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ABSTRACT. We prove that if a diffeomorphism on a compact manifold pre-
serves a nonatomic ergodic hyperbolic Borel probability measure, then there
exists a hyperbolic periodic point such that the closure of its unstable mani-
fold has positive measure. Moreover, the support of the measure is contained
in the closure of all such hyperbolic periodic points. We also show that if an
ergodic hyperbolic probability measure does not locally maximize entropy in
the space of invariant ergodic hyperbolic measures, then there exist hyper-
bolic periodic points that satisfy a multiplicative asymptotic growth and are
uniformly distributed with respect to this measure.

1. INTRODUCTION

The theory of nonuniformly hyperbolic dynamical systems, often called Pesin
theory due to the fundamental work of Ya. Pesin in the mid-seventies ([16, 17]),
studies smooth dynamical systems preserving a hyperbolic measure, i.e. a mea-
sure whose Lyapunov exponents are nonzero almost everywhere. In his seminal
work [6], Anatole Katok established several essential results about the periodic
orbits of nonuniformly hyperbolic dynamical systems. He proved the closing prop-
erty for such systems, found that the asymptotic exponential growth of periodic
points of a diffeomorphism preserving a hyperbolic probability measure is bounded
from below by its measure-theoretic entropy, proved the existence of periodic orbits
with transversal homoclinic intersections (hence the existence of uniform hyper-
bolic horseshoes). Later, Katok [7] and Katok-Mendoza [9] proved the shadowing
property, the Spectral Decomposition Theorem, the existence of hyperbolic horse-
shoes with topological entropy approximating (from below) the measure-theoretic
entropy of the system.

Consider f : M — M to be a C**t< (o > 0) diffeomorphism on a smooth compact
Riemannian manifold M preserving an ergodic hyperbolic Borel probability mea-
sure. In [6], Katok also proved that if the measure is nonatomic, then its support
is contained in the closure of the hyperbolic periodic points that have transverse
homoclinic points. In the same spirit we show:

Theorem 1.1. Let f € Diff' (M), a > 0, and M a compact Riemannian mani-
fold. If f preserves a nonatomic ergodic hyperbolic Borel probability measure, then
there exists a hyperbolic periodic point such that the closure of its global unstable
manifold has positive measure. Moreover, the support of the measure is contained
in the closure of all such hyperbolic periodic points.
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The second result of this paper concerns the asymptotic growth of periodic orbits
and their limit distribution in the context of nonuniformly hyperbolic dynamics. Let
us recall that, for the uniformly hyperbolic situation, corresponding results are well
known. For example, the theorem for Axiom A diffeomorphisms ([3]) can be stated
as: if f is a topologically mixing Axiom A diffeomorphism on a compact manifold,
then there exists a unique f-invariant measure of maximal entropy, obtained as
the limit distribution of periodic points; moreover P, (f) ~ e™*er() where P, (f)
denotes the number of periodic points of period n, and hyop(f) is the topological

entropy of f. For flows ¢ = {¢'},cr, a similar statement is true for the measure of
ethtop(¢)

- thtop((b)
of periodic orbits of period < ¢. This precise estimate was first obtained for Anosov

flows by G. Margulis in his thesis (published in [12]), and extended by W. Parry
and M. Pollicott [15] for mixing Axiom A flows. The two asymptotic estimates
for P,(f) and P;(¢) are called multiplicative. They are stronger than exponential
growth rates.

maximal entropy ([4]), but now P;(¢) , where P;(¢) denotes the number

Let f be a C'T@ diffeomorphism on a smooth compact Riemannian manifold,
and denote by M(f) the set of all f-invariant Borel probability measures, by M. (f)
the set of all ergodic measures in M(f), and by M., (f) the set of all hyperbolic
ergodic measures in M(f). The set M(f) is endowed with the weak topology. We
say that a measure p € M (f) is not locally maximal in the set My, (f), if any
neighborhood of p in Mg, (f) contains a measure fi of greater measure-theoretic
entropy, h;(f) > h,(f). The result we present establishes the existence of periodic
orbits that satisfy a multiplicative asymptotic growth (in relation to e™hu(f )) and
are uniformly distributed with respect to such a measure p € M., (f) which does
locally maximize entropy locally.

Theorem 1.2. Let f be a C'T* diffeomorphism on a compact Riemannian man-
ifold M. Suppose that p is a hyperbolic ergodic Borel probability measure with
hu(f) > 0. If p is not a locally mazimal ergodic measure in the space of f-invariant
ergodic hyperbolic measures, then for any r > 0 and any finite collection of con-
tinuous functions ¢1,...,0r € C(M), there exist a sequence m, — oo and sets
P, = Pm, (ry01,...,0k) of hyperbolic periodic points of period my, such that

(i) card Py,, > emnhu(f)

My —1

(ii) ‘ﬂi Z 0i(f1(2)) /(pidu‘ <r foranyz€Pn,,i=1,...,k.

n =0
Remark 1.3. For two-dimensional manifolds it is not necessary to assume that p
is a hyperbolic measure. The fact that h,(f) > 0 and Ruelle’s inequality [18]
assure us that the measure is indeed hyperbolic. The theorem can be stated in
this case as follows: if u is not a locally maximal ergodic measure in the space of
f-invariant ergodic measures, then there exist multiplicatively many (in relation to

e (f) ) hyperbolic periodic orbits equidistributed with respect to p.

There are obvious situations when ergodic hyperbolic measures that are not lo-
cally maximal exist. If one considers, for example, a topologically mixing Axiom A
diffeomorphism, then any ergodic invariant measure other than the measure of max-
imal entropy will not be locally maximal. This follows from the existence of Markov
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partitions and the abundance of measures associated to them (see [8]). Another
example can be constructed as a product between a topologically mixing Axiom
A diffeomorphism and a diffeomorphism with positive topological entropy, defined
on a compact surface. Indeed, let fi; be a topologically mixing Axiom A diffeo-
morphism on a compact manifold and u; an fi-invariant Borel probability measure
other than the measure of maximal entropy. Also, let fo be a diffeomorphism on
a compact surface and uo an fe-invariant ergodic Borel probability measure such
that hy,(f) > 0 (such measures exist and are hyperbolic since hiop(f2) > 0 and
f2 is a surface diffeomorphism). Then the measure py X ug is an fi X fo-invariant
hyperbolic Borel probability measure which does not maximize entropy locally.

We mention that fundamental results have been obtained by G. Knieper ([10, 11])
on the study of limit distribution of periodic orbits and their asymptotic estimates
for an important example of nonuniformly hyperbolic flows—the geodesic flow on
compact rank 1 manifolds of nonpositive curvature. The most precise asymptotics
for this class of flows have been recently obtained by R. Gunesch [5].

Acknowledgment. The results presented in this article are part of my doctoral
thesis, written under the guidance of Anatole and Svetlana Katok. I would like
to express my gratitude to them for constructive advice, constant support and
encouragement.

2. PRELIMINARIES

In this section we briefly summarize several notions and results from the theory
of nonuniformly hyperbolic dynamical systems. For more details, see [2], [9].

Lyapunov exponents and hyperbolic measures. Let M be an m-dimensional
smooth Riemannian manifold and f : M — M a C'*® diffeomorphism on M,
a>0. Given z € M and v € T, M \ {0} define the Lyapunov exponent of v at « by
the formula
Az, v) = limsup % log || Dy fv]| .

If = is fixed, then \(z,-) takes finitely many values A (z) < --- < Ap(y) (), with
k(x) <m.

Let us recall that the Oseledec Multiplicative Ergodic Theorem [13] (see also
[2] for a detailed discussion) gives the existence of a set A C M (whose points are
called Lyapunov regular) such that:

(i) A is f-invariant and has full measure with respect to any f-invariant Borel
probability measure;
(i) for every x € A the tangent space T, M admits the decomposition

k(z)
T,M = @ Ei(z),
=1

where each linear subspace E;(x) depends measurably on x and is invariant
under the differential D, f, D, f(E;(z)) = E;(f(z));
(ili) if v € E;(x) \ {0} then

. 1
lim —
n—too n

1Dz f"0]| = Ai(z) -
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A Borel f-invariant probability measure p is called hyperbolic if the Lyapunov
exponents \;(z) are different from zero for p-almost every x € M and all i =
1,...,k(x). The functions x — \;(z) are measurable and f-invariant.

Nouniformly hyperbolic dynamics. Let h(z) be the largest integer such that
Ai(z) <0 for 1 <i < h(x) and set
h(x) k(x)
E'(x) =P Ei(z) E"(x)= P Eilx).
i=1 i=h(z)+1
These spaces are called stable and unstable, respectively. Pesin proved that the set
A has a nonuniformly hyperbolic structure (see [2] for more details).

Regular Neighborhoods. For a fixed € > 0, there exists a measurable function
q: A — (0,1] satisfying e ¢ < q(f(z))/q(z) < ¢, and for each x € A one can find a
collection of embeddings ¥, : B*(0,q(z)) x B*(0,¢(x)) C R¥®) x Rm=k@) _ M,
such that ¥,(0) = z and if f, = \IJ;(lw) o foW,, then:
(i) The derivative Dy f, of f, at 0 has the Lyapunov block form:
Al()
A (z) =
4 ()

where for each i = 1,...,k(x), Al(x) is an k;(z) x k;(z) matrix and
6)\1-(95)76 < ||Az(x)71H*1 ’ ||Az(l‘)|| < e/\i(I)JFE;

(i) The C! distance between f, and Dy f, is at most ¢;
(iii) There exist a constant K > 0 and a measurable function A : A — R such
that for y,z € B*(0, q(x)) x B*(0, g(x))

Kd(Ve(y), Va(2)) < ly = 2] < A(2)d(Va(y), Va(2)) ,
with e™¢ < A(f(x))/A(x).

The set R(x) = ¥, (B*(0,¢(x)) x B*(0,q(x))) C M is called a regular neighborhood
of the point z.

Pesin sets. For any § > 0 there exist a (noninvariant) uniformly hyperbolic
compact set As (called Pesin set) and € = €(d) such that pu(As) > 1 — 6 and
the functions © — ¢(z),  — A.(x) are continuous on As. The splitting T, M =
E?(x) @ E¥(x) varies continuously on As. Denote by gs = min{q(z) | x € As}.

Admissible manifolds. We say that a set W C M is an admissible (u, 7)-manifold
near ¥ € As if W = U, (graphg), where ¢ is a C* map

¢ : B*(0,45) — B*(0,45) with [|¢(0)[| < g5/4, [|Dodl| <.
Similarly, we say that W is an admissible (s,7)-manifold near z € As; if W =
U, (graphe), where ¢ € C1(B*(0,45), B*(0,¢5)) with [|¢(0)[| < gs/4, Dol < -
We have the following two properties for admissible manifolds ([9]):

(M1) There exists v = () such that any admissible (u,7)-manifold near z € As
intersects any admissible (s,v)-manifold near z at exactly one point and
the intersection is transverse.

(M2) There exists ps such that if z,y € As, d(z,y) < ps and W is an admissible
(u, y)-manifold near y, then W is an admissible (u,~)-manifold near .
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In what follows, we restrict our discussion to the case when p is an ergodic hyper-
bolic Borel probability measure. In this context, the functions \;(z), k;(z), k(z),
s(z) (which are measurable and f-invariant) are constant p-almost everywhere.

An essential tool for detecting periodic orbits in hyperbolic dynamics is the
Closing Lemma. Katok ([6]) obtained this result for the nonuniformly hyperbolic
situation.

Lemma 2.1 (The Closing Lemma ([6])). Let f : M — M be a C**< diffeomor-
phism preserving a hyperbolic Borel probability measure. For all § > 0, and € > 0,
there exists B = B(d,€) > 0 such that if x, f*®)(x) € As (for some n(x) > 0),
and d(zx, f™®)(z)) < B, then there exists a hyperbolic periodic point z(x) of period
n(z) with d(f*(2), f¥(z)) < € for every k = 0,...,n(z) — 1. Moreover, the stable
and unstable manifolds of z(x) are admissible (s,v(0))- and (u,~(d))-manifolds,
respectively.

Let us remark, that the above result implies that the support of measure p is
contained in the closure of the set of all hyperbolic periodic points.

We end this section by recalling the statement about the existence of uniformly
hyperbolic horseshoes with topological entropy arbitrarily close to h,(f).

Theorem 2.2 ([9]). Let f : M — M be a C'T% diffeomorphism preserving an
ergodic hyperbolic Borel probability measure p, with h,(f) > 0. Then for any p >0
and any finite collection of continuous functions @1, ...,r € C(M) there exists a
hyperbolic horseshoe I' such that
(i) hu(f) = p < hiop(fir);
(ii) I is contained in a p neighborhood of suppu;
(iii) There exists a measure i = fi(T') supported on T' such that fori=1,...,k

’/Widﬁ_/@du‘ <p.

3. PROOFS

Proof of Theorem 1.1. Let x € supp 1 and let 1 be a small number. There exists
d > 0 such that p(B(z,n/2) N As) > 0. Now let r be an arbitrary small number,
with r < min(n/2, g5, ps) (¢s5 and ps are from the definition and property (M2) of
admissible manifolds).

Pick a set B C B(x,n/2) N As of diameter less than 8 = (3(d,7) (as in the
Closing Lemma), less than r and of positive measure. Let 21 € B be a recurrent
point (by the Poincaré Recurrence Theorem), and n(xzy) a positive integer such
that f™(*1)(z;) € B. Since d(z1, f**1)(x1)) < 3, applying the Closing Lemma we
obtain that there exists a periodic point z; of period n(z1), such that d(z1,21) < r.
This implies that d(x, z1) < 7.

We will prove that p-almost every point of B belongs to W¥(z1). For that, let
y € B be a Borel density point and let 7 > 0 be small enough such that 7 < r/2,
d(z1,y) > 7 and u(B N B(y,7/2)) > 0. Pick a set B C BN B(y,7/2) of diameter
less than (3 = $(6,7/2) and of positive measure. Let x5 € B be a recurrent point,
and n(x3) a positive integer such that f(*2)(z5) € B. Since d(xzz, ) (x4)) < 3,
applying the Closing Lemma we obtain that there exists a periodic point z, of period
n(xq), such that d(xq, z2) < 7/2. This implies that d(y, z2) < 7, thus z; # 2.
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FIGURE 1. Transversal intersection

Since locally W#(z3) is an admissible (s, y(d))-manifold near x5, and d(z2, 1) <
diam(B) < r < ps, property (M2) of an admissible manifold implies that locally
W#(z2) is an admissible (s,~(d))-manifold near ;. Hence, due to the fact that
locally W*(z1) is an admissible (u,y(d))-manifold near x1, we obtain from property
(M1) that W*(z;) intersects transversely W#(z3) at a point w (see Figure 1).

By the Inclination Lemma (see e.g. [8]), we have that W*(z;) accumulates locally
on W*(z2). Indeed, let N be a common period for z; and z2. The points z; and 29
are hyperbolic fixed points for fV with w a transverse intersection point of W*(z;)
and W*(z). The images under fV of a ball around w in W"(z;) = fN(W"(z1))
accumulate on W*(z2). Hence

dW"(z1),y) <dW"(21),22) +d(z2,y) < T

for all 7, therefore y € W4(z1), for all Borel density points y € B. Therefore
W(We(2)) > p(B) > 0.

Since the hyperbolic periodic point z; is such that d(z,z1) < 1, where z is an
arbitrary point of supp 4 and n > 0 is arbitrary small, we obtain that the support
of the measure y is contained in the closure of all hyperbolic periodic points z with
w(We(z)) > 0. O

Remark 3.1. In many numerical studies of dynamical systems attesting the presence
of a chaotic attractor (see [1, 14] and the references therein), it has also been noticed
that the attractor coincides with a part of the closure of the unstable manifold of
a fixed or periodic hyperbolic point. We have just proved that this must be the
situation if the corresponding dynamical system preserves an absolutely continuous
hyperbolic measure, or a hyperbolic SRB measure.

Now, we proceed with the proof of Theorem 1.2.

Proof of Theorem 1.2. The underlying idea of the argument is the fact that, since
the measure u is not locally maximal, one can find (using Theorem 2.2) a hyper-
bolic horseshoe with topological entropy greater than h,(f) and arbitrarily close to
hyu(f). This provides the possibility of choosing multiplicatively many hyperbolic
periodic points equidistributed with respect to p. The proof we present is indepen-
dent of Theorem 2.2, although some of the ideas are borrowed from the proof of
that theorem (see [9]).
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We begin by recalling the definition of measure-theoretic entropy using d/ metrics

(as described in [6]). Let
f — i i
do(@,y) = max  d(f(z), f'(y))
where d is the Riemannian distance on M. For e > 0, § > 0, let N,,(f,n,€,d) be the
minimal number of e-balls B/ (z,¢) in the df-metric which cover a set of measure
more than or equal to 1 — 4. One has ([6, Theorem 1.1])
log Nu(fv n,e, 5)

... . logN,(f,n,¢€0) L
h = lim 1 f—=— 2 P 7 — im ] — el
W) = il e =
Now let r > 0 be arbitrary small and ¢1,...,pr € C(M). Since the hyperbolic
measure 4 is not locally maximal in the class M. (f) of ergodic hyperbolic mea-
sures, we can find a hyperbolic measure fi such that hz(f) —3r > (14 r)h,(f)
and

/%dﬂ—/%du’<r/3, i1=1,...,k.

Choose § > 0, € > 0 such that
log N (f,n,€,20) -
n

(1) limsup ha(f) —r

(2) if d(z,y) < e, then |s(x) — wily)| < /3.

Let ¢ be a finite partition of M with diam & < (9, ¢/3) (from the Closing Lemma)
and & > {As, M \ As}. Consider the set

Asn = {:1: € As: f™(x) € £(z) for some m € [n, (1 + 7)n]
1 s—1 r
and S;J@i(fj(z))/%dﬂ‘ <l trszmi=1.. .k}

Using Birchoft’s ergodic theorem, one can prove (see [9]) that i(As,) — [i(As).
Choose now n sufficiently large such that fi(As,) > 1—24. Let E,, C As,, be an
(n, €)-separated set of maximal cardinality. One has

AsnC |J Bl(z,e)
x€eE,
and using relation (1) from above, there exist infinitely many n such that
card E,, > e"ha(f)=2r)

By the Closing Lemma, for each x € E,,, there exists a hyperbolic periodic point
z(x) of period m(z) such that d(f*(z), f¥(z)) < ¢/3 for every k =0,...,m(z) — 1.
If x,y € E,, then z(x) # z(y). Denote by Py, the set of all such periodic points of
fixed period m € [n, (1 4 r)n]. We have

(14r)n
Z card P,, > card E,,

hence

card F
max cardP,, > —*.
n<m<(14r)n ™™
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Therefore, we can find a sequence my,, n < m, < (14 r)n such that

n(hg —2r
card P, > card By, > en(ha(f)—2r) = ¢(ha(H)=3r) > n(1+r)hy

™m ™m

This implies that

card P, > emnnlf)

Moreover, for z(z) € Py, we have

m, —1 my—1 my—1
1 , 1 ; 1 ;
= (f3 _ _ = (f3 - (f3
Y @) - [edi| <Y wPE) - o Y el
Jj=0 j=0 7=0
my,—1
1 & . ror r
—_— 3 J — id~ id~ — ld — — - =71.
+mnjz=:0s0(f(x)) /wu+/@u/wu<3+3+3 r
This finishes the proof of the theorem. O
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