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The quantum screening effects on the entanglement fidelity for the elastic collision are investigated
in electron-ion quantum plasmas. The partial wave analysis and modified Debye-Hückel interaction
potential are employed to obtain the entanglement fidelity function in electron-ion quantum plasmas
as a function of the collision energy, charge of the ion, and quantum wave number. It is found that the
quantum screening effects significantly enhance the entanglement fidelity in electron-ion quantum
plasmas. It is also found that the entanglement fidelity increases with an increase of the ion charge.
The quantum screening effects on the entanglement fidelity is also found to be increased with in-
creasing plasma density. In addition, it is found that the quantum screening effects decreases with an
increase of the collision energy.
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The elastic atomic collision [1 – 3] has received
much attention since this process is one of the most im-
portant atomic processes in many areas of physics such
as astrophysics, atomic physics, and plasma physics.
Recently, the elastic collision in plasmas have been
extensively investigated since the elastic electron-ion
process is known as a plasma diagnostic tool for pro-
viding useful information on various plasma param-
eters [4 – 6]. Moreover, the entanglement fidelity for
the collision process has received notable attention
since it has been shown that the quantum correla-
tion plays a key role in understanding the quantum
measurement and information processing [7]. Very re-
cently, the physical properties of quantum plasmas
have been explored in nano-scale objects such as nano-
wires, quantum dot, semiconductor devices, and also
in astrophysical compact objects such as neutron stars
and white dwarfs [8, 9]. In addition, a recent excel-
lent investigation by Shukla and Eliasson [10] using
the linear dielectric response formalism in electron-
ion quantum plasmas showed the existence of the os-
cillatory behaviour of the modified Debye-Hückel in-
teraction potential which is quite different from the
standard Debye-Hückel model. Hence, it would be ex-
pected that the entanglement fidelity for the elastic col-
lision in electron-ion quantum plasmas would be dif-
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ferent from that in ordinary Debye-Hückel classical
plasmas. It would be also expected that the investiga-
tion on the behaviour of the entanglement fidelity for
elastic collisions in electron-ion quantum plasmas pro-
vides a useful information on the quantum correlation
and information. Thus, in this paper we investigate the
quantum screening effects on the entanglement fidelity
for the elastic collision in electron-ion quantum plas-
mas. The oscillatory modified Debye-Hückel interac-
tion [10] and partial wave analysis are employed to ob-
tain the entanglement fidelity for the elastic collision
in electron-ion quantum plasmas as a function of the
collision energy, charge of the ion, and quantum wave
number.

In quantum collision processes, the stationary-state
Schrödinger equation [1] would be expressed by

( 2 + k2)ϕ(k;r) =
2µ
h̄2 V (r)ϕ(k;r), (1)

where ϕ(k;r) stands for the scattered wave function,
k[= (2µE/h̄2)1/2] is the wave number, µ is the re-
duced mass of the collision system, E(= µv2/2) is
the collision energy, v is the collision velocity, and
V (r) is the interaction potential. Using the partial wave
expansion technique [1], the scattered wave function
function ϕ(k;r) would be represented by the following
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form:

ϕ(k;r) =
∞

∑
l=0

il(2l+1)Cl(k)Pl(cosθ )Rl(k;r), (2)

where Cl(k) is the expansion coefficient for the angular
momentum quantum number l, Pl(cosθ ) is the Legen-
dre polynomial, Rl(k;r) is the solution of the radial part
of the Schrödinger equation:

[
1
r2

d
dr

(
r2 d

dr

)
− l(l + 1)

r2 − 2µ
h̄2 V (r)+ k2

]

·Rl(k;r) = 0,
(3)

where the asymptotic form of the radial wave func-
tion would be given by Rl(k;r) ∝ sin(kr − π l/2 +
ηl)/(kr) [11], and ηl is the phase-shift for the par-
tial wave l. According to the boundary condition at the
origin, the radial wave function Rl(k;r) and expansion
coefficient Cl(k) for the central field V (r) would be,
respectively, expressed in the following forms [1]:

Rl(k;r) = jl(kr)

+
2µk
h̄2

[
nl(kr)

∫ r

0
dr′r′2V (r′)Rl(k;r′) jl(kr′)

+ jl(kr)
∫ ∞

r
dr′r′2V (r′)Rl(k;r′)nl(kr′)

]
,

(4)

Cl(k) =
1

(2π)3/2

[
1+

2iµk
h̄2

∫ ∞

0
drr2V (r)

·Rl(k;r) jl(kr)
]−1

,
(5)

where jl(kr) and nl(kr) are the spherical Bessel and
Neumann functions. From a recent excellent work by
Mishima et al. [7], the entanglement fidelity F(k) for
the elastic collision can be obtained by the absolute
square of the scattered wave function. Since the s-state
provides the main contribution to the low energy pro-
jectiles, the entanglement fidelity for the case of low-
energy collisions would be then

F(k) ∝
∣∣∣∣
∫

d3rϕ(k;r)
∣∣∣∣
2

=

∣∣∫ ∞
0 dr r2 j0(kr)

∣∣2
1+

∣∣∣2µk
h̄2

∫ ∞
0 dr r2 j0(kr)V (r)

∣∣∣2
.

(6)

In a recent pioneering work of Shukla and Elias-
son [10], the useful analytic form of the modified

Debye-Hückel potential of a test charge in electron-
ion quantum plasmas has been obtained by the linear
dielectric response function. From this effective po-
tential model [7], the modified Debye-Hückel interac-
tion potential Vq(r) between the electron and ion with
charge Ze in quantum plasmas would be obtained as

Vq(r) =−Ze2

r
exp

(
− kqr√

2

)
cos

(
kqr√

2

)
, (7)

where kq [≡ (4m2
eω2

pe/h̄2)1/2] is the quantum wave
number, me is the electron mass, ωpe is the electron
plasma frequency, and h̄ is the rationalized Planck con-
stant. Thus, the oscillatory effective quantum interac-
tion potential (7) is shown to be quite different from
the conventional Debye-Hückel model [8] due to the
extra oscillating term cos(kqr/

√
2). Hence, the quan-

tum screening effects on the entanglement fidelity for
the elastic collision in electron-ion quantum plasmas
would be investigated by the fidelity ratio function Rq
(≡ fq/ fC) denoted by the ratio of the entanglement fi-
delity fq(k) for the electron-ion quantum plasma (Vq)
to the entanglement fidelity fC(k) for the case of the
pure Coulomb interaction (VC):

Rq(k) =

1+
∣∣∣2Zmee2k

h̄2

∫ ∞
0 dr r sin(kr)

kr

∣∣∣2

1+
∣∣∣2Zmee2k

h̄2

∫ ∞
0 dr r exp

(
− kqr√

2

)
cos

(
kqr√

2

)
sin(kr)

kr

∣∣∣2

=
1+

(
2k
aZ

)2 ∣∣∣∫ ∞
0 dr r sin(kr)

kr

∣∣∣2

1+
(

2k
aZ

)2 ∣∣∣Re
∫ ∞

0 dr r exp
(
− kqr√

2
(1− i)

)
sin(kr)

kr

∣∣∣2
,

(8)

where aZ (= a0/Z) is the Bohr radius of the hydrogenic
ion with nuclear charge Ze, a0 (= h̄2/mee2) is the Bohr
radius of the hydrogen atom, and ‘Re’ stands for the
real part.

As shown in the second line of (8), the fidelity ra-
tio function has the strong dependence on the quan-
tum correlation through the parameter kq. After some
mathematical manipulations, the fidelity ratio Rq, i. e.,
the quantum correlation effects on the entanglement fi-
delity for the elastic collision in electron-ion quantum
plasmas is then found to be

Rq(Ē, k̄q,Z) =
(Ē + 4Z2)(Ē2 + k̄4

q)
2

4Ē4Z2 + Ē(Ē2 + k̄4
q)

2 , (9)

where Ē (≡ mev2/2Ry) is the scaled collision energy,
Ry (= mee4/2h̄2 ≈ 13.6 eV) is the Rydberg constant,
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and k̄q (≡ kqa0) is the scaled quantum wave number.
An excellent discussion on the additional far-field os-
cillatory wake potential associated with a moving test
charge in an unmagnetized quantum plasma was also
given by Shukla and Eliasson [10]. In addition, an ex-
cellent investigation [12] on important nonlinear as-
pects of wave-wave and wave-electron interactions and
influence of the external magnetic field and the elec-
tron angular momentum spin on the electromagnetic
wave dynamics in dense quantum plasmas was given
by Shukla and Eliasson. In the nonrelativisitc limit, the
electron-ion bremsstrahlung cross section dσb [13] is
would be determined by dσb =

∫
dσscdWω , where dσsc

is the scattering cross section and dWω represents the
probability for photon emission within the frequency
dω . Hence, the fidelity ratio Rq would be related to
the bremsstrahlung emission spectrum. Thus, it would
be expected that the bremsstrahlung emission spectrum
due to the electron-ion encounters in quantum plas-
mas provides the useful information on the entangle-
ment fidelity for the electron-ion scattering in quantum
plasmas.

Figure 1 shows the fidelity ratio Rq as a function of
the scaled quantum wave number k̄q for various val-
ues of the ion charge number Z. As it is seen, it is
found that the quantum screening effects significantly
enhance the entanglement fidelity in electron-ion quan-
tum plasmas. Hence, it is understand that the entan-
glement fidelity increases with increasing the plasma
density. It is also found that the entanglement fidelity
increases with an increase of the ion charge. There-
fore, we have found that the entanglement fidelity in
the quantum hydrogen plasma (Z = 1) would be al-

Fig. 1. Fidelity ratio Rq as a function of the scaled quantum
wave number k̄q for Ē = 0.1. The solid line represents the
case of Z = 1. The dashed line represents the case of Z = 2.
The dotted line represents the case of Z = 8.

Fig. 2 (colour online). Surface plot of the fidelity ratio Rq as a
function of the scaled collision energy Ē and scaled quantum
wave number k̄q for Z = 2.

Fig. 3. Fidelity ratio Rq as a function of the ion charge num-
ber Z for k̄q = 0.5. The solid line represents the case of
Ē = 0.2. The dashed line represents the case of Ē = 0.3. The
dotted line represents the case of Ē = 0.4.

ways smaller than that in any quantum plasmas with
the ion charge number Z > 1. Figure 2 represents the
surface plot of the fidelity ratio Rq as a function of
the scaled collision energy Ē and scaled quantum wave
number k̄q. It is shown that the quantum screening ef-
fects on the entanglement fidelity is found to be in-
creased with increasing quantum wave number. Fig-
ure 3 shows the fidelity ratio Rq as a function of the
ion charge number Z for various values of the colli-
sion energy. As shown in Figure 3, the fidelity ratio de-
creases with an increase of the collision energy. Thus,
we understood that the quantum screening effects are
found to be decreased with increasing collision energy.
Hence, we have found that the quantum shielding ef-
fect plays a significant role in the entanglement fidelity
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for the elastic collision in electron-ion quantum plas-
mas. These results would provide useful information
on the transfer of the quantum information in electron-
ion quantum plasmas.
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