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Introduction

In recent years, personal communications in high Megahertz and low Gigahertz
frequency ranges are booming. Behind this achievements was the technological
progress in integrated circuitry on one hand and application of frequency
synthesis on the other hand.

I. Principles

The task of the phase locked loops is to maintain coherence between input
(reference) signal frequency, fj, and the respective output frequency, f, via
phase comparison. The theory is explained in many textbooks [e.g., 1, 2] and
practically in all books on frequency synthesis. [3 through 10]. Here, we shall
repeat, in short, all major features with some new achievements.

A/ Basic equations

Each PLL loop works as a feedback system shown in Fig. 1.

actuating
_ _ signal output
nput signal Ko Ky signal
—2—C T(s) ’ -
feedback
signal
FM(S) —————

Fig. 1 Basic feedback network of PLL



To get more insight into the PLL properties, we shall simplify,
without any loss of generality, the block diagram to that shown in Fig. 2.
and introduce the Laplace transfer functions of the individual building
circuits - suitable for investigation of small signal properties.

Voltage controlled
Phase detector Loop filter oscillator
(PD) (F) (VCO)
input v, () v (1) K output
— ] V() VK () Iy (s) =F(s)v(s) —I——] 4(5) =5 %, ()
@, . P, (® @+ Po®

* ¢y (s)
-

Fig. 2 Simplified block diagram of the PLL with individual transfer
functions

Investigation of the above figure reveals that the input phase @;(t) is
compared with the output phase @ (t) in phase detector (ring modulator,
sampling circuit, etc.).

VA) = 10 - ¢,)]K, @)

the proportionality factor, K 4 [volt/27], is called the "phase detector
gain."



Next, v4(t) passes the loop filter, F(s)

() = v 1) Q hfy)

where hy(t) is the time response of the loop filter. After applying v,(t) on
the frequency control element of the voltage controlled oscillator (VCO) we

get the output phase

¢, - f W Bdt = o t+ f K v,(t)dt

the proportionality factor, K [270 Hz/volt], is the oscillator gain.

Since, in most cases, K4 and K are voltage dependent the general
mathematical model of a PLL is a nonl+inear differential equation. Its
linearization, justified in small signal cases ("'steady state'" working modes),

provides a good insight into the problem.

the relation between input and output phase in the Laplace transform

[D(s)-D ($)F,(s)]K K, F(s) =

The ratio, @ (s)/®@;(s), the PLL transfer function, is given by
KFi(s)

H(s) =

A}

D,(5)
A

I . G5

where we have introduced the forward loop gain K =K K

A

 KFOF (9 CFo ) 1+G(s)

and the open loop gain G(s)

G(s)

KF(s)F,(s)

A

B/ Order of PLL

2
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“

©)

(6)



In the simplest case there are no filters both in forward and feedback paths.

K
s+K

H(s) = 7

This phase lock loop is designated as the first order loop
Generally the denominator in H(s) is of a higher order in s and we speak
about PLL of the second, third, ect

C/ Type of PLL

The number of poles in the transfer function G(s), i.e. the number of
integrators in the loop define the

type of the loop

D/ Phase error at the output of the phase detector (PD)
D (s5) = Dfs) - F ()P (s) ®)

where

®

D (s) = CPC,(S)%M(S)

After elimination of @, (s)

Q(s) = @ i(S)lJr;G(S) (10)



By assuming the gain, G(s), as a ratio of two polynomials

A(s)
G(s) = ——— (11)
s "B(s)
where n is number of integrators in PLLwe get for the phase error
_ s "B(s)
D () = D) - (12)
A(s)+s "B(s)
E/ Transient and steady state errors
Due to input phase steps, frequency steps, and steady frequency changes
Ad, Aw, A¢d, AG Aw, A¢d,
: = : = = 13)
After introducing any of the respective steps into (10 or 12) and performing
the inverse Laplce transform we find the respective transients
With the assistance of the Laplace limit theorem we get for the final value
of the phase error
: : s" 1 B(s
lim$ (1) = lim[®P (s) (5)
e 1 n (14)
A(s)+s "B(s)

[~ oo s-0



F/ Block diagram algebra

Actual PLLs are often much more complicated than block diagrams in
Fig. 1 or 2

For arriving at transfer functions,

[H(s)|? and |1 - H(s)|?

we can apply the rules of the Block diagram algebra.

Investigation of the relation (5) reveals that the feedback block
can be put outside of the basic loop.
In this way we arrive at the effective transfer functions,

H'(s)|% and | - H (5)|°,

H'(s) = %[H(S) (15)
or
H'(s) = MH(s) (16)
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Fig. 3 Simplification of the block diagrams of PLL: a/ series connection, b/ parallel

connection, ¢/ and d/ feedback arrangement, ¢/ more complicated system.

I1. Phase locked loops of the 15t and 219 order



The most common PLLs are those of the 274 order. Their advantage is the

absolute stability and simple theoretical and practical design.

A/ PLL of the 1St order.

their open loop gain is

KKK
Gs) - ot K )

S N

with transfer functions

Hs) = 2 . 1 - Hg =8

s+K s+K

(18)

Note that DC gain K 4 can be used for changing the corner frequency, of this simple
PLL, to any desired value - Fig. 4.

Fig. 4. The block diagram of the 15¢ order PLL

Voltage controlled
Phase detector DC gain oscillator
(PD) (VCO)
input v, (1) v (1) K output
———{ KL ] K, {4 =523
@, . P, © @y s Py ®

* t,(s)
i

Since the open loop gain K has dimension of the 2 7Hz normalization of the

8



input or reference frequency in respect to it provides nearly all information
about the behaviour of the PLL.

i:G:J.x:“].ﬁ 19
% % 19)

The transfer function H(jx) behaves as a low pass filter in
respect to the noise and spurious signals accompanying the

reference signal whereas I - H(jx) as a high pass filter in
respect to the noise and spurious of the VCO.- see Fig. 5.
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Fig. 5. Transfer functions Hi(jx) = 20log(|H(jx)|) and Ho(jx) = 20log(|1-H(jx)|)



B/ PLLs of the 2"d order.
15t order PLL has only one degree of freedom, namely the DC gain
K=K4K K\

Other difficulties are rather modest attenuation in the respective stop
bands

only 20 dB/ decade.

This last problem can be removed with introduction of a suitable low pass
filter into the forward path.

(1) A simple RC filter

In instances where we need to increase attenuation of the PLL for high
frequencies application of the simple RC low pas filter, provides the
desired effect.

Note that the filter time constant T

presents an additional degree of freedom

for the design of PLL properties.

T=RC

1
Figi= ——
(=) 1+ sTl

Fig. 6. 20d g1 der PLL loop filters: a simple RC filter.
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The open loop gain is

- Kk
1+ST s s(1+sT))

G(s) = KK,

the transfer function H(s) of the PLL

N 1
1

H(s) =
«2+¢/T +KIT.

After introduction of the natural frequency W, and the damping factor 4

B K W, 1 B 1
w, = et C N N B
Tl 2K 2 KTI 2(’onTl

we can rearrange the open loop gain into
W °
G(s) =
s2+2(sw ;

and the PLL transfer function into its “characteristic form”

W °
His) = 2 2
§°+20w s+,

11
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After normalization of the frequency W in respect to the natural frequency

S : LW
0O = — = jx = J—
()

n n

we get for the open loop transfer function

1
~x2+2j(x

G(jx) =

and for the PLL transfer functions

Hox) - — . 1-H() -
-x %+ 28t =X 2ert

-x*+2j¢x

L FOO6¢
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Fig.7(a) Transfer functions Hi(jx) = 20log(|H(jx)|) and Ho(jx) = 20log(|1-H(jx)|),
(b) phase characteristic of the open loop gain G(jx) of the 204 g1 der PLL loop
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with a simple RC filter.
(2) Phase lag-lead or RRC filter (Fig. 8)

cﬂ
. [ i
—{ 1 —1—
R
T=CE+R E -
=GR S i T=(C+C R —
TEZCRE T:C
o S CR
T |
1+ T,
Fis)=
1+ T

Fig. 8. 214 g1 der PLL loop filters: phase lag-lead or
proportional - integral networks.

Transfer function of the RRC filter

F(s) = . (28)

provides a further degree of freedom. The open loop gain is

KKK (1+sT,)
G(s) = S T) (29)

the respective transfer function

K/T1(1+ST2)
H(s) = (30)
s*+s(1+T)/T,+K/T,

13



We can again introduce the natural frequency and the damping factor
o, - JKIT, ; (- 2nr+dy
= ; = -

and arrive to the characteristic form the transfer functions

sQlw, -0 YK)+w,*  oQ{-w,/K)+1

G(s) = 4 "2 =
s(s+w,“/K) 0(0+w,/K)
and to
sw (2(-w /K)+w 2 s2+sw YK
H(s) = d u . 1-H(s) = a

2 2

§2420w s+ §2420w s+
n n n n

Note that the freedom for independent choice of w, and ( resulted in reduced slope of
the stop band of H(jx) on one hand and in a reduced phase margin on the other hand
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Fig. 9(a)

Transfer functions Hi(jx) = 20log(|H(jx)|) and Ho(jx) = 20log(|1-H(jx)|), (b)
phase characteristic of the open loop gain G(jx) of the 21 g1 der PLL loop
with an RRC filter.
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C/ PLLs of the 2" order of the type 2.

The loop contains two integrators, the second one in the loop filter

22
—
| I—
Z E,
A
¥
* 4
A7, - _ Ly 1+ 3:CEs 14T
= ——2 __  lmF(s=- == - = - i
F(s) (s} 7, F(s)= == CF, T

Z- Zl(ﬁ— 13 L2
cl d)

Fig. 10 204 order PLL loop filters: active phase-lag lead network
( dashed is one of the 314 order loop configuration).

Its transfer function is

Fs) 1+sT,
§) = —/———— 34
ST, 1/ GY
For operation amplifier (A>>1) the time constants are
R,+R,

T, = (R;+ )C = RC, T, =RC 35)

and the open loop gain
K(1+sT,) K(1+sT,)
G(s) : - : (36)

SIsT,+(s(T,+T,)/A] s[sT,+1/A]
Effective loop gain K=K ;K (K ,, however, for DC the gain is Ky, ~K ;K (K ,F(0)

15



=K K (K, ,A The PLL transfer function
K(ST. 5t 1)

H(s) = —
§2T,+s(KT,+1/4)+K

the natural frequency @,, and damping 4

KT,+1/A

o, = KT, 5 20, - ——

1

from which

T,

:Q)_
¢ "

Introduction of @, and damping ( leads to the PLL transfer functions

205w, +o 2o+
H(s) = — . H(o)-—2or1
§7+2050 +w ° 0°+2(o+1
_ s’ . _ 1
1-H(s) =  1-H(o) = —
s2+20s0, +0 * 02+2(o+1

After plotting the transfer functions Hi(x) and Ho(x) we find out that they
coincide with those plotted in Fig. 9 for the PLL with the gain K (high gain

loops). However, we find a substantial difference with the phase

characteristic which starts, due to the two integrators in G(s), at nearly -

180 degrees. This is very important in instances with unintentionally

introduced poles or delays, due to the use of sampled phase detectors, into

the loop gain G(s) since the stability of the system deteriorates. The
problem will be discussed in the next sections.
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Fig. 11(a) Transfer functions Hi(jx) = 20log(|H(jx)|) and Ho(jx) = 20log(]1[
H(jx)|); of the 21 order PLL loop of the type 2;(b) phase characteristic of

the open loop gain G(jx).

17



II1. Phase locked loops of the 3 order type 2.

Investigation of Figs 7, 9, and 11 reveals PLL of the 21 order with simple
RC filter exhibits the slope of the transfer function
Hi(jx) in the stop band of -40 dB/dec.
But the high gain RRC loops have the slope
of 40 dB/dec. in the stop band of the Ho(jx) transfer function.

The problem will be solved with introduction of an independent RC section
in the loop filter F(s) in the type 2 systems

K 1+sR(C+C5) K 1+5T,

G(s) = — = —
s sR C(1+sR,C,) s sT\(1+xsT,)

Note that even this 374 order loop is unconditionally stable since G(s)
exhibits a positive phase margin.

U = - 180 (T +arctan(w T,) -arctan(wk 7,)>-180°

T

After introduction of the natural frequency w,, and the damping factor ¢
we get for the transfer function

Jjx2C +1
—jx320k-x2+jx2{ +1

H(jx) =

The transfer functions together with the phase margin are plotted in Fig. 12

18
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Fig. 12 Transfer functions Hi(jx) = 20log(|H(jx)|), Ho(jx) = 20log(|]1-H(jx)|), and
open loop gain G ,(jx) of the 3rd order PLL loop of the type 2; k=.3 and (=1.5.
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Fig. 13 Properties of the 3" grder PLL for different damping constants of
the original 20d o der loop and for different K of the additional RC section:
a) phase of the open loop gain; b) magnitude of the overshoot Mp of the
transfer function 2010g(|H(jX)|2).
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IV. Time delays in PLL.

A/ Simple time delay

Simple time delay, T, is respected by multiplying the open loop gain by the factor

Fs) =e’™; Fj(w)=e/ (d4)

Evidently it only changes the phase margin. From Fig. 14 we see that its influence
might be considerable [11].
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Fig. 14 Phase shift introduced by a simple normalized
time delay wT.
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B/ Sampling

In modern technology many analog processes are replaced with digital processing
.This is also true for PLLs

The proper approach would be the investigation with the assistance of the z-
transform .
The other possibility is to modify the original Laplace transform of G(s)

Gmod(s) - Fh(S)G(S) 45)
where
1-¢ 5T
F,(s) = —— (46)
s
and
Ges) = LY G-jnw) ; o, = 2L @)
7'vn:OO § 8 T
Evidently
_,-sT — _,-sT
Gooil®) = AN Gs-jnwy = 122" L (48)
Trrso h) T
and

inh(s7/2) i
G (s) = 2D Gis)e T2~
moal®) sT/2 ®)
G(s)e -sT/2 ~ G(S)
1+s7T/2

(49)

The situation with the sampled PLL is illustrated in Fig. 15

21



sampling PD low-pass

filter VCO
K output
Fis) b= % =
S
K
F(s) 0
S

b)

Fig. 15 a) block diagram of the PLL with sampling phase detector;
b) the simulating analog system

Finally we arrive at the often suggested approximation of the sampling process,
with the assistance of an additional RC section.

%eee%%

-20

-30-
30 100

100

0.1

Fig.16Properties of the transfer function H , = 20log(|F(s)|) compared with that
of a simple RC section Hg,, = 20log/|1/(1+jwT/2)].
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Fig. 17 Transfer functions Hi(jx) = 20log(|H(jx)|),
Ho(jx) = 20log(|]1-H(jx)|)and 20log(|G(jx)|)
of the sampled 3rd order PLL loop of the type 2 as in Fig. 12.

Note the reduced phase margin for the case where the
ratio of the natural frequency @, to sampling frequency wg is
1:10
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V. Responses of PLL to the step and periodic phase and
frequency changes.

The respective changes can be divided into three major groups:

1) Phase or frequency steps

2) Periodic changes (spurious phase or frequency modulations,
discrete spurious signals, etc.)

3) Noises accompanying both reference and VCO signals

The information provides the phase difference at the output of the phase

detector @ (s) or more exactly @(t). Since @(s)/D;(s) = 1-H(s) we must
investigate the following relation

D, (s) = AD(s)[1-H(s)] (50)

A) Step changes

(1) Phase step AQ; at the input of the phase detector (D;(s)=A ®@;/s).

In the normalized form we have

AD /o, A, o+w /K
® (o) = ‘[1-H(o)] = : (51)
o w, 0%+2(c+1

Solution of the quadratic equation in the denominator reveals

0, = — (/-1 (52)

After application of the Laplace transform tables (e.g. [12]) and the above roots we get

Gf [(0,+® /K )e " "~ (0,+w /K )e 7" (53)
2

A
b, (0=

0,

24



10

Fig. 18 Normalized transients A(])el(t)/A(I)i due to the phase step
A(I)i for different damping factors ( ;
a) for simple RC loop filter;
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b) for high gain loop with lag lead RC filter.

. _ 2
(2)Frequency step A(oi at the input of the phase detector ((oi(s)—A W;/8%).

After a step change of the division ratio N in the feedback path by AN the
effective change of the “feedback reference frequency “ is Afr =/ AN/N. The
consequence is the transient in the output phase (I)e(t).

Awjw,
® (0) = T[I_H(O)] =

Awjw, o2 Awjw, 59

o? 02+2(o +1 02+2(o +1

Application of the roots from (52) and of the Laplace transform tables gives

Awi/wn (0,w,0) (0,0,1)
[(0,+w /K )e —(0,+w /K )e ]

0,70,

b (1=

Which simplifies for very high gain and the #ype 2 loops

Aw. e(fm/c’fl)w,,t_e(fc—\/c’fl)w,,t
d)eZ(t) - :
W, ) /CZ_I
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Fig. 19 Normal
ized transie

nts A, (1)/(Aw;/w ) due to the frequency step Aw; for different damping
factors ¢ for high gain loop with lag lead RC filter; a) for simple RC loop
filter; b) for high gain loop with lag lead RC filter.

(3) A step of acceleration (frequency ramp) A i (radians /s"2)
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In this case we get

Ao’ol./ooi Ao'ol./wi o2 Aw /a
(0)= —[1-H(o)]= = —
o’ o 0%+2{c+1 o(0*+2(

(37)

After performing the inverse Laplace transform we arrive at

Aw. (CVEDogt (VP Dog
i e e
1 -+ ] (58)

(b e3(t) -

W’ 2/02-1

0 2 A 6 8
— w t Fig.
20
Nor
maliz

ed transients A .3(t)/(A i/(onz) due to the frequency ramp A ; for

different damping factors { for high gain loop (DC phase error is retained).
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2) Periodic changes.
In these instances we are interested in settled or steady states
(A) Phase modulation of the input signal.

For simplicity we shall consider modulation with a single sine wave

¢ = AP sinQt

The output modulation would remain sinusoidal,
(0 = |H(GQ)|Adsin@Qt+F )

however, shifted by the transfer function
In instances where PLL should be used as phase detector then the desired
information must be recovered at the output of the loop detector, however,
only for frequencies outside of the pass band ,i.e. for Q>wn.

(B) Frequency modulation of the input signal.

By starting again with the sinusoidal modulation

/ Aw, |
AP = A(ol.fcothdt ol sinQ7
0

which remains unaltered for modulation frequencies Q<oon, however, only
for PLLs of the type 1.
The amplitude of the normalized phase at the output of the loop detector in
the instances of the PLLs of the #ype 2 is peaking for { <1

A% LHG, e o Q
Awi/wn X W

n

29
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VI. Stability of PLL

Since PLL are feedback systems with the feedback transfer function G(s)
they will oscillate whenever the gain G(s) is equal to minus I, i.e.

1 + G(s) =0 (63)
This condition is met in instances where
‘G(]'w)‘ejw = -1

i.e. for

|G(w)| =1

and

Y = Qk+1)n  (k = %1, £2,..))

Investigation of the 15t and 279 order loops reveals unconditionally stabile.

However, this need not be the case with higher order loops.
By taking into account that

Gs) - 4G
s "B(s)

condition (1) depends on character of the polynomial P(s)

P (s)=s "B(s)+A(S)=a,s "+a, ,s" e +tas+a,

30
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A) Hurwitz criterion of stability

We shall write a determinant An from the coefficients of the

polynomial P (s) in accordance with the following rules:

1) We start the first column with a,,_; and proceeds with a,,_3, etc. in rows
below

2) We start the second column with a  and proceeds with a_,, etc. in rows
below

3) We start the 3" and 41 column with zeros but further apply the 18t and
214 ¢olumns

4) We start the 5th and 61 column with two zeros but further apply the 15¢
and ond columns, etc

5) We finish as soon as the determinant has n columns and n rows.
We evaluate all principle minor subdeterminants (minors) Ai; if they

all are larger than zero the feedback system is a stable one.

B) Computation of the roots of the polynomial P(s).
If real parts of all roots are negative the loop is stable.
C) Expansion of the function 1/[1+G(s)] into a sum of simple fractions

Investigation of the function 1//1+G(s)] reveals that that it is equal to the
ratio of two polynomials R(s)/S(s)

1 R(s) _ R(s)
1+G(s) S(s) (s-s)(5-5,)-(s-s,)

(70)

where sy, 55, ..., are roots of the polynomial S(s).

Application of the tables with Laplace transform pairs provides solution in
the time domain. Another procedure is in changing the above relation into a
sum of simple fractions with constants in the nominators, i.e.
R(s) B K, K, K
= + +
(s—5)(s=8,)(s-5,) §—8, §-8, S-S

(71)

D/ The root-locus method
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Root-locus method of the function /+G(s) is intended to find location
of the respective roots in the complex plain.

At present computer solution of the polynomial of P, (s), with the
changing parameter K or any other, provides us with a set of roots which
can be thereafter plotted in the complex plain.

Example: We will plot roots of the 214 o1 der PLL with the open loop gain

K ,K K (1+sT

Gls) = s(s+T))

The polynomial for computation of roots is of the 20 order

s*T, + s(1+KT,) + K = 0

The aboye equation is that of the circle with the center, -1/T,, 0, and the
radius r° = 1/T22 - I/T;T),. After introducing the loop parameters w, and C
the root locus is their function.

w,§ |
+ij(5)

7
wN1-§ | w

ST, T,
; X

R{s] —=

-jJd,ls)

Fig. 25 Root locus of 1+G(s)
for the 274 order PLL type 2 with the RRC loop filter

E/ Frequency analysis of the transfer functions - Bode plots
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Transfer functions of individual PLL blocks provide information about all
important properties of

Phase-lock loops enclosing stability.

1/ Frequency independent gain K=KdKaKo
2/ Factor with one zero in the origin jo

3/ Factor with one pole in the origin 1/jw

4/ Factor with one zero 1+jwT,

5/ Factor with one pole 1/(+jwT,)
6/ Time delay exp(-jwT)

7/ A quadratic transfer function which can be encountered both in the
nominator and denominator

[(jw)? +2j¢w, +w % [F1

In the earlier and often in the contemporary literature stability of the
PLL systems is investigated with the simple Bode plots in accordance with
the old tradition of servo systems.

However, application of modern computers provides more insight and more
precision solutions.

Nevertheless, for the sake of completeness we shall repeat here some

basic rules for construction of the Bode plots. After computing logarithm of
the open loop gain we get
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Fliw) = jew
+45°
0 1 /F(Jw)=K . a) 1
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3 — = log w
o - c)
Fliw) =1jw

Fig. 26 Bode plots for 1/ Frequency independent gain K=KdKAKao ,
2/ Factor with one zero in the origin jw, 3/ Factor with one pole in the origin
1/jw: A/ Decibel gain, B/ phase

34



+40

Fiug. 28 Bode plot of the function 1/(1+jwT)
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In Fig. 29 we compare an old Bode plot construction with

the computer drawing.

0.1

X
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Fig. 29 Bode plot of the 3 grder type 2 PLL
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VII. Phase locked loops of the 4th 3nq higher orders.

We have seen that the 2" and 379 order loops were unconditionally stable

However, we often introduce intentionally additional filtering sections to
improve properties of PLL’s but the stability is endangered.

A/ Twin-T RC filter

In instances where we need large attenuation at a specific frequency
addition of the Twin-T RC filter, shown in Fig. 30 may solve the problem.

C c
> I
R, R,

L—c:l——lz——
CZT R,

Fig. 17 Twin-T RC filter

This network exhibits “infinite attenuation” for the following arrangement

w? = 12RR,C}
(74)
w2 = 2/C,C,R;
After introducing following relations
R =R/n=R, and C =C,=C,/4n (75)
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we get for the “resonant” frequency, W,

1

() = o—
RC\2n

of

For the input resistance R; << R and the output resistance R, >> R

The transfer function of the 7win-T is

. 1-y?2
Fiy) = ——
1+djy-y
(&) W
where y=— = —— = Xxa
W, W, 0.
O_ﬁ —
0 1
S -

—18 /

=27 - /

20‘10gq G2 D 36

-45

""" =54

~63

72

—81

-90 - .
90O.l 1

10
10

Fig. 18 Transfer function and phase characteristic of the Twin-T filter
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Investigation of the properties of these PLL will be started with the normalized open loop
gain of the second order loop-type two, G'5(jx),

. 1+j2(x
Gy(jx) = —L== (78)
2
()
and thereafter by adding additional gains as that of Twin-T,
G 7(jx), and sampling Ge(jx)
: 1+(jxa)? . sin(mtxd)
G j)= : U ) -5 Ge(;x)zQe Jxd (79)
1+4jxa +(jxo) X0
where we have introduced the “resonant” frequency frfand the sampling frequency fg
() ()
o = z and 0 = “ (80)
W, W,
The overall open loop gain
G, (jx) = G,(jx)G {jx)Ge(jx) (81)
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The transfer functions Hi(x) and Ho(x) are plotted in Fig. 32 togther with
the open loop gain G(jx) and the phase margin {(jx) for & =.1 and 0 =.05;

Note that the phase margin is small, 20 deg., only. In addition both transfer
functions have peaks of about 10 dB which indicates under damping.

10
10
0 =t | o e o | e
£ | N |
_10 o \
Hi —20 F|Z|ZP \
m
_e_
HOm =30 ”E
ST=1=]
<‘Vm+100> B
20~1ogq G_ > ¥
o ~50 \ f ]
-60 P % 1
=70
=80 -g
0.1 1 10 100
0.1, x 100

Fig. 32 Transfer functions Hi(x) = 20log(|H(jx)|), Ho(jx) = 20log(|1-H(jx)|)and
20log(|G(jx)|) of the sampled 4rd order PLL loop of the type 2 with
additional Twin-T filter with parameters o =.1 and 0 =.05

B/ Active 214 order low pass filter
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From different configurations we shall investigated the only one shown

HC1
I
(Z,)
R | R
0——{::::}——*F—{::::]———tlj——————- +
U ub’ C (Z) A ——o
r Lo | ;

Fig. 33 Active 21 grder low pass filter

Its transfer function with a very large gain of the operation amplifier is

Fijo) - ! -
1+jw2RC,-w? R*C,C,
(82)
1
1+jw2T,-w*T,T,
After introduction of the natural frequency @, f
2
w, = UT|T, = 1/R*C|C, 83)
and damping d
d = w,T, = /T/T, = ,/G/C, (84)

we get for the transfer function (in the normalized form)
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F(jy)= L ; where y=w/w nf= X0 (85)

1+jy2d-y*

which is plotted in Fig. 34 for different damping constants together with the respective
phase characteristics.

+710

1

(dB)

1F(jy)f

a)
1 10
O°O'1 | ;
d=0:3 —_— Y =CLJ/OJnf
-30°k Q
-60°+ Q7
1 15
Y
T -90°+
-120°+
-150°
-180°L b)

Fig. 34 a/ Transfer functions of the active 27 o rder low pass filter; b/ its phase
characteristics.
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Fig. 35 Transfer functions Hi(x) = 20log(|H(jx)|), Ho(jx) = 2010g(|1-H(jx)|&and 20log(|G(jx)|)
of the sampled: a) 4t order PLL loop of the type 2 with additional 2" order low pass
filter with parameters ¢ =.1 and d =.6; b) of the 5th order PLL with parameters ¢ =.1,d
=.6 and K=.2.

C/Phase lock loop of type 3

Loop of the type 3 are encountered rarely for special services only. For the sake of
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simplicity we will consider two active RRC filters (see Fig. 10) in series.

K(sT,+1)?
G(s) - (86)
s(sT, +1/A4)*

After introducing the natural loop frequency ®,, and the damping factor C we can change
the above relation into

G(jx) = v Q@Gjx+1)” where  y= il
(ix)* K

87)

A typical transfer functions with the respective phase characteristic are

20 s

S Ll
0 ,92 S TOoOUX fu:’u o000 \' [degreeS]
2 $%
& 5o
-2 e
/%4
O o
-40 ‘zo’g 9’9*&9. -160
: e,@” 7
Hlm y /
—— -60
Ho a)z
m &

600 -80 -180
(W 100) aﬁ‘
" 2
20~1ogq G D'IOO )zﬂ
—— .

—120 200

-140

pd
- 160 jEp 1 -220
1801 0.1 1 10 100

Fig. 36 Transfer functions Hi(x) = 20log(|H(jx)|), Ho(jx) = 20]0g(|1-H(jX)(12)and
20log(|G(jx)|) of the 37 order PLL loop of the type 3 with two additional 2"¢ order low
pass filters and with parameters Y =.5 and { =.7

VIII. Noise properties of PLL

Random fluctuations of phase and amplitudes (generally designated as noise) of frequency
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generators are often limiting factors for many applications even in PLL’s.
o) = V,I1 + A@®)]cos|w, + ¢(@)] (88)

Due to the limiting processes we can consider only

V()= V cos[w t+@(1)]=V cos[w t+ f ¢ (1)dr] 89)
where
()~ Av(f)+discrete sp. sig.+secular terms 90)

A/ Basic frequency instability measures in the frequency domain
1) Phase measures
The autocorrelation of the random phase departures (t) is defined

Ry(t) = <p(t+1t/2)Pp(¢-1/2)> =

172

lim L f O+ 1) (t-T/2)dr) . oD
Tft/2
and the respective Power Spectral Density (PSD) S’ ¢((o) (primed
indicate two sided spectra) is
S 4(0)- f R,(v)e 7t [radian?/Hz] o)

We often encounter another definition, i.e. &(f), defining
ration of the phase power at frequencies f +f in the 1 Hz bandwidth
(where f is the so called Fourier frequency) in respect to the whole
power of the investigated signal
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L = 840 = Sy

where S d)(i) is the so called one sided PSD.
2) Frequency measures

In contradistinction to the uncertainty about the first moment of phase
fluctuations, the first moment of frequency fluctuations can be put to zero

m;, = <Av(®)> = 0

2nd

However, this is not the case with the moment which can be defined as

my, = < [AVOP > = [ S,,(0)df
0

A further simplification will be achieved by normalizing frequency

fluctuations in respect to the carrier frequency v, =f,

yo = 20

o

Relation between the Power Spectral Density (PSD)
Sy(i) and S ¢(i)
/

Sy = S,

B/ Basic frequency instability measures in the time domain

At very low frequencies direct evaluation of phase PSD is difficult. The
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problem is solved with sample variances which provide other and very
effective frequency stability measures. Nevertheless, in actual practice we
encounter the Allan variance ( two sample variance) defined as

1 - _
0,(1) = S<@ps - F)> ©8)

or the modified Allan variance

1 _
Mod o> = L3 G, PP )
2n i-1
where

lfk+T

Vi = —fY(t)dt ;0 LT (100)
T
Iy

Frequency stability defined in the frequency and time domain measures are
related with the assistance of a transfer function

0(t) = f S (N H )| df (101)
0

The difficulty is that we can evaluate the integral in (102), in the closed form,
only for a very particular form of Sy(i), namely a piece-wise linearized

h72 h*] 2
S, = — + +h, + hy f+ hy f (102)
f f
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- 240

{dB)
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2
/,

- 280+

=5l

- 300

Fig. 37 Piecel a0 wise
linearized noise ' characterist
icof a5 MHz crystal

oscillator

Note two dB measures on the vertical axis: the on the r.h. side are values of
S (f), however, that on the 1.h. side retains slopes of the S} (f), but it is
invariant in respect to the carrier frequency as S, (f). Consequently we can
compare noise characteristics of different generators in one and the same figure.
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All important noise processes, generally encountered
by evaluating the frequency instability, are

the random walk of frequency with the noise constant
h,

the flicker frequency noise with the noise
constant h,

the white frequency noise with the noise
constant h

0

the flicker phase noise with the noise constant h,

the white phase noise with the noise constant h,

S.(1) 0.’(T) Mod 0.%(T)
h_/f? (21)*Th_,/6 ~ 5.4nT,h,
h. /f 2h,In(2 h,/27) ~ 0.94h,,

h, h /2T tho/dnt,

hf  h,(27T)?[1.38+3In(w,T)] [.084h,/(nT,)*

h,f2 3h,f,(27T)” /n(27TnT)?
~.07d47 h,f,/(nT,)’
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C/ Noise in oscillators

1/ Crystal oscillators
The resonator circuit exhibits the flicker and white noise

2kT
P

r

+

S, =

(104)

~ |2

where P, is the dissipated power and «, the flicker noise constant.

d, 2kTFG
Sg = — +a a, = 105
W= e, @ = ) (105)
The noise of the maintaining circuit is
a.  2kT 4, 0o’ 4,
SpoulD = (— + t— 7t a,) fo L. a, (106)

N

Finally, we arrive at the PSD of the oscillator phase noise
where we have introduced the unloaded Q, by putting 20, =0,

The magnitude of a, can be appreciated from noise measurements performed
on quartz resonators. Its value was found approximately to be a, =107,
After introducing this value, together with the quartz material constant,

1.0, = 1.3%107, we get

10*12.73 I ae

S(1) = h_, = 107
y 1 2 ( )
O
and the plateau in the Allan variance is approximately for all quartz crystal
resonators (since generally a, > a,)
o(t) = 10°%4Q," = 107 "*!f, (108)
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2/ LC oscillators

The relation (106) is also valid for LC oscillators. For the mean values we
can write

Sq)m _ L10711.6+110715.6+110715
Loore e Ty

+10°7 (109)

Note that the coefficients h; (see 103) are mean values form experimental
measurements. Actual noise coefficients can differ by -2 to +1 order

For a preliminary estimation of the oscillator noise both crystal and LC we
can use the following diagram

-160
-180

. =200

m

I 220

;f - 240

s -260

S.

" 280
-300
-320
- 340
-360L

0

Fig. 37 Noise characteristic of oscillators with parameters Qp and f,.
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D/ Noise in digital frequeny dividers

We provide practical formulae for a preliminary estimation of the output
noise of digital dividers.

For TTL and ECL divider family

101414 12741 2
+ °© 4 016 1922 (110)
f [/

Sy.pl) 7

For GaAs divider family the above relation requires only a small correction
in the first term

10710514 19271 2

Seoll) ~ o T, a1

We expect that these formulae can be also used for appreciation of the noise
quality of actual devices.

100
-130

=) =)

-110 =
= { = - T
.s 1 s m L /
= i - = - | 1] 0
I n & ]D L1

w

= i B 18]

-130 i s 1= -: |1 O
= L s, i =
o p = o @ IR R
— h—d O i}
- - | oA =

1 u] -g -7 D
N a
T 1 10 100 110 1807 N m L e
fout [MHz] fout [MHz]
a) b)

Fig. 38 a) Flicker phase noise of TTL and ELC digital dividers b) white
phase noise of TTL and ELC digital dividers.
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E/ Noise in Phase detectors and amplifiers

For a preliminary estimation we can apply an experimentally found relation

- 14+
_Sv,PD B 10 14+1

15542
A PE + 1077

F/ Noise in loop filters

After comparing actual PLL PSD S, 1 (in the white noise region) with

magnitudes added by dividers S D and S +,PD Ve find out that its level is
9 9

S S D akTR k1 T,
o = 2 2 2~ T.
K, K, nfK,C 'z

orders higher; the reason is Johnson noise generated in the filter resistors.
Consequently

Example : (=.1,K4=5/27,C

13
i

6 o ~ []
10, T,/T, = 10: S¢,L 10

max

_s0 -0

=T

-0 ]

-110

S(f) [dB]

-130 e

- lan

[ B~B~E/+e 8 Lo iy o o 6

-1FL g9y

1 10 100 1 -103 1-1lJ4 1-1lZIj l-llil‘S

1 fn 106
Fig. 39 PSD S, 1 of the additive noise of different PLL’s together with
prz’lctical (full line) and theoretical limits (R).
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G/ Noise in PLL

We shall start from a rather general PLL arrangement.

qbi,n l;bDQ,n qboﬂ':."'
VPD,n vF,n
GR divider PD F WO o n
iti + 0 Ky L Ko fs =
fi
P $
¢in fL ' M, n Min
Q Po,n IF filter
divider F. (g mixer
=N u )
¢ML|,I‘| fref
multiplier
¥ Il
h l"t’i, n

Fig. 40 Block diagram of a general PLL with additive noise sources.
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By assuming a locked loop we can write with the assistance of the Laplace
transform for the linearized arrangement

(114)

o,n osc,n

(I)in K()
= ¢ Q 7(I)'o,n)Kd+ (DL,nIFL(S)T+(D

where

F\(5)

Q' - (q)(),n_q)nl,n+q)Ml,n)T

o,n

+(I)DN’M (115)

Since most of the noise components are random by nature and uncorrelated
the PSD of the PLL output phase is

S, N +S, () IN?
K; (116)
* S¢.AWL{/)+S¢,AWI(,)} ‘ H'(l.f)| 2+S¢,m‘c(f)‘ 1 7H‘(]f)‘ 2

N
Sd),o(f) = {S(]),l(f)lj‘l+ Elz + [S(]),l)Q(f)JrS(b,l)x\’(f)Jr

All the additive noises, due to the phase detector, loop frequency dividers,
loop amplifiers, and loop filters can be summarized into a PSD Sy (f)

Sv,PD(f) +S, /()

So.. = Sp.000) Sy o+ 2
K(l

(117)
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Fig. 41 Output noise of 100MHz VCO locked to a 10 MHz crystal oscillator
via a 5t order loop investigated in Fig. 35.
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IX. Acquisition

Working ranges of PLL

1) Hold—in range Awgy
A('OH - K0v2,max < KDC

2) Pull-in range Awp

Let us assume that the difference between the reference frequency w; and
the free running VCO frequency w,, is larger than A(oP the result is a beat

v = lw-ef = [eo-e] - Aw

evidently
v = v.-Aw(v)

After taking into account the feedback properties of PLL and the principle
of the harmonic balance we get for the 20 o1 der type 2 loops

AK?
AY

vV =Vv+
¢

D(v) 5 D(v)=Re|F(jV)F, (V)|

Minimum of the above relation reveals

Viin © KfAL(V,;)/2

min

and for the pull-in range we get
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Aw, = K240(Awy/2)

a) 2" order simple DC filter

Awp

=X, = 1.475

w

n

b) Lag lead (RRC) filter ( PLL type 1)
Aoop ~ K\2T,/T, = 2,/Cw K
¢) Lag lead (RRC) filter ( PLL type 2)

Awp ~ K\2AT,/T, ~ 2,/Cw K,

d) Lag lead (RRC) filter ( PLL type 2) with time delay

T
1 _A_Z(E)Z

A(orzA(op 5

ps
1

Note that it exists certain delay for which the pull-in range is zero. This is
illustrated with Fig. 42 and 43. The oscillating branch in Fig. 42 indicates
the possibility of false locks.
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Fig. 42 Normalized detuning x =V /®,, as function of x=v/w, for PLL of
the 2% order type 2 for two amplifier gains and different delays
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Fig. 43 Normalized pull-im range xp = AwP/wn for PLL of the 2" order
type 2 for two amplifier gains and normalized delay
(points were found by computers).

3) Lock-in range Awy

Acquisition is expected without cycle slipping. This condition is met with
zero beat note at the output of the PD

M+M:0
dt dt

a) PLL of the 15t order

Aw, = K, K%, nK

b) PLL of the 2nd order with RC filter

Aw, ~ ©,(2(-w,/K)

¢) PLL of the 2nd order with RRC filter (high gain loops)

Tl
Aw, ~ 0,20 ~ K—

T,

4) Pull-out frequency Awp,

From investigation of the transients due to the frquency step we get for its
maximum

d)eZ,max = i_(*)f(c)
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and finally

A(opo

nput PD

~ 1.8(C+Nw,

uy(t)

AC transparent

integrator

—_—

Uyl t)

2ss

%f"ddf

DC transparent

| VCO
Ky/s

output

5) False locks

In some instances the pull-in process may result in

The principle can be explained with the assistance of the following figure
Fig. 44 Block diagram of the PLL with the beat note a bit smaller than

Awp

For the slowly varying detuning Aw we have

2
Aw = K—\F(iv)\cosd;

2v

Additional filtering or time delays may cause ¥ >7 /2 which will change
the sign of the slowly varying tuning voltage u,(t) and starts to push the

loop out of lock and in some instances lock the VCO on a false frequency cf.

Fig.45
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Fig. 45 The DC component Aw/K in the pull-in process:
a)PLL of the 4th order Type 2 with two additional sections RC;
b) PLL of the 3 order Type 2 with additional time delay
(=17, x=.3).

6) Pull-in time

Solution will start with the simplified block diagram in Fig. 44. Note that
the AC path is responsible for the magnitude of the beat note v ...
Furthermore we will assume the 214 order loop with RRC filter with the
reduced gain

Tl
K, = KT (132)
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Finally we arrive at an approximate pull-in time for the sine wave PD
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Fig. 46 Asymptotic approximations of the pull-in time for PLL
of the 2% order : a) for a simple phase detector; b) for a phase-frequency
detector for two different damping constants
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