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1. Introduction

Sumudu integral transform was introduced by Watugala
[1] to facilitate the process of solving differential and
integral equations in the time domain, and for the
utilization in sundry applications of system engineering
and applied physics. Albeit the mathematical properties of
the Sumudu transform have been explored in some details
[2-9], to the best of our cognizance, no systematic
derivation of the Sumudu transform is available in the
open literature.

The fractional calculus deals with arbitrary orders of
derivatives and integrals of applied mathematics. In the
last decade, the fractional calculus has found applications
in numerous ostensibly diverse fields of science and
engineering.  Fractional  differential equations are
increasingly used to model quandaries in fluid mechanics,
acoustics, biology, electromagnetism, diffusion, signal
processing, and many other physical processes.

In sundry fields of science and engineering, it is
consequential to obtain exact or numerical simulation of
the nonlinear partial differential equations. In science and
engineering, to find the exact and numerical solution of
nonlinear equations is still challenging, therefore it’s
required lucid methods for finding the exact and approximate
solutions. Sundry potent mathematical methods such as
Adomian decomposition method (ADM) [10,11,12,13,14],
homotopy perturbation method (HPM) [15-20], homotopy
analysis method (HAM) [21,22,23,24,25], variational
iteration method (VIM) [26-32], Laplace decomposition

method (LDM) [33,34,35], homotopy perturbation
transform method (HPTM) [36], homotopy perturbation
sumudu transform method (HPSTM) [37] and homotopy
analysis transform method (HATM) [38,39,40] have been
proposed to obtain exact and approximate analytical
solutions of nonlinear equations.

Inspired by all these perpetual research, we propose
HAFSTM for the solution of fourth order differential
equations with variable coefficient.

2. Sumudu Transform

In early 90°s, Watugala [1] introduced an incipient
integral transform, designated the sumudu transform and
applied it to the solution of mundane differential equation
in control engineering quandaries. The sumudu transform
is defined over the set of functions

il
A={f (1) IM, 7,72 >0,|f (t)|< Me ,
if t e (~1)] x[0,0)
by the following formula

0

f(u)=s[f(0)]=] f(u)e " dtue (7).

0

Weerakoon [2,3,4] was established the properties of
mentioned transform. Further fundamental properties of
this transform were also established by Asiru [4]. In the
same way, this transform was applied to the unidimensional



53 American Journal of Numerical Analysis

neutron convey equation in [5] by Kadem. In fact, it was
shown that there is a vigorous relationship between
Sumudu and other integral transforms refer to Kiligman et
al. [6]. In particular the relation between Sumudu
transform and Laplace transforms was proved in Kiligman
and Gadain [7]. Further, in Eltayeb et al. [9], the Sumudu
transform was elongated to the distributions and some of
their properties were furthermore studied in Kilic,man and
Eltayeb [9]. Recently, this transform is applied to solve
the system of differential equations [41,42,43].

3. Basic Definition of Fractional Calculus

Definition 3.1 A real function f (t),t >0, is said to be in
the space C,ueR if there exists a real number

P(>u), F(1)=tPH (1),
fi(t) e C[0,0), and it is said to be in the space Cj; iff

such that where

f(m) €C,meN.
Definition 3.2 The Riemann Liouville Fractional integral
operator of order « >0, of a function f(t)eC,, and

u>-1is defined as [44,45]

t
I () == [ (t=2)* L £ (r)dr, @ >0, x>0
0

—
2

3% (1)= £ (1).
For the Riemann — Liouville fractional integral, we
have
_ T ey

Joty
L(y+a+1)

Definition 3.3 The fractional derivative of f(t)in the
Caputo sense is defined as [46]
JMEDNf (1),
D& f (t) = t
1 ( ) 1 J-(t_r)m—a—lf(m) (T)dT,
r(n-a) 0

where m—-1<a<m, meN,t>0.

For the Riemann — Liouville fractional derivative, we
obtain the following relation.

o o ()]s (0] Fu (o),

where m-1<a <m.

4. Solution by Homotopy Analysis
Fractional Sumudu Transform Method
To illustrate the rudimental conception of the HAFSTM

for the fractional partial differential equation, we consider
the following fractional partial differential equation as

DU (x,t)+R[x]U (x,t)+ N[x]U (x,t)=G(x,t); 1)

t>0,xeR,n-1<a<n, '
8”(2

where D{* = . R[x] is the linear operation in X,
ox"

N[x] is the general nonlinear operation in x and G(x,t)

is a continuous function.

All initial and boundary conditions are ignored for
minimalism, which can be treated in a homogeneous way
now applying the Sumudu transform first on both sides of
the equation (4.1), we get

s[pf"u(xt)[+S[R[x]U (x1)]

+S[N[X]U (x,1)]=S[G(x1)];
t>0,xeR,n-1<a<n,

(4.2

Using the differentiation property of the Sumudu
transform

§[U R go +S[R x]U (x,t)]
+§[N[x t)} [ xt]:O,
a (4.3)
S[U(x.t)]-u
k=0
Rx]U (x, )
o §|:+N[X]U( x,t) G(x,t)}o'
we define nonlinear operator as
n-1y(k)
N[#(xt:a)] =S p(xta)]-u” U(a_(k‘)’)
k o (4.4)
a§{R[X]¢(x,t:Q) }
+N[x]¢(xt0)-G(x t;q)

where qe[O,l] be an embedding parameter and
#(x.t;q) is a real function of x,tand g.we construct a
homotopy as follow:

(1-a)S[¢(xtq)~Ug (xt)]
= hqH (xt)N[¢(x.t:q) ]

where 7% is a nonzero auxiliary parameter and
H(xt)=0. An auxiliary function Uy (x,t) is an initial

(4.5)

guess of U(x,t) and ¢(x,t;q) is an unknown function. It

is important that one has great freedom to choose auxiliary
parameter in HAFSTM. Obviously, when g=0 and

g =1 it holds

$(x,£0) =Ug (x,t), $(x.t:1)=U (xt)

Thus, as q increases from 0 to 1,the solution varies

(4.6)

from initial guess Ug(x,t) to the solutionU (x,t). Now,
expanding ¢(x,t;q) on Taylor’s series with respect to q,
we get



American Journal of Numerical Analysis 54

#(xt;q)=Ug(x,t)+ quU 4.7
where
1 0Mp(x.t;q)
Up(x,t)=——"—""2 (4.8)

gq=0

The convergence of the series solution (4.7) is
controlled by 7. If the auxiliary linear operator, the initial
guess, the auxiliary parameter # and the auxiliary

function are properly chosen, the series (4.7) converges at
g =1. Hence we obtain

U (xt) (4.9)

Zu

which must be one of the solutions of original nonlinear
equations. The above expression provides us with a

relationship between the initial guess Ug(x,t) and the

exact solution U (x,t) terms

Up (x,t)(m=1,2,3,...), which are still to be determined.
Define the vectors

U ={Up(x.t),Ug (x,t),Uz(x.1),...

by means of the

Up (xt)}. (4.10)

Differentiating the zero order deformation Eq. (4.5) m
times with respect to embedding parameter g and then

setting g =0, and finally dividing them by m!, we obtain

the m™ order deformation equation as follows:

S[Um(x't)_lmum—l(x’t)l (4.11)
=nH(x,t)Ry (Um_l,x,t). .

Operating the inverse Sumudu transform of both sides,
we get

Um (Xt) = zmUm-1 (x:t)

_ (4.12)
1S H (%) Ry (U1, x,t) |,
where
_ 1 6m‘1¢(x,t;q)|
Ry (Um-1,x,t)= (4.13)
m( ) (m-1)!  pgm? ‘q:o
and
B 0, m<],
M1 ms1

In this way, it is easy to obtain U, (x,t) for m>1, at

M ™ order, we have

M
U(xt)= goum(x,t),

where M — o0, we obtain an accurate approximation of
the original equation (4.1).

(4.14)

5. Numerical Examples

In this section, we apply the HAFSTM developed in
Section 4 to solve one and two dimensional initial boundary
value quandaries with variable coefficients. The methods
may additionally be applicable for higher dimensional
spaces. Numerical results reveal that the HAFSTM s
facile to implement and reduce the computational work to
a tangible level while still maintaining a higher caliber of
precision. All the results for the following three
applications are calculated by utilizing the symbolic
calculus software MATHEMATICA 8.0.

Example 5.1: Consider the following problem of one-
dimensional time-fractional fourth-order PDE [47]

DU (x.t)+ (1 AJM:O,

x 120) ot (5.1)
%<x<1;t>0, l<a <2,

subject to the initial and boundary conditions

5
u(x,o)zo,au(g:’t):ul%;

5
U [1 J [1+&Jsm(t a);
2 120
U (1 11
GX—Z(E,tJ—EZ—gsln(t a)

U(l,t):%sin(t,a);

(5.2)

o%U

2z :%sin(t,a);

where the function sin (t,a) is defined as

sin(t,a) = i%

i=0

(5.3

We start with initial condition
5

Ug (x,t) =U (x,0)+1U; (%,0) :(1+1X2—0]t. (5.4)

Operating the Sumudu transform of both sides in Eq.
(5.1) and after using the differentiation property of
Sumudu transform for fractional derivative, we get

u 1 x* )% (xt)
S[Dt U(X’t)]JrSH;erJT]:O’ (5.5)

or
4
S[U(x.t) ]+U“SH—+—JM] =0. (5.6)
x 120 oxt
The nonlinear operator is
N[¢(xt:q)]=S[¢(xt:q)]
(5.7)

4 :
+u“§Hl+iJ—a p(xt: q)]
X 120 o’
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and thus

Rn (Um—l)

u o*U ( ) (5.8)
_S[Um 1 Xt :|+U SH;-’-@JT]

The m™ — order deformation equation is given by

R (Um-1(x.t)).
Applying the inverse Sumudu transform, we have
Up (x,t)

S[Um (%)= zmUm-a (X.1)] = AH (x,t)

_ (5.9)
= U1 (x0)+ S AH (x,0) Ry (U1 (x.1)) |
On solving above equation from m=1,2,..., we get
X5 ta+1
Uy (x,t) =h| 1+ — |———, (5.10)
120 |T'(a +2)
5 a+l
Uy (1) = 10 25 |
120 |T(a +2)
; . ol (5.11)
a+. a+
+h? 1+X— t + t ,
120 )| T(a+2) T(2a+2)
5 a+l
Ug(xt)=n|1+ 5 |- L
120 )T (o +2)
5 a+l 2a+1
won?|1s Xl T (5.12)
120 )| T(a+2) T (2a+2)
2a+1 3o+l
+21° t + t ,
I'(2a+2) T'(3a+2)

and so on, in the same manner the rest of the components
of the series m> 4 can be obtained.
Finally, the solution of (5.1) is given as

Zu

According to Liao [24], the accuracy and convergence
of the HAM series solution depends on the careful
selection of the auxiliary parameter 7. Here we choose
h=-1, then

U(xt)=Ug(xt)+ (5.13)

toH—l
Fa+2)
e
['(3a+2)

t2a+1
I'(2a+2)

+(—l)n

U(xt)= . (5.14)

tna+l
T(na+2)

For 7 =-1, the above expressions are exactly the same
as those given by the Decomposition method by N. A.
Khan [47].

Nevertheless, most of the results given by the ADM,
LDM, HPM and HPTM converge to the corresponding
numerical solutions in a rather small region. Except,
different from these methods, the HAFSTM provides us
through a simple way to alter and manage the convergence

region of solution series by choosing a proper value for
the auxiliary parameter % . So, the valid region for #,
where the series converge is the horizontal segment of
each 7 curve. When we choose a =2, then clearly, we

o0
can conclude that the obtained solution »' U, (x,t)
m=0

5
converges to the exact solution U (x,t):sint[l+lxz—0]

obtained by Wazwaz [45,46].
Example 5.2: Consider the following problems of one-
dimensional time-fractional fourth-order PDE [47]

Df (x,t)+[ X —1J84U(X’t)=o;

sin x oxt

(5.15)
O<x<lLt>01l<a<?,
subject to the initial and boundary conditions
U (x,0) = x—sinx;
| —(x,0)=—x+sinx;
ot
U (0,t)=0;

o%U
0,t)=0;
GX( )=

UL t) = Exp(t,)(1-sinl);

o%U
x>

(5.16)

(1 t)=Exp(t,a)sinl;

where the function Exp(t,a) = (—1)i
We start with initial condition
Ug (x,t)=U(x,0)+tU; (x,0) = (1-t)(x—sinx).

Operating the Sumudu transform on both sides in (5.15)
and after using the differentiation property of Sumudu
transform for fractional derivative, we get

s| o¢ (x,t)]+§[( X -1)84U(X’t)]=o.(5.17)

sin x oxt

Applying the initial and boundary conditions of (5.15)
from (5.16) to (5.17), we obtain

S[U(xt)]-(1- zm)(1-u)(x—-sinx)

s

The nonlinear operator is

N[s(xta)]=S[g(xta)]-(1-
o X 0 ¢(x,t;q)
+U 5[[5"”(—1] v }

and thus

u)(x—sinx)

(5.18)
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R [Un 1 (60)] = U1 (x,8)]~(1-u) (x=sinx)

o*u t
+u’s _X -1 m1 (X ) .
sin x ox?

The m™ - order deformation equation

S[Um ()= zmUma (x1)]
= iH (%) Ry (Um-1(x1))-

(5.19)

Applying the inverse Sumudu transform,
Um(X’t):ZmUmfl(X’t) (5.20)
+57H 1H () Ry (Um-a ()| '

On solving above equation from m=1,2,..., we get

a+l ta ( )
Uy (X,t) =R (X —si - (5.21
() ==X e T e
Uz(x,t)
ta+1 ta ]
T(a+2) T(a+l)
1 (5.22)
=n(x-sinx) " 7 t* . ,
r r
" (a+2) T(a+1)
t2a+l t2a
“T(2a+2) T(2a+1)
Us(xt)
i ta+l ta ]
r a+2)_F(a+1)
1
=n(x—sinx) " - t
r C(a+1
" (a+2) T(a+1)
t2a+1 t2a
T(2a+2) T(2a+1)
) toc+l ta
h(x— h? -
+h(x S'”X){ [F(a+2) I"(a+1)J
ta+1 ta
i T(a+2) T(a+l)
t2a+l t2a
“T(2a+2) T(2a+1)
_hz t2a+1 ~ t2a
F(2a+2) F(2a+1)
t2a+1 tZa
h3 F(2a+2) F(2a+l) (5.23)
{3+ 13 '
“T(a+2) T(3a+l)

and so on, in the same manner the rest of the components
of the series m >4 can be obtained.

Finally, the solution of Eq. (5.15) is given as

o0
U (x,t)=Ug(x,t)+ > Uy (xt). (5.24)
=1
According to Liao [24], the accuracy and convergence
of the HAM series solution depends on the careful
selection of the auxiliary parameter %, here, we choose
h=-1, then
a a+l
1-t+ t _ !
I(a+1) T(a+2)
tZa t20z+1

U (xt)= "T(2a+1) T(2a+2)

t3a t3a+1
T(Ba+l) T@Bar2) =

(x—sinx).(5.25)

For 7 =-1,the above expressions are exactly the same

as those given by the Decomposition method by N. A.
Khan [47].
When we choose « =2, then clearly, we can conclude

o0
that the obtained solution z Un (x,t) converge to the
m=0
exact solution U (x,t)=e'sint obtained by Wazwaz
[48,49], and Biazar and Ghavini [50].

Example 5.3: Consider the following problem of two-
dimensional time-fractional fourth-order PDE [47]

4 A4
DU (x, y,t)+2[i2+x—]—a U (xy.1)

x° 6! ot
436% (x, y,t
2 i2+y_ —(X4y ):o, (5.26)
y 6! OX

%<x,y<1, t>01l<a<?,

subject to the initial and boundary conditions:

U(vavo):O;
oU x5 y6
(% y,0)=2+—+21;
ot (X y ) " 6!+ 6!
6 .6
U(%,y,t}=(2+%+%}sin(t,a);
Xy (5.27)
U(Lyt)= 2+a+a sin(t,a);
o%U (1 0.5% .
|yt =—=sin(t,e);
aXZ(z y ) 22 "8 )
1 .

U@yt)=— t,a).

L y,t) 24sm( a)

we start with initial condition

Uo (X y,1) =U (x,¥,0)+tU¢ (x,¥,0)

6 6
:t[2+x_+y_}
6! 6!
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Operating the Sumudu transform on both sides in (5.26) U, (x, y,t)
and after using the differentiation property of Sumudu 6 6 "
transform for fractional derivative, we get —h x .y t
o 6! 6! I'(a+2)
s‘[Dt (x,y,t)}
. hz ) X6 y6 t205+1 (5.33)
4 + +—t— |
+2§{[%+%Jw} 6! 6! ' (2a+2)
x= 6 ox 6 6) satl
4 +13 2+X—+y— v
sl Ly euyy | 61 6 | (a+2)
X6 y6 ta+1
Applying the initial and boundary conditions of Us(x y,t)=1 2+E+E m
equation (5.26) from equation (5.27), we obtain ’ ’
8 y8) et
S[U(xy.t)] w02 2+ 4+
AN 6! 6! |I'(a+2)
o"U (x,y,t
+2u¢sS L+X_M (5.28) 6 y6 t2a+l
x> 6! ox w24 | ——
6! 6! (2a+2)
4)6%0 (x, .t
2u¢s i2+y_ M =0. ) X6 y6 ta+1
y- 6! ay? +he 24— | ———
6! 6! I'(a+2)
The nonlinear operator is 6 6 a+l
+1° 2+X—+y— LS
N[g(x y.t;q)|=S[4(xy.t:q)] 6! 6! T(a+2)
4\ A4 . 6 6 2a+1
a 1 ltl
wues|| L X gxy.ta) (5.29) NPl PYRLAS ) N S
x2 6! ox* 6! 6! |I'(2a+2)
4 4 . 6 6 a+l
sues|| LY |2eyta) | ] PSS Al B
y2 6l o 6! 6! (a+2)
6 6 a+l
and thus 13 [2+%+%J F(t 3
: o+
R [Uma (% y:1)]
6 6 2a+1 (5.34)
_ X2y t
= S[Una (% y.0)] I PSSl I
4 nd 6! 6! (2a+2)
1 x*|0"Upa(xyt)
+2u“s H?J”E] o (5.30) and so on, in the same manner the rest of the components
of the series m >4 can be obtained.
oS i+y_4 64Um_1(x,y,t) Finally, the solution of Eq. (5.26) is given as

U (x,t)=Ug(x,t)+ > Up(xt). (5.35)

The m™ - order deformation equation -1
The accuracy and convergence of the HAM series
{Um (X y:t) } solution depend on the careful selection of the auxiliary

~ZmUm_a (%, y,t) parameter %, here, we choose 7 =-1, them

= 1H (%) Ry (Um-1(x,y,1)). g+t
: ; I'(a+2)
Applying the inverse Sumudu transform,
{2+ X8y (550
U (Xt)=xnUm_q (Xt u(xyt)=|+——— 2+—+-—1.(5.36
’“(1 )= #mUn 1& ) (5.31) (ey.t) (2a+2) 6! 6!
+57HAH (%) Ry (Um-2.(x.1)) | a1
—_—
On solving above equation from m=1,2,...we get I'(3xr+1)
x8 y8) et (5.32) For 7 =-1,the above expressions are exactly the same
Ur(xy.t)=h 2+a+a M(a+2) 5:32) 45 those given by the Decomposition method by N. A.

Khan [47].
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6. Numerical Results and Discussion

Example 1

0.1025 +

—_ 01020 ¢

Approximatesolution U xt

0.1000 +

0.1015 -

0.1010 -

o
'—\
S
a

[20

[15 1.0 (D5

Figure 1. Plot of U (X,t) wr.tohat t=0.1 and X =1.

Figure 2. Plotof U (X,t) wrt X and t at o =1.5.

t —

Figure 3. Plot of U (X,t) wrt X and t at ¢ =1.75.

00

Ulxt) —

Ulxt) —
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X Uxt) —
Figure 4. Plot of U (X,t) wrt X and t at a = 2.0.
X Uix.t) —
Example 2
0145 | RN |
[l [ S <
X 010 | ,
= I
Q
=]
% o1s | — ms |
E
S 7 - M
2‘ 0130 ¢+ 1
’ — [I120
E?L.O‘ T D.5 T D.O T @5 o O.‘O

Figure 6. Plot of U (X,t) wr.tohat t=0.1and X =1.



American Journal of Numerical Analysis

0.1
Ulx.t) — 0.0

-0.1

—1100

Figure 7. Plot of U (X,t) wrt X and t at o =1.5.

0.1
Ult) — ¢ ¢
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Figure 8. Plot of U (X,t) wrt X and t at @ =1.75.

0.1
[T(X.t} — 0.0
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Figure 9. Plot of U (X,t) w.rt X and t at & = 2.0.
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Example 3

American Journal of Numerical Analysis
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-1.0

-1.0
1.0

0145 |

]

= 0140 |

IS

=

® 01| I

[5+]

£

X

S

o

S0 I
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Figure 11. Plot of U (X,t) wr.tohat t=0.1and X =1.

0.2

1.0

Figure 12. Plot of U (X,t) wrt X and t at @ =1.5.
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0.2
1.0

Figure 13. Plot of U (X,t) wrt X and t at & =1.75.

Figure 14. Plot of U (X,t) wrt X and t at @ = 2.0.

1.0

0.8
U(xt) —
0.6

0.2
1.0

Figure 15. Plot of Exact Solution of U (X,t) w.rt X and t
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Figure 1 Shows that the curve between approximate
solution U(x,t) and convergence control parameter 7
for the different values of fractional order « viz.
a =1.5,1.75,2.0. The convergence lies between the range
-1<hn<0at t=0.5 and x =1for example 1.

Figure 2 shows that the three dimensional plot between
U (xt) for independent variables x and t at o =15.
Similarly Figure 3 and Figure 4 show the corresponding
slight changes for different fractional Brownian motions
of a =1.75,2.0 respectively.

Figure 5 is plotted for the exact solution of
U (x,t) which is equal to the Figure 4.

In the subsequent manner the plot of example 2, %
curve for U (x,t)lies between —-1.3<7 <0 in Fig. 6. and

Figure 7-Figure 9 are shown the plot of approximate
solution correspond to two independent variables x and t
verses « =1.5,1.75,2.0. Figure 10 is plotted for exact

solution which shows the same plot as Figure 9.

Figure 11-Figure 15 show the evaluation results of the
approximate analytical solution for the Example 3. These
also figures show the behavior of the approximate solution
obtained by the proposed method for different fractional
Brownian motions « =1.5,1.75,2.0 and the convergence
region for convergence control parameter 7 and approximate
solutions.

Solution at integral value at «=2.0 in all above
mentioned plots is shown the same as obtained by N.A.

Khan et. al [44] , Wazwaz [45,46] and Biazar and Gazvini [47].

7. Conclusion

In science and engineering, the incipient modification
of HAFSTM is potent implement to probe the solution of
sundry linear and nonlinear quandaries. The main aim of
this article is to provide the approximate solution and
additionally analytic approximation utilizing the proposed
method for fourth order boundary value quandaries. The
analytical results have been given in terms of a potency
series with facilely computed terms. The method
surmounts the arduousness in different methods because it
is efficient and lucid. Three examples were investigated to
demonstrate the facileness and multifariousness of our
incipient approach. The illustrative examples show that
the method is facile to utilize and is an efficacious
implement to solve fractional partial differential equations
numerically.
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