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Approximation Properties of Some Modified 
Summation-Integral Type Operator 

Ekta Pandey, R.K.Mishra, S.P.Pandey 
 

Abstract- In the present paper, we introduce some Stancu type 
generalization of Szász-Mirakyan-Baskakov type operators. We 
estimate the moments for these operators using the 
hypergeometric series, which can be related to Laguerre 
polynomials. We estimate point wise convergence, asymptotic 
expansion and error estimate in terms of higher order modulus of 
continuity of function in simultaneous approximation for these 
generalized operators. We use the technique of linear 
approximating method viz. Steklov mean.  
 Keywords. linear positive operators, simultaneous 
approximation, Lebesgue function, modulus of continuity, Steklov 
mean, hypergeometric series, Laguerre polynomial . 

I. Introduction 

 In the theory of approximation we have several integral 
modification of the Szász operators, which include 
Szász-Durrmeyer operator, Szász-Kantorovich operators, 
Szász-Beta operators, and Szász-Mirakyan operators. The 
approximation properties of several linear positive operators 
have been discussed in the past few decades. Some of the 
important results have been given in the recent books by 
Aral-Gupta-Agarwal [1] and Gupta-Agarwal [3]. Gupta and 
Srivastava [6] proposed a family of linear positive operators, 
by combining the Szász-Mirakyan and Baskakov basis 
functions to approximate Lebesgue integrable functions on 

)[0,∞  as follows:  

 

),[0, , )()()(1)(=),( ,0,
0=

∞∈− ∫∑
∞∞

xdttftqxpnxfM knkn
k

n

 (1.1) 
 where  

 

.
)(11)!(!

1)!(
=)(,

!

)(
=)( ,, kn

k

kn

k
nx

kn t

t

nk

kn
tq

k

nx
exp +

−

+−
−+

 (1.2) 

 We give a more interesting way to represent these operators 
in terms of confluent hyper-geometric function, defined as  
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where ka)(  is called Pochhammer symbol and is defined as 
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Then ),( xfM n  can be written as: 
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 This is an alternate form of the operator (1.1) in terms of 
confluent hypergeometric series. 

In the year 1972 D. D. Stancu [12] introduced a very 
general class of positive linear operator generalizing the well 
known operators as those of Bernstein, Baskakov and Favard 
Szász operator. In recent years a great work has been done on 
Stancu type operators by several authors [13], [8], [9]. 
Motivated by the recent work on Stancu type operators due to 
Gupta-Yadav [9] and Gupta-Tachev [7], here we introduce 
the Stancu type generalization of the 
Szász-Mirakyan-Baskakov type operator defined by (1.1) 
based on two parameters βα ,  such that βα ≤≤0  as 

follows:  
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 where the Baskakov and Szász-Mirakyan operators are 
defined in (1.2). Also, in terms of hypergeometric series, one 
can write the operators as follows: 
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Remark 1.1 If we put 0=α  and 0=β  

then the operator (1.3) will reduce to the operator defined in 
(1.1).  
 In the present paper we estimate point wise convergence, 
asymptotic expansion and error estimate in terms of higher 
order modulus of continuity of function in simultaneous 
approximation for these generalized operators. We use the 
technique of linear approximating method viz. Steklov 
mean.To establish the main results we need the following 
auxiliary results. 

II. Auxiliary Results 

Lemma 1. [10] Let 0,∪∈Nr  if the r -th order 

moment is defined as 
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then there exists a recurrence relation  
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Lemma 2. [13] Let the central moment be defined as 
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 From the recurrence relation, it can easily be verified that, 
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n βα  is a polynomial in x of degree exactly r, 
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 Proof. Using Pochhammer symbol and confluent hypergeometric function, defined in section1, we can write as  
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 Also by Kummer’s transformation ),;;(=);;( 1111 xbabFexbaF x −−  we can write  
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Further the confluent hypergeometric function is related with generalized Laguerre polynomial with the relation  
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therefore we can write ),( xtM r
n  in terms of Laguerre polynomial as follows,  
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 Further using binomial theorem, the relation between the operator (1.3) and 4).(1  can be defined as follows 
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Now by using 2).(2  one can obtain the required result.  

Lemma 4. [6] There exist the polynomial )(,, xrjiφ  independent of n and k such that 
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Lemma 5.  Let f  be r  times differentiable on )[0,∞  such that ),(=1)( αtOf r −
 for some 0>α  

as ∞→t  then for r= 1,2,3.... and rn +α> , we have 
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Proof. Using Leibnitz theorem  

 dt
n

nt
ftq

ik

nxen

i

r
nxfM kn

iknxrir

ik

r

i

r
n )()(

)!(

)(1)(
1)(=),( ,0

=0=

)(
,, β

α
βα +

+
−

−








− ∫∑∑

∞−−−∞

 

 dt
n

nt
ftqxpn

i

r
n iknkn

rir
r

ik

)()()(1)(1)(= ,0,
0=0= β

α
+
+−








− +

∞−
∞

∫∑∑  

 .)()(1)(1)()(1)(= ,
0=

0,
0=

dt
n

nt
ftqn

i

r
xpn ikn

ri
r

i

r
kn

k β
α

+
+−








−− +

∞∞

∑∫∑  

 
By Leibnitz theorem  
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we obtain after simple computation  
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Further integrating by part r  times, we get the required result. 

III. Main Results 

 In this section we give the direct results, we 
establish here point wise approximation, asymptotic formula 
and an error estimation in simultaneous approximation. We 
need the following definitions to prove the results: 
Definition 1. The m th order modulus of continuity for a 

function continuous on ],[ ba  is defined as  
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Now from Lemma 3 and Lemma 5  

 

[ ]
xw

jr
n

ji
i

j

ir

i

wtMx
j

i

i

xf
I

=

)(
,,

0=

)(

0=
1 ),()(

!

)(
= βα

−−







∑∑  

 
2)!()(

!1)!(

!

)(
=

2)(

−+
−+
nn

rrnn

r

xf
r

rr

β
 

 .)()( ∞→→ nasxf r  

 Now estimate 2I  by using Lemma 4, we obtain  
 

knx
j

k
rjir

i

ji

rji

nxe
k

nxk
x

x

n
nI )(

!

)(
)(1)(=

0=
,,

0,

2
2

−
∞

≥
≤+

−− ∑∑ φ

 

 dtx
n

nt
xttq r

kn ))(,()(,0
−

+
+× ∫

∞

β
αε  

 

knx
j

k
rjir

i

ji

rji

nxe
k

nxk
x

x

n
n )(

!

)(
)(1)(=

0=
,,

0,

2

−
∞

≥
≤+

−− ∑∑ φ  

 .))(,()(,0
dtx

n

nt
xttq r

kn −
+
+

∫
∞

β
αε  

 This gives  
 

)(|)(||)(|1)(|| ,
0=

,,

0,

2
2 xpnxkx

x

n
nI kn

j

k
rjir

i

ji

rji

−−≤ ∑∑
∞

≥
≤+

φ

 

 .|||),(|)(,0
dtx

n

nt
xttq r

kn −
+
+× ∫

∞

β
αε  

 Since 0),( →xtε  as xt → , for a given 0>ε  

there exist 0>δ  such that |),(| xtε  whenever 
δ|<| xt − , further if λ  is any integer 

},{ rmaxγ≥  then we find a constant 0>K  such 

that 
γ

β
α

β
αε |||||),(| x

n

nt
Kx

n

nt
xt r −

+
+≤−

+
+

. Thus 

for some 0>1c  we can write  
 

dtx
n

nt
xttqxpnxknCnI r

knxtkn
j

k

i

ji

rji

|||),(|)(){(|)(|1)(= ,|<|,
0=

0,

2
12 −

+
+−− ∫∑∑ −

∞

≥
≤+ β

αε
δ

 
 

}||)(,||
dtx

n

nt
tKq knxt

γ
δ β

α −
+
++ ∫ ≥−

 

 ,=: 43 II +  

 where  

,
|)(|

sup= ,,

0>,

2
1 r

rji

ji

rji x

x
C

φ
≤+

 

and K  is independent of .1C  Next, using Schwarz 
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Combining the estimates of 1I  and 2I , we obtain the 

desired result.  
Theorem 2. (Asymptotic expansion) Let )[0,∞∈ γCf  be 

bounded on every finite sub-interval of )[0,∞  

admitting the derivative of order 2)( +r  at a fixed 
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)(0,∞∈x . Let )(=)( γtOtf  as ∞→t  for 

some 0>γ ,then we have  
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 By Lemma 2 and 3, we have  
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Hence by Lemma 1 and lemma 2 we have  
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where )
2

(=
r

lv − . Now choose 0>η  such that 

1>v . Then .||||1
75 γfnCT −≤  Therefore by property 

(3) of Steklov mean, we obtain  
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 Hence with 1/2= −nη , the theorem follows. 
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