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Abstract

We presentan acceleratedproximity queryalgorithm betweenmoving convex polyhedra. Thealgo-
rithm combinesVoronoi-basedfeature tracking with a multi-level-of-detailrepresentation,in order to
adaptto the variation in levelsof coherenceand speedup the computation.It providesa progressive
refinementframework for collision detectionanddistancequeries.We haveimplementedour algorithm
and haveobservedsignificantperformanceimprovementsin our experiments,especiallyon scenarios
where themotioncoherenceis low.

Keywords: Collisiondetection,level-of-details,Voronoidiagrams.

1 Intr oduction

Proximity queries,i.e. distance1 computationsandthecloselyrelatedcollision detectionproblems,are
ubiquitousin robotics,designautomation,manufacturing,assemblyandvirtual prototyping.Thesetof
tasksincludemotionplanning,sensor-basedmanipulation,assemblyanddisassembly, dynamicsimula-
tion, maintainabilitystudy, simulation-baseddesign,toleranceverification,andergonomicsanalysis.

Proximity querieshave beenextensively studiedin roboticsandseveral specializedalgorithmshave
beenproposedfor convex polyhedraaswell ashierarchicalapproachesfor generalgeometricmodels.In
this paper, we presenta novel algorithmthatprecomputesa hierarchycomposedof a seriesof bounded
error levels-of-detail(LODs) and usesthem to accelerateproximity queries. Algorithms to generate
LODs for polygonalmodelshave beenwidely usedfor renderingacceleration,animationandsimula-
tion applications[12, 22, 24]. Oneof our goalsis to take advantageof multiresolutionrepresentations
commonlyusedin renderingapplicationsandusethemfor proximity queriesaswell.

1Distanceis commonlydefinedastheEuclideanseparationdistanceby many applications,andweadoptthesamedefini-
tion in this paper.
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Givenaconvex polyhedron,ouralgorithmprecomputesaboundederrorlevel-of-detail(LOD) hierar-
chy. It constructsaseriesof boundingvolumesthatenclosetheoriginalpolyhedron.Then,it establishes
parent-childrelationshipsbetweenthefeaturesof adjacentlevels. At runtime,thehierarchyis traversed
accordingto thetypeof querybeingperformed.Within eachlevel, thesurfaceof anobjectis “marched”
acrossusingamodifiedLin-Canny [16] closestfeaturetrackingalgorithmbasedonVoronoiregions.We
referto sucha techniqueas“Voronoimarching”in thispaper. Spatiallocality andtemporalcoherenceis
capturedby boththeVoronoiregionsandthehierarchyof LODs.

Thealgorithmhasbeenimplementedandanalyzedusingvariousbenchmarks.Experimentswereper-
formedusingvariousshapesof objectsandvariousmultiresolutionoptions.Furthermore,it is compared
againstastraightforwarddirectionallookuptableschemewedevisedto determineoverall effectiveness.
Weobservespeedupsfor eachtypeof queryoverasimplesurfacetraversal.

1.1 Main Results

In this paper, we presentan acceleratedproximity queryalgorithmbetweenmoving convex polyhedra
whichexploitsmultiresolutionrepresentations.Ourmaincontributionsare:

� An acceleratedproximity queryalgorithmbetweenconvex polyhedrausingmulti-level Voronoi
marching.Thesubstantialperformanceimprovementsaremainly dueto theuseof a multiresolu-
tion representationanda fasterVoronoimarchingalgorithm.

� A progressive refinementalgorithmicframework for proximity computation.For many applica-
tions including motion planningandtoleranceverification,a relatively inexpensive approximate
distancecomputationwith boundederror is sufficient. Our framework allows applicationsto pro-
gressively refinethe distanceestimateto suit their needs,while minimizing overall computation
cost.

� A betterunderstandingof the issuesinvolvedin designingsuitablelevel-of-detailrepresentations
for proximity queries.Theseissuesincludelevel of coherence,objectaspectratios,andcontact
scenarios.

1.2 Organization

Therestof thepaperis organizedasfollows. Section2 givesa brief survey of relatedwork. Section3
presentsanoverview of ourapproach.Thedesignandcomputationof themulti-level-of-detailrepresen-
tationis describedin Section4 alongwith our lookuptablescheme.Next, a proximity queryalgorithm
usingthe multiresolutionrepresentationis describedin Section5 alongwith otherwaysto accelerate
queries.Section6 describesour prototypeimplementationandshows the performanceof our system,
SWIFT. Finally, weconcludewith futureresearchdirectionsin Section7.

2 PreviousWork

Distancecomputationandintersection(collision)detectionproblemshavebeenfundamentalsubjectsof
studyin robotics,computationalgeometry, simulation,andphysical-basedmodeling.Thereis awealthof
literatureonbothanalyzingthetheoreticalcomplexity of proximity queriesandondesigningalgorithmic
solutionsto achieve interactive performance.We will limit thescopeof thediscussionin this paperto
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rigid convex polyhedra,althoughsomeof thetechniquesmaybeapplicableto otherdomainsandmodel
representationaswell.

2.1 Proximity Queriesfor Convex Polyhedra

Most of theearlierwork hasfocusedon algorithmsfor convex polyhedra.A numberof algorithmswith
goodasymptoticperformancehave beenproposedin thecomputationalgeometryliterature[6]. Using
hierarchicalrepresentations,an �����
	������� algorithm is given in [4] for the convex polyhedraloverlap
problem,where � is thenumberof vertices.This elegantapproachis difficult to implementrobustly in
3D, however.

Goodtheoreticalandpracticalapproachesbasedon the linearcomplexity of the linearprogramming
problemareknown [18, 23]. Minkowski differenceandconvex optimizationtechniquesareusedin [9]
to computethedistancebetweenconvex polyhedra.

Erickson,et al [7] recentlyproposeda new classof kinetic datastructuresfor collision detection
betweenconvex polyhedra.Thisclassof hierarchicalrepresentationshasonly beenanalyzedfor the2D
casehowever.

In applicationsinvolving rigid motion,geometriccoherencehasbeenexploited to designalgorithms
for convex polyhedrabasedon eithertraversingfeaturesusinglocality or convex optimization[2, 5, 16,
15, 19]. Thesealgorithmsexploit the spatialandtemporalcoherencebetweensuccessive queriesand
work well in practice.

2.2 Hierar chical Representations

Boundingvolumehierarchiesarepresentlyregardedasoneof themostgeneralmethodsfor performing
proximity queriesbetweengeneralpolyhedra. Specifically, spheretrees,conetrees,axis-alignedbox
trees,orientedbox trees,k-d treesandoctrees,treesbasedon S-bounds,andk-dopshave beenusedfor
fast intersectionqueriesfor generalpolyhedra,aswell aspolygonsoups[13, 20, 10, 21, 1, 14]. For
mostscenarios,thesehierarchiesexcel at intersectiondetectionbut do not do sowell whenit comesto
distancecomputation.

2.3 Multir esolutionTechniques

Multiresolutionmodelingtechniques,suchasmodelsimplification,have beenproposedto extract the
shapeof theunderlyinggeometry[25]. A recentsurvey on polygonalmodelsimplificationis available
[17]. Themainideabehindusingamultiresolutionhierarchyis to computeandutilize acorrespondence
betweenthe original modelanda simplified one. We will discussthe useof a pair of simplification
algorithmsdueto DobkinandKirkpatrick [4] andto GarlandandHeckbert[8]. Cohen[3] haspresented
algorithmsbasedon successivemappingsandappearancepreservingsimplification.

For proximity query, Guibas,et al. [11] proposedanelegantapproachthatexploitsbothcoherenceof
motionandhierarchicalrepresentationfor fasterdistancecomputation.Our approachdiffersfrom their
H-Walk algorithmin thatour algorithmcaneasilycomputeanapproximateddistancewith a guaranteed
errortolerancewithoutalwaysdescendingand/orascendingtheentirehierarchy.
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3 Algorithm Overview

Our algorithmoperateson orientable2-manifoldsthat areclosedandrepresentedusingtriangles.The
polyhedramustbeconvex andundergo rigid motion. We will usetheterms“polyhedron”and“object”
interchangeably.

Multiresolutiontechniquestypically consistof two maincomponents.They involve theprecomputa-
tion of ahierarchicalrepresentationuponwhichsubsequentqueriesareperformed.Wewish to compute
amultiresolutionrepresentationthatsupportsproximity queries.

In thepreprocessingstage,wecomputea level-of-detailrepresentationfor eachobject.Thishierarchy
is organizedasa sequenceof convex polyhedra��� , ��� , �  , ����� , ��� where ��� is the input polyhedron.
Eachsuccessivepolyhedronis composedof fewerfeaturesandhasthepropertythatit boundstheoriginal
object. Furthermore,a correspondenceis establishedbetweensuccessive levelsin eachdirectionof the
sequence.Moredetailsof theactualconstructionof this representationaregivenin Section4.

A queryusingthis hierarchyis performedin muchthe sameway for eachtype of proximity query.
Basically, aslong ascertainlevelsof two objectsareintersecting,thenthehierarchyis refined. When
two levels arefound to be disjoint, thenit may be possibleto endthe queryat a subsequentpoint of
refinement.Furthermore,for queriesotherthanintersection,atolerancemaybeprovidedwhichspecifies
how closeobjectsmustbein orderto answerthequery. In Section5 thehierarchicalqueryis described
in moredetail.

4 Hierar chical Representations

Themulti-level-of-detailrepresentationof eachobjectthat is constructedin thealgorithm’spreprocess-
ing stagemusthavecertainpropertiesin orderto beusefulandefficientfor performingproximity queries.
Next, we describedesirablecharacteristicsfor the representation,discussthestepsinvolved in thecre-
ationof thehierarchy, andtouchuponvarioustradeoffs alongtheway. Then,we discusstwo hierarchy
creationmethodswe implemented.Weconcludewith adescriptionof our lookuptablescheme.

4.1 Terminology

Recallthat the hierarchyis organizedasa sequenceof convex polyhedra��� , ��� , �  , ����� , ��� where ���
is theinput polyhedron.We will call ��� thefinestlevel and ��� thecoarsestlevel. We will call thelevel
����� � the “child” of the level ��� andthe level ���"!#� the “parent” of ��� . We usethe conventionthat the
finestobject is at the bottomof the hierarchyso the term moving up the hierarchymeansmoving to a
coarserlevel. Moving to afiner level is termedmovingdownthehierarchy.

Themaximumdeviation of ��� from ��� is representedby $�� . Thecomputeddistancebetweencertain
levelsof two objectsthatarefoundto bedisjoint is % andthemaximumerrorassociatedwith thedistance
is $ . Thedistancetolerancegivenby theapplicationis %'&)(+* andtheerrortoleranceis $�&�(,* .

4.2 DesiredFeatures

To designa multi-level representationfor acceleratingdistancecomputationwhile preservinglocality
andcoherence,our goalis to produceahierarchythatprovidesthefollowing characteristics:

� Simplified Combinatorial Complexity: Eachlevel of representationin thehierarchyshouldhave
lesscombinatorialcomplexity thanits child andhighercombinatorialcomplexity thanits parent.
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Ideally we would like to create� (log � ) levels,where � is thenumberof verticesin theoriginal
polyhedron��� . This is possibleif a constantfractionof featuresareeliminatedfor eachlevel. In
addition,it is wise to stopthehierarchyconstructionwhena certainnumberof levelsor features
hasbeenreached.

� Bounding Volumes: If we wish to have a mechanismto computeapproximatedistanceswith
boundederrortolerances$,&)(+* , thenwecanmakeuseof thelevels ��� of thehierarchywhichbound
theoriginal polyhedron��� with a globalsurfacedeviation $,�.-/$�&�(,* . Queryperformancecanbe
furtherimprovedby aimingto createahierarchywheretheboundingvolumesarekeptassmallas
possible.

� Local Corr espondence:For eachlevel of thehierarchy��� for 021/3 thatbounds��� , theremust
alsobe spatialcoherencebetweenit andits adjacentlevels. This implies that a featureon poly-
hedron��� will have a correspondingfeatureon ���"!#� andon ����� � which areproximatein position
andorientation.Thesearecalledtheparentandchild featuresrespectively.

4.3 Construction

Thelevelsof thehierarchyareconstructedin orderstartingwith �4� . In particular, whenconstructing��� ,
����� � providesthetopologicalandgeometricinformationrequiredto reducethenumberof featureswhile
��� providesgeometricinformationto satisfytheboundingcriterion.Theprocessof constructinga level
in thehierarchyis givenby thefollowing stepsto create��� :

1. Create��� asahighquality simplificationof ����� � .
2. Make ��� convex by computingits convex hull.

3. Computethecenterof massof ��� andtranslate��� suchthatits centerof masscoincideswith ���5� � ’s
centerof mass.

4. Scale��� from its centerof masssothatit barelybounds��� .
5. Computethemaximumdeviation $�� of ��� from ��� . This is thesameascomputingtheHausdorff

distancebetween��� and ��� .
6. Assignthefeaturecorrespondencesfrom ��� to ����� � andfrom ����� � to ��� .
For thefirst step,any simplificationalgorithmmaybeusedaslongasthetopologyis maintained.Any

convex hull algorithmmaybeusedfor thesecondstep.
Thecomputationof thecenterof massis straightforwardfor a closedpolyhedron.To scale��� in Step

4, themaximumscalingrequiredoverall of thefacesof ��� is foundandapplied.Thescalingrequiredfor
a faceis computedby finding theextremalvertex on ��� in thedirectionof the (outwardpointing) face
normalandcomputingthescalingfactorrequiredto causethevertex to coincidewith thescaledface’s
supportingplane.

The Hausdorff distance( $,� ) canbe computedin this context by computingthe maximumdeviation
over all theverticesof ��� . Thedeviation of a vertex of ��� is computedby computingits distancefrom
��� . Theverticesaretheonly pointson ��� thathave to becheckedbecausethey representlocal maxima
of thedeviation functionover ��� .
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To assignchildren(featuresof ����� � ) to thefeaturesof ��� , thenearestfeatureof ����� � is foundfor each
vertex of ��� andthenearestvertex is selectedfrom this nearestfeature.Eachneighborof eachvertex of
��� (includingthevertex) is assignedthenearestvertex asits child feature.To assignparents(featuresof
��� ) to the featuresof ����� � , theextremalvertex of ��� is found for eachfaceof ���5� � . Eachfaceaswell
asits edgesandverticesareassignedtheextremalvertex astheir parent.Thesefeaturecorrespondence
schemeswerechosenfor theirspatialcoherence.Of course,thereareotherschemesthatmaywork better
but it is unlikely thatasizeableoverall improvementwouldbegained.

4.4 Dobkin-Kirkpatrick Hierar chy

Retriangulation Scaling Relaxation

Vertex Removal

Figure 1. Dobkin-Kirkpatrick Hierarchy Construction

Thefirst methodthatwe implementedis basedon theDobkin-Kirkpatrickhierarchy[4]. It is a spe-
cializedalgorithmthat is the sameasthe stepsgivenabove but with a differentscalingprocedureand
differentparentandchild featureassignments.An illustrationof theprocessis shown in Figure1.

4.4.1 Simplifying

The Dobkin-Kirkpatrick simplificationdoesnot specifywhich verticesshouldbe removed but simply
thatanindependentsetis beremovedateachstep.If anyindependentsetis removed,verylargebounding
volumes(Step4) canresult. Therefore,we try to choosethe independentsetin an intelligent manner.
This is doneby assigninganimportancevalueto eachvertex. A higherimportancemeansthatthevertex
is moreimportantandshouldnotberemoved.It alsoindicatesthatthegeometryis not veryflat nearthe
vertex. Vertex 6��87 of object ��� is assignedanimportancevalue

9 �87;:
<=
�?>#� �,@BADCFEHGJIK�87��K�

where L is thevalenceof thevertex and IK�87,� is thedihedralangleof the M th edgeof thevertex. Thus,
to createtheindependentset,verticesareaddedto it in orderof increasingimportance.As eachvertex
is addedto the set, its neighborsaremarked andnot allowed to be subsequentlyadded,otherwisethe
independentsetcriterionwouldbeviolated.Theseverticesareremovedandtheholesarere-triangulated
in a convex manner. This canbe doneby taking the outerconvex hull of the verticesneighboringthe
removedvertex. Levelsarecreateduntil a tetrahedronis reached,until a minimumnumberof triangles
is reached,or until thecenterof massof theoriginal objectfalls outsideof thesimplifiedobjectwe are
trying to create.
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Even with this scheme,we found that excessively large boundingvolumesoccurred(Step4). The
reasonstemsfrom thechoiceof verticesthatareplacedin theindependentset.We foundthatif we add
asmany verticesaspossibleto the independentset,we still addverticeswith high importancebecause
most of the low importanceverticeshave neighborsthat are added. This may causethe volumesto
becomelargewhenverticeswhich have sharppeaksareremovedbecausethe facesthatfill a holewill
have to bescaledby a largeamountin orderto bounda high importance(sharp)vertex. To reducethe
effectsof this problemwe decidedto only addverticesto the independentset that meetthe criterion9 �87N-O@ . In otherwords,we stopthe independentsetcreationwhenthereareno moreverticeswhose
importancevaluesarelessthanor equalto one. This causesfewer verticesto beremovedper level but
keepsthesizesof theboundingpolyhedrain check.

4.4.2 Bounding

Thenext stepwe discussis Step4 which involvesscalingthesequenceof polyhedrasothatthey bound
the finest object. A scalingfactor is computedfor each ��� for 0P1Q3 suchthat ��� boundsthe finest
polyhedron.Eachlevel is thenscaledby theamountcomputedfor it. Thescalingis donefrom thecenter
of massof thefinestpolyhedron.

We foundthatdueto thestructureof thesimplification,we canadda relaxationprocessat this point.
The relaxationinvolvestrying to move the verticesbacktoward the centerof masswhile maintaining
convexity andboundednessof ��� . Note that in both the scalingandthe relaxation,the verticesmove
alongraysfrom thecenterof massthroughtheir original positions.Theholescausedby vertex removal
form regionswhichwecall centerof massregions. By keepingtrackof theverticesthatbelongto certain
centerof massregions,thescalingandrelaxationcomputationscanbeperformedmoreefficiently. Then,
themaximumsurfacedeviation is computedas $�� .

4.4.3 AssigningFeatureCorr espondence

Level i

Level i+1

Vj,i+1

Vj,i

Figure 2. Dobkin-Kirkpatrick Level Correspondence

Eachvertex, edge,andfaceon ��� for 0R1S3 is assigneda child pointerwhich pointsto a featureon
����� � . Theassignmentcanbedonein avarietyof ways.Figure2 showssomeof thepointersbasedonour
assignmentscheme.We assigntheverticesat thecoarserlevel to have aschildrentheir corresponding
verticesat thefiner level. Edgesandfacesat thecoarserlevel canbeof two varieties:keptor removed.
Keptfeaturesareonesthatarenot destroyedby thevertex removals. They includeedgesandfacesthat
have noneof their verticesin the independentset. Removededgesandfacesareonesthathave oneof
their verticesin theindependentset.They arereplacedwith new featuresat thecoarserlevel. Thekept
featuresareassignedchildrenthatcorrespondto themselvesat thefiner level. For simplicity, wechoose
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to assignto thenew features,thevertex thatwasremovedfrom thefiner level in orderto createthem.
Thereareotherschemes,which mayperformbetter, thatcanbeusedto assignthechildrenin this latter
case.Thisassignmentis actuallydoneduringthebuilding of thehierarchy.

4.5 QSlim Hierar chy

Thedrawbackof theDobkin-Kirkpatrickhierarchyis thatmany levelsarecreatedwhich causesa slow-
down for thequeryalgorithm.Theproblemis thatthedecimationrateis not high enough.That leadus
to considerthis typeof hierarchywhich relieson a moregeneralsimplificationalgorithmwhich is able
to achievehighdecimationrates(arbitrary)while at thesametimemaintainingsmallboundingvolumes.

The secondmethodthat we implementedis basedon the publicly available QSlim package. We
usedthe QSlim systemwhich is an implementationof Garlandand Heckbert’s quadricerror metric
simplificationalgorithm[8] for the first stepof the hierarchycreationprocess.It allows an arbitrary
facetarget for eachstepof simplificationallowing us to choosethe decimationrate. We usethe term
“decimationrate” to meanthefractionof trianglesleft whena coarserlevel is createdfrom a finer one.
For example,if a level has1000trianglesandadecimationrateof 0.25is applied,thenthenewly created
(coarser)level has250triangles.For thesecondstep,we usedtheQHull convex hull library that is also
publicly available.All theotherstepsremainthesame.

Thereis a trianglecountcutoff thatdetermineswhento stopbuilding thehierarchy. In addition,there
is aconstantfactorthatdetermineswhatthedecimationrateis acrosslevels.Theseparametersaffect the
queryperformanceandarediscussedlater.

Thequadricerrormetricmethodemployedby QSlim is verydesirablefor keepingthevolumesof the
boundingpolyhedrasmall sinceonly flat areason a fine modelarerefined. This alsohasthe effect of
causingthetesselationdensitypersolidangleof thesimplifiedconvex polyhedrato becomemoreor less
constant.

4.6 Dir ectionalLookup Table

COM

R

Figure 3. Lookup Table Construction

For performancecomparison,we alsodesignedandimplementeda directionallookup tablescheme
for initializing theVoronoimarching.Thelookuptableis basedupondirectionfrom thecenterof mass
(COM) of a polyhedron.Verticesarestoredin thetable.Figure3 shows the ideaof theconstructionin
two dimensions.

The parametersusedto constructthe tableareresolutionanda boundingsphereradiusfactor. The
resolutionof the lookup table determineshow closetogetherthe samplesare. The table is basedon
sphericalcoordinatesandhasan entry for eachangleincrement(determinedby the resolution)in the
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altitudeandazimuthdirectionsexcludingthenorthandsouthpoles.Therearetwo additionalentriesfor
thepoles.Thepolyhedronfor which the tableis built hasa “radius” which is definedasthemaximum
distanceof any of its verticesfrom its centerof mass. In otherwords,a spherecenteredat the center
of masswith radiusequalto the polyhedron’s radiuswould boundthe polyhedronat any orientation.
Theboundingsphereradiusfactoris multiplied by thepolyhedron’s radiusto constructanother(larger)
boundingsphere.Theradiusfactormustbegreaterthanor equalto @ . Samplepointsaregeneratedon
thenew boundingspherein thedirectionsprescribedby the lookuptable. For eachof thesepoints,the
nearestvertex on thepolyhedronto thepoint is storedat thecorrespondinglocationin thetable. Using
this tablefor querypurposesis discussedin Section5.3.

5 Proximity Query

Proximityqueriescanbein theform of intersectiondetection,error-boundedapproximatedistancecom-
putation,exact distancecomputation,or contactdetermination.The hierarchyis queriedin muchthe
sameway for all four of thesequerytypes. The basisis a multiresolutionextensionon the algorithm
proposedby Lin andCanny [16]. First we describethemarchingwithin a level andthenshow how to
answeraqueryby marchingacrosslevelsof a multiresolutionhierarchyfor eachof thequerytypes.

5.1 Voronoi Mar ching Within a Level

We have implementedan algorithm which marchesacrossthe surfaceof a convex polyhedronusing
Voronoi regions. It is basicallythe samealgorithmas the original Lin-Canny[16] algorithmand the
improvedversion,V-Clip [19], in the sensethat it hasthe samehigh level behavior andcomputesthe
sameresults.Wedo notgivea full descriptionherebut ratheraquicksketch.

Theoriginal algorithmis basedon traversingtheexternalVoronoi regionsinducedby thefeaturesof
eachconvex polyhedron.Theinvariantis thatat eachstep,eithertheinter-featuredistanceis reducedor
thedimensionalityof oneor bothof the featuresdecreasesby one,i.e. a move from a faceto an edge
or from anedgeto a vertex. We employ thenotionof stateswith thesamedefinitionasin V-Clip. The
statetransitionsarea bit differentbecausewe sometimeschangefeatureson both objectsin onestep.
For example,this happensfrom theedge-edgestateto thevertex-vertex state.Traditionally, thefeature
whoseVoronoiplaneis foundto beviolatedfirst is theonethat is updatedto. Thereareothermethods
for updatingto a closerfeature.For instance,we foundthatperformanceimproveswhenwe updateto
the featurewhoseplaneis mostviolatedwhich meansthatwe have to checkall theplanes.This gives
a highercostto eachlocal decisionbut yields a global benefit. We arecurrentlyinvestigatingbenefits
from betterchoicesof thenext featureandotherlow level optimizations.A comparisonof our low level
marchingimplementationis comparedagainstV-Clip in Section6.

5.2 Multi-Le vel Voronoi Mar ching

In thecaseof intersectiondetection,thesearchnormallystartsat a pair of featuresrelatedto theclosest
featuresfrom theprevious queryso that coherencemay be exploited. Like in Lin-Canny, the distance
betweentwo convex polyhedrais minimizedby marchingacrosstheir surfaces. If an intersectionis
detected,afiner level of thehierarchyis traversedto. If atanylevel,wereachaminimumin thedistance
function and the objectsare disjoint, then this is reported. With no additionalcost, an approximate
distancecanbeprovidedas % with theerror $ , whentheobjectsaredisjoint. Thedistancebetweenthe
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levelsof the two objectsis % and $T:U$,�WVX$Y7 is the associatederror equalto the sumof the two level
deviations. Thepair of closestfeaturesareusedto find thefeaturesto beusedfor thenext query. This
is doneby traversingtheir parentpointers,usingthe deviations $�� , andkeepingtrack of the distance%
that is decreasedby the differencesin deviation. If an intersectionhasbeendetectedand ��� hasbeen
reachedfor bothobjects,thenintersectionis reported.Thepair of intersectingfeaturesis storedfor the
next query.

For error-boundedapproximatedistancecomputation,theapplicationcanprovideadistancetolerance
%'&)(+* andanerrortolerance$�&�(,* . If thelevelsof thetwo objectsintersectall theway to thefinestlevels
of both objects,then intersectionis reportedandthe pair of featuresis stored. Otherwise,two levels
werefoundto bedisjointduringtherefinement.Thedisjoint featuresareusedasin theintersectioncase
to determinethe initial featuresto be usedfor the next query. If at any point %Z1[%\&�(,* the query is
terminatedandnothingis reported.If at any point, $]-X$�&�(+* thentheerrortolerancehasbeenmetand %
and $ arereported.Thismeansthattheexactdistanceis in therange ^8%�_?%;VZ$,` .

To computeexactdistance,thesamemethodis followedbut only thedistancetolerance%'&)(+* is spec-
ified. As long as %a-b%'&)(+* , the distanceis refineduntil the finest levels are reachedat which point
% is reported.Finally, contactdetermination(closestpoints)queriescanbe handledthe sameasexact
distanceones.

For theDobkin-Kirkpatrickhierarchy, we foundthattherearemany levelscreated.Wetried threedif-
ferentrefinementmethods:refineonelevel ononeobject,refineonelevel onbothobjects,andrefinetwo
levelsonbothobjects.Thesearecalled“Single”, “Single-Single”,and“Double-Double”respectively in
Section6 wherewecomparetheperformanceof eachof themethods.

5.3 Dir ectionalLookup Table

VCOM

Va
Vb

Figure 4. Lookup Table Initialization of a Query

Whenusingthedirectionallookuptableto helpanswera query, thefeaturesfrom thepreviousquery
arenot used. Therefore,the query time shouldbe motion independent.Shown in Figure4 is a two
dimensionalrepresentationof theinitialization of aquery. First thevectordefinedby thecenterof mass
of thetwo objectsbeingtested(VCOM) is computed.Thevectoris transformedto thelocal coordinate
frameof the objectsandis usedto find the table locationthat is the nearestto the directiongiven by
thevector. Theverticesat thecorrespondinglocationsin eachobject’s table( LJ( and LJc ) areusedasthe
featurepair to startmarchingfrom. Whenthelookuptableis used,thereis nohierarchybeingused.The
performanceof thequerydependssolelyon how thetablesarebuilt for eachobject. In thenext section
weseehow varioussettingsaffect theperformanceof thelookuptables.
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6 Experimental Results

The modelsusedto test our query algorithm were empirically createdby taking the convex hull of
randomlysampledpoints on objectsof variousaspectratio. Threedifferentellipsoidal modelswere
created,eachwith 2000triangles. Their aspectratiosare(1,1,1), (1,1,0.1),and(1,0.1,0.1). They are
referredto as “f at”, “plate”, and “long” respectively. Eachof the modelswas normalizedto have a
boundingsphereof radiusde� .

Following theperformancebenchmarkingalgorithmdueto Mirtich [19] andusedin [11], we created
variousscenarios.Thealgorithmhasoneobjectremainfixedwhile anotherorbitsaboutit in anelliptical
trajectory. An orbit radiusis definedasthe distancebetweenthe centersof the modelswhenthey are
closestin theorbit. Threedifferentpair combinationswereused:fat-fat,plate-plate,andlong-long.The
orbit radiuswasset to be either fgde� (small) or hide� (large). Thus, the modelseither just touchor are
alwaysseparatedby adistanceof at leastde� .

Our implementationis calledSWIFT (SpeedyWalking via ImprovedFeatureTesting).We obtained
empiricalobservationsfor it by runningprogramson anSGI RealityMonsterusinga single300MHz
MIPSR12000CPU.Timingsweredoneby usingahighly accuratefree-runninghardwareclock.

6.1 Mar ching Within a Level
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Figure 5. Performance of Marching Within a Level: SWIFT vs. V-Clip

Our implementationof the algorithmthat marcheswithin a level wascomparedto V-Clip [19] and
foundto be faster2. Figure5 shows timings for differentobjectpairsusingtheorbiting algorithmwith
anorbit radiusof fgde� . No hierarchicalor lookuptableenhancementswereusedin thecomparison.All
futureexperimentalresultsthatarepresentedarebasedsolelyon theSWIFT implementation.Next, we
addthedirectionallookuptableandobserve its performance.

6.2 Dir ectionalLookup Table

In Figure6 weshow theresultsof usingadirectionallookuptable(LUT) with anorbit radiusof fjde� . The
first parametergiven in thegraphlegendsis the boundingsphereradiusfactorof the lookup tableand
thesecondis theresolutionin degrees.For thefat pair of objects,theresolutionof thetableis theonly
thing thatmatters.Furthermore,noticethattheperformanceof thelookuptablefor thefat pair is much
betterthanfor theothertwo pairsbecauseit (theLUT) is basedon a sphereandthefat objectsarevery

2In thepreliminaryversionof this report,availablein theElectronicProceedingsof IEEE IROS2000,we statedthatour
implementationwasnearly twice as fast. However, we have sincegatheredmoredataandfound that to be an inaccurate
assessment.
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Figure 6. Performance of Various Lookup Tables

nearlyspheres.For thelongandplatepairs,a radiusfactorof f seemsto bebest.It shouldbestatedthat
this maybebecauseof thescenariowe areusing. Thesizesof the lookup tablesof variousresolutions
are: 8 KB for 5.625degreesand2 KB for 11.25degrees.We will usethe“LUT 2 5.625” performance
datafor theoverall comparison.

6.3 Multir esolutionHierar chy

Thelevel-of-detailhierarchywe have implementedcanalsobeusedto achieve speedupsfor bothinter-
sectiondetectionandexactdistancecomputation.Thetitleson thegraphsin thefollowing figuresreflect
theobjectpairsthatwereusedaswell aswhethertheorbit wassmallor large.

6.3.1 Dobkin-Kir patrick Hierar chy

Shown in Figure7 is theperformanceof variousintersectiondetectionqueriesusingtheDobkin-Kirkpatrick
hierarchy. Similarly, Figure8 shows exactdistancecomputationperformance.In eachentryof theleg-
endsof thegraphsis thenumberof trianglesthatthehierarchywascutoff at,thenumberof levelscreated
(in parentheses)andtheinter-level marchingmethodused(asintroducedin Section5).

Thereis not a lot of differenceamongthevarioussettingsfor intersectiondetectionsincemostof the
time is spenttraversingthecoarsestlevel. However, thesettingswhich producea coarsercoarsestlevel
dothebest.Sinceall thelevelsaretraversedmostof thetimein thecaseof exactdistance,it makessense
thethemethodsto do thebestaretheonesthatemploy doubledescenton thelevelsof bothobjects.We
will usethe“DK Hier 100Double-Double”performancedatafor theoverall comparison.

6.3.2 QSlim Hierar chy

Shown in Figure9 is theperformanceof variousintersectiondetectionqueriesusingtheQSlimhierarchy.
Similarly, Figure10 shows exactdistancecomputationperformance.In eachentryof thelegendsof the
graphsis thedecimationrate(Section4.5)andthenumberof levelscreated(in parentheses).

For theintersectiondetectionquery, the0.125hierarchyis anomalousbecauseits coarsestlevel con-
sistsof 250triangleswhile theotherhierarchieshave fewer. This resultsin a slower querybecausefor
intersectiondetection,mostof thetime is spenttraversingthecoarsestlevel. Thecoarsesthierarchydoes
thebeston theintersectiondetectiontestsbecauseof thereasonpreviouslystated.For theexactdistance
tests,it seemsthathaving morelevelsis notasgoodasjust having two. Evenhaving threeis noticeably
slower. Also, it still seemslikeacoarserhierarchydoesbetterfor this typeof queryaswell. Wewill use
the“QS Hier 0.03125”performancedatafor theoverall comparison.
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6.4 Overall PerformanceComparison

Figure11 givestheoverallperformancecomparisonof intersectiondetectionusingthebestresultsfrom
eachcategory alongwith theperformanceof SWIFT whenthereis no hierarchyor lookuptable(Noth-
ing). Similarly, Figure12 givestheoverallperformancecomparisonfor exactdistancecomputation.

For intersectiondetection,thehierarchiesdo well becauseof their simplecoarsestlevelsbut they do
not performaswell when it comesto exact distancecomputationbecauseof the overheadassociated
with marchingon the finest level to the true minimum of the distancefunction. The QSlim hierarchy
alwaysoutperformsthe Dobkin-Kirkpatrick hierarchybecausetherearetoo many levels to traversein
thelatter.

6.5 Summary

Thereasonfor thedifferencein theperformanceof the two querytypesis dueto the fact that in exact
distancecomputation,wecannotstoponcethemodelsarefoundto bedisjoint likewecanin intersection
detection.Approximatedistancecomputationis highly dependentuponthe applicationso we did not
evaluateits performancebut expectthemajority of casesin which it is usedto resembletheintersection
detectionquery. It canbeshown that its costlies in betweenthecostof intersectiondetectionandexact
distancecomputation.

It canbeseenfrom theprofilesof our timing curvesthatour multi-level Voronoimarchingalgorithm
is able to keepthe impactof the relative motion of the objectsundercontrol. It is alsoapparentthat
a simple lookup tableschemelike the onewe have presentedsufficesto performin the samekind of
manner. It is possiblethat if the objectsarecomposedof more triangles(10,000or 100,000),thena
hierarchyof threeor four levelsmaywin outover thesimplelookuptableandthetwo level hierarchies.

7 Conclusion

We have presenteda new algorithmfor acceleratingproximity queriesbetweenconvex polyhedrausing
level-of-detailrepresentations.Wedescribedtheconstructionof therequiredhierarchicaldatastructures
anddiscussedvariousdesignissuesinvolved.Theruntimealgorithmalongwith its issueswereaddressed
andtheperformancepresented.

Our implementationhasbeenshown to have goodperformance.Thesourcecodeis availableto the
public andprovidesa completeandentireproximity query library, with the two typesof hierarchies
presented.It is availableat

http://www.cs.unc.edu/k geom/SWIFT/

We have shown thata hierarchicalrepresentationintegratedwith Voronoimarchingoffersa progressive
refinementframework for exact andapproximatedistancecomputation,which optimizesperformance
while meetingtheapplication’s needfor boundederrorcomputation.We have alsoshown thata simple
directionallookuptablecanbeusedveryeffectively.

This researchis the first steptoward the designof distancequeryalgorithmsusingmultiresolution
representations.Thereare many potentialdirectionsfor future research.Thereis a needto develop
a suitablemetric for measuringor quantifyingthe optimality of the hierarchies,coherencelevels, and
level relationships.On the theoreticalside,thereis the interestingproblemof proving a betterbound
on thecomputationof thedistancebetweentwo convex polyhedra.Theextensionof this framework to
non-convex objectsanddeformablemodelsremainsa verychallengingproblem.
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Figure 7. Performance of the Dobkin-Kirpatrick Hierarchy for Intersection Detection with
Various Parameter Settings
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Figure 9. Performance of the QSlim Hierarchy for Intersection Detection with Various Pa-
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Figure 10. Performance of the QSlim Hierarchy for Exact Distance Computation with Various
Parameter Settings
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Figure 11. Performance of Best Methods for Intersection Detection
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Figure 12. Performance of Best Methods for Exact Distance Computation
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