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   Abstract- Poverty measures are used to measure poverty levels or 
degrees of poverty in a population. In this paper, we investigate 
the estimation of poverty measures using truncated log-normal, 
truncated gamma, and truncated epsilon-skew-normal 
distributions. For comparisons and illustrations, our results are 
applied to the real data sets collected in Egypt between 1995/1996 
and 2008/2009. 
    Index Terms: Poverty measures, Parametric estimation, 
Income distributions, Truncated distributions.  

I.  INTRODUCTION 

Poverty measure is defined by Duclos (2006) as the function 
of a given distribution F(x) of random variable X (income or 
expenditure) and a poverty line z, denoted by P(F, z) where 
x<z, and the poverty line z is a borderline between poor and 
non-poor people in a population. There are two common 
classes of poverty measures.  
(a) Additively separable poverty measures. The class of 
additively separable poverty measures are defined by a given 
poverty line z and an individual deprivation function h(x, z) 
that is differentiable in both x and z for x∈ [0, z) and z ∈  (0, 
+ ∞ ). This class of poverty measures is decomposable across 
population subgroups. The indices of this class have the 
property of being expressible as a weighted sum (as separable 
function) and have the following form 
 

 
where the indicator function I[ ]( )xz,0  is defined by 

 

 
 
The most popular index in this class is called Foster's index 
(Foster, 1984), in which h(x, z) is given by 
Thus the Foster's index is defined as 

 

 
When α = 0, the Foster's index is called the Head-count  
ratio, denoted by H. When α = 1, it is called the     
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Poverty gap ratio, denoted by P1 (F, z). When α = 2, it is  

called the Severity of poverty, denoted by  

P2 (F, z).  

(b) Rank-based poverty measures. Rank-based Poverty  
measures use the position or the rank of each poor as an  
indicator of the relative deprivation function q(x, z)  
that is differentiable in both x and z for x ∈ [0, z)  
and z ∈  (0, ∞), and has the following form 

 
As an example, Sen (1976) proposed the following relative  
deprivation function 
 

 
and the index, called Sen's index later, is 
 

 
In addition, the Modified Sen's index (Shorrocks, 1995) is  
defined by 

 
In this paper, a brief review of income distribution models  
is given in Section 2. Truncated distributions and parameters 
estimation are discussed in Section 3. Truncated distributions 
to estimate poverty measures are investigated in Section 4. In 
Section 5, our main results are applied to the real survey data 
on household expenditures collected in Egypt (from Egyptian 
Central Agency of Statistics) between 1995/1996 and 
2008/2009,  as an  illustration.  

 

II.  A BRIEF REVIEW OF INCOME DISTRIBUTION MODELS  

As mentioned before, an estimation of income distributions is 
required to estimate poverty measures. Two approaches are 
used to estimate the income distribution. 
(a) The first approach. This approach is a non-parametric 
approach which is easily understood and allows data to 
explain itself using histograms. The empirical distribution 
function is defined by 
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the most important non-parametric methods that is used to 
estimate the cumulative distribution function F(x) of random 
variable X (income or expenditure) and it is used to estimate 
the poverty measures which is defined in (1) or in (3), (see 
Kakwani (1993), Davidson (2000) and Berger (2003) for 
details). Also, the kernel method is a good tool in 
non-parametric approach to estimate the distribution of X and 
is defined by 

 
Where h is the window width and ψ  is the kernel function 

which is usually, but not always, symmetric, see Zheng (2001) 
and Berger (2003). 
(b)The second approach. This approach is a parametric 
approach which uses the parametric models of income 
distributions. These models assume that the income 
distribution follows a known functional form with unknown 
parameters. The pareto, log-normal, beta and gamma 
distributions are the most popular examples of the distribution 
of income, see Singh (1976), Salem (1974), Harrison (1981), 
and MacDonald (1984, 1995). In the literature examined, 
many distributions have been used to describe the distribution 
of income. In 1897, the distribution of income in the form of a 
probability density function was proposed by Vilfredo Pareto, 
see Harrison (1981). Pareto's function is accurately fitting 
high levels of income, but it is not good in describing the law 
end of the distribution. The log-normal distribution fits the 
lower levels of income better than the upper levels of income, 
see Singh (1976) and Harrison (1981). The log-normal 
density function takes the following form 

 
Where ∈µ Ɽ and  σ > 0are the mean and the variance of 

the normal distribution. Salem (1974) introduced the gamma 
distribution to fit United States income data. The gamma 
density function may take this form 

 
Where α and β are two positive parameters and c > 0 is 
a constant. In the next section truncated distributions and 
parameters estimation are discussed. 

III.  TRUNCATED DISTRIBUTIONS AND PARAMETERS 

ESTIMATION  

The truncated distributions have many applications in 
science. In this section truncated log-normal, truncated 
gamma, and truncated epsilon-skew-normal distributions are 
defined. Also, the parameters estimation of these distributions 
are discussed.  
(i) Truncated log-normal distribution. The truncated 
log-normal distribution has a density function which may be 
written by 

 

Where 

 
 
(ii) Truncated gamma distribution. The truncated gamma 
density function may take this form 

 
Where c > 0 and 

 
(iii) Truncated epsilon-skew-normal distribution. The 
epsilon-skew-normal distribution proposed by Mudholkar 
(2000) has a probability density function  written by 

 
Where θ =0 and σ=1. Then the truncated 
epsilon-skew-normal probability distribution can be written 
by 

 
Where 

 
(a) Estimating the parameters of truncated distributions. 
In the literature reviewed, least-squares procedure and 
maximum  likelihood estimation are two common methods 
that are used to estimate the parameters of statistical models 
and truncated distributions, see Chapman (1965), Salem 
(1974), Singh (1976), Slocomb (1977), Harrison (1981), 
Bandourian (2000), Mudholkar (2000), and Aban (2006). In 
this section, the parameters of truncated log-normal, truncated 
gamma, and truncated epsilon-skew-normal distributions are 
estimated.  
(1) Method of least-squares procedure. Parameters of the 
truncated distributions are estimated by minimizing the mean 
squared error fit on a plot of the truncated distribution 
function see Chapman (1965) and Aban (2006). Let $n$ is the 
observations be grouped by classes  

 
Where 

 
Let n }{ i  is the number of observations falling in class i 

between }{}{ ii ha −  and }{}{ ii ha −  and 
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Define 

 
 
and 

 
Now, we can use the form  

 
to estimate the parameters of the truncated distributions with 

replacing }{ iq  instead of }{ ip , i=1,… ,r-1.The least-squares 

procedure is a common and a good method that is used to 
estimate the parameters of the truncated distributions when 
the income or expenditure data are grouped in intervals. 
(2) Method of maximum likelihood estimation. For a fixed 
data set and a given statistical model, the maximum likelihood 
provides estimates for the model's parameters that maximize 
the likelihood function ),( θxL defined by 

 
Where θ  is the parameter and ),( θixg  is the probability 

densities function of the truncated distribution. 

IV.  TRUNCATED DISTRIBUTIONS TO ESTIMATE POVERTY 

MEASURES 

As mentioned before, a poverty measure is defined as the 
function of a given distribution F(x) of random variable X 
(income or expenditure) and a poverty line z. We can 
conclude that the poverty measures depend on the low levels 
of income or expenditure; the left part of the distribution f(x), 
x < z. The truncated log-normal, truncated gamma, and 
truncated epsilon-skew-normal distributions then can be 
investigated to describe the distribution of the poor in a 
population and to estimate the poverty measures. The sum of 
squared errors (SSE) (Bandourian (2000)), the sum of 
absolute errors (SAE) (Chang (2008)), and Chi-square 
goodness of fit  (Harrison (1981)) are three measures; that are 
used to evaluate the performance of the estimated truncated 
distributions and defined by 

 
and 
 

 
Where r is the number of income or expenditure's groups and 

θ̂  is the estimated parameters vector of the truncated 
distribution. The selected truncated distribution will be used 
to estimate the Foster poverty indices, Sen index, and 
modified Sen index given in (2), (4), and (5), respectively. 

V. REAL DATA APPLICATIONS  

The most important data sources to measure the poverty 
levels in Egypt are household surveys. Egyptian household 
surveys are available for the years 1995/1996, 1999/2000, 
2004/2005 and 2008/2009. Each period is written as two 
years because each survey starts in mid-year of the first period 
and ends in mid-year of the second one. The title of the 
surveys for 1995/1996, 1999/2000, 2004/2005 and 
2008/2009 was "The Research of Consumption and 
Expenditure in Egypt" and all households surveys are 
produced by the Egyptian Central Agency of Statistics 
(ECAS). In this paper, we will use household expenditure 
instead of income because many reported incomes in 
developing countries might be far less than real incomes. 
Also, in the developing countries, the income data is limited 
since many people don't report secondary sources of income. 
In our work, consumption expenditure data sets on urban 
areas and on rural areas are collected independently. Also for 
each consumption expenditure group the average expenditure 

X , the average expenditure on food fX , the number of 

households NH, and the number of individuals NI are given. 
The relative poverty line defined by a percentage of mean or 
median income or expenditure is used as the borderline 
between the poor and non-poor people  see Oti (1990), 
Gustafsson (1996), Sahn (2000) and Zheng (2001). In this 
paper, The relative poverty line is estimated as 

(a) 1/3 of the median of annual household expenditure, }{ −z , 

which serves as the minimum poverty line and  

(b) 2/3 of the median of annual household expenditure, }{ +z , 

which serves as the maximum of poverty line. The relative 
poverty line is updated automatically over time when the 
expenditure changes. The poverty line for rural, urban, and 
total Egypt survey data between 1995/1996 and 2008/2009 
are estimated and listed in Table 1. The parameters of the 
truncated gamma, truncated log-normal, and truncated 
epsilon-skew-normal distributions are estimated using the real 
data sets collected in Egypt from 1995/1996 to 2008/2009 
and using the method of least-squares procedure. Based on 
the sum of squared errors (SSE), the sum of absolute errors 
(SAE), and chi-square goodness of fit measures, the truncated 
gamma distribution has the best performance of the data and 
will be used to describe the expenditure of the poor, see 
Figure 1, 2, 3, 4 and Figure 5. The estimated parameters of 
truncated gamma distribution, the sum of absolute errors 
(SAE), the sum of squared errors (SSE), and chi-square 
goodness of fit values are listed in Table 2. Also, the 
estimated poverty measures using the truncated gamma 
distribution are listed in Table 3 and Table 4. 
Figures and Tables 
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This figure displays the truncated gamma distribution for 
rural data collected in 1999/2000. It shows that the truncated 
gamma distribution has the best performance of the data 
comparing with the relative frequency distribution. 

 
This figure displays the truncated gamma distribution for 
rural data collected in 2004/2005. It shows that the truncated 
gamma distribution has the best performance of the data 
comparing with the relative frequency distribution. 

 
This figure displays the truncated gamma distribution for 
urban data collected in 1999/2000. It shows that the truncated 
gamma distribution has the best performance of the data 
comparing with the relative frequency distribution. 
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This figure displays the truncated gamma distribution for 
urban data collected in 2004/2005. It shows that the truncated 
gamma distribution has the best performance of the data 
comparing with the relative frequency distribution. 

 
This figure displays the truncated gamma distribution for total 
data collected in 2004/2005. It shows that the truncated 
gamma distribution has the best performance of the data 
comparing with the relative frequency distribution. 

VI.  CONCLUSION  

The parameters of the truncated gamma, truncated 
log-normal, and truncated epsilon-skew-normal distributions 
are estimated using the real data sets collected in Egypt from 
1995/1996 to 2008/2009 and using the method of 
least-squares procedure. Based on the sum of squared errors 
(SSE), the sum of absolute errors (SAE), and chi-square 
goodness of fit measures, the truncated gamma distribution 
has the best performance of the data and will be used to 
describe the expenditure of the poor. Also, the estimated 
poverty measures using the truncated gamma distribution 
are calculated. 
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