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THI S book deals with the fundamental principles of hydraulics
and their application in engineering practice . Though many
formulas applicable to different types of problems are given

,
it

has been the aim of the authors to bring out clearly and logically
the underlying principles which form the basis of such formulas
rather than to emphasize the importance of the formulas them
se lves .

Our present knowledge of fluid friction has been derived
largely through experimental investigation and this has resulted
in the development of a large number of empirical formulas .

Many of these formulas have necessarily been included but
,

in so far as possible , the base formulas to which empirical coeffi
cients have been applied have been derived analytically from
fundamental consideration of bas ic principles .

The book is designed as a text for beginn ing courses in
hydraulics and as a reference book for engineers who may be
interested in the fundamental principles of the subj ect . Tables
of coefficients are given which are

‘ sufficiently complete for class
room work

,
but the engineer in practice will need to supplement

them with the results of his own experience and with data obtained
from other published sources .

Chapters I to VI inclusive and Chapter XI were written by
Professor W isler and Chapters VI I to X inclusive were written
by Professor King . Acknowldgement for material taken from
many publications is made at the proper place in the text .

H . W . K .

C . O. W .

University of Michigan,
April

,
1922 .





CON TEN TS

CHAPTER I

INTRODUCTION
PAGE

ART. 1 .

—Fluids . 2 . Definitions . 3 . Units used in Hydraulics . 4 .

Weight Of Water . 5 . Compressibility Of Water . 6 . Viscosity . 7 .

Surface Tension . 8 . Accuracy of Computations .

CHAPTER I I

PRIN CIPLES OF HYDROSTATIC PRESSURE

ART. 9 .

—Intensity of Pressure . 10. Direction of Resultant Pressure .

1 1 . Pascal ’s Law . 12 . Free Surface of a Liquid . 13 . Atmospheric
Pressure . 14 . Vacuum . 15 . Absolute and Gage Pressure . 16 .

Intensity of Pressure at any Point . 17 . Pressure Head . 18 . Trans
mission Of Pressure . 19 . Vapor Pressure . 20. The Mercury
Barometer . 2 1 . Piezometer Tubes . 22 . Mercury Gage . 23 . The

Differential Gage . 24 . Suction Pumps and Siphons .

CHAPTER III

PRESSURE ON SURFACES

ART. 25 .

—Tota1 Pressure on Plane Areas . 26 . Center of Pressure on

Plane Areas . 27 . Graphical Method of Location of Center of
Pressure . 28 . Position Of Center of Pressure with Respect to
Center of Gravity . 29 . Horizontal and Vertical Components of
Pressure on any Surface 0 0 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 0 '

CHAPTER IV

IMMERSED AND FLOATIN G BODIES

ART. 30.

—Principle of Archimedes . 31 . Center Of Buoyancy . 32 . Sta
bility of Floating Bodies . 33 . Determination of Metacentric
Height



v i CON TENTS

CHAPTER V

RELATIVE EQ U ILIB RIUM OF LIQ U IDS
PAGE

ART. 34 .

—Re lative Equi librium Defined . 35 . Vesse l Mov ing with
Constant Linear Acceleration. 36 . Vesse l Rotating about a Vertical

CHAPTER VI

PRINCIPLES OF HYDROK INETICS

ART. il l —Introducto ry . 38 . Friction . 39 . Discharge . 40. Steady
Flow and Uniform Flow. 4 1 . Continuity of Discharge . 42 . Stream
Line and Turbulent Motion . 43 . Energy and Head . 44 . Ber

noulli
’

s Theorem . 45 . Application of Bernoull i ’s Theorem to
Hydros tatics . 46 . Be rnoul li ’s Theorem in Practice . 47 . Venturi
Meter . 48 . Pitot Tube

CHAPTER VII

FLOW OF WATER THROUGH ORIFICES AND TUBES

ART. 49 .

—Description and Definitions . 50. Characteristics of the Jet .

5 1 . Fundamental Orifice Formula . 52 . Orifice Coefficients . 53 .

Algebraic Transformation of Formula with Ve locity of Approach
Correction . 54 . Head Lo st in an Orifice . 55 . Path of J et . 56 .

Orifices under Low Heads . 57 . Suppression of Contraction . 58 .

Standard Short Tube . 59 . Converging Tubes . 60. Nozzles . 61 .

Diverging Tubes . 62 . Borda ’s Mouthpiece . 63 . Re-entrant Tubes .
64 . Submerged Orifice . 65 . Partially Submerged Orifices . 66 .

Gates . 67 . Discharge under Falling Head

CHAPTER VI I I

FLOW OF WATER OVER WE IRS

ART. 68 .

—Description and Definitions . 69 . Velocity at any Depth .

70. Theore tical Formulas for Discharge . 71 . Theoretical Formula
for Mean Velocity . 72 . Weir Coefficients . 73 . Weirs with End

Contractions . 74 . Modifications of Fundamental Formula . 75 .

Algebraic Transformation of Formula . 76 . We ir Experiments .

77 . Formulas for Sharp-c res ted We irs . 78 . Discussion of Weir
Formulas . 79 . Submerged Weirs . 80. Further Discussion of Sub
me rge d Weirs . 8 1 . Triangular Weirs . 82 . Trapezoidal We irs .
83 . The Cippolct t iWeir . 84 . Weirs not Sharp-crested . 85 . Broad
c res ted Weirs or Chutes . 86 . Measurement Of Head . 87 . Con

ditions for Accurate Measurement over Sharp-cres ted Weirs . .



CONTENTS Vii

CHAPTER IX

FLOW OF WATER THROUGH P IPES
PAGE

ART. 88 .

—Description and Definitions . 89 . Wetted Perimeter and

Hydraulic Radius . 90. Critical Velocities in Pipes . 9 1 . Friction
and Distribution of Velocities . 92 . Energy of Water in 3. Pipe . 93 .

Continuity of Flow in Pipes . 94 . Loss of Head . 95 . Hydrau lic
Gradient . 96 . Loss of Head Due to Friction in Pipes . 97 . The

Chezy Formula . 98 . Hazen-Williams Formula . 99 . K ing Formula .

100. General Discussion Of Pipe Formulas . 101 . Friction Formula
for Non-turbulent Flow. 102 . Detailed Study of Hydraulic Gra
dient and Minor Losses . 103 . Part of Pipe above Hydraulic Gra
dient . 104 . Special Problems . 105 . Branch ing Pipe Connecting
Re servoirs at Different Elevations . 106 . Compound Pipe Con

meeting Two Reservoirs . 107 . Pipes Of More than One Diameter
Connected in Series

CHAPTER “X

FLOW OF WATER IN OPEN CHANNELS

ART. 108 .

—Description and Definition . 109 . Wetted Perimeter and

Hydraulic Radius . 1 10. Friction and Distribution of Ve locities .
1 1 1 . Energy Contained in Water in an Open Channel . 1 12 . Con

t inuity of Flow in Open Channe ls . 1 13 . Loss of Head . 1 14 . Hy

draul ic Gradient or Wate r Surface . 1 15 . Lo ss Of Head Due to
Friction in Open Channels . 1 16 . The Chezy Formula . 1 17 . The

Kutter Formula . 1 18 . The Mannin g Formula . 1 19 . Comparison
of Manning and Kutter Formulas . 120. The Bazin Formula . 12 1 .

Open-channel Formulas in General . 1 22 . Detailed Study of Hy
draulic Gradient or Water Surface . 123 . Hydraulics of Rivers .
124 . Irregular Sections . 125 . Cross-section of Greatest Efficiency .

126 . Circular Sections . 127 . N on-uniform Flow. 128 . Backwater
129 . Divided Flow

CHAPTER XI

HYDRODYNAMICS

ART. 130. Fundamental Principles . 131 . Interpretation of Newton’s
Laws . 132 . Relative and Absolute Velocities . 133 . J et Impinging
Normally on a Fixed Flat Plate . 134 . J et Impinging Normally
on a Moving Flat Plate . 135 . J et Deflected by a Fixed Curved
Vane . 136 . J et Deflect ed by a Moving Curved Vane . 137 . Work
Done on Moving Vanes . 138 . Forces Exerted upon Pipes . 139 .

Straight Pipe of Varying Diameter . 140. Pipe Bends . 141 . Water
Hammer in Pipe Lines . 142 . Formulas for Water Hammer





HYDRAULICS

CHAPTER I

IN TRODUCTION

1 . Fluids—Fluids are substances which possess unlimited
mobility and which Offer practically no resistance t o change Of
form . A perfect fluid yields to t he slightest tangential stress

,

and can therefore have no tangential stress if it is at rest . Fluids
may be divided into two classes , (a) l iquids , or fluids that are

practically incompressible
,
and (b) gases , or fluids that are highly

compressible .

2 . Definitions—Hydraulics is the science embodying the

laws that relate to th e behavior of l iquids
,
and particularly of

water . In its original sense the term hydraulics was applied
only to the flow of water in conduits

,
but the SCOpe Of the word

has been broadened by usage .

Hydraulics may be divided conveniently into three branches

(a) hydrostatics, wh ich deals with l iquids at rest, (b) hydrokinetics,
which treats Of the laws governing t he flow Of liquids

,
and (c)

hydrodynamics, wh ich relates to the forces exerted Upon Other
Obj ects by liquids in motion or upon liquids by other Obj ects in
motion .

The fundamental laws of hydraulics apply equally to all
liquids

,
but in hydrokinetics empiri cal coeffi cients must bemod

ified t o conform to the liquid considered . W ater is the most
common liquid and the only one that is of general interest to
engineers .

3 . Units Used in Hydraulics .
—I t is common practice in the

United States and Great Britain to base hydraulic computations
on t he foot-pound—second system of units . In practically all
hydraul ic formulas these units are used

,
and if not otherwise
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stated they are understood . Frequently the diameters of pipes
or orifices are expressed in inches

,
pressures are usually stated in

pounds per square inch , and volumes may be expressed in gallons .

Before applying such data to problems
,
conversion to the foot

pound-second system of units Should be made . Care in the

conversion of units is essential . Errors in hydraulic computa
tions result more frequently from wrong use Of units than from
any other cause .

4 . W eigh t of W ater .
—W ater has its maximum density at a

temperature of 393 °
F . At this temperature pure water has

been given a specific gravity Of unity and it thus serves as a
standard Of density for all substances . The density of wate r
decreases for temperatures above and below It free zes
at 32 ° and boils at 2 12 ° F . The we ight Of pure water at its
temperature of maximum density is lbs . per cubic foot .

The we ights at various temperatures are given in the following
table :

WE IGHT OF PURE WATER

Tempera Pounds Pounds Tempera Pounds
ture , per per ture

, per

Fahrenhe it cubic foot Fahrenheit cubic foot Fahrenheit cubic foot

For temperatures above t he boiling point Rankine gives t he
following approximate formula : w be ing the we ight of water in
pounds per cubic foot and T the temperature in degrees Fahren
he it,

T+46I 500

500 T+461

As water occurs in nature , it invariably contains a certain
amount of salts and mineral matter in solution . S ilt or other



COMPRESSIBILITY OF WATER 3

impurities may also be carried in suspension . These substances
are invariably heavier than water and they therefore increase its
we ight . The impurities contained in rivers, inland lakes and
ordinary ground waters do not usually add more than one-tenth
of a pound to the we ight per cubic foot . Ocean water we ighs
about 64 lbs . per cubic foot . After long-continued droughts the
waters of Great Salt Lake and of the Dead Sea have been found
to we igh as much as 75 lbs . per cubic foot .

Since the we ight of inland water is not greatly affected by
ordinary impurities nor changes of temperature , an average
we ight of water may be used which usually w ill be close enough
for hydraulic computations . In this book the we ight of a cubic
foot of water is taken as lbs . Sea water w ill be assumed
to we igh lbs . per cubic foot unless otherw ise specified . In
very precise work weights corresponding to different temperatures
may be taken from the above table .

5 . Compressibility ofW ater .

—Water is commonly assumed to
be incompressible, but in reality it is slightly compressible . Upon
release from pressure water immediately regains its original volume .

For ordinary pressures the modulus of elasticity is constant
that is

, the amount of compression is directly proportional to the
pressure applied . The modulus of elasticity

,
E

,
varies with the

temperature as Shown in the following table .

Temperature, Modulus of e lasticity
,

Fahrenheit pormds per square inch

These values hold only for pressures below 1000 lbs . per

Square inch . Hite Obtained a reduction in volume of 10 per cent
for a pressure of lbs . per square inch, giving a value Of E

Of for this high intensity of pressure .

The compressibil ity of water usually affects the solution of
practical problems in hydraulics only by changing its unit we ight .

Since pressures commonly encountered are relatively small, in
most cases water may be considered incompressible without
introducing any appreciable error.
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6. Viscosity
—One of the characteristic properties of a liquid

is its ability to flow . A perfect liquid would be one in which every
particle could move in contact with adj acent particles without
friction . The pressures between all such particles would be normal
to the ir respective surfaces at the points of contact since there
coul d be no tangential stress without fric tion . All liquids are

capable , however, Of resisting a certain amount of tangential
stress, and the ext ent to wh ich they possess this ability is a
measure Of the ir viscosity .

W ater is one of the least viscous of all liquids . Oil
,
molasses

and wax are examples of liquids having greater viscosity .

7 . Surface Tension .

—At any point within a body of liquid
the molecules are attracted towards each other by equal forces .

The molecules forming the surface layer
,
however

,
are subjected

to an attraction downward that is not balanced by an upward
attraction . This causes a filmor skin to form on the surface and
results in many interesting phenomena . A needle may be made to
float upon water SO long as the surface flhn is not broken

,
but it

will sink immediately when the filmis broken . Surface tension
causes the spherical shape Of dewdrops or drops of rain . This
phenomenon also makes possible the hook gage described in
Art . 86 . W here water flows in an open conduit, surface tension
retards velocities at the surface , the maximum velocity ordinarily
being be low the surface (see Art . Capillary action is also
explained by the phenomenon of surface tension combined with
that of adhesion .

A (Fig . 1) illustrates an open tube of small diameter im
mersed in a liquid that wets
t he tube . W ate r rises in t he
tube higher than the leve l out
side

,
the meniscus being con

cave upward . The tube B is
innn ersed in mercury or some

FIG 1 .

other liquid wh ich does not

wet the tube . In this case the
meniscus is convex upward and the level of the liquid in t he tube
is depressed . The effect Of capillarity decreases as t he size of

tube increases . The water in a tube one-half inch in diameter
is approximately at t he same level as the outside water

,
but it

is appreciably different for smaller tubes . For this reason ,
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piezometer tubes (Art . 21) Should not have diameters much
smaller than one-half inch .

8 . Accuracy of Computations—Accuracy of computations is
most desirable , but results should not be carried out to a greater
number of significant figures than the data justify . Doing this
implies an accuracy which does not exist and may give results
that are entirely misleading .

Suppose , for example
,
that it be desired to determine the

theoretical horse-power available in a stream where the discharge
is 3 1 1 cu . ft . per second and the available head is ft . The

formula to be used is

wQH

550

where iv : the weight Of a cubic foot Of water;
Q = the discharge in cubic feet per second;
H = the available head .

Substituting in the formula ,

62 . 4X31 1X 12 . 0

550
423 4 1 horse-power .

Referring to the table
,
page 2 , it is seen that for the ordinary

range of temperatures the weight of water may vary from
to lbs . per cubic foot . Furthermore

,
the statement that the

discharge is 31 1 cu . ft . per second means merely that the exact
value is more nearly 3 1 1 than 312 . In other words, the
true value may lie anywhere between and Likewise

,

the fact that the head is given as merely indicates that the
correct value lies somewhere between and Therefore
substituting in the formula the lower of these values

,

Again substituting in the formula the higher of the possible
values

,

550
426 00 horse-power .

It is evident, therefore , that the decimal .41 in the original
answer is unjustified

,
and that the last whole number, 3,
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merely represents the most probable value, since the correct
value may lie anywhere between and The answer
should

,
therefore

,
be given as 423 .

It may be stated in general that in any computation involving
multiplication or division

,
in wh ich one or more of the numbe rs is

the result of observation , the answer should contain the same

number of significant figures as is contained in the Observed quan
tity having the fewest significant figures . In applying this rule it
should be understood that the last significant figure in the answer
is not necessarily correct

,
but represents merely the most probable

value . To give in the answer a greater number of sign ificant
figures indicates a degree of accuracy that is unwarranted and
misleading .



CHAPTER I I

PRIN CIPLES OF HYDROSTATIC PRESSURE

9 . Intensity of Pressure —The intensity of pressure at any
point in a liquid is the amount of pressure per unit area .

If the intensity
'

of pressure is the same at every point on any
area

,
A

,

the symbol p representing the in tensity Of pressure and P the

total pressure acting upon the area .

If
,
however

,
the intensity of pressure is different at different

points
,
the intensity of pressure at any point will be equal to the

pressure on a small differential area surrounding the point divided
by the differen tial area

,
or

Intensities Of pressure are commonly expressed in pounds

per square inch and pounds per
square foo t . W here there is no

danger of ambiguity
,
the term

pressure is Often used as an abbre

v iat ed expression for intensi ty of

pressure .

10. Direction of Resultant
Pressure —The resultant pressure
on any plane in a liquid at rest is
normal to that plane .

Assume that the resultant pres
sure P , On any plane AB (Fig .

makes an angle other than 90° with the plane . Resolving P
into rectangular componen ts PI and P2 , respectively parallel

FI G . 2 .
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with and perpendicular to AB
,
gives a component P1 which can

be resisted only by a tangential stress . By definition
,
a liquid at

rest can resist no tangential stress and therefore the pressure
must be normal to the plane . This means that there can be no
static friction in hydraulics .

1 1 . Pascal ’s Law .

—At any point within a liquid at rest, the
intensity of pressure is the same in all directions . This principle
is known as Pascal’s Law.

Consider an infinit esimally small wedge-shaped volume
,
BC

’

D

(Fig . in which the side BC is vertical, CD is horizontal and
BD makes any angle 9 wi th the hori
zontal . Let AI , A2 and A3 and p1 ,

pg and p3 represent , respectively the
areas of these sides and the in tensities
of pressure to wh ich they are subjected .

Assume that the ends Of the wedge are
vertical and parallel .
Since the wedge is at the rest, the

principles Of equilibrium may be ap

plied to it . From Art . 10 it is known
that the pressures are normal to the
faces of the wedge . Choosing the

coordinate axes as indicated in Fig . 3 and se tting up the equations
of equilibrium ,

EX= O and EY=O
,
and neglecting the pressures

on the ends of the wedge
,
since they are the only forces acting

on the wedge which have components along the Z-ax is and
therefore balance each other, the following expressions result

X

F I G . 3 .

721A] = p3A3 sin 0,

pzAz= p3A3 cos 0.

A3 sin 0=A1 and A3 cos 0=A2 .

Therefore
PI P2 P3

Since BD represents a plane making any angle with the hori
zontal and the wedge is infinit esimally small so that the sides may
be considered as bounding a point , it is evident that the intensity
of pressure at any point must be t he same in all directions .
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The intensity of atmospheric pressure decreases w ith the

al titude . Owing to compressibility
,
the density of air also

decreases with altitude
,
and therefore the intensity of pressure

changes less rapidly as the altitude increases . The accompanying
table gives approximate values of the atmospheric pressure corre
spo nding to different elevations above sea level .

14 . Vacuum.

—A perfect vacuum ,
that is, a space in wh ich

there is no matter e ither in the solid
,
liquid or gaseous form

,
has

never been obtained . It is not difficult
,
however

,
to Ob tain a

space containing a minute quantity of matter . A space in contac t
with a liquid , if it contains no other substance , always contains
vapor from that liquid . In a perfect vacuum there could be no

pressure .

In practice , the word vacuum is used frequently in con
nect ion w ith any space having a pressure less than a tmospheric
pressure

,
and the term amount Of vacuum ” means the amount

the pressure is less than atmospheric pressure . The amount
of vacuum is usually expressed in inches of mercury column
or in pounds per square inch measured from atmospheric pressure
as a base . For example , if the pressure w ithin a vessel is reduced
to 12 lbs . per square inch, which is equivalent to in . ofmer
cury column

,
there is said to be a vacuum of lbs . per square

inch or inches of mercury . (Arts . 20 and
1 5. Absolute and Gage Pressure

—The intensity of pressure
above absolute zero is called absolute pressure . Obviously, a
negative absolute pressure is impossible .

Usually pressure gages are designed to measure the intensities
of pressure above or below atmospheric pressure as a base . Pres
sures SO measured are called rekztive or gage pressures . N egative
gage pressures indicate the amount of vacuum ,

and at sea level
pressures as low as, but no lower than , lbs . per square inch
are possible . Absolute pre ssure is always equal to gage pressure
plus atmospheric pressure .

Fig . 5 il lustra tes a gage dial, on the inner c ircle Of which is
Shown the ordinary gage and vacuum scale . The outer scale
indicates the corresponding absolute pressures .

16 . Intensity of Pressure at any Point—TO determine the

intensity Of pressure at any poin t in a liquid at rest or the variation
in pressure in such a liquid , consider any two points such as 1 and
2 (Fig . 6) whose vertical depths below the free surface of the
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liquid are hl and kg , respectively . Consider that these points lie
in the ends of an elementary prism of the liquid , having a cross
sectional area dA and length I. Since th is prism is at rest

,
all Of

the forces acting upon it must be in equilibrium . These forces
consist of the fluid pressure on the sides and ends of the prism
and the force of gravity .

FIG . 5 .

—Gage dial . F IG . 6 .

Let X and Y
, the coordinate axes, be respectively parallel

with and perpendicular to the axis of the prism which makes an
angle 0with the vertical . Also let p 1 and pg be the intensities of
pressure at points 1 and 2 , respectively, andu) be the unit weight of
the liquid .

Considering forces acting to the left along the X—axis as
negative and remembering that the pressures On the sides Of the
prism are normal to the X—axis and therefore have no X com
ponents, the following equation may be written :

EX p ldA ps wldA cos 0 0.

Since l cos 0= h 1 - h2 , th is reduces to

29 1 p2 h2) .

From this equation it is evident that in any liquid the difference
in pressure between any two points is the product of t he unit
weight of the liquid and the difference in elevation of the points .

If h1 hz, pl mus t equal pg or
,
in other words

,
in any continuous

homogeneous body of li Iid at rest, the intensities of pressure at
all points in a horizontal

’

plane must be the same . Stated con
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v ersely , in any homogeneous liquid at rest all points having equal '

intensities Of pressure must lie in a horizontal plane .

If in equation (3) hz is made equal to zero , pg is the intensity of
pressure on t he liquid surface . In case that pressure is atmos

pheric, or pa, equation (3) becomes

p i
=wh i+p

or
,
in general

,

p
= wh+pa .

In this equation p is evidently the absolute pressure at any po int
in the liquid at a depth h below the free surface . The correspond
ing gage pressure is

p
=wh

In the use of the above equations care must be taken to express
all of the factors involved in their proper uni ts . Unless otherw ise
stated p w ill always be understood to be intensity Of pressure in
pounds per square foot, w w ill be the weight of a cubic foot of the
liquid and h will be measured in feet .

At any point in a body of water at a depth h below the free
surface, the absolute pressure in pounds per square foot is

p
= 62 . 4h+2 l 16

The relative or gage pressure in pounds per square foot is

p
= 62 . 4h .

If
,
however

,
it is desired to express the pressure in pounds per

square inch it is necessary only to divide through by 144 . Hence
if p

’ is used to express absolute pressure in pounds per square
inch

,

L _ 62fi 2 1 16

144 144
h+

144

433h+ 14 . 7 ,

or
,
expressed as gage pressure in pounds per square inch,

p
’

. 433h .
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17 . Pressure Head .
—Equation (6) may be written in the form ,

Here h, or its equivalent, _
p
, represents the he ight Of a column of

w

liquid of unit weigh t to that w ill produce an intensity of pressure
,

p . It is therefore called pressure head .

In considering water pressures the pressure head
,
h
,
is expressed

in feet of water column regardless of whether it is obtained by
dividing the pressure in pounds per square foot by or by
dividing the pressure in pounds per square inch by

18 . Transmi ss ion of Pre ssure .

—W riting equation (3) in the
form ,

p 1
=
p2+w (h1—h2 ) , ( 10)

it is evident that the pressure at any point, such as point 1 (Fig 6
in a liquid at rest is equal to the pressure at any other point

,
such

as point 2
,
plus the pressure produced by a column Of the liquid

whose height, h, is equal to the difference in elevation between the
two points . Any change in the intensity of pressure at point 2
would cause an equal change at poin t 1 . In other words

,
a pres

sure applied at any point in a liquid at rest is transmitted equally
and undiminished to every other point in the liqu id .

This principle is made use of in the hydraulic j ack by means
of wh ich heavy we ights are lifted by the application of relative ly
small forces .

Example—In Fig . 7 assume that the piston and weight
, W ,

are at the same elevation
,
the face of the piston having an area of

2 sq . in . and the face Of the
weight 20 Sq . in . W hat we ight
W can be lifted by a force P of

100 lbs . applied at the end of

the lever as Shown in the

figure?
Since atmospheric pressure FIG . 7.

—Hydraul ic jack .

is acting on both the piston
and we ight its resultant effect will be zero and it may therefore be
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neglected . Taking moments about 0 the force F on t he p iston is

100

F = 600 lbs .

600

2
300 lbs . per square inch .

which is the intensity Of pressure on the face of the piston
,
and

since the two are at the same eleva tion in a homogeneous liquid
at rest it is also the intensity of pressure on the we ight . Therefore

W 20X300

6000 lbs .

Evidently this is the value of W for equilibrium; any we igh t less
than 6000 pounds could be lif ted by the force of 100 lbs .

19 . Vapor Pressure
—W henever the free surface of any liquid

is exposed to the atmosphere
,
evaporation is continually taking

place . If
,
however

, the surface is in contact with an enclosed
space

,
evaporation takes place only until the space becomes

saturated with vapor . This vapor produces a pressure
, the

amount of which depends only upon the temperature and is
entirely independent of the presence or absence of air or other
gas within the enclosed space . The pressure exerted by a vapor
within a closed space is called vapor pressure .

In Fig . 8, A represents a tube having its open end submerged
in water and a stopcock at its
upper end . Consider the air
within A to be absolutely dry
at the time the stopcock is
closed . At the instant of

closure the water surfaces in
side and ou tside the tube will
stand at the same leve l .
Evaporation wi th in the tube

,

however
,
will soon saturate the

space containing air and create
a vapor pressure , pa,

wh ich
wil l cause a depression Of the

pa

w

FI G . 8 .

water surface W ithin the vessel equal to
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In the same figure, B represents a tube closed at the upper end .

Assume a perfect vacuum in the space above the water in the tube .

If this condition were possible the water level in B would stand

pa

w
at an elevation above the water surface outside . Vapor

0pressure w ithin the vessel, however, causes a depression exactly

equal to that produced within A ,
so that the maximum he ight of

water column possible under conditions of equilibrium in such a

pa
_
pc

w

as is shown in the following table .

tube is Vapor pressures increase with the temperature
,

VAPOR PRESSURES OF WATER IN FEET OF WATER COLUMN

20. The Mercury Barometer .

—The barometer is a device for
measuring intensi ties of pressure exer ted by the
atmosphere . In 1643 Torricelli discovered that
if a tube (Fig . 9) over 30 in . long and closed at
one end , is filled with mercury and then made
to stand vert ically wi th the open end submerged
in a vessel of mercury, the column in the tube
will stand approxima tely 30 in . above the sur

face of the mercury in the vessel . Such a device
is known as a mercury barometer . Pascal proved
that the height of the column ofmercury depended
upon the atmospheric pressure , when he carried a F IG

barome ter to a higher elevation and found that
barometer ‘

the he ight Of the column decreased as the altitude increased .
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Al though theoretically water or any other liquid may be used
for barometers

,
two difficulties arise in using water . F irst

,
the

he ight of water column necessary to balance an a tmospheric pres
sure of lbs . per square inch is about 34 feet at sea level , wh ich
he ight is too great for convenient use; and , second , as shown in
Art . 19

,
wa ter vapor collec ting in the upper port ion of the tube

creates a pressure which partially balances the atmospheric pres
sure , so that the barometer does not indicate the total atmospheric
pressure .

Since mercury is the heaviest known liqu id and has a very low
vapor pressure at ordinary air temperatures it is more satisfactory
for use in barometers than any other liquid .

21 . Piezometer Tubes—A piezometer tube is a tube tapped
into the wall of a vessel or pipe for the purpose
Of measuring moderate pressures . Thus t he
height of water column in tube a (Fig . 10) is

a measure of the pressure at A
,
the top of the

pipe . Similarly the pressure at the elevation B
is measured by the he ight of water column in
tube b

,
that is

, p
=wh . Piezometer tubes

always measure gage pressures since the water
F1G . 10—' Cro

.

ss surface in the tube is subjected to atmospheric
3 8
9
m“

,

Of p ‘pe pressure . Obviously, the leve l to wh ich waterWith piezometer
tubes .

W ill rise in a tube W i ll be the same regardless
Of whether the connection is made in the side ,

bottom or cover of the containing vessel .
Piezometer tubes are also used to measure pressure heads in

pipes where the water is in motion . Such tubes should enter the
pipe in a direction at right angles to the direction Of flow and the
connecting end should be flush with the inner surface of the pipe .

If these precautions are not observed , the height of water column
may b e affected by the velocity Of the water, the action being
similar to that wh ich occurs in Pitot tubes . (See Art .

In order to avoid the effects of capillary action , p iezometer
tubes should be a t least in . in diameter .

Pressures less than atmospheric pressure may be measured by
e ither of the methods il lustrated in Fig . 1 1 which shows a pipe
sect ion AB in which t he water is flow ing . The vert ical distance ,
h
,
which the water surface , C,

in the open tube drops below A

is a measure of the pressure below atmospheric pressure , or
, in
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gravity of mercury) X62 . 4 = 848 lbs . If
,
however

, pa and pa are

expressed in pounds per square inch and h in feet ,

848

144 (
or 13 . 6X0. 433)

The pressure at D (Fig . 12) is the same as at C,
being at the

same level in a homogeneous liquid at rest . The pressure at A
is equal to that at C minus the pressure produced by the water
column a

,
or

,

pA pc
—wa .

Here again if p , and pc are expressed in pounds per square
foot and a in feet

,
w equals but if p i and pc are expressed

in pounds per square inch and a in feet
,
w equals Com

bining equations ( 1 1 ) and

77A pa+w
,
k wa .

Here p , is expressed as absolute pressure ,
since pa (atmospheric pressure ) enters into the
equation .

If pA is less than atmospheric pressure by
an amount greater than wa, h is negative , as in

F IG ‘ 13 °

Fig . 13 , and

I9A pa
—w'

h—wa . ( 14)

23 . The Difierential Gage
—The dif

ferent is l gage as the name indicates
,
is

used only for measuring difierences in pres
sure . A l iquid heavier or lighter than wate r
is used in the gage

,
depending upon whe ther

the differences in pressure to be measured
are great or small .
In Fig . 14 is shown the form of dif

ferent ial gage usually employed for meas
uring large differences in pressure . M and
N are two pipes containing water under
different pressures which may be e ither
greate r or less than atmospheric pressure .

The two pipes are connected by a bent
tube , of which the portion BCD is filled with mercury, while all
of the remaining space is fil led w ith water .

F I G . 14 .

—Different ial
mercury gage .



THE DIFFERENTIAL GAGE 19

If M and N were at the same elevation the difference in pres
sure in the two pipes would be measured by the pressure due to the
mercury column DC minus that due to the water column EF
or would equal w’

h - wh .

If the two pipes are at different elevations
,
to the above

difference in pressure must be added or subtracted the intensity
of pressure produced by the water column whose height is equal
to the difference in elevation of the pipes . Proof of these state
men ts follows .

The pressure at A equals that. atM minus the pressure produced
by the water column whose he ight is a . Evidently the pressure
at B is the same as at A , be ing at the same elevation in a homo

geneous liquid at rest . For the same reason the pressures at
B and C are also equal . Hence ,

PC 293 29A pM
-wa . (15)

The pressures at C and F are not equal, since these points are
not connected by a homogeneous liquid .

The pressure at D is equal to that at C minus the pressure
produced by the mercury column h and is

PN

Combining these equations

pM
—wa pN ,

pM
—
pN

=w
’
h—wh—w (b—a) .

Obviously, the greater the difference be tween
w

' and w the greater the difference in pressure
that can be measured for any given value
of h .

Fig . 15 illustrates a type of differential
gage used when the difference in pressures to
be measured is small . Usually a liqu id

,
such

as a ligh t Oil
,
whose specific gravity is slightly

less than uni ty is used in the upper portion of the inverted U-tube
,

AC, the remainder of the tube be ing filled with water .

FIG . 15 .

—Differential
oil gage .
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As with the mercury gage , ifM and N are at the same elevation
the difference in pressure will be equal to that produced by the
Oil column AB and the water column CD . If M and N are at
different levels, then

pM
—wa pN

pM
—
pN

= w
’
h—wh—w (b—a) ,

the equations being the same as were obtained fo r the mercury
differential gage .

The use of a liquid whose unit we ight w
’ is very nearly the

same as that Of water makes a very sensitive measuring device .

W ith such a device small differences in pressure will produce
relatively large values of h .

The value of h produced by any particular difference in pressure
is independent of the rela tive cross-sec tional areas of the columns
AB and CD . This is evident since it is the difference in intensities
of pressure that is measured and not difference in total pressures .

24 . Suction Pumps and S iphons .

—Suction pumps depend upon
atmospheric pressure for the ir operation . The plunger creates a
partial vacuum in the pump stock , and atmospheric pressure acting
upon the outer water surface causes water t o rise within the

pump .

The operation of siphons is also produced by atmospheric
pressure . In Fig . 16 t he two
vessels

,
A and B

,
are connected

by a tube . As long as the tube
is filled with air there is no
tendency for water to flow . If,
however

,
air is exhausted from

the tube at C,
atmospheric

pressure wil l cause water to rise
in each leg of the tube an equal
he ight above the water sur

faces . W hen water has been drawn up a distance d, equal to the
he ight of the summit above the water surface in the upper vesse l
flow from A to B will begin . If the ve locity of the water is h igh
enough

,
any air entrapped in t he tube will be carried out

by the moving water, and the tube will flow full . If the sum

F IG . 16 .

—Siphon .
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Init of the Siphon is a distance greater than
fi g
—
pi above the

w

water surface in the higher vessel, siphon action is impossible .

o

I t is not necessary that the discharge end of the tube be sub

merged to induce siphon action . If flow is started by suction at

the free end of the tube or by other means
,
it will continue as long

as the discharge end of the tube is lower than the water surface
in the vessel or until the vacuum in the siphon is broken .

PROBLEMS

1 . Dete rmine the intensity Of pressure on the face of a dam at a point
40 ft . be low the water surface .

(a) Expressed in pounds per square foot gage pressure .

(b) Expressed in pounds per square inch gage pressure .

(0) Expressed in pounds per square foot absolute pressure .

(d) Expressed in pounds per square inch absolute pressure .

2 . Determine the intensity of pressure in a vesse l of mercury (sp . gr .

at a poin t 8 in . below the surface , expressing the answer in the same units as
in Problem 1 .

3 . A v ert ical pipe , 100 ft . long and 1 in . in diameter
,
has its lower end Open

and flush with the inner surface Of the cover of a box
,
2 ft . square and 6 in .

high . The bottom of the box is horizontal . Neglecting the we ight of the
pipe and box

,
both Ofwhich are filled with water

,
determine :

(a) The total hydrostatic pressure on the bottom of the box .

(b) The total pressure exerted on the floor on which the box rests .

4 . At what height will water stand in a water barometer at an altitude
Of 5000 ft . above sea leve l if the temperature of the water is 70° F Under
similar conditions what would be the reading of a mercury barometer

,

neglecting the vapor pressure of mercury?
5 . What are the absolute and gage pressures in pounds per square inch

existing in the upper end of the water barometer under the conditions of
Problem 4?

6 . What height of mercury column wil l cause an intensity of pressure of
100 lbs . per square inch? What is the equ ivalent he ight of water column?
7 . A pipe 1 in . in diameter is connected with a cylinder 24 in . in diameter

,

each be ing horizontal and fitted with pistons . The Space between the pistons
is filled with water . Neglecting friction,

what force will have to be applied
to the larger p iston to balance a force of 20 lbs . app lied to the smaller piston?

8 . In Problem 7, one leg Of a mercury U-tube is connected with the

smaller cylinder . The mercury in this leg stands 30 in . below the center of
the pipe

,
the intervening space being filled with water . What is the height

of mercury in the other leg , th e end of which is open to t he air

9 . A U-tube with both ends open to the atmosphere contains mercury
in the lower portion . In one leg , water stands 30 in . above the surface of the
mercury; in the other leg , o il (Sp . gr . stands 18 in . above the surface
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of the mercury . What is the difference in e levation between the surfaces of
the oil and wate r columns?
10. Referring to Fig . 15, page 19 , if the pressure at M is 20 lbs . per square

inch, what is the corresponding pressure at N if a 1 ft .

,
b= 4 ft . and h = 8 in

(Sp . gr . of o il
1 1 . In Fig . 15, page 19 , determ ine the value of h , if a 1 ft .

, b= 4 ft . and the

pressure at N is lbs . per square inch greate r than at M . (Sp . gr . of oil

1 2 . A vertical tube 10 ft . long, with its upper end closed and lower end
open, has its lower end submerged 4 ft . in a tank of wate r . Negle cting vapor
pre ssure , how much will the water leve l in the tube be be low the leve l in the

tank?
1 3 . In Fig . 7, page 13, if the diame ters of the two cylinders are 3 in . and

24 in . and the face of the smaller piston is 20 ft . above the face of the we ight
W ,
what force P is required to maintain equilibrium if W = 8000 lbs ?

14. Re ferring to Fig . 12 , page 17, if h = 20 in . and a = 12 in .

,
what is the

absolute pressure in pounds per square inch at A? What is the gage pressure?
1 5 . In Problem 14

,
if the surface of the mercury column in each leg of the

U—tube stands at the same e levation as A when the pressure at A is atmos
pheric, de te rmine the values of a and h when the gage pressure at A is 12 lbs .

per square inch, t he d iameter of the tube be ing the same throughout .

16 . Re ferr ing to Fig . 13
,
page 18

,
dete rmine the absolute pressu re in

pounds per square inch at A when a = 8 in . and h 10 in . Wh at is the corre
sponding gage pressure?

17 . In Fig . 14
,
page 18 , let c = 6 ft .

,
and assume that h =0 when the

pressure at M is atmospheric . If the pre ssure at N remains constant
,
de termine

the value of h when the gage pressure at M is increased to 8 lbs . per square
inch .

1 8 In Fig . 14, page 18 , if a = 24 in . and c=6 ft .
,
what is the value of h

when the pressure at M is 10lbs . per square inch greate r than at N .

19 . A and B are , respective ly, the closed and open ends of a U-tube ,
both be ing at t he same e levation . For a distance Of 18 in . be low A

,
the

tube is filled wi th Oil (Sp . gr . for a distance of 3 ft . be low B ,
the tube

is filled with water
,
on the surface of which atmospheric pressure is acting .

The rema inder Of the tube is filled with mercury . What is the absolute
pressure at A expressed in pounds per square inch?

20. In Problem 19
,
if B were closed and A were open to the atmosphere ,

what would be the gage pressure at B,
expressed in pounds per square inch?



CHAPTER III

PRESSURE ON SURFACES

25. Total Pressure on Plane Areas—The total pressure on
any plane surface is equal} t o the product of its area and the
in tensity of pressure at its center of gravity . This may be proved
as follows :
Fig . 17 shows projections on two vertical planes normal to

F IG . 17 .

each other, Of any plane surface , subjected to the full static
pressure of a liquid with a free surface . Projec t ion (b) is on a
plane at right angles to MN . The surface MN makes any angle ,
0
, with the horizontal, and , extended upward , the plane of this
surface intersects the surface of the liquid in the line 00,

shown
as the point 0 in (b) .
Consider the surface MN to be made up of an infinite number

of horizontal strips each having a width dy SO small that the
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intensity of pressu re on it may be considered constant . The area
Of any strip whose length is x

,
is

The liquid having a unit we ight of w
,
the intensity of pressure on

any strip at a depth h below the surface and at a distance y from the

line 00 is

p
=wh=wy sin 0.

The total pressure on the strip is

dP = wy sin
‘
fl dA

and the total pressure on MN is

P =w sin OfydA .

From t he definition of center O f gravity
,

fydA =Ay¢ (2 )

where y
’ is the distance from the line 00 to the center of gravity

of A . Hence
,

P =w sin 0Ay
’
. (3)

Since the vertical dep th of the center Of gravity below the water
surface is

h
’ =
y
’
sin 0

, (4)
it follows that

P = wh
’
A

, (5)

where wh’ represents the intensity of pressure at the center of
gravity of A .

26 . Center of Pressure on Plane Areas .

—Any plane surface
subjected to hydrostatic pressure is acted upon by an infin ite
number of parallel forces whose magnitudes vary w ith the depth

,

below the free surface , Of the various infinitesimal areas on which
the respe ctive forces act . Since these forces are parallel theymay
be replaced by a single resultant force P . The point on t he

surface at which this resultant force acts is called the cen ter of

pressure . In other words
,
if the total hydrost atic pressure on any

area were applied at the center of pressure the same effect would be
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I

y y
y

where k is the radius of gyration of t he area .

The above discuss ion refers only to the determination of the

position of the horizontal line which contains the center of pressure
—that is, y gives only the distance from the horizontal axis of

moments to the center of pressure . For any figure such that the
locus of the midpoints of the horizontal strips is a straight line

,

as , for ins tance , a triangle or trapezoid with base horizontal, the
center of pressure falls on that straight line . It is wi th such
figures that the engineer is usually concerned . For other figures ,
the horizontal location Of the center of pressure may be found in

a manner similar to that described above by taking moments
about an axis

,
within the plane of the surface , a t righ t angles to the

horizontal axis of moments .

Examples 1 : (a) F ind t he center of pressure on the vertical
triangular gate shown in Fig . 18 .

1 I t is apparent that the solution of any problem involving the location of the
center of pressure , for an area whose radius of gyration is known or can be
readily found ,may be accomplished by the simple substitution of values for
k and y

’

in equation This involves a mere mathematical process with
no ne cessity on the part of the student for e ither thought or understanding
of fundamental principles . It is therefore recommended that the beginner
solve all such problems by the use Of equation which is reallv nothing
more than a formulated expression of the definition of center of pressure .

The examples given are solved by this method .
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Using the equation

it will be necessary to express dP in terms of y .

In this case it wi ll be convenient to take moments about 0—0
,

a horizontal line through the ver tex of the gate
,
lying in the plane

of the gate . Moments could , however, be taken about any other
horizontal axis lying within this plane .

The total pressure dP on any th in horizontal strip at a distance
y from the axis of moments equals the intensity of pressure

,
wh

,

times the area dA
,
or

dP = wh dA .

Since w = 62 . 4
,
h = 5+y and dA = x dy

dy .

Since it: varies with y it must be expressed terms y before
integrating .

From similar triangles
,

9” Q.

4 3

Substituting ,

dP 62 4Xé , (5y+y
2
)dy

ydP 62 -4Xt

P = wh .

’

A 62 . 4X7X6,
therefore

5y
2
+

1

y
3
)dy

—
e
°

21
1

;
ft . below the vertex ,

or T
1
1 ft . below the center of gravity of the gate .

The horizontal location Of the center of pressure case
is on the median connecting t he vertex with the base .
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(b) Find the center of pressure on the inclined rectangular
gate shown in Fig . 19 .

Taking moments again about the top of the gate as an axis ,

fy dP =fywh dA ,

h 5+y cos 30
°

where

dA 6dy

F I G . 19 .

Since P =wh’A cos

1

1 5 x/S
’

5
X 16+ ’—

6
X64

—2 . 17 ft . be low AB ,

measured along the plane of the gate . The horizontal locat ioh
of the center of pressure is 3 ft . from e ither end of the gate .
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(c) In example (b) what force F applied normally to the gate
at its lower edge will be required to open it?
Knowing the total pressure

,
P

, on the gate and the location
of the center of pressure , by taking moments about the upper
edge which is the center of ro tation ,

4E= 2 . 17P

4

5470 lbs .

The value of E can also be found directly without determining
e ither the location Of the center Of pressure or the total pressure .

Taking moments abou t the top of the gate
,

gwh dA

5y
-l—
\

g—
;
y
2 dy

3X 16+?X64

If this force were applied a t the bottom of the gate
,
the gate

would be in equilibrium and there would be no reaction on the

supports along the lower edge or sides of the gate . Any force
greater than 5470 lbs . would open the gate .

27 . Graphical Meth od of Location of Center of Pressureo
Semigraphic methods may be used advantageously in locating the
center Of pressure on any plane area whose width is constant .
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The rectangular surface , ABCD , illustrated in Fig . 19 is shown in
perspective in Fig . 20a . BC (Fig . 20b) represents the projection
of the rectangle on a vertical plane perpendicular to the plane of
the surface . The vertical depths be low the water surface Of the
top and bottom of the rectangle are

,
respectively

, h and kg . The

intensity of pressure , whl , on the top of the rectangle is represented
by the equal ordinates AA ’ and BB ’

(Fig . 20a) , and on t he bottom
of the rectangle the eqiial ordinates CC

’ and DD’ represent the
intensity of pressure whg .

BB ’ and CC’

(Fig . 20b) represent to a reduced scale , the int en
si t ies of pressure at B and 0. BB and CC”

are laid off equal

F I G . 20.

to 6BB’ and 6CC’

, respe ctively, and therefore represent the areas
ABB’

A
' and DCC’

D
’
. The total pressure acting on the surface

ABCD is therefore represented by the area of the pressure diagram
ECC

”
E

” as it is similarly represented by the pressure volume

ABCDA
’B’
C

’
D

’
Also the resultant pressure on the surface acts

through the center of gravity of the pressure area ECC’ B ’ just
as it acts through the center of gravity of the pressure volume

The trapezoid BCC”
B

” may be divided into the rectangle
BB’’

EC and the triangle B’
C

’ ’
E

, the locations of whose centers of
gravity are known . By taking moments of each Of these pressure
areas about C”

C and dividing the sumof these moments by the
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area of the trapezoid, the distance of the center of pressure from
C is determined . Thus

CC

therefore

C

Taking moments about C C,

X6]

ft .

Example page 29 , can also be solved by taking moments
about BB ”

as follows :

from which
F = 547O lbs .

For areas having a variable w idth
,
0B

”
C
” is not a straight

line and the center of gravity of the pressure area is not so easily
located . For such areas it will probably be easier to use the

analytical method described in Art . 26 .

28 . Position of Center of Pre ssure . with Respect to Center of

Grav ity .

—If the intensity Of pressure varies over any surface, the
cen ter of pressure is below the center of gravity . Consider the
equation (see Art .

2

{
57 must always be posi t ive , ymust be greater than y

’
.

This may also be seen from Fig . 20. The center of pressure
on ABCD is the normal proj ection on that plane of the center Of
gravity of the pressure volume Evidently th is
projection must fall be low the center of gravity of ABCD siriCe

it would fall at the center of gravity if the intensi ty of pressure
on the surface were uniform

,
in which case the pressure volume

would be ABCDA ’
B

’
EF .
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It also appears from the above discussion and from a study of
Fig . 20 that for any area the greater its dep th be low the surface
of the liquid the more nearly wi ll the center of pressure approach
the cen ter of gravity . The two coincide at an infin i te dep th .

In two cases the intensity Of pressure is constant over the area
and hence the center of pressure coincides with the center of
gravity

(a) W hen the surface is horizontal .

(b) W hen both sides of the area are comple tely submerged in
liquids of the same density . As an illustration consider the gate
AB (Fig . W ater stands h1 feet above the top of the gate on

one side and hz feet above it on the other side . The distribu t ion
Of pressure on the left is
represented by the trape zoid
ABMN and on the righ t by
the trapezoid AHKB . The

triangle GED is similar to
CFG

’ and equal to CE ’

P by
cons truction . The trape zoid
of pressure AHKB is therefore
balanced by the trapezoid
0NML . The resultant in

tensity Of pressure on the

surface is therefore constan t ,
FI G . 2 1 .

as represented by the rect
angle 0ABL

,
and the center

of pressure must coincide with the center of gravity of the

surface . This is true regardless of the Shape of the surface .

The resultant intensity of pressure equals wh
,
where h is the

difference in elevation of water surfaces .

In this latter case it shoul d be Observed that it is the cente r
Of the resultant pressure that coincides with the center of gravity
of the gate , since the center of gravity of e ither of the trap
ezoidal areas of pressure , considered alone , falls below the center
of gravity of the gate .

29 . Horizontal and Vertical Components of Pressure on any

Surface — I t may be convenient to deal with the horizontal and
vert ical components Of the pressure ac ting on a surface rather‘

than with the resul tant pressure .

Consider, for example , the water pressure acting on the curved
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pressures, since obviously atmospheric pressure is acting on both
sides of the dam and the resultant effect is zero .

F IG . 23 .

Examples : (a) W hat will
be the resultant pressure on

t he base BC Of the masonry
dam subjected to wa ter pres
sure

,
as shown in Fig. 23

,
and

where will this resul tant in
t ersect the base?

The following numerical
values are given . Area of

section ABCD= 600 sq . ft .

Area of water section 0AB

200 sq . ft . W e ight of ma
sonry

= 150 lbs . per cubic foot .

Linear dimensions are shown
in figure .

A sec t ion of dam 1
,
ft . long

will be considered to be in equi
librium under the action Of the
following forces :

W = the total we ight of the sec t ion
,
acting through the center of

gravity of the cross-section ABCD
P = resul tant hydrostatic pressure acting on the face AB ;
R= react ion between the earth and the base

,
BC

,
of the dam .

This reaction must necessarily be equal , Opposi te and colinear
with the resultant of W and P .

Since the dam is in equilibrium when subjec ted to the above
forces

,
the fundamental principles of equilibrium may be applied

that is
,

EX=O, EY= O and EM= 0.

EX=0;R1
2 1) : and for the da ta given

lbs .

2 Y=0;Ry
=Py+W and for the data given

Pu
: 200X62 . 4 lbs .

lbs .

Ry lbs .
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The total resultant pressure on the base is

R V -T lbs .

For EM=0, taking moments about an axis through C
,
normal to

the plane of the section , X be ing the distance from C at which the
resultant, R,

intersects the base of the dam,

RyX+ 4
3
~5Pz 25P,, 18W 0.

Substituting the numerical values Of R P W and Pu

102 ,480X+ XA
g
e X25 X 18 0

and reducing
X= 8 6 ft .

Thus the resultant pressure of lbs . per linear foot of dam
intersects the base ft . from the toeof the dam .

(b) Determine the tensile stress in the walls of a 24-in . pipe
carrying water under a head of 100ft .

In a case like this where the head is relatively large compared
to the diameter of the pipe

,
it is customary to consider that the

intensity of pressure is uniform throughout the pipe .

A cross-section of the pipe is shown in Fig . 24 . Consider a
semicircular segment, AB ,

of unit length
,
held in equilibrium by

the two forces T. Evidently
T is the tensile stress in the T“

_

wall of the pipe
,
and if the

intensity of pressure is
assumed to be '

constant
,
T

is constant at all points in T<

the section . The sum of
F I G . 24 .

the horizontal components
of the normal pressures acting on the semicircular segment is equal
to the normal pressure on the vertical projection of this segment
(Art . Calling this normal pressure P ,

since EH=0,

lbs.

T lbs.
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The required thickness of a steel pipe , using a safe working
stress Of lbs . per square inch is

in .

or a little more than in .

PROBLEMS

1 . A vertical rectangular gate is 4 ft . wide and 6 ft . high . Its Upper edge
is horizontal and on the water surface . What is the total pressure on the

gate and where is the center of pressure?
2 . So lve Problem 1 if the water surface is 5 ft . above the top of the ga te ,

other conditions remain ing the same .

3 . Solve Problem 2 if the plane of the gate make s an angle of 30° with th e
vertical

,
other conditions remaining unchanged .

4 . A cubical box
,
24 in . on each edge

,
has its base horizontal and is ha lf

filled withwate r . One of the sides is he ld in position by means of four screws
,

one at each corner . Find the tension in each screw due to the wate r pre ssure .

5 . A vertical
,
triangu lar gate has a horizontal base 4 ft . long

, 3 ft . be low
the vertex and 5 ft . be low the water surface . What is the total pressure on

the gate and where is the center of pressure?
6 . A ve rtical

,
triangular gate has a horizontal base 3 ft . long and 2 ft .

be low the water surface . The vertex of the gate is 4 ft . be low the base .

What force normal to the gate must be applied at its vertex to Open the gate?
7 . A triangular gate having a horizontal bas e 4 ft . long and an altitude

of 6 ft . is inclined 45 ° from the ve rtical with the vertex po inting upward .

The base Of the gate is 8 ft . be low the water surface . What normal force
must be applied at the vertex of the gate to open it?

8 . A cylindrical tank , hav ing a vertical axis, is 6 ft . in diamete r and

10 ft . high . Its sides are he ld in position by means of two stee l hoops , one
at the top and one at the bottom .

'What is
the tensile

,

stress in each hoop when the

tank is filled withwater?
9 . What is the greatest he ight, h

,
to

which the wate r can rise without causing the
dam shown in Fig . 25 to

“collapse? Assume
b to be so great that waterwill no t flow over
the top of the dam .

10. If b in the figure is 20 ft .

,
find the

least value of h at which the damwil l
collapse .

F IG . 25 .

1 1 . A vertical, triangular gate has a
horizonta l base 8 ft . long and 6 ft . be low

the water surface . Its vertex is 2 ft . above the water surface . What norma l
force must be applied at the vertex to open the gate?

12 . A masonry dam of trapezoidal cross-section, with one face vertical
,
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has a thickness of 2 ft . at the top and 10 ft . at the bottom . It is 22 ft . high
and has a horizontal base . The vertical face is subjected to water pressure

,

the water standing 15 ft . above the base . The we ight of the masonry is
150 lbs . per cubic foot . Where will the resultant pressure intersect the base?

1 3 . In Problem 12 whatwould be the depth ofwate rwhen the resultant
pressure intersects the base at the outer edge of the middle third, or 1 % ft .
from the middle of the base?

14 . A vertical triangular surface has a horizontal base of 4 ft . and an

altitude of 9 ft .
,
the vertex being be low the base . If the center of pressure is

6 in . be low the center of gravity, how far is the base be low the water surface?
1 5. Water stands 40 ft . above the top of a vertical gate which is 6 ft .

square and we ighs 3000 lbs . What vertical lift will be required to Open the
gate if the coefficient of friction between the gate and the guides is

1 6 . On one side
,
water stands leve l with the top of a vertical, rectangular

gate 4 ft . wide and 6 ft . high,hinged at the top; on the other side wate r
stands 3 ft . be low the top . What force app lied at the bottom of the gate

,
at

an angle Of 45
° with the vert ical, is required to open the gate?

1 7 . A vertical
,
trapezoidal gate in the face of a dam has a horizontal

base 8 ft . be low the water surface . The gate has a width of 6 ft . at the bottom
and 3 ft . at the top

,
and is 4 ft . high . Determine the total pressure on the

gate and the distance from the wate r surface to the center of pressure .

1 8 . Determine the total pressure and th e position of the center of pressure
on a vertical

,
circular surface 3 ft . in diameter

,
the center of which is 4 ft .

be low the wate r surface .

19 . A 6—in . pipe line in which there is a 90° bend contains water under a
gage pressure of 450 lbs . per square inch . Assuming that the pressure is

uniform throughout the pipe and that the water is not in motion
,
find the total

longitudinal stress in joints at either end of the bend .



CHAPTER IV

IMMERSED AN D FLOATIN G BODIES

30. Principle of Arch imedes—Any body immersed in a liquid
is subj ected to a buoyant force equal to the we ight of liquid dis
placed . This is known as the principle OfArch imedes . It may be
proved in the following manner .

The submerged body ABCD (Fig . 26) is re ferred to the coor
dinat e axes X

,
Y and Z . Consider the small horizontal prism

alag , parallel to the X-axis
,
to have a cross-sectional area dA .

The X-component of the normal force acting on a] must be equal
and opposite to t he same force
acting on a2 , each be ing equal
to wh dA . There is

,
therefore

,

no tendency for th is prism to
move in a dire ction parallel to
the X-axis . Since the same
reasoning may be applied to
every other prism parallel to
a1a2 it follows that there is no

tendency for the body as a
whole to move in th is dirce
tion . The same reasoning ap

plies to movement parallel to
the Z—axis or to any other axis

in a horizontal plane . If
,
therefore

,
there is any tendency for the

body to move it must be in a vertical direction .

Consider now the Y-components of the hydrostatic pressures
acting on the ends of any vertical prism 0102 having a cross
sectional area, dA ,

so small tha t the intensity of pressure on e ither
end of t he prism may be considered constant . The resultant of
these pressures will be t he difference between dPl , the vertical com
ponent Of the normal pressure at bl equal to whl dA ,

acting down
ward and dPg , t he corresponding force acting at b2 , equal towbg dA ,

38
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acting upward . The resultant pressure will be upward and equal
to w (h2—h1 ) dA but (hz—hl ) dA is the volume of the e lementary
prism wh ich , mul tiplied by w, gives the weight of the displaced
liquid . Since the entire body

,
ABCD

,
is made up of an infin ite

number of such prisms
,
it follows that the resultant hydros tat ic

pressure on the body will be a buoyant force equal in magnitude
to the we ight of the displaced liquid .

If the we ight of the body is greater than the buoyant force
of the liquid the body will Sink . On the other hand

,
if the we ight

of the body is less than the buoyant force
, the body will float

on the surface
,
displacing a volume of liquid having a we ight equal

to that of the body ;

31 . Center ofBuoyancy.

—ABCD (Fig . 27) represents a floating
body . From the principles of the preceding article

, the buoyant
force acting on any elementary area of the
submerged surface must be equal to the
we ight of the vertical prism of displaced
liquid direc tly above it . Since the we igh t
Of each prism is directly proportional to its
volume

,
the center of gravity of all these

buoyant forces
,
or the center of buoyancy, must coincide w i th the

center of gravity of the displaced liqu id .

32 . Stab il ity Of Floating Bod ies—Any floating body is sub

jec ted to two systems of parallel forces; the downward force of

gravity acting on each of the particles that goes to make up the
body and the buoyant force of th e liqu id acting upward on the

various e lements of the submerged surface .

In order that the body may be in equilibrium the resultants
of these two systems of forces must be colinear, equal and Oppo
site . Hence the center Of buoyancy and the center of

‘ gravity
of the floating body must lie in the same vertical line .

Fig . 28 (a) shows the cross-section Of a ship floa t ing in an
upright position

,
the axis of symmetry be ing vertical . For this

position the center of buoyancy lies on the axis of symmetry at
B0 which is the center of gravi ty of the area ACL . The center of
gravi ty of the sh ip is assumed t o be at G. If

,
from any cause

, such
as wind or wave action

,
the sh ip is made to heel through an angle

0
, as shown in Fig . 28 (b) , the center of gravity of the ship and
cargo remaining unchanged

,
the center of buoyancy will sh ift

to a new posi tion
,
B

,
wh ich is the center Of gravity Of the area

F I G . 27 .
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A
’
C
’
L. The buoyant force F,

acting upward through B
,
and the

weight of the ship W ,
acting downward through G

,
constitute a

couple which resists further overturning and tends to restore the
ship to its original upright position . In all cases

,
if the vertical

line through the center of buoyancy intersects the inclined axis
Of symmetry at a point M above the center of gravity

,
the two

forces F and W must produce a righting moment . If
,
however,

M lies below G an overturningmoment is produced . The point M
is known as themetacenter and its distance

,
GM

,
from the center

of gravi ty of the ship
,
is termed themetacentric height . The value

of the metacentric he ight is a measure of the stability of the ship .

For angles of inclination not greater than 10
° or 15° t he

F I G . 28 .

position of M does not change materially, and for small angles of
hee l the metacentric height may be considered constant . For

greater inclinations, however, the metacentric height varies to a
greater extent w i th the angle of heel .
33 . Determination of Metacentric Heigh t

—Fig . 29 illus
trates a ship having a displacement volume , V. W hen the sh ip is
tilted through the angle 0 the wedge AOA ’

emerges from the

water wh ile the wedge C’
0C is immersed . If the sides AA ’ and

C
’
C are parallel , these wedges must be similar and of equal volume ,

v, since the same volume of water is displaced by t he sh ip whether
in an inclined or upright position . The wedges therefore will
have the same length and the water lines AC and A

’
0

’ must inter
sect on the axis of symmetry at 0.

W hen the ship floats in an upright position a buoyant force
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and sincefxz dA is the moment of inertia, I , of the water-line

section about the longitudinal axis through 0,

I
GM

V
i GBO,

express ion

“

The scow is 40 ft . long
,

20 ft . wide and 8 ft . deep .

It has a draft of 5 ft . when
floating in an upright posi
tion . The center of gravity

of the scow is on the axis of symmetry, 1 ft . above the water
surface . The angle of heel is
The problem may be solved by substituting values in formula
but the following method may be used conveniently for shapes

such that the center of buoyancy can be readily found .

Since the center of buoyancy, B ,
is at the center of gravity of

HA ’
C

’
F

,
its po sition may be found by taking moments about the

axes HF and EF . Before taking moments the distances KC’

and KF must be determined .

tan

KF 5

Taking moments about HF

3 .

BL
’ = 2 . 6O ft .

Taking moments about EF

(5xeo) X20X X2OX

positive if M falls be low G
and negative if above .

Example —F ind theme
tacent ric he ight of the rect
angular scow shown in Fig .

30
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The distance of B from the inclined axis of symmetry is

BB
’ = 10 ft .

From Similar triangles

MB ’
A

’
K

BB
’
_
C

’
K

or MB 6 . 65 ft .

The metacentric he ight is

GM : MB'

+B
’
L GL

ft .

The righting moment is

. 25 sin 10
°

ft .
-lbs .

PROBLEMS

1 . A rectangu lar scow
,
15 ft . by 32 ft .

,
having vertical sides

,
we ighs 40

tons lbs ) . What is it s draft?
2 . If a rectangular scow 18 ft . by 40 ft . has a draft of 5 ft . what is its

Weight?
3 . A cubic foot Of ice (sp . floats freely in a vesse l containing

water whose temperature is 32 ° F . When the ice me lts
,
wil l the water leve l

in the vesse l rise , lower or remain stationary? Exp lain why .

4 . A sh ip of 4000 tons disp lacement floats with its axis of symmetry
vert ical when a we ight of 50tons is midship . Moving the weight 10ft . towards
one side of th e deck causes a p lumb bob, suspended at the end of a string 12 ft .

long
,
to move 9 in . Find the metacentric height .

5 . A rectangular scow 30 ft . wide
,
50 ft . long

, and 12 ft . high has a draft
of 8 ft . Its center of gravity is 9 ft . above the bottom of the scow . If the
scow is tilted until one side is just submerged

,
determine

(a) The position of the center of buoyancy .

(b) The metacentric height .

(0) The righting Coup le , or the overturning coup le .

6 . In Problem 5, what would be the he ight of the scow (all other data
rema ining unchanged) if, with one Side just submerged

,
the scow would be

in unstable equilibrium?
7 . A box, 1 ft . square and 6 ft . high, has its Upper end closed and lower

end open . By submerging it vertically with the open end down what is the
greate st we ight the box can sustain without sinking?

8 . In Problem 7
,
what we ight would hold the box in equilibrium with the

upper end submerged 10 ft . be low the surface?
9 . A solid block of wood (sp . gr . in the shape of a right cone has a
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base whose diameter is 12 in . and an altitude of 18 in . In wha t position
will this block float in wate r when it is in stable equilibrium?

10. A solid block Of wood (sp . gr . in the shape of a right cyl inder
has a diameter of 12 in . and a length of 15 in . Dete rmine the position in
which this block will float in water when in stable equilibrium .



CHAPTER v

RELATIVE EQUILIBRIUM OF LIQUIDS

34. Relative EquilibriumDefined .
—In the preceding chapters

liquids have been assumed to be in equilibrium and at rest w ith
respect both to the earth and to the containing vessel . The

present chapter treats of the condition where every particle of a
liquid is at rest with respec t to every other particle and to the con
taining vessel, but the whole mass, including the vessel , has a
uniformly accelerated motion with respect to the earth . The

liquid is then in equilibrium and at rest with respect to the vessel
,

but it is ne ither in equilibrium nor at rest with respect to the
earth . In this condition a liquid is said to be in relative equilibrium.

Since there is no motion of the liquid w ith respect to the vessel
and no movement between the water particles themselves there
can be no friction .

Hydrokinetics, which is treated in the following chapters
,

deals with the condition in which water particles are in motion
w ith respect to the earth and also with respect to each other .
In this case the re tarding effects of friction must be considered .

Relative equilibriummay be considered as an intermediate
state between hydrostatics and hydrokinetics .

Two cases of relative equilibrium will be dis
cussed .

35 . Vesse l Moving with Constant Linear
Acceleration .

— If a vessel partly filled with
any liquid moves horizontally along a straight
line with a constant acceleration , j , the

surface of the liquid w ill assume an angle 6

with the horizontal as shown in Fig . 31 . To
determine the value of 0for any value of j ,
consider the forces acting on a small mass of F IG . 31 .

liquid
,
M

,
at any point 0 on the surface .

This mass is moving w ith a constant horizontal acceleration , j ,
and the force producing the acceleration is the resultant of all

45
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the other forces
,

acting Upon the mass . These forces are the

force of gravity, W , acting vertically downward and the pres
sure of all the contiguous particles of the liquid . The resultant

,

F
, of these forces must be normal to the free surface AB . Since
force equals mass times acceleration ,

and from the figure
P W tan 0.

Solving these two equations simultaneously
,

tan 0
g

which gives the slope that the surface , AB ,
will assume for any

constant acceleration of the vessel .
Since 0 was assumed to be anywhere on the surface and the

values of j and Q are the same for all points
,
it follows that tan 0

is constant at all points on the surface or
,
in other words

,
AB

is a straight line .

The same value Of 0will hold for a vessel moving to t he right
with a positive acceleration as for a vessel moving to the left
with a negative acceleration or a retardation .

To determine the in tensity of pressure at any point b
,
at a

depth h be low the free surface , consider the vertical forces acting
on a vert ical prism ab (Fig . Since there is , no acceleration
vertically the only forces acting are atmospheric pressure at a

,

gravity
,
and the Upward pressure on the base of the prism at b.

Hence , if the cross-sectional area is dA ,

pb dA ==wh dA
—l—pa dA ,

pb
=wh+p

or
,
neglecting atmospheric pressure which acts throughout,

Pb
= wh (6)

Therefore , in a body of liquid moving with a horizontal accelera
tion the relative pressure at any point is that due to the head of
liquid directly over the point , as in hydrostatics . In this case ,
however, it is evident that all points of equal pressure lie in an
inclined plane parallel with t he surface of the liquid .
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In equat ion (3) if j were zero, tan 0would equal zero; or, in
other words, if the vessel were moving with a constan t velocity
the surface of the liquid would be horizontal . Also if the accelera
t ion were vertically upward , the surface would Obviously be

horizontal .
To determine the relative pressure at any point

, b, in a vessel
with an acceleration upward , consider the

forces acting on a vertical prism of liquid ab

of height h and cross-sectional area dA (Fig .

The force
,
P

,
producing the acceleration

is the resultant of all the forces acting on

the prism
,
consisting of gravity equal to

wh dA
,
acting downward and the static pres

sure on the lower end of the filament at
b
, equal to pt dA,

acting Upward . There
F I G . 32 .

fore

P=pbdA
—wh dA=Mj

From which

p. 1011+t

F I G . 33 .

Vertical Axis .
-W hen the vessel

(7)

Th is shows that the intensity of

pressure at any point within a
liquid contained in a vessel hav
ing an upward accelerat ion

, j , is
greater than the static pressure

by an amount equal to whg.
Evidently

,
if the acceleration

were downward , the Sign Of the
last term in the above expression
would become negative , and if

j = g, pb= 0. In other words, if
a vessel containing any liquid
fall s freely in a vacuum

,
so as

not to be retarded by air friction,
the pressure wi ll be zero at all
points throughout the vessel .
36 . Ve ssel Rotating about a

shown in Fig . 33 is at rest, the
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surface of the liquid is horizontal and at mn . m’
b
’
n
’ represents

the form of surface resul ting from rotating t he vessel wi th a con
stant angular veloci ty w radians per second about its vertical
axis 0Y.

Consider the forces acting on a small mass of liquid
,
M

,
at a

,

distant r from the axis 0Y
Since th is mass has a uniform circular motion it is subjected to

a centripetal force ,
C Mw

z
r
, (8)

which force produces an acceleration directed toward the cen ter
of rotation and is the resultant of all the other forces acting on the
mass . These other forces are the force of gravity

, W =Mg,
acting vertically downward , and the pressure exerted by the

adj acent particles of the liquid . The resultant
,
F

,
of this liquid

pressure must be normal to the free surface Of the liquid at a .

Designating by 0 the angle between the tangent at a and the
horizontal

,

dh C Mw
z
r w

2
r

tan O
e Mg 9

Which , when integrated becomes
,

The constant Of integration equals zero , since when r equals zero
it also equals zero .

Since h and r are the only variables this is the equation Of a
parabola

,
and the liquid surface is a paraboloid of revolution

about the Y-axis . As the volume of a paraboloid is equal to one
half that of the circumscribed cylinder and since the volume of
liquid within the vessel has not been changed ,

The linear velocity at a is
v= wr .
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7 . If a closed cylindrical vesse l
,
2 ft . in diame ter, 3 ft . high and comp le te ly

filled with water
,
rotates about its vertical axis with a speed of 240

determine the intensity Of pressure at the following po ints :

(a) At the circumference , just under the cover .

(5) At the axis , just under the cover .

(0) At the circumference, on the bottom .

(d) At the axis, on the bottom.



CHAPTER VI

PRIN CIPLES OF HYDROKIN ETICS

37 . Introductory.

—The principles relating to the behavior of

water or other liquids at rest are based upon certain definite laws
wh ich hold rigidly in practice . In solv ing problems involving
these principles it is possible to proceed by purely rational methods

,

the results Obtained being free from any doubt or ambiguity .

Calculations are based upon a few natural principles which are

universally true and simple enough to permit of easy appl ication .

In all problems ordinarily encountered in hydrostatics
,
after the

unit we ight of the liquid has been determined
,
no other experi

mental data are required .

A liquid in motion
,
however

,
presents an entirely different

condition . Though the motion undoubtedly takes place in
accordance with fixed laws

,
the nature of these laws and the

influence Of the surrounding conditions Upon them are very
complex and probably incapable of be ing expressed in any exact
mathematical form .

Friction and viscosity affect the laws of hydrokinetics in a
varying degree for different liquids . Since water is the most
common liquid with which the engineer has to deal and Since

,
as a

result , more is known about the laws relating to the flow of this
liquid

,
the following treatise on hydrokinetics applies only to

water . The fundamental principles discussed hold true for
“

all
liquids

,
but the working formulas would necessarily have to be

modified for each different kind of liquid .

A clearer conception of the underlying principles of hydro
kinetics is made possible by the assumption of certain ideal
conditions . This also permits of the establishment of a few
basic laws which may be expressed as fundamental formulas .

These assumed conditions, however, vary widely from those which
actually exist and working formulas based upon them must inv ari
ably be modified by experimental coefficients .

51
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A formula w ith its empirical coefficients included , which
requires only that numerical values be affixed to the coefficients
to make it adaptable to the solution of problems

,
is referred to as

a base formula . Many formulas used in hydrokinetics differ so
widely from t he fundamental form that they have little if any
claim to a rational basis .

During the last two centur ies many hundreds
,
of experiments

on flowing water have been performed . These experiments have
covered a wide range of conditions , and the data Obtained from
them make possible the modern science of hydrokinetics .

38 . Friction—There can be no motion between two substances
in contact w ithout friction . This principle applies to liquids and
gases as well as solids . W ater flowing in any conduit encounters
friction with t he surfaces w ith which it comes in contact . There
is also friction between the moving particles Of water themselves

,

commonly called viscosity (Art . The free surface of water
flowing in an open channel encounters the resistance Of the air
and also the greater resistance of the surface Skin wh ich results
from surface tension (Art .

The amount Of frictional resistance offered by any surface
increases with the degree of roughness of the surface . The

resistance wh ich results from v iscosity decreases as the tempera
ture Of the water increases . The influence of friction and viscosity
on the flow of water must be dete rmined experimentally .

To overcome frictional resistance requ ires an expenditure Of
energy . The expended energy is transformed into heat . After
be ing SO transformed it cannot , through t he ordinary processes
of na ture , be reconver ted into any Of the useful forms of energy
contained in flowing water and is there fore often referred to as
lost energy .

39 . Di scharge .

— The rate of flow or the volume Ofwater passing
a cross-section of a stream in unit time is called the discharge .

The symbol Q will be used to designate the discharge in cubic
feet per second . Other units of discharge , such as cubic feet

per minute , gallons per minute or gallons per day are sometimes
employed for special purposes .

If a uniform velocity
‘ at all points in the cross-section of a

stream were possible there would be passing any cross-section every
second a prism of water having a base equal to the cross-sectional
area of the stream and a length equal to the velocity . Because

,
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however, of the varying effects of friction and viscosity
, the

different filaments of water move with different velocities . For

this reason it is common in hydraulics t o deal with mean velocities .

If v is the mean velocity in feet per second past any cross-section,
and a is the cross-sectional area in square feet,

These simple formulas are Of fundamental importance .

40. Steady Flow and Uniform Flow .

— If the same quantity of
water passes any cross-section of a stream during equal successive
intervals of time the flow is said to be steady . If the quantity of
water passing any cross-section changes during successive intervals
of time the flow is said to be unsteady . If not otherwise stated

,

the condition of steady flow will be assumed . The fundamental
principles and formulas based Upon steady flow do not generally
he ld for unsteady flow . Problems most commonly encountered
in practice deal only with steady flow .

If in any reach of a stream the velocity at every cross-section
is the same at any instant the flow is said to be uniform. This
condition requires a stream of uniform cross-section . If the cross
section is not uniform throughout the reach, in the portions of the
reach where velocity changes Occur, the flOw is non-uniform.

Thus
,
uniform flow implies instantaneous similarity of condi

tions at successive cross-sections
,
whereas steady flow involves

permanency of conditions at any particular cross-section .

41 . Continu ity of D isch arge —W hen
,
at any instant

,
the d is

charge is the same past every cross-section
,
it is said to be continu

ous
,
or there is continuity of discharge . The term continuity offlow

is also used to express this condition . Letting Q,
a and v represent

,

respectively
,
discharge

,
area and mean velocity with Similar sub

scripts applying to the same cross-section
,
continuity of discharge

exis ts when

Q a1 v 1
= a2v2

= a3v3 , et c . (3)

Continuity Of discharge may be illustrated by assuming water
to be turned into a canal . At first there will be a greater volume
Of water flowing near the entrance than at sections farther down .
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Under such conditions the discharge is not continuous . Ulti
mately, however, if the supply Of water is constant and assuming
no losses from seepage or evaporation

,
there will be the same quan

tity of water flow ing pas t all sections of the canal
,
and t he condi

tion of continuity Of discharge will exist in the entire canal regard
less of whether or not all reaches of the canal have the same cross
sectional area . In a pipe flowing full

,
even though the pipe is

made up of several diameters
,
t he discharge is continuous .

42 . StreamLine and Turbulent Motion .

—Flowing water is
said to have stream-line motion if each particle follows t he same

path as was followed by every preceding particle that occupied the
same position . If stream-line motion exists with in a conduit
having parallel sides the paths Of the water particles are paralle l
to the sides of the conduit and to each other .

W ater flows with s tream-line motion only at very low velocities
,

F IG . 34 .

excepting in very small pipes where such motion may exis t at quite
high velocities (Art . Under prac tically all conditions encoun
t ered in the field of engineering

,
the motion is turbulent

,
the water

particles moving without any regularity and not in accordance
with any known laws . In Fig . 34 (a) and (b) represent , respe c t
iv ely ,

stream-line and turbulen t motion .

F riction and viscosity affect the flow of water whether the
motion be stream line or turbulent

,
but the e ffec ts produced in t he

two cases are in accordance with different laws (Art .

43 . Energy and Head .

—Since the principles of energy are

applied in the derivation of fundamental hydraulic formulas
,
an

explanation of such principles as will be used is here introduced .

Energy is defined as ability to do work . W here t he English
‘

system of units is employed ,
bot h energy and work are measured

in foot-pounds . The two forms of energy commonly recognized
are kinetic energy and po ten t ial energy .

Kinetic energy is the ability Of a mass to do work by virtue of its
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velocity . W here v is the velocity in feet per second and M, the

mass in gravitational units , is equal to W/g, the kinetic energy of
any mass is expressed by the equation

Mv
2 s

2 2g

2

which reduces to g—g
for a weight Of unity . The expression

is of the form

feet per second eet per second
feet per second per second

and
,
it therefore represents a linear quantity expressed in feet .

It is the distance wh ich a body must fall in a
'

v acuumto acqu ire
the velocity v . W hen applied to flowing water it is called the
veloci ty head . Although representing a linear quantity

,
the

velocity head is directly proportional to the kinetic energy of any
mass having a velocity v and is equal to the kinetic energy of

one pound of any substance moving with a velocity v .

Potential energy is latent or potential ability to do work .

W ater manifests th is abili ty in two ways

(a) By virtue of its posi tion or elevation with respect to some

arbitrarily selected horizontal datum plane
,
considered in con

nect ion with the action of gravity . This may be called energy
of position

,
energy of elevation or gravitational energy .

(b) By virtue of pressure produced by the action of gravity
,

or by the application of some external force
,
on the water . This

may be called pressure energy .

Energy of position may be explained by considering a mass
having a weight ofW pounds whose elevation above any horizontal
datum plane is h feet . W ith respect to th is plane the mass
has W h foot-pounds of energy . A mass we igh ing one pound
w ill have h foot-pounds of energy . If a mass we ighing one pound
is placed h feet below the datum plane

,
its energy with respect

to the plane will be —h foot-pounds
,
be ing negative because th is

amount of energy will have to be exerted upon the mass to raise
it to the datum plane against the action of gravity . Here again
the expression for energy

,
in th is case h

,
represents a linear quan

tity which is the elevation head of the mass
,
but it should be kept

clearly in mind that it is also the energy expressed in foot-pounds
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contained in one pound of water by Virtue of its posi t ion with
respe ct to the datum plane .

It thus appears that the amount of energy of position possessed
by a mass depends upon the elevation of the datum plane . In
any particular problem , however, all masses shoul d be referred
to the same plane . Th is gives the relative amounts of energy
contained in different masses or the relative amounts of energy
in the same mass in different positions

,
which is all that is usually

required .

The action of pressure energy is illustrated by the piston and
cylinder arrangement . shown
in Fig . 35 , which is ope rated
entirely by water under a gage
pressure of p pounds per

square foot . The area of the
piston is A square feet . The

cylinder is supplied with water through the valve R and may be
emptied through the valve S .

At the beginning of the stroke the piston is at CD
,
the valve

S is closed and R is open . W ater enters the cylinder and Slowly
drives the piston

'

to the right against the force P . N eglecting
friction

,
the amount of work done on the piston while moving

through the distance l fee t is Pl= pA l foot-pounds . If R is now
closed and S opened , again neglecting friction , the piston may be
moved back to its original position without any work be ing done
upOn it . The quantity of water required to do the work , pAl foot
pounds

,
is Al cubic feet and its we ight is wAl pounds . The amount

of work done per pound of water is therefore

pAl 2
wAl w

foot-pounds .

FI G . 35 .

Since this work is done entirely at the expense of pressure energy
and while the gage pressure is be ing reduced from p to zero , the

amount of pressure energy per pound of water is5foot-pounds .

It has been shown in Art . 17 that 5represents pressure head
or a linear quantity . If pressure head is expressed in feet of
water column , it will also represent foot-pounds of energy per

pound Of water as has been shown to be the case for. velocity
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the frictional loss that occurs will be extremely small and for the
present it will be ignored . Every particle of water passing the
Section be w ill , a li ttle later, pass t he sec tion de and no water will
pass t he section de which did no t previously pass bc.

Consider now the forces acting on this filament of water . On

the section bewhose area is a, there is a normal pressure in the direc
tion of flow of intensity p l producing motion . On the section de
whose area is ag there is a normal intensity ofpressure pg parallel
wi th the direction of flow and resisting motion . On t he lateral
surface of the filament, indicated by the lines bd and cc

,
there

is a system Of forces acting normal to the direction Of motion
,

which have no effect on the flow and can therefore be neglected .

The force of gravity, equal to the weight of the filament
,
ac ts

downward . The work performed on the filament by the three
forces will now be investigated .

Consider that in the time dt the particles of water at be move
to b’c’ with a velocity v1 . In'

the same time interval the part icles
at de move to d’6 ’ with a velocity vg . Since there is continuity of
flow

,

a l v l dt agvgdt .

The work
,
G1 , done by the force acting on the section be in the

time dt is the product of the total force and t he distance through
which it acts

,
or

G1 p l a l v l dt foot-pounds .

Similarly the work done on the section de is

pgagvgdt foot-pounds ,

be ing negative because pg is oppo site in sense to p i and resists
motion .

The work done by gravity on the entire mass in moving from
t he position bede to b’c’d’e’ is t he same as though bcb’c’ were moved
to the position ded ’e’ and the mass b’c’de were left undisturbed .

The force of gravity acting on the mass bcb’c’ is equal to the volume

a l v ldt times the unit we ight w . If 2 1 and 232 represent, respe ctively,
the elevations of the centers Of gravity of bcb

’
c
’ and ded’e’ above

the datum plane MN ,
the distance through which the force of
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gravity would act on the mass bob 0 in moving it to position
ded

’
e
’ is z l—zg and the work done by gravity is

G3 wal v l dt(z l 2 2 ) foot-pounds .

The resultant gain in kinetic energy is
Jl A)

,

Mvg
2 l 2 ib

L

a

2

1v 1dt
2 2

(02
2

From fundamental principles of mechanics
,
the total amount of

work done on any mass by any number of forces is equal to the
resultant gain in kinetic energy .

“

Therefore from equations

(8) and

wa l v l dt
Pl a l v l dt

_
pQs gdl+wa1v 1dt(z1—2 2 )

2 g

D ividing through by wa l v l dt and transferring, and remembering
that a 1v 1 = agvg , there results

( 1 1 )

This is known as Bernoulli ’s equation . It is the mathe
mat ical expression of Bernoulli ’s theoremwhich is in reality the

law Of conservation of energy applied to flowing water . It may
be stated as follows
N eglecting friction

,
the total head

,
or the total amount Of

energy per pound of water, is the same at every point in the path
of flow .

W ater invariably suffers a loss of energy through friction in
flowing from one point to another . If the direction of flow is
from point 1 to poin t 2

,
the total energy at 2 must be less than at 1 .

In order to make equation ( 1 1 ) balance , a quantity , hf, equal to
the loss of energy

,
or what is equivalent

,
the loss of head due to

friction between the two points , must be added to the right hand
Side of the equation . Including the loss of head due to friction
Bernoulli ’s equation becomes

v i a is
?

a?
29
+
w
+z1

29
+ ( 12)

This equation is the basis of all rational formulas used in
hydrokinetics . I t is t he foundation of the science .
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45. Application of Bernoulli
’

s Th eorem to Hydrostatics .

Although in hydrostatics it is not necessary to make use of Ber
noulli

’

s equation , it is interesting to note that it applies to water at
rest as well as to water in motion . The points 1 and 2 (Fig . 38)
are h i and hg , respectively, below the free surface of a liquid at
rest and 2 1 and zg above the horizontal plane MN . The liquid
be ing at rest, v 1 and vg equal zero , and , since without ve locity there
can be no friction , h, is zero . There fore equation ( 12) reduces to

292
+ 2 1 +2 2 ,

w

or
,
transposing

,

2 2
—
2 1 .

From the figure
22
—
Z 1
= h1—h2 .

F IG . 38 . F I G . 39 .

Substituting this value of 2 2—2 1 , equation ( 14) may be written

Pl
—
P2
=w (h 1—h2 ) , ( 15)

wh ich is the same as equation page 1 1 .

46 . Bernoull i ’s Th eorem in Practice .

—Bernoulli ’s theorem
(Art . 44) is based Upon the assummions of steady flow ,

stream-line
mo tion and continuity of discharge . Under ordinary conditions
water flows with turbulent motion (Art . 90) whereas stream-line
motion is assumed in applying Bernoull i ’s theorem . The effect
of turbulence is to increase the losse s and therefore th is addit ional
loss is included with the loss of head due to friction and no further
correction is necessary .

It is pe rmissible to write Bernoulli ’s equation between any
two points on any assumed line of flow provided it is known that
there is flow between t he two points .

o Thus
, in Fig . 39

,
which
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represents water discharging from a reservoir through a pipe ,
Bernoulli ’s equation may be written between points A and B .

The relation obtained from this equation is then assumed to hold
for each of the filaments in the pipe .

47 . Venturi Meter .

—An illustration Of the practical use of

Bernoulli ’s equation is provided by the Venturi meter . This
instrument, which is used for measuring the discharge through
pipes , was invented by Clemens Herschel and named by him in
honor Of the original discoverer of the principle involved . A

Venturi meter set in an inclined position is illustrated in Fig . 40.

F I G . 40.

—Venturi meter .

It consists of a converging section of pipe BC and a longer
diverging sec t ion DE , the smaller ends be ing connected by a
cylindrical section CD ,

called the throat . The larger ends B and
E

,
termed the inlet and outlet, respectively, have the same diameter

as the pipe line in wh ich the meter is to be installed .

Let a1 , v 1 , p1 and represent the area
,
velocity

,
pressure and

elevation
,
respectively

,
at point 1 in the inle t . Also let ag , vg ,

pg and 2 2 represent the corresponding quantities at point 2 in the
throat . W riting Bernoulli ’s equation between points 1 and 2

,

neglecting friction
,
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If piezometer tubes are connected at the inlet and throat
, the

height s of water in these tubes afford a measure of the pressure
energy at the two points . Since the relative elevations of points
1 and 2 are also known , the only unknowns in equation ( 16) are
v1 and vg . For any given diameters of throat and in le t the corre
sponding areas can be found , and since

Q 0 101 azvz,

vg can be expressed in terms of v 1 , and substituting this equivalent
value in equation ( 16) leaves v1 as the only unknown . Solving
the equation for vi and multiplying the resul t by al gives the
discharge through the pipe .

For a given discharge the difference between elevations of water
surfaces in the two p iezometers w ill be the same regardless of

F I G . 41 .

whether the meter is horizontal or inclined . If the meter is
assumed to be rotated in a Vertical plane about point 2 until it
is in a horizontal position

,
the rate of discharge through the

meter be ing unchanged
,
the total amount of energy contained

in the water at the inlet must be the same as before the meter was

rotated . Since v1 has remained constant B
ug
—M1 must also have

remained constant . The same reasoning applies to point 2 , and
hence the difference in elevation _of the water levels in the two
p iezome ters is constant for all angles of inclination .

Venturi meters are usually installed in an approximately
horizontal position .

Example—A Venturi meter having a throat 4 in . in diameter
is installed in a 12-in . pipe line . A mercury U-tube connected as

shown in Fig . 41 shows a difference in he ight ofmercury columns
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of 9 in .

,
the remainder of the tube be ing filled with water . F ind

the rate of discharge , Q,
in cubic feet per second , neglecting

friction .

W riting Bernoulli ’s equation between points 1 and 2

v
2 2

2

1

g w

Since the angle Of inclination will not affect the result, the meter
can be assumed to be horizontal . Then 2 1 and 2 2 cancel and
equation ( 16) becomes

02
2

v i
2

791 292

2g 2g w w
From the given data

X 13 . 6

The areas of circles be ing proportional to the squares of their
diameters,

and since the flow is continuous

Q = a 1v 1
= agvg and vg

Substituting these results in equation ( 17) and reducing

9 . 45x o4 . 32 _

80

v 1 ft . per second .

Q = ai v i 17 cu . ft . per second .

The pressure in the throat of a Venturi meter is always much
less than at the entrance . This may be seen from the following
equation for a horizontal meter

v
2

v
2
2

+
p2

2g w 2g w
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Since the velocity increases from point 1 to point 2 there must be
a corresponding decrease in pressure , otherw ise there would be an
increase in the total amount of energy per pound of water .

In the practical use of the Venturi meter the loss of head due to
friction

,
though small , should not be neglected .

Consider first the theoretical equation for the horizontal meter °

v 1
’

2 1 22
?

£3

2g
+
w 2g

+
w

271 22. h
29 w w

h be ing the difference in pressure at points 1 and 2 , measured in
feet of water column . Since

substituting
, (20) becomes

This expression reduces to

Since equation (23) does not include the loss of energy (or head)
resulting from friction , it gives a greater velocity than is ever
obtained . In order to correct the formula for friction loss an
empirical coefficien t, K ,

is applied to it . The discharge through
the meter is given by the formula

Q (24 )

Substituting the value of v1 given in equation (23) and including
the coefficient K ,

the formula for discharge through a Venturi
meter becomes

Q=KG I
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lower leg parallel to the direction of flow the water surface in the
tube remains at about the same elevation as the water surface of
the stream . h1 , h2 and h3 are all less than the velocity head

,

but directly proportional to it . From experiments by Darcy the
following approximate values of hi and kg were obtained

h 1 =0. 43f and h2 =0. 6
29

The conditions of flow affecting the he ight of water column in
tube (d) are similar to those encountered when piezometer tubes
(Art . 2 1) extend through the conduit walls into the stream .

Piezometer tubes are designed to measure pressure head only and
in order that their readings may be affected aminimumamount

F IG . 43 .

—Pitot tube . FIG . 44 .

by the movement of the water
,
the ir ends should be set flush with

t he inner surface of the conduit and they Should never projec t
beyond this surface .

A bent L—shaped tube with both ends open , similar to Fig . 42

(a) , is called a Pitot tube, from the name of the French investigator
who first used such a device for measuring the velocity of flowing
water .
W hen a Pitot tube is firs t placed in the position shown in

Fig . 43 , water enters the opening at e until t he water surface
within the tube rises a distance h above the surface of the stream .

A condition Of equilibrium is then established and the quantity of
water contained within the tube will remain unchanged as long
as the flow remains steady . Assuming stream-line motion , the
conditions of flow near the entrance to t he tube will be as shown
in Fig . 44 . There will be a volume of dead water in the tube , the
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upstream limit of which is not definitely known
,
but which may

be represented by some line such as abc or ab’0 or by the int erme
dia te line ab

’ G. Since stream-line motion is assumed
,
there must

be some such surface of qu iescent water on the adjacent upstream
side of which particles Of water will be moving with an extremely
low veloc ity .

Consider a particle of water flowing from d to e
,
d being on the

axis of the tube far enough upstream so that the velocity is no t
affected by the presence of the tube

,
e be ing on the upstream sur

face Of the quiescent water above referred to and at the same

elevation as d . AS this part icle flows from d to e it s velocity is
gradually retarded from vd to practically zero at c . The velocity
head at c may therefore be called zero .

Based on the above assumptions and neglecting friction
,

Bernoulli ’s equation between the points d and e may be written

vi’

29 w w

From Fig . 43

h. and pd—hd ,
w

since fr om the figure he—hd = h

p. 7 ”
h .

w w

Substituting in equation

29

Since d is a point at any depth , the general expression may be
written

(29 )

Hence the velocity head at d is transformed into pressure head
at e and because of this increased pressure inside the tube a column

2

of water Wi ll be maintained whose height is £2] above the water
level outside .
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Pitot tubes of the type shown in Fig . 43 are not practicable
for measuring velocities because of the difficulty of determining
the height of the water surface in the tube above the surface of the
stream . In order to overcome this difficulty Darcy used an
instrument with two L-shaped tubes as shown in

,

Fig . 45 . One

tube is directed upstream and the other downs tream
, the two tubes

be ing joined at their upper ends to a single tube connected with
an air pump and provided with a
stopcock at A . By opening the

stopcock and pumping some of

the air from the tubes both water
columns are raised an equal
amount, since the pressure on
their surfaces is reduced equally .

F IG . 45 . F IG . 46 .

The stopcock can then be closed and the difference in he ight Of

water columns can be read .

A tube of this kind requires rating, since the downstream leg ,

which is t he same as Fig . 42 (b) , does not measure the static
pressure of the water . The difference in he ight of water columns

,

2

h ,
is greater than the velocity head ,

2

2
—
g
’
but the ratio between the

two is approximate ly constant . The Value of this ratio must be
determined experimentally for each instrument .

The tubes shown in Fig . 46 give a difference in elevation of

wate r columns practically equal to the velocity head . The leg

measuring static head is similar to Fig . 42 (e) .

Pitot tubes may be rated by determining the ir readings when
placed in water flowing with a known velocity or when they are

moved at a known rate through still water .
If the Pitot tube is used for measuring velocity in a closed
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conduit flow ing under pressure
,
two tubes are absolutely essential

,

one measuring both pressure and ve locity and the other measuring
pressure only .

PROBLEMS

1 . The diameter of a pipe changes gradually from 6 in . at A to 18 in . at B .

A is 15 ft . lower than B . If the pressure at A is 10 lbs . per square inch and

at B
,
7 lbs . per square inch when there are cu . ft . per second flowing

,

determine :

(a) The direction of flow .

(b) The frictional loss between the two points .

2 . If in Problem 1 the direction Of flow is reversed determine the pressure
at A if all other factors, including the frictional loss, remain the same .

3 . In Problem 1
,
determine the diameter of pipe at B in order that the

pressure at that point will also be 10 lbs . per square inch, all other factors
remaining constant .

4 . Determine the dis charge in Problem 1
, assuming no frictional loss, all

other conditions remaining as stated .

5 . Wh at would be the difference in pressure in pounds per square inch
between A and B ,

Problem 1
,
if there were cu . ft . per second flowing

,

neglecting friction .

6 . A siphon having a diameter of 6 in . throughout
,
discharges from a

reservoir
,
A ,
into the air at B . The summit of the siphon is 6 ft . above the

wate r surface in A and 20ft . above B . If there is a loss Of 3 ft . head between
A and the summit and 2 ft . between the summit and B ,

what is the absolute
pressure at the summit in pounds per square inch? Also determine the

rate of discharge in cubic fee t per second and in gallons per day .

7 . In Problem 6 determine the absolute pressure in pounds per square
inch at the summit and the discharge iii cubic feet per second if the diameter
at the summit is 5 in . and at the outlet, 6 in . ,

all other data remaining the same .

8 . A flaring tube discharges water from a reservoir at a depth of 36 ft .

be low the water surface . The diameter gradually increases from 6 in . at the
throat to 9 in . at the outlet . Neglecting friction determine the maximum
possible rate of discharge in cubic feet per second through this tube . What is
the corresponding pressure at the throat?

9 . In Problem 8 determine the maximum possible diameter at the outlet
at which the tube wil l flow full .

10. A jet of water is directed vertically Upward . At A it s diameter is
3 in . and it s velocity is 30 ft . per second . Neglecting air friction

,
determine

its diamete r at a point 10 ft . above A .

1 1 . Water is delivered by a scoop from a track tank to a locomotive tender
that has a speed of 20mi . per hour . If the entrance to the tender is 7 ft .

above the leve l of the track tank and 3 ft . of head is lost in friction at what
velocity will the wate r enter the tender?

12 . In Problem 1 1 what is the lowest possible Speed of the train at which
water will be delivered to the tender?
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13 . A Venturi meter having a diameter of 6 in . at the throat is installed
in an 18 in . water ma in . In a differential gage partly filled with mercury
( the rema inder of the tube being filled with water) and connected with the
meter at t he throat and inlet, the mercury column stands 15 in . higher in one

leg than in the other . Neglecting friction
,
what is the discharge through the

meter in cubic feet per second?
14 . In Problem 13what is the discharge if there is 1 ft . of head lost between

the inlet and the throat, all other conditions remain ing the same .

1 5 . In Problem 13 what would be the difference in the leve l of the mercury
columns if the discharge is cu . ft . per second and there is 1 ft . of head
lost between the inlet and throat?

16 . A Venturi meter is installed in a 12-in . water main . If the gage
pressure at the mete r inlet is 8 lbs . per square inch when the discharge is
cu . ft . per second determine the diameter of the throat if the pressure at that
point is atmospheric . Neglect friction .

17 . A flaring tube discharges water from a vesse l at a poin t 10 ft . be low
the surface on which the gage pressure is lbs . per square inch . If the
diameter of the throat is 4 in .

,
at wh ich point the absolute pressure is 10 lbs .

per square inch, determine the discharge in cubic feet per second, neglecting
friction .

18 . In (Problem 17what is the diameter of the tube at the discharge end?
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FLOW OF WATER THROUGH ORIFICES AND TUBES

49 . Descript ion and Definitions—AS commonly understood in
hydraulics

,
an orifice is an opening with a closed perimeter and of

regular form through which water flows . If the perimeter is not
closed or if the opening flows only partially full the orifice becomes
a weir (Art . An orifice with prolonged sides

,
such as a piece

ofpipe two or three diameters in length set in the side of a reservoir,
is called a tube . An orifice in a th ick wall has the hydraulic proper
ties of a tube . Orifices may be circular

,
square, rectangular or of

any other regular Shape .

The stream Of water which issues from an orifice is termed the

j et . An orifice with a Sharp Upstream edge so formed that water
in passing touches

’

only this edge is called a sharp-edged orifice.

The term velocity of approach as applied to orifices means the mean
velocity of the water in a channel leading upto an orifice . The

portion of the channel where the velocity
of approach is considered to occur is
designated the channel of approach . An

orifice is spoken of as a vertical or hori

zontal orifice depending upon whether it
lies in a vertical or horizontal plane .

50. Characteristics of th e Jet—Fig .

47 represents a sharp-edged , circular
orifice . The water particles approach
the orifice in converging directions as
Shown by the paths in the figure .

Because of the inertia of those part icles
whose velocities have components par
allel to the plane of the orifice , it is F IG . 47 .

—Sharp-edged
not possible to make abrupt changes in orifice .

the ir directions the instant they leave
the orifice and they therefore continue to move in curvilinear

71
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paths , thus causing the jet to contract for some distance beyond
the orifice . This phenomenon of contraction is referred to as the
contraction of the j et and the section where contraction ceases is
called the vena contracta . The vena contracta has been found to be
at a distance equal to about one-half the diameter of the orifice
from the plane of the orifice

,
at a in figure .

Beyond the vena contracta the cross-sectional area of the jet
does not undergo any change excepting insofar as it is affected by
gravity . If the direction of the jet is vertically upward (Fig .

or if it has an upward component
,
the force of gravity retards its

velocity and thus increases its cross-sectional area; and , con
v ersely , if the direction of the jet has a downward component

,

gravity increases its velocity and decreases it s cross-sectional
area .

If a jet discharges into the air the pressure within the jet at
its vena contracta and beyond is atmospheric pressure . This
may be seen by investigating the conditions which will r

esult
from assuming pressures greater or less than atmospheric pressure .

If
,
for example

,
the pressure W ithin a cross-section is assumed to

be greater than atmospheric pressure , there will be an unbalanced
pressure along every radius of the section—that is

,
the pressure

at the center will be greater than at the circumference . Since
water is incapable of resisting tensile stress this would cause the

jet to expand . In a similar manner if the internal pressure is
assumed to be less than atmospheric , since Water unconfined is
incapable of resisting a compressive force , the unbalanced pressure
will produce an acceleration and therefore a further contraction .

Since ne ither expansion nor contrac t ion occurs , it follows that the
pressure throughout the vena contracta must be atmospheric
pressure .

Between the plane of the orifice and the vena contracta the
pressure within the jet is greater than atmospheri c pressure
because of the centripetal force necessary to change the direction
of motion of the particles . That th is pressure must be greater
than atmospheric can easily be proved by writing Bernoulli ’s
equation between a water particle in the jet back of the vena
contracta and another particle in the vena contracta .

The form assumed by jets issuing from orifices of different
shapes presents an interesting phenomenon . The cross-section
o f the jet is similar to the shape of the orifice until the vena con
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be ing such that water will flow from chamber A to chamber B .

The flowing .water may be considered to be made up of filaments
of which mn is one , mbe ing a point in the water in chamber A
and n a point in the jet in the plane of the orifice . The filament
passes thr ough the orifice at a distance h below the surface of the
water . The point mis at a distance hmbelow thewater surface
and at a distance z above n . cmis the velocity at mand v ” is

the velocity at n . Bernoulli ’s equation may be written between
the pointsmand n as follows

h7n+%
4

+ 2

and since hm+z h

vm2
+
203 PA

2g 2y m w

These formulas are general expressions of re lation between velocity
and head for any filament .

Since the filaments at different elevations discharge through
a vertical orifice under different heads their velocities are no t

the same . W here , however, the head is large in comparison with
the he ight of the opening, the mean velocity of the jet may be
taken as the velocity due to the mean head . The theoretical mean
velocity thus obtained may be represented by the symbol w.

Introducing also the assumption that all of the water particles
in a cross-section

.

of the channel of approach flow with the same

velocity
,
V; vn and cmin formulas (2) and (3) may be replaced,

respectively, by v, and V, which gives

From the definition (Art . 49) V is the velocity of approach .

The condition most commonly encountered is that illustrated
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in Fig . 50, where the surface of the water and the jet are each
exposed to the atmosphere . In this case pA p3 atmospheric
pressure and formulas (4) and (5) reduce , respectively, to

h
01
2 V2

29 29

If the cross-sectional area
of the reservoir or chan
nel leading up to the

orifice is large in com
parison with the area of

the orifice the velocity of

approach, V,
may be

called zero and equations
(6) and (7) reduce, respect
iv ely , to

F IG . 50.

—Orifice with water surface and
jet subjected to equal pressures .

(9 )

These formulas express the theoretical relation between head and
velocity for an orifice discharging from a relatively large body of

FI G . 51 .

—Horizontal orifice .

water whose surface is subjected
to the same pressure as the jet .

It is under th is condition that
discharge from orifices ordinarily
occurs and the above formulas
are the ones most commonly
used . Since these formulas also
express the relation between
potential head and velocity head

(Art . 43) they have a wide appli

cation in hydraulics .

Formula (9 ) is also the formula
for the velocity acquired by a

body falling a distance h through space . The theoretical velocity
of water flowingthrough an orifice is therefore the velocity acquired
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by a body falling freely in vacuo through a distance equal to the
head on the orifice . Th is principle

,
discovered by Torricelli in

1644 , is known as Torricelli
’

s theorem. Fig . 5 1 illustrates a hori
zontal orifice discharging under a head h . According to Torri
celli

’

s theoremthe jet should rise to a he ight h , but experiments
show that the actual he ight to which the jet rises

'

is slightly less
than k . The discrepancy is due to the retarding effects of friction
and viscosity . Th is matter is discussed more fully in the following
article .

52 . Orifice Coefiicients .

—The assumptions which were made
in the derivation of formula (5) may be summarized briefly as
follows

(a) All water particles in a cross-section of the channel of
approach flow with the same velocity .

(b) There is no contraction of t he jet .

(0) The water flows without friction .

Since these conditions do no t in reality exist
,
it is necessary

t o modify the derived formulas to make them applicable to actual
conditions . To accomplish this

,
three empirical coefficients are

applied to formula there be ing one coefficient to correct for
the difference between the assumed conditions and the actual con
dit ions for each of the above assumptions . The method of cor
rect ing for each assump tion will be discussed in the order given
above .

(a) Correction for non-uniformity of velocity in cross-section of
channel of approach . The e ffect of the variation in velocity in a
cross-section of the channel of approach—that is

,
the variation

in t he ve locity with wh ich the water particles in the different
filaments approach the orifice

,
is similar to the effect of th is condi

tion on the discharge over we irs . The matter be ing of relatively
much greater importance in this connection is taken up under
we irs and will not be discussed here . (See Art . 72

The commonly accepted method of modifying formula (5) so
as to have it include th is correction is to apply a coefficien t a to

V2
the term

29
° The value of a has no t been determined for orifices .

It varies with the distribution of velocities in t he channel of ap
proach and is always greater than unity . W ith the coe fficient
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a included , calling v
’
the velocityafter the correction has been

applied
,
formula (5) becomes

(b) Correction for contraction—The ratio of the cross-sectional
area of the jet at the vena contracta to the area of the orifice is
called the coefiicient of contraction . Thus, if a

’ and a are
,
respect

iv ely , the cross-sectional area of the jet at the vena contracta
and the area of the orifice and C’c is the coefficient of contraction ,

or a
’
Cca .

If v is the actual mean veloci ty in the vena contracta the discharge
through the orifice is

( 1 1 )

The mean value of Co is abou t It varies slightly with the
head and size of orifice .

(c) Correction for friction—The velocity of the jet suffers a
retardation due to the combined effec ts of friction and viscosity .

The ratio of the actual mean velocity, v, t o the velocity, v
’

,
which

would exist without friction
,
has been termed the coefiicient of

velocity, but it might more proper ly be called the coefficient of

friction . Designating the coefficient of velocity by the sumbol Co

or v = v
’

.

The average value of Co for a sharp-edged orifice is abou t
Substituting the value of v ’ given in formula ( I Q) , the general

formula for mean velocity of a jet issuing from an orifice , with the
two coefficients to correct

,
respectively

,
for friction and the

assumption of uniform velocity in a cross-section of the channel
of approach

,
becomes

PA
—
pB

I f the pressures pA and pB are equal
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If the velocity of approach is so small that it can be called zero
without introducing an appreciable error

( 14)

Subst ituting the value of v given by formula ( 12) in ( 1 1 )
the general formula for discharge through an orifice w ith the three
corrective coefficients becomes

Q : Cv a

It is usual to combine 0
’

c into a single coefficient
, C,

called
the coefilcient of discharge . Substituting C for Cc , the general
formula for discharge is

Q = Ca
pA
—
pB

If the pressures pA and pg are equal

Q = Ca ( 17)

If the velocity of approach V is so small that it can be considered
to equal zero

Q e
lm/55h . ( 18)

As orifices are ordinarily used , the pressures 194 and pg are equal
and the ve locity of approach is so small that it may be neglected
without appreciable error . Formula ( 18) is therefore recognized
as the common discharge formula for an orifice .

In the remainder of th is chapter, if not otherw ise specified , it
will be assumed that the pressure on the water surface is the same

as the pressure on the jet , and the velocity of approach w il l be
considered to be so small as to be negligible . Formulas ( 14)
and ( 18) then become the respective formulas for mean velocity
and discharge .

N umerical values of Cc and C0 may be obtained experimentally
but an accurate determination is extremely difficult . Cc may be
obtained approximately by measuring the diameters of the vena
contracta and orifice wi th calipers , the coefficient of contraction
be ing equal to the ratio of the squares of the ir respective
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COEFF ICI EN TS OF D ISCHARGE (C) FOR C IRCULAR ORIFICES

Diameter of orifice in feet

. 630 . 618 . 613

. 626 . 615 . 610 . 601 . 594

623 612 608 595 59 1

618 608 605 596 593

COEFFICIENTS OF D ISCHARGE (C) FOR SQUARE ORIFICES

Side of square in feet

. 636 . 623 . 617

. 631 . 620 . 615 . 605

. 628 . 618 . 613 . 605

. 622 . 614 . 610 . 605
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diameters . A Pito t tube may be used to determine approximately
velocities in the vena contracta .

The coefficient of discharge may be obtained with great
accuracy by measuring the quantity of water flowing from an
orifice Of known dimensions in a given time and determining the
ratio between th is discharge and the theoretical discharge . Since
in practice it is usually the discharge from orifices that is required

,

it is the coefficient of discharge that is of greatest value to en

gineers . An average value Of the coefficient Of discharge is about
It is no t a constant, but varies with the head and also w ith

the shape and size of the opening . On page 79 are tables of

values Of C for circular and square orifices taken from Hamilton
Smith ’s Hydraulics . Sharp-edged orifices provide an accura te
means of measuring small rates of discharge .

53 . Algebraic Transformation of Formula with Velocity of

Approach Correction .

—The fundamental orifice formula with
velocity of approach correction as derived in Art . 52 is

Q= Ca

By definition V=Q/A where A is the cross-sec t ional area of the
stream in the channel of approach . Substituting this value of V
and reducing , equation ( 17) becomes

Expanding the denominator by the binomial theorem gives a
diminish ing series and dropping all terms excepting the first
two since they will be very small quantities , the formula may be
expressed in the approximately equivalent form

(20)

The term within the parenthesis is the velocity of approach
corrective factor . It becomes unity when t he ratio of the orifice
to the cross-sectional area of the stream in the channel of approach
is so small that it may be considered zero . Where a correction
for velocity of approach is required

,
formula (20) will be found

more convenient than formula
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55. Path of Jet —W hen water issues from an orifice the

direction of the jet is at first normal to the plane Of the orifice
but

,
for orifices not in a horizontal plane

,
the force of gravity

causes it immediately to begin t o curve downward . Let a: (Ffig .

53) be the abscissa and y the ordinate of any point in the path
of a jet discharging from a vertical orifice . The Space at will be
described uniformly in a certain time t and if v is the velocity
with which water leaves the orifice

The jet has a downward acceleration whi ch conforms to the law Of

fall ing bodies and therefore

Q?
2

.

Eliminating t between the two equations

2—0
2

v
9

5

which is the equation of a parabola with vertex
Since by formula page 78

,

v Ct,v zgh ,

equation (24 ) may also be Written

x
2 = 4Cv

2hy . (25)

This formula indicates an experimental method of Obtaining Cm
as
, y and h may be measured and substituted in the formula and

C, may be computed
56. Orifices under Low Heads .

—W here the head on a vert ical
orifice is small in comparison with t he he ight of the orifice there is

theoretically an appreciable dif
ference between the discharge
Obtained by assuming the mean
velocity to be that due to the

mean head and the discharge Ob
t ained by taking into considera
tion the ‘

v ariat ion in head . The

exact formula for rectangular
orifices is derived as follows :

Fig . 54 shows a rectangular orifice of width L and he ight D,

FI G . 54 .

—Rectangular orifice .
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the water surface and jet being each subjected to atmospheric
pressure . h and hz are the respective heads on the upper and
lower edges of the orifice . N eglec t ing velocity of approach

, the

theoretical discharge through any elementary strip of area Ldy

at a distance y below the water surface , is given by the equation

which integrated between the limits Of kg and h gives

29 (h2 %
—h 1 % ) (26)

This formula gives the theoretical discharge from an orifice
where the pressures on the water surface and jet are equal and
the velocity of approach is considered to be zero . W hen h; is
zero—that is, when the water surface does not touch t he upper
edge Of the opening, the formula reduces to

I
:

g V ZQLhz
fé
, (27)

which is the theoretical formula for discharge over a we ir without
velocity Of approach correction (see Art .

i

To make formula (26) applicable to actual conditions a coeffi

cient of discharge must be introduced and the formula becomes

(28)

Val ues of C for this formula have not been well determined and
it is seldom used in practice . Formula which for rectangular
orifices may be written

Q CLDV
—
Z
—
Jh, (29)

h be ing the head on the center of the orifice and C the coefficient
Of discharge for rectangular orifices as given on page 79 , may
be used satisfactorily even for quite low heads since these values
Of C include corrections for the approxima tions contained in the
formula .

The theoretical difference between formulas (28) and (29)
may be Shown as follows : h be ing the head on the center Of the
rectangle

,
hz = h+éD and h = h—%D . Substituting these values

in equation (26) and expanding them by the binomial theorem,

D6

2048h4 2 1845h6
°



84 FLOW OF WATER THROUGH ORIFICES AND TUBES

This shows that formula (29) always gives a greater discharge than
formula (28) if the same value Of C is used in each case . For

h =D
,
the sum Of the infinite series is and for h = 2D

,
it

is The theoretical error introduced by using formula (29 )
is thus about 1 per cent where h =D and of 1 per cent where
h = 2D .

In a manner Similar to that described above for rectangular
orifices, the discharge for a circular orifice may be shown to be

D2 5D4
= 1 zfQ ” CD 29" 1

128h2 16348h4
“

F IG . 55 .

—Orifice with bottom con FI G . 56 .

—Orifice with bottom con

traction partially suppressed . traction complete ly suppressed .

in which D is the diameter of orifice and h is t he head on the center
Of orifice . Th is formula gives results differing from those Obtained
by the approximate formula similar to the corresponding formulas
for rectangular orifices . If h =D the sumOf the series is
and if h = 2D the sumis Formula (31 ) is seldom ,

if ever,
used in practice .

57 . Suppre ssion of Contraction .

—The effect Of constructing an
orifice SO as to reduce the contraction is to increase t he cross
sectional area of t he jet and thus to increase the discharge . If an
orifice is placed close to a side or the bottom Of a reservoir the
tendency of t he filaments of water to approach the orifice from all
directions (Fig . 55) is restricted and some Of the filaments must
approach in a direction more nearly parallel t o the direction Of

the jet than they would otherwise . If the orifice is flush with
one side or the bottom (Fig . 56) the contrac tion on tha t side
Of the orifice will be wholly suppressed .
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In a similar manner, rounding the inner edge Of the orifice
(Fig . 57) reduces contraction . An orifice constructed to con

form to the Shape of the jet which issues from a sharp-edged orifice

F IG . 57 .

—Orifice with rounded ent rance . F I G . 58 .

—Be ll-mouth orifice .

F I G . 59 .

—Sharp-edged orifice F IG . 60.

—Standard short tube .

with extended sides .

(Fig . 58) is called a bell-mouth orifice . The coefficient of con
traction Of such an orifice approaches very close to unity .

58 . Standard Sh ort Tube .
—Extending the sides of an orifice

does not affec t the discharge SO long as the jet springs clear . The



86 FLOW OF WATER THROUGH ORIFICES AND TUBES

orifice illus trated in Fig . 59 has a sharp upstream corner and the

conditions of flow are the same as for a Sharp-edged orifice in a
thin plate .

W hen the jet touches the Sides of the orifice the conditions of
flow are changed . A circular orifice with a sharp edge having
sides extended to about 2% diameters is called a standard short tube .

The jet is con tracted by the edge of the orifice
,
as atm(Fig .

and for low heads it wi ll expand and fil l the tube . For high heads
the jet may at first Spring clear of the sides of the tube , but by
temporarily stopping the tube at its discharging end and allowing
the water to escape the tube can be made to flow full . The moving
water carries with It a portion of the air which is en trapped in the
Space

, s, causing a pressure less than atmospheric pressure . The

result is to increase the head under wh ich water enters the orifice
and therefore the discharge is greater than occurs from a sharp
edged orifice of the same diameter discharging free ly into the air .

Conditions at the outlet
end Of the tube will first be
considered . By writing Ber
noulli

’

s equation between a
point in the reservoir where
the ve locity of approach may
be considered zero and a
point

,
n
,
in the outle t (Fig . 61 )

there is Ob tained , as for an
orific

'

e (Art . 5 1 ) the rela tion

(9 )

Since the tube flows full
,
the

coefficient of contraction at
t he outlet equals unity . It
has been found experirrientally
that the coefficient of dis

F I G . 6 1 .

—S tandard short tube .

charge
, or and therefore the

coefficien t of velocity
,
Co,

for
the outlet equals approximately the value of the coefficient
varying slightly with the head and diameter of tube . Therefore
from formula page 78
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and Since the coeflicien t of contraction is unity
,

The discharge is thus about one-th ird greater than for a sharp
edged orifice Of the same diameter .

To investigate conditions at the contrac ted portion of the jet ,
Bernoulli ’s equation may be wri t ten between a poin t on the

water surface
,
where the velocity is considered zero and the

pressure is atmospheric , and a pointmin the con tract ed portion
Of the je t . Thus

2

o+34+h head .

Assuming the coefficient of contraction atmto be the same
as for a Sharp-edged orifice discharging freely into the air

,
and

writing the equation Of continuity between rn and ‘
n

”m: 1

The head lost between the reservoir and rn (page 8 1 ) i s

Substituting these values , equation (34) becomes

( 1 . 6 1v)
2

0+34+h
2g t o

and substituting v from equation (32 ) and reducing,

34—0. 8h . (37)

There exists
,
therefore

,
a partial vacuum at mwhich will lift a

water column 0.8h (Fig . the pressure being 0.8wh less than
atmospheric pressure . This has been cOnfirmed experimentally .

Evidently the relation does no t hold when o.8h becomes greater
than 34 ft .

,
or when the head becomes greate r than approxi

pmmately ft .
,
since this condition g ives a negative value to

w

in equation (37) which is not possible .
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The lost head in t he entire length Of a standard short tube
(see Art . 54) is given by the formula

v
2

29
.

This case is important since the entrance to a pipe
,
where the

end Of the pipe is flush wi th a vertical wall
,
is usually considered

as a standard Short tube and the head lost at entrance to the

pipe is taken as the head lost in a standard shoft tube (see page

and since Co
=0. 82

,
the formula gives h0=0. 50

FI G . 62—Converging tube with F IG . 63 .

—Converging tube with
sharp-cornered entrance . rounded entrance .

59 . Converging Tubes .

—Converging tubes having a circular
cross-section are frustums Of cones with the larger end adjacent
to the reservoir . They may have a sharp-cornered en trance as in

Fig . 62 or a rounded entrance as in Fig . 63 . The jet contracts
slightly at a

,
just beyond the end Of the tube . The coefficient of

contraction
,
Cc,
decreases as the angle Of convergence

,
0
,
increases;

becoming for 0= 180° when the tube becomes a sharp-edged
orifice. The coefficient ofvelocity, Co,

on the other hand
,
decreases

as 0decreases . As for any orifice

Q Gem/5971 Cox/2gh . (38)

The following table gives coefficients for converging, conical tubes
with sharp—cornered entrances , interpolated from experiments by
( l

’

Aubuisson and Caste]. These resul ts are inte resting in that
they show the general laws Of variation Of coefficient s but , on
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Since the coefficient Of contraction is unity
,
the Coefficients of

discharge given above are also the coefficients Of velocity .

The nozzle be ing a form Of tube to wh ich formula page 8 1 ,
applies, the head lost in the nozzle is

20
’

or substituting values Of C, given in the above table ,
v
2

in which v is t he mean velocity at the outlet Of the nq zzle .

Expressed as a function of the velocity
,
v 1 , in the hose or

having a diameter D, the diameter of the nozzle be ing d,

Bernoulli ’s equation , for a horizontal nozzle ,may be written between
a point at entrance to the nozzle and ap oint in the jet as follows :

01
2

v
2

79 1

10
+
29 zg

—Host head ,

in which p l is the gage pressure at the entrance , v1 is the velocity
at entrance and v is the

velocity in the jet . From
th is equation the pressure
at the base Of the nozzle ,
p l , may be determined if
the discharge is known or
the discharge may be de

t ermined if p l is known .

61 . Diverging Tube s .
Fig . 65 represents a coni
cal diverging tub

'

e
,
having

rounded entrance corners ,
so that all changes in

velocity occur gradually . Such a tube
,
provided the angle Of

flare is not too great nor the tube too long, will flow full . The

theoretical velocity, v) , at the ou tlet of the tube , obtained in the
same manner as for an orifice (Arts . 51 and is

V: ! M,

F IG . 65—Diverging tube .
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the actual mean velocity being

where C. is the coefficient of velocity at the outlet .

Experiments indicate that even under favorable conditions
the value of C0 is small . Venturi and Eyt elwein,

experimenting
with a tube 8 in . long, 1 in . in diameter at the throat and in .

in diameter at the outer end, obtained results which give a value
of Co of about The lost head (formula Art . 54 ) was,
therefore

,
approximately 0.79h .

Even with this large loss of head the discharge through the
tube was about two and one-half times the discharge from a sharp
edged orifice having the same diameter as the throat Of the tube .

The greater port ion of the loss Of head occurs between the

throat and outlet Of the tube where the stream is expanding and
thus has a tendency to break up in eddies with a waste of energy .

Experiments by Venturi indicate that an included angle
,
0
,
of

about 5° and a length Of tube about nine times its least diameter
give the most efficient discharge . A diverging tube

,
such as that

Shown in Fig . 65, is commonly called a Venturi tube .

The pressure head at the throat is evidently less than atmos

pheric pressure . This may be shown by wri ting Bernoulli ’s
equation between mand n . W hen the throat is so small that
Bernoulli ’s equation gives a negative absolute pressure atm,

for
mula ( 14) no longer holds . Tlie conditions are similar to t hose
already described for a Standard short tube , Art .

62 . Borda’

sMouthpiece —Since the contraction of a jet issuing
from an orifice is caused by the water entering the orifice from
various directions inclined to the

'

axis of the orifice
,
it follows

that the greater the angle between the extreme directions the
greater will be the contraction Of the jet . The extreme case
occurs in Borda ’s mouthpiece (Fig . where the water
approaches the orifice from all directions . This mouthpiece
consists of a thin tube projecting into the reservoir about one

diameter . The proportions are such that the jet springs clear
of the walls of the tube . Borda’s mouthpiece is of interest because
it is possible to Obtain its coefficient Of contraction by rational
methods .

The cross-sectional area Of the jet at the vena contracta ,mn,
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is a’ and the velocity at this section is v . If a is the area of the
opening

,
the coefficient of contraction Cc

= a
’
a .

F I G . 66 .

—Borda ’s mouthpiece .

The size of the reserv oir
is assumed to be SO large in
comparison with the area Of
the orifice that the veloc ity
of the water w ithin the

reservoir may be neglected
and that the pressure on the
walls will

,
therefore

,
follow

the laws of hydrostatics .

Excepting the pressure act
ing on the horizontal pro

ject ion de of the mouthpiece
on the Opposi te wall

,
the

horizontal pressures on the
walls wil l balance each
other . The total pressure
on de is wah

,
which is also

the resultant horizontal accelerating force acting on the water
entering the mouthpiece .

Consider the mass of water xymn to move to the position x y

m’
n
’
in t seconds . The change in the momentum of the mass con

sidered is the difference in the momentum Of the mass axc
’

yy
’ and

mm’
nn

’ But the momentum of xx’

yy
’ is entirely vertical

,
there

fore the change in momentum in a horizontal direction is equal to
the momentum ofmm’

nn
’

,
which is produced by the action Of the

force wah .

The mass Of mm’
nn

’ is
a
’
v
2 t'w

g
and its momentum is

The impulse Of the force wah is waht . Equating impulse and
change Of momentum ,

therefore ,

and Since
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and usrng the same nomenclature as for orifices wrt h free ( 118

charge

(9)

( 14)

( 18)

Coefli cient s Of discharge for sharp—edged , submerged orifices
are very nearly the same as for similar orifices discharging into the
arr .

The assumption that hz is the pressure head on the center of
the orifice at its lower side is not strictly true unless all of the
velocity head

,
due to the velocity of the water leaving the orifice

,

is lost in friction and turbulence as the velocity is reduced to zero .

It has been shown experimentally that less than 90 per cent Of
this veloci ty head may be lost . Assuming a loss of 90 per cent,

the pressure head at the center of the orifice is hz—O. 1252. The

effect of this condition on the discharge may be investigated by
writing Bernoulli ’s equation between mand n and n and p (Fig .

This matter is not of great importance in connection with
submerged orifices, since the discrepancy resulting from the use of
formula ( 18) is relatively small and the coefficient of discharge
which is determined from experiments eliminates this source of
error .

The loss of head sustained at the outlet of a pipe discharging
into a body of still water is discussed in Art . 102 . The conditions

Of discharge in this case are

practically identical with
those of the submerged orifice
discussed above .

65. Partially Submerged
Orifices .

-Fig . 69 represents
a rectangular orifice

,
the bo t

tom Ofwhich is submerged to
a depth D . The upper and
lower edges of the Orifice are ,

respectively, I n and hz below t he uppe r water surface . Z is the

difference in elevation Of water surfaces . L is the length of the

F I G . 69—Partially submerged orifice .
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orifice . The total discharge through the orifice is evidently the
combined discharge of the upper portion Of t he orifice discharging
into the air and the lower portion discharging as a submerged
orifice .

The theoretical formula for discharge from this orifice is inter
esting because Of its relation to the submerged we ir (Art .

Let Q 1 and Q2 be , respectively, the discharges from t he free and
submerged portions of the orifice . Then from Art . 56, if C

’ is
the coefficient of discharge for the upper portion

Q 1

and by Art . 64 , C
” be ing the coefficient Of discharge for the lower

portion
—
(h2—Z ) ,

and the total discharge
, Q ,

for the orifice is

Q = Q 1+Qz LVZglt
-CTZ

’é—hr” ) (44)

or since hz—Z =D,

Q

Since the coefficient Of discharge for an orifice with free discharge
is very nearly equal to the coefficient for a submerged orifice the
equation may be put in the approximately equivalent form

(46)

If h 1 = 0 the orifice is a submerged we ir and equation (45)
becomes

The submerged we ir is discussed in Arts . 79 and 80.

66 . Gate s .

—As used in engineering practice gates are forms
Of orifices . They may discharge freely into the air or be partially
or wholly submerged . Though the principles underlying the dis
charge through orifices have been discussed in the preceding pages
they cannot be applied accurately to gates because of the fact that
gates do not ordinarily conform to the regular sections for which
coefficients are directly available .
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Fig . 70 illustrates a cross-section of a head gate such as is
commonly used in diverting wa ter from a river into a canal . A

curtain wall extends between two piers
,
having grooves in wh ich

the gate slides . The bottom of the Opening is flush with the floor
Of the structure . Such an Opening has suppressed contraction
at the bottom

,
nearly complete contraction at the top and par

t ially suppressed contractions at the sides . Other equally com
plex conditions arise . The selection of coefficients for gates is
therefore a matter requiring mature judgment and an intelligent
Use of the few available experimental data . Even the most

FI G . 70.

—Headgate . FI G . 71 .

—Discharge under
falling head .

experienced engineers may expect errors Of at least 10 per cent
in the coefficients which they select and to provide for this uncer
tainty ample allowance should be made in designs .

67 . Discharge under Falling Head—A vessel is filled with
water to a dep th h (Fig . It is desired to de termine the time

required to lower the water surface to a depth hz through a given
orifice . A is the area of the water surface when the depth of water
is y and a is the area of the orifice . The rate of discharge at any
instant when t he head is y, the coefficient of discharge be ing C, is
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of time will the water surfaces in the two chambers be at the
same e levation?

Solution—Let y be the difference in elevation ofwa ter surfaces
at any instant and dy be the change in the difference in elevation
of water surfaces in time dt . The amount of water flowing into
chamber 2 in time dt wi ll be

dV= Ca\/2gy

Also in the same interval Of time the head will drop
1
1

7g
chamber 1 and rise sg dy in chamber 2 . Then

l 0x 25 ><8 2000
dy

—d
35

y .

Equating values Of dV

2000
v ydt

35

4 . 20dy

“5

Integrating between t he limits 10 and 0 and reducing
,

t= 26 . 5 seconds .

PROBLEMS

1 . A sharp-edged orifice , 2 in . in diameter, in the vertical side of a large
tank, discharges under a head of 16 ft . If Co is and C0 is determine
the diameter and ve locity of the jet at the vena contracta and t he discharge
in cubic feet per second .

2 . In Problem 1 how far from t he vertical plane containing the orifice
will the jet strike a horizontal p lane which is 6 ft . be low the cente r of the
orifice?

3 . A sharp-edged orifice
, 3 in . in diameter

,
lies in a horizontal plane

,
the

jet be ing directed upward . If the je t rises to a he ight Of ft . and the

coefficient of velocity is what is the depth Of the orifice be low the water
surface

,
neglecting air friction . The pressure in the jet and on the surface

of the reservoir is atmospheric .

4 . In Problem 3 , if Cc what is the diameter of the je t 16 ft . above
the orifice?

5 . If the orifice shown in Fig . 49 , page 73, has a diameter of 2 in . and the

diamete r of the vena contracta is in . dete rmine t he d ischarge i f h ft .

,

V=0, pA = 9 .7 lbs . per square inch, p3 = 1 .3 lbs . per square inch and the

head lost is 08 ft .

6 . A sharp-edged orifice , 4 in . in diameter , in the vertical wall of a tank
discharges under a constant head of 4 ft . .

The volume of water discharged
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in 2 minutes weighs 6352 lbs . At a point ft . below the orifice the center
of the jet is ft . distant horizontally from the orifice . Determine C C,
and C .

7 . Determine the theoretical discharge (neglecting velocity of approach)
from a vertical rectangular orifice 3 ft . long and 1 ft . high

,
the head on the

tOp of the orifice being 2 ft .

8 . A standard short tube , 4 in . in diame ter,~discharges under a head of
20ft . What is the discharge in cubic feet per second? In gallons per day?

9 . If a é-in . hole is tapped into the standard short tube , referred to in
Problem 8 , at a po int 2 in . from the entrance

,
determine the discharge through

the tube , assuming th e friction losses to remain the same .

10: If the upper end of a piezometer tube is connectedwith the -in . hole
referred to in Problem 9 and the lower end is submerged in a pan of mercury ,
to what he ight will the mercury rise in the tube?

1 1 . A Borda ’s mouthpiece 6 in . in diameter discharges under a head of
10 ft . What is the discharge in cubic feet per second? What is t he diameter
of the jet at th e vena contracta?

12 . Water is discharging through a gate 18 in . square . On the upstream
side t he water surface is 5 ft . above t he top of the gate and on th e down
stream Side it is 2 ft . above .

'

I f the coeffi cient Of discharge is what is the
discharge in cubic feet per second?

13 . A canal carrying 40
.

cu . ft . per second has a depth of water of
'
3 ft .

A structure is built across the canal containing a gate 2 ft . square
,
th e bottom

of the gate be ing set flush with th e bottom of the canal . If the coefficient Of
discharge is what will be the depth of water on the upstream Side of the
gate?

If
,
in Problem 13

,
the gate has a width of 3 ft . and it is desired to

‘

increase the depth Of water above the structure to 4 ft .

,
What should be

the height of th e gate , all other conditions remaining the same?

1 5 . A 3—in . fire hose discharges water through a nozzle having a diameter
at the t ip of 1 in . If there is no contraction Of the je t and Cv

=0.97 . the

gage pressure at the base of th e nozz le being 60 lbs . per square inch,what is the
discharge in gallons per minute?

16 . In Problem 15 to what vertical height can th e stream be thrown ,
neglecting air friction?

In Problem 15 , if it is desired to throw a stream to a vertical height of
100ft :

,
what must be the pressure at th e base Of the nozzle?

18 . In Problem 1 5 what is the maximum horizontal range (in the p lane of
the nozzle) to which th e stream can be thrown?

19 . A fire pump de livers water through a 6—in . main to a hydrant to which
is connected a 3-in . hose

,
terminating in a

i

l -in . nozz le . The nozz le , for which
Cc = 1 and Cv

= 0.97
,
is 10 ft . above t he hydrant and t he hydrant is 50 ft .

above the pump . What gage pressure at the pump is necessary to throw
a stream 80 ft . vertically above the nozzle?

20. A cylindrical vesse l 4 ft . in diameter and 6 ft . high has a sharp-edged
circular orifice 2 in . in diameter in the bottom . If the vesse l is filled with
water how long will it take to lower the water surface 4 ft .?

21 . A tank , which is the frustum ofa cone having its bases horizontal
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and axis vertical, is 10 ft . high and filled with water . It has a diamete r of
8 ft . at the top and 3 ft . at the bottom . What is the time required to empty
the tank through a sharp-edged orifice 3 in . square?

22 . A hemispherical she ll , with base horizontal and uppe rmost
,
is fi lled

with water . If the radius is 8 ft . determ ine
,
the time required to empty

through a sharp-edged orifice 6 in . in diameter located at the lowest point .

23 . A tank 12 ft . long has its ends vertical
,
top and bottom horizontal ,

and is 6 ft . high . The top and bottom are rectangular
,
having widths of 8 ft .

and 5 ft .

,
respective ly . A standard short tube

,
4 in . in diameter, is located

in one end near the bottom . If at the be ginning the tank is full , find the
time necessary to lower the water surface 4 ft .

24 . In the tank described in Problem 23 assume that there is a vertical
partition paralle l with the ends and 5 ft . distant from one end . Near the
bottom Of this partition there is a circular

,
sharp-edged orifice 4 in . in diameter .

If at the beginning the larger chamber is fil led and the smaller chambe r con
tains water having a depth of 2 ft .

,
find the time required for the water

surfaces to come to the same level .
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that the nappe is contracted in width the weir is said to have end
contractions . The nappe from a we ir having a length equal to the
width of the channel suffers no contraction in width and such a
weir is said to have end contractions suppressed . Fig . 73 is a
cross-section of a sharp-crested we ir wh ich illustrates crest con
traction . F igs . 74 and 75 are v iews of we irs with end contrae
tions . Fig . 76 shows a weir with end contractions suppressed .

F I G . 74 . Weir with end contractions .

There is a downward curvature to the water surface near the
we ir crest (Fig . Th is is called the surface contraction . The

head , H (Fig . is the vertical distance from the water surface ,
back of the effects of surface contraction , to the crest of t he weir .

The curvature of the water surface is not perceptible beyond a
distance of about 2H upstream from the we ir . The head is
usually measured at distances of 6 to 16 ft . upstream from the we ir .
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The vertical contraction of the nappe includes both the surface
contraction and the crest contraction . The section where the

effects Of crest contraction disappear, corresponding to the vena
contracta Of the jet , will be referred to as the contracted section of

the nappe .

I ncomplete contraction of the nappe occurs when the crest of a
we ir is so near the bottom

,
or the ends of a we ir with end con

tractions are so near to the Sides of the channel
,
as to interfere with

the approach of the water filaments in directions parallel to the
face of the we ir . The conditions are similar to those causing par

FI G . 75 —Weir with end contractions .

tial suppression of the contraction of the jet issuing from an
orifice

,
discussed in Art . 57 .

W eirs not sharp crested are constructed in a wide variety of

cross-sectional forms as is exemplified in the many shapes of over
flow dams now in existence . Such weirs have surface contraction
similar to Sharp-crested we irs

,
but conditions at the crest are

different and vary with the sectional form (see F igs . 84 to

A variety of cross—sections of we irs of th is class are Shown in
Fig . 88 .

The term velocity of approach, as used in connection w ith we irs,
means the mean velocity in the channel just upstream from the

weir . The portion of the channel near where the head is measured
is designated the channel of approach . The height of a we ir, P

(Fig . is the vertical distance of the crest above the bottom
Of the channel Of approach .
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69 . Ve locity at any Depth .

—Consider water to be discharging
over the we ir crest A (Fig . In the derivation of the funda
mental formula it will be assumed that the water flows w ithout
friction and also that there is no contraction Of the nappe and
therefore no pressure within the nappe . In order to write a gen
eral expression applicable to all fi laments it will be necessary to
make the further assumption that all of the water particles in

F IG . 76 .

—We ir with end contractions suppressed .

a cross-section of the channel of approach flow with the same
velocity .

From t he nature of the discharge over weirs it is evident that
the water surface in the channe l and the nappe must be subjected
to the same pressure from surrounding gases, which is usually
atmospheric pressure . All pressures excepting those resulting
from t he we ight of the water may therefore be neglected .

The flowing water may be considered to be made up of filaments
of which mn is one

,
mbe ing a point in the channel of approach
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above the we ir crest A . Formula (5) as derived in the preceding
article is

(5)

This is also the equation of a parabola whose axis is t he line 0A
V2

and whose intersection with the axis is at M
,
a distance above

29

the origin . Assuming the curve MN to be the graph of the

F I G . 77 .

equation
,
the abscissa at any depth

, y, is the theo retical velocity at
this depth .

Considering a unit length Of we ir
,
the area of an elementary

strip is dy and the theoretical discharge through this strip is

dQ 1 = vndy .

Substituting the value of v,, from equation (5)
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2 (H
V2

Q l —"

g
‘ 29 +

5;

This formula expresses the theoretical discharge over a weir
1 ft . long

,
assuming uniform velocity in a cross-section of the

channel Of approach, and neglecting the effects of friction and
contraction of the nappe . It evidently is also the area of the

surface OSN A (Fig . 7

AS a matter of convenience the symbol h may be substitu ted
V2

2g
'

weir Of length L becomes

—hr t

Making this substitution the theoretical discharge for a

which formula may be transposed to the form

In this form the term within the brackets is the factor which
corrects for velocity Of approach . If the cross-sectional area Of
the channel Of approach is large in comparison with the cross
sectional area of the nappe

, the effect of velocity Of approach will
not be appreciable andmaybe considered to be zero . The above
formulas then reduce to

“

Q, sVs Hi
‘é
,

which is the same as formula
.

(27) (page

This formula may also be derived directly from Fig . 77 .

The area of the surface AOP which represents the discharge over a
we ir 1 ft . long

,
being half Of a parabolic segment

,
is equal to two

thirds of the area Of the circumscribed rectangle ORPA or
The discharge for a weir Of lengt h L is therefore
which is thesame as formula

71 . Theoretical Formula for Mean Veloc ity— Since formula

(9 ) which is the theoretical formula for discharge over a we ir 1 ft .

long is also an expression for the area Of the surface OSN A and
since the abscissas to this curve at any depth are the velocities
at the depth , the mean of the abscissas between 0 and A g ives
the mean velocity Of the water discharging over the weir . The
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mean velocity is therefore the area of the surface OSNA divided
by H

,
and the expression for theoretical mean velocity is Obtained

by dividing formula (9 ) by H,
which gives, after substituting h

V2
for

29

9
7} 13V 2gH 1+

If t he velocity Of approach is considered to be zero, h
‘ also

becomes zero and the above formula reduces to

wa x/29151. ( 14)

Eq uating the right-hand members of equations (7) and ( 14) gives
t he theoretical dept h at which t he mean velocity occurs , or

y
=
sH ( 15)

72 . W e ir Coefi cients .

—The assumptions which were made in
the derivation of formula ( 10) may be summarized briefly as follows :

(a) All water particles in a cross-section of the channel Of
approach flow with the same velocity .

(b) There is no contraction of t he nappe .

(c) The water flows withou t friction .

Since these conditions do not in reality exist
,
it is necessary

to modify formula ( 10) and the formulas derived therefrom to make
them applicable to actual conditions . To accomplish this

,
three

empirical coefficien ts are applied to the formula, there be ing one

coefficient to correct for t he difference between assumed conditions
and actual conditions for each of the above assumptions . The

method of correcting for each assumption will be discussed in the
order given above .

(a) Correction for non-uniformity of velocity in cross-section of
channe l of approach . The velocity in any cross-section of a channel
is never uniform . As a resul t of the combined effects Of friction

,

viscosity and surface tension (Arts . 7 and 1 10) velocities are

lowest near the sides and bo ttom Of an open channel and , if the
channe l is straight and uniform

,
the maximum velocity is below

the surface and near the center Of t he channel . I f there are no
obstructions , velocities in a vertical line (Art . 1 10) vary approxi

mate ly as the abscissas to a parabola . In the channel of

approach where a weir obstructs the flow
,
the law of distribution
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For uniformly varying velocities , illustrated by the line DA

(Fig . 78) u=2Vgn Substituting this value in equation ( 16) and

integrating

KE

which shows the kinetic energy for this distribution of velocities
to be twice as great as for uniform velocity .

It may be shown also by writing the equation of a curve
similar to CMB,

v being expressed as a function Of y, and sub
stituted for v in equation that the kinetic energy for this
distribution of velocities is about times the kinetic energy for
uniformly distributed velocities .

Similarly for any variation in velocities in the cross-section of a
channel

,
it may be shown that the water contains more kinetic

energy if the velocity is non-uniform than if it is uniform .

In general , the kinetic energy contained in the water in the
channel of approach may be written

KE= a l’l7-
Ii
2

2g
,

in which a is an empirical coefficient always greater than unity
,

and since veloc ity head is the kinetic energy contained in 1 lb . of
wate r (Art . 43) the general expression for velocity head due to

V2

veloci ty of approach is a
27]
or ah .

This expression should , therefore , be written for h in formula
and calling v

'
the velocity afte r this correction has been

appfied

a h

(b) Correction for contraction—The ra tio of the thickness of
the nappe at its contracted section to the head on the we irmay be
called the coefficient of contraction , Cc . This includes only vertical
con traction , a separate correction be ing required for we irs with
end contractions (see Art . If t is the thickness of the nappe
and H the head

or t=CcH,
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and if v is the actual mean velocity in the Contracted section of the
nappe , L be ing the length of the we ir, the discharge over the we ir is

Q = tLv = CcLHv . (2 1 )

The average value of CG for sharp-crested we irs is about 4

(c) Correction for friction . The velocity in the nappe suffers a
a retardation by reason of the combined effects Of friction and
viscosity . The ratio of the actual mean velocity, v, to the velocity
v
’

,
which would exist without friction , is called the coefilcient of

velocity. Designating the coefficient Of velocity by the symbol Co,

or

substituting this value Ofv in (2 1 )

Q (22)

The average value of Co for a sharp-cres ted we ir is probably about
the same as for a sharp-edged orifice .

Substituting the value of v ’ given in formula the formula
for discharge over a weir with the three corrective coefficients
becomes

1+

It is usual to combine §V2c Cv into a Single coefficient, C,
called

the weir coeflicient, then

C
—
c 00. (24)

If and C the values given above, C= 3 33 ,
which is an average value of this coefficient . It is the value adopted
by Francis as a result of his experiments on sharp-crested weirs .

Later experiments by Ft eley and Stearns
,
and Bazin con

sidered in connection with the Francis experiments, Show quite
conclusively that C is not a constant . Its value appears to be repre
sented quite closely by the expression

3 34

Ho.o3
°C :
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An investigation by Bazin gave the following value of C

W ith C substituted , formula (23) becomes

Q =CLH%

The expression within the brackets is the correction for ve locity
of approach . W hen the ve locity of approach is so small that the
head , h , due to this velocity may be considered zero , formula (25)
becomes

Q =CLH
%

. (26)

Formula (25) includes coefficients which correct for all of the
assumptions which were made in deriving the theoretical formula

( 10) for weirs with end contractions suppressed .

Formula (25) is often written in the equivalent form

Q (ahr
‘

n. (27)

73 . W e irs with End Contractions—The we ir coefficient , C,

does not include end contractions . A separate correction must
therefore be applied to the above formulas to make them applicable
to we irs with end contractions . End contractions reduce the

effective length of a weir . Francis determined from his own

experiments that the effective we ir length is reduced an amount
equal to O. 1H bv each contraction . If L is the effective length of
the weir , L

’
the measured length and N the number of contrae

tions
,
from Francis ’ determination (see Fig . 75)

L L
’ -0. IN H . (28)

For two end contractions N = 2 . If contraction is suppressed at
one end N = 1 .

Some of the later experiments do no t substantiate the results
of Francis , but no general formula better than the above has been
suggested . On account of uncertainty regarding the best method
of correcting for end contractions

,
where they can be properly

used , weirs with end contractions suppressed are preferable .

74 . Modifications of Fundamental Formula.

—In the form

given , formula (25) or its equivalent (27) is cumbe rsome and not
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Expanding the left-hand term within the brackets by the binomial
theo rem gives a diminishing series , and dropping the terms of
h igher powers t he equation becomes

Q =CLH9fi (30)

An expression approximately equivalent to the above is Obtained
by dropping all Of the terms within the brackets excepting the first
two

,
which gives

Q = CLH” (31 )

As explained in the preceding article . the value of equation (30) is

changed but little by dropping the term and since the sum

of the terms of the expanded series which are dropped is Of Oppo

site sign and ,
formula is a closer approxima

tion to the fundamental formula (27) than formula
It Is now desired to e liminate h , which depends upon Q for it s

value . By definition of velocity of approach,

Q CLH96

A A

where A is the cross-sectional area of the stream in the channe l of
approach

,
The value of Q as subs tituted is an approximation

since it does not include the velocity of approach correction .

It is to be applied
,
however

,
to a term which is i tself a small

correction , making the error introduced by this approximation
relatively unimportant . Using this value of V

(approximately) , (32)

V2 C2L2H3

2g 29A
2

Substituting this value Of h in formula (31 ) and reducing,

Q =CLH” l +
3a

4g

Replacing by a single coefficient
,
C1 , the formula becomes

Q =CL} !g I+CI
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This is a convenient base formula for discharge over weirs . Some

we ir formulas are expressed in this form and most Of the others
may be readily reduced to it . This form Of formula provides a
direct solution for Q while other forms require a trial and error
me thod of correcting for velocity of approach . The values of

C and 01 must be determined from experiments and at th is point
rational reasoning must give place to empirical science .

76 . W eir Experiments—W orking formulas are Obtained by
determining experimentally the values of coeflicient s to be applied
to derived formulas as

,
for instance , C and C1 in Many

experiments, on sharp-crested we irs, covering a w ide range of

conditions of flow
,
have been performed during the past century .

The most important Of these are the experiments by Francis in
1852 , those by Ft eley and Stearns in 1877 and the Bazin experi

ments in There are some inconsistencies in the results Of
the various experiments, but in .

general they substantiate the cor

rectness of the reasoning in the preceding pages and the base
formula derived thereby .

‘

77 . Formulas for Sharp-crested W eirs .

—A large number of

formulas for sharp-crested weirs have been published
,
but only

those best known or those appearing to possess the greatest merit
will be given .

The Francis Formula which is Obtained by putting C
and a = 1 in formula (27) is as follows

—h% ] (36)

Substituting C and a 1 in (34) there is obtained the follow
ing formula which gives results very nearly the same as

formula

Q = 3 . 33LH?é

This may be considered as another form Of the Francis formula
,

more convenient than the original
,
since it affords a direct solution

1 J . B . FRAN CI s z Lowe ll Hydraulic Experiments (4th edition
,

Also Trans . Amer . Soc . Civ . Eng ,
vol . 13

,
p . 303 FTELEY and STEARNS

Flow of Water over Weirs . Trans . Amer . Soc . Civ . Eng .

,
vol . 12

H . BAZ IN : Annalee des Ponts cl Chaussées, October, 1888 . Translation by
MARICHAL and TRAUTW IN E : Proc . Eng . Club, Phila ., January, 1890. Also
Annales des Ponts cl Chaussées for 1894, l er Trimestre.
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for Q ,
whereas the form (36) requires the trial method Of solution .

The second term within the brackets is the velocity Of approach
correction . W hen the velocity of approach is very small the term

(
L

7

H
may be neglected and the Francis formula reduces to

Q =3 ssw ”
. (38)

If there are end contractions the measured length Of weir should
be corrected by formula

The Fteley and S tearns Formula , based upon a study of the ir
own experiments and the experiments of Francis , is

(39 )

in which a = for suppressed we irs and for weirs with end

contractions . W ithout velocity Of approach correction h=0.

Formula (28) is to be used to correct for end contractions
The Bazin Formula .

—The experiments on suppressed we irs by
Bazin covered a wide range of conditions . As a result Of his
investigation Bazin devised a formula applicable to suppressed
we irs . As originally published

,
the Bazin formula is expressed in

metric units . His base formula is of the form of The

value of coefficients wh ich he derived (see Art . 72
,
page

expressed in English units
,
may be written

G= B . 24S+

CI = 0. 55 .

Substituting these values in (35) the formula becomes

Q =LH

It was not intended by Bazin that this formula should apply
to we irs with end contractions

,
though in the form given above

it can be so used , after correcting the measured length , L
’

,
by

formula W ithout v e loc
'

ty of approach correction the term
within the bracke ts becomes unity .

For suppressed we irs in rectangular channels where L equals
the width Of the channel as we ll as the length of the we ir and d
equals the depth of water in the channel of approach , the area of
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and if the channe l has vert ical sides, H/d , formulas (4 1 ) and
equals unity . These formulas then become , respective ly,

Q = 5 04+

Both of these formulas lack experimental verification .

78 . Discussion of W eir Formulas—As is the case with all
empirical formulas , we ir formulas are no more accurate than the
data upon which they are based . The three sets of experiments
(see Art . 76) on which the above formulas are based give results
whi ch are somewhat confl icting so that no formula can agree with
them all . The formula of Ft eley and Stearns be ing based largely
upon the results Of the ir own experiments gives discharges some

what less than the Bazin and King formulas which agree more
closely with the Bazin experiments .

The Francis formula is based entirely upon the Francis experi
ments

,
which do not cover a wide range of conditions nor include

any measurements for a determination of the effects of velocity
of approach . As a result Of th is the Francis formula gives results
considerably in error for high velocities of approach . It has also
been found that t he Francis formula gives too small discharges
for low heads . For these reasons the Francis formula should not
be considered as generally applicable to all conditions .

In general
,
formulas of the form of (35) wh ich do not have

terms dependent upon Q on the right-hand side Of t he equation
are much more convenient to use than those Of t he form of (27)
o r There is noth ing sacrificed in accuracy by using formulas
of the former type .

79 . Submerged W eirs .

— If the elevation of the water surface
in the channel below a we ir is higher than the crest of the we ir
the we ir is said to be submerged or drowned . The water flowing
away from the weir is sometimes called the tail water . The chan
nel below the weir is called the channel of retreat and the v elocitv

in this channel is t he velocity of retreat . The depth of submergence
is the difference in elevation between t he tail-water surface and
the crest of the we ir . Other terms used correspond to those for
we irs with free overfall .
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Fig . 80 represents a submerged rectangular weir . The head
is H and the depth of submergence D . The difference in e levation
ofwater surfaces is Z =H D . The length of weir is L .

In Art . 65 a submerged we ir is Shown to be a special case of a
partially submerged orifice . The discharge may be considered as
the combined discharge of a we ir whose crest is at the elevation Of
the tail water and a submerged orifice

,
each discharging under a

head Z . N eglecting veloc ity of approach , the combined discharge is

W riting C,
for sew/

"

25 and C2 for C
’
v 2g the formula becomes

FIG . 80.

—Submerged we ir .

From experiments by Ft eley and Stearns and by Francis are
Obtained values of coefficients which substituted in formula (48)
give the following formula for submerged we irs

This formula does not : provide any method of correcting for
velocity of approach nor of making other corrections explained
below . Results Obtained by formulas of this type must be con

sidered very approximate excepting for we irs that nearly duplicate
the conditions Of the original experiments .

Some investigators have considered C’ and C formula
to be Of the same value—that is

,
they have considered the crest

contraction to equal the surface contraction . If C’ and C are

made equal , equation (47) may be reduced to the form
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This is the formula adopted by Ft eley and Stearns . Accompany
ing t he formula they give a table Of values Of C varying from

to for different values Of D/H . Since formula (50)
requires an accompanying table Of coe fficients , it is not as con

venient as formula (49 ) and possesses no advantages from con

siderations of accuracy .

80. Furth er D iscussion of Submerged W eirs .

—The discharge
over submerged we irs is affected by velocity Of approach in a
manner very similar to t he discharge over we irs with free overfall ,
but as t he formula is more complicated , the application of a
velocity Of approach correction is more difficult . If in deriving
formula (45) (page 95) the head is increased by an amount a h

to correct for velocity Of approach and the distance from t he t op

of the orifice to the water surface is made zero the following formula
is obtained :

—l-a h) —(a h) —Z ) . (5 1 )

This formula is complicated and is not reducible to a form permit
ting Of simple application to submerged we ir problems . W ith t he
limited experimental data available it is not possible to Obtain
values of the coefficients C’

,
C

” and a with any degree Of accuracy .

There are required
,
moreover , other corrections , largely empirical

in character which if applied to the above formula will still further
complicate it .

The discharge over a submerged we ir is greatly affected by
conditions in t he channel be low t he we ir . W ater flows over the
crest of t he we ir at a velocity which is usually h igher than the
normal ve loc ity Of the tail water and a portion of th is velocity is
retained temporarily after leaving the we ir . W here t he slope Of
t he channel is not sufficient to maintain this h igh ve locity there is
a piling-up effect just below t he faster-moving water . Th is condi
t ion is illustrated in Fig . 80. The water has a higher velocity
at a and a lower velocity at b than the normal velocity in the
channel . This condition produces what is known as the standing

wave , a be ing the trough and b the crest Of the standing wave .

Be low the main wave a series of smaller waves form
,
wh ich gradu

ally reduce in Size and finally disappear .

The factors affecting the he ight Of the standing wave are not
well dete rmined

,
but from a purely empirical investigation it
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l
’
dy . N eg lecting veloc ity of approach , the theore tical velocity
through this strip for a head y is V 2gy and the theoretical
discharge is

dQ¢ I
,
V 2gydy

from similar triangles

Combining the two equations

t z h /Qg
H—

g
wi

integrating between the limits H and 0 and reducing,

Qt z fg V 2n %

The slope which the sides Of the we ir make with the vertical
be represented by 2

,
then

z or l= 2zH .

Substituting this value Of l in (54) the theore t ical formula for
discharge

,
expressed in terms of head and slope of sides , is,

Qz= e VZ n n (56)

Applying a coefficient of discharge and combining it with the

constant terms the same as for rectangular we irs

Q = CzH%

in which the value ofC must be determined experimentally .

If the angle between the sides is a right angle
,
2 equals uni ty .

Most of the available experimental data are for right-angled
notches . Triangular weirs having other angles are seldom used .

Experiments indicate quite clearly that C is not a constant, its
value decreasing with increasing heads .

The following are values of C as Obtained from various sets Of
experiments ‘ together with corresponding formulas for sharp

‘ PROF . JAMES THOMPSON : Experiment s on Triangular Weirs . British
Association Reports , 186 1 . JAMES BARR : Flow of Wate r over Triangular
Notches . Engineering, April 8 and 15 , 19 10. H . W . K ING : Handbook of
Hydraulics , p . 86 , 19 18 .
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edged , right-angled , triangular weirs . From Thompson ’s experi

ments

From Barr ’s experiments;

From experiments at t he University of Michigan;

Other experiments on triangular we irs give results varying some
what from those listed above .

One interesting fact brought out by Barr ’s experiments is that
the discharge over a sharp-edged, metallic , triangular we ir may be
2 per cent greater when the inner face of the metal is rough than
when it is smooth . The rougher face

,
by retarding the movement

Of water parallel to it, reduces the velocities which have t he greatest
influence on contraction

,
thus reducing the contraction and SO

increasing the discharge .

The effect of velocity of approch on triangular we irs is Similar
in character to the effect on rectangular we irs . N O data for
determining coeffi cients are , however, available . From the nature
of the triangular weir the crosszsect ional area of the nappe is usually
very much smaller than that of the channe l of approach . The

velocity of approach is therefore small and the error introduced by
neglecting it is usually inappreciable . This has been confirmed
experimentally by Barr .

The triangular we ir affords an excellent method Of measuring
small discharges . Formula (59 ) probably applies more accurately
to sharp-edged notches cut in very smooth metal and (60) to
sharp-edged notches cut in rougher metal

,
such as ordinary com

mercial steel plate .

For angles slightly greater or less than 90° it is probable that
the values Of C lis ted above

,
if substituted in formula will

give quite accurate results .

82 . Trapezo idal W eirs .

—Fig . 82 represents a trapezoidal
we ir having a horizontal crest of length L . The sides are equally
inclined

,
making angles a H= z with the vertical .
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By writing the equation

F IG . 82
.—Trapezoida l we ir .

zoidal we irs without velocity
Obtained :

(61 )

The same formula is Obtained directly by the addition Of the
theoretical discharges over rectangular and triangular we irs .

W ith coefficients included the formula for discharge may be written

Q = ClLH
95
+s H (62)

There are
‘no experimental data for the determination of C1 and C2

and for th is reason t he trapezoidal we ir has little practical value .

83 . Th e Cippoletti W eir .

—A trapezoidal we ir , having a value
Of z= a/H (Fig . 82 ) of i , is called a Cippolet t i 1 we ir . Th ismpe
Of the sides is approximately that required to secure a discharge
through t he triangu lar portion of the we ir opening that equals the
decrease in discharge resulting from end contractions . The

advantage Of the Cippolet t i we ir is that it does not require a
correction for end contractions . The method employed by
Cippolet t i in arriving at h is value Of z is as follows :

The discharge through the triangular portion Of the we ir ,
C

’ be ing the coefficien t Of discharge , is

Q = 1

The decrease in discharge resulting from end contractions
,
C

be ing the coefficient Of discharge , according to Francis is

Q = §C
H
V 2g O. 2H

Eq uating t he right-hand members of these equations
,
assuming

C
’
to equal C

"

,
and reducing , there result s

z i . (63)

C . C I PPOLET’
I
‘
I I Canal Villoresi Description of trapezoidal we ir .

and expressing l’ in terms of y
and known quanti ties in a
manner similar to that used
for triangular weirs, and in
t egrat ing and reducing

,
the

following formula for the the
oret ical discharge over trape
approach correction can be
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Fm 88—V a r io u s s e c tio n s ( I f w e irs a n d ( lame



WEIRS NOT SHARP CRESTED 127

HORTON ’S VALUES OF WE IR COEFFIC IENT
,
C . (See Fig . 88 )

HEAD IN FEET
,
H

Cross-section

will spring clear Of the downstream edge and there will be com
plete crest contraction . In th is case the discharge will be given
by the formula for sharp-cres ted we irs . If the breadth

,
b
,
is

such that the nappe does not spring clear
, as is indicated in

Fig . 84
,
the free fall of the nappe is interfered with and the dis

charge is less than that of a sharp-crested we ir . In Fig . 85 the

upstream edge of the we ir is rounded
,
which reduces crest con

traction and thereby increases the discharge . By proper design
the crest contraction may be reduced very nearly to zero .

The base formula commonly used for we irs not Sharp crested
(see Art . 72) is

Q = CLH
%
, (26)

in which C is a coefficient varying with H whose value must be
determined at different heads for each shape Of crest .
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After a thorough investigation Horton l has prepared tables
and curves Of C,

corresponding to different heads, for practically
all Shapes Of we ir se ctions for which experimental data are avail
able . In computing the values Of h is coefficients Horton assumed
the v elocity of approach correction given by the formula

Th is formula is Obtained from formula (27) by giving a a value
of unity and dropping the last term . The correction is doubtless
too small , but since it was used in reducing the experimental data
it should be applied in we ir problems where Horton ’s coefficients
are used . By substituting d = l in e quation (34) and reducing
there is Obtained

Q CLH96 1 -0.024C2

which gives results practically equivalent to (65) and is more
convenient to use .

Fig . 88 shows various sections Of we irs and dam crests for
which experimental data are available . The table on page 127
gives Horton ’s values of C for these shapes .

The degree of accuracy which may be expected from the use

Of we irs not Sharp crested depends upon the experimental data
available for determining C. Inasmuch as there are innumerable
shapes that may be used

,
it is not probable that experimental

data for any large number of them will be secured for many
years . Complete data for any particular shape Of we ir requires
an exhaustive research similar to that required for sharp-crested
we irs . The data at present available are

,
howeve r

,
sufficient to

assist in the se le ction Of approximate coefficients for the shapes
Of we irs commonly used in hydraulic design .

W eirs not sharp crested
,
having cross-sections Similar to the

shapes for which experimental values of coefficients are available ,
may be used for the approximate measurement Of discharges .

There are some cross-sectional forms which might be more satis
factory for the measurement of flowing water than sharp-crested
we irs if as complete experimental data for them were available .

'RORERT E . HORTON : We ir Expe riments
,
Coefficients and Formulas .

Water Supply and Irrigation Pape r
,
No . 200

,
U . S . Geol . Survey
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If L is the length of we ir or width of chute , the area through
wh ich water is discharging under a head, h, is

a= Ld= L(H—h) .

The mean ve locity is that due to the head , h, multiplied by the
coefficient of velocity Co,

and the discharge is

Q : c .L(H

The coefficient of contraction is unity and C therefore
,
is also

t he coefficient of discharge .

In th is equation Q =O when h =0 and also when h=H .

There is therefore an intermediate value of h which makes Q a
maximum . Th is maximum value of Q can be obtained by
differentiating and equating to zero, which gives

dQ
dh

CO
VQQL

whence ,
h %H .

Substituting this value of h in equation (67) and reducing gives

(69)

The coefficient, Co,
is similar in character to the coefficient of

ve locity for a standard short tube
,
Fig . 60. Its value depends

upon the shape of the upstream edge of the crest and probably
approaches a maximum value of about when th is edge is
so rounded as to prevent contraction . Formula (69 ) may also
be written

Q cu m
,

which is the base formula for we irs not sharp crested .

From experiments on broad-crested weirs it has been found
that for we irs having a breadth of 10 ft . or more

,
discharging

under a head of ft . or more
,

(70)

which corresponds to a coefficient
,
Co,

in formula (69) of
If there are end contractions a separate correction must be
applied to the length .
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Formula (69) is of fundamental importance in connection
with the entrance conditions for open channels . It gives the
maximum rate at which water can be drawn through an open
channe l from any body of comparatively still water . The rate
of discharge may be less but it can never be more than that

given by the formula (see Art .

86 . Measurement of Head .

— In using we irs to measure the
rate of discharge , the head , length of we ir and cross-sectional
area of the channel of approach must be carefully measured .

The last two of these usually need to be measured but once and
can then be used in all subsequent determinations of Q .

The head is measured with some form of a gage which is set

in a fixed position . The elevation of the zero of
the gage with reference to the crest

-

of the we ir
should be accurately determined . It is preferable
to measure the head in a well or stilling box con
nect ed to the channel by a small pipe , the end of

which is flush with the side of the channel . This
provides a means for measuring . the head in still
water and reduces the effect of waves which are

usually present in the channel of approach . For

the most precise work a hook gage should be used .

The hook gage, Fig . 90
,
consists of a graduated

metallic rod with a pointed hook at the bottom
which slides vertically in fixed supports . By means
of a vernier attached to one of the supports , read
ings to thousandths of a foot may be taken . The

rod usually has a range of movement of about
2 ft . The gage should be rigidly attached to a
support at such an elevation that the movement
of the hook covers the range of water surface eleva
tions to be read . To take a reading, the point of
the hook is lowered below the surface and then
slowly raised by the screw at the top of the instru
ment . Just before the point of the hook pierces
the skin of the water , a pimple is seen on the

surface ; the hook is then lowered slightly until the
pimple is barely visible and the vernier is read .

W here less precision is required , especially for securing con
t inuous records of elevation as in ordinary stream gaging work

,
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some other form of gage is desirable . An ordinary staff gage ,
that is

,
a painted rod graduated to feet and decimals of a foot

so set that the water surface comes in contact with the gradua
tions—is quite satisfactory in some cases .

There are a great many different types of recording gages
which give continuous records of water-surface elevation . These
gages e ither provide a record by a graph, the coordinates of which
indicate the time and stage , or by a device that prints elevations
at stated intervals of time . The essential parts of a recording
gage are : a float wh i ch rises and falls with the surface of the
water

,
a device for transferring the vertical motion of the float

to the record , a recording device , and a clock .

Another device for determining head is a plummet attached
to the end of a steel tape . Th is is used to measure the vertical
distance from a fixed point above the channe l of approach to the
water sm'face . The reading of the tape when the point of the

plummet is at the elevation of the crest of the we ir is first deter
mined accurately and the difference between this reading and
the reading when the point just touches the water surface gives
the head on the we ir . This method gives accurate results

,
but

for precise work it probably is preferable to measure the head in
a stilling box with a hook gage

,
so as to conform to the conditions

of the experiments upon which we ir formulas are based .

The head always should be measured far enough upstream
from the weir to be well above the effects of surface contraction .

In their experiments
,
Francis , and Fteley and Stearns measured

heads 6 ft . and Bazin ft . upstream from the we ir . The

distance se lected should preferably conform approximately to
that used in the experiments on wh ich the formula to be used in
computing discharges is based

,
though accurate compara tive

measurements show an almost imperceptible difference between
heads measured 6 ft . and those measured ft . from the we ir .

87 . Cond itions for Accurate Measurement over Sharp-crested
W eirs .

—To obtain maximum accuracy t he face of the we ir
should be vertical and the crest level . The crest should be cut
from plate metal

,
true to line with a flat t0p and sharp upstream

corner .

Suppressed weirs having a length equal to the channe l width
have a space below the nappe which may have no connection
with the outside air. In passing over this space the nappe
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De te rmine a length of we ir, such that the measured head will never be less
than ft . nor greate r than one-third of the length of we ir .

8 . Dete rmine the discharge over a right-angled, triangular we ir if the
meas ured head is ft .

9 . The discharge over a right-angled, triangular weir is cu . ft . per

second . Wh at is the meas ured head?
10. A channe l is carrying 10 cu . ft . per second of water . Assuming that

an e rror of ft . may be made in measur ing the head, determine the
percentage of error resulting from the use of a right-angled

,
triangular weir

,

and also from the use of a rectangular we ir 10 ft . long .

1 1 . The measured discharge over a dam 100 ft . long is 520 cu . ft . per

second when the head is ft . Determine the weir coefficient for this
head .

12 . If in a certain channe l the ve locity varies uniformly from 3 ft . per

second at the surface to 1 ft . per second at the bottom,
determine the corre

spending value of a .

13 . An overflow masonry dam is to be constructed across a stream .

The stream is estimated to have a maximum flood discharge of cu . ft .
per second , when the e levation of water surface at the dam site is
Six sluice gates each 8 ft . high and 6 ft . wide (C are to be constructed
in the darn with their sills at elevation The main overflow weir for
which C = 2 .63 will be 200 ft . long with a crest elevation of An

auxiliary weir 600 ft . long with a crest elevation of will operate during
floods . For this weir C= 3 .40. With all sluice gates open what will be the
e levation of the water surface upstream from the weir when the discharge
is cu . ft . per second? Neglect ve locity of approach .

14 . A submerged sharp-crested weir ft . high extends clear across a
channe l having vertical sides and a width of 10 ft . The depth of water in the
channe l of approach is ft .

, and 35 ft . down stream from the weir the depth
of water is ft . Determine Q by formulas (52 ) and

15 . A channel 20 ft . wide with vertical sides is carrying 400 cu . ft . per
second of water at a depth of ft . How high a sharp-crested weir should
be constructed across the channe l to raise the elevation of the water surface

ft .?



CHAPTER IX

FLOW OF WATER THROUGH PIPES

88 . Description and Definitions .

—As the term is used in
hydraulics

,
a pipe may be defined as a conduit which carries

water under pressure . More commonly pipes are of circular
cross-section

,
and hydraulic formulas for the flow of water through

pipes are usually expressed in a form particularly adaptable to
circular pipes

,
but the same general laws apply regardless of the

cross-sectional shape of the pipe .

Pipes which do not flow full or wh ich flow ful l without exerting
pressure against the top of the pipe are classed as Open channels
and are treated in a separate chapter (Chapter X) . A city
water main carries water under pressure and is therefore an
example of a pipe while a sewer wh ich normally does not carry
water under pressure is classed as an Open channel .
Since friction losses in pipes are independent of pressure

(Art . 96) the same laws apply t o the flow of water both in pipes
and open channels

,
and the formulas for each take the same

general form . Some formulas are designed to be used e ither for
pipes or Open channels

,
but the more common practice is to use

different formulas for the two classes of conduits .

89 . W etted Perimeter and Hydraulic Radius .

—The wetted
perimeter of any conduit is the line Of intersection of its wetted
surface with a cross-sectional plane . Thus for a pipe flowing
full, d be ing the diameter

,
the wetted perimeter is equal to the

circumference or 7rd
,
if flowing half full it is 7

3

,
-

1rd .

The hydraulic radius of a conduit is the area of a cross-section
of the stream divided by the wetted perimeter of that section .

For a circular pipe flowing e ither full or half full the hydraulic
radius, r , is evidently d/4 or R/2 , R be ing the radius of the pipe .

The terms wetted perimeter and hydraulic radius are used
more generally in connection with open channels than with
pipes, but they are sometimes used in pipe formulas . The ir
application to open channels is discussed in Art . 109 .

135
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90. Critical Velocitie s in Pipes .

—Under the conditions ordi
narily encoun tered in hydraulic practice , water flows through
pipe s with a turbulent motion ,

that is
,
the water particles have

a transv erse as well as a longi tudinal motion , and any particle
near the center Of the pipe at one time may be near its sur

face an instant later
,
occupying successively various trans

verse positions, while it is at the same time being prope lled
forward .

Though at any instant the water particles in a pipe where
turbulent motion exists move forward with different velocities

(Art . the average longitudinal veloc ity of every particle is
approximate ly the same . This may be shown by suddenly in

jec t ing a colored liquid into a pipe and Observing the coloring
matter where i t discharges from the pipe . It will be observed
that the coloring matter remains in a short prism even after the
water has trave led a distance of 1000 diameters or more and that
the water on e ither side of this prism is comparative ly clear .

This principle is made use of in measuring the ve locity of flow
through pipes .

At comparatively low velocities
,
water may be made to flow

through small pipes without turbulence
,
that is with stream

line motion . Under these conditions the water particles all

flow in paths parallel to the axis of the pipe . The particles near
the axis then flow with a h igher velocity than the other particles

,

the ve locities gradually becoming less as the distance from the

center of the pipe increases
,
the lowest velocity be ing near the

surface of the pipe . This retardation of velocities is caused by
the viscosity of the water and friction between the moving water
and the pipe .

The flow of water in small glass tubes has been studied experi

mentally by Reynolds 1 in the following manner . W ater was
drawn thro ugh the tubes from a glass tank in wh ich the water
had been allowed to come to rest

,
arrangements be ing made to

introduce threads of colored water into the entrance of the tubes .

Reynolds found
,
when the veloc ities were sufficiently low ,

that
the streak of color extended as a beautiful straight line through
the tube . As the velocity of the water was increased by small
stages , a velocity was finally reached where the color suddenly

1 OSBORN E REYN OLDs : Phil . Trans . Royal Society
,
1882 and 1895 .
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be ing a function of the temperature , or expressed empirically
,

the lower critical velocity is

and the higher critical ve locity is

d be ing the diameter of the pipe in feet and

1

be ing a viscosity coefficient in wh ich T is the temperature in
degrees Centigrade .

The following are critical velocities in feet per second Obtained
from the above formulas for pipes of different diameters at a
temperature Of 20

°

C . or 68 °

F .

0 0 0 0 0 0

As indicated by the above table the velocities entering into
problems with which the engineer has to deal are ordinarily
greater than the higher critical velocity . If not otherwise stated

,

therefore , turbulent flow will be assumed .

The laws governing stream-line motion are radically different
from those governing turbulent motion .

91 . Friction and D i stribution of Velocities .

—There is always
friction between moving water and the surface of the conduit
with which the water comes in contact . If th is were not so the
water in every part of the cross-section would flow with the same
ve locity . Fig . 92 shows the normal condition of flow in a straight
pipe where there are no disturbing influences . W ater part icles
adj acent to the surface are retarded by fri ction and viscosity

(Art . 6) causes a retardation of the particles removed from the

pipe surface . The maximum velocity is at the center
,
and

lines of equal velocity are concentric rings as shown in cross
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section . The velocities in any longitudinal section when plotted
as absicssas with the distance from one edge of the pipe as ordi
nates approximately define an ellipse . Experiments indicate that
the mean velocity is about of the max imum veloc ity . If d
represents the diameter , the circle of mean veloc ity is approxi

mately 0. 13d from the surface of the pipe .

Fig . 92 .

—Distribution of ve locities in straight pipe .

Any irregularity or obstruction in a pipe or any condition
which causes the water to change its direction of flow will change
the regular distribution of velocities . A bend in a pipe

,
for

example , causes the line of maximum velocity to move from
the axis of the pipe towards its concave side . Fig . 93 shows the

Fig . 93 .

—Distribution of velocities in curved pipe .

actual distribution of velocities in a curved pipe from measure
ments by Saph and Schoder .

Energy of W ater in a Pipe .

—The energy contained in a
stream of water assumed to be movmg w ith a uniform velocity,
that is

,
w ith the same velocity in every part of its cross-section ,

is given by the formula,
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W being the weight of water which moves past a cross-section in
one second with a uniform velocity In t he previous chapter ,
Art . 72 , it has been shown that for the same average velocity ,
t he energy of moving water in an open channel is greater
for non-uniform velocity in a cross-section than for uniform
velocity . The same is manifestly true for pipes , and since , as
explained in the preceding article the velocity in pipes is never
uniform

,
the kinetic energy Of water in a pipe is given by the

formula
,

KE=aW

in which a
,
a coefficient depending for its value upon the dist ri

but ion of ve locities in the pipe
,
is always greater than unity .

Experiments by Bazin and others indicate that for a straight
pipe , or has a mean value of about
In problems involving the flow of water in pipes it is common

to assume that the velocities at all points of a cross-section are

equal
,
or that a equals unity and therefore , the kinetic energy

v
2

2g
'

Bernoulli ’s equation , when written between two points in a fila
ment , then applies to the entire cross-section in which the points
lie . The error introduced by assuming a equal to unity is not
usually of serious consequence .

93 . Continuity of Flow in Pipe s .

—In any pipe flowing full
,

within the limits of error resulting from the assumptions that
water is incompressible and the pipe inelastic

,
at any given

instant the same quantity of water is passing every cross—section
of the pipe . This statement implies continuity of flow (see
Art . 4 1) and holds true even when the flow is unsteady

,
a

condition which exists when the head producing discharge is
variable .

94 . Loss of Head .

— I f there were no friction losses, the

velocity at wh ich water would discharge from a pipe
,
F igs . 94

and 95, would be v, Vfifi ,
the same as for an orifice . For

a horizontal pipe of uniform diameter
,
Fig . 94 , there would be no

pressure other than that resulting from the weight of water
within the pipe and wate r would not rise in the piezometer tubes
at mand n . In any long pipe or system of pipes

,
however , by

contained in 1 lb . of water (or t he velocity head) is equal to
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This means , that for a pipe discharging into the air
,
the

total head is equal to the velocity head at the end of the pipe
plus the sum of all friction losses . Since the ve locity head at
exit must be provided out of the total head , H , it is usually con

sidered in the same manner as lost head . It should be remem
bered , however, that as the water leaves the pipe it still retains
the energy represented by its velocity head .

In the case of a pipe connecting two reservoirs , Fig . 97
,
the

water in the upper reservoir has a velocity of zero and it finally
comes to rest in the lower reservoir . The reservoirs may be
considered as parts of the pipe system in which the velocities

Fig . 95 .

—Pipe of more than one diameter .

are zero
,
the entire head

,
H

,
be ing utilized in overcoming friction ;

whence
H H 1 .

Frictional losses result from various causes . In any pipe in
which the diameter remains unchanged and there are no con
dit ions tending to disturb a regular distribution of velocities

,
the

only loss of head is that due to the combined effects of viscosity
and friction between the moving water and the surface of the
pipe . Th is loss of head is commonly referred to as loss of head due
to friction . Other losses of head are those which result from
changing the velocity or direction of flow .

In ordinary pipe lines the loss of head due to friction is the
greater portion of the total head . Frequently all other losses
are so small in comparison as to be negligible . Cases arise ,
however, which require careful consideration of these losses and
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serious errors may result from neglecting them . Losses of head
other than the loss of head due to friction are commonly known
asminor losses .

The following are the principal causes of loss of head in
pipes, together with the symbols which will be used to designate
these losses . (All losses except (a) are minor losses . )

(a) A continuous loss of head due to friction between the

moving water and the inner surface of the pipe , and to viscosity .

This loss is commonly referred to as the loss of head due to friction ,

and is designated by the symbol hf .

(b) A loss of head at the entrance to a pipe , hr) , the loss occurring
where the very low velocity in the reservoir (usually considered
zero velocity) changes to the velocity in the pipe . This is called
the loss of head at entrance .

(c) A loss of head , hd , which occurs where a pipe discharges
into a reservoir or other body of comparatively still water . This
will be called the loss of head at discharge .

(d) A loss of head , he, at the place where a pipe changes to a
smaller diameter thus causing an increase inv elocity . This is called
loss of head due to sudden or gradual contraction, depending upon
whether the contraction takes place abruptly or by means of a
tapered connection between the two pipes allowing the change
in velocities to be made gradually . The loss Of head at entrance

(referred to under (b) above) is evidently a special case of loss
due to contraction .

(e) A loss of head , he, at the place where a pipe changes to a
larger diameter thus causing a decrease in velocity . This is
called loss of head due to sudden or gradual enlargen

'

i ent
,
depend

ing upon whether the enlargement takes place abruptly or by
means of a tapered connection between the two pipes allowing
the change in velocities to be made gradually . The loss of

head at discharge (referred to under (0) above) is evidently a
special case of loss of head due to enlargement .

(f) A loss of head , hg, caused by Obstructions in a pipe line ,
such as gates or valves . Obstructions cause the water to pass
through a restricted area for a short distance

,
thus causing first

a sudden increase in velocity and then a sudden return to the
original velocity . This will be called the loss of head due to

obstructions .

(g) A loss of head , hb, at bends or curves in pipes , in addition
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to the loss which occurs in an equal length of straight pipe .

This is designated the loss of head due to bends .

If the symbol H 1 is used to designate all losses of head in a
pipe line , the loss Of head due to friction be ing represented by
h, and all minor losses by H2 ,

H 1
= hf+H2 , (9)

( 10)

95. Hydraulic Grad ient —The locus of the elevations to wh i ch
water will rise in a series of piezometer tubes inserted in a pipe
line is called the hydraulic gradient or hydraulic grade line .

The hydraulic gradient of a straight pipe of uniform diameter
having the same degree of roughness of interior surface through
out is a straight line . In F ig . 94 the line ac is the hydrauli c
gradient for the pipe . W here a pipe changes in diameter or
where for any reason there is a change in velocity or direction
Of flow

,
there is a break in the hydraulic gradient

,
the change

in elevation be ing the combined effects of the change in ve locity
head

,
where velocity changes occur , and the loss of head due

to friction or turbulence . The broken line a l azbl bgc l czd l dze,

Fig . 95
,
represents the hydraulic gradient for the sy stem of pipes

shown . The hydraulic grade line thus indicates all losses of head
and changes in velocity head .

in which

FI G . 96 .

96 . Loss of Head Due to Friction in Pipes—Fig . 96 represents
a straight pipe without obstructions or changes in diameter .

The loss of head
,
h,, in the length l is a measure of the resistance

to flow . The laws governing this loss are intricate and are not
subject to exact analysis . There are . however , certain general laws
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or substituting K for and z for

v=K d”s’ ,

or since the hydraulic radius r
,
for a c ircular pipe flowing

equals d/4 , or d= 4r, formula ( 13) may be written ,

v =K X4VXr
VXS

’

,

or substitut ing K for 4VK
”

,

Each of the above formulas , though expressed differently
,
con

tains all of the factors
,
excepting temperature , which are bel ieved

to affect fluid friction . The base formulas for friction losses in
pipe s are commonly written in any of the three forms expressed
by equations and
The further consideration of loss of head due to friction in

pipes must be purely empirical . The values O f coefficients and
exponents to be applied to the base formulas are determined
from the available experimental data . Of the large number of
published formulas for determin ing the loss of head due to friction
in pipes

,
only a few are given .

It should be kept in mind that in all of the following formulas
,

h,, l, d and other linear quantities must be expressed in feet
and 1) must be expressed in feet per second .

97 . The Ch e zy Formula—This formula deserves a place of
prominence among pipe formulas not only because it represents
the first successful attempt to express friction losse s in algebraic
te rms

,
but also because it embodies all of the

\

laws of fluid friction
as they are understood and applied at the present time

,
and with

certain modifying factors that have been found necessary
,
its

use is now more general than that of any other formula e ither
for pipes or open channels .

As written by Chezy in 1775 this formula is

( 15)

h!in which v is the mean veloc ity ,
r i s the hydraulic radius and s

l
is the rate of slope of the hydraulic gradient . It will be Observed
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that formula ( 15) is of the same form as y and 2 be ing each
and C be ing substituted for K ’

The coefficient C was supposed by Chezy to be constant
,

but it is now known to vary with the degree of roughness of

the surface with wh ich the water comes in contact as well as
with the velocity and hydraulic radius (or diameter) . Since C
appears to be a function of v and r the Chezy formula evidently
does not accurately express the law of flu id friction . In the ideal
formula

,
the coefficient would vary only with the roughness of

the channel , and many attempts have been made to obtain a
formula with such a coefficient expressing v as a function of r

and 3 . These attempts havemet with rather indifferent success .

Formula ( 15) is used with an accompanying table giving
values of C for different velocities , diameters and kinds of pipe .

The table on page 148 gives approx imate average values of C for
four different kinds of pipe , as Obtained from the available experi

mental data .

In an account of experiments on the flow of water in pipes
,

published by Darcy 1 in 1857
,
he expressed the Chezy formula

in the form ,

5,

v
?

d 29
’

the relations between C and f in formulas ( 15) and ( 16) be ing

It will be Observed that formula ( 16) may be obtained from
formula ( 12) by writing n = 2 and m= 1

,
the two formulas be ing

of the same general form .

From his experiments Darcy deduced the following values of

as representing the mean of his observations .

For new
,
clean cast-iron pipes , d be ing the diameter of the

pipe in feet
,

f= o.02+

For Old cast-iron pipes
,

12d

1 M . H. DARCY : Recherches Expérimentales Relatives au Mouvement
de l ’eau dans les Tuyaux . Paris

,
1857 .

f=004+
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Later experiments have indicated that f (similar to C in
formula varies with v as well as with d . Formu la
the same as formula is used more satisfactorily with an
accompanying table of coefficients . The table on page 149 gives
average values of f for different kinds of pipe . The two formulas

,

( 15) and used in connection with the coefficients tabulated
on pages 148 and 149 , respectively, will give the same results .

The formula is written in the two forms mere ly as a convenience
in solv ing different types of problems .

The values of C and f given in the tables on pages 148 and 149
refer not only to pipes of the particular materials listed but to
any pipes of similar degrees of roughness . The problem

'

of

selecting the proper coefficient for a given condition is one with
which the engineer is continually confronted, and in making such a
selection experience is the best teacher . It is important to know
the most probable value of a coefficient and the max imum per

cent of error likely to re sult from its use . The average values of
C and f listed in the tables may give results in error as much as
20 per cent plus or minus .

The following values of f for 2 %-in . fire hose are given by
Freeman :

VALUES OF f IN CHEZY FORMULA FOR 2 %-I N . FIRE HOSE

VELOCITY IN FEET PER SECOND .

Description .

Unlined canvas
Rough rubber-lined cotton
Smooth rubber-lined cotton

98 . Hazen-W illiams Formula.
~-This formula which is of t h e

form of ( 14) is
1)

I t is designed for both pipes and open channe ls
,
but is used more

commonly in connection with pipes . The se lection of exponents
was made with a view to obtaining a minimum variation in C1
for all conduits of the same degree of roughness . In other
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words the aimwas to select values for exponents such that 01
would be

,
as nearly as practicable , a function only Of the degree

of roughness of the channel and not of r and s . The following is
written by the authors 1 of the formula .

If exponents could be selected agree ing perfectly with the
facts

,
the value of C1 would depend upon the roughness only

,

and for any given degree of roughness 01 would then be a constant .

It is not possible to reach th is actually
,
because the values of the

exponents vary with different surfaces , and also the ir values may
not be exactly the same for large diameters and for small ones

,

nor for steep slopes and for flat ones . Exponents can be selected
,

however
,
represent ing approximately average conditions

, so that
the value of 01 for a given condition of surface will vary so little
as to be practically constant . Several such exponential ’

formulas have been suggested
,
These formulas are among the

most satisfactory yet devised , but their use has been limited by
the difficulty in making computations by them . This difficulty
was eliminated by the use of a slide-rule constructed for that
purpose .

The exponents in the formula used were selected as repre
senting as nearly as possible average conditions

,
as deduced from

the best available records of experiments upon the flow of water
in such pipes and channels as most frequently occur in water
works practice . The last term

,

—OM
,
is a constant

,
and

is introduced simply to equalize the value of C1 with the value
in the Chezy formula , and other exponential formulas which may
be used

,
at a slope of instead of at a slope of

Since the formula may be written
,

1)

The authors of the formula give the following values of 01 for
pipes :

For extremely smooth and straight pipes . . C; 140

For very smooth pipes C1 130

For new riveted steel pipes C1 = 1 10

For estimating discharges of pipe lines where the carrying
capacity after a series of years is the controlling factor, values of

1 WILLIAMS AND HAZEN : Hydraulic Tables . Third Edition, 1920.
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Cl = 100 for cast-iron pipe and Cl = 95 for riveted stee l are

recommended . For the smaller sizes of pipe s a somewhat lower
value of C1 should be used .

For smooth wooden pipes or wooden-stave pipes , C1 = 120.

For vitrified pipes, C1 1 10.

For Old iron pipes in bad condition , C1 = 80 to 60, and for
small pipes badly tuberculated , C1 may be as low as 40.

99 . King Formula .

—Consider the base formula which
for convenience of reference is here repeated ,

It has been found from experiments on a great many kinds and
sizes of pipes that no value of n can be found which does not
vary under different conditions of flow . The extreme range of

variation
,
from investigations by Lea 1 and others

,
is from about

to On the other hand
,
it appears that a mean value

of mof may be assumed without introducing any serious
inconsistencies . Formula ( 12) has therefore been modified by
Lea to t he form ,

K 1 and n each be ing given variable values depending upon t he
degree of roughness of the pipe .

The formula also may be written
,

in which

Formula (20) expresses the loss of head due to friction as a
function of the velocity head . Th is is sometimes convenient
since miner losses are usually thus expressed (Art . The

formula is somewhat simpler to use than a formula in wh ich 1)

has a fractional exponent . On t he other hand
,
since K varies

1 F . C . LEA : Hydraulics
,
p . 139 . H . W . K I N G : Handbook of Hydraulics ,

0 . 159 .
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Formulas (20) and when used with the ir
accompanying tables of coeflicients, all give the same results .

100. General Discussion of Pipe Formulas —The foregoing
formulas represent the more common types of formulas for deter
mining the loss Of head due to friction in pipes . There are an
indefinite number Of formulas

,
many of which possess merit .

The choice of one formula over another is not Of so great impor
tance as the careful and intelligent use of the formula after it is
selected . The engineer should select the formula for general
use which he be lieves to be in the most convenient form ,

and
after adopting it he should endeavor to become familiar with its
coeflicients . The tables contained in th is volume are sufficient
for class room exercises , but the practic ing engineer should
extend his knowledge of coefficients by study and observation ,
and Obtain values from actual measurements whenever the

opportun ity offers .

101 . Friction Formula for N on-turbulent Flow .

— If v
’
is

the velocity in feet per second , di the diameter of the pipe in
inches , h, the friction loss in a length l , and P t he viscosity
coe fficient (formula Art . the velocity in a pipe where
stream-line flow exists according to Reynolds is

3614s ;

lP

If a case be assumed where d i= 1 in .
,
hf= 1 ft . and l= 100 ft .

,

v
’ for a temperature of zero degrees Centigrade is ft . per

second ,
and for higher temperatures the velocity would be greater .

The table on page 138 shows this velocity to be above the higher
critical ve loc ity and the flow must be turbulent . Formula (22)
therefore does not apply and one of the formulas for turbulent
flow should be used .

102 . Detailed Study ofHydraulic Grad ient and Minor Losses .

—In the discussion of loss of head due to friction (Art . it
has been shown that

,
other things be ing equal

,
the loss of head

varies as v
" and that usually n is less than 2 but does not vary

greatly from this value . In some formulas , therefore , th is loss
of head is expressed as a function of the velocity head and coeffi

cient s varying in value with v are applied to the formulas to make
them represent average friction losses as given by experiments .

In a similar manner it has been found that minor losses (Art .
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94) vary roughly w ith the square of the velocity and they are

commonly expressed in formulas as functions of the velocity
head . Variable coefficients are then applied to these formulas
so as to make them give losses in accordance with the available
experimental data . These losses (see

'

Art . 94) expressed alge
braically are

h0=K0 '

2
_

g
y
hd =K d

_ hc=K c

and formula page 144
,
may be writ ten

,

v
2

0
2

v
2

v
2

v
2

H2 K0
‘

2
_

g
+Kd

‘

z
—
g

’ i' K c

2
_ '

g
+K b

In the above equation
,
1) is a general expression for velocity .

It is the velocity in the pipe where the loss of head occurs and
in case of enlargement or contraction it is the velocity in the

smaller pipe . K0, K 4 , K c,
et c .

,
are variable coefficients whose

values must be determined from experiments .

Fig . 97 illustrates entrance and discharge conditions for a
pipe leading from one reservoir into another reservoir at a lower
e levation . The water starts with zero velocity in the upper
reservoir

,
finally coming to rest in the lower reservoir

,
and all

of the energy represented by the difference in elevation Of water
surfaces is utilized in overcoming resistance .

In Fig . 97
,
a lag represents the hydraulic grade line wh i ch

results from changing the velocity of the water from zero to the
velocity which it attains in the pipe . The vertical distance
between a 1 and a2 , that is, the distance which az is below the

surface of the water
,
is the velocity head or v2/2g, where v is the

mean velocity in the pipe . The line a lag must be considered as
the hydraulic gradient of some particular filament ofwater, such as
my, since points in other filaments which are the same horizontal
distance from the entrance to the pipe may have different veloci
ties and therefore different hydraulic gradients . It may appear
that the pressure at any point in the filament should be that due
to the we ight of the water column above it . This would be true
if the laws of hydrostatics might be applied . The laws of hydro
statics do not

,
however

,
apply to water in motion

,
the pressure

be ing less than it would be at the same depth for water at rest .

That this is true has been proved experimentally . It also follows
from writing Bernoulli ’s equation between a point x where the

’
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velocity is practically zero and a point y at the entrance to the
pipe where the velocity equals v, the velocity in the pipe . Assum
ing the points t o be of the same elevation the equation becomes

or since v, is practically zero
,

v
2

_

2g
°

The head lost at entrance to a pipe takes place within a distance
Of about two or three diameters from the entrance and is similar
to the loss of head in a short tube . The line agag , Fig . 97

,
is

the portion of the hydraulic gradient which shows this loss Of

Fig . 97 .

—Pipe connecting two reservoirs .

head .

' There is a depression in the hydraulic gradient at a
’

because of the contraction of the jet . Vertically below a3 , the

jet has expanded and fills the tube . The head lost at entrance is
t he vertical distance between az and a3 , or ha.

S ince the first two or three diameters of a pipe are similar to
a short tube

,
entrance losses for pipes may be considered to be

the same as for short tubes . The general formula for loss Of

head at entrance to a pipe is then (formula page

f
29

in whi ch the coefficient of discharge
,
C
,
depends for its value upon

the conditions at entrance
,
and Ko

= i ~—1 . For convenience of
C2
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The loss at discharge is the special case of loss of head due to
sudden enlargement in which the ratio of smaller to larger dia
meter is practically zero . Values of K c may therefore be taken
from column 2 of the table on page 161 . Since these values are
nearly unity for the ordinary velocities encountered in pipes it is
commonly considered that the entire velocity head is lost .

Change in gradient resulting fromsudden contraction in pipes
is illustrated in Fig . 98 . If there were no loss of head between
any two points

,
on opposite sides of the contracted section

, the

difference in he ights of water columns in two piezometer tubes as
b and e

,
above these points would measure the gain in velocity

head . If the two points are considered so close together that
pipe friction may be neglected , the difference in he ight of water

Fig . 98 .

—Sudden contraction in pipe .

columns b and e measures the gain in veloc ity head plus the loss
of head due to sudden contraction .

The hydraulic gradient as determined experimentally is
illustrated by the line abcdef. There is a depression at d , due
to contraction of the jet , similar to the depression at a

’ in the
hydraulic grade line of Fig . 97 . The piezometer tube 0 measures
the pressure in the corner where there is little or no velocity .

If pie zometer tubes
,
c and d

,
were arranged to measure pressures

near the axis of the pipe where the velocities are higher , the
hydraul ic gradient would be below bode and would resemble
bc

’

d
’
e .

It is important . to note that the ordinary piezometer tube ,
which is set flush with the inner surface of the pipe , measures
the pressure at the surface of the pipe but does not necessarily
measure the pressure at points in the same cross-section at some
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distance from the surface . In smooth straight pipes the differ
ence between pressures at the surface and interior points is prob
ably not great but the difference may be quite large near sections
where changes in diameter occur .

The loss of head due to sudden contraction expressed as a
function of the velocity head is

h0 K c

in which K c is an empirical coefficient
,
and v is the velocity in

the smaller pipe . The following table gives experimental values
of K c .

VALUES OF THE COEFF ICEN T K c, FOR SUDDEN CONTRACTION

RATIO OF SMALLER TO LARGER D IAMETER

0149

. 48 . 48 . 47 . 44 . 4 1 . 37 . 28 . 18 . 09 . 04

. 47 . 46 . 45 . 43 . 40 . 36 . 28 . 18 . 10 . 04

. 44 . 43 . 42 . 40 . 37 . 33 . 27 . 19 . 1 1 . 05

. 38 . 36 . 35 733 . 3 1 . 29 . 25 . 20 . 13 . 06

The loss of head at entrance to pipes is a special case of loss
Of head due to contraction . If the body of water is large the
cond itions conform approx imately to a ratio of diameters of

zero, and for a square-cornered entrance , where the end of the

pipe is flush with a wall having a plane surface , the values of K0

are comparable with the values of K c in the second column of the
above table .

If the change to a smaller diameter takes place gradually, as
is the case with a gradually tapering section connecting the two
pipes, or if the corners of the smaller pipe are rounded so as to
reduce contractions

,
values ofK c will be much smaller than those

given for a sudden reduction of diameter . If the change is made
as gradually as in a Venturi meter or if a bell-mouth connection
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(page 85) between the two pipes is used , K c may become prac
tically negligible .

Change in gradient resulting fromsudden enlargement is shown
in Fig . 99 . In this case the change in he ight of water columns
in piezometer tubes b and e

,
before and after enlargement

,

measures the gain in pressure head and this gain is equal to the
loss in velocity head minus the loss of head due to sudden
enlargement, the loss of head due to pipe friction be ing assumed
so small as to be negligible . This may be verified by writing
Bernoulli ’s equation between points on e ither side of the enlarge
ment .

The hydraulic gradient as plotted from experiments by
G ibson is abcde . The pressures shown by tubes 0 and d be ing

,

Fig . 99 .

—Sudden enlargement in pipe .

measured at_tl;e surface of the pipe are undoubtedly less than if
measured near the center of the pipe . In this case
ter tube 0 would read practically the same as the

tube b and the pressure would be greater than that indicated .

The portion of the hydraulic gradient bode would then be similar
to bc

’

d
’
e .

The loss of head due to sudden enlargement expressed as a
function of the ve locity head is

Archer 1 has shown from an investigation of his own experi

1 W . H . ARCHER ! Loss of Head Due to Enlargements in Pipes . Trans .

Amer . Soc . Civ . Eng , vol . 76 , pp . 999—1026



https://www.forgottenbooks.com/join


162 FLOW OF WATER THROUGH PIPES

VALUES OF THE COEFFC IENT K g , FOR GRADUAL ENLARGEMENT

RATIO OF SMALLER TO LARGER D IAMETER
Angle between ax is
and surface of pipe

—_ o c

. 16 . 16 . 16 . 16 . 16 . 15 . 13 . 10 . 06

. 49 . 49 . 48 . 48 . 46 . 43 . 37 27 . 16

. 64 . 63 . 63 . 62 . 60 . 55 . 49 38 . 20

. 72 . 72 . 7 1 . 70 . 67 . 62 . 54 43 . 24

Gates or Valves when partially closed obstruct the flow and
cause a loss of head and consequent drop in the hydraul ic gradient .

The difference in elevation of the hydraulic gradient on opposite
sides of the Obstruction measures the loss of head due to the
Obstruction . Following the form used for other losses

,
the loss

of head in pipes due to gates, valves , or other obstructions may
be written

,

v being the mean velocity in the pipe . Experiments indicate
that K a does not vary appreciably with the velocity but increase s
with the amount of restriction . The following values of K 0 are

the average v alues obtained from the best experimental data
available .

VALUES OF THE COEFFICIENT K0, FOR OB STRUCTIONS IN PIPES

Ratio of area of opening Ratio of area of opening
to cross-sectional area to cross-sectional area

of pipe of pipe

Bends or curves in pipes cause a gradual drop in the hydraulic

gradient which is in excess of the te p that would occur in an
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equal length Of the same kind of straight pipe . From a careful
investigation of the available experimental data Fuller 1 deduced
the following empirical formula

,

hb C?) (342)

ha be ing the loss of head due to bends in excess of the loss which
would occur in an equal length Of straight pipe

,
v be ing the

mean velocity in the pipe and 0 be ing a coefficient whose value
varies with the radius , R,

of the axis of the pipe expressed in
feet . Fuller gives the following values of c for bends of

For R= 0, c=0.0135;for R= 0.5
,
c=0.0040; for R= I , c=0.00275;

for R= 3
,
c= 0.0024 ; for R= 6 , c=0.0023; for R= 10, c=0.00335;

for R= 20
,
o=0.0060; for R= 30, c=0.0070; for R=40, c=0.0075 ;

for R= 60, c=0.0086 .

Following the form used for other losses
,

2

hb K b
2

0

g
) (35)

and equating the right-hand members of equations (34) and (35)
and reducing,

K b 2gcv
0'25

. (36)

From this formula the values of K b given in the following table
have been computed

VALUES OF THE COEFFICIENT
,
K b, FOR Lo ss OF HEAD DUE To BEN Ds OF 90°

RAD IUS OF BEND IN FEET

pipe , v 0 1 2 6 s 10 20 30 40 50

. 38 . 26 . 23 . 22 . 26 . 32 . 57 . 67 . 72 . 77

. 46 . 3 1 . 28 . 26 . 31 . 38 . 68 . 79 . 86 . 92

. 54 . 37 . 33 . 31 . 37 . 46 . 8 1 . 95

. 65 . 44 . 39 . 37 . 44 . 54 . 97

From the above table it will be seen that the minimum loss
of head from bends occurs when the radius of the axis of the

1 W . E . FULLER : Loss of Head in Bends . J ournal of N ew England Water

Works Association, December , 19 13 .
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pipe is from 2 to 6 ft . For bends of 45° the coefficients will be
about three-fourths and for 221

° about one-half of the values
given in the table .

103 . Part of Pipe Above Hydraulic Gradient —Fig . 100shows
a pipe of uniform diameter leading from a reservoir and discharg
ing under the head H . The summit, M , is a distance y above the
straight line BeC but at a lower elevation than the water surface
in the reservoir . Two conditions will be considered : first,

pa
—
po pa

—
pv

w w

pheric pressure and po be ing the vapor pressure corresponding
to the temperature of the water in the pipe .

Assume the pipe AMSC,
Fig . 100

,
to be empty when water

where y< and second , where y > pa be ing atmos

Fig . 100.

—Part of pipe above hydraul ic gradient .

is turned into it at A . W ater will first rise to the summit M
and begin to flow down the decline toward the depression S

,

at which point it will collect and seal the pipe entrapping air
between M and S . Eventually water will discharge from the

outlet C. If the velocity is high enough the air entrapped
between M and S will be removed by the flowing water , other
wise it will remain there and obstruct the flow . In such cases
the air may be removed by a suction pump at the summit . If

pa
—
po

w

of head to be uniform
,
the hydraulic gradient will be the straight

line BeC and the flow will be the same as though all of the pipe
were below the hydraulic gradient .

pa
-"

po

w

all air is exhausted from the pipe , and the hydraulic gradient

there is no air in the pipe and y< assuming the loss

If y > the flow of water will be restricted , even though



https://www.forgottenbooks.com/join


166 FLOW OF WATER THROUGH PIPES

variety of problems . Oftentimes such problems may be solved
more readily by trial solutions , though some formulas may be
derived which are of assistance . A few special cases are given
in the following pages . Problems of th is type are encountered
frequently in designing mains for city water supplies .
If the pipes are long ( 1000 diameters or more) the minor

losses will ordinarily be comparatively small and are usually
neglected . If

,
however

,
it is desired to include these losses

,
a

solution should be made first neglecting them and then correcting
the results to include them .

105 . Branching Pipe Connecting Reservoirs at Difierent

Elevations .
—A

,
B and C are three reservoirs connected by

pipes 1
,
2 and 3

,
as shown in Fig . 101 . Let ll , d l , Q 1 and v 1

F I G . 101 .

—Branching pipe connecting three rese rvoirs .

represent, respectively , the length , diameter , discharge and mean
velocity for pipe 1

,
and the same symbols with subscripts 2

and 3
,
t he corresponding terms for pipes 2 and 3 . If a piezom

eter is assumed to be at the junction P
,
the water surface in

the tube will be a certain distance
,
h l , below the surface in reser

voir A . The surface of reservoir B is a distance HB
= h 1+h2 below

that of reservoir A and the surface of reservoir C is Hc
= h 1+h3

below the surface of reservoir A . If h 1<HB , reservoir A w ill
supply reservoirs B and C. If h 1 > HB , reserv oirs A and B will
supply reservoir C. There are many problems suggested by this
figure

,
in which certain quantities are given with others to be

determined . Methods of solving three of these problems are

given .

Case 1 .

—Having given the leng ths and diameters of all pipes ,
and elevations of the three reservoirs; to determine Q 1 , Q2
and Q3 .
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This problem is most conveniently solved by trial . Assume
Q 1 and solve for h l . Then using H3 minus this computed value
of h1 for hg , the loss of head due to friction in pipe 2 , solve for
Q2 . Similarly, using H0 minus the computed value of h for

friction loss
,
hg , in pipe 3, solve for Q3 . Evidently Q 1 =Q2+Q3 ,

Q2 be ing negative if the direction of flow is from B toward P .

The correct value of Q 1 w ill lie between the assumed value and
the computed value of Q2 -j-Q3 . Continue to assume new values
of Q 1 , between these limits

,
and repeat computations unti l

Q I =Q2+Q3
It may be found helpful in making assumptions t o plot com

puted values of Q 1 , Fig . 102
,

against the error made in each
assumption , that is, against Q 1

The resulting d iffer
ence may be e ither plus or minus .

If the assumed values of Q 1 are

well selected they will define a 109 8 7 6 5 4 3 2 1 0 1 2 3 4 54” 8 9 10

curve whose intersection with the Q 1 Q + Q ,)

Q l -ax is will give the discharge as
FI G . 102

accurately as is usually required .

The points should be on both sides of the Q l -axis and preferably
one of the points should be quite close to it . Usually not
more than three trial solutions w ill be necessary .

This problem may also be solved analytically . Assuming
any formula for pipe friction

,
as, for example , the Chezy formula ,

From Fig .

H3
= h 1+h2

and substituting the above values of h 1 and hg ,

l l 01
2 12 02

2

H3
=fl gi 2g
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and in a similar manner,

also since Q 1 Q2+Q3

d1
2
v 1 d2

2
v2+d3

2
03 .

By solving equations (38) and (39) simultaneously, v 1 , v2

and v3 may be determined if the other quantities are given .

Since f1 , f2 and f3 are dependent upon v1 , v2 and v3 , respective ly
for the ir values , the equations must first be solved with assumed
friction coefficients, to be corrected after the first solution for
velocities has been completed . W ith these corrected values of

f1 , f2 and fig, another solution of the equations for more accurate
values of v 1 , v2 and v3 may be made .

Case 2 .

—Having given the lengths and diameters of all pipes ,
Q 1 , and the elevations of water surfaces in reservoir A and one

of the other reservoirs as B;to determine the elevation of water
surface in reservoir C.

Using Q 1 , determine the lost head , M, in pipe 1 . Then
h2 =HB

—h 1 is the lost head in pipe 2 , using which , Q2 may be
computed . Q2 will be plus or minus depending upon whether the
direction of flow in pipe 2 is towards B or P . Then Q3 = Q 1—Q2 .

W ith Q3 determined , the head lost in pipe 3 may be computed ,
and the elevation of water surface in reservoir C obtained .

Case 3 .

—Having given the lengths of all pipes , the elevations
of water surfaces in all reservoirs

, Q 1 , and the diameters of two
pipes as d l and d2 ; to determine d3 .

Determine h l , Q2 and Q3 as for Case 2 . Then with Q3 and
h3 =Hc

—h 1 known , compute d3 .

106 . Compound Pipe Connecting Two Reservoirs—The reser
v oirs A and B are connected by a system of pipes as shown in
Fig . 103 . Pipe 1 leading from reservoir A divides at S into
pipes 2 and 3 wh ich j oin again at T. Pipe 4 leads from the

j unction T to a reservoir B . Le t l l , d l and v1 be respectively
the length

,
diameter and mean velocity for pipe 1 , and the same

symbols with subscripts 2
,
3 and 4 the corresponding quanit ites

for pipes 2 , 3 and 4 . Q2 and Q3 are the respective discharges
for pipes 2 and 3 , the sumof which discharges equals Q , the total
discharge through pipes 1 and 4 . Assuming piezometer tubes
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Plac ing

and since

Therefore to determine approx imately (within the limits of the
error introduced in assuming K to be a constant) the quantity of
wate r passing through pipe 2 divide the total discharge by 1+F
and the total discharge minus Q2 gives Q3 .

The expression for loss of head may be written ,

(49 )

The losses Of head in the pipes 1 , 2 and 4 may be expressed by
e ither formula ( 16) or Using the expression for lost
head becomes

2 2

H=K i

1

—+K 2

’2 ” 2

+12 ,
14 ”4

d 1 25 29 d2
1 '25 29 2g

:

51 462
a1 7rd1

2 ’

Q3 4Q2 4Q
a2 7rd2

2
( 1+F) 1rd2

2 ’

Q 46)
-

a

—
4

_

1rd4
2

' (53)

Substituting these valu es of v 1 , v2 and v4 in equation (50) and
reducing

16Q
? l l Z2

“

2777 2
l
d l

sxzs

If formula ( 16) in place of (20) had been used in writing equation

(50) the above formula would be
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In formulas (54) and (55) the coefficients are not constants .

K 1 , K 2 , and K 4 vary with the velocity and f1 , f2 , and f4 vary
both with the velocity and diameter . Formula (54) will be more
convenient in solving problems where all diameters are not known
since K 1 , K 2 , and K4 do not depend upon the diameter for the ir
value . Three types of problems are explained below .

Case 1 .

—Having given the lengths and diameters of all pipes
and the total lost head; to determine Q .

Determine F by formula then determine an approxi

mate value oi Q from formula (54) or (55) estimating the velocities
in p ipes 1

,
2 and 4 for Obtaining trial values of K 1 , K 2 and K 4 ,

or f1 , f2 and f4 . If the estimated velocities were not too much in
error this solution may give the value of Q as accurate as is
desired; otherw ise w ith the value Of Q obtained by the first
solution determine the velocities and corresponding values of

coefficients in the three pipes and again solve equation (54) or (55)
for Q . The second solution should always give Q within the desired
degree of accuracy .

To check the result
,
from the computed value of Q determine

h 1 and h4 , then using H as the friction loss in pipes 2
and 3 compute Q2 and Q3 } The results obtained should show
Q approximately equal to Q2+Q3 . If closer agreement between
the computed values of Q and Q2+Q3 is required than may be
obtained readily by this method the results may be adjusted by
trial solutions . Since there is always uncertainty as to the

proper value of coefficients to use , it is not usually desirable to
work for too close an agreement .

If preferred this problem may be solved entirely by trial
but it will save time in trial solutions to determine first by
formulas (44 ) and (48) the portion of the total flow that passes
through one of the branching pipes . Then successive values of
Q may be assumed and the lost head in each pipe computed until
the sumof the losses in the three pipes equals the total lost head .

A final check should be made to see that Q equals approximately
Qz-i-Qs .

Case 2 .

—Having given the discharge , diameters and len o ths

of all pipes; to determine the total lost head .

The lost head
,
H

,
may be determined from equations (44 )

and
If preferred Q2 may be first obtained from formulas (44 ) and
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(48) and Q3 from formula Then using these discharges
,

compute the head lost in pipes 2 and 3 . These shoul d be equal .
If the computations do not show them equal adjust the dis
charges by trial (reducing the discharge in the pipe showing the
greate r loss of head and increasing by the same amount the

discharge in the other pipe) , and again compute the head lost in
each pipe . Repeat the assumption and computations until the
losses

.

of head in each of the pipes become
.

the same or until the
agreement is close enough for the purpose . This loss of head
plus the loss of head in pipes 1 and 4 , which may be computed
in the usual manner , gives,

‘

H
,
the total lost head .

Case 3 .

—Having given the discharge
,
the total lost head

,
the

lengths of all pipes and the diameters of three pipes; to deter
mine the other diameter .

Assume that the diameter oi pipe 2 is to be determined .

Compute the head lost in pipes 1 and 4 by one of the formulas
for determining loss of head due to friction . Deduct from the

total lost head the sumof these computed losses . W ith this
difference

,
which is the head lost in each of pipes 2 and 3

,
deter

mine Q3 . Then
, Q2 = Q—Q3 . W ith Q2 known , and the lost

head determined as described above
,
compute the diameter of

pipe 2 .

If the diameter of one of the single pipes
,
as for example ,

pipe 4 ,
is to be determined

,
compute the head lost in pipe 1

,

as described in the preceding paragraph and also the head lost
in the branching pipes 2 and 3 as described under Case 2 . The

difference between the total lost head and the sumof the above
losses is the head lost in pipe 4 , from which the diameter of this
pipe may be computed .

‘

107 . Pipes of More than One Diameter Connected in Series .

-Fig . 104 represents a pipe of three d iameters with lengths ll ,
Z2 and l3 ; diameters d l , d2 and d3 ; and velocities v 1 , v2 and v3 .

The total loss of head
,
H

,
assuming formula ( 19 ) for friction

loss is

ls v3
2

.

d3
l . 25 2g

l l 111
3

29

12 923
d2

1 .2 5 2g
H =K 1 +K 2 +K 3
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de te rmine the difference in e levation of the water surfaces in the two rese r
v oirs

’

.

9 . A wood-stave pipe having a diameter of 48 in . is laid on a down-grade
of 6 ft . per mile .

’ Dete rmine the difference in pressure be tween two po ints
1 mile apart if the discharge is 45 cu . ft . per second .

10. A wood-stave pipe
,
500 ft . long

,
is to be designed to carry 60 cu . ft .

per se cond across a ravine so as to connect the ends of an open flume . If
the difference in e levation between the wate r surfaces in the two ends of
the flume is to be 5 ft .

, de termine the necessary diamete r of pipe , assuming
abrupt changes in section

,
and neglecting the effect of velocity in the flume .

1 1 . A concrete-pipe culvert 90 ft . long and 3 ft . in diamete r is built
through a road embankment . The culvert is laid on a grade of 1 ft . per

100 ft . Water is backed up to a depth of 5 ft . above the top of the pipe
at the entrance and at the outlet the top Of the pipe is submerged to a depth
of 2 ft . Assume a sharp-cornered entrance . Wha t is the discharge?

12 . In Problem 1 1 (assuming all other conditions to be the same ) , what
diameter of pipe will be required to discharge 100 cu . ft . per second?

13 . In Problem 1 1 (assuming all other conditions to be the same) what
will be the depth of water above the top of the p ipe at its entrance when
the culvert is discharging 50 cu . ft . per second?

14 . A pipe line is to be laid connecting two tangents which intersect at
an angle of Between two points on these tangents

,
each distant 100 ft .

from their po int Of intersection
, will the total loss in head be less if a bend

having a radius of 6 ft . or one having a radius of 50 ft . is used?
15 . Three new east-iron pipes are connected in series as shown in Fig . 104 .

The first has a diameter of 12 in . and a length of 1200 ft . ; the se cond has a
diame ter of 24 in . and a length of 2000 ft . ; and the third has a diameter
of 18 in . and a length of 1500 ft . If the discharge is 8 cu . ft . per second,
dete rmine the lost head neglecting the minor losses .

16 . If
,
in Problem 15

,
the total lost head in

.

the three pipes is 45 ft .

,

neglecting the minor losses
,
determine the discharge .

17 . If the three pipes
,
described in Problem 15

,
have lengths of 500 ft .

each, the entrance and all changes in section being sharp-cornered
,
de ter

mine the total lost head when the discharge is 8 cu . ft . per second .

18 . Referring to Fig . 101 , page 166 , if pipes 1 , 2 and 3 have diame te rs of
24 in . ,

12 in . and 18 in .

,
and lengths of 1200 ft .

,
500 ft . and 1000ft .

,
re spect

iv e ly , dete rmine the discharge through pipe 1 , if H3 12 ft . and Hc = 20 ft .
Neglect minor losses .

19 . In Problem 18 , dete rmine Ho ,
if the discharge through pipe 1 is

20 cu . ft . per second , all other conditions remaining the same .

20. In Problem 18
,
dete rmine the diameter of pipe 3 if the discharge

through pipe 1 is 24 cu . ft . per second, all other conditions remaining constant .
21 . Referring to Fig . 103

,
page 169

,
if pipes 1

,
2
,
3 and 4 have diameters

of 36 in . ,
18 in .

,
24 in . and 30 in .

, and lengths Of 3000 ft .
,
2000 ft .

,
2400 ft .

and 1500 ft .

,
respective ly, determine H,

if the discharge through the system
is 60 cu . ft . per se cond . Neglect the minor losses .

22 . In Problem 2 1
,
de termine the discharge if H is 12 ft .

,
other con

ditions remaining the same .
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23 . In Problem 21
, determine the necessary diameter of pipe 3 if H is

15 ft .

,
other conditions rema ining the same .

24 . Three smooth rubber-lined fire hose , each 200 ft . long and 21 in .

in diameter and having 1 in . nozz les, are connected to a 6-in . fire hydrant
If

,
for the nozz les Cc = 1 and Co=0.97, determine the ne cessary pressure in

the hydrant in order to throw streams 100 ft . high, the nozz les be ing 10 ft .

above the hydrant .

25 . Determine the height Of streams that can be thrown if the pressure
in the hydrant is 70

’

lbs . per square inch, all other conditions remaining as
stated in Problem 24 .



CHAPTER X

FLOW OF WATER IN OPEN CHAN NELS

108 . Description and Definition .

-An open channel is a con

duit which conveys water without exerting any pressure
,
above

atmospheric pressure , other than that due to the actual we ight of
water carried . W ater therefore ordinarily flows in an open channel
with a free water surface , though for an enclosed conduit

,
like a

sewer flowing full , water may touch the top surface without exert
ing pressure . In th is case it is classed as an open channel . Exam
ples of open channels are rivers

,
canals

,
flumes

,
and sewers and

aqueducts when carrying water not under pressure .

Open channels have various forms of cross-section . Art ificial
channels are commonly of rectangular, trapezoidal, or circular
crosss ection

,
wh ile natural streams have irregular channels .

Though friction losses in open channels follow the same general
laws as in pipes and pipe formulas could be adapted to them ,

special friction formulas for open channels are usually employed .

109 . W etted Perimeter and Hydraul ic Rad ius—The wetted

perimeter of any conduit is the

line of intersection of its wetted
surface with a cross-sectional plane .

In Fig . 105 the wetted perimeter is
F IG . 105 .

—Cross-section Of trape
the length Of the broken line tl d .

ze idal channe l .
In a Circular conduit flowmg part

full, as a sewer, the wetted perimeter is the arc of a circular seg
ment and in a natural stream

,
Fig . 1 16,

‘ it is the irregular line
abcde .

The hydraulic radius of any section of a channel is its area
divided by the wetted perimeter . All open channel formulas
express the velocity as a function of t he hydraulic radius .

1 10. Friction and D istribution of Veloc ities—As described
under pipes (Art . 9 1 ) there is friction between the mov ing water
and the surfaces of any conduit . If there were no other influences

176
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the distance from the surface to the point of maximum velocity
be ing at a greater proportional depth for greater depths of water .

For shallow streams the maximum velocity is very near to the
surface while for very deep streams it may lie at about one-third

Dist ances ln feet

30 40 50 60 70 80 90 100 110 120 130 140

Horizontal d l v ls lomrepresent 1 foo t per se co nd velocity

FIG . 107 .

—Veloc ities in natural stream .

of the depth . A st rong wind blow‘ing either upstream or down
stream w ill affect the distribution of velocities in the vertical .

(b) The mean velocity in the vertical is ordinarily found at
a distance below the surface varying from to Of the depth .

The velocity at depth is usually within 5 per cent of the mean
velocity .
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(c) The mean of the velocities at and depth usually
gives the mean velocity in the vertical within 2 per cent .

(d) The mean velocity in the vertical is ordinarily from
to Of the surface velocity . The smaller percentage applies
to the shallower streams .

The above properties of vertical velocity curves are made
use of in measuring the discharges of streams . Mean ve locities
in successive verticals are first obtained by measuring the velocity
at of the depth in each vertical or , where greater accuracy is
required , by taking the mean of the velocities at and of

the depth . The mean of the velocities in any two adj acent v er
ticals is considered as the mean velocity of the water between these
verticals . The area between the verticals having been determined

,

the discharge through this portion of the cross-section of the stream
is the product of this area and the mean velocity . The sum of all
discharges between successive verticals is the total discharge .

The mean velocity in the vertical may be ob tained by taking
the mean of several velocity measurements . This method is more
laborious

,
however, and does not give the mean velocity appreciably

more accurately than that obtained by taking the mean of velocities
at and of the depth .

The distribution of velocities in an ice-covered stream ,
Fig . 108,

is modified by the effect of friction between the wa ter and the Ice .

The amount of this friction exceeds the skin friction Of a free water
surface and the maximum velocity therefore occurs nearer mid
depth . The mean velocity in the vertical for an ice-covered
stream is not at depth but the mean of velocities at and
depth gives approximately the mean velocity the same as for a
stream with a free-water surface .

1 1 1 . Energy Contained in W ater in an Open Channe l . —This
subject has been discussed (Art . 72) in connection with the veloci ty
of approach for we irs

,
and the energy ofwater in a pipe is discussed

in Art . 92 . In open channels where velocities in different parts of
a cross-section are not t he same

,
the total kinetic energy contained

in the water flowing past any cross-section is

KE= aW 5
2

,

g

W being the total we ight of water passing the cross-section in one

second, v the mean velocity, and a an empirical coefficient depend
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ing for its value upon the distribution of velocities in thechannel
but always greater than unity . The range of variation in a has

not been determined but in channels with unobstructed flow it
probably lies between and This matter is not of great
importance in ordinary hydraulic problems . Velocity head in
open channels is commonly taken as the head due to the mean

Distances in fee t

Horizon tal d iv is ions re present 1 foo t per se cond velocity

F I G . 108—Ve locities in ice-covered stream .

velocity
,
that is

,
a is assumed to equal unity . The slight error

introduced by this assumption may be partially el iminated by a
proper selection of coefficien ts .

1 12 . Continuity of Flow in Open Channels .

—In any open
channe l fed by a constant supply of water there is the same rate of
flow past every cross-section . In pipes flowing full

, Art . 93 , since
water is practically incompressible

,
it is not necessary that the

supply be constan t in order to have the same rate of flow past
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The actual conditions of flow as modified by friction for the
case illus trated in Fig . 109 are as follows . The water rece ives a
certain initial velocity at a

, (Art . 85) where the channel leaves the
reservoir . This channel

,
as indicated in the figure , has a slope

steeper than is requ ired to carry the water with the initial velocity
which it rece ives at a . The velocity therefore accelerates for some

distance
,
but a portion of the energy which the water contains is

used in overcoming friction . As the water proceeds down the

channe l at a continually increasing velocity
,
a point is finally

reached (since frictional resistance increases w ith the velocity, as
has already been shown for p ipes and will be shown for open
channe ls) beyond which the energy used in overcoming friction in
any reach exactly equals the poten tial energy contained in the

water w ithin the reach by reason of the slope of the channel .
After this point has been reached , approximately at b in the figure ,

F I G . 1 10.

—Open channe l with constant velocity .

the water will flow to c and beyond with a constant velocity as long
as channel conditions remain unchanged . As water moves from
a to b a portion of its potential energy is continually be ing changed
to kine t ic energy and the remainder is used in overcoming friction .

Between b and c the kinetic energy remains constant and all of
the potential energy is used in overcoming friction .

Fig . 1 10 illustrates the case where the slope is no greater than is
required to carry the water at the initial velocity wh ich it rece ives
at a . Under these circumstances, as long as the channel conditions
remain constant

,
the velocity in the channel will be the same at all

sections . In other words the potential energy of the water will all
be used in overcoming friction and the kinetic energy will remain
constant . Th is case is the one most commonly encountered in
open channe l problems .

In this connection it is important to bear in mind that t he
velocity remains constant only so long as t he channe l conditions



LOSS OF HEAD 183

remain constant . Any change in the size of the channel changes the
velocity . An increase or decrease in the slope of the channel
causes a corresponding increase Or decrease in velocity . The

velocity is also modified by any conditions affecting frictional
resistance . It will be noted that velocity conditions for open
channels are different than for pipes . In a pipe flowing full

,
under

a constant head
,
the water be ing confined and considered incom

pressible
,
the mean velocity can change only when the diameter of

the pipe changes . In an open channel
,
howev er

,

'

the water be ing
unconfined

,
the veloci ty changes w ith every change in channel

conditions .

Losses of head in open channels are in every respect analogous
to losses of head in pipes . In addition t o the loss of head due to
friction between the moving water and the surface of the channel
there is a loss of head wherever t he velocity ofwater or direction of
flow is changed . The same symbols will be used to represent
losses of head in open channels that are used to designate the cor

responding losses in p ipes (Art . These losses for open channels
are as follows :

(a) A continuous loss of head throughout the channel due to
friction between the moving water and the surface of the channel
and t o viscosity . This loss is commonly referred to as the loss of
head due tofriction .

(b) A loss of head at entrance t o the channel
,
that is

,
where a

channel takes water from a reservoir or other body of compara
t iv ely still water .

(c) A loss of head at discharge, that is , where a channe l dis
charges into a reservoir or other body of comparatively still water .

(d) A loss of head due to contraction where a channel changes
to a smaller cross-sectional area causing an increase in velocity .

The loss of head at entrance t o a channel (re ferred to under (b)
above) is a special case of th is loss .

(e) A loss of head due to enlargement W here a channel changes
to a larger cross-sectional area causing a decrease in velocity .

The loss of head at discharge (referred to under (c) above) is a
special case of th is loss .

(f) A loss of head due to obstructions of any kind in a channel ,
such as gates

,
bridge piers or submerged we irs .

(g) A loss of head due to curves in a channe l in addition to the
loss which occurs in an equal length of straight channel .
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1 14 . Hydraulic Grad ient or Water Surface .

—The hydrauli c
gradien t (Art . 95) of an open channe l coincides with the water sur
face . In t he case of s teady

,
uniform flow

,
the water surface is

paralle l to t he bottom of t he channe l . Any changes in channel
conditions which will cause e ither an increase or decrease in
velocity will cause a change in the e leva tion ) f t he wate r surface
the same as a change in ve loci ty in a pipe will cause a change in
the hydraulic gradient . Changes in the hydraulic gradient
of a pipe line resulting from changes in section are frequently
Of minor Importance and need be considered only insofar as
they affect the total loss of head , while for an Open channe l the
effect of any changes in the cross-section should be thoroughly
understood and designs for the transition of the water from one

ve loc ity to another, should be worked out w ith great care .

F IG . 1 1 1 .

Failure to provide properly for changes in elevation of water sur
face at the place where such changes occur may make it necessary
for t he channel to carry water at a depth other than that for
which it was designed and thus interfere with its satisfactory
operation .

1 15. Le ss of Head Due to Friction in Open Channe ls—Fig .

1 1 1 represents the condition of steady
,
uniform flow in a straight

channel . S ince all of t he head
,
h,, is used in overcoming friction in

t he distance , I, th is lost head is a measure of the resistance to
flow . The ratio h,/l is called t he slope , and is represented by .the

symbol 3 . Since friction losses in open channels and pipes are

of the same character they are governed by the same laws . To
make the general laws as stated for pipes on page 145 apply to Open
channels it is necessary only to substitute

,
respective ly

,
the words

channel and hydraulic radius for pipe and diameter . It is evident ,
there fore , that the base formulas for pipes apply equally to open
channe ls . Formula page 146

,
is in the form generally used
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VALUES OF C FROM KUTTER 'S FORMULA

HYDRAU LI C RADI US r I N F EET
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Some of the values of n as published by the authors of the formula
are as follows :

n =0.010 for well-planed timber or neat cement;
n =0.012 for common boards;
n = 0.013 for ashlar or neatly joined brickwork;
n =0.017 for rubble masonry;
n = 0.020 for canals in firm gravel;
n =0.025 for canals and rivers in good condition;
n =0.030 for canals and rivers w ith stones and weeds;
n = 0.035 for canals and rivers in bad order .

The above values do not include all present construction mate
rials

,
and later experimental data have shown the need of revising

HORTON ’S VALUES OF THE COEFFIC IENT OF RouGHN Ess
,
n
,
FOR KUTTER ’S

AND MANNING ’S FORMULAS

RANGE OF VALUES

Surface

From

Vitrified sewer pipe
Common clay drain tile .

Glazed brickwork
Brick in cement mortar
Neat-cement surfaces
Cement-mortar surfaces
Concrete p ipe
Plank flumes

,
p laned

Plank flumes
,
unplaned

Plank flumes with battens
Concre te-lined channels .

Rubble masonry .

Dry rubble
Ashlar masonry .

Smooth me tal flumes .

Corrugated metal flumes
Earth canals in good condition
Earth canals with weeds and rocks
Canals excavated in rock .

Natural streams in good condition
Natural streams with weeds and rocks .

Sluggish rivers, very weedy .



188 FLOW OF WATER IN OPEN CHANNELS

them . A more complete list of values of Kutter ’s n
,

based upon later data and practice , and showing the probable
ranges Of variation has been prepared by Horton , extracts from
which are tabulated on page 187 .

The solution of t he Kutter formula may be Obtained from
tables wh ich usually accompany the formula . The use of the
Chezy formula with the Kutter coeflicient thus becomes much
sirnplified . A'

short table of values of C corresponding to different
values of r

,
s
,
and n is given on page 186 . Interpolations are

necessary in using th is table .

1 18 . Th e Manning Formula .

-This formula was first suggested
by Manning 1 in 1890. His study of the experimental data then
available led to the conclusion that the values Of the exponent s

y and z (formula which best represented the law of flow in
open channels were

,
respectively and Expressed in English

units t he Mann ing formula is

Th is may be considered as the Chezy formula w ith

n

The coefficient of roughness , n ,
is to be given the same value as n

in the Kutter formula . The values of n applicable to differen t
channe l conditions are tabulated on page Expressed in metric
units the Manning formula is

1 19 . Comparison of Mann ing and Kutter Formulas—Using
t he same value of n in each case

,
the Kutter and Manning formulas

give identical results for r = 1 meter= 3 . 28 feet . This may b e
proved by substituting for r in each formula . It will be found
that each formula then reduces to

1 ROBERT MANN ING : Flow of Wate r in Open Channe ls and Pipe s . Trans .

Inst . C iv . Eng . Of Ire land , 1890. vol . 20.
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that the present formwill be simply a step in the transition from
the use of the Kutter formula to the use of the simplified form of the
Manning formula . In order to assist in determining K in terms of
n the following table of values is given

MANNING ’S K IN TERMS OF n . K

n K n K n K n K

The Kutter formula shows C to be a function of the slope
,
3
,

while the Manning formula does not . The terms involving 8 in the
Kutter formula were introduced to make the formula agree with the
measurements of flow of the M ississippi river by Humphreys and
Abbott . These measurements have since been shown to be in
error by at least 10per cent and to this extent the Kutter formula
is based upon incorrect data . Later experiments do not verify
t he conclusions of Ganguillet and Kutter regarding this mat ter .

The value of C in the Kutter formula is not materially affected
by the 3 terms unless the slope is very small , much smaller than is
ordinarily used in designing channels

,
and so the formula has

been satisfac torily used for the conditions ordinarily encoun tered
in practice . It is probable that t he Kutter formula would have
been more satisfactory for all channels , including those with very
small slopes

,
with the

“

3
” terms omitted . That th is is so is

shown quite conclusively by some recent experiments on flow in
t he Chicago drainage canal . 1

The foregoing discussion may be summed up briefly with the
statement that the Manning formula is much simpler to use than
the Kutter formula and that , with t he same value of n

,
it gives

practically the same result s as the Kutter formula except for flat
1 MURRAY BLANCHARD : Hydraulics of the Chicago Sanitary Districts

Main Channe l . J ourna l of the Wes tern Society of Engineers , Sept ,
1920.
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slopes : In the latter case the Manning formula appears to g ive
more accurate results than the Kutter formula .

1 20. Th e Bazin Formula .
—This formula

,
first published 1 in

1897, like the Kutter formula , determines the value of C in the
Chezy formula . It considers C to be a function of r but not of s .

Expressed in English units the formula is

157 .6

1+ —
”l_
7
’

in which mis a coefficient of roughness . Values ofmgiven by
Bazin are

m= 0. 109 for smooth cement or planed wood;
m=0.290for planks, ashlar and brick;
m= 0.833 for rubble masonry;
m= for earth channels of very regular surface;
m= for ordinary earth channel;
m= 3 . 170 for exceptionally rough channels .

The Bazin formula is used extensively in France but it has not
been generally adopted in other countries . The value of mis
subject to fully as w ide a variation as n in the Kirt ter or Manning
formulas .

121 . Open
-channe l Formulas in General . The Kutter,

Manning
,
and Bazin formulas are the best known and most widely

used of the open-channel formulas . There are a large number of
other formulas which have been published, and many of these
doubtless possess merit . It is not ordinarily advisable

,
however, to

uSe any except
‘

the commonly accepted formulas unless there is
very good reason for so doing . The successful use of any open
channe l formula requires an accurate knowledge of conditions, and
judgment in the selection of coefficients . Even the most expe

rienced engineers may expect errors of at least 10per cent in select
ing coefficients w ith corresponding errors in the ir results .

122 . Detailed Study of Hydraul ic Grad ient or W ater Surface .

—In the investigation ofminor losses in p ipes , Art . 102
,
it has been

shown that these losses may be added collectively to the loss of
head due to friction and that this sum,

which represents the total
1 Annales des Ponts et Chausse’ es, 1897 .
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lost head , may be considered as a unit . The losses of head for
open channe ls are similar to those for pipes with the exception
that they must be provided for at the places where they occur .

Losses of head in open channe ls wh ich result from changes in
velocity may be expressed as functions of the velocity head the
same as for pipes . Thus ,

U

2g
,

in which v is the mean ve locity in the channel having the smaller
cross-sectional area . W hile these losses of head for open channels
are frequently ofmuch greater importance than the similar losses for
pipes , the values of coefficients for determining them are not so
well established . More experimental data in this field are needed .

ho= Ko hd -K hc -K c

F I G . 1 12 .

—Change of channe l to smaller section .

Fig . 1 12 shows the change in water surface resulting from con

tracting the cross-sectiona l area of a channel . The mean velocity in
the larger channel is v 1 and in t he smaller channel v . It is assumed
that the grades of the two channels are just sufficient to maintain
these veloc ities; that is , t here is uniform flow in each channel .
Kine t ic energy is always obtained at t he expense of potential

energy . In any open channe l t he drop in water surface
,
h in Fig . 1 12,

occurring at any change in section measures the loss in potential
energy resulting from t he change . A portion of h

,
h, in figure

,
is

used in producing kinetic energy , that is in increasing the velocity
of the water . The remainder, he, is the head used in overcoming
friction losses at the place where the change in velocity occurs .

Referring to the figure
,
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smaller channel is v and in the larger channel v1 . It is assumed
that t he slopes of the two channels are just sufficient to maintain
these velocities .

The velocity v being greater than v 1 there is a loss in kinetic
energy w ith a resultant gain in potential energy . If there were no
loss of energy from friction , all of the kinetic energy in the smaller
channel in excess of t he kinetic energy in the larger channel would
be converted into potential energy, and the water surface in the
larger channel would be at a distance h, above the water surface
in the smaller channel . Since some energy is required to overcome

friction and turbulence losses where the transition in velocities
occurs

,
the actual elevation of water surface in the larger channel

is lower than it would be if there were no friction losses , or, as
indicated in the figure

,
at a distance

,
h
,
above the water surface

in the smaller channel . The vertical distance he= h,—h thus rep

F IG . 1 13 .

—Change of channe l to larger section .

resents the loss of head due to enlargement . Th is may be expressed
algebraically as follows :

0
2

01
2

h h, he

”
2

29 2g

and substituting K.

2g
for he t he formula may be written,

it
0
2

0
2

v 1
2

29 2g 29

There are no satisfactory experimental data giving values of K 3 .

In general , however, it is known that for abrupt changes in velocity,
very little of the kinetic energy in the smaller channel is con
verted into potential energy . In other words nearly all of this
energy is lost in friction and turbulence and there is little differ
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ence in elevation in the water surfaces in the two channels . In
this case K 6 approaches very near to unity . By exercising care
in design and construction and making velocity changes gradual
so as to produce a minimum of turbulence the value ofK, may be
greatly reduced .

It should be remembered that equations (9) to ( 15) are approx
imat ions in that they assume the kinetic energy in each channel to
be that due to the mean veloci ty, that is, they assume equal
velocities at all points in a cross-section for each channel . This
is equivalent to assuming a in equation ( 1 ) to be equal to unity .

The error introduced , thereby is however, Of no great import ance ,
especially in view of the fact that a correction for this error is
necessarily included in the empirical values selected for K c or K g .

The most common types of obstructions in open channels are

submerged weirs, gates, and bridge piers . Losses of head resulting
from we irs of all kinds and gates, which are types of orifices

,
are

treated in earlier chapters . These structures are commonly
employed to deflect water from main canals to secondary channels .

Bridge piers, Fig . 1 14 , restrict the cross-sectional area of a chan
nel and therefore obstruct the flow . The loss of head , h,, or what
amounts to the same thing, the amount that the water will be
backed up by piers is not

sufficient to be of any im
portance except for com
parat iv ely high ve locities .

The most important case
arises in determining the

backing-up effect of bridge
piers during £10011 Stages 01 F I G . 1 14 .

—Bridge pier obstructing flow .

streams . The to tal loss of
head is made up of three parts; a loss of head due to contraction
of the channel at the upstream end of the piers, a loss of head
due to enlargement of the channel at the downstream end

, and
an increase in loss of head due to friction resulting from the

increase in veloc ity in the contracted portion of the channel .
On account of the higher velocity

,
the surface of the water

between the piers is depressed , the vertical distance , h , measuring
the increase in velocity head plus the loss of head . The distance

h—h, is a measure of the velocity head reconverted into static
head .
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The quantitative determination of losses of head from piers is
entirely empirical . Though many experimental data are available ,
no satisfactory general formula for the solution of this problem is
known

.
In general , however, piers that are so designed as to allow

the changes in velocity to occur gradually w ith a minimum amount
of turbulence , cause the smallest loss
of head . Fig . 1 15 represents two
horizontal sections of piers . Sec

tion A will cause less turbulence and
consequently less loss of head than
section B .

Curves or bends in the alignment of
a channel cause a loss of head . For

low velocities such as occur in earth
canals t he loss in head is slight and
ordinarily no allowance is made for it
unless the curves are sharp and ire
quent . For sharp curves in concrete
lined canals or flumes designed to
carry water at high velocities , an
increase in the slope should be pro
v ided . There are few experiments for

determin ing the loss of head in curves, but the data for bends in
pipes (page 163) may be used as a guide . Some engineers prefer
to correct for loss of head at curves by using a higher coeflicient of
roughness .

123 . Hydraulics of Rivers .

—Open-channel formulas do not
apply accura tely t o natural streams since the channel sections and
slope of water surface vary and the flow is non-uniform . At t he

lower stages , streams usually contain alternating reaches of riffies
and slack water . During high stages this condition largely dis
appears and t he water surface becomes approximately parallel to
t he ave rage slope of the bottom of t he channel . The degree of

roughness of natural streams varies greatly within short reaches
and even w ithin different parts of t he same cross-section . This
may be seen from Fig . 1 16

,
which illustrates a stream in flood stage .

The channe l of normal flow ,
abc

,
will probably have an entirely

d ifferent coefficient of roughness than the flood plain ode . Also the
portion of the left-hand bank , Fig . 1 16 , lying above ordinary
high water may be covered with trees or other vegetation and have a

F IG . 1 15 .

—Effect of shape Of

bridge piers in causing tur
bulence .
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mode . Assuming the depth of water over the flood plain to be
3 ft .

,
the wetted perimeter of the portion of the cross-section ,

abcmwill be about 203 ft . Then r 2
3

535 and from

the Manning formula, Q= 24 ,
250 cu . ft . per second . This indi

cates that a portion of the channel discharges more water than
all of it

,
which is clearly impossible .

W here an open-channel formula must be applied to an irregular
section such as that indicated in Fig . 1 16

,
it is necessary to divide

the cross-section into two portions and compute the discharges
for each portion separately . As the two portions of the channel
w ill differ in roughness

,
different coefficients should be selected for

each .

125. Cross-section of Greatest Efi ciency.
—The most efficient

channel cross-section
,
from a hydraulic standpoint

,
is the one

which
,
with a given slope and area

,
will have the maximum

capacity . Th is cross-section is the one having the smallest wetted
perimeter

,
since frictional resistance increases directly w ith t he

wetted perimeter . Th is also may be seen from an examination
of one of the open-channel formulas . Take for example the

equation for Q as given by the Manning formula

aln
n

Under the assumptions made a
,
n
,
and s are constant . Q there

a
fore Increases wrth r . Since r r Increases as p decreases and

P

Since Q varies only with r it is a maximum when p is a minimum .

It should be borne in mind in this connection that there are

usually practical objections to using cross
sections of minimum area but the dimen
sions of such cross-sections should be known
and adhered to as closely as conditions
appear to justify .

Fm. 1 17 .

—Scmieircular Of all cross-sec t ions
,
having a given area

channe l . the semicircle
,
Fig . 1 17

,
has the smallest

wetted pe rimeter and it is there fore the
cross-se ction Of highest hydraulic e fficiency . Semicircular cross
sections are sometimes used for concrete or brick channels but
they are not used for earth channels .
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Trapezoidal cross-sections, Fig . 1 18
,
are used more commonly

than any others . They are the only practical sections for earth
canals

,
and masonry and wooden conduits are usually of this form .

The rectangular section , usually used for wooden flumes, may be
considered as a special case of the trapezoidal section . Properties
of trapezoidal sections and methods of determining sections of
greatest efficiency are shown in the following analysis .

From Fig . l 18,
l
% = z and y; or e =Dz and b=Dy . Then

v
=

F IG . 1 18 .

—Trapezoidal channe ls .

Substituting this value of D iir
‘

equat ion ( 17

z+y
°

Equating the first derivative w ith respect to y to zero and reducing,

—
z) , (2 1 )

b —
z) . (22)

From which may be obtained the relation between depth of
water and bottom width of canal of the most efficient cross
section for any values of 2 .

From equations ( 17) and

D2 (z+ y)
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Substituting y from equation (2 1) and reducing

r =D/2 , (24 )

or
,
the cross-section of greatest efficiency has a hydraulic radius

equal to one-half the d epth of water .

By substituting y from equation (2 1 ) in equation (20) and
reducing, the following expression is obtained

(25)

equating the first derivative with respect to z to zero and reducing

1 —tan 30°
VB

It may be seen from an examination of equation (22) that
when e = tan 30° the length of each side is equal to b, Fig . 1 18 (c)
and the section becomes a half hexagon . Thus

,
of all the trape

zoidal sections ( including the rectangle) , for a given area , the half
hexagon has the smallest perimeter and it is therefore the most
e fficient trape zoidal cross-section .

From equation (22) are obtained the following relations between
bottom w idth and depth (for different side slopes) for trapezoidal
cross-sections of maximum efficiency .

e/D= z 0 1 2 3 4

b 2D 1 .S6D 1 . 24D 0.83D 0.61D 0.47D 0. 32D 0.25D

A semicircle hav ing its center in the middle of the water surface
may always be inscribed within a cross-section of maximum

e fficiency . This is illustrated for a
trapezoidal cross-section in Fig . 1 19 .

0A
,
0B

,
and CC are drawn from a

point 0 on the center line of the
water surface perpendicular to the

sides Of the channel EF
,
PG

,
and

CH respectively . Let EF =GH= x;

FG b; 0A CC R; and OB D . As before a area of section
and p = wetted pe rimeter . Then from the figure

,

“ 2 11+s

F IG . 1 19 .
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cross-sections so that continuity of flow exists
,
or expressed by

symbols
,

a1v 1
= a2v2

= a3v3 , et c .

An example of non-uniform flow is illustrated in Fig . 12 1
,
which rep

resents a canal supplied by another canal or reservoir . W ate r
ente rs the canal at a certain initial velocity which may be computed
by the method described in Art . 85 . There is a sudden drop in the
water surface at t he entrance . The slope of the canal is greater
than that required to carry t he water at its initial velocity and
the velocity therefore continues to accelerate until it becomes equal
to the velocity at which the channel will carry water under condi
tions of uniform flow .

Fig . 122 wh ich represents a canal connecting two reservoirs is

F IG . 12 1 .

—N on-uniform flowin channe l with steep slope .

another example of non-uniform flow . The bottom of the canal
is on a slope different from that which the water surface will
attain . The total head producing flow is H . As before

,
there is a

drop in the water surface at t he place where the water rece ives its
initial veloci ty . The same analysis applies to the two cases illus
t rated in Figs . 12 1 and 122 .

This problem may best be analyzed by considering the channel
to be divided up into reaches A

,
B

,
C

,
et c .

,
F igs . 12 1 and 122 , the

computations be ing made for one reach at a time . There is a
certain degree of approximation introduced in doing th is as com

putat ions are based upon an average cross-sectional area
,
but by

reducing
'

the length of reach considered any desired degree of
accuracy may be obtained . The follow ing nomenclature is
used
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l= length of reach considered;
8 1
= slope of bottom of canal;

s= average slope of water surface in reach;
h 1 = fall of water surface in reach;
hf= loss of lead due to friction in reach;
do= depth Of water in upper end of reach;
ch depth of water in lower end of reach;
b0= bot tomwidth of trapezoidal section at upper end
bl = bottom width of trapezoidal section at lower end
v0 mean velocity at upper end of reach;
v 1
=mean velocity at lower end of reach;

v=mean velocity at middle of reach;
r= hydraulic radius of section at middle of reach;
z= slope of sides of canal for trapezoidal section;
n = coefficient of roughness in Manning ’s formula .

F I G . 122 .

—N on-uniform flow in channe l with flat slope .

From Bernoulli ’s equation
,
assuming equal velocities at all points

in a cross-section .

From Manning ’s formula
,

was
7L

and approximately, put ting v

ln2 (vo—l~v1 )2
8 . 83r%

Substituting this value of h, in equation (26) and transposing,

01
2

210
2

2g 29

This is the general equation for non-uniform flow .
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If the areas and wetted perimeters of the cross-sections at the
upper and lower ends of a reach and also the drop in water surface,
h ,

are measured
,
the velocity at one end of the reach may be

expressed in terms Of t he velocity at the other end , as, for example,
a l v l and t he other velocity , v 1 , may be computed from

equation
Similarly if Q and the cross-section at the upper end of a reach

are known
,
the cross-section at the lower end of a reach may

be computed . Assume for example a trapezoidal cross-section .

Then
in : d0+ 8 1l—d l

v0
Q

v 1
Q

and for the average section ,

In the right-hand members of the above equations b1 and d l are
the only unknown quantities , and one of these must be assumed .

The known quantities and the assumed value of bl or (11 are then
substituted in these equations and the expressions for h ,

v0, v 1 ,

and r thus obtained are substituted in equation (29) wh ich equation
may be solved for bl or d l depending upon which has been assumed .

Suppose for example that d l , the depth of water at the lower end
of the reach

,
has been assumed; bl is then computed . If the pro

portions of canal section thus obtained are not satisfactory
,
a new

value of d , may be assumed and bl may be recomputed . Ordina
rily t he general form of the canal will be we ll enough known so
that recomputations will be unnecessary .

To get the dimensions of othe r cross-sections the above process
will be repeated

,
the section at t he lower end of one reach becoming

the upper cross-section of the next reach below .

128 . Backwater .

—A common problem in non-uniform flow
occurs where water is backed up by a dam ,

we ir or other obstrue
tion . Usually it is required to determine the amount that t he
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problem is to the determination of the elevations of points in the
backwater curve above a dam . This is necessary when the damage
which will result from submerging property during floods or the
effect of backwater on some power plant farther upstream,

is to be
determined . Since in natural streams the channels are irregular

,

average sections in each reach and also average velocities are used .

It is usual
,
therefore

,
to put the av erage velocity in the reach , v ,

in formula (29 ) in the place of v0 and v1 , from which the follow
ing simplified express ion is obtained :

This is simply a transposed form of the Manning formula
, h in

this case be ing equal to h, .

In solv ing backwater problems by this formula
, Q and the

e levation of water surface at the lower end of reach A are usually
known . Then h is assumed , from which a trial value of elevation
ofwater surface in the middle of the reach may be obtained . Based
upon this assumed e levation an average channel cross-section for the
reach may be plotted and the area and hydraulic radius determined .

Then h l may be computed and if this computed value of h differs
from the assumed value sufficiently to materially affect the results
Of t he computations , a new assumption for h may be made and t he
computations repeated until the assumed value ofM is as near as
is desired to the assumed value . W ith a little experience it will be
found that the firs t assumed value of h will give the computed
value close enough without repeating the computations .

As considerable uncertainty exists in the selection of a proper
value of n and Since the error thus introduced into the result is
raised to the second power any solution of this problem is neces

sarily approximate .

129 . Divided Flown—Fig . 124 represents a channel divided by
an island . The total discharge , Q ,

is given and it is required to
determine Q 1 and Q2 , the portion of discharge going respectively to
channels 1 and 2 , and also the total lost head h ] , that is , the drop
in water surface frommto n . From t he Manning formula
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and since v =
a, using subscripts 1 and 2 to re fer to the respective

channels
,

Z2

F I G . 124 .

—Channe l divided by island .

Equating values of h and reducing

n2a1r1
31

Q 1 Q2

Putting

and since

h 1 may now be obtained by substituting Q 1 and Q2 in formulas (36)
and
In computing backwater curves where the channel is divided

by an island of considerable length it may be necessary to make
computations for separate reaches

,
as described on page 205 . In

this case
, Q 1 and Q2 may be determined approximately from

formulas (40) and (42) using an average cross-section for each
channel and with these discharges determined the slope , or rise in
water surface , h 1 , may be computed . If the values Q 1 and Q2
are correct , the computations should show h the same for each
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channe l . If the computed values of h do no t agree
,
the com

putations Should be repeated , reducing the discharge of the channel
for which t he compu tations give t he greatest value ofh 1 and increas
ing t he discharge of t he other channe l by an equal amount . The

computations are repeated until they give approximately the same

values of h for both channe ls .

It may be he lpful , in order to reduce the number of trial
solutions , to plot values of Q against t he error made in each assump
tion . The method is similar to that for divided flow in pipes

,

described on page 167.
s

The problem presented by channels having a~flood plain
,

Fig . 1 16 is similar to that of the channel divided by an island .

The flow over the plain should be computed separate ly from that
for the main channel, as discussed on page 207 . If the total dis
charge is known , Q 1 and Q2 be ing respectively the portions of

the flow for the main channe l and flood plain
,
formulas :

(40) and

(42) may be used to determine approx imate values of Q 1 and Q2 .

W ith these approx imate discharges determined, t he two values of
In may be computed , using the proper value of n for each channe l .
If these values of h do not agree the . computations should be
repeated , correcting Q 1 and Q2 and continuing t he computations in
the same manner as that described above for channels divided by
an island .

PROBLEMS

1 . An earth canal in good condition having a bottom width of 12 ft .
and Side slopes Of 2 horizontal to 1 vertical is designed to carry 180 cu . ft .
per se cond at a mean ve locity of ft . per second . What is the necessary
grade Of the canal?
2 . What is the capacity of the canal in Problem 1

,
if the grade is 2 ft .

per mile , all othe r conditions remaining the same?
3 . De te rmine the depth of wate r in the canal

,
described in Problem 1

,

if the grade is 2 ft . per mile , other conditions remaining as stated .

4 . De te rmine the bottom width Of the canal having the same capacity
and side Slopes as the canal described in Problem 1

,
that will give the most

efi cient section . ,
0

5 . A circular concre te sewer 5 ft . in diameter and flowing half full has a
grade of 4 ft . per mile . De termine the discharge .

6 . In Problem '

5
,
what slope in fee t per mile must the sewer have if the

mean ve locity is to be 8 ft . per se cond when flowing full capacity?
7 . A smooth-metal flume of semicircular cross-section

,
has a diamete r of

6 ft . and a grade of What diame ter of corrugated metal flume will
be required to have the same capacity .
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is ft . per mile, determine the discharge when the water is 8 ft . deep in
the canal .

16 . A flume built of planed lumber, with vertica l sides , 8 ft . wide has a
grade of 2 ft . per 1000 ft . A sharp-crested we ir ft . high is cons tructed
across the flume . When the head Of water over the weir is ft .

,
what

is the e levation Ofwater surface at a section 200 ft . upstream from theweir?
How much higher is t he water surface at this section than it would be with
t he same quantity of water flowing but with the weir removed?

17 . A canal carries 300 cu . ft . per second of water at a depth of ft .
The water in this canal is to be dropped to a lower e levation through a
concre te chute of rectangular cross-section, having a grade of 1 ft . in 10 ft .

The chute is to carry a uniform depth Ofwater of ft .

,
the width to vary as

required to maintain this depth . De termine the width of chute at entrance
,

at 100 ft . below t he entrance
,
and at 200 ft . be low the entrance . Also

determine the minimum width possible for this depth of water .

18 . A canal
,

ft . long (580 is to be constructed with a
capacity Of 300 cu . ft . per second . The canal diverts from a river and

te rminates at a reservoir into which it discharges . The wate r surface in
the river at the point of diversion is to be maintained at an e levation Of

770 ft .

(a) Water is to be diverted through six head gates
,
hav ing rectangu lar

orifices each 2 ft . by 5 ft . Determine the head required to force the wate r
through these openings

,
assuming a coefficient Of discharge of

(b) From Sta . 0 to Sta . 425 the canal is in earth section
,
having side

slopes of 2 horizontal to 1 vertical
,
and a depth of water of of the bo ttom

width of the canal . Velocity of water is to be ft . per second . Assume a
coefficient of roughness of Dete rmine grade or slope Of canal .
(0) Between Sta . 425 and 500 the canal is in rock and is to have a semi

circul ar section l ined with concrete . The grade of the canal is to be 2 ft . per

1000 ft . Coefficient Of roughness
,

Determine the head lost at
entrance , using a coefficient of velocity of Also determine diameter of
canal section .

(d) From Sta . 500 to Sta . 580 the section of canal is the same as from
Sta . 0 to Sta . 425 . At the reservoir end of the canal (Sta . 580) a we ir is
to be constructed in order that a uniform depth of water may be mainta ined
throughout the entire length of earth section . Length of this weir is to
be equal to the bottom width Of the earth canal . The weir has a rectangu lar
se ction

,
with horizontal crest 2 ft . 8 in . wide . Determine he ight of crest

above bottom of the canal .
(e) Tabulate the e levations of the wate r surface

,
to nearest ft .

,
at the

following sta tions : Sta . Sta . Sta . Sta . 500 and

Sta . (Assume K e
-l at Sta .



CHAPTER XI

HYDRODYNAMICS

130. Fundamental Principle s .

—N ewton ’s laws of motion
form the basic principles of the subject of hydrodynamics . These
laws are clear and definite and lead to results that agree exactly
with experiment . Briefly stated they are as follows
I . Any body at rest or in motion with a uniform velocity along a

straight line will continue in that same condition of rest or motion
until acted upon by some external force .

I I .

-Any change in the momentum of a moving body is propor
t ional to the force producing that change and occurs along the
same straight line in which the force acts .

II I . To every action there is always an equal and opposite
reaction .

These three laws of N ewton ’s are frequently re ferred to as the
Laws of Inertia, Force , and Stress, respectively . The solution of

practically any problem in hydrodynamics may be accomplished
by the direct application of these laws . It is therefore essential
that a clear conception be had of the ir full significance . As an aid
in acquiring this conception the following discussion is presented .

131 . Interpretation of N ewt on
’
s Laws . —N ewton ’s first law of

motion is merely a statement of the now well-known fact that
matter is inert; that is, it possesses no ability, per se, to change its
condition of rest

,
or motion

,
and that any such change must be

brought about through the action of some external force
,
as for

instance
,
friction Of the air in retarding the velocity of a bullet .

Since change in motion results from the application of a force
it may be assumed that the magnitude of the change in motion
wi ll depend upon the magnitude of the force producing that
change ; in other words it may be assumed that there is, as usual,
a direct relation between cause and effect . Making this assump
tion

, the second law follows naturally from the first . Momentum
is by definition quantity ofmotion, and is equal to the product of

211



2 12 HYDRODYNAMICS

the mass and velocity . Designating by Z 1 , the momentum of a
mass ofwater,M,

having a velocity v1 .

Z 1 = l .

If a force P acting upon this mass for a time At changes the
veloci ty to v2 .

Z2 =Mv2 ,

Z 2—Z 1 =M (v2—v 1 ) ,

AZ MAv
,

Av
-

A
—
t
acceleration , and mass times accelerat ron equals force .

Equation (2) may be written in the form,

M
“

A? (3)

or substituting for Av its equivalent (v2—v 1 ) and letting At equal 1
second , equation (3) becomes,

P =M (v2—v 1 ) (4)

This means that when a force acts upon a mass and thereby
changes its ve locity from v 1 to v2 , the force is equal to t he product
of the mass whose velocity is changed each second from v1 to v2 ,

and t he change in velocity .

Th is may be demonstrated in another manner . The amount
of work done upon any mass is equal to the gain in kinetic energy

,

or
MU2

2 M01
2

2 2

in which l is the distance through wh ich t he force P acts upon the
mass M . But

There fore
,
from equations ( 1) and (2)

Pt=M(v2—v 1 ) ,
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132 . Relative and Absolute Veloc ities .
—Strictly speaking

,
all

motion is relative . N 0 object in the universe is known to be fixed
in space . An airplane is said to be flying one hundred miles per
hour but this is it s ve locity only w ith respect to t he surface of the

earth beneath it . The earth ’s surface itse lf is moving at a tre
mendous speed both with respect to its axis and to the sun

,
each

of which are whirling through space at a still greater rate .

It is nevertheless convenient in connection with this subject
to consider all motion with respect to the earth ’s surface as ab so

I
‘m. 125 .

lute motion . The airplane above referred to has there fore an abso
lute ve locity of 100miles per hour . Another plane in pursuit may
have an absolute velocity of 120 miles per hour but its relative
velocity w ith respect t o the first plane is only 20miles per hour .

If the two planes were to fly in opposite directions , each retaining
its same absolute velocity

,
the relative ve locity between them

would be 220miles per hour . If they were to fly at right angles to
each other the ir re lative v e

miles per hour .

Since velocities are vector
quanti t ies

,
these results may

be obtained graphically as in
Fig . 125

,
in wh ich

,

vA is the absolute ve locity
of A

,

mg is the absolute veloc ity
of B

,
and

u is the re lative ve loc ity of
e ither with respect to

126 J H
the other .

t
'

t t.e ‘

fiffiffi
mg agams a a

133 . Jet Impingm
’

g N or

mally on a Fixed Flat Plate .

126 shows a je t impinging at right angles against a fixed flat



JET IMPINGING ON A MOVING FLAT PLATE 2 15

plate . It is assumed that the plate is large enough with respect to
the size of the jet so that the jet is deflected through a full
The pressure exerted on the plate varies from a maximum at the
axis of the jet where it is very nearly equal to that due to the full
veloci ty head , to zero at a distance approximately equal to the
diameter of the jet from its axis . The total pressure exerted is
equal t o the product of the mass impinging per second and t he orig
inal velocity of the je t , since the final velocity of the water as it
leaves t he plate has no component in its original direction .

Hence
,
the force exerted on t he plate is

,

wQ
v

wav2

g g
F =Mv

where M and Q represent respectively the mass and quantity
striking the plate per second , and

'

a and v are t he cross-sectional
area and mean ve locity of the jet , all terms being expressed in
the foot-pound-second system .

134 . Je t Impinging N ormally on a Moving Flat Plate —Con
sider the case of a jet impinging normally against a flat platemov
ing in the same direction as the jet or at least having acomponent
of its motion in that direction . It is assumed that the plate has
a uniform velocity

,
being restrained from accelerating by some

external agency . The mass impinging per second is

Q
’

\

wau

g 9

where Q
’ is the quantity of water striking the plate in cubic feet

per second , a is the cross-sectional area of the jet in square feet and
u is the relative veloc ity of the jet with respect to the plate . The

change in velocity is v—v
’ = u

,
since the velocity in the direction

of the force is changed from v to v
' and the jet leaves the plate

tangentially with a velocity whose X—component is equal to the
velocity of the moving plate . The force acting on the plate is

( 10)

wQ
’
u wau.2

g g

135. Jet Deflected by a F ixed Curved Vane .

—Th e jet , shown
in Fig . 127, is deflected through an angle 0 by a fixed , curved ,
trough-shaped vane AB . It is assumed that the vane is so smooth
that friction may be neglected so that the ve locity w ith which the

F =M'
u
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jet leaves at B may be considered the same as that w ith which it
strikes at A . It is also assumed that the vertical he ight of the
vane is so small that gravity will not appreciably retard t he velocity
of the jet . Considering the horizontal and vertical components
of t he force acting on the vane

,

F,
=M (v—vz ) v—v cos 0)

wc

nfl—cos
F
,
=M (O (1) sin 0)

w

g
v
z

F IG . 127 .

—Jet impinging on a fixed F I G . 128 .

—Je t imp inging on a curved,
curv ed vane . moving vane .

The negative sign in equation ( 13) means that the force
,

is exerted in a direction opposite to vy , or in other words . down
ward .

The resultant force is

F : —cos 0)
”

5
“
sin so ( 14)

If t he angle of deflection is greater than cos 0
,
in equation ( 12 )

be comes negative . If t he jet is deflected through a full
0= l

, and sin and the equations become

2

Fz
= 2Mv

210

5
2)

( 15)

F, 0. ( 16)

136. Jet Deflected by a Moving Curv ed Vane .

—Consider the
vane shown in Fig . 128 to be moving with a uniform velocity v

’
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since the two Y-components balance being equal and opposite in
direction .

If a jet is deflected through a full 180
°

e ither by a s ingle or
double-cusped vane as shown in Fig . 129 (b) and (c) , obviously,
for a stationary vane

,

Fz
=F = 2Mv

and for a moving vane

F1
=F = 2M’

u

If a series of vanes are so arranged on the periphery of a wheel
that the entire jet , directed tangentiallyito the c ircumference is
striking e ither one vane or another successively

,
the mass imping

wav
ing again becomes M and the force exerted 18 ,

g

u ( 1 cos

u sin 0.

It should be noted that when F” is radial , PI is the only com
ponent of the force tending to produce rotation .

137 . W ork Done on Mov ing Vanes
—Since work is equal to

force times distance it is apparent that for a jet to do any work
upon a vane

,
the vane must be moving with a velocity between

zero and the velocity of the jet since at these limiting ve locities
e ither the distance or the force is equal t o zero . The question
then arises as to what velocity the vane should have , for any
given velocity of jet , to perform the maximum amount of work .

The amount of work done per second is the product of the
force acting in the direction of motion and the distance through
which it acts . Assuming that t he direction ofmotion of t he vane
is parallel with the direction of the jet , the force acting is (Art .

( 1 cos

and the distance through which it acts per second is equal to the
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velocity of the vane , v
’
. Representing the work done per second ,

expressed in foot-pounds
,
by G

,

( 1 cos 6)v
'
.

Considering v’ as the only variable in this expression and equat
ing the first derivative to zero

,
the relation between v and 0

’ may
be determined for which G is a maximum .

dG wa ( 1 —cos 0) 2 _ r r2

dv
’

g
(1) 42m+3v ) 0

,

from which

v
'= v and v

’

W hen = v
,
no work is done since the force exerted is then

zero and this value represents a condition of minimum work .

v

For maximum work therefore v
’

3

In the case of a series of vanes so arranged that the entire jet
strikes e ither one vane or another successively

,
the force exerted

in the direction of motion
,
which is assumed parallel with the

direction of the jet is (Art .

(v -cos

The distance through which this force acts in one second is v
’

,

and therefore ,

(v —
cos 6)v

’

D ifferentiating, and equating to zero
,

dG wav ( 1 - cos 6)
(v

I

dv
’

g
22) “ O

;

and for maximum work
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Substituting this value of v’ in equation

( l cos

( 1 cos

which is (
1—
3
08 0) times t he total kinetic energy available in t he

je t . For 0: 180
° this expression equals unity and

M
f, (31 )

t he total kinetic energy of the jet be ing converted into work .

This also appears from considering that the relative velocity of

the jet as it leaves t he vane is B, which is also the velocity of t he

vane . These two velocities be ing equal and opposite in direction
have a

°

resultant of zero . The water thus leaves the vane with
zero velocity, sign ifying that all of its original energy has been
util ized in performing work .

The above principles aremade use of in t he design of impulse
turbines

,
whi ch consist of a series of vanes attached to the per

iphery of a whee l . The angle 0must be somewhat less than 180°

so that t he jet in leaving a vane will not interfere with the suc
ceeding vane . Making the angle 0 equal to 170° in place of 180°

reduces t he force applied to the wheel by less than 1 per cent .

138 . Forces Exerted upon Pipes .

—In the preceding articles
of this chapter the discussion has been restricted to forces exe rted
by jets impinging agains t flat and curved surfaces . As i t was
always considered that t he flow was free and unconfined the only
forces acting were dynamic .

Consideration w ill now be given to the longitudinal thrust
exerted upon a section of pipe by water flowing through it under
pressure . This thrust will usually be found to be t he resultant of
both static and dynamic forces . The transverse forces which
dete rmine the necessary thickness of pipe were discussed in
Art . 29 .

139 . Straigh t Pipe of Varying Diameter .

—Under conditions of
steady flow through a straight pipe of varying diameter there is a
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direction is opposed to acce leration . Therefore the force pro
ducing acceleration ,

P a lp l
—02p2

—Rz .

But in Art . 131 it was shown that

P =M (v2—v 1 ) (02

and there fore
,
from equations (32) and

R: aip i az
’

pz
wa l v l

g
(Dz—v 1 ) .

Since R, is the X-component of the forces exerted upon the water
by the pipe it follows that the thrust exerted upon the section of

pipe by the water must be equal and opposite to RI ,
or in other

words the thrust will act toward the right in Fig . 130.

Considering a
'

straight section of pipe of constant diameter
throughout

,
equation (34) reduces to

Rz
= a (P1—P2 ) , (35)

since a l
z ag

= a
,
and v1

= v2 . In equation (35) p l—pz is the drop
in pressure resulting from friction between sections AB and CD .

140. Pipe Bends .

—The thrust exerted upon a curved section

Pro . 13 1 .

of pipe of e it her constant or

varying diameter is t he re

sultant of component forces
similar to those discussed in
t he preceding article . The

chie f difference lies in the fact
that the resultant thrust on

a curved section of p ipe has
both X and Y-components
since there is a 'change in v e

locity along both of these axes .

Fig . 131 shows a pipe
bend

,
having a diameter de

creasing from AB to CD and
a defle ction angle

,
0. Let R,

and R, represent the X and
Y-components of t he forces exerted by the pipe upon the water .
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The X and Y-components of the thrust exerted by the water upon
the pipe are equal in magnitude but opposite in direction to RI

and B , respectively . Assuming that the bend lies in a horizon tal
plane so that the action of gravity is normal to the direction
of acceleration and therefore may be ignored

,
the resultant X and

Y forces producing acceleration are
,

Px
= a 1p 1

—
a2pz cos B

—RZ
A

v2 cos 9

—a2p2 sin 0+R, v2 sin 0,

the right-hand members in these equations representing the in

crease in momentum along the X and Y-axes resulting from the

accelerating forces ;
From the above equations

,

Rx
= a 1p 1

—a2p2 cos
—
vz cos

Ry
= a2p2 sin v2 sin 0.

If the pipe bend is one of constant diameter throughout,
a 1
= a2 , c l = og , and p 1 = p2 (approx imately) , and the equations

reduce to
2

Rx
: ap+ ( l l—cos

R”
: ago

If the angle 9 equals 90° these-equations become

2

Rx
=R, ap+

141 . W ater Hammer in Pipe Lines .

-In Fig . 132 is shown a
p ipe line leading from a reservoir

,
A

,
and discharging into the air at

B near which is located a gate valve . If the valve is suddenly
closed a dynamic pressure is at once exerted in the pipe in excess of
the normal . static pressure . The magnitude of this pressure is
frequently much greater than that of any static pressure to wh ich
the pipe may ever be subjected and the possibility of the occurrence



22A HYDRODYN AMICS

of such pressure must therefore be investigated in connection w ith
t he design of any pipe line of importance .

This dynamic pressure
,
commonly called water hammer

,
is

the result of a sudden transformation of the kinetic energy of the
moving mass ofwater within the pipe into pressure energy . Since
force equals mass times acceleration , or

P =M

it follows that if the ve locity of t he mass M could be reduced from
v to zero instantaneously

,
this equation would become

P Mg, (44)

or in other words the pressure resulting from the change would be
infinite . Such an instantaneous change is, however, impossible .

Fro . 132 .

Consider the conditions w ithin the pipe immediately following
the closure of the valve . Le t l l , lg , 13 , I” represent infinit esi
mally short sections of pipe as shown in Fig . 132 . The instan t
the valve is closed , the water in contact w ith it in section l l is
brought to rest

,
its kinetic energy is transformed into pressure

energy , t he water is somewhat compressed and the pipe wall
with which it is in contact expands slightly as a result of the
increased stress to which it is subjected . Because of the enlarged
cross-se ctional area of 11 and the compressed condition of the water
within it

,
a greater mas s of water is now contained within this sec

tion than before t he closure . It is evident then that a small volume

of water flowed into se ction 1; after the valve was closed . An
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mat ical analysis which w ill here be avoided and there wi ll be given
only the resulting workable equations . The following nomen
clature will be used , all units being expressed in feet and seconds
except E and E'

,
which are in pounds per square inch

b= thickness of pipe walls;
D = inside diameter of pipe;
E = modulus of elasticity of pipe walls in tension;
E

' modulus of e lasticity of water in compression;
g
= accelerat ion of gravi ty ;
h = head due to water hammer ( in excess of static head) ;
H= normal static head in pipe ;
L= leng th of pipe line ;
T= time of closing valve ;
v =mean velocity of water in pipe be fore closure of valve ;
velocity of pressure wave along pipe .

142 . Formulas for W ater Hammer .

— In the following d is

cussion whenever the term pressure is used it is understood to
mean “ pressure due to water hammer and is the amount of
pressure in excess of that due to the normal static head .

If the valve is closed instantaneously the pressure in l l imme

diat ely rises to pmax and remains at this value while the pressure
wave travels to the reservoir and returns . The time required

for the wave to travel to the reservoir and back to t he valve is35 .

The pressure in In reaches this same pm“ but remain s at that
value only for an instant . At any intermediate section

, pm,(

is maintained only until the wave of reduced pressure reaches that
section . If the time taken to completely close the valve is

exactly
2L

, pmax will occur only in section l l , and will last only
” to

for an instant
,
be ing immediately lowered by the return of the

static pressure wave . If the time of closing the valve is greater

pm, will never be attained since t he wave of reduced
”w

pressure will then have reached l l before the valve is completely
closed or pm, is reached .

Evidently two formulas are necessary; one to determine the
maximum water hammer, when t he time of closure is less than
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and the other to determine the ordinary water hammer that

2L
occurs when the time of closure is greater than

v

_
’ as is usually

w

the case .

The same formula for the determination of maximum water
hammer has been quite generally adopted . The general expres
sion is,

where

Substituting th is v alue in equation

For steel pipe this reduces to

Frequently these expressions appear in different forms but they
may all be reduced to t he above forms .

There is no such general agreement as to the proper formula to
be used for the determination of ordinary water hammer when T

2L
is greater than

2)
Many formulas have been derived, some

giving results twice as great as others . Certain assumptions as
t o the manner of valve closure

,
the effect of friction and the

manner in which the waves are reflected, et c .
,
must be made

before any theoretical formula can be derived . It appears that
the main . reason for the wide discrepancy in results l ies in the

difference in these fundamental assumptions .

Assuming that the valve is closed in such manner that the
rate of rise in pressure will be constant throughout the entire
closure

,
0A

,
Fig . 133

,
represents the variation in pressure at the
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valve during the time T, provided that no return pressure wave
2L

interferes . After a time,
1)

however, the returning wave will
w

reach the valve and assuming that its intensity has been undi
minished by friction or other cause , it w ill exactly annul the
tendency for the pressure to increase , due to continued closing,
and as a result the pressure remains constant during the remainder

FI G . 133 .

of the time T
, as shown by the horizontal line BA

’

similar triangles
,

From wh ich
2Lv

gT
'

This formula was first proposed by Professor Joukov sky 1 of
Moscow ,

Russia
,
in 1898 and , it is claimed , was substantiated by a

series of expe riments which he conducted .

Other commonly used formulas 2 are as follows

(49 )

5

2
5+ (Alliev i)

1 N
. Jouxov sxv : Trans . of Prof . N . Joukov sky

’

s pape r on Wate r Ham
mer, by Boris Simin; Journal American Waterworks Association

3 M ILTON M . WARREN : Pensto ck and Surge-Tank Problems . Trans .

Amer . Soc . Civ . Eng ,
vol . 79 Contains discussions of all commonly

used water hammer formulas .
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deflected through an angle of 150° by a double-cusped vane that has a
ve loc ity, in the direction of the jet of 30 ft . per second . What is the pre ssure
exerted on t he vane and what is the amount of work done expre ssed in
foo t-pounds?

7 . In Problem 6 dete rmine the ve locity the vane must have if the jet
is to perform the maximum amount of work . What is the maximum work
in foot-pounds?

8 . If the jet , in Problem 6
,
strikes a series of vanes so arranged on the

periphery of a whee l that the entire jet is deflected through an angle of
what is the maximum amount of work that can be done?

9 . A horizontal straight pipe gradually reduces in diame te r from 12 in . to 6

in . If
,
at the larger end , the gage pressure is 40 lbs . per square inch an d the

ve locity is 10 ft . per second , what is the total longitudinal thrust exerted
on the pipe? Neglect friction .

10. A bend in a pipe line gradually reduces from 24 in . to 12 in . The

deflection angle is If at the larger end the gage pressure is 25 lbs . per

square inch and t he ve locity is 8 ft . per second, de termine the X and Y—com
ponent s of the dynamic thrust exerted on the bend . Also determine the
X and Y-components of the total thrust exerted on the bend

,
neglecting

friction .

1 1 . A 24-in . cast-iron pipe in . th ick and 6000 ft . long discharges wate r
from a reservoir under a head of 80 ft . What is the pressure due to water
hammer resulting from the instantaneous closure of a valve at the discharge
end?

12 . If the time of closing the valve
,
in Problem 1 1

,
is 6 sec .

,
dete rmine

the resulting pressure due to water hammer , comparing results obta ined by
use of formulas by Joukov sky , Johnson, Warren and Mead .
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lbs . and lbs . in top and bo t tomh00ps respectively . 1 6 . 1 404

lbs . 1 7 . ft . from toe . 1 8 . ft . from toe . 1 9 . ft .

2 0 .
ft

. 2 1 . ft . 2 2 . ft . 2 3 . lbs . 2 4 . ft .

2 5 . ft . 2 6 . lbs . 2 7 . 2 9 1 0 lbs . 2 8 . 6990 lbs .

, ft .

2 9 . 1 764 lbs ,
f t . be low center . 30 . lbs . 3 1 . 2 2 50 lbs .

and 562 5 lbs . in top and bottomhoops respective ly .

CHAPTER IV . Pages 45
—47

1 . ft . 2 . lbs . 3 . Remains stationary . 4 . ft .

5 . (a) 45 ft . above bottomand ft . fromcenter l ine
, (b) ft .

,

(c) righting couple = 909 ,800 ft .

-lbs . 6 . ft . ft . above
bo ttom. 8 . lbs . 9 . in . 1 0 . ft . 1 1 . 1 56 lbs .

1 2 . 324 lbs . 1 3 . 2 64 lbs . 1 4 . ft . 1 5 . This would be
,
in eflec t

,

a pump lifting water fromthe lowest compartment
,
when it opens

,

to the highest compartment
,
when it closes . 1 6 . Horizon tal force

Opposingmotion is equal to vertical
,
buoyant force . 1 7 . Axis nearly

horizon tal . 1 8 . Axis horizontal . 1 9 . b= 4 . 7 ft .

,
R = 5 I . 5 lbs .

,
v er

tical . 2 0 . (a) ft .

, (b) ft .

CHAPTER V. Page s 52
—53

1 . Horizontal . 2 . Incl ined fromhorizontal
,
1 7

°

3 . (a)
ft .

, (b) 1 4 20 1bs .
, (c) 39 2 lbs . 4 . 5 . 6 . 7 . (a)

0
, (b) 8 . ft . 9 . cu . ft .

'

1 0 . 1 1 .

1 2 .

CHAPTER VI . Pages 75
—78

1 . (a) FromA to B , (b) ft . 2 . 3 . Pressure at B is . 1 56

lb . per sq . in . greater than at A . 4 . 5 . ft . 6 .

7 . . 53 ft . 8 . (a) From B to A
, (b) f t . 9 . c . f . s .

,

M. G . D . 1 0 . c . f . s .

, 1 1 . c . f . s .

,
1 2 . 73

in . 1 3 . lbs . per sq . in .

,
absolute . 1 4 . in . 1 5 .

c . f . s .

, abs . 1 6 . in . 1 7 . in . 1 8 . ft . per sec .

1 9 . mi . per hr. 2 0 . 2 1 . in . 2 2 . 2 3 .

2 5 . in . 2 6 . in . 2 7 . 2 8 . in .
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CHAPTER X. Page s 2 16—219

1 . .0003 1 2 for n . 0 2 2 5 o r .000385 for n = . o z5. 2 . 1 72 c . f . s .

for n = .0 2 2 5 o r 1 55 c . f . s . fo r n .0 2 5. 3 . f t . for n = . o 2 z5.

4 . ft . fo r n .0 2 5. 5 . f t . fo r n .0 2 2 5 . 6 . 3 1 c . f . s . fo r

n = . 0 1 5. 7 . 2 1 ft . permi. for n .0 1 5 . 8 . f t . fo r n . 0 1 5 and

.030 . 9 . ft . per mi. fo r n .0 2 2 5 . 1 0 . sq . f t . 1 1 .

for n . 0 2 2 5 and .0 1 5. 1 2 . ft . fo r n .0 1 5 and .0 2 2 5. 1 3 .

ft . fo r n = .02 2 5 and .0 1 2 . 1 4 . 380 c . f . s .

,
. 0 2 52 , 1 5 . ft .

per mi . fo r n .0 2 2 5 o r ft . per mi. fo r n .0 2 5. 1 6 . . 2 6 ft .

be low bottom o f canal . 1 7 . f t . for n . 035 and . 0 1 5, f t .

1 8 . ft . 1 9 . 44 1 c . f . s . (Entrance cond itions govern . ) 2 0 . 404

c . f . s . (En trance cond i t ions govern . ) 2 1 . 4070 c . f. s . fo r n . 0 2 2 5

and .04 . 2 2 . (a) f t . above leve l of we ir crest
, (b) f t . 2 3 .

W “ : ft .

,
W 1

=
4 . 1 7 ft .

,
W g ft .

,
W ww,

ft .

,
fo r n .0 1 5

and 2 4 . (a) . 6 1 ft .

, (b) .000 1 9 , (c) . 20 ft .

,
ft .

,

ft .

, (e) 76 1 -40 ; 760-09 ; 743-59

CHAPTER XI . Pages 239—240

1 . lbs . 2 . lbs . 3 . 4 . F I
=
33 . 9 lbs .

,
F
y
=
s8 . 7

lbs . 5 . F ,
= 1 9 .0 lbs . 6 . 2 6 1 1bs .

, 7830 ft .
-lbs . 7 . 1 1 5

lbs
, 3450 ft .

-lb . 8 . 2 550 ft .

-lbs . 9 . 3 2 2 0 lbs . 1 0 . F,
—
390 lbs .

F
u

1 350 lbs . (negat ive signs indicating thrust , Opposite in d irect ion
to that of flow) , Rg

=
9870 lbs .

,
K

y
=
3 1 70 lbs . 1 1 . 585 lbs . per sq .

ih .
,
o r 1 350 ft . head . 1 2 . 300 l . per sq . in .

,
o r 690 ft . head .



IN DEX

Absolute and gage pressure , 10
Absolute ve locity, 2 14
Acceleration, 45, 48 , 181 , 202
Accuracy of computations, 5
Air in p ipes, 164 , 165
Al gebraic transformation of orifice

formula
,

'

80

of weir formu la, 1 13
Allievi formula forwater hammer, 228
Angle of heel, 40, 42
Angu lar ve locity, 48
Approach

,
channe l of

,
71

,
76

,
103

,

108

Approach
,
ve locity of

,
71 , 76, 80, 103,

108, 1 12, 120, 128

Archimedes
,
principle of

, 38

Atmospheric pressure
,
9
,
15

,
17

Axis of moments
,
25

Backwater
,
204

,
207

Barometer, mercury, 15
wate r

,
16

Barr ’s experiments
,
123

Base formu la
,
52

Bazin experiments
,
1 1 1

open-channe l formula
,
19 1

submerged-weir formula
,
12 1

weir formu la
,
1 16

Bends in p ipes
,
loss of head

,
143

,
162

coeffic ients for
,
163

thrust at
,
222

Bernou lli ’s equation
,
59

,
63

,
74 . 87

,

141

Bernoulli ’s theorem
,
57

app lication to hydrostatics
,
60

in practice
,
60

Boiling poin t of water, 2
Borda ’s mouthpiece , 9 1

Bridge piers
,
195

Broad-crested weirs
,
129

Buoyancy
,
center of

,
39

Buoyant force
,
39

,
40

Canals
,
199

Cap illary action
,
4
,
16

Cast-iron p ipes
,
coeffi cients

,
148

,
149

,

Center of buoyancy
,
39

,
42

Center of gravity
,
3 1

,
39

,
42

Center of pre ssure , 24, 29 , 31 , 32
and center of gravity, 31 , 32

Channe l entrance
,
131

,
202

,
203

Channe l of approach
,
71 , 76, 103, 108

Characteristics of jet , 71
Chezy formula

,
open channe ls

,
185

1 pipes, 146
Chutes

,
129

Cippole t t i weir, 124
Circular channe ls

,
176

,
201

orifice
,
71

Coefficient of contraction ,
nozz les

,
89

orifices
, 77, 78

tubes
, 86, 88, 92 , 93

we irs
,
1 10

Coefficient of discharge
,
nozzles

,
89

orifices
, 78, 80

submerged orifice
,
94

tubes
,
86

,
93

Coefficient of roughness
,
185

Coefficient of ve locity
,
nozzles

, 90

orifices
, 77, 78

tubes
, 86, 93

we irs
,
1 1 1

Coefficients of discharge
,
nozz les

,
90

orifices
, 79

tubes
, 86



232

Coe fficients , hose , 150
open channels , 187 , 190, 19 1

INDEX

pipes , 148, 149 , 153 , 16 1 ,
we irs

,
108

Coefficient, weir, 1 1 1
Components of pressure , 33, 35
Compound pipes , 168
Compressibility of wate r, 3
Computations

,
accuracy of, 5

Concre te pipes, coe fficients , 148 ,
1 49

153

Conduits
,
135

,
199

Conical tubes
,
88

Conservation of energy , 59
Converging tubes, 88
Continuity of discharge , 53
of flow

,
53

,
140, 180, 202

Contraction ,
coefficient of, 77, 78

cre st , we irs , 101
end

,
weirs , 102

gradual , pipes , 143 , 159
in channe ls , 183 , 192
of je t , 72 , 76 , 77, 88 , 92
of nappe , 103 , 108 , 1 10

sudden
,
pipes

,
143

,
158

suppressed , 84 , 102
surface , we irs , 102
ve rtical , we irs , 103

Converging tubes
,
88

Crest contraction, 101

Critical ve locity, 136
Cross-section, mos t efficient, 198
Curves

,
backwate r

,
205

in open channe ls , 183 , 19 6
in pipes , 143 , 162

Curved surface
,
pressure on , 33

Dams
,
coefficients for, 127

p . essure against, 33 , 34
Darcy

, experiments on Pito t. tube ,

66

modification of Pito t tube , 68
pipe formula , 147
Density ofwate r

,
2

Depth of flotation , 39

Diffe rential gage , 18

Direction of resultant. pre ssure , 7

89

Discharge, 52
continuity of, 53 , 140, 180
head lost at, 143, 155, 157, 183
unde r falling head, 96
Discharge coefficient, nozzles, 89
orifices , 78
tubes

,
86 , 93

Discussion of open-channe l formulas,
19 1

of pipe formulas , 154
of we ir formulas, 1 18
Distance , unit of, l
Distilled water, propertie s of, 2
Distribution of ve locities

,
108 , 138 ,

176

Diverging tube , 90
Divided flow

,
169 , 206

Dynamic force
,
2 14—229

Efficient channe l section, 198
Elasticity of water

,
3

Elevation and air pressure , 9
Emptying vesse l, 97
End contractions

,
we irs , 102

suppressed
,
102

Energy and head, 54
kinetic

,
54

,
57

of position
,
55, 57

of wate r in channe l, 109 , 179
of wate r in pipe

,
139

per pound of water, 57, 140
potential

,
55, 57

pressure
,
56

English system of units , 1
Enlargement of section

,
channe ls , 193

pipes
,
143

Entrance losse s
,
channe ls, 183

pipes
,
143

,
155, 156

Entrance to channe ls , 131
Equation of continuity

,
53, 18 1 , 202

Falling head
,
discharge under, 96

Falls
,
1 17

Floating bodies , 38
stability of

,
39

Flow
,
continuity of, 53 , 140, 180, 202

in open channe ls
,
176—209

in rivers
,
196
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234 IN DEX

Hydraulics
,
definition

, 1

or rivers
,
196

Hydrodynamics
,
2 1 1—230

definition
,
1

fundamenta l principle s, 2 1 1
Hydrokinetics, 1 , 51—2 10
Hydrostatic pressure

, 7
—37

Hydrostatics
,
1
, 7
—44

Imme rsed and floating bodies, 38—44
Impuritie s in water, 2
Incomp le te contractions , 84 , 103
Intensity of pressure , 7, 8 , 10, 30, 35
Inversion of je t , 73
Inward-projecting tube s , 93
Irregular sections of channe ls , 197

Jack
,
hydraulic

,
13

J et , characteristics of, 7 1
contraction of

,
72 , 76 , 77, 88 , 92

definition
,
71

deflected by curved vane , 2 16
force of, 2 13-2 18
forms assumed by

,
72

impinging on fixed p late
,
2 14

impinging on moving p late
,
2 15

inve rsion of
,
73

path of
, 82

pressure in
,
72

ve locity with respect to vane , 2 1 7
work done by , 2 18
Johnson water-hammer formula , 22 9
Joukov sky , water-hammer experi

ments
,
228

formula
,
228

Kinetic energy, 54, 57
in channe l of approach, 109
in open channe ls, 109 , 179
in pipes , 139

King pipe formu la ,
152

submerged-we ir formula, 12 1
weir formu la , 1 17

Kutte r formula , 185
table for solving, 186

Lea, investigation of pipes, 152
Linear acce leration, 45

I

Manning formula
,
188

Mead water-hammer formula
,
229

Mean ve locity over we irs
,
107

Measurement of head
,
131

Mercury barome ter, 15
gage

,
17

Metacente r
,
40

Metacentric height
,
40

Mete r
,
Venturi

,
61

Modifications of fundamental we ir
formula

,
1 12

Modulus of e lasticity
, 3

Moment of inertia
,
25

Momentum
,
defin ition

,
2 1 1

Motion
,
stream line

, 54 , 136

turbulent
, 54, 136

Mouthpiece
,
Borda ’s

,
9 1

Nappe
,
101

contracted section of
,
103

contraction of
,
108 , 1 10

depth of mean ve locity in,
108

Liquid
,
buoyant force of

, 38

definit ion
,
1

free surface of
, 9

in motion
,
51

intensity of pressure within
, 7, 8

re lative equilibrium
,
45

rotating
,
47

surface tension
,
4

uniformly acce lerated
,
45

water most common
,
51

Long pipes
,
166

Loss of head
,
at discharge

,
143

,
155

,

157 , 183 , 194

at entrance
,
143

,
155

,
156

,
183 , 194

due to bends or curves, 143 , 162 ,
183 , 196

due to contractions
,
143, 158 , 192

due to enlargements
,
143

,
160

,
193

due to friction in channe ls , 181 , 184
due to friction in pipes

,
140—146

due to obstructions
,
143, 162 , 195

in nozz les
, 90

in open channe ls , 181
in orifi ces

, 81

in pipes
,
140

in tubes 87



INDEX 235

Nappe, pressure in, 104 Orifice, under low heads , 82
ve locities in

,
104

,
107

,
1 1 1 vertical

, 71

Negative pressure , 10 with ve locity of approach
, 80

Newton’s laws of motion, 2 1 1
Non-uniform flow, 53, 201

Nozz les
,
89

Numerical computations, 5

Obstructions in channe ls, 183 , 195
in pipes, 143, 162

Oil-differential gage , 19
Open-channe l friction formulas

,
185

19 1

Bazin formula, 19 1
Chezy formula

,
185

Kutter formula, 185, 188
Manning formula

,
188

Open channe ls
,
backwater in

,
204

bends or curves in
,
183, 196

contractions in section
,
183

,
192

description and definition, 176
"

discussion of formulas
,
19 1

divided flow in
,
206

effic ient section for, 198
energy of water in

,
109

,
179

enlargement in section
,
183

,
193

entrance to
,
131

,
183

friction in
,
176

hydraulic gradient of, 184, 19 1
hydraulic radius of

,
176

loss of head in
,
18 1

non-uniform flow ,
201

obstructions in
,
183

,
195

water surface of
,
184, 19 1

wetted perimeter of
,
176

Orifice
,
circular

,
71

coeffi cients
, 76

definition and description
, 71

discharge under falling head
, 96

flow through
, 71
—85

, 93
—98

fundamental formula
, 73

head lost in
, 81

horizontal
, 71 , 75

partially submerged
, 94

rectangu lar
,
71

, 82

square
,
71

submerged
,
93

suppressed contraction
, 84

Parabolic w’

eir
,
101

Part ially submerged orifices
, 94

Pascal ’s law , 8

Path of j et , 82
Perfe ct liqu id

,
4

Piezometer tubes
,
5
,
16

Pipe-friction formulas
, 146

-154

Chezy formula
,
146

Dracy formula
, 147

Hazen-Williams formula
,
150

K ing formula
,
152

non-turbu lent flow ,
154

Pipes, bends or curves in, 143, 162
branching

,
166

coefficients
,
148

,
149

,
151

,
153

compound
,
168

continuity of flow ,
140

contractions in
,
143

,
158

critical ve locity in
,
136

description and definition
,
135

discharge from
,
143

,
155

,
157

divided flow in, 169
energy of water in

,
139

enlargements in
,
143

,
160

entrance to
,
143

,
155

,
156

flow through
,
135—175

force exerted upon
,
220

friction coefficients
,
148

,
149 , 153

friction in
,
138 , 144

hydraulic gradient
,
144

,
154

,
164

hydraulic radius of
,
135

loss of head in
,
140

more than one diameter
,
142

,
172

obstructions in
,
143

,
162

special problems
, 165

tensile stress in walls
,
35

thrust at bends
,
222

viscosity, effect on friction, 145
water hammer in

,
223

wetted perimeter of
,
135

Piston
,
13

,
56

Pitot tube , 65—69
Plate , jet impinging against, 2 14, 2 15
Potential energy

, 55, 57
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Pressure , abso lute and gage , 10 Stability of ship
, 40

atmospheric, 9 , 15 Standard short tube, 85
center of, 24, 29 , 31 Steady flow, 53

energy , 56, 62 Stream line motion
, 54, 136

head, 13 , 16 , 56 Submerged bodies , 38
intensity of, 7, 8 , 10,30, 32 , 35 orifices, 93
negative , 10 weirs, 95, 1 18 , 120, 195
on curved surfaces, 33 , 35 Suction pumps

,
20

on p lane areas , 23 Sudbury conduit
,
177

on surface s, 23—37 Summit of p ipe
,
164

,
165

re lative , 10 of siphon
,
20

transmission of
,
13 Suppressed contraction

,
orifices , 84

vapor
,
14

,
164 Suppressed we irs , 102

Princip le of Archimedes, 38 Suppression of contraction
, 84, 102

Princip les of equilibrium, 8 Surface contraction
,
102

Prin cip les of hydrokinetics, 51—70 Surfaces , pressure on
,
23-37

Princip les of hydrostatic pressure, Surface tension
,
4
,
177

22

Pumps, suction, 20

Ra dius , hydraulic , 135 , 176
of bends in pipes, 163
Reaction of je t , 2 13
Rectangu lar channe ls, 176, 199
orifice , 71 , 82
we ir , 101

Re lative and absolute ve locities , 2 14
Re lative equil ibrium of liquids , 45—50
Relative pressure , 10
Resultant pressure , direction of, 7, 33
position of

,
32

Rivers , hydraulics of, 196
Ro tat ing

i

v esse l
,
47

Salt water , 3
Scow

,
stability of, 42

Se ction of greate st efficiency, 198
Semicircular channe l , 198
Sewers, 135, 176
Ships

,
stability of, 40

Siphon
,
20

Skin of wate r surface , 4
Slope

,

“
s
,

”

145, 184

Special p ipe problems , 165
Spe cific gravity of mercury, 17 Uniform flow , 53

of water, 2 Units in hydraulics
,
1

Square orifice , 71 Unsteady flow , 53

Stability of scow, 42 U-tube , 17

Tangential stress of wate r
,
1
,
4
, 8

Temperature , 2
effect on critical ve locity

,
138

effect on viscosity
,
138

effect on we ight of water, 2
Tens ile stress in pipe walls

,
35

Theoretical discharge over we irs, 105
ve locity over we irs , 107
velocity through orifices

, 74

Thickness of p ipes required, 35
Thompson ’s expe riments , 123
Time of emptying vessel, 97
Time , un it of, 1
Torrice lli ’s theorem ,

76

Transmission of pre ssure , 13
Trapezoidal chann e ls

,
176

,
199

weirs
,
123

Triangular we irs , 12 1
Tube

,
definition of

,
71

Tubes
, cap illary action in, 4

converging, 88
diverging

, 90

immersed in flowing water, 65
standard short

, 85

Turbulent motion
,
54

,
136
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