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is minimized where W is an arbitrary positive definite weighting matrix
and where the expectation, &{-}, is conditioned on all previous measure-
ments. As is well known, the solution to this optimization problem is
obtained from [3]

F=AF+Z()C P~ {y~CF} (16)
x(0)=0 an
where
-1
z(")=[‘1’21(’)""1’22130][‘l’n(l)‘*“1’12(’)‘%] (18)
and where the ®;; are partitions of the exponential matrix of
-4 c'p-ic
N I 19
glere] -
Furthermore, the solution is independent of W and
E=6[(x-)(x— )L (20)

It may be difficult to obtain @, R, accurately. The sensitivity of the
performance to R, is studied here. Define the sensitivity matrix

ol

A
§= iR, 21)
Use basic properties of the trace function [1] to show
-2
S= oK, r{ WZ}. (22)
Use (18) to show that the differential of tr{ WX} is given by
uwf W@DdRo[¢1,+¢,zRo]_]}
+tr{W[(Pz[+¢22Ro]d[¢“+d>12R0]_l}. (23)
Use MM ~!=1 to show that for any nonsingular M
dM "= — M 'dMM !
so that
dlo,+®,R,] = —[@,, + ®,R, ) P dR, (@, + B LR, 1. (29)
Combine (18), (23), and (24) and invoke (5) to show
-1
d(w[WE)=u {[q>,l +®,R, ] Wd,,4dR, }
-
—tr {[rp,, +®,R, | WE®,dR, } (25)
Now use Theorem 1 to show that the sensitivity
5=5+ 8, —diagsS, (26)
where
So 2 [0, +®,R, 1" Wik, —T@,,l. @7

Notice that the sensitivity is nos independent of the weighting matrix W.
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On the Instability of Large-Scale Systems
M. VIDYASAGAR

Abstract—A set of sufficient conditions for the instability of large-scale
systems is presented. These conditions are much less restrictive than
similar conditions derived in [1].

In a recent paper [1], Grujic and Siljak derive a set of sufficient
conditions for a large-scale interconnected system to be unstable in the
sense of Lyapunov. Reference [1, theorem 5] appears to be of limited
application, since it requires all subsystems to be completely unstable. In
this note, we study conditions under which an interconnection of some
stable and some unstable subsystems is itself unstable. The set of
assumptions on the interconnections, as well as the method of proof, are
very closely related to the corresponding items in [1]. However, by a
slight modification of the technique of [1], we come up with results
having a significantly larger scope of application.

The class of large-scale systems under study is described by a collec-
tion of equations of the form

HO=fxN+ S h(txD),  i=lee.m )
J=1

where x;€R™ f:RXR"%->R™ and h;:RXR%-R" are continuous
functions. We assume that f(7,0)=0, hij(t,O)=0, Vi,j. Since we are
interested in large-scale systems that consist of an interconnection of
some stable and some unstable subsystems, we assume without loss of
generality that for i=1,- - -, &, the equilibrium point x;=0 of the system

x()=£(2,x,(1)) )

is asymptotically stable, while for i=k+1,---,m, the equilibrium point
x;=0 of (2) is unstable. We further assume that there exist Lyapunov
functions V;: R X R"— R satisfying the following conditions.

(Al) For i=1,-- -k, there exist ¢,;. ¢5, ¢;3, and ¢;4,: R— R which are
functions of class K (see [1]), such that

dn(llxI) < V;(£.x) <¢a(llxil), Vi, VxES; 3
~¢alxD <V (6,x) < —9ulllx) Vi, ¥xES, )

where, as usual, V, is defined by
Vi) = SV 6x) + (TV) 6 x) 5

and §; is an open neighborhood of the origin.

(A2) For i=k+1,---,m, there exist ¢;5, ¢,4: R—R, which are func-
tions of class X, such that

—oa(lx < Vit x) < —dullxl), Vi Vx€ES, (6)

Moreover, V;(0, -) assumes negative values arbitrarily close to the origin;
i.e., given any € >0, there is an x; with ||x;|| <e, such that ¥,(0,x,)<0.

It can be easily verified {2] that (Al) implies that x,=0 is an asymptot-
ically stable equilibrium point of (2) for i=1,---,k, while (A2) implies
that x,=0 is an unstable equilibrium point of (2) for i=k+1,---,m.

We now state the assumptions on the “interconnection” terms Ay.

(A3) Forij=1.---.m, there exist real constants {; such that

[VV,-(r,x,-)]rh,.j(z.xj)<§U¢j4(||xj||), Vx, €S, %)

With these definitions, we can state the first instability result.
Theorem 1: Assume (Al)-(A3) hold, and define the “test matrix” P
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by

Pi’-=8!-’-—max{0,£y} &

where §; denotes the Kronecker delta. Then the equilibrium point x,=0,
¥i of the interconnected system (1) is unstable if the leading principal
minors of P are all positive.

Proof: Consider the function

m

V{t,xpx,)= 2 o Vi(t.x)

i=1

%

as a Lyapunov function candidate where the a;’s are positive constants
to be selected later. Calculating the derivative of V, we see that, provided
x; €S, Vi, we have

. m . ” m T
V(txp 5= 2 oaVi(nx)+ 2 2 alv¥(nx)] hy(ex)
i=1 i=1j=1

m m m
< 21 —adu(lxiD+ 3 21“‘ e (11,1
i= i=1 j=

‘21 - aiPy¢j4(||xj|!)-
j=

< § (10)
i=1

Now, if the leading principal minors of P are all positive, then exactly as

in {1}, we have that for every set of positive numbers a,, - - ,a,, the
corresponding numbers 8,,-* -, 8,, defined by
m
Bi= 2 ap; (i1
i=1
are also positive. Since
. m
V{tx %) < — > ﬁﬂ’ﬂ("xj“), (12)
Jj=1

it follows that ¥ is negative definite. Moreover, it is clear that ¥ (0,---)
assumes negative values arbitrarily close to the origin. Hence, the
equilibrium point at the origin is unstable [2]. [

In the above theorem and proof, it should be noted that the formula-
tion of the test matrix P, the conditions on P, as well as the method of
proof, exactly follow the development in [1]. Thus, the major difference
between [1, theorem 5] and the present note is in the assumed nature of
the uncoupled subsystems. Whereas the assumptions in [1] [particularly
the inequalities (43)] require each of the subsystems to be completely
unstable, the present setup permits some of the subsystems to be stable,
and requires a more natural type of instability on the part of the
remaining subsystems. It is also clear that Theorem 1 can be applied to
systems of the form

5(0=£(tx D)+ 2 glexln. . x,()) (13)
=1
in which case the inequality (7) should be modified to
[TV )] altxn - x) < D gaalinh).  (19)
j=1

The existence of a Lyapunov function ¥ satisfying (A2) is only one of
several known sufficient conditions for instability. By replacing (A2) by
other conditions, it is possible to generate alternate instability criteria for
large-scale systems.

Example 1: Consider two subsystems described by

xX1=—x
and
Xy = — Xop + Xqx2
21 21T X1 X2

.= 2
X33 = X5+ X31X2;.
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Assume that the interconnection terms g, and g, in (13) are of the form
81= @y X, Xz SIN Xy + @y X3, 8N Xy,
T
gy =715 52t (x; + x00) + v2x55 58t (x + x5}

where «;, a,. ¥,. Y, are nonnegative, and “sat” denotes the saturation
function defined by

-1, ifo<—1
sato = o, ifle|<1
1, ifo>1.

Let the neighborhoods S, and S, be defined by
Sp={xy:|x <1}
Sy={xy:x3 +xd,<1}.

Finally, choose the Lyapunov functions

Vi=xi
Vy=x3— x5
Then
YV =2x,

T
VV,=[2x, —2x5,]".
With no interactions, we have
Vi==2x} 2 —g,(x)
y A
Va=—2x3—2x5 = —¢u(x,).
With the interaction terms present, we have
V Vg, =2a;x3x,, 50 Xpp + 20,%, X3, 5in X5,
2
<20y x242a,(x5,+ x55). forx, €8, x,ES,
=114 (X)) + @y (x,).
Hence, (14) is satisfied with
fn=con =
Similarly,
V Vg, =2yx3sat () + x33) +2y,x3, sat (x, + x5;)

< 2yo(x3 + x3) = o2 (x3)
where
Yo == max(y..vy)-
Hence, (14) is satisfied with
£1=0, £H=7¢

Thus, the test matrix P is given by
| —a
P= ! 2
[ 0 -7, ]

It now follows, by applying Theorem 1, that instability is assured
whenever a, <1, o<1, a, arbitrary.
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Stabilizability of the System x(¢)= Fx(f)+ Gu(t—h)
by a Discrete Feedback Control

K. MACIEJ PRZYLUSK1

Abstract—Stabilizability problem for the system x(f)= Fx(1)+ Gu(t1—
h) is considered. For appropriate discrete model x, , , = Ax, + By, _, the
feedback controller which has the form u, =%!_ F.x, _, is proposed. 1t is
proven that controllability of the pair (4, B) and cyclicity of the 4 matrix
imply stabilizability. Some extensions and applications are also mentioned.

I. INTRODUCTION AND PROBLEM STATEMENT

In this technical note, a stabilizability problem for the linear system

1§y

where >0, x(1)SR"”, u(f)ER™, FER" ", G € R"*™ is considered.
The positive number % represents time delay in control action. For
analysis of the problem it is assumed that the control u(?) is constant on
the intervals [kh, (k +1)A), k € Ny Thus, it follows that

x(D=Fx()+ Gu(t—h)

(2

where x, = x(kh), u,=u(kh), AER"*", BER"™™ are appropriate
matrices. It is assumed that the 4 matrix is cyclic and the pair (4,B) is
controllable. This implies that there exists a vector b= Bg such that
(A4,b) is controllable (see [2 p. 42]). The well-known relations between
controllability of the pairs (4,B),(F,G) and the systems (1),(2) are
recalled briefly in the Appendix.

The stated problem has the following form. For the system

Xp1=AX + Buy

X1 =Ax,+bu,_, 3)
k E Ny, find  and { ;}/2Y, ;= R1*” such that a linear feedback
i=]
we= 2 fixi_; 4)
i=0
gives asymptotically stable closed system
i=!
xk+1=Axk+b_20fixk~i—1 )
i=

kEN,.

1I. Mam Resurt

Theorem: Let (A4,b) be controllable. Then system (3) is stabilizable by
feedback (4).
Proof: From the controllability assumption it follows that there
exists a (unique) nonsingular matrice § € R?*”" such that

0 1 0 0
0 0 1 0
A=SAS"'= : 6}
0 0 O 1
4 @ a3 a,
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0
= Sb=| . |. (N
0
1
Let
j;=];S'1=[];-l,j;?,-",j},,]ER'X" (8)
and
j=i
GMN=aX'*i+ X A )
j=0

After standard manipulations it follows that (5) is stable iff every zero of
the monic polynomial
K(A)=An+IH - {E, M +a, A A+ +a,(A)-a! } (10)

lies in the open disc of the unit radius in the complex plane. It is easy to
check [from (9) and (10)] that

1+ k=1 n
(x(}\)=>\n+l+1_{kzlxk—l,( zofl—j,k—j)+ 2 Akt
= j=

k=I1+2
I I+n+1
k-1
. z_fl__,-,k_j"‘ak-(zu)ﬂ + 2 A
j=0 k=n+1

I
( > fl—j,k—j+ak—(l+2)+l)}- (11)
j=k-n

It is obvious that exactly one (unique) coefficient of %X (A) which is not
effected by feedback parameters , i=0,1,---,11s equal to a,, the others
may by arbitrary chosen numbers. It is known (from Vieta formulas)
that a, must be equal to the sum of all zeros of X.(A). Let

p= inf {r>|a,|} (12)
reN
and
zZg=a,/p. (13)
Note that |zo| < 1 and let
!=max {p—(n+1),0}. (14)
The monic polynomial ¢/(A) defined by
(A-z)’, ifi>0
gy=| @z il (15)
AGD-P(A—z)",  if1=0
has a representation
YA)=A"++1— [ X7+t lower powers terms } (16)

where 1> 0 is given by (14) and all zeros of (16) lie in the open disc of
the unit radius in the complex plar}e; hence ¥ is stable. Now it is possible
to choose feedback parameters { f;}1Z} so that

KN =)

and the last relation implies stability of (5) with f=f£S.

Corollary: If (A,b) is not a controllable but an uncontrollable part of
A is stable then (3) is stabilizable by feedback (4)

Remark: From proof of the theorem it follows that in order to achieve
smaller zeros in (17) / should be increased.

(17)

1I1. CONCLUDING REMARKS

The theorem presented above has the following extensions:
1) for essentially multiinput (i.e., noncyclic) controllable systems;
2) for systems

(18)

Xy e1=Ax + By py



