banach space. We write distx and || - || x for the corresponding metric
and norm. All Polish spaces are endowed with the Borel o-algebra B = B(X)
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and are considered as measurable spaces. We denote by L>°(X) the space of real-
valued bounded measurable functions on X and by P(X) the set of probability
measures on (X, B(X)).

Cy(X) denotes the space of bounded continuous functions f : X — R endowed
with the norm

[flloc = sup | f(w)].
ucX

Ly(X) stands for the space of functions f € Cp(X) such that

o) s )=S0
Lip(f) = S0 )

This is a Banach space with respect to the norm || f||z = || f|loc + Lip(f).
C)(X) denotes the space of functions f € Cy(X) such that

L=l + sup IO

0<distx (u,v)<1 distx (U, ’U)’Y

The canonical space on an interval J C R is defined as the space 2 = Qx of
continuous functions w : J — X endowed with the metric of uniform conver-
gence on bounded subintervals. We consider only two cases: J =R or J = R;..
The shift operator 6, : Q — Q is given by (Q,w)(t) = w(s +t), t € J, where
s € R in the fist case and s > 0 in the second. The canonical process on §2 is
defined by x4(w) = w(t) for ¢t € J.

Given a random process {&;,t > 0} valued in a Banach space, we denote
by 7(B) < oo its first hitting time of a closed set B; that is, 7(B) = inf{t > 0 :
& e B}

H stands for a separable Hilbert space with a scalar product (-, ) g.

(Q, F,P) is a probability space. We often assume that it is complete, that is,
if A€ F and P(A) = 0, then any subset of A belongs to F. If, in addition,
{Fi,t > 0} is a filtration on (2, F,P), then unless otherwise stated, we assume
that F; is right-continuous, and Fy contains all negligible sets of F.

Bx (u,r) denotes the closed ball in X of radius r centred at w. If X is a Banach
space and u = 0, then we write Bx (7).

If X is a Polish space, then X stands for the direct product X x X endowed
with the natural metric, and we write u = (u,u’) to denote elements of X.
Similarly, if B C X is a subset, then B stands for B x B. Finally, if (Q,F)
is a measurable space, then we denote by (2, F) the direct product of its two
copies, that is, Q =Q x Q and F = F @ F.
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Functional spaces

Let Q be a domain in R? or a manifold, let J C R be a closed interval, let
1 < p < oo, and let X be a Banach space. We use the following functional
spaces.

C°(Q;R™) is the Fréchet space of infinitely smooth functions f : @@ — R™ that
are bounded together with all their derivatives.

LP(Q;R™) is the space of measurable functions f : Q — R™ such that

7= ([ If(fv)”)l/p <.

In the case p = oo, the above norm should be replaced by

| floo 1= ess sup |f(z)].
z€Q

H*(Q;R™) is the Sobolev space of order s € R endowed with its standard
norm || - ||s.

L2(T?* R?) denotes the space of functions u € L?(T? R?) such that divu = 0
in T? and H is the space of those u € L2(T?;R?) for which (u) := [, udz = 0.
If Q is a bounded domain with smooth boundary, then H = L2(Q;R?) stands
for the space of functions u € L?(Q;R?) such that divu = 0 in Q and (u,n) =0
on JQ, where n is the outward unit normal to 9Q).

In the case of a torus, we set V¥ = H*(T?;R?) N H and write V = V1. In the
case of a bounded domain, we define V = H}(Q;R?)NL2(Q;R?). In both cases,
we denote by V* the dual space of V with respect to the scalar product in L?.

LP(J; X) denotes the space of Borel-measurable functions « : J — X for which
lul| Lr(s;x) < 00; see page 4 for the definition of this norm.

C(J; X) is the space of continuous functions on J endowed with the supremum
norm ||ul|¢(s,x) defined on page 4.

Measures and applications

A mapping F': X — Y between two Banach spaces is said to be locally Lipschitz
if for any R > 0 there is Cr > 0 such that

[ F(u1) — F(u2)lly < Crllur —uz2l[x for any u1,us € Bx(R).

L(X,Y) denotes the space of continuous linear applications from X to Y. In
the case X =Y, we shall write £(X).

Given a measure y on a Banach space X, we denote by my(u) its k*" moment:

() = /X el ().

For any measurable space (€2, F) and a point a € 2, we denote by 4, the Dirac
measure concentrated at a, that is, 6,(I') = 1 if ' € F contains a and §,(T") = 0
otherwise.
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Burgers equation, 105
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central limit theorem, viii, 173
characteristic scales, 55
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compound Poisson process, 57
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coupling, 16
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Dirac measure, 316

disintegration, 30

distribution function, 15, 19, 262

distribution of a random variable, 6

Dobrushin lemma, 16

Doob convergence theorem, 181, 281

Doob moment inequality, 57, 59, 69,
280, 296, 297

Doob optional sampling theorem, 73,
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Doob-Kolmogorov inequality, 80, 269,
271, 280
dual-Lipschitz distance, 8

energy, 55

energy balance, 45, 73

energy inequality, 252

energy spectrum of turbulence, 233
enstrophy, 55

exponential mixing, 98, 101, 106, 140
exponential supermartingale, 280
extension of a Markov process, 103

Fatou lemma, 7

Feller property, 24

filtered probability space, 6

first hitting time, 315
Flandoli-Romito theorem, 251
Foiag-Prodi inequality, 52
function of bounded variation, 119

Gelfand triple, 46, 266, 267

image of a measure, 5
interpolation, 3
1t6 formula, 268

Kantorovich density, 20
Kantorovich distance, 9
Kantorovich functional, 20
Kantorovich-Rubinstein theorem, 21
Khas’minskii relation, 146
Kolmogorov inequality, 81
Kolmogorov—Chapman relation, 22,
29
Krylov estimate, 222, 225, 276

Ladyzhenskaya inequality, 4

law of a random variable, 6

law of iterated logarithm, 170

law of large numbers, 165

Lebesgue spaces, 1

Lebesgue theorem on dominated con-
vergence, 7
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Leray decomposition, 36

Leray projection, 37

Lindeberg condition, 282

Lipschitz domain, 1

local time, 274, 276

Lyapunov—Schmidt reduction, 149

Markov chain, 22

Markov invariant measures, 179
Markov process, 21

Markov property, 22, 28
Markov RDS, 28

Markov selection, 252

Markov semigroups, 22
martingale, 279

martingale approximation, 166, 283
martingale solution, 249
maximal coupling, 16, 98
measurable map, 5, 6
measurable Polish space, 6
measurable space, 5
measure-preserving group, 26

metric of uniform convergence on bounded

intervals, 5
minimum of two measures, 18
mixing, 103
mixing extension, 106
modified Skorokhod metric, 57
monotone class, 259
monotone convergence theorem, 7
mutually singular measures, 12

Navier—Stokes process, 50, 51

Polish space, 4, 6

portmanteau theorem, 14
probability space, 6

product of measurable spaces, 5

progressively measurable random pro-

cess, 6

projection theorem, 261

Prokhorov theorem, 13, 14, 84, 105,
195, 210, 212, 228, 266

quadratic variation, 279
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Reynolds number, 55

rigged Hilbert space, 267

Ruelle-Perron—Frobenius theorem, 150

smoothing property, 47

Sobolev embedding, 3

Sobolev space, 1, 2

spatially regular white noise, 56
squeezing property, 112
stationary measure, 23, 31, 61, 73
stationary solution, 23, 61, 73
Stokes operator, 38, 54
stopping time, 23

stream function, 47

strong Markov property, 23—-25
submartingale, 280
supermartingale, 280
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total variation distance, 8, 10
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