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Why are special functions special?

Michael Berry 

$FFRUGLQJ WR OHJHQG� /HR 6]LODUG
V EDWKV ZHUH UXLQHG E\ KLV FRQYHUVLRQ WR ELRORJ\� +
KDG HQMR\HG VRDNLQJ IRU KRXUV ZKLOH WKLQNLQJ DERXW SK\VLFV� %XW DV D FRQYHUW KH
IRXQG WKLV SOHDVXUH SXQFWXDWHG E\ WKH IUHTXHQW QHHG WR OHDS RXW DQG VHDUFK IRU D IDF
,Q SK\VLFV��SDUWLFXODUO\ WKHRUHWLFDO SK\VLFV��ZH FDQ JHW E\ ZLWK D IHZ EDVLF SULQFLSOHV
ZLWKRXW NQRZLQJ PDQ\ IDFWV� WKDW LV ZK\ WKH VXEMHFW DWWUDFWV WKRVH RI XV FXUVHG ZLWK
SRRU PHPRU\�

%XW WKHUH LV D FRUSXV RI PDWKHPDWLFDO LQIRUPDWLRQ WKDW ZH GR QHHG� 0XFK RI WKLV
FRQVLVWV RI IRUPXODV IRU WKH �VSHFLDO� IXQFWLRQV� +RZ PDQ\ RI XV UHPHPEHU WKH

H[SDQVLRQ RI FRV �[ LQ WHUPV RI FRV [ DQG VLQ [� RU ZKHWKHU DQ LQWHJUDO REWDLQHG LQ
WKH FRXUVH RI D FDOFXODWLRQ FDQ EH LGHQWLILHG DV RQH RI WKH PDQ\ UHSUHVHQWDWLRQV RI D
%HVVHO IXQFWLRQ� RU ZKHWKHU WKH DV\PSWRWLF H[SUHVVLRQ IRU WKH JDPPD IXQFWLRQ
LQYROYHV �Q � ���� RU �Q � ����" )RU VXFK NQRZOHGJH� ZH WKHRULVWV KDYH WUDGLWLRQDOO\
UHOLHG RQ FRPSLODWLRQV RI IRUPXODV� :KHQ , VWDUWHG UHVHDUFK� P\ SHHUV ZHUH XVLQJ

-DKQNH DQG (PGH
V 7DEOHV RI )XQFWLRQV ZLWK )RUPXODH DQG &XUYHV �-	(�� RU

(UGpO\L DQG FRDXWKRUV
 +LJKHU 7UDQVFHQGHQWDO )XQFWLRQV�

�

7KHQ LQ ���� FDPH $EUDPRZLW] DQG 6WHJXQ
V +DQGERRN RI 0DWKHPDWLFDO

)XQFWLRQV �$	6��� SHUKDSV WKH PRVW VXFFHVVIXO ZRUN RI PDWKHPDWLFDO UHIHUHQFH HYH
SXEOLVKHG� ,W KDV EHHQ RQ WKH GHVN RI HYHU\ WKHRUHWLFDO SK\VLFLVW� 2YHU WKH \HDUV� ,
KDYH ZRUQ RXW WKUHH FRSLHV� 6HYHUDO \HDUV DJR� , ZDV LQYLWHG WR FRQWHPSODWH EHLQJ
PDURRQHG RQ WKH SURYHUELDO GHVHUW LVODQG� :KDW ERRN ZRXOG , PRVW ZLVK WR KDYH
WKHUH� LQ DGGLWLRQ WR WKH %LEOH DQG WKH FRPSOHWH ZRUNV RI 6KDNHVSHDUH" 0\ LPPHGLDW
DQVZHU ZDV� $	6� ,I , FRXOG VXEVWLWXWH IRU WKH %LEOH� , ZRXOG FKRRVH *UDGVWH\Q DQG

5\]KLN
V 7DEOH RI ,QWHJUDOV� 6HULHV DQG 3URGXFWV�� &RPSRXQGLQJ WKH LPSLHW\� ,
ZRXOG JLYH XS 6KDNHVSHDUH LQ IDYRU RI 3UXGQLNRY� %U\FKNRY DQG 0DULFKHY
V RI

,QWHJUDOV DQG 6HULHV�

� 2Q WKH LVODQG� WKHUH ZRXOG EH PXFK WLPH WR WKLQN DERXW
SK\VLFV DQG PXFK SK\VLFV WR WKLQN DERXW� ZDYHV RQ WKH ZDWHU WKDW FDUYH ULGJHV RQ WK
VDQG EHQHDWK DQG IRFXV VXQOLJKW WKHUH� VKDSHV RI FORXGV� VXEWOH WLQWV LQ WKH VN\� � � �
:LWK WKH DUURJDQFH WKDW NHHSV XV WKHRULVWV JRLQJ� , KDUERU WKH GHOXVLRQ WKDW LW ZRXOG
EH QRW WRR GLIILFXOW WR JXHVV WKH XQGHUO\LQJ SK\VLFV DQG IRUPXODWH WKH JRYHUQLQJ
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HTXDWLRQV� ,W LV ZKHQ FRQWHPSODWLQJ KRZ WR VROYH WKHVH HTXDWLRQV��WR FRQYHUW
IRUPXODWLRQV LQWR H[SODQDWLRQV��WKDW KXPLOLW\ VHWV LQ� 7KHQ� FRPSHQGLD RI IRUPXODV
EHFRPH LQGLVSHQVDEOH�

1RZDGD\V WKH HPSKDVLV LV VKLIWLQJ DZD\ IURP ERRNV WRZDUGV FRPSXWHUV� :LWK D IHZ

NH\VWURNHV� WKH H[SDQVLRQ RI FRV �[� WKH QXPHULFDO YDOXHV RI %HVVHO IXQFWLRQV� DQG
PDQ\ DQDO\WLFDO LQWHJUDOV FDQ DOO EH REWDLQHG HDVLO\ XVLQJ VRIWZDUH VXFK DV 0DWKHPDWLF
DQG 0DSOH� �,Q WKH VSLULW RI WKH WLPHV� , PXVW EH HYHQ KDQGHG DQG UHIHU WR ERWK WKH
FRPSHWLQJ UHOLJLRQV�� $ YDULHW\ RI UHVRXUFHV LV DYDLODEOH RQOLQH� 7KH PRVW DPELWLRXV
LQLWLDWLYH LQ WKLV GLUHFWLRQ LV EHLQJ SUHSDUHG E\ 1,67� WKH GHVFHQGDQW RI WKH 86
1DWLRQDO %XUHDX RI 6WDQGDUGV� ZKLFK SXEOLVKHG $	6� 1,67
V IRUWKFRPLQJ 'LJLWDO
/LEUDU\ RI 0DWKHPDWLFDO )XQFWLRQV �'/0)� ZLOO EH D IUHH :HE�EDVHG FROOHFWLRQ RI
IRUPXODV �KWWS���GOPI� QLVW�JRY�� FURVV�OLQNHG DQG ZLWK OLYH JUDSKLFV WKDW FDQ EH
PDJQLILHG DQG URWDWHG� �6WULSSHG�GRZQ YHUVLRQV RI WKH SURMHFW ZLOO EH LVVXHG DV D
ERRN DQG D &'�520 IRU SHRSOH ZKR SUHIHU WKRVH PHGLD��

7KH '/0) ZLOO UHIOHFW D VXEVWDQWLDO LQFUHDVH LQ RXU NQRZOHGJH RI VSHFLDO IXQFWLRQV
VLQFH ����� DQG ZLOO DOVR LQFOXGH QHZ IDPLOLHV RI IXQFWLRQV� 6RPH RI WKHVH IXQFWLRQV
ZHUH �ZLWK RQH FODVV RI H[FHSWLRQV� NQRZQ WR PDWKHPDWLFLDQV LQ ����� EXW WKH\ ZHUH
QRW ZHOO NQRZQ WR VFLHQWLVWV� DQG KDG UDUHO\ EHHQ DSSOLHG LQ SK\VLFV� 7KH\ DUH QHZ LQ
WKH VHQVH WKDW� LQ WKH \HDUV VLQFH ����� WKH\ KDYH EHHQ IRXQG XVHIXO LQ VHYHUDO
EUDQFKHV RI SK\VLFV� )RU H[DPSOH� VWULQJ WKHRU\ DQG TXDQWXP FKDRORJ\ QRZ PDNH XV
RI DXWRPRUSKLF IXQFWLRQV DQG ]HWD IXQFWLRQV� LQ WKH WKHRU\ RI VROLWRQV DQG LQWHJUDEOH
G\QDPLFDO V\VWHPV� 3DLQOHYp WUDQVFHQGHQWV DUH ZLGHO\ HPSOR\HG� DQG LQ RSWLFV DQG
TXDQWXP PHFKDQLFV� D FHQWUDO UROH LV SOD\HG E\ �GLIIUDFWLRQ FDWDVWURSKH� LQWHJUDOV�
JHQHUDWHG E\ WKH SRO\QRPLDOV RI VLQJXODULW\ WKHRU\��P\ RZQ IDYRULWH� DQG WKH VXEMHFW
RI D FKDSWHU , DP ZULWLQJ ZLWK &KULVWRSKHU +RZOV IRU WKH '/0)�

KELVIN'S SHIP-WAVE pattern,
calculated with the Airy

function, the simplest special
function in the hierarchy

of diffraction catastrophes.

7KLV FRQWLQXLQJ DQG LQGHHG LQFUHDVLQJ UHOLDQFH RQ
VSHFLDO IXQFWLRQV LV D VXUSULVLQJ GHYHORSPHQW LQ
WKH VRFLRORJ\ RI RXU SURIHVVLRQ� 2QH RI WKH
SULQFLSDO DSSOLFDWLRQV RI WKHVH IXQFWLRQV ZDV LQ
WKH FRPSDFW H[SUHVVLRQ RI DSSUR[LPDWLRQV WR
SK\VLFDO SUREOHPV IRU ZKLFK H[SOLFLW DQDO\WLFDO
VROXWLRQV FRXOG QRW EH IRXQG� %XW VLQFH WKH
����V� ZKHQ VFLHQWLILF FRPSXWLQJ EHFDPH
ZLGHVSUHDG� GLUHFW DQG �H[DFW� QXPHULFDO VROXWLRQ
RI WKH HTXDWLRQV RI SK\VLFV KDV EHFRPH DYDLODEOH
LQ PDQ\ FDVHV� ,W ZDV RIWHQ FODLPHG WKDW WKLV
ZRXOG PDNH WKH VSHFLDO IXQFWLRQV UHGXQGDQW�
6LPLODU VNHSWLFLVP FDPH IURP VRPH SXUH
PDWKHPDWLFLDQV� ZKRVH LJQRUDQFH DERXW VSHFLDO
IXQFWLRQV� DQG ODFN RI LQWHUHVW LQ WKHP� ZDV
DOPRVW WRWDO� , UHPHPEHU WKDW ZKHQ VLQJXODULW\
WKHRU\ ZDV EHLQJ DSSOLHG WR RSWLFV LQ WKH ����V� DQG , ZDV VHHNLQJ D JUDGXDWH VWXGHQW
WR SXUVXH WKHVH LQYHVWLJDWLRQV� D PDWKHPDWLFLDQ UHFRPPHQGHG VRPHERG\ DV EHLQJ
YHU\ EULJKW� YHU\ NQRZOHGJHDEOH� DQG LQWHUHVWHG LQ DSSOLFDWLRQV� %XW WKLV VWXGHQW KDG
QHYHU KHDUG RI %HVVHO IXQFWLRQV �QRU FRXOG KH FDUU\ RXW WKH VLPSOHVW LQWHJUDWLRQV� EX
WKDW LV DQRWKHU VWRU\��

7KH SHUVLVWHQFH RI VSHFLDO IXQFWLRQV LV SX]]OLQJ DV ZHOO
DV VXUSULVLQJ� :KDW DUH WKH\� RWKHU WKDQ MXVW QDPHV IRU
PDWKHPDWLFDO REMHFWV WKDW DUH XVHIXO RQO\ LQ VLWXDWLRQV R
FRQWULYHG VLPSOLFLW\" :K\ DUH ZH VR SOHDVHG ZKHQ D
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A CROSS SECTION of the
elliptic umbilic, a member

of the hierarchy of
diffraction catastrophes.

S \ \ S
FRPSOLFDWHG FDOFXODWLRQ �FRPHV RXW� DV D %HVVHO
IXQFWLRQ� RU D /DJXHUUH SRO\QRPLDO" :KDW GHWHUPLQHV
ZKLFK IXQFWLRQV DUH �VSHFLDO�" 7KHVH DUH VOLSSHU\ DQG
VXEWOH TXHVWLRQV WR ZKLFK , GR QRW KDYH FOHDU DQVZHUV�
,QVWHDG� , RIIHU WKH IROORZLQJ REVHUYDWLRQV�

7KHUH DUH PDWKHPDWLFDO WKHRULHV LQ ZKLFK VRPH FODVVHV
RI VSHFLDO IXQFWLRQV DSSHDU QDWXUDOO\� $ IDPLOLDU
FODVVLILFDWLRQ LV E\ LQFUHDVLQJ FRPSOH[LW\� VWDUWLQJ ZLWK
SRO\QRPLDOV DQG DOJHEUDLF IXQFWLRQV DQG SURJUHVVLQJ
WKURXJK WKH �HOHPHQWDU\� RU �ORZHU� WUDQVFHQGHQWDO

IXQFWLRQV �ORJDULWKPV� H[SRQHQWLDOV� VLQHV DQG FRVLQHV� DQG VR RQ� WR WKH �KLJKHU�
WUDQVFHQGHQWDO IXQFWLRQV �%HVVHO� SDUDEROLF F\OLQGHU� DQG VR RQ�� )XQFWLRQV RI
K\SHUJHRPHWULF W\SH FDQ EH RUGHUHG E\ WKH EHKDYLRU RI VLQJXODU SRLQWV RI WKH
GLIIHUHQWLDO HTXDWLRQV UHSUHVHQWLQJ WKHP� RU E\ D JURXS�WKHRUHWLFDO DQDO\VLV RI WKHLU
V\PPHWULHV� %XW DOO WKHVH FODVVLILFDWLRQV DUH LQFRPSOHWH� LQ WKH VHQVH RI RPLWWLQJ ZKR
FODVVHV WKDW ZH ILQG XVHIXO� )RU H[DPSOH� 0DWKLHX IXQFWLRQV IDOO RXWVLGH WKH
K\SHUJHRPHWULF FODVV� DQG JDPPD DQG ]HWD IXQFWLRQV DUH QRW WKH VROXWLRQV RI VLPSOH
GLIIHUHQWLDO HTXDWLRQV� 0RUHRYHU� HYHQ ZKHQ WKH FODVVLILFDWLRQV GR DSSO\� WKH
FRQQHFWLRQV WKH\ SURYLGH RIWHQ DSSHDU UHPRWH DQG XQKHOSIXO LQ RXU DSSOLFDWLRQV�

2QH UHDVRQ IRU WKH FRQWLQXLQJ SRSXODULW\ RI VSHFLDO IXQFWLRQV FRXOG EH WKDW WKH\
HQVKULQH VHWV RI UHFRJQL]DEOH DQG FRPPXQLFDEOH SDWWHUQV DQG VR FRQVWLWXWH D
FRPPRQ FXUUHQF\� &RPSLODWLRQV OLNH $	6 DQG WKH '/0) DVVLVW WKH SURFHVV RI
VWDQGDUGL]DWLRQ� PXFK DV D GLFWLRQDU\ HQVKULQHV WKH ZRUGV LQ FRPPRQ XVH DW D JLYHQ
WLPH� )RUPDO JUDPPDU� ZKLOH LQWHUHVWLQJ IRU LWV RZQ VDNH� LV UDUHO\ XVHIXO WR WKRVH ZK
XVH QDWXUDO ODQJXDJH WR FRPPXQLFDWH� $UJXLQJ E\ DQDORJ\� , ZRQGHU LI WKDW LV ZK\ WK
IRUPDO FODVVLILFDWLRQV RI VSHFLDO IXQFWLRQV KDYH QRW SURYHG YHU\ XVHIXO LQ DSSOLFDWLRQV

THE CUSP, a member
of the hierarchy of

diffraction catastrophes.

6RPHWLPHV WKH SDWWHUQV HPERG\LQJ VSHFLDO
IXQFWLRQV DUH FRQMXUHG XS LQ WKH IRUP RI SLFWXUHV�
, ZRQGHU KRZ XVHIXO VLQHV DQG FRVLQHV ZRXOG EH
ZLWKRXW WKH LPDJHV� ZKLFK ZH DOO VKDUH� RI KRZ
WKH\ RVFLOODWH� ,Q ����� WKH SXEOLFDWLRQ LQ -	( RI D
WKUHH�GLPHQVLRQDO JUDSK VKRZLQJ WKH SROHV RI WKH
JDPPD IXQFWLRQ LQ WKH FRPSOH[ SODQH DFTXLUHG DQ
DOPRVW LFRQLF VWDWXV� :LWK WKH PRUH VRSKLVWLFDWHG
JUDSKLFV DYDLODEOH QRZ� WKH IDU PRUH FRPSOLFDWHG
EHKDYLRU RI IXQFWLRQV RI VHYHUDO YDULDEOHV FDQ EH
H[SORUHG LQ D YDULHW\ RI WZR�GLPHQVLRQDO VHFWLRQV
DQG WKUHH�GLPHQVLRQDO SORWV� JHQHUDWLQJ D ODUJH
FODVV RI QHZ DQG VKDUHG LQVLJKWV�

�1HZ� LV LPSRUWDQW KHUH� -XVW DV QHZ ZRUGV FRPH LQWR WKH ODQJXDJH� VR WKH VHW RI
VSHFLDO IXQFWLRQV LQFUHDVHV� 7KH LQFUHDVH LV GULYHQ E\ PRUH VRSKLVWLFDWHG DSSOLFDWLRQV
DQG E\ QHZ WHFKQRORJ\ WKDW HQDEOHV PRUH IXQFWLRQV WR EH GHSLFWHG LQ IRUPV WKDW FDQ
EH UHDGLO\ DVVLPLODWHG�

6RPHWLPHV WKH SDWWHUQV DUH DVVRFLDWHG ZLWK WKH DV\PSWRWLF EHKDYLRU RI WKH IXQFWLRQV
RU RI WKHLU VLQJXODULWLHV� 2I WKH WZR $LU\ IXQFWLRQV� $L LV WKH RQH WKDW GHFD\V WRZDUGV
LQILQLW\� ZKLOH %L JURZV� WKH - %HVVHO IXQFWLRQV DUH UHJXODU DW WKH RULJLQ� WKH < %HVVHO
IXQFWLRQV KDYH D SROH RU D EUDQFK SRLQW�

3HUKDSV VWDQGDUGL]DWLRQ LV VLPSO\ D PDWWHU RI HVWDEOLVKLQJ XQLIRUPLW\ RI GHILQLWLRQ DQ
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QRWDWLRQ� $OWKRXJK VLPSOH� WKLV LV IDU IURP WULYLDO� 7R HPSKDVL]H WKH LPSRUWDQFH RI
QRWDWLRQ� 5REHUW 'LQJOH LQ KLV JUDGXDWH OHFWXUHV LQ WKHRUHWLFDO SK\VLFV DW WKH
8QLYHUVLW\ RI 6W� $QGUHZV LQ 6FRWODQG ZRXOG RFFDVLRQDOO\ UHSODFH WKH OHWWHUV
UHSUHVHQWLQJ YDULDEOHV E\ QDPHOHVV LQYHQWHG VTXLJJOHV� WKHUHE\ LQGXFLQJ LQVWDQW
LQFRPSUHKHQVLELOLW\� ([WHQGLQJ WKLV RQH OHYHO KLJKHU� WR WKH QDPHV RI IXQFWLRQV� MXVW
LPDJLQH KRZ PXFK FRQIXVLRQ WKH SK\VLFLVW -RKQ 'RH ZRXOG FDXVH LI KH LQVLVWHG RQ
UHSODFLQJ VLQ [ E\ GRH�[�� HYHQ ZLWK D GHILQLWLRQ KHOSIXOO\ SURYLGHG DW WKH VWDUW RI HDF
SDSHU�

7R SDUDSKUDVH DQ DSKRULVP DWWULEXWHG WR WKH ELRFKHPLVW $OEHUW 6]HQW�*\|UJ\L�
SHUKDSV VSHFLDO IXQFWLRQV SURYLGH DQ HFRQRPLFDO DQG VKDUHG FXOWXUH DQDORJRXV WR
ERRNV� SODFHV WR NHHS RXU NQRZOHGJH LQ� VR WKDW ZH FDQ XVH RXU KHDGV IRU EHWWHU
WKLQJV�

5HIHUHQFHV

�� (� -DKQNH� )� (PGH� 7DEOHV RI )XQFWLRQV ZLWK )RUPXODH DQG &XUYHV� 'RYHU

3XEOLFDWLRQV� 1HZ <RUN �������

�� $ (UGpO\L� :� 0DJQXV� )� 2EHUKHWWLQJHU� )� *� 7ULFRPL� +LJKHU 7UDQVFHQGHQWD

)XQFWLRQV� � YROV�� .ULHJHU 3XEOLVKLQJ� 0HOERXUQH� )OD� ������ >ILUVW SXEOLVKHG LQ
����@�

�� 0� $EUDPRZLW]� ,� $� 6WHJXQ� HGV�� +DQGERRN RI 0DWKHPDWLFDO )XQFWLRQV ZLW

)RUPXODV� *UDSKV� DQG 0DWKHPDWLFDO 7DEOHV� 1DWLRQDO %XUHDX RI 6WDQGDUGV
$SSOLHG 0DWKHPDWLFV 6HULHV� YRO� ��� 86 *RYHUQPHQW 3ULQWLQJ 2IILFH� :DVKLQJWRQ�
'& �������

�� ,� 6� *UDGVWH\Q� ,� 0� 5\]KLN� 7DEOH RI ,QWHJUDOV� 6HULHV� DQG 3URGXFWV� �WK HG

�WUDQVODWHG IURP 5XVVLDQ E\ 6FULSWD 7HFKQLND�� $FDGHPLF 3UHVV� 1HZ <RUN ������
>ILUVW SXEOLVKHG LQ ����@�

�� $� 3� 3UXGQLNRY� <X� $� %U\FKNRY� 2� ,� 0DULFKHY� ,QWHJUDOV DQG 6HULHV� � YROV�

�WUDQVODWHG IURP 5XVVLDQ E\ 1� 0� 4XHHQ�� *RUGRQ DQG %UHDFK� 1HZ <RUN ������
������

0LFKDHO %HUU\ LV 5R\DO 6RFLHW\ 5HVHDUFK 3URIHVVRU LQ WKH SK\VLFV

GHSDUWPHQW RI %ULVWRO 8QLYHUVLW\� 8.� DQG VWXGLHV SK\VLFDO DV\PSWRWLFV�
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