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Abstract Solution of fractional differential equations is an emerging area of present day research because such
equations arise in various applied fields. In this paper we have developed analytical method to solve the system of
fractional differential equations in-terms of Mittag-Leffler function and generalized Sine and Cosine functions,
where the fractional derivative operator is of Jumarie type. The use of Jumarie type fractional derivative, which is
modified Rieman-Liouvellie fractional derivative, eases the solution to such fractional order systems. The use of this
type of Jumarie fractional derivative gives a conjugation with classical methods of solution of system of linear
integer order differential equations, by usage of Mittag-Leffler and generalized trigonometric functions. The ease of
this method and its conjugation to classical method to solve system of linear fractional differential equation is
appealing to researchers in fractional dynamic systems. Here after developing the method, the algorithm is applied in
physical system of fractional differential equation. The analytical results obtained are then graphically plotted for
several examples for system of linear fractional differential equation.
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1. Introduction

The fractional calculus is a current research topic in
applied sciences such as applied mathematics, physics,
mathematical biology and engineering. The rule of
fractional derivative is not unique till date. The definition
of fractional derivative is given by many authors. The
commonly used definition is the Riemann-Liouvellie (R-L)
definition [1,2,3,4,5]. Other useful definition includes
Caputo definition of fractional derivative (1967)
[1,2,3,4,5]. Jumarie’s left handed modification of R-L
fractional derivative is useful to avoid nonzero fractional
derivative of a constant functions [7]. Recently in the
paper [8] Ghosh et al proposed a theory of characterization of
non-differentiable points with Jumarie type fractional
derivative with right handed modification of R-L fractional
derivative. The differential equations in different form of
fractional derivatives give different type of solutions [1-5].
Therefore, there is no standard algorithm to solve
fractional differential equations. Thus the solution and its
interpretation of the fractional differential equations is a
rising field of Applied Mathematics. To solve the linear
and non-linear differential equations recently used
methods are Predictor-Corrector method [9], Adomain
decomposition method [2,10,11], Homotopy Perturbation

Method [12] Variational Iteration Method [13], Differential
transform method [14]. Recently in [15] Ghosh et al
developed analytical method for solution of linear fractional
differential equations with Jumarie type derivative [7] in
terms of Mittag-Leffler functions and generalized sine and
cosine functions. This new finding of [15] has been
extended in this paper to get analytical solution of system
of linear fractional differential equations. In section 1.0 we
have defined some important definitions of fractional
derivative that is basic Riemann-Liouvellie (RL) fractional
derivative, the Caputo fractional derivative, the Jumarie
fractional derivative, the Mittag-Leffler function and
generalized Sine and Cosine functions. In section 2.0
solution of system of fractional differential equations has
been described and in section 3.0 an application of this
method to physical system has been discussed.

1.1. The Basic Definitions of Fractional
Derivatives and Some Higher Transcendental
Functions:
a) Basic definitions of fractional derivative:
i) Riemann- Liouvellie (R-L) definition

The R-L definition of the left fractional derivative is,

m+1 X
2DEf(x) = ! (ij _[(xfr)m_af(r)dr(l.l)

I'(m+1-a)\ dx
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Where: is positive integer.
In particular when 0 < o <1 then

m<a<m+l, m:

aDx (X

__ 1 if(x-r)—“f(r)dr (1.2)
I'l-ea) dx " ' ’
The definition (1.1) is known as the left R-L definition

of the fractional derivative. The corresponding right R-L

definition is

m+1b
! (i) J‘(rf )" f(r)dr (1.3)

DY f(x) = ————
<D 10 r(m+l-a)\ dx

X

where: m<a <m+1.

The derivative of a constant is obtained as non-zero
using the above definitions (1.1)-(1.3) which contradicts
the classical derivative of the constant, which is zero. In
1967 Prof. M. Caputo proposed a modification of the R-L
definition of fractional derivative which can overcome this
shortcoming of the R-L definition.

ii) Caputo definition

M. Caputo defines the fractional derivative in the

following form [6]

_r

SF 100 = s

j x-0)" MV (dr (1.4)
a

where:n-1<a <n.

In this definition first differentiate f(x), n—times then
integrate n—« times. The disadvantage of this method is
that f(x), mustbe differentiable n-times then the « -th

order derivative will exist, where n—-1<a <n . If the
function is non-differentiable then this definition is not
applicable. Two main advantages of this method are (i)
fractional derivative of a constant is zero (ii) the fractional
differential equation of Caputo type has initial conditions
of classical derivative type but the R-L type differential
equations has initial conditions fractional type i.e.

lim o DF [ (0] =b.

This means that a fractional differential equation
composed with RL fractional derivatives require concept
of fractional initial states, sometimes they are hard to
interpret physically [2].

iii) Modified definitions of fractional derivative:

To overcome the fractional derivative of a constant,
non-zero, another modification of the definition of left R-
L type fractional derivative of the function f(x),

in the interval[a,b] was proposed by Jumarie [7] in the
form, that is following.

£ (x) = 2D§ £ (x)

1 T _yoe-l
I'(-a) £(X 7) f(z)dz, a<0.
L df e (1.5)
B r(1—a)&£(x_r) (f(r)-f(a))dr, O<a<1
(f(a_m)(x))(m), m<a<m+l.

We consider that f(x)— f(a)=0 for x<a . In (1.5),
the first expression is just fractional integration; the
second line is RL derivative of order 0 <« <1 of offset
function that is f (x)— f(a). Fora >1, we use the third
line; that is first we differentiate the offset function with
order0 < (e¢—m) <1, by the formula of second line, and

then apply whole m order differentiation to it. Here we
chose integer m, just less than the real number « ; that
ism<a<m+l.

The logic of Jumarie fractional derivative is that, we do
RL fractional derivative operation on a new function by
forming that new function from a given function by
offsetting the value of the function at the start point. Here
the differentiability requirement as demanded by Caputo
definition is not there. Also the fractional derivative of
constant function is zero, which is non-zero by RL
fractional derivative definition.

We have recently modified the right R-L definition of
fractional derivative of the function f(x), in the interval

[a,b] in the following form [8],

£ (x) = 7D f ()

L bt a<o
F(—a)x J
1 df o (1.6)
i ‘ra_a)a{"‘x’ (fO)-f(OHr0<a<l
(f(a—m)(x))(m)’ el

In the same paper [8], we have shown that both the
modifications (1.5) and (1.6) give fractional derivatives of
non-differentiable points their values are different, at that
point, but we get finite values there, of fractional
derivatives. Whereas in classical integer order calculus,
where we have different values of right and left
derivatives at non differentiable points in approach limit
from left side or right side, but infinity (or minus infinity)
at that point, where function is non-differentiable. But in
case of Jumarie fractional derivative and right modified
RL fractional derivative [8], there is no approach limit at
the non-differentiable points, but a finite value is obtained
at that non differentiable point of the function. The
difference is that integer order calculus returns infinity or
minus infinity at non-differentiable points, where as the
Jumarie fractional derivative returns a finite number
indicating the character of otherwise non-differentiable
points in a function, in left sense or right sense. This has a
significant application in characterizing otherwise non-
differentiable but continuous points in the function.
However, the finite value of the non differentiable point
after fractional differentiation depends on the interval

length. In the rest of the paper DV will represent Jumarie
fractional derivative.
b) Mittag-Leffler function and the generalized Sine
and Cosine functions

The Mittag-Leffler function was introduced by the
Swedish mathematician Gésta Mittag-Leffler [17,18,19,20]
in 1903. It is the direct generalization of exponential functions.
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The one parameter Mittag-Leffler function is defined (in
series form) as:

= —— zeC, Re(x)>0.
br r'@d+ak)

In the solutions of FDE we use this series definition in
MATLAB plots. One parameter Mittag-Leffler function in
relation to few transcendental functions is as follows

def z 22 23
Ei(z) =1+ + + F e
rq+) r@+2 r@+3)
z 22 8
=14+ —F—+—+
1 2t 3!
:eZ
def 2 3
E,(z) =1+ : + : + : F e
rqa+2) r@d+4) r@+e)
z 2 28
=14+ —F—+—+
21 41 6!
= cosh(~/z)
The integral representation of the Mittag-Leffler

function [17,18,19,20] is,
ta—let

Ea(z)zi_[ dt, zeC, Re(a)>0
C

t% -z

Here the path of the integral C is a loop which starts
and ends at —o and encloses the circles of disk |t |<] z |1/"’
in positive sense:|arg(t) |< zonC [17,18,19,20].

The two parameter Mittag-Leffler function (in series
form) and its relation with few transcendental functions
are as following

def Zk
Cen®) = 2 5y
E 1(2)=E,(2)=¢’

el -1

z,BeC, Re(x) >0

zeC, Re(x) >0

E12(2) =

Eyo(2)=—F

NG

The corresponding integral representation [17,18,19,20]
of the two parameter Mittag-Leffler function is,

Ep(@ = |
C

sinh(v/z2)
Z

t@Ael

dt, zeC, Re(a) >0

t* -z

where the contour C is already defined, in the above
paragraph.
Using the modified definition, of fractional derivative
of Jumarrie type, [7,8] we get
ID*[1]=0, O<a<l
The Jumarie fractional derivative of any constant

function is zero, unlike a non-zero value of fractional RL
derivative of a constant.

We now find Jumarie fractional derivative of Mittag-
Leffler function E, (at*)

def

3:3a
E, (at%) = 1+ at

at® a2t2a
+ + +
I'l+a) T(+2a) T'(l+3a)

Using Jumarie derivative of order & , with 0<a <1
with start point as a =0 for f (t) =t"*, [15] that is

I'(ha +1 _
8 Dta |:tna:| _ ( ) (t)a(n 1)
I(a(n-1)+1)
for n=1,2,3,...; and also using Jumarie derivative of

constant as zero Y D* [1]=0, we get the following very
useful identity.

at® a2t2a
1+ +
I'l+a) T'(l+2a)
a3t3a
—
I'l+3a)
Fl+a)a  T'(+2a)a’t?
rOrl+a) I'(+2a)(l+a)
1+ 3a)a’t?®
I'd+3a)(1+2a)

3D [E,(at) | = D”

at® a2t2a a3t3a
1+ + + e TR
I'l+a) T(Q+2a) T'(l+3a)

=aE, (at%)

Thus
JDO‘[E (at“)JzaE (at®)
o+t a a

This shows that AE, (at”) is a solution is a solution of
the fractional differential equation [15]

oD%y =ay
Where A is arbitrary constant.
Therefore
oD%y =ay
with y(0) =1has solution

y=E,(at").

The fractional Sine and Cosine functions are expressed
as following [16],

def
E, (ix*) = cos, (x*)+isin, (x*)
def o 2ke

ay _ kX
€08 (x7) = k%( b I(1+2ak)

] . def 2 oK y(2k+Dar
sin, (X = - —_—
«(X) k%( ) I'(1+@+2K)a)

The above series form of fractional Sine and Cosine are
used to plots, in solutions. It can be easily shown that
[15,16]
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Ip@ [sina (x“)} =05, (x%)
Ip“ [cosa (x“)} =—sin, (x%).

This has been proved by the following term by term
differentiation. The series presentation of cos,, (x*) is [15],

X2a X4a XGa

cos, (x¥) =1- + - +
I'l+2a) TI'(l+4cx) T'(1+6a)

Taking its term by term Jumarie fractional derivative of
order o we get,

30§ [ cos, (x7) |
C o TE+22)x*%  T+4a)x* @
Irl+2a0)l'l+a) T'Q+4a)[(1+3c)

I(1+6a)x%% ¢
1+ 6a)[(1+50q)

o X ~ X3a .
| T+a) T@A+3a)
=—sin, (x%)

Similarly we can get the expression for fractional
derivative of Jumarie type of order « for sin, (x%).

2. System of Linear Fractional Differential
Equations

Before considering the system of fractional differential
equations we state the results [15] which arises in solving
a single linear fractional differential equations composed
by Jumarie derivative; we will be using the following
theorems.

Theorem 1: The fractional differential equation

(JD“ —a)(JD“ —b)y(t):o
has solution of the form
y = AE, (at”) + BE, (bt*)

where A and B are constants.
Theorem 2: The fractional differential equation

Ip% [y]—Za(J D“ [y])+a2y =0
has solution of the form
y = (At* + B)E,, (at®)

where A and B are constants.
Theorem 3: Solution of the fractional
equation

differential

Ip2 [y]—2a(J D“ [y])+(a2 +b%)y =0
is of the form

y=(E, (at))( Acos, (bt*) + Bsin,, (b1°))

where A and B are constants.
Consider the system of linear fractional differential
equations

Jha _
D*[x]= ax+by}. ©.1)

JD‘”[y]:cx+dy
Here a, b, ¢ and d are constants, the operator ID%is
the Jumarie fractional derivative operator, call it for

. 2 .
convenience JD® zd—a, and x and vy are functions of t.
dt

In matrix form we write the (2.1) in following way

ea7le ool oL
= also—| = .
Jpey| Lc d]Ly de*Ly] [c d]ly
The above system (2.1) can be written in the following
form

(JD“—a)x—byzo 0.9
—cx+(JD“—d)y=O . =2

Operating (J D% —a) on both sides of the second
equation of (2.2) we get the following steps.
—(’D% —a)x+(*D* —a)(’D* -d)y =0
—cby+(°D% —a)(°D% -d)y =0
Jp2a [y]—(a+d)(JD“ [y])+(ad —bc)y=0

(2.3

Equation (2.3) is a linear fractional order differential
equation (with order 2« ), with Jumarie derivative
operator.

Let

a+d=4+4 and ad-bc=44i

then the equation (2.3) can be re-written as,
D% [y]-(ﬂﬁ/%z)(J D* [y])+/1122y -0 (2.4

For 4,4, real and distinct, solution of the equation
(2.4) can be written in the form (from Theorem 1)

y= AlEa (llta) + BlEa (2'2ta)

Again from second equation of (2.1) we get after
putting the value of y the following,

(2.5)

ID*[y]=cx+dy

"D AE, () + BiE, (2ot |

— ox+ d| AE, (4t”)+ BE, (A1) |

ox = [ ALE, (") + BiipEq (2pt” |

~d| AE, (1) + BiE, (1) |

ox = A (g~ 0)E, (4t%) + By (4, ~d)E, (4,t%)

From above we obtain the following
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X =%[A1(11—d)Ea (4t%) + B, (1, —d)E, (zzta)J

= Ao E,, (4t%) + ByE, (Apt%) (2.6)
-d Ay —d
Ay = Al(ﬂi ). B, = By( i )

A, B; are arbitrary constants in above derivation, and

M+ =a+d, 44, =ad-bc.

Thus the solution can be written in the form
X| | A B,
= E_(At* E_(A,t* 2.7
M {Aj ol ){Bj «(2t)

Again to solve the system of fractional differential
equation (2.1) we use the method similar to as used in
classical differential equations.

Since JD‘)‘[x(t)]z/lx('[) has solution in the form

x(t) = AE, (1t%),  Alis arbitary constant. [15], putting

x=AE,(At*) and y=BE,(At%)

in (2.1) we get the following
ID% —ax—by =0
Ip [AEa (/It“)J —aAE,, (At%) - bBE,, (4t%) = 0
ALE,, (At%)— AaE,, (At%)—bBE,, (t%) =0
A(1-2)-Bb=0
ID%y—cx—dy =0
Ip [BEa (/It“)J —CAE,, (At%) — dBE,, (At%) =0
BAE, (1t%) - AcE,, (At%) —dBE,, (At%) =0
~Ac+B(A-d)=0

A(—a)—bB =0 }

(2.8
—cA+(1-d)B=0

Eliminating A and B from (2.8) we get,
a-4

=0giving A2 —(a+d)A +(ad —bc) =0 (2.9)
c d-1

which is known as the characteristic equation with roots
A and 4, , also termed as eigen-values. Three cases may

arises
i) The roots 4; and A, are real and distinct.

ii) The roots are real and equal i.e. 4; =1, =1 (say) .
iii) The roots are complex ie. of the form
A1, A = ptiq (say).
Case -1
For real and distinct roots 4 and 4, , we write

X = AE, (4t”), y1 = BE, (4gt”)

and x, = AgE,, (A1), Y5 = BoE, (Apt%)
The solution of (2.1) is

X=X +X = AE, (t%) + A E, (Apt%)

Y= Y1 +Yo = BiE, (4t%) +ByE, (1t%)

Thus the solution of the system of fractional differential
equation can be written as,

m = A, (t%) +¢;BE, (4t)

Where A= {gﬂ and B = {gﬂ are the arbitry constants.
2

Example: 1
ID%x = 2x+y
ID% = x+ Zy}’
0 < a <1lwith x(0)=2, y(0)=1.
Let
X = AE, (At%) and y = BE,, (1t%).

be the solution of the above differential equation.
Substituting this in the above equations we get,

A(2-4)+B=0
(2.10)
A+(2-1)B=0
The corresponding characteristic equation is,
2—-1
1 2-2

=0giving 1 =1,3.

Putting 4 =1in (2.8) we get A+B=0, taking A=1
we get B=-1 and putting 4 =3 in (2.8) we get A=B,
taking A=1we get B =1. Hence the solutions are,

= Eq (%), y1 =—E, (t%)
and x, = E,, (3t*),y, =E, (3t%) .
Thus the general solution is
X =¢E, (t%)+cE, (3t%)
y=—¢E, (t%)+cyE, (3t%).
Where cy, ¢, are arbitrary constants.

Using the initial condition

x(0)=2,y(0)=0.
we get ¢ =¢, =1.

Thus the required solution is,

x=E,({t%)+E,(3t%)
y=-E, (t%)+E,(3%)

Figure 1 represents the graphical presentation of x(t)

and y(t) when the eigen-values of the system of

differential equations are positive. Numerical simulation
shows that x(t) and y(t) both grow rapidly with decrease

of order of derivative i.e. as « decreases from 1 towards 0.

Example: 2
Jna
D%x =-2x
Y 0<a <1 with x(0)=2, y(0)=1
ID%y = x-2y

Let x = AE, (1t”) and y = BE,, (4t%)
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be the solution of the above differential equation. A(-2-2)+B=0
Substituting this in the above equations we get, A+(-2-)B=0]"
qa X 10" qa® 1047
i §
@ a5 g] 75 a ° &= £l TE = b
: ;
«l
gm0 e ® 1T
B For Alpha=d.d4
3.5 as
.5 a ==
s g
1.5 s
:
WL
o - " - o T gl = 3 == (_l
? .
(¥
2.1 =218
For AEne—0% |
1.5 - 1.5 —
2 g
o5k 9 o.sp 4
° N K = = ° 0.5 A 1.5 = 2.5 ™
: e : t
g H
e 0.5 4 15 ° 05 q 1.5 X
t g t 11
25 18
For Alpha=1
16
1zf A
15
g e 1o} i
10| 81 -
6 4
stk al 4
DD o1 oz 0.3 0.4 0.5 =X o.7 0.5 0.9 1 o
t 1 o o1 oz 0.3 04 D‘S 06 o7 0.8 o9 1 i
g soeo sooo |
acoo |- g
.
§ l a
k s - = |

Figure 1. Numerical simulation of the solutions of fractional differential equation in Example-1 for x(t) and y(t) for different values of o = 0.2, 0.4, 0.6,
0.8 and 1.0. Figure (i) & (k) and figure (j) & (I) represents the same figure only length of x-axis is changed here to represent the prominent initial values

The corresponding characteristic equation is, and x, = E,, (-3t%),y, =—E,, (-3t%)
a ! (21 '
2-1 1
1 -2-2

Thus the general solution is

0 giving A=-1-3.

X = E, (—t%)+cyE, (-3t%)
Putting A =-1in (?.8) we get_A— B =0, taking A=1 y = E, (%) —c,E,, (-3t%).
we get B=1 and putting A =-3 in (2.8) we get A=-B,
taking A =1we get B = —1. Hence the solutions are, Where cy, ¢, are arbitrary constants.
Using the initial condition x(0) =2, y(0) =0 we get
¥ =By (1), y1 = B, ()

c=C =1
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Thus the required solution is,

78

X=E, (-t*)+E, (-3t%),y = E, (-t¥) - E, (-3t%).

Y

“

e

Figure 2. Numerical simulation of the solutions of fractional differential equation in Example-2 for X(t) and Yy(t) for different Values of o. = 0.6, 0.8

and 1.0

Figure 2 represents the graphical presentation of x(t)

and y(t) when the eigen-values of the system of
differential equations are negative. Numerical simulation
shows that x(t)and y(t) are both decaying rapidly with

decrease of order of derivative i.e. as « decreases from 1
to 0.6. For negative eigen-values the solutions are
decaying asymptotically to zero.
Case -1l

The roots of the equation (2.3) are complex and are of
the form 4, 4, = p£iq then the solution x(t)and y(t) can

be written in the form (from Theorem 3),
X= (A +iAp)| E, (p+ight” |
and y = (By +iB)| E, (p+ig)t” |

Using the definition of Mittag-Leffler function and
fractional cosine and sine functions, that is

def
E, (ix%) = cos, (x*) +isin(x*)

we get,

X= (A +iA)| Eq (p+ia)t” |

= (Ay +iAp)| Eq (pt*) || Eq (0)t” |

= (A +iRy)| E, (pt”) || cos,, (at*) +ising, (ot“)
(A cos, (@) - Agsin,, (at“)

) [Ea(pt“) +i (Az cos,, (qt%) + A sin,, (qt“)) .

Similarly we get by repeating the above steps for y as
follows

(Bl cos,, (qt*) — B, sin, (qt“))

y :[Ea(pta)} +i(82 cos,, (qt“)+ Blsina (qt“)) l

In above obtained expressions for x and y , we have
complex quantity asu +iv . This may be also considered as
linear combination of u and v considering i a constant.
Therefore, we can say that x is linear combination of
X (the real part of obtained complex x ), and x, (the
imaginary part of obtained complex x ). Similarly we have
y as linear combination of y; and y, [21]. With this
argument we write the following

X =| Ea (pt™) || A cos, (at*) - Apsing, (at*) |

X =[ Eq (pt*) || A cos, (@) + Aysing, (at*) |
Vi =] B4 (pt”) || Brcos, (at*) - Bysin, (at*) |
V2 =| E4(pt™) | By cos, (at*)+ Bysin,, (at) |

It can be shown that (xq,y;);(Xs,Y,) are solutions of

the given equations (2.1).
Thus the general solution in this case can be written in
the form as in classical integer order differential equation

[[21], pp.305].
The linear combination of ¥ and x, , gives x and

linear combination of y; and vy, gives y , which is
represented as following
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M (AL cos,, (qt*) — Ay sin, (qt“))

X= [E"‘(pta)} +N (AQ cos,, (qt*) + Aasma(qta))

M (Bl cos,, (qt*) — B, sin,, (qt“))

y:[Ea(pt“)J +N (82 cos,, (qt%) + B_Lsina(qt“)) |

With M, N as arbitrary constants, determined from initial
states. We demonstrate by following examples.
Example: 3
ID%x =3x+2y
ID% = 5x+y ,
0 <a <1with x(0)=2, y(0)=1.
Let
X = AE, (A1t%) and y = BE,, (At%)

be the solution of the above differential equation, then

putting in the above equation we get,
A(B-4)+2B=0
(3-4)+ (2.11)
—-5A+(1-1)B=0

The corresponding characteristic equation is,
3-2 2
-5 1-2

A=2+3i.

0 giving

Putting 41 =2+3i in (2.8) by putting a=3, b=2,
c=-5, d =1 we get the following
A(A-a)-2B=0
A(2+3i-3)+2B=0
2B =(-1+3i)A
—CA+(1-d)B=0
5A+(2+3i-1)B=0
5A=—-(1+3i)B
5Ax(1-3i)=—1+3i)x(1-3i)B
51-3i)A=-10B
2B =(-1+3i)A
The (2.8) returns the same answer that is
2B = (3i—1)A.We choose here A=2,s0B =3i-1, as we

obtained one equation with two unknowns. Thus
B=3i—-1 and A=2 can be taken as one of the ftrial
solution of the above. Hence the solution is,

x=2E, ((2 +3i)t“)
- Z[Ea (Zt“)J[cosa (3t“)+isina(3t“)J
Thus
x = 2| Eq (2t") || cos,, (3t") |
and x, = 2| E, (2t") |[sin, (&)

Similarly the solution for y can be written in the form

y = (~1+3i)| E, (2+3i)t” |
= (-1+30)[ £, (2t%) ][ cos,, (&) +isin,, (3%)
(—cosa (3t%)-3sin, (St“))

= [Ea)] +i(3c0s,, (3t*) ~sin,, (37)) '

Hence
v, = [Ea (Zt“)J[—cosa (3t%) —3sina(3t“)J
and y, = [Ea (Zta)][Scosa (3t%) —sina(st“)]

Therefore the general solution is linear combination of
Xq, Xo for x and linear combination of y;, y,for y, and

we write the following
X :[Ea (ZtQ)}[ZM cos,, (3t%) + 2N sin,, (3t“)]

M (—cosa (3t%) —35ina(3t“))
=| E,(2t*
Y [ a2 )J +N(3cosa(3t“)—sina(3t"‘))

where M and N are arbitrary constants. Using initial
conditions x(0)=2, y(0)=1 we get 2M =2, and
3N-M =1 givingM =1,N =2.
Hence the required solution is,
x:[Ea(Zt“)][Zcosa(3t“)+4sina(3t“)J
y:[Ea(2t"‘)][cosa(3t“)—55ina(3t“)}

Numerical simulation in Figure 3 shows that for « =
0.6, 0.8 and 1.0 after the initiation (t =0) of the system

X(t) and y(t) both oscillate, Period of oscillation changes

with decrease of « .
Case-l111

In this case roots of the equations (2.9) being equal, that
is 44 =4, = A . Then one solution will be of the form

X = AE, (1t%) and y; = BE, (At%)

and the other solution will be
Xp = (A + A))E, (M%) and y, = (Bt” + By)E, (At%).
Hence the general solution is,
X = AE, (At%) +cy (AtY + Ay)E, (1t%)
y = BE, (At%) + o (Byt” + B,)E, (4t)

where A/A,A;,B,B;,B,,c;,Cy are arbitry constants
Example 4:

JRa
D%x = 4x—
X=HYL o< <1 with x(0) =2, y(0)=1(2.12)
ID%y=x+2y
Let

x=AE,(1t?) and y=BE,(it%)
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be the solutions of the above differential equation, then A(4-1)-B=0
putting in the above equation we get A+(2-2)B =0 (2.13)
g - £ -ooof \
. . : : . b
”
g § -eof
: i . d
C
g
e s ¢
e
g g
g h

Figure 3. Numerical simulation of the solutions of fractional differential equation in Example-3 for X(t) and Yy(t) for different Values of o. = 0.6, 0.8
and 1.0. Figure (e) & (f) and Figure (g) & (h) represents the same figure only length of x-axis is changed here to represent the prominent initial values

Eliminating A and B as in previous examples, we get,
4-2 1
1 2-2

ID%x = 3(At% + AY)E, (3t%) + T (1+ ) A E, (3t%)
=0 giving 1=33. and

3
For A =3 from equation (2.4) we get A=B =1. D%y =3(Bt” +By)E, (3t%) + [(1+a)B,E, (3tY).

Thus Putting the above obtained result in the given equation
x =E,(3%) and vy, =E,(3t%) (2.12) we get,

24 o o
is one solution of the equation. The second solution is as (AT +Ag)E, (37) + A+ a) AR, (37)

in classical integer order differential equation [[21], pp.307] = E, (3t)(4A - B)t¥ +E, (3t%)(4A, - B,)
X = (A" + )| E, (&) | 3(Byt” +By)E, (3Y) + {1+ @)ByE, (3t)
and y, = (Byt” + Bz)[Ea (Sta):| =E, (3t%)(A +2B)t* + E, (3t%)(Ay +2B;)

a -th order differentiating for above x and y we obtain (ALY +Ag) +T(L+a) A = (4A - Bt” +(4A; - By)
the following 3(Bit” +By) + 1+ a)B; = (A + 2Bt +(Ay +2B,).
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Comparing the coefficients and simplifying we get for simplicity take B, =0 then A, =T (1+ ).
A =B, A —B, = AT(l+a) = BT (1+a) Thus the other solution is
for simple non-zero values we take X= [t“ +T(+ a)J[Ea (3t"‘)} and y=t* [Ea (3t"‘)}.

A=B=1A-B,=T(+a),

Sx 10" 35)(1D
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Figure 4. Numerical simulation of the solutions of fractional differential equation in Example-3 for X(t) and y(t) for different Values of a = 0.2, 0.4,
0.6, 0.8 and 1.0. Figure (i) & (k) and Figure (j) & (I) represents the same figure only length of x-axis is changed here to represent the prominent initial
values

Hence the general solution can be written in the form as u " "
in classical integer order differential equation [[21], pp.307] x=0E,@Bt")+cy [t +T(1+ a)} E, (3t7)

and y=cE, (3t%)+ct“E, (3t%).
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Putting the initial condition.
x(0)=2 and y(0)=1
and solving we get

1

=landc)y =——.
4 2 I'l+ea)

Hence the solution is,
X = Ey () + s [t“ +T(L+ a)J[Ea (St“)J

and y=E, (3t“)+ﬁt“ E, (3t%).

Numerical simulation in Figure 4 shows that x(t) and
y(t) start from 2 and 1 respectively; and both of them
start to grow. This time interval to grow decreases as «
increases. Moreover growth of x(t) and y(t) is higher for
is for lower o values. As « increases growth rate of the
solution decreases. This implies for lower values of « ,
x(t) and y(t) grow initially slowly. Once they start to

grow, their growth rate is very high whereas for higher
a values x(t) and y(t) start to grow sooner but their
growth rate is low.

From the above discussion of the three cases one can
state a theorem in the following form
Theorem 4:

The solutions of the system of differential equations

o)

X = ¢ AE, (4t%) + ¢, BE,, (A,t%),
Where A, B, ¢and ¢, are the arbitry constants,

a
ID%X = AX, Where A:L

are
Case (i)

M+A=a+d,
MA> =ad —bc,
M # 2.

Case (ii)

X = AE, (At%) +cp (Bit” + By)E, (At%),
Where A, B, B,, c;and ¢, are the arbitry constants,
2A=a+d,

A% = ad —bc.
Case (iii)
A cos,, (qt”) - Agsin, (qt“)
+(Ag cos, (qt”) + Apsing, (qt”))
By cos,, (qt*) — By sin,, (qt”)

+(BZ COS, (qta) + Bl Sina (qta ))
Where A, Ay, By, B, are the arbitry constants,
2p=a-+d,

K= (et

p2+q2 =ad —bc.

3. Application of the Above Formulation
in Real Life Problem:

Consider the following fractional damped oscillator,
formulated by Jumarie fractional derivative

?D?*[x]+2a(? D“[x])+bx=0. (3.1)
Let JD? [X] EL';X =y then the given equation reduce
dt
to the following system of equation
o
Ipe [v]= d ay =—2ay —bx
w (3.2)
d“x
J Da [X] = —a = y
dt

The above system of equation can be written in the
form

d%x
Ip%x e | [0 1 |fx
Ipry| |a%y | [-b -2a]ly]
dt®
Let
x = AE, (At¥) and y=BE, (1t%)

be solutions of the differential equations.
Then

A(0O-2)+B=0 } (3.3)

—bA+(-2a-1)B =0

For the above system of equation the auxiliary equation

‘o-a 1

=0 giving A%+2al+b=0.
b -2a-1

Here the discriminant is 4(a2—b). We consider the

case when a2 —b<0. then the eigen-values are

M, A = pxiq where p=-3a, q= b_a2.

Then from (3.3) putting A=p+ig we get
A(p+ig)=B , we can take the solution in the
form A=1B=(p+iq) . The general solution will be of
the form,

X=Eq | (p+iglt")]

= Eq (pt™) | cos, (at*) +sin, (at)
% =| B4 (pt?) || cos,, (at*) |

and xp =| E, (pt*) [ sin, (at”) |.

Thus the general solution can be written in the form as
in classical integer order differential equation [[21], pp.305]
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X :[Ea(pta)J[Cl cos,, (qt*) +C, sin,, (qta)J

Where C; and C, are arbitrary constants.

American Journal of Mathematical Analysis

Here x(0)=2 and JD"‘x(O) =1 and solving we get
C; =1andC, =(1-2p)/qg. Hence the solution is

X :[Ea(pt“)J[cosa (qt%)+ 2P sina(qt”‘)]
Fora=20.1 Fora=20
a b
s : —
g st
d
f
=* AT
h
g
i i

Figure 5. Numerical simulation of the solutions of fractional differential equation in equation (3.1) for different Values o = 0.2, 0.4, 0.6, 0.8, and 1.0.

for b=2 and for a=0.1 & a=0

The numerical simulation of the solutions of the
differential equation (3.1) has shown in Figure 5, forb =2,
left hand figures for a=0.1 and right hand figures
fora=0. Figures 4 (a) and (b) are drawn fora =1, it is
clear from the figure in presence of damping the amplitude
of the oscillation decreases with time. Figures 4 (c) and (d)
are drawn for« = 0.8, it is clear from the figure in both
the cases the amplitude of the oscillation decreases with
time and ultimately amplitude tends to zero. Figures 4 (e)
& (f) and (g) & (h) and (i) & (j) are drawn for « =0.6,

0.4and 0.2 respectively, it is clear from the figures with

decrease of order of derivative the oscillator losses the
oscillating behavior.

4. Conclusions

The system of fractional differential equation arises in
different applications. Here we develop an algorithm to
solve the system of fractional differential equations with
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modified fractional derivative (with Jumarie’s fractional
derivative formulation) in terms of Mittag-Leffler function
and the generalized Sine and Cosine functions. From the
numerical simulations it is observed that the growing or
decaying of the solutions is fast in fractional order
derivative case compare to the integer order derivative.
The use of this type of Jumarie fractional derivative gives
a conjugation with classical methods of solution of system
of linear integer order differential equations, by usage of
Mittag-Leffler and generalized trigonometric functions
that we have demonstrated here in this paper. The ease of
this method and its conjugation to classical method to
solve system of linear fractional differential equation is
appealing to researchers in fractional dynamic systems.
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