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Abstract

Homotopy algebra is playing an increasing role in mathematical
physics. Especially in the Hamiltonian and Lagrangian settings, it is
intimately related to some of Alan’s interests, e.g. Courant and Lie
algebroids. There is a comparatively long history of such structure in
cohomological physics in terms of equations that hold mod exact terms
(typically, divergences) or only ‘on shell’, meaning modulo the Euler-
Lagrange equations of ‘motion’; more recently, higher homotopies have
come into prominence. Higher homotopies were developed first within
algebraic topology and may not yet be commonly available tools for
symplectic geometers and mathematical physicists.

This is an expanded version of my talk at the Alanfest, which was
planned as a gentle introduction to the basic point of view with a
variety of applications to substantiate its relevance. Most technical
details are supplied by references to the original work or to [MSS02].
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1 Introduction

Cohomological physics is a phrase I introduced some time ago in the context
of anomalies in gauge theory, but it all began with Gauss in 1833, if not
sooner (cf. Kirchoff’s laws, as Nash’s “Topology AND physics - a historical
survey” [Nas98] reminded me). The cohomology referred to in Gauss was
that of differential forms, div, grad, curl and especially Stoke’s Theorem (the
de Rham complex).
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2 Basic concepts: DG Space of states, maps

and homotopies

Whatever ‘states’ are physically, mathematically it is crucial that they form a
vector space, in fact, usually a Hilbert or pre-Hilbert space. In cohomological
physics, the physical space of states H is the (co)homology of a dg vector
space, V = ⊕V n, d : V n → V n+1 with d2 = 0. (As is more common in
physics, we have adopted the cohomological conventions with the grading as a
superscript and the differential of degree 1. Of course there is a corresponding
theory with differentials of degree −1 for which we would indicate the grading
with a subscript. These conventions are equivalent just by raising/lowering:
V n ⇔ V−n.) The space H is often considered as a subspace of the dg vector
space by some (implicit) choice of representatives. In physical language, this
might be referred to as gauge fixing.

Although much of physics is phrased in terms of manifolds and even
analysis, my point of view is almost entirely (differential graded) algebraic,
e.g. think of an algebra of observables without considering them as functions.

Maps (morphisms) of dg vector spaces f : (V, dV ) → (W, dW ) are lin-
ear maps of degree 0 which respect the differentials: dWf = fdV . For
cochains/differential forms on topological spaces/manifolds, maps of spaces
induce morphisms of the dg vector spaces. Assuming the differentials are of
degree 1, a homotopy between two such maps is a linear map h : (V, dV ) →
(W, dW ) of degree −1 such that

f − g = dWh + hdV .

Homotopies in the topological or smooth sense induce such dg homotopies.
Notice, when applied to cocycles (representatives of physical states), f = g
mod exact terms.

Higher homotopies refer to homotopies of homotopies, and so on. For
example, for given f and g with two such homotopies h and k as above, a
second level homotopy is a linear map h2 : (V, dV ) → (W, dW ) of degree −2
such that

h − k = dWh2 − h2dV .

In full generality, higher homotopies refer to a family of linear maps hn :
(V, dV ) → (W, dW ) of degree −n such that dWhn − (−1)nhndV satisfies some
relation among the hi for i < n.

It is time to look at examples.
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Figure 1: The pentagon K4

3 A∞-structure

The earliest example of higher homotopies occurs in Steenrod’s ^i prod-
ucts which underlie his operations. The examples currently most relevant to
physics and Poisson structure are those of A∞- and L∞-structures [MSS02].
The topological version of A∞-structure came first and is the easiest to vi-
sualize. It also has an obvious relevance to open string field theory (OSFT)
[Kaj03] as L∞-structure has to closed string field theory (CSFT) [Zwi93].

Consider the space of based loops ΩX on a space X with base point
∗. That is, a based loop is a map λ of the unit interval I into X such
that λ(0) = ∗ = λ(1). Because we define the ‘product’ of two loops by
reparameterizing the result of following one loop by another, this product is
only homotopy associative.

Consider a specific associating homotopy h(a, b, c) from a(bc) to (ab)c.
There are 5 ways of parenthesizing the product of 4 loops, which results in a
pentagon of loops, where the sides represent a single application of a specific
associating homotopy h(a, b, c) from a(bc) to (ab)c. For example, the bottom
edge from left to right of Figure 1 is given by h(a, bc, d). By looking at the
parameterizations in more detail, it can be seen that the pentagon can be
filled in by a 2-parameter family of loops.

Now there are 14 ways of parenthesizing the product of 5 loops and so
on. The combinatorics, in general for n-loops, can be realized in terms of a
polyhedron, called an associahedron and denoted Kn, described as a convex
polytope with one vertex for each way of associating n ordered variables, that
is, ways of inserting parentheses in a meaningful way in a word of n letters.
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Figure 2: Saito’s portrait of K5.

For n = 5, a portrait due to Masahico Saito is in Figure 2; a rotatable image
is available at www.labmath.uqam.ca/~chapoton/stasheff.html.

An A∞-space Y is a topological space Y together with a family of maps

mn : Kn × Y n → Y

which fit together in a way suggested by the pentagon. (In technical language,
they make Y an algebra over the pre-operad K = {Kn}n≥1.)

The main result is the following theorem.

Theorem 3.1 A connected space Y (of the homotopy type of a CW-complex
with a nondegenerate base point) has the homotopy type of a based loop space
ΩX for some space X if and only if Y admits the structure of an A∞-space.

Now consider a chain complex functor from topological spaces to dg mod-
ules (over a commutative ground ring) which respects products. Applied to
an A∞-space, such a functor reveals an algebraic structure generalizing that
of a dg associative algebra.

Definition 3.2 An A∞-algebra (or strongly homotopy associative algebra)
consists of a graded module V with maps

mn : V ⊗n → V of degree 2 − n

satisfying suitable compatibility conditions (An)n≥1.
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In particular,
(A1) m1 = d is a differential,
(A2) m = m2 : V ⊗V → V is a chain map, that is, d is a derivation with

respect to m = m2,
(A3) m3 : V ⊗3 → V is a chain homotopy for associativity of the multi-

plication m, i.e.

m3d
⊗3 + dm3 = m(m ⊗ 1) − m(1 ⊗ m),

where d⊗3 denotes d ⊗ 1 ⊗ 1 + 1 ⊗ d ⊗ 1 + 1 ⊗ 1 ⊗ d,
(A4) m4 is a ‘higher homotopy’ such that m4d

⊗4 − dm4 has five terms,
corresponding to the edges of the pentagon K4:

m4d
⊗4−dm4 = m3(m2⊗1⊗1−1⊗m2⊗1+1⊗1⊗m2)−m2(m3⊗1+1⊗m3).

An alternate formulation generalizes the bar construction on an associa-
tive differential graded algebra. Define the suspension sA of a graded vector
space A by shifting the grading down: (sA)n = An+1.

Alternate Definition 3.3 An A∞-algebra structure on a positively graded
vector space A is equivalent to a coderivation differential δ of degree 1 with
respect to the total grading on the tensor coalgebra Tc(sA) on the suspension
of the graded vector space A. As a coderivation, δ is determined by the
formula δ = δ1 + δ2 + · · · , where

δn(sa1 ⊗ · · · ⊗ san) := ε · smn(a1 ⊗ · · · ⊗ an), for a1, . . . , an ∈ A,

and ε is an appropriate sign.

4 L∞-structure

Although there was no topological predecessor, the notion of an L∞-algebra
follows a similar pattern algebraically.

4.1 A Lie algebra is...

A grad student in mathematics is likely to encounter the following.

Definition 4.1 A Lie algebra is a vector space g with a skew-bilinear oper-
ation [ , ] : g ⊗ g → g satisfying the Jacobi identity.
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Physicists are more likely to assume a basis {Xi} for g and write

[Xi, Xj] = Ck
ijXk

with the structure constants Ck
ij being skew-symmetric and satisfying the

corresponding Jacobi identity.
There is another alternative that plays a key role in the homological study

of Lie algebras.
Consider the familiar exterior (=Grassmann) algebra Eg, except think of

it as a coalgebra. That is, define

∆ : Eg → Eg ⊗ Eg

by
∆(X1 ∧ · · ·Xn) = Σ Xi1 ∧ · · · ∧ Xip ⊗ Xip+1

∧ · · · ∧ Xin),

where the summation is over all 0 ≤ p ≤ n and all permutations (i1, · · · , in).
Grade Eg by wedge degree and define a coderivation

δ : Eg → Eg

by
δ(X ∧ Y ) = [X, Y ]

extended as a coderivation. The Jacobi identity is equivalent to the condition
δ2 = 0.

This dg coalgebra is the Chevalley-Eilenberg chain complex for Lie alge-
bra homology. Many will be more familiar with the dual algebra and dual
derivation, which is the standard Chevalley-Eilenberg coboundary and a spe-
cial example of a BRST operator.

Now I want to up the ante and consider dg (differential graded) Lie alge-
bras. For a dg Lie algebra, the classical Chevalley-Eilenberg complex needs
a slight adjustment to account for the grading.

Definition 4.2 A dg Lie algebra is a graded vector space g = ⊕gn with a
differential d : gn → gn+1 with d2 = 0 and a graded-skew bilinear operation
[ , ] : gp ⊗ gq → gp+q which is a chain map satisfying the graded Jacobi
identity.
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Following our example of having associativity satisfied only up to homo-
topy, we can do the same for the Jacobi identity and then consider higher
homotopies. One can give the definition in terms of a family of maps

ln = [−, · · · ,−] : g⊗n → g

which are suitably ‘skew symmetric’ and compatible, but it is definitely a lot
simpler to give the definition in terms of Λsg.

Definition 4.3 An L∞-algebra structure on a positively graded vector space
g is equivalent to a coderivation differential δ of degree 1 with respect to the
total grading on the graded symmetric coalgebra Λc(sg) on the suspension of
the graded vector space g.

The notation Λc for the graded symmetric coalgebra is well established in
rational homotopy theory; the alternative Sc is used elsewhere.

Notice that if we write d := −sl1 and B := δ − d, then the condition
δ2 = 0 can be rewritten in (generalized) Maurer-Cartan form:

dB + 1/2[B, B] = 0. (1)

If you’d like some hands-on examples, consider very small finite dimen-
sional L∞-algebras. There are two versions of the classification, depending
on whether we consider L∞-algebras in the original Z-graded sense or the
super, i.e. = Z/2Z-graded, sense. There are classifications here by, respec-
tively, Daily [Dai02] or Fialowski-Penkava [FP03b, FP03a] for very small
dimensional examples.

Now what does this have to do with physics or symplectic geometry or
Alan’s interests?

The answers include moment maps, symplectic reduction and Courant
algebroids.

4.2 Courant algebroids

The most straightforward connection with Alan’s interests appears in his
paper with Roytenberg [RW98] on Courant algebroids. There is no point in
repeating the very clear exposition in their original paper, so I will mention
only the salient facts in re: higher homotopies.
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Definition 4.4 A Courant algebroid is a vector bundle E → M equipped
with a non-degenerate bilinear form < ·, · > on the bundle, a skew symmetric
bracket [·, ·] on the space of sections Γ(E) and a bundle map a : E → TM
satisfying 5 properties.

Kosmann-Schwarzbach has simplified the definition to 2 properties, but
in the non-skew-symmetric form [KS03].

The skew-bracket does not in general satisfy the Jacobi identity, but
property number 5 addresses the defect in terms of a map D : C∞(M) →
Γ(E) related to the deRham differential on M . Roytenberg and Weinstein
consider the following small complex:

X−1 = C∞(M) → X0 = Γ(E) (2)

with the differential l1 given by D. They define a very specific L∞-structure
as follows:

l2 is given by the bracket on X0 ⊗ X0 and by < ·,D· > on X0 ⊗ X1 and
0 in higher degrees,

l3 is given by one third of the sum of the cyclic permutations of < [·, ·], · >
on X0 ⊗ X0 ⊗ X0 and 0 otherwise,

while ln for n > 3 is 0.
Of course, many of these 0’s follow just from the fact that Xn = 0 for

n ≥ 2, in contrast to the L∞-structures that appear in the work of Fulp,
Lada and myself concerning higher spin algebras [FLS02b, FLS02a], where
the complex is of the form X0 → X1 (see section 6.2 below).

5 Homological reduction of constrained Pois-

son algebras

Cohomological physics had a major breakthrough with the ‘ghosts’ intro-
duced by Fade’ev and Popov [FP67]. These were incorporated into what
came to be known as BRST cohomology (Becchi-Rouet-Stora [BRS75] and
Tyutin [Tyu75]) and which was applied to a variety of problems in mathe-
matical physics. There the ghosts were reinterpreted by Stora [Sto77] and
others in terms of the Maurer-Cartan forms in the case of a finite dimen-
sional Lie group and more generally as generators of the Chevalley-Eilenberg
cochain complex [CE48] for Lie algebra cohomology.
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If, as geometers, you feel more comfortable with manifolds, one can make
the following algebra seem more palatable as functions on ‘supermanifolds’,
but most (all?) of the work is just algebraic (homological).

WARNING! The term ‘BRST cohomology’ has a variety of meanings
in the existing literature. From time to time, it threatens to be used for any
cohomology in physics, at least if the coboundary operator is called ‘Q’. At
other times, it refers (only implicitly) to the case in which the Lie algebra
is the Virasoro algebra. I prefer to reserve the term for situations in which
the coboundary operator has at least some part corresponding to that of
Chevalley-Eilenberg.

Such is the case for the ghost technology for the cohomological reduc-
tion of constrained Poisson algebras, introduced by Batalin, Fradkin and
Vilkovisky [BF83, FF78, FV75], which extended the complex of BRST by
reinventing the Koszul-Tate [Tat57] resolution of the ideal of constraints and
producing a synergistic combination of both Chevalley-Eilenberg and reso-
lution cohomology. Here it was that I saw the essential features of a strong
homotopy Lie algebra (L∞-algebra).

5.1 Moment maps, momaps and symplectic reduction

The setting is one of Alan’s favorites [Wei02], that of a moment map, though
generalized in an important way. Alan considers:

a phase space with a symmetry group consists of a manifold P
equipped with a symplectic structure ω and a hamiltonian action
of a Lie group G. By the latter, we mean a symplectic action of G
on P together with an equivariant moment map J from P to the
dual g∗ of the Lie algebra of G such that, for each v ∈ g, the 1-
parameter group of transformations of P generated by v is the flow
of the hamiltonian vector field with hamilitonian x →< J(x), v >.
The map J is called the momentum map (or, by many authors,
moment map) of the hamiltonian action. If one is simply given a
symplectic action of G on P , any map J satisfying the condition
in italics above, even if it is not equivariant, is called a momentum
map for the action.

By contrast, Batalin-Fradkin-Vilkovisky consider constraints on the sym-
plectic manifold P to be primary.

10



A Hamiltonian system with constraints means we have functions φα :
P → R, 1 ≤ α ≤ r, the constraints. Solutions of the system are constrained
to lie in a subspace V ⊂ P given as the zero set of a smooth momap φ :
P → W = Rr with components φα. In contrast to the more restrictive case
in which W = Rr has the structure of a Lie algebra g and φ is assumed
to be equivariant with respect to the action of the corresponding Lie group
on P , here we do not assume any Lie group G action. To emphaisze this,
I refer to φ as a momap. (This also avoids the moment versus momentum
controversy.) When V is a smooth submanifold of P, the algebra C∞(V ) can
be expressed as C∞(P )/I where I is the ideal generated by the φα. Dirac
calls the constraints first class if I is closed under the Poisson bracket. In
terms of the constraints, the condition is then

{φα, φβ} = f γ
αβφγ,

where we have structure functions f γ
αβ on P , not structure constants. In

other words, we have a Lie algebroid with anchor map a : C∞(P ) → Γ(TP )
given by the Hamiltonian vector field associatied to a function.

If we let W denote the vector space spanned by the φα, physicists speak
of W as an open algebra since the bracket defined on W does not close in
W. Compare this with Lie’s notion of function group [Lie90] as discussed by
Alan [Wei02].

In this first class case, the Hamiltonian vector fields Xφα
determined by

the constraints are tangent to V (where V is smooth) and give a foliation
F of V . Similarly, C∞(P )/I is an I-module with respect to the bracket.
(In symplectic geometry, the corresponding space is called coisotropic. The
passage from P to V/F is known as symplectic reduction.) The true physics
of the system is the induced system on the space of leaves V/F . If that
space is a smooth manifold, C∞(V/F) is the true algebra of observables.
When smoothness is lacking and C∞(V/F) makes no sense, the Batalin-
Fradkin-Vilkovisky construction provides a replacement, as described below
(see [HT92] for a comprehensive treatment).

In this context, the classical BRST construction, at least as developed
by Batalin-Fradkin-Vilkovisky in the case of regular constraints, is a homo-
logical model for C∞(V/F) or rather for the full de Rham complex Ω(V,F)
consisting of forms on vertical vector fields, those tangent to the leaves. If
we think of F as an involutive sub-bundle of the tangent bundle to V , then
Ω(V,F) consists of sections of Λ∗F , the exterior algebra bundle on the dual
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of F . The ordinary exterior derivative of differential forms restricts to deter-
mine the vertical exterior derivative because F is involutive. The meaning
of being a homological model is provided by the next Theorem.

The model is constructed as follows: First, consider the most common
case of an equivariant moment map φ : P → W = g∗ with respect to a Lie
group action of G on P where g is the Lie algebra of G. Let A denote C∞(P )
considered as a Poisson algebra. Extend A as a graded commutative algebra
to

BFV = A ⊗ Eg∗ ⊗ Eg (3)

and extend the Poisson bracket {·, ·} (still of degree 0) as determined by the
fundamental pairing g∗ ⊗ g → R. Note: g here has degree -1 and g∗ has
degree 1. Now make BFV a dg Poisson algebra by defining

dBFV = dK + δ∗ (4)

where δ∗ is the Chevalley-Eilenberg coboundary and dK is the Koszul differ-
ential on A⊗Eg regarded as a resolution of the ideal of constraints. In terms
of a basis {eα} for g so that φα = eα ◦ φ, this means that dK is the graded
derivation determined by

dK(eα) = φα.

If we denote eα as Pα and similarly define ηα in terms of a dual basis, then
dBFV = {Q0 + Q1, ·} for

Q0 = ηαφα and Q1 = 1/2 ηαηβCγ
αβPγ, (5)

the formula that often appears in the physics literature.
Because we have a strict Lie group action and, hence, structure constants,

it is straightforward to verify d2
BFV = 0, but this is not the case for our

momaps. The definition of the algebra is no problem:

BFV = A ⊗ EW ⊗ EW ∗ (6)

and dK +δ∗ is defined as before but fails to square to 0, essentially because we
now have structure functions. In the regular case, the brilliance of Batalin-
Fradkin-Vilkovisky was to define dBFV by adding terms of higher order to
dK + δ∗ so that (dBFV)2 = 0. With hindsight, the existence of such terms of
higher order was due to the fact that A⊗Eg provided a resolution of the ideal
of constraints, thus permitting the techniques of Homological Perturbation
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Theory (see Section 6.3 and [Gug82, GL89, GLS90, GS86, Hue84, HK91]).
However, the proof crucially involves keeping dBFV as an inner derivation
{Q, ·} by adding terms of higher order to Q0 +Q1. If we write Q = Q0 +Q∞,
then we see we are seeking a solution of the Master Equation (cf. Section
6.3):

{Q0, Q∞} + 1/2 {Q∞, Q∞} = 0 (7)

or, equivalently, that we seek to deform Q0 in the ‘direction’ of Q1 (cf. Sec-
tion 7).

The point of doing this is:

Theorem 5.1 Under suitable regularity conditions, the cohomology of BFV
is isomorphic to the cohomology of Ω(V,F) with respect to the leaf-wise exte-
rior differential. In particular, H0(BFV) is isomorphic to H0(Ω(V/F)), the
algebra of ‘observables’ on the reduced phase space.

In the more general non-regular case, the Koszul complex can be extended
to the Koszul-Tate resolution by adding the polynomial algebra generated
by ‘anti-ghosts of anti-ghosts’ (given degree −2), etc. To preserve the crucial
Poisson algebra structure, one also adds ‘ghosts of ghosts’ (given degree 2),
etc.

In general, the quotient space is not a manifold, often not even Hausdorff,
then H0(BFV) provides a suitable candidate for the algebra of observables
on the ‘reduced phase space’.

Since BFV is a free graded commutative algebra over A, assuming suffi-
cient finiteness, the differential derivation dBFV is graded dual to a differential
coderivation on a free graded cocommutative coalgebra over A and hence is
equivalent to an L∞-algebra. This is spelled out in considerable detail by
Kjeseth [Kje96, Kje01a, Kje01b]subsequent to some relevant observations of
Huebschmann [Hue90] and myself.

6 Lagrangians with symmetries

Lagrangian physics derives ‘equations of motion’ from a variational principle
of least action. Here an action refers to an integral

S(φ) =

∫
M

L((jnφ)(x))volM
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over some manifold M where φ is a (possibly vector valued) function on M
or section of a bundle E over M and L is a ‘local function’ on E, meaning a
function on some finite jet space JnE. The action may have symmetries, i.e.
variations in φ which do not change the value of S and hence are physically
irrelevant in the sense that φ and its transformed value encode the same
physical information.

Emmy Noether had two major theorems regarding the variational calcu-
lus. The first, much better known and often referred to as Noether’s theo-
rem, asserts a correspondence between symmetries and conserved quantities.
Noether’s second variational theorem establishes a correspondence between
symmetries, notably gauge symmetries, and differential algebraic relations
among the Euler-Lagrange equations. It is this second theorem that has an
important role in the Batalin-Vilkovisky construction for Lagrangians with
symmetries.

These symmetries create difficulties for quantization of such physical the-
ories. The method of Batalin and Vilkovisky [BV84, BV83] was invented
to handle these difficulties, but turns out to be of interest also in a classi-
cal context. The construction is quite parallel to that of Batalin-Fradkin-
Vilkovisky in the constrained Hamiltonian case, but with one crucial dif-
ference: instead of a grading preserving bracket, they use an ‘anti-bracket’
(independently due to Zinn-Justin [ZJ75, ZJ76]) which is of degree 1. There-
fore it is also known as an odd Poisson or Gerstenhaber bracket. In this
Lagrangian setting, Batalin and Vilkovisky extend the BRST cohomologi-
cal approach by introducing anti-fields (independently and previously due
to Zinn-Justin) dual to the original fields and anti-ghosts which (with hind-
sight) correspond to the Noether relations and are dual to the ghosts which
generate the BRST complex for the Lie algebra of symmetries.

The original version of Noether in ‘Invariante variationsprobleme’ [Noe18],
was written in terms of an infinite continuous group, G∞ρ, ‘understood to be
a group whose most general transformations depend on ρ essential arbitrary
functions and their derivatives’. Noether’s Theorem II refers to an integral
I (= S in our notation) and reads:

If the integral I is invariant with respect to a G∞ρ in which the
arbitrary functions occur up to the σ-th derivative, there subsist ρ
identity relationships between the Lagrange expressions and their
derivatives up to the σ-th order. . . . the converse holds.

Later in that paper these relations are called dependencies.
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The relevance of Noether’s theorem is not emphasized in most of the
literature using the BV approach. As with BFV, part of the differential
of the Batalin-Vilkovisky complex BV is that of the Koszul-Tate resolution,
in this case of the differential ideal generated by the Euler-Lagrange equa-
tions. The anti-fields generate the Koszul complex, which is not a resolution;
the anti-ghosts provide the next level of generators, as described by Tate
[Tat57], corresponding to the relations among the Euler-Lagrange equations.
It is the full acyclicity of the Koszul-Tate resolution that permits the ap-
plication of Homological Perturbation Theory [Gug82, GL89, GLS90, GS86,
Hue84, HK91](among others) and thus guarantees the existence of the terms
of higher order in the full differential dBV . As in the concluding remark in Sec-
tion 5, the graded dual to dBV is equivalent to an L∞-algebra. We comment
on this further in Section 6.2.

Rather than carrying out this analysis in the abstract, we indicate two
particularly striking realizations of this structure: the Poisson sigma models
of Cattaneo and Felder [CF99] and our analysis with Fulp and Lada [FLS02a,
FLS02b] of Lagrangians with field dependent symmetries as in the case of
higher spin particles.

6.1 The Poisson sigma model

The fields of the Cattaneo-Felder Poisson σ-model are ordered pairs (X, η)
such that X is a mapping from a 2-dimensional manifold Σ into a Poisson
manifold M and η is a section of the bundle Hom(TΣ, X∗T ∗M) −→ Σ.
These fields are subject to boundary conditions, namely they should satisfy
the conditions: X(u) = 0 and η(u)(v) = 0 for arbitrary u in the boundary of
Σ and for v tangent to the boundary of Σ at u. In terms of local coordinates
{xi} on M , the Poisson structure is given by a Poisson tensor α which is a
skew-symmetric tensor on M

α = αij(x)(
∂

∂xi
∧

∂

∂xj
) (8)

which satisfies a Jacobi condition:

αil∂lα
jk + αjl∂lα

ki + αkl∂lα
ij = 0. (9)

The action S of the model is defined in such local coordinates by

S(X, η) =

∫
Σ

(ηi ∧ dX i) +
1

2
(αij ◦ X)(ηi ∧ ηj). (10)
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The Euler-Lagrange equations for this action are:

EXi := dηi +
1

2
∂iα

jk(ηj ∧ ηk) = 0 (11)

and
Eηi

:= −dX i − αijηj = 0. (12)

The gauge symmetries of the action are parameterized by all sections β
of the bundle X∗T ∗M −→ Σ which vanish on the boundary of Σ. For each
such β, define δβ acting on the fields by

(δβX)i = (α ◦ X)(dxi, β) (13)

(δβη)(W ◦ X) = −(dβ)(U ◦ X) − ((LUα) ◦ X)(η, β) (14)

where U is a vector field on M, and LUα is the Lie derivative of α with
respect to U.

In terms of the components of the fields, we write

EXi = (∂µηi,ν +
1

2
∂iα

jkηj,µηk,ν)ε
µν (15)

and
Eηi,ν

= −(∂µX i + αijηj,µ)ε
µν . (16)

It follows from Noether’s theorem that

αikEXi + ∂µEηk,µ
− ∂iα

jkηj,µEηi,µ
= 0 (17)

are the Noether identities corresponding to the gauge symmetry δβ defined
above.

Applied to this Poisson sigma model, the Batalin-Vilkovisky graded al-
gebra BV is a graded commutative algebra over LocE, (the algebra of local
functions on E) with generators X+

i and η+i, called ‘anti-fields’, γi called
‘ghosts’ and γ+i, called ‘anti-ghosts. (If only the ghosts were used as gener-
ators, this would be just a BRST algebra.) These generators are bigraded.
The graded commutativity is with respect to the sum of the ghost degree
and the form degree (which we call the total degree). The pairing between
symmetries and identities is now expressed as the pairing between ghosts and
anti-ghosts, which plays a crucial role in the Batalin-Vilkovisky anti-bracket
(·, ·).
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Now the initial differential on BV can be expressed as (S0 + S1, ·) where

S0 = (X, η) =

∫
Σ

(ηi ∧ dX i) +
1

2
(αij ◦ X)(ηi ∧ ηj),

our original action, and S1 is
∫

Σ

X+

i αij(X)γj − η+i ∧ (dγi + ∂iα
kj(X)ηkγj) −

1

2
γ+i∂iα

jk(X)γjγk. (18)

Corresponding to the fact that (dKT + δ∗)2 6= 0, we have

(S0 + S1, S0 + S1) 6= 0.

The additional terms in the differential D are found by extending S0 +
S1 by terms of higher order to achieve the full BV action SBV , but in the
Cattaneo-Felder model, only one more term is needed:

S2 =

∫
Σ

−
1

4
η+i ∧ η+j∂i∂jα

kl(X)γkγl. (19)

Thus the total Batalin-Vilkovisky generator is

SBV =

∫
Σ

ηi ∧ dX i +
1

2
αij(X)ηi ∧ ηj (20)

+X+

i αij(X)γj − η+i ∧ (dγi + ∂iα
kl(X)ηkγl) −

1

2
γi

+∂iα
jk(X)γjγk

−
1

4
η+i ∧ η+j∂i∂jα

kl(X)γkγl.

6.2 Field dependent gauge symmetries

Field dependent gauge symmetries appear in several field theories, most no-
tably in a class due to Ikeda [Ike94] and Schaller and Strobl [SS94], in-
cluding the Poisson sigma model of Cattaneo and Felder [CF99] above.
A significant generalization occurs in the Berends, Burgers and van Dam
[Bur85, BBvD86, BBvD85] approach to “particles of spin ≥ 2”. The physics
of “particles of spin ≤ 2” leads to representations of a Lie algebra Ξ of gauge
parameters on a vector space Φ of fields. Berends, Burgers and van Dam at-
tacked particles of higher spin by letting the gauge parameters act in a field
dependent way. By a field dependent action of Ξ on Φ, Berends, Burgers and
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van Dam mean a polynomial (or power series) map δ(ξ)(φ) = Σi≥0Ti(ξ, φ)
where Ti is linear in ξ and polynomial of homogeneous degree i in φ. Berends,
Burgers and van Dam consider arbitrary field theories, subject only to the
requirement that the commutator of two gauge symmetries be another gauge
symmetry whose gauge parameter is possibly field dependent. Thus they do
not require an a priori given Lie structure to induce the algebraic structure
of the gauge symmetry “algebra”.

Let Φ denote the vector space of fields and Ξ the vector space of gauge
parameters. Let Λ∗Φ denote the free graded cocommutative coalgebra co-
generated by Φ. Although the space Ξ of gauge parameters has no natural
Lie structure, the space of linear maps from Λ∗Φ into Ξ is a Lie algebra under
certain mild assumptions along with a hypothesis which we refer to as the
BBvD hypothesis. Under these assumptions, the gauge algebra gives rise to
an L∞-algebra.

The vector space Coder(Λ∗Φ) of graded coderivations on Λ∗Φ is a Lie al-
gebra with bracket given by the commutator with respect to composition.
The vector space Hom(Λ∗Φ, Φ) is isomorphic to Coder(Λ∗Φ) and hence in-
herits a Lie algebra structure; the bracket on Hom(Λ∗Φ, Φ) is known as the
Gerstenhaber bracket [Ger63, Sta93]. Suppose that we are given a linear
map δ : Ξ → Hom(Λ∗Φ, Φ), a ‘field dependent action’ of Ξ on Φ. We can
write δ(ξ) = Σi=0Ti(ξ) where Ti is 0 except on ΛiΦ. (This Ti is adjoint to
the polarization of the Berends, Burgers and van Dam Ti.) We extend δ to
a map

δ̂ : Hom(Λ∗Φ, Ξ) → Hom(Λ∗Φ, Φ)

by
δ̂(π) = ev ◦ (δ ◦ π ⊗ 1) ◦ ∆

where ev is the evaluation map. Consider the possibility of inducing a Lie-
type bracket on Hom(Λ∗Φ, Ξ) via the mapping δ̂. Under certain conditions,
e.g δ is injective, such a bracket may then be used to obtain a bracket on the
parameter space defined by restricting the induced bracket on Hom(Λ∗Φ, Ξ)
to the parameter space Ξ, where we think of the space Ξ as being contained
in the space Hom(Λ∗Φ, Ξ) by identifying ξ ∈ Ξ with the map, also denoted
ξ, in Hom(Λ∗Φ, Ξ) which is 0 except on the scalars where ξ(1) = ξ. In order
to assure the Jacobi property of the bracket on Hom(Λ∗Φ, Ξ), we introduce a
correction term, following Berends, Burgers and van Dam, by assuming that
there is a map

C : Ξ ⊗ Ξ → Hom(Λ∗Φ, Ξ)
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such that
[δ(ξ), δ(η)] = δC(ξ, η) ∈ Hom(Λ∗Φ, Φ)

for all ξ, η ∈ Ξ. We will refer to this as the BBvD hypothesis. We then extend
C to a mapping

Ĉ : Hom(Λ∗Φ, Ξ) ⊗ Hom(Λ∗Φ, Ξ) → Hom(Λ∗Φ, Ξ)

and then we redefine the bracket on Hom(Λ∗Φ, Ξ) given above by including
the correction term C :

[π1, π2] := π1 � δ̂(π2) − π2 � δ̂(π1) + Ĉ(π1, π2).

Theorem 6.1 The mapping δ̂ preserves brackets: δ̂[π1, π2] = [δ̂(π1), δ̂(π2)].
Moreover, if δ̂ : Hom(Λ∗Φ, Ξ) → Hom(Λ∗Φ, Φ) is injective, then [π1, π2]
satisfies the Jacobi identity.

This result suggests that the parameter space should be enlarged to in-
clude all of Hom(Λ∗Φ, Ξ), but this is apparently unacceptable to physicists
since the number of independent parameters is linked to the number of inde-
pendent Noether identities. However, the polynomial equations of physical
relevance define an L∞- structure on an appropriate graded vector space. We
restrict our attention to the constant maps in Hom(Λ∗Φ, Ξ) and show that
the algebraic structure of Hom(Λ∗Φ, Ξ) induces an L∞- structure on Ξ ⊕ Φ.
We assume the BBvD hypothesis and that δ̂ is injective, so Theorem 6.1
holds.

Define a differential graded vector space V with Ξ in degree 0, Φ in degree
1 and 0 in all other degrees. Take ∂ : Ξ → Φ, given by ∂(ξ) = δ(ξ)(1) ∈ Φ,
as the only non-trivial differential. Define

D : Λ∗(sV ) → sV

by

D(ξ) =∂(ξ)

D(ξ ∧ φ1 ∧ · · · ∧ φn) =δ(ξ)(φ1 ∧ · · · ∧ φn) for n ≥ 1

D(ξ1 ∧ ξ2 ∧ φ1 ∧ · · · ∧ φn) =C(ξ1, ξ2)(φ1 ∧ · · · ∧ φn)

and D = 0 on elements of Λ∗(sV ) with more than two entries from Ξ or with
no entry from Ξ.
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Notice this is essentially not of the same form as that of Roytenberg
and Weinstein in section 4.2, although both have just two components. The
crucial difference is in the grading: 0, 1 here versus −1, 0 for them.

Theorem 6.2 [FLS02a] D : Λ∗(sV ) → sV as defined above gives V the
structure of an L∞-algebra

6.3 The Master Equation and Homological Perturba-

tion Theory

The name ‘Master Equation’ derives from the physics literature, especially
of the Batalin-Vilkovisky approach considered above, but equations of this
form are well known in mathematics, though under various names:

• the defining equation for a twisting cochain,
• the integrability equation of deformation theory,
• the Maurer-Cartan equation,

the latter being perhaps the most famous. The equation makes sense as
applied to elements of a dg algebra, associative or Lie or Gerstenhaber, etc.,
as well as to higher homotopy versions thereof. In [HS02], Huebschmann and
I give an extensive comparison of these various intrpretations. We show how
to construct solutions using the tools of Homological Perturbation Theory,
working in characteristic zero. In particular, we endow the homology H(g) of
a strict dg Lie algebra g with the structure of an L∞-algebra such that g and
H(g) are equivalent as L∞-algebras, i.e. via L∞-maps (see Section 7). The
much older analogous result for A∞-algebras is due to Kadeishvili [Kad80].
Note that H(g) is a strict dg Lie algebra with d = 0, but the higher order
operations li are often non-trivial. If g is equivalent as L∞-algebra to H(g)
with all li = 0 for i ≥ 3, then g is called formal.

7 L∞-maps, deformation quantization, String

Field Theory (SFT) and more

Definition 7.1 An L∞-map f : h → g of L∞-algebras (or dg Lie algebras)
is a dg coalgebra map Λc(sh) → Λc(sg).

The Cattaneo and Felder Poisson sigma model was developed to provide an
alternative, ‘path integral’, proof of Kontsevich’s theroem that any Poisson
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manifold can be deformation quantized. In both proofs, the key issue is the
formality of a certain dg Lie algebra g. The L∞-equivalence of this g and
H(g) implies that all the obstructions to deformation quantization vanish.

For this important application, Σ was a disk so the maps Σ → M could
be considered as world sheets as in SFT.

The relevance of A∞- and L∞-structure to (respectively) OSFT and CSFT
has a particularly ‘physical’ interpretation. The higher order operations de-
scribe multiple string interactions, not obtained from 3-string interactions
(multiplication, respectively bracketing of 2 strings) or the equivalent corre-
lation functions [Zwi93]. (Here too there is contact with Alan and his student
Tang in their recent paper [TW03].)

Because BBvD give an explicit expansion Ti, Ci, the corresponding multi-
brackets li are visible or at least easy to extract. In contrast, in the Cattaneo
and Felder Poisson sigma model, they are hidden in the single function α
and it’s derivatives.

8 Homological Legendre transform

In their concluding remarks in [RW98], Dmitry and Alan muse:

L∞-algebras occur in physics in the framework of the Batalin-
Vilkovisky procedure for quantizing gauge theories. On the other
hand, the Courant bracket seems to provide a geometric frame-
work for constrained Hamiltonian systems. It is known [HT92]
that gauge Lagrangians lead to constrained theories in the Hamil-
tonian formalism. This suggests that homotopy Lie algebras aris-
ing in the Batalin-Vilkovisky formalism and those in the Courant
formalism might be somehow related.

In response to my paper for the Alanfestschrift, Dmitry pointed out to
me the paper of Grigoriev and Damgaard [GD00] which establishes an ana-
log of the Legendre transform in terms of the BFV and BV constructions.
At Alanfest, we discussed their transforms in further detail. This bears fur-
ther investigation, but for now let me mention only that in either direction,
Hamiltonian to Lagrangian of vice versa, the essential idea is the ‘oddifica-
tion’ of all the fields, ghosts, etc., then substituting these into the respective
formulas for the Hamiltonian, the Lagrangian, etc. and keeping only the
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parts of the appropriate total degree. Dmitry can interpret this further by
looking at the algebra as that of a graded path space.

9 Coda

There are still other examples of A∞- and L∞-structures with potential physi-
cal relevance, for example, the notion of an A∞-category. This can be thought
of as a many object version of an A∞-algebra, that is, satisfying the usual ax-
ioms of a category, except that composition of morphisms is associative only
up to homotopy and higher homotopies of all orders. A∞-categories have
been used by Fukaya for remarkable applications to Morse theory and Floer
homology and by Batanin and by May in higher category theory. More re-
cently, they play a role in string and D-brane theory and homological mirror
symmetry.

But this takes us further afield from today’s topic: the L∞-structures di-
rectly involved in some of Alan’s work and closely related to his foundational
work on symplectic reduction. There are further relations to be discovered,
as he has indicated. Leaving that for the future, let me conclude with best
wishes for the continuation of a long, happy and inspiring career to Alan on
his 60th birthday.

22



References

[BBvD85] F.A. Berends, G.J.H. Burgers, and H. van Dam, On the theoret-
ical problems in constructing intereactions involving higher spin
massless particles, Nucl.Phys.B 260 (1985), 295–322.

[BBvD86] , Explicit construction of conserved currents for massless
fields of arbitrary spin, Nucl.Phys.B 271 (1986), 429–441.

[BF83] I.A. Batalin and E.S. Fradkin, A generalized canonical formalism
and quantization of reducible gauge theories, Phys. Lett. 122B
(1983), 157–164.

[BRS75] C. Becchi, A. Rouet, and R. Stora, Renormalization of the abelian
Higgs-Kibble model, Commun. Math. Phys. 42 (1975), 127–162.

[Bur85] G.J.H. Burgers, On the construction of field theories for higher
spin massless particles, Ph.D. thesis, Rijksuniversiteit te Leiden,
1985.

[BV83] I.A. Batalin and G.S. Vilkovisky, Quantization of gauge theories
with linearly dependent generators, Phys. Rev. D 28 (1983), 2567–
2582.

[BV84] , Closure of the gauge algebra, generalized Lie equations
and Feyneman rules, Nucl. Phys. B 234 (1984), 106–124.

[CE48] C. Chevalley and S. Eilenberg, Cohomology theory of Lie groups
and Lie algebras, Trans. Amer. Math. Soc. 63 (1948), 85–124.

[CF99] A. Cattaneo and G. Felder, A path integral approach to the Kont-
sevich quantization formula, math.QA/9902090, 1999.

[Dai02] M. Daily, L-Infinity Structures on Spaces with 3 One-Dimensional
Components, math.QA/0212030, 2002.

[FF78] E.S. Fradkin and T.E. Fradkina, Quantization of relativistic sys-
tems with boson and fermion first and second class constraints,
Phys. Lett. 72B (1978), 343–348.

23



[FLS02a] R. Fulp, T. Lada, and J Stasheff, Noether’s variational theorem
II and the BV formalism, Suppl. Rend. Circ. Mat. Palermo, Serie
II 71 (2002), 115–126, math.QA/0204079 .

[FLS02b] , Sh-Lie algebras induced by gauge transformations, Comm.
Math. Phys. 231 (2002), 25–43, math.QA/0012106.

[FP67] L. D. Fade’ev and V. N. Popov, Feynman diagrams for the Yang-
Mills field, Phys. Lett. 25B (1967), 29–30.

[FP03a] A. Fialowski and M. Penkava, Strongly homotopy lie algebras of
one even and two odd dimensions, math.QA/0308016, 2003.

[FP03b] , Versal Deformations of Three Dimensional Lie Algebras
as L-infinity Algebras, math.RT/0303346, 2003.

[FV75] E.S. Fradkin and G.S. Vilkovisky, Quantization of relativistic sys-
tems with constraints, Phys. Lett. 55B (1975), 224–226.

[GD00] M. Grigoriev and P.H. Damgaard, Superfield BRST charge
and the master action, Phys.Lett. B 474 (2000), 323–330,
hep-th/9911092.

[Ger63] M. Gerstenhaber, The cohomology structure of an associative ring,
Ann. Math. 78 (1963), 267–288.

[GL89] V.K.A.M. Gugenheim and L. Lambe, Applications of perturbation
theory to differential homological algebra I, Ill. J. Math. 33 (1989),
556–582.

[GLS90] V.K.A.M. Gugenheim, L. Lambe, and J. Stasheff, Algebraic as-
pects of Chen’s twisting cochain, Ill. J. M. 34 (1990), 485–502.

[GS86] V.K.A.M. Gugenheim and J.D. Stasheff, On perturbations and
A∞-structures, Bull. Soc. Math. Belg. 38 (1986), 237.

[Gug82] V.K.A.M. Gugenheim, On a perturbation theory for the homology
of a loop space, J. Pure and Appl. Alg. 25 (1982), 197–207.

[HK91] J. Huebschmann and T. Kadeishvili, Small models for chain alge-
bras, Math. Z. 207 (1991), 245–280.

24



[HS02] J. Huebschmann and J. Stasheff, Formal solution of the Master
Equation via HPT and deformation theory, Forum Mathematicum
14 (2002), 847–868, math.AG/9906036.

[HT92] M. Henneaux and C. Teitelboim, Quantization of Gauge Systems,
Princeton Univ. Press, 1992.

[Hue84] J. Huebschmann, Perturbation theory and small models for the
chains of certain induced fibre spaces, Habilitationsschrift, 1984.

[Hue90] , Poisson cohomology and quantization, J. für die Reine
und Angewandte Mathematik 408 (1990), 57–113.

[Ike94] N. Ikeda, Two-dimensional gravity and nonlinear gauge theory,
Ann. Phys. 235 (1994), 435–464.

[Kad80] T.V. Kadeishvili, On the homology theory of fibre spaces, Russian
Math. Surv. 35:3 (1980), 231–238.

[Kaj03] Hiroshige Kajiura, Noncommutative homotpy algebras associated
with open strings, Dissertation, University of Tokyo, 2003.

[Kje96] L. Kjeseth, BRST cohomology and homotopy Lie-Rinehart pairs,
Dissertation, UNC-CH, 1996.

[Kje01a] Lars Kjeseth, A homotopy Lie-Rinehart resolution and classical
BRST cohomology, Homology Homotopy Appl. 3 (2001), no. 1,
165–192 (electronic). MR 2002i:17030

[Kje01b] , Homotopy Rinehart cohomology of homotopy Lie-
Rinehart pairs, Homology Homotopy Appl. 3 (2001), no. 1, 139–
163 (electronic). MR 2002i:17029

[KS03] Y. Kosmann-Schwarzbach, Quasi,twisted, and all that... in pois-
son geometry and lie algebroid theory, Tech. report, 2003, Lecture
at the Alanfest August 2003.

[Lie90] S. Lie, Theorie der Tranformationensgruppen, Teubner, Leipzig,
1890.

25



[MSS02] Martin Markl, Steve Shnider, and Jim Stasheff, Operads in alge-
bra, topology and physics, Mathematical Surveys and Monographs,
vol. 96, American Mathematical Society, Providence, RI, 2002.
MR 2003f:18011

[Nas98] C. Nash, Topology and physics-a historical essay, A History of
Topology (I. M. James, ed.), Elsevier-North Holland, 1998.

[Noe18] E. Noether, Invariante variationsprobleme, Nachr. könig. Gesell.
Wissen. Göttingen, Math,-Phys. Kl. (1918), 235–257, in English:
Transport Theory and Stat. Phys. 1 (1971),186-207.

[RW98] Dmitry Roytenberg and Alan Weinstein, Courant algebroids and
strongly homotopy Lie algebras, Lett. Math. Phys. 46 (1998),
no. 1, 81–93. MR 2000c:17036

[SS94] P. Schaller and T. Strobl, Poisson structure induced (topological)
field theories, Modern Phys. Lett. A 9 (1994), 3129–3136.

[Sta93] J. D. Stasheff, The intrinsic bracket on the deformation complex
of an associative algebra, JPAA 89 (1993), 231–235, Festschrift in
Honor of Alex Heller.

[Sto77] R. Stora, Continuum gauge theories, New Developments in Quan-
tum Field Theory (M.Levy and P.Mitter, eds.), Plenum, 1977,
pp. 201–224.

[Tat57] J. Tate, Homology of Noetherian rings and local rings, Ill. J. Math.
1 (1957), 14–27.

[TW03] X. Tang and A. Weinstein, Quantization and morita equiv-
alence for constant dirac structures on tori, preprint, 2003,
math.QA/0305413 .

[Tyu75] I. V. Tyutin, Gauge invariance in field theory and statistical
physics in operator formulation (in Russian), Tech. report, Lebe-
dev Physics Inst., 1975.

[Wei02] Alan Weinstein, The Geometry of Momentum, math.SG/0208108,
2002.

26



[ZJ75] J. Zinn-Justin, Renormalization of gauge theories, Trends in Ele-
mentary Particle Theory (H. Rollnick and K. Dietz, eds.), vol. 37,
Springer, 1975, pp. 2–39.
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