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Estimating Poverty Measures using Truncated
Distributions and its Applications

Nagwa Albehery,

Abstract- Poverty measures are used to measure poverty levelsor
degrees of poverty in a population. In this paper, we investigate
the estimation of poverty measures using truncated log-normal,
truncated gamma, and truncated epsilon-skew-normal
distributions. For comparisons and illustrations, our results are
applied to thereal data sets collected in Egypt between 1995/1996
and 2008/20009.

Index Terms: Poverty measures, Parametric estimation,
Income distributions, Truncated distributions.

[. INTRODUCTION

Poverty measure is defined by Duclos (2006) aduhetion
of a given distribution F(x) of random variable dMdome or
expenditure) and a poverty line z, denoted by B)YRyhere
x<z, and the poverty line z is a borderline betwpear and
non-poor people in a population. There are two comm
classes of poverty measures.

(a) Additively separable poverty measures. The sclaf
additively separable poverty measures are defigeal diven
poverty line z and an individual deprivation fulctih(x, z)
that is differentiable in both x and z fok %0, z) and z_] (0,
+00). This class of poverty measures is decomposaintess
population subgroups. The indices of this classehthe
property of being expressible as a weighted suradparable
function) and have the following form

(1)

+oc
P(E;z)= / Iig oy (z)h(z, 2)dF (x),

U

where the indicator functiond ) is defined by

fpzy(x) =14
L 0

The most popular index in this class is called &dsindex

(Foster, 1984), in which h(x, z) is given by

Thus the Foster's index is defined as

hix, z)= ( )ﬂ, a

Whena = 0, the Foster's index is called the Head-count
ratio, denoted by H. When= 1, it is called the

i
=

-

> 0.
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Poverty gap ratio, denoted by (, z). Wher = 2, it is
called the Severity of poverty, denoted by

P, (F, 2).

(b) Rank-based poverty measures. Rank-based Poverty
measures use the position or the rank of eachgman
indicator of the relative deprivation function qgj,

that is differentiable in both x and z fol X0, z)
and z[] (0, ), and has the following form

o0
P(F.z) = /

ITE“H_? y(x Vq(x, 2)dF (). (3)

As an example, Sen (1976) proposed the followitegive

deprivation function
o))

and the index, called Sen's index later, is
) dF(x). (4)
F(:i)

+._‘<_. -
g=2 / J]r[rl..:;(_f} (‘ 3 ) (1 -

In addition, the Modified Sen's index (Shorrockd93) is
defined by

In this paper, a brief review of income distributimodels

is given in Section 2. Truncated distributions gadameters
estimation are discussed in Section 3. Truncatgtiloitions

to estimate poverty measures are investigatedétid®e4. In
Section 5, our main results are applied to thesealey data

on household expenditures collected in Egypt (fEeggptian
Central Agency of Statistics) between 1995/1996 and
2008/2009, as an illustration.

—3 (lno—p }2
A e (_Tx
0
[I. A BRIEF REVIEW OF INCOME DISTRIBUTION MODELS
As mentioned before, an estimation of income distions is
required to estimate poverty measures. Two appesaale
used to estimate the income distribution.
(a) The first approach. This approach is a non+patdac
approach which is easily understood and allows tbata
explain itself using histograms. The empirical iilgttion
function is defined by

Fx)
F(z)

Z —.

— 9

]

z)

qlx,

=

H

Sy =2

) (1—F(x})dF(x). (3)

a5le) f0<ac<T
xlz)=

elsewhere,

. 1 s ~
Ffi!{f:':: E L1063 (X:)-

t—1
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the most important non-parametric methods thasésluo

estimate the cumulative distribution function Fgkyandom
variable X (income or expenditure) and it is use@stimate
the poverty measures which is defined in (1) o3) (see

Kakwani (1993), Davidson (2000) and Berger (2008) f
the kernel method is a good tool in

details). Also,
non-parametric approach to estimate the distribufoX and

is defined by
1 T
= Sy
— w(——),
D e,
 —

Where h is the window width an@ is the kernel function

which is usually, but not always, symmetric, seentn(2001)
and Berger (2003).
(b)The second approach. This approach is a parametr

Fl=) =

approach which uses the parametric models of inco
inco

distributions. These models assume that the
distribution follows a known functional form withnknown
parameters. The pareto, log-normal,
distributions are the most popular examples oflik&ibution
of income, see Singh (1976), Salem (1974), Harr{4681),
and MacDonald (1984, 1995). In the literature exesdj
many distributions have been used to describeigitiélalition
of income. In 1897, the distribution of income e form of a
probability density function was proposed by VitfeePareto,
see Harrison (1981). Pareto's function is accuyrdtting

high levels of income, but it is not good in delirg the law
end of the distribution. The log-normal distributidits the
lower levels of income better than the upper leeéiscome,

see Singh (1976) and Harrison (1981). The log- nbrm}

density function takes the following form

_{lnz—p)°
0 elsewhere,

if x>0

Whereli IR and o > Oare the mean and the variance of

the normal distribution. Salem (1974) introduceg gamma
distribution to fit United States income data. Tdemma
density function may take this form

fxle)=

Whereo andp are two positive parameters and ¢ > 0 is
a constant. In the next section truncated distidbgtand
parameters estimation are discussed.

E(e-ge-tefee  ifa>e

0 elsewhere,

Ill.  TRUNCATED DISTRIBUTIONS AND PARAMETERS
ESTIMATION

The truncated distributions have many applicatidns
science. In this section truncated log-normal, cated
gamma, and truncated epsilon-skew-normal distiiingtiare
defined. Also, the parameters estimation of thésteiloutions
are discussed.

(i) Truncated log-normal distribution. The trunahte
log-normal distribution has a density function whimay be

written by
A eap (-I2gl)  if0<a<T
0

elsewhere,

gx(x) =

29

beta and gam

Where

T P r .
A= ] erp (_(ll]i—?_uj) dur.
0 : 20

(ii) Truncated gamma distribution. The truncatecthga
density function may take this form

g e e

fe<e<T

gx () =
gx (x) 0 elsewhere,

Where ¢ > 0 and

T
/ [.E' - C»]n—lt_—dl:.r—cldi_,.

My
né'@) Truncated epsilon-skew-normal distributiorhd

epsilon-skew-normal distribution proposed by Mudtaol

r(2_()00) has a probability density function written

fxlz) = e _”——*') if x<0
| fl?’_rplp _-JHUI;:,_) if x>0
v 214s

Where =0 ando=1. Then the truncated
epsilon-skew-normal probability distribution canveetten

by
J‘3 e . v
i) A leap (~ i) H0S<T
0 elsewhere,
Where
'J
A= e,
] oep ( '{1 T J ) !

(@) Est|mat|ng the parameters of truncated distribdions.

In the literature reviewed, least-squares procedane
maximum likelihood estimation are two common melho
that are used to estimate the parameters of atatistodels
and truncated distributions, see Chapman (1965nfa
(1974), Singh (1976), Slocomb (1977), Harrison (198
Bandourian (2000), Mudholkar (2000), and Aban (2006
this section, the parameters of truncated log-nbrtmencated
gamma, and truncated epsilon-skew-normal distiiingtiare
estimated.

(1) Method of least-squares procedure. Parametetheo
truncated distributions are estimated by minimizimg mean
squared error fit on a plot of the truncated disttion
function see Chapman (1965) and Aban (2006). L&ti$the
observations be grouped by classes

[i'i-z = h,,u.; - h,;_], g =]

Where
o =h=0a+h =T g+h =0 -hy,

Let n;;, is the number of observations falling in class i

betweena{ i hi} anda;, - I‘}i} and
. = E
z—1
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Define V. REAL DATA APPLICATIONS
@i+ . The most important data sources to measure thertygove
Pi = qx I[.J"}(f.!' = _(_;{ﬁ,}('zh.,- ]._ levels in Egypt are household surveys. Egyptiansbbald
Ja;—hy surveys are available for the years 1995/1996, /7989,

2004/2005 and 2008/2009. Each period is writtertwas
years because each survey starts in mid-year dif shperiod

and and ends in mid-year of the second one. The titi¢the
Ty surveys for 1995/1996, 1999/2000, 2004/2005 and
Ji — —- 2008/2009 was "The Research of Consumption and
n Expenditure in Egypt" and all households surveys ar
Now, we can use the form produced by the Egyptian Central Agency of Stafsti
Inp; —Inpjy, i=1,---,r—1 (ECAS). In this paper, we will use household expieme

instead of income because many reported incomes in
developing countries might be far less than reabines.
replacing(}, instead of[};, , i=1,... ,r-1.The least-squares a|so, in the developing countries, the income dsatimited
procedure is a common and a good method that i$ tese Since many people don't report secondary sourcesofne.
estimate the parameters of the truncated distdhativhen In our work, consumption expenditure data sets dram

the income or expenditure data are grouped invater areas and on rural areas are collected indepegdéfgb for

(2) Method of maximum likelihood estimation. Fofigeed ~—€ach consumption expenditure group the averagenditpee
data set and a given statistical model, the maxitiketihood )T, the average expenditure on fo()_ﬁf , the number of
provides estimates for the model's parametersntiaatmize

the likelihood functionL (X, &) defined by

to estimate the parameters of the truncated digtoibs with

households NH, and the number of individuals Nlgiven.
The relative poverty line defined by a percentafymean or

Eitp @Y — s median income or expenditure is used as the banderl
{_-’ ? _:I — I I Q{_-’ % ].- between the poor and non-poor people see Oti {1990
T Gustafsson (1996), Sahn (2000) and Zheng (2001dhi$n

paper, The relative poverty line is estimated as

Where 8 is the parameter ang(X;,8) is the probability
(a) 1/3 of the median of annual household exper&jitq 3

densities function of the truncated distribution.
which serves as the minimum poverty line and

IV. TRUNCATED DISTRIBUTIONS TO ESTIMATE POVERTY (b) 2/3 of the median of annual household exper@litq a4

MEASURES . . . )
which serves as the maximum of poverty line. THatire

As mentioned before, a poverty measure is defiretha poverty line is updated automatically over time wike
function of a given distribution F(x) of random iale X  expenditure changes. The poverty line for ruraban; and
(income or expenditure) and a poverty line z. We Caytal Egypt survey data between 1995/1996 and 2008/
conclude that the poverty measures depend onthéel®@ls  gre estimated and listed in Table 1. The parametetae
of income or expenditure; the left part of the wisttion f(x),  truncated gamma, truncated log-normal, and trudcate
X < z. The truncated log-normal, truncated gamnmal a epsijlon-skew-normal distributions are estimatedgiie real
truncated epsilon-skew-normal distributions them d&e Jata sets collected in Egypt from 1995/1996 to 22089
inVeStigated to describe the diStribution Of tha)rpm a and using the method of |east-squares procedurﬂ:}(Ban
population and to estimate the poverty measures.sliim of  the sum of squared errors (SSE), the sum of aleselubrs
squared errors (SSE) (Bandourian (2000)), the sumo  (SAE), and chi-square goodness of fit measuresriieated
absolute errors (SAE) (Chang (2008)), and Chi-seluagamma distribution has the best performance ofitite and

goodness of fit (Harrison (1981)) are three messuthat are j|| pe used to describe the expenditure of therpsee
used to evaluate the performance of the estimatedtdted Figyre 1, 2, 3, 4 and Figure 5. The estimated peters of

distributions and defined by ) truncated gamma distribution, the sum of absoluters
5 : N :
SSE — Z (Ier —p?_(H}) . SAE— Z le—nitd)l, (SAE), the sum of squared errors .(SSE), and chawsqu
1 o = XL goodness of fit values are listed in Table 2. Alsloe
1= 1= . .
and estimated poverty measures using the truncated gamm
distribution are listed in Table 3 and Table 4.
.2 Figuresand Tables
- o TABLE 1
o] (I!?J p“ { "f }) ESTIMATED RELATIVE POVERTY LINES USING RURAT , [TREAN AND TOTAL
NT o= E ~ 3 SURVEY DATA BETWEEN 95/96 ann 03/09.
i—1 pi(f) 1005/1006 1990/2000
' Relative Poverty Line | Relative Poverty Line
. . . Area z_ Z F Z4
VYhere r is the number of income or expendituressigs and ol | 16013 3030 31605 050
. 3 Tekad 9 . 1 ] y
@ is the estimated parameters vector of the trudcate L U™ar "”m'"’ﬂw’:{::"‘ 2390 El_'[]w{‘:‘{‘:j“‘*
distribution. The selected truncated distributiofl se used el A Mo ot ot S
_ . - elative Poverty Line Relative Poverty Line
to estimate the Foster poverty indices, Sen inded Area z_ zZy T_ z:
modified Sen index given in (2), (4), and (5), Edpvely. Rural | 2664.6 53292 4371.3 8742.6
Urban | 3577.7 7155.4 5325.0 L0650, 1
Total | 2007.8 5005.6 4661.8 0323.6
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TABLE 11
APPROXIMATED PARAMETERS OF TRUNCATED GAMMA, THE SUM
ABSOLUTE ERRORS, THE SUM SQUARE ERRORS, AND CHI-SQUARE VALUES
USING RURAL, URBAN, AND TOTAL SURVEY DATA BETWEEN 95/96 AND
08/09.

1905/1996
area [} i ASE SSE 2
Rural | 0.00020 | 2.763 | 0.3648 | 0.0312 | 0.1031
Urban | 0.00030 | 3458 | 0.2540 | 0.0249 | 0.0711
199972000

area F:] & ASE SSE x2
Rural | 0.00042 | 3.821 | 0.1360 | 0.0047 | 0.0289
Urban | 0.00060 | 5.029 | 0.1586 | 0.0040 | 0.0303
200472005

area F:] @& ASE SSE x2
Rural | 0.000I0 | 2,995 | 0.0762 | 0.0012 | 0.0066
Urban | 0.00090 | 7.534 | 0.2395 | 0.0093 | 0.0751
Total | 0.00013 | 3.118 | 0.0800 | 0.0014 | 0.0088
200872009

ared 3 e ASE SSE Y2
Rural | 0.00005 | 2.620 | 0.5148 | 0.0590 | 0.2373
Urban | 0.00002 | 2.846 | 0.2259 | 0.1075 | 0.0619
Total | 0.00004 | 2.829 | 0.1802 | 0.0107 | (.0454

TABLE 1
ESTIMATED POVERTY MEASURES USING TRUNCATED GAMMA, RELATIVE
POVERTY LINES, RURAL AND URBAN SURVEY DATA BETWEEN 93/96 AND

08/09.
199571996 199972000
Rural Urban Rural Urban
Measures z— Z4 z— 5 = z4 z— Zy
o 435% | 23.47% | 2.99% | 20.74% | 3.17% | 21.94% | 3.16% | 25.91%
=) L20% | 6.82% | 0.72% | 5.50% | 0.74% | S5.88% 0.64% | 6.69%
P 0.53% 3.07% | 028% | 2.29% 0.28% | 2.43% 0.22% 3.93%
s L8149 | 10.07% | l16% | 8.48% | L20% 9.05% L11% | 10.64%
S 2.36% 12.19% | 1.43% | 10.03% | 1.46% | 10.62% | 1.27% 12.11%
200472005 2008/2009
Rural Urban Rural Urban
Measures z— z+ zZ— Zt Z Zy z— Z4
H 250% | 16.35% | 1.92% | 26.24% | 4.58% | 24.07% | 2.59% | 17.21%
2 0.64% | 439% | 030% | 6.02% 1.28% | T7.06% 0.68% | 4.57%
By 0.27% 1.87% | 0.08% 210% | 0.58% | 321% 0.28% 1.94%
S 0.99% 671% | 057% | 1040% | 1.91% | 1037% | 1.05% 7.01%
S 1.27% 8.03% | 0.60% | 11.25% | 251% | 1261% | 1.34% 8.4 %

TABLE IV

ESTIMATED POVERTY MEASURES USING TRUNCATED GAMMA, RELATIVE

POVERTY LINES, AND TOTAL SURVEY DATA IN 04/05 anp 08/00.

2004/2005 2008/2009
Total Total
Measures z_ z4 = B4
H 2.67% | 17.39% | 2.08% | 18.47%
P 0.68% | 469% | 0.79% | 5.05%
P 0.28% 1.99% 0.34% | 2.19%
bt 1.06% 7.16% 1.20% | 7.49%
B 1.34% 8.55% 1.56% | 9.15%
z Relative frequencies ¥1075 Truncated gamma *10/5
500 0.23 0.29

1500 335 411

2500 7.84 11.18

3500 13.64 18.6

4500 21.97 24 34

5500 26.55 27.61

6500 26.43 28.49

30 ‘
25 ,‘
20 -
15 ‘ = Relative
—‘ frequencies*1045
10 +
‘ — Truncated gamma
54 #1005
o 1 T T
] 2000 4000 6000 8000
z/Median
Fig. I. Truncated gamma distribution - Rural 99/00.

This figure displays the truncated gamma distrdyutfor
rural data collected in 1999/2000. It shows thatttiaincated
gamma distribution has the best performance of da
comparing with the relative frequency distribution.

z Relative frequencies* 105 Truncated gamma *10/5

1000 0.455 0.962

2500 4.337 5.15

3500 8.603 9.12

4500 14.432 13.62

5500 20.455 18.39

6500 24.467 23.22

7500 25.889 27.95

30 +

25

20 -

15 - === Relative
frequencies*10A5

10 -
Truncated gamma
*100

5 | 1005

0 T T T 1

0 2000 4000 6000 8000
z/Median

Fig. 2. Truncated gamma distribution - Rural 04/03.
This figure displays the truncated gamma distrdyutfor

rural data collected in 2004/2005. It shows thatttiaincated
gamma distribution has the best performance of da
comparing with the relative frequency distribution.

Z Relative frequencies*10A5 Truncated gamma *1045
500 0.025 0.022
1500 1.35 1.03
2500 3.57 4.43
3500 6.44 9.42
4500 10.84 14.24
5500 14.72 17.54
6500 16.28 18.87
7500 16.75 18.43
9000 7.51 15.62
20
18
16
14
12 4
10 === Relative
8 frequencies*10A5
6 Truncated gamma
4 #1075
2 4
o] T T T T

0 2000 4000 6000 8000 10000

z/Median

Fig. 3. Truncated gamma distribution - Urban 99/00.

This figure displays the truncated gamma distrdyutfor

urban data collected in 1999/2000. It shows thatiincated
gamma distribution has the best performance of dae
comparing with the relative frequency distribution.

z Relative trequencies®*1015 Truncated gamma *10A5
1000 0.155 0.012
7500 1.72 1.19
3500 3.85 4.38
4500 6 9.19
5500 2.67 13.87
6LO0 124 16./9
7500 11.17 17.39
8500 15.94 16.02
2500 15.23 13.47
10750 9.05 9.81
20
|
16 |
14 |
12
10 | ——— Relative
a l frequencies* 1045
5 | Truncated gamma
a *1045
2
ol = + - .

o 2000 4000 6000 8000 10000 12000

z/Median

Fig 4. Truncated saouna distribution - Urban 04705

S
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This figure displays the truncated gamma distrdyutfor
urban data collected in 2004/2005. It shows thatrincated
gamma distribution has the best performance of da&
comparing with the relative frequency distribution.

z Relative frequencies*10A5 Truncated gamma *10/5
1000 0.32 0.69
2500 3.2 3.92
3500 6.58 7.03
4500 10.79 10.51
5500 15.92 14.11
6500 19.51 17.65
7500 21.22 20.98
8500 21.47 24.01

30 ~
25
20
15 === Relative

frequencies* 1075

10
s Truncated gamma

*1005

0 2000 4000 6000 8000 10000

z/Median

Fig. 5.
This figure displays the truncated gamma distridoufor total
data collected in 2004/2005. It shows that the dated
gamma distribution has the best performance of da&
comparing with the relative frequency distribution.

Truncated gamma distribution - Total (04/05

VI. CONCLUSION

The parameters of the truncated gamma,
log-normal, and truncated epsilon-skew-normal itistions
are estimated using the real data sets collectédjypt from
1995/1996 to 2008/2009 and using the method
least-squares procedure. Based on the sum of shea@s
(SSE), the sum of absolute errors (SAE), and chasg
goodness of fit measures, the truncated gammabdigtm
has the best performance of the data and will kesl ue
describe the expenditure of the poor. Also, thémeted
poverty measures using the truncated gamma distiibu
are calculated.
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