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About this document:

This document is based on a course held by the author. Asthisisthe first version there will be upcoming
corrections, clarifications and enhancements of this document.

Prerequisites:

Graduate student or advanced undergraduate status, physical chemistry, organic chemistry, and an
understanding of basic mathematics, or by arrangement with the instructor.

Course Description:

This course is an introduction to modern NMR experiments and their application to biologica problems.
Thefirst half of the class will focus on an understanding of multidimensiona (2D, 3D, 4D) and
multinuclear (1H, 15N, 13C, ...) NMR experiments. In this half, the students should gain a working
knowledge of the basics of NMR spectroscopy. We will make some use of computer software for "hands
on" work. The second half will cover applications to proteins and nucleic acids. Much of thiswill be
literature-based and can be adjusted to meet the interests of the class.



Class Notes for BCH 6747

Structural Biology: Theory and Applications of NMR Spectroscopy

Week 1: Introduction to the basics: Bloch equations

References: Most NM R books. These notes were constructed from combinations of:

"Protein NMR spectroscopy: Principles and Practice" Cavanagh, Fairbrother, Palmer, and Skelton,
Academic Press, (1996).

"Biomolecular NMR Spectroscopy” Evans, Oxford University Press, (1995).

"Principles of Nuclear Magnetic Resonance in One and Two Dimensions' Ernst, Bodenhausen, and
Wokaun, Oxford (1987).

Nuclear spin and angular momentum

Some atomic nuclei have an intrinsic property caled "spin”. Thiswas first demonstrated in 1922 by the
Stern-Gerlach experiment, in which abeam of silver atoms were passed through a magnet field and split
into two beams. These two beams represent the two states, a and b, of the silver (spin /2) nuclel.

The nuclear spin has an intrinsic angular momentum, a vector that is represented by the symbol | (vectors
will bein bold). Vectors have 3 orientations (X, y, and z) and alength. However, the Heisenberg
Uncertainty Principle tells that we can only know one orientation and the length simultaneously. By
convention in NMR, we say that we know the z-orientation of the angular momentum of anucleusin a
magnetic field. The square of the magnitude of | is given by

| =#*[2(+ 1] (1-1)

where | is the spin quantum number (e.g. 1/2) and 3 is Planck’s constant divided by 2p. The
z-component of | isgiven by

L =tm (1-2)

where mis the quantum number with valuesm = (-1, -1+1, ..., I-1, I). In the case of spin /2 nuclel, | =
1/2 and m can be -1/2 and 1/2.



A diagram illustrating these principlesis:

In this diagram, the coordinate system has been placed in the center of two cones. The angular
momentum vector | is shown on the edge of the upper cone. The projection of | onto the z-axisis|, but

| is completely undetermined in the x,y plane.

Nucle that have spin angular momentum aso have a magnetic moment given by

p="1 (13



where gis the gyromagnetic ratio (sometimes called the magnetogyric ratio). gis aphysical property of
each nucleus. For a given abundance, nuclel with higher values of g produce higher sensitivity NMR
spectra.

Click here for values of gand natural abundance for some important spin 1/2 biological nuclei.

The z-component of the magnetic moment is thus given by

g =i, = vhm (1-4)

Nuclear energiesin a magnetic field
The energy of the magnetic moment of a nuclear spin in a magnetic field is given by
E=-u B (15

where B isthe magnetic field (in genera B is avector quantity). To conduct an NMR experiment, a
sample isfirst placed into a static magnetic field. By convention, the direction of the static magnetic field
is along the z-axis, and the magnitude of the magnetic field is given by B (no longer a vector since it

points only along the z-axis). In this case, the energy of a nuclear spinin an NMR magnet becomes
E= _PLXE'EI = _'I'rier'El (1'6)
and the energy associated with a particular quantum number mis

E, = -mhyBy (1-7)

NMR transition energies are very small. These small energies trandate into low sengitivity. In the absence
of amagnetic field, thea and b states are equally populated, leading to no net magnetization (that is why
we need large static magnets to do NMR). When samples are placed into a magnetic field, a small excess
of nucle fal into the a state. This excess of spinsin the a over the b states accounts for the entire net
magnetization which is used in the NMR experiment. The ratio of the number of spinsin the a state to
those in the b state is given by a Boltzman distribution

F
Y, _
N, (1-8)

where DE is the difference of energies of the a and b states, kg is Boltzman's constant, and T is the



absolute temperature. Typical values of magnetic field strengths produce as little as 1 in 10,000 excess a

spins over b. Higher magnetic fields produce correspondingly larger differences in spin states, leading to
greater sengitivity.

Quantum mechanical selection rules dictate that NMR signals can only arise when m changes + 1. From
Planck’slaw (E = h n) the frequency (n,) of an NMR transition in a magnet field B is

y =2 B
T k2w (19

The units of n, are radians/second. More commonly, NMR frequencies are expressed in Hertz (Hz) from
Ny = Wy/2p, yielding the well-known expression

®y =By (1-10)

Behavior of bulk magnetization in a magnetic field

We will now consider "bulk" magnetization M that arises from all of the magnetic momentsin a sample.
M experiences atorque when placed in a magnetic field according to

A ) < B
dt . (1-11)

where J(t) isthe bulk spin angular momentum. Note that all three vector quantities in Equation 11 are
time dependent. The time-dependence of the magnetic field comes about when we apply radio frequency
(rf) pulses along the x- or y-axis (described below). Equation 11 is essentially identical to an equation that
describes the motion of a gyroscope (see, for example, Goldstein "Classical Mechanics' Addison-Wesley,
1980):

where L (t) is the gyroscope's angular momentum, r the radius from the fixed point of rotation, m the
mass, and g gravity. Thus, anuclear spin in amagnetic field will behave much like a gyroscope in a
gravitational field. To make Equation 11 more useful, we use the relationship given in Equation 4 and
multiply each side by gto yield

‘ﬂ‘f‘ﬂ — M) </B(2)
2 (1-13)

Equation 13 isthe basis of the Bloch equations.



Bloch equations

In 1946 Felix Bloch formulated a set of equations that describe the behavior of anuclear spinin a
magnetic field under the influence of rf pulses. He modified Equation 13 to account for the observation
that nuclear spins "relax” to equilibrium values following the application of rf pulses. Bloch assumed they
relax along the z-axis and in the x-y plane at different rates but following first-order kinetics. These rates
are designated 1/T, and 1/T,, for the z-axis and x-y plane, respectively. T, is called spin-latice relaxation

and T, is called spin-spin relaxation. Both of these will be described in more detail Iater in the class. With
the addition of relaxation, Equation 13 becomes

dM¢)
e

= M) % 4Bi2) - R(Mi£) - M) . (1-14)

where R isthe "relaxation matrix". Equation 14 is best understood by considering each of its
components:

@@ _ M, (6B, (£) - M, () B,(£)]- KM%
edf T,
de{ﬁ) _ _ _ M{ﬁ}x
—I= v M, (B, () M (£)B,(6)] T
an, () _ ~ _ Mg,
g LR O- MO0 . (1-15)

The termsin Equation 15 that do not involve either T, or T, are the result of the cross product in
Equation 14. Equation 15 describes the motion of magnetization in the "laboratory frame", an ordinary
coordinate system that is stationary. Mathematically (and conceptually) the laboratory frame is not the
simplest coordinate system, because the magnetization is moving at a frequency w, = g B, in the x-y
(transverse) plane. A ssimpler coordinate system is the "rotating frame”, in which the x-y plane rotates
around the z-axis at afrequency W= - g B,. In the rotating frame, magnetization "on resonance" does not
precess in the transverse plane. The transformation of Equation 15 to the rotating frame is achieved by
replacing each B, (defined as B) by Wg:

DO 080 - My B o)- L2
dt T,
DO ey -, 080 - 2
dt ]
dM, () _ . _ M, ()
- . TMK(‘ﬁ)'B?{ (‘ﬁj QMX ("—") Tj (1_ 16)

In Equation 15, the components of B have been written with r superscripts to denote that it is a rotating
frame. From this point onward, the rotating frame will be assumed without the superscript.



Physical interpretation of Bloch Equations: Single pulse experiment

We will now examine the behavior of Equation 16 under two different limiting conditions, the effect of a
short rf pulse and free precession. The rf pulse will be assumed to be very short compared to either
relaxation times T, and T, as well as the angular frequency W. This assumption is valid for many typical

pulsed NMR experiments in which the pulse lengths can be as short as 5 ns. We will apply the rf pulse
aong the x-axis. These conditions alow us to neglect terms in Equation 16 that contain T,, T,, W, and

B,
M (&) _ ,
~ —M, ()95, (2)
M0 _
dt
20 M (£)¥B ()

. (1-17)



Homework 1

1. Calculate N /N, for the following 4 cases:

1H at 500 MHz (11.7 T)
IH at 750 MHz (17.6 T)
13C at 500 MHz

13¢C at 750 MHz

A 500 MHz spectrometer costs ~ $700,000.

A 750 MHz spectrometer costs ~ $2,000,000. Why spend the extra money?

2. Copy and begin to read Edison et a., Methods in Enzymology, V. 239, 3-79 (1994).



Week 2: Introduction to Product operators: Pulses and Chemical shift

References: These notes wer e constructed from:

Edison, A. S,, Abildgaard, F., Westler, W. M., Mooberry, E. S., and Markley, J. L., " Practical
introduction to the theory and implementation of multinuclear, multidimensional NMR
experiments’, Methods Enzymol., N. J. Oppenheimer and T. L. James, eds., Val. 239, pp. 1-79
(1994).

Other referencesinclude:

O. W. Sgrensen, G. Eich, M. H. Levitt, G. Bodenhausen, and R. R. Ernst, Prog. NMR Spectrosc.
16, 163 (1983).

"Protein NMR spectroscopy: Principles and Practice” Cavanagh, Fairbrother, Palmer, and
Skelton, Academic Press, (1996).

" Biomolecular NMR Spectroscopy" Evans, Oxford University Press, (1995).

"Principles of Nuclear M agnetic Resonance in One and Two Dimensions' Ernst, Bodenhausen,
and Wokaun, Oxford (1987).

" Density matrix theory and itsapplicationsin NMR spectroscopy” Farrar and Harriman,
Farragut Press, Madison, W1 (1991).

The Bloch equations provide a good physical interpretation to an NMR experiment when thereis
no spin-spin (scalar or J) coupling. However, the ssmple picture completely breaks down in the
absence of coupling. The solution to the problem isa full density matrix calculation based on the
guantum mechanics of the system. Fortunately, Ernst and coworkers devised an easier way to
describe NMR experiments, product operator calculations.



A simple case: one spin 1/2 nucleus

Aswe saw above in the Bloch equations, magnetization can be oriented along the x-, y-, or z-axes.
Call these orientations| , Iy, and I . As described above, we can apply rotations to these

components of magnetization. In fact, almost every thing we do with product operatorswill be
applying rotations to magnetization. The notations we will use with product operatorsis

g _operator j,

(2-1)

In general, we can do two thingsin an NMR experiment, pulse and wait. The operator for a pulse
applied to an | spin isgiven by

o~

ol
(2-2)

wheref isthe pulse angle and a is the phase of the pulse. Operators are distinguished from
the magnetization upon which they act by a"hat" (7). Aswe saw in the solutions to the
Bloch equations, a pulse applied along the x-axis will rotate the magnetization from the
z-axis to the y-axis (remember, pulses produce torque). The product operator calculation
for a pulse on equilibrium magnetization applied along the x-axisis

[ =X1, cos(;b)—lysm(;b)
(2-3)
As seen in the Bloch equations, when f = 0°, there is no pulse (the magnetization is still 1,)

and whenf =90°, theresultis -Iy. Thefirst "rule" to remember concerning product
operator calculationsis



For every operation, thefirst term staysthe same asit was but ismultiplied by a
cosine.

The directions of rotations can be determined using the "right hand rule" with a"right
handed" coordinate system:

A

X

To figure out the direction of rotation, use your right hand and point your thumb in the
positive direction of the axis around which therotation isto occur. The direction of
rotation is the same way that you close your fingers. The same rule allows us to remember
the proper orientation of the coordinate system as well; in this case, with you thumb
pointing in the positive direction of a given axis, the other order of the other two axesis
the proper order in the alphabet (x toy to z).

The second rule to remember is

For every operation, the second term isthe right handed rotation from the first term
and multiplied by a sine.

Thethird rule to remember is



A rotation has no effect on magnetization along its axis

With these rules in mind, some other examples of rf pulseson | spins are:

901
[T,

1801

I, I -1,
901

I Y1
~901

I, ly 1.

901
L L L

(2-)

The chemical shift behaves exactly like a pulse but with the rotation along the z-axis. The
chemical shift operator is given by

Q.
(2-5)

where VV| isthe chemical shift of nucleus|, tisthetime, and |, isthe axis around which the magnetization rotates. Following
the rules outlined above we get



1,12 T cos(@)+1, sin(@p)
Q1 .
I ¥ S AN | ¥ cos($2.1)—1,.s1n(€27)

(2-6)



Homework 2

1. Draw aright-handed coordinate system and, using vectors to represent magnetization, show the effects
of a) 90 degree x-pulse and b) 90 degree y-pulse on z-magnetization. Next, with transverse magnetization
(in the x-y plane) show the direction of a positive chemical shift (one that follows the right-hand rule).

2. Using both vectors and product operators, evaluate the following sequence on asingle spin I

1KEM,

ﬁflrww,.‘




Week 3: Introduction to Product operators. Scalar Coupling

References: These notes wer e constructed from:

Edison, A. S,, Abildgaard, F., Westler, W. M., Mooberry, E. S., and Markley, J. L., " Practical
introduction to the theory and implementation of multinuclear, multidimensional NMR
experiments’, Methods Enzymol., N. J. Oppenheimer and T. L. James, eds., Val. 239, pp. 1-79
(1994).

Other referencesinclude:

O. W. Sgrensen, G. Eich, M. H. Levitt, G. Bodenhausen, and R. R. Ernst, Prog. NMR Spectrosc.
16, 163 (1983).

"Protein NMR spectroscopy: Principles and Practice” Cavanagh, Fairbrother, Palmer, and
Skelton, Academic Press, (1996).

"Principles of Nuclear M agnetic Resonance in One and Two Dimensions' Ernst, Bodenhausen,
and Wokaun, Oxford (1987).

" Density matrix theory and itsapplicationsin NMR spectroscopy” Farrar and Harriman,
Farragut Press, Madison, W1 (1991).

Until now, we have worked with a single nuclear spin, I. We have also seen that the vector model
represented by the Bloch equationsis equivalent to the product operator description with a single
spin. The power of NMR liesin its ability to correlate spins through different mechanisms (more
on thislater). With 2 or more coupled spins, the Bloch equations and the vector picturefalls apart,
in part from the number of combinations (dimension of the space for rotations) isvery large. We
introduce a second spin, S. Although | and Soriginally referred to " insensitive" and " sensitive"
nuclel, they commonly are used to denote protons (1) and others (S). Two spins can exist in the
following states:



12 Sz Longitudinal
Sy’ Sy Transverse
Iy Sy =X
21757 J-ordered
, 2l Antiphase
5. 25z 22X 2y
217 <Y
2 Multiple Quantum
5. 2ySx 2XY v
21X 7Y

These 15 combinations of | and S, with one additional identity matrix, make up the
16-dimensional space of a pair of coupled spins. Fortunately, the rules of pulses and
chemical shifts can often be applied to each of these 15 combinations in exactly the same
way as they were applied to single spins. For example,

901
IZSZ__nJﬁLy—{ySZ

1801
IZSX = _IZSX

11, .
Ixsz ——l—>IxSZ COS QIH IySZstII

Coupling

In addition to chemical shift and rf pulses, there is another important operator. Scalar coupling (or
J-coupling) is a purely quantum mechanical phenomenon. As such, it defies most attempts at "rational
understanding"”. All of the equations that are shown (without proof) below "fall out" of a complete
guantum mechanical treatment. For the purposes of a practical understanding of NMR experiments, we
present the coupling operator as a ssimple set of rules:



A2 1 cos(a 1) +2L,S, sin( 4 )

Ais2l57 1 cos( A 21,8, sin( A 1)

A 218, :
21,5, ——18 21,5, cos( A -1, sm( A 1)

¥
AL o1 S, cos( ) +1, sin( 4, 1)

I

X

I,

3

e

In the above equations, J, 5 is the coupling constant (usually in Hz) between nuclei | and S.

The factors of 2 multiplying the antiphase terms are normalization (and can be ignored for
most practical applications). Note that the coupling operator does not act on longitudinal or
J-ordered magnetization. Also note that the coupling operator is arotation (in 16
dimensions!) and behaves exactly like al the other rotations we have discussed in that the
cosine term is unchanged from the starting point. One of these rotations can be represented

as.

Tx

218
A

> TS



Homework 3

Using product operators and two coupled (e.g. J, 0) spins| and S, evaluate the following sequences:

1)
901 1801

2)



901,

1801

T



Week 4: Introduction to two-dimensional NMR

References: These notes wer e constructed from scratch with help from:

"Principles of Nuclear M agnetic Resonance in One and Two Dimensions' Ernst, Bodenhausen,
and Wokaun, Oxford (1987).

Two-dimensional NMR is not an intuitive subject, BUT it isalso not difficult to understand. We
will start with the simplest example, a single spin | and a single 90 degr ee pulse, and build from
that. We have learned that a 90 degree pulse along the x-axis will rotate z-magnetization to the
minus y-axis:

D,

In product operator notation, the above pictureisrepresented as

901 Q1 .
by, S ['Z _
Iz BL Iy chosQIr+IxstIr

What would happen if we put an extra 180 degree x-pulse (or 2 sequential 90 degr ee x-pulses))
after the 90 degree x-pulse? Thiswould give the same answer but with a different sign:



BOT, 9019t

L 90I, 90L_ 90I_
I Qlﬁz I Q r—1.s1nQ
¥ yGOS II— K SN II

When we include the effects of relaxation (not included in the product operator calculations), a
single pulse produces the well-known NMR signal

chosQIrexp—(r/TD

Which, with Iy =1, , =10Hz, and T,=10s, lookslike

5}

Time Domain = Fourier Transform® Frequency Domain

Now, we will adelay, caled "t1" between the first 90 degree pulse and the next two 90



degree pulses:

901, 901,901,

The product operator description for this sequenceis:

9OIX QII'IIZ

[, —X-

-chosQIII +IxsinQI[1

901, 901,
chosQIfl +IxsinQII1

QIIZIZ

(I,cosL2 L +1 sinl2 £ )oosL2 L -
(-1, GOSQ L+ sin{2 Z)st L+

This describes a signal whose frequency is modulated during two times, t1 and t2. All
components lead to an NMR signal, but the detection schemes (postponed for alater
lecture) detect the cosine (called "real") and sine (called "imaginary") terms separately.
Thereal part of the NMR signal from our smple 2D sequenceis (including relaxation):



I

y{cos Q £ exp—(rl /T 2)}[003 QIIZ exp—('{2 /T 2)]

Using the same parameters as above, this signal looks like:

In practice, 2D NMR data is collected by recording a series of 1D spectraaong t2 for
different lengths of t1. Fourier Transformation along t2 gives:



Fourier Transformation along t1 gives (same orientation in all three cases):




Finaly, FT in both dimensions yields the 2D frequency domain spectrum.




Thisisasimulation of a2D NMR spectrum. Y ou may be thinking that it is not very
interesting or informative yet. However, now consider a slightly more complicated (and
dlightly idealized) case. Consider two chemically exchanging spinsin asample, | and S.
These can interconvert by some chemical isomerization or motion (e.g. protons on an
aromatic ring which is flipping back and forth). Now, we will modify the same pulse
sequence used above by inserting a fixed (not variable like t1 or t2) delay

901, 901 90I

11 T [

For simplicity in this example, we will assume that the magnetization all begins on spin |
and is converted to S during the period ~, which is assumed to be along enough time for
the conversion to take place. Under these assumptions, the product operator analysis of
this chemical exchange sequenceis:



—940—]1"*5 4l

-chosQ ! +1, st Z

-1, GOSQIII+IxSiIlQIIIL>
901(S),

901

-SZGOSQIII+stinQIZ

ycosQf+S stl Q IS

(SycosQ [ +8S,sin€) Z)GOSQ
(-S, GOSQIZ1+SystI 1)8111QSZZ+

Note that since in this case, both | and S are the same nucleus (e.g. protons), the pulses
will apply to both (thus the convenient switch in the middle). This smple chemica
exampleis essentially the same as our previous 2D example with asingle nucleus. The
only difference is that the frequency (and nucleus) being detected during t2 is S rather than
|. That is, we have correlated the two nuclei through a 2D spectrum. The Fourier
transformed spectrum of this simple chemical exchange experiment using £2,=5 Hz, i o

=15 Hz, T2|:203, and TZS:ZOS IS

15 20

5lIII.




Finally, the complete ssmulated spectrum of a chemical exchanging pair of nuclel with
parameters as described aboveis




What we have seen in this simple chemical exchange simulation of 2D NMR can be
generalized by redlizing that all 2D experiments can be described in terms of four periods
(seeErnst et a.):

Preparation | Evolution Mixing Detection

The preparation period can be as simple as a delay and a pulse or a very complicated
series of pulses. In the case above, it isthe first 90 degree pulse. The evolution period is
the variable time, t1, in which the first chemical shifts are allowed to evolve. The mixing
period is the "heart" of a2D experiment. The type of correlation observed is aresult of the
type of mixing. For example, NOESY mixing allows for cross relaxation between nuclei
close in space and can measure internuclear distances. TOCSY or COSY mixing periods
allows for magnetization to be transferred between scalar coupled nuclel, giving rise to
correlations between nuclel with couplings. In the example shown above, the mixing
period allows for chemical exchange. The same sequence is used for NOESY. The
detection period is the recording of the FID in t2.



Homework 4

Using product operators and two coupled (e.g. J; 0) spins| and S, evauate the following sequence:

901 901

tl 2

90T, 90T




Week 5: Heteronuclear correlations and introduction to Phase cycling

References: These notes wer e constructed from:

Edison, A. S,, Abildgaard, F., Westler, W. M., Mooberry, E. S., and Markley, J. L., " Practical
introduction to the theory and implementation of multinuclear, multidimensional NMR
experiments’, Methods Enzymol., N. J. Oppenheimer and T. L. James, eds., Val. 239, pp. 1-79
(1994).

Other referencesinclude:

"Protein NMR spectroscopy: Principles and Practice” Cavanagh, Fairbrother, Palmer, and
Skelton, Academic Press, (1996).

"Principles of Nuclear M agnetic Resonance in One and Two Dimensions' Ernst, Bodenhausen,
and Wokaun, Oxford (1987).

Heteronuclear correlations

Much of protein NM R spectroscopy relies on spectral editing techniques using 13C or 1°N nuclei
(heteronuclel). Spectral editing allows a subset of an entire spectrum to be observed. Nor mally, we

observe a subset of 1H spectra that has been selected based upon which nucleusthe protonsare
attached to. The same techniquesinvolved in spectral editing allow the measurement of

heteronuclear correlations (which, for example, allows you to know which H are attached to

which 13C). The most basic sequence to achieve thisis the Heteronuclear Multiple Quantum
Correlation (HMQC) experiment:



90 180,

S. L2 L2 Dccouple

& ol C il

Before starting the product operator analysis of the HM QC sequence, we can take note of an
already common featur e that will ssmplify the problem: The 180 degree pulse on thel spin is
placed symmetrically in the sequence. From our previouswork on spin echo sequences, we found
that such a pulse will refocus (eliminate) chemical shift. Therefore, we won’t worry about chemical
shift on | until the acquisition time (g to h). In addition, similar examples using spin echo
sequences showed that a single 180 degree pulse will decouple | from Sduring thetl period
(students ar e encour aged to verify this). The simplified product operator analysisis:



901

a— b:1, S—-1,
A 218,
b—ci-l, = >21.S, (7=1/2J)
905
c— d:21.S, £—-2LS,
Q) flgz

d— e—21,S, —S——-21S, cos Qe+ 21,8, si

Eal

90S

e— [=21,S, 008 Qo1 + 21, S, sinQh S
— 21,5, cos Q1+ 21,5, sin Qg
| A 7218,
f— 21,5 cos Qet1+21,5, smQh

—I,cos Qo1 +21.8, s Qe (7=1/2J)

Q 21z
)|

R

g—> =l cos Qo1 +21,5, s Qh
(=1, cos Q1+ 21,5, s1n Q (1)c0s Q112
(I, cos Q1+ 21,5, sin Qt1)sin Q12

are several points of the above product operator analysis worth noting. First, by knowing that the
| 180 degree pulse refocuses chemical shift and decouples| from Sduring t1, the number of terms
toworry about is greatly reduced. Second, the multiple quantum part of HMQC isfrom the



multiple quantum term during thetl period. In the pulse sequence shown, there are multiple
guantum termsthat do not get converted back to antiphase (e.g. 1xSz) magnetization. These terms
arecarried through to the end and are not observable (remember that only Ix, Iy, Sx, and Sy are
observable). Finally, many of the" extra" terms can be eliminated by gradients and/or phase
cycling. Thistopic will be covered in next week’s notes.



Week 6: Heteronuclear correlations and introduction to Phase cycling

References: These notes wer e constructed from:

Edison, A. S,, Abildgaard, F., Westler, W. M., Mooberry, E. S., and Markley, J. L., " Practical
introduction to the theory and implementation of multinuclear, multidimensional NMR
experiments’, Methods Enzymol., N. J. Oppenheimer and T. L. James, eds., Val. 239, pp. 1-79
(1994).

Phase Cycling basics

Spectral Editing

One of the simplest examples of a phase cycle isthe following modification of the HM QC
sequence:

00, 180,
I o l v
a ) = 1
S0 90,
S: L2 /2 Deccouple
o ol < t

The first 90 degree pulse on the S channel is now 90¢ rather than 90x. Thisis a phase

cycle, in which the phase of the pulse will be systematically varied. For this example, 0
X, -X. Thismeans that at least two FIDs need to be collected for each t1 time point. The

first will be ¢:x, the second will be ¢:-x. If there are more FIDs collected, ¢ will
continue in this pattern. Therefore, we will need an even number of FIDs collected per t1

point. In the notes from the previous week, we analyzed the result when ¢:x. The product
operator analysis for ¢':-x Is shown next:



901

a— b1, S—-1,
A4 218,
b— -1, >2L.S, (7~1/2J)
905
c— d:21.S, =—2I. S,
Q ng
d—e21,S, —=——21S, cosQt1-2L,S, sinQ
| 90§X
e—> 21,5, cos 21— 21,5, sin Q1 >
21,5, cos QSH =215, sin an
_ A 7218,
f—g21.S, cos Qg1 =215, sin Q1

I,cosQqn—2I,5, smQqh (7=1/21)

2 IZiz
I

A o

g— el cos Qg1 =215, sin Q1
(I, cos Q1 - 21,8, sin Q (11)cosQ2 12
(=1, cos Q1 =215, s Qg t1)sinQ2 12

The effect of the change from 90x to 90(-x) isto change the sign of the magnetization that
went through the antiphase (e.g. 1xSz) state. If we subtract the ¢:-x signa from the ¢:x



signal, we will add the observable mégneti zation. Thisis done by also éycl ing the phase of
the recelver from x to —x (with the net result of subtracting signals). To see the point of this
phase cycle, we must consider an | spin that is not coupled to an S (J,g=0). Using the same

assumptions about the effect of the 180 degree | pulse on | chemical shift, we get (for
¢' :X)'

901

a— bl —2—>-1,

A 218,
b— -l -1,

903
c—d-l, -1,

Q 1Sz
d—e-1, o -1,

905
e— fi-1, -,

A 218,

f—g-L -1,

QII2TZ .
g—h-1, —IcosQr2+1,s1nQ 12

It should be fairly clear that the phase of the S pulses will have no effect on the results

with just an | spin. Therefore, the sign of the signal will not change with ¢. The net result
isthat the | spins not coupled to S are eliminated with the phase cycle described above.

Exorcycle

Another frequently used phase cyclein NMR is called exorcycle, which is designed to



remove pulse imperfections. The pulse imperfections arise from at least two main
problems. First, they might be poorly calibrated. Second, and more important, a 90 (or
180) degree pulse delivered "on resonance” (that is, sitting at the frequency of a particular
nucleus) is not going to be a 90 (or 180) degree pulse far off-resonance. Thisis aresult of
the power of the pulse (stronger pulses will cover a greater distance) and the effective field
generated by the pulse.

Short Digression into Effective Fields

Until now, we have just considered a pulse along the x-axis as just that. Well, like most
things, it is more complicated. A spin that is offset from the center pulse frequency will not
experience the same field as a spin that is at the pulse frequency. Instead it will experience
an effective field, given by

field (pulse)

applied

frequency ottset

The important point here is that the pulse that a nucleus feels is a complicated function that
depends on the distance from the center of the pulse and the strength of the pulse. A much
more complete treatment of effective fields can be found in most NMR books.

Back to the Main Story

Both poor calibrations and field effects |ead to greater problems with 180 degree pulses
than with 90 degree pulses. To appreciate the impact of pulse imperfections, consider a
simple spin echo refocusing sequence on an uncoupled spin | in the transverse plane (1x).



1801,

This sequence should be familiar by now, and students should be able to verify that if Ix
goesin, Ix goes out. Now consider a more realistic modification to that sequence:

(1R0+P)I,

The pulse imperfection factor b isafunction of many variables. Here we will consider its
effect on refocusing Ix magnetization (no coupling):



Q 71
I, L _Z >IxcosQI'r+IysinQI‘r

1 80+18IX

>1, cosC2, 7+ Iy sin(£2;7) cos(180+3)
+1, sin($2;7)sin(180 + 3)

Q 71
——I—Z%(Ix COS QI’T + Iy sin(QI’r) cos(180+3))co:
+(Iy c08$2,7 -1, sin(€2,7) cos(180+8))sin (2,7

+1,, sin($2;7)sin(180 + 3)

Clearly, the factor b could cause many problems and artifacts. One fix to the problem is
the exorcycle sequence, which is the following:

1 801y

T T

The phase Vis (nx, ny, n(-x), n(-y)) where n is an integer number. Using the same input Ix
as above (and assuming a perfect 180 degree pulse) we get for phases x and y:



Q71
I

I, Z1, GOSQIT+IySinQI‘T

1801
X

I, cosld7— Iy sin(£2,7)

Q 71
I

Z—(I 5 cos 2,7~ I sin($2 7)) cos$ 27
+(Iy cos L2, 7+1, sin(C2,7))sin 2,7

=IJC
Q 7l
I LZ 5], GOSQIT+IySi1‘lQIT
1801
I, cos{, 7+ Ly, sin(£2;7)
Q 7l
I

Z—>(-I,, cosC2, 7+ Iy sin(€2,7))cos £ 2,7
(=1, cos (2, 7-1, sin(C2,7))sin €2, 7
= _Ix
Notice that the sign changes going from x to y. The student can verify that the sign will

change each time going from x to y to —x to —y. Thus the receiver phase will need to be

(n(x), n(-x), n(x), n(-x)) for the exorcycle. This phase cycle will eliminate many of the
artifacts generated by imperfect pulses.



Week 9: Assignmentsin proteins and peptidesusing TOCSY or
COSY and NOESY or ROESY

References: These notes were constructed from:

"NMR of Proteinsand Nucleic Acids' by Kurt Wuthrich, Wiley Inter science (1986).

Amino Acids and the peptide bond

Thisisjust ashort summary of some facts. Studentswho are
unfamiliar with amino acids, peptides, and proteins should
consult any introductory biochemistry text for more complete
information.

There are 20 naturally occurring amino acids that are combined
aslinear polymersto make peptides and proteins. Thedistinction
between peptides and proteinsisnot clear and depends on who
you talk to. In general, peptidesare short (let’s say 2-30 amino
acids) and proteinsarelonger (greater than 30 amino acids).
Some people will disagree about the cutoff point. The major
practical difference (and maybe a good defining property) isthat
peptidestend to be quite flexible in solution while proteinsare
much more structured.

Amino acids have the general structure;

H\(_ /R

Lo
H _
@

Where R isone of the 20 amino acid side chains. Amino acids are
combined through peptide bondsin alinear chain:

OH



AT loag T
AN \C/ \C/ \N/ \(‘/
U Y

For alist of the different amino acids please refer to a textbook.

14 NMR properties of peptides and amino acids

Kurt Wathrich wasthe major person who developed theinitial
strategies of NMR analysis and structure determination of
peptides and proteins. Any serious student should read his book.
Herel will just outline a few of the main principles.

In a so-called " random coil" each amino acid has characteristic
(not always unique!) patterns of NMR peaks. Theterm random
coil is meant to mean a completely random (not ordered) state.
Recent studies on unfolded proteinsor partially folded proteins
have shown that often timesthereisno true random coil state.
However, for the purposes of NMR analysis and assignments, the
random coil properties are useful and a good starting point for
Identification of amino acids.

Random Coil H Chemical Shifts for the 20 common Amino Acid Residues

Others (g= gamma)

(d = delta)

Residue NH aphaH beta- H
(e = epsilon)

| Gly | 8.39 | 3.97 | |
| Ala | 8.25 | 4.35 | 1.39




va 8.4 418 213 oCH, 0.97, 0.94
oCH,, 1.48, 1.19
lle 8.19 423 1.90 oCH, 0.95
dCH, 0.89
L 42 438 165,165 |30
& 8 ' 85,1 dCH, 0.94, 0.90
oCH,, 2.03, 2.03
Pro 4.44 228,202 | L2 e e
Ser 8.38 450 3.88,3.88
Thr 8.24 435 422 oCH, 1.23
Asp 8.41 476 284,275
Glu 8.37 4.29 200,197  |oCH,231,2.28
oCH,, 1.45, 1.45
dCH, 1.70, 1.70
Lys 8.41 436 185,176 | o300 300
eNH,* 7.52
oCH,, 1.70, 1.70
Arg 8.27 438 189,179  |dCH, 332 332
NH 7.17, 7.17
Asn 8.75 475 283,275  |0NH,7.59, 691
| , Jia g |EH2238.238
Gin 8.41 43 1200 e s
oCH,, 2.64, 2.64
Met 8.42 452 215200 |02
Cys 831 469 3.28, 2.96
2H 7.24
4H 765
5H 7.17
T 8.09 470 332,319 2007
7H 7.50
NH 10.22
2,6H 7.30
Phe 8.23 466 322,319  [35H 7.39
4H7.34
Tyr 8.18 460 313,202 |2OH 715

3,5H 6.86




2H 8.12

His 8.41 4.63 326,320 4714

Two types of experiments form the basis of analysis of peptides

and proteinsby 'H NMR. Thefirst is Total Correlation
Spectroscopy (TOCSY) or Correlation Spectroscopy (COSY),
both of which correlate protonsthrough scalar (J) coupling. Both
of these experiments wer e discussed earlier in the course, so | will
just remind you herethat COSY only correlates peakswith
non-zer o coupling constants (usually 2 or 3 covalent bonds apart).
TOCSY, on the other hand, is capable of correlating all peaksin a
coupled spin network. That is, if "1" iscoupledto"S" and" S" is
coupled to" T", then therewill bea TOCSY interaction between
"I"and " T", even if they are not directly coupled.

NOESY (nuclear Overhauser effect spectroscopy) or ROESY
(rotating frame Overhauser effect spectroscopy) experiments
correlate protonsthat are close together (within about 5 A in
space). Therewill be more about the NOE next week. The set of
NOESY or ROESY peakswill often contain peaksthat are
covalently connected but will also include peaksthat are not. This
iIsshown in the following diagram of schematic TOCSY and
NOESY spectrafor adipeptide. In thefigure, note that covalent
connections are shown in blue for the alanine (R=CH3) and red
for theserine (R=CH20H). The TOCSY spectrum correlates
peakswithin an amino acid but does not cross outside of that
amino acid, asindicated by just red and blue peaksin thefigure.
NOESY or ROESY, on the other hand, correlate both within and
between amino acids, asindicated by the additional purple peak.







The schematic of the TOCSY and NOESY experiments suggests a
way in which peptides and proteins can be sequentially assigned
using these two experiments. M uch more detail is provided by
Waithrich, but the general idea is shown below.

NOE NOE

NOE

In the above figure, connectionsindicated by " J" are present in
TOCSY or COSY (and often also NOESY or ROESY), but those
indicated by " NOE" areonly present in NOESY or ROESY).

A real example of thisis shown below for a 14 amino acid
neuropeptide with the amino acid sequence

Gly-Phe-Gly-Asp-Glu-M et-Ser-M et-Pro-Gly-Val-L eu-Ar g-Phe-Nt

The spectrum isa ROESY, but peaksthat are colored black are
alsoin the TOCSY. Note that often timesthe NH peak of first
amino acid in a peptide is missing dueto rapid exchange with
solvent. Also note that the chain that istraced out connecting the
amino acidsis broken by a proline. Why?
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Week 10: Relaxation and the nuclear Overhauser effect

References: These notes wer e constructed from:

"Protein NMR spectroscopy: Principles and Practice” Cavanagh, Fairbrother, Palmer, and
Skelton, Academic Press, (1996).

"The Nuclear Overhauser Effect in Structural and Conformational Analysis’ Neuhaus and
Williamson, VCH (1989).

" Biomolecular NMR Spectroscopy" Evans, Oxford University Press, (1995).

"Principles of Nuclear M agnetic Resonance in One and Two Dimensions' Ernst, Bodenhausen,
and Wokaun, Oxford (1987).

Physical interpretationof T, and T,

Recall from thefirst week therelaxation terms T, (longitudinal or
spin-latice) and T, (transverse or spin-spin). T, istheratethat
magnetization from a single spin relaxes along the z-axis. T, isthe

ratethat magnetization relaxesin the x-y plane. In the next
lecture we will describein more detail the mathematical
propertiesthat influence T, and T, For the present discussion, T,

iIstherate of the following process.



0000 000000 000

p p p

000000 0000 00000¢
o o o
Thermal 180 decree Thermal
Equilibrium pulse Equilibriur

Thecirclesin the diagram above represent the Boltzman
population distribution of nuclel in a magnetic field. (Recall from
thefirst homework that thetruedistribution is much smaller than
the 6:4 shown above.).

Thetransition between the two statesis caused by fluctuating
local magnetic fields created by neighboring chemical
environments. These fluctuations are a result of molecular
motion. In liquids with spin %2 nucle, the major contributorsto
relaxation are dipolar effects and chemical shift anisotropy
(CSA). Thedipolar effects, asthe nameimplies, areresults of
Inter actions between two nuclel with magnetic dipoles. CSA is
somewhat more complicated and isdueto the fact that the
chemical shift of a given nucleusis dependent on the orientation
of that nucleus with the external field (e.g. chemical shift isa
tensor). Motions of the molecule will thus cause fluctuationsin the
chemical shifts; certain nuclel, especially atomsin the peptide



bond of proteins, have large CSAs and thus produce lar ger
effects.

T, relaxation isa ™ fanning out” of transver se magnetization in
the x-y plane. A good analogy for T, isto imagine aroom full of

people with old-fashioned spring operated watches. At 12 noon on
Monday all watches are synchronized (e.g. thereisa coherent rf
pulsethat bringsall the magnetization into the x-y plane). The
next day the times on the watches are compared (e.g. the
linewidth of aresonanceismeasured). Not surprisingly, it would
be found that some of the watches are low and some are fast. The
distribution of the watch speedswould depend on the quality and
homogeneity of the watches. With peaksin an NMR spectrum, it
Isfound that some are broad (a big mix of times) and some are
narrow (almost the sametime). The major factor that influences
the fanning out is size of the molecule: the larger the molecule
(really the dower it movesin solution), the broader thelines.

A Note on Coherent vs. Incoherent processes

Most of what we have described in classso far is" coherent”. This
includes the effects of rf pulses and scalar coupling. Relaxation,
on the other hand, isincoherent. Neuhaus and Williamson
describe the difference between coherent and incoherent very
well: A fluctuating dipole will influence the relaxation of a
neighboring nucleus and thus can be thought of asa " local pulse"
delivered in a small region of a molecule. In contrast to aregular
rf pulse, which would pass the magnetization through a coherent
transver se state (e.g. 1z->ly->-1z), a " local pulse" will only lead to
atransition along the z-axis (e.g. -1 z->1z). Thelocal fluctuations
arethusincoherent.



NOEandT1

A single spin Y2 nucleus has 2 energy levels, & and P A two spin
(I and S) energy system can be described with four energy levels,

ac, AP P& and P |nthisnomendlature, thefirst term
referstothel spin and the second to the S spin. The energy level
diagram is often shown as:

PP

Ws

040

Thelevelseach refer to the state of the system (e.g. ¥& isl in &
and Sin &). TheW’sarethetranstion frequencies between the
levels. If thereisno cross-relaxation, characterized by W, and

W, then the transtion frequencies along the edge (W, and W)



correspond directly tothe T, relaxation ratesof | and S.
However, when W, and W, are not zero there the inter pretation
of T, iscomplicated, and there can be an NOE between the two

spins.

Neuhaus and Williamson give a good pictorial, description of the
NOE based on the 2 spin energy level diagram:

1
-k

CLOL

1
4

Cross Relaxation
towards Pq11111b1111111 1

Thermal Equilibrium
with Ie=So=1

1
+ o+ N4 4 10

e



The numbersgiven for each energy level diagram are populations
of each state. Theintensity of thel and S spinsaregiven by:

Iz=pPaa +pcl _pla _ppPp
sy =paa +pla_paff _ppp

Thetermslike P& & arethe populations of spinsin the
coresponding (e.g. ) energy level. Thus, at equilibrium in the
example above, 19=S° =1 (The O refersto the value of the
magnetization at equilibrium). When we saturate or apply a 90
degree pulseto S(indicated by thered transition), thereisno net
S magnetization, but | isstill 1. The system isno longer at
equilibrium. What will it do? Like any dynamic system, it will
cometo equilibrium. Theroutethat it takesto get there depends
on many factors.

When conditions favor (to be described shortly) the W2 pathwa_y7
some amount (© /4 here) of magnetization istransferred from pp

to @, Since Sis il saturated, the ®” and 7 levelswill also
adjust to keep the net magnetization on S= 0. However, | now has



1+ O magnetization. Thisisa positive NOE.

When conditions favor the WO pathway, O /4 of magnetization is
transferred across from “Pto % until equilibrium is reached.

Since Sis gtill saturated, PP and ca adjust to make S= 0. Now
theintensity of | is1— © . Thisisa negative NOE.

Whether the NOE is positive or negative depends on the pathway.
For any transition there needsto be motion that is producing a
local field in thevicinity. The motion must be matched to the
transition frequency. WO iscloseto O Hz for homonuclear spins.
W2, on the other hand, isequal to thesum of @1 and @ S
trangitions. This frequency is dependent on the magnetic field: at
11.74 T (500 MHz), the frequency gap for two protonsis1 GHz

(10%second). Small moleculesthat tumble rapidly will be ableto
excite these frequencies and thus show positive NOEs. Large
macr omolecules, on the other hand, tumble dowly and are
matched more closely with WO transitions. At intermediate
molecular weights the two pathways cancel and lead to no NOE
signal.



Week 11: Spectral Density and Dynamics

References: These notes were constructed from:;

Peng and Wagner, "Investigation of Protein Motions via Relaxation
Measurements' Methods in Enzymology 239, pp 563-596 (1994).

Peng and Wagner, "Mapping of the Spectral Densities of N-H Bond
Motionsin Eglin c using Heteronuclear Relaxation Experiments"
Biochemistry 31, 8571-8586 (1992).

"Protein NMR spectroscopy: Principles and Practice" Cavanagh,
Fairbrother, Palmer, and Skelton, Academic Press, (1996).

Autocorreation

Correlation is an important concept in NMR. Consider a particular
covalent bond in a molecule (for example the NH bond along the
backbone of proteins). The autocorrelation function describes the
decay of the orientation of that vector (more properly the ensemble of
those vectors in a sample) with time. The two extremes are most
Instructive: when there is absolutely no tumbling or internal motion
over aperiod of time, there is no change in autocorrelation, so it is
constant over that period of time. On the other hand, if the motion is
so rapid that the vector no longer has a component along its starting
axis, then there is no correlation over that period of time. For ssmple
Isotropic Brownian motion the autocorrelation function is simply

G(r)= —exp — —
D r

o

1 ‘ t ‘

where ‘¢ isthe correlation time. Correlation times range from less



than 1 ns for small moleculesto several hundred nanoseconds for
large proteins. Typical small proteins (e.g. 100 amino acids) have
correlation times in the tens of nanoseconds. The correlation timeis
strongly dependent on molecular weight but also is a function of the
shape of the molecule.

0.2

SIONRS

te=10 ns

EJ
(.0}

The spectral density function is the Fourier transform of the
autocorrelation function. For the simple case of isotropic Brownian
motion shown above, the spectral density function becomes

-

J(w)==

5

‘T_ Y
; ‘

32
1+ @1

e/

Using the same values of correlation time as the plots above, the
spectral density functions are



te=1() ns

J(r)/ 10

-2

ro=111

The spectral density isthe distribution of frequencies giving riseto a
particular autocorrelation function. What this meansin practiceis
that a different range of frequencies are present for different
correlation times.

Recall that relaxation in NMR is dependent on perturbations at
particular frequencies. Thus, by measuring relaxation rates of
different spin states which are sensitive to different frequencies, the
spectral density can be "mapped". Applications of spectral density
mapping can be found in some of the references listed at the top.



Answersfor Homework 1

1. Calculate N /N, for the following 4 cases:

1H at 500 MHz (11.7 T)
IH at 750 MHz (17.6 T)
13C at 500 MHz

13¢C at 750 MHz

A 500 MHz spectrometer costs ~ $700,000.

A 750 MHz spectrometer costs ~ $2,000,000. Why spend the extra money?

ANSWER:

LF

= o

N,
AE, = 1/28vB, - (- 1/28yB,) = IvB,

¥ (1H)=26.7510" 1007 T 151
¥ (13C)=6.7263" 1007 T 151
#=1.05459 " 10"-34Js
kg=1.38066" 10"-23 JK!

T=298 K



Plugging it in gives:

500 MHz (11.7 T) 750 MHz (17.6 T)
1+ 1.0000802 1.0001206867
13c 1.00002017 1.000030344

Because of a higher gyromagnetic ratio, 1H is more sensitive than 13C. Thisisamajor

reason that most protein NMR experiments start on 1H and end on 1H and visit less
sengitive nuclei in the middle.

The higher magnetic field strength leads to higher polarization (more spinsin the ground
energy state). This trandates into higher signal to noise.



Answersfor Homework 2

1. Draw aright-handed coordinate system and, using vectors to represent magnetization, show the effects
of a) 90 degree x-pulse and b) 90 degree y-pulse on z-magnetization. Next, with transverse magnetization
(in the x-y plane) show the direction of a positive chemical shift (one that follows the right-hand rule).

}m

o) dearee v

0 degree v

Positive chemical shift rotation isfromx to y to —x to —y in the (x,y) plane.

2. Using both vectors and product operators, eval uate the following sequence on asingle spin I

(.ITWMWM

Vectors:



y 7—; y
. 90 degree x
E—
T
A A
180 degree x
b
T -
A

Product operators:



QOIX QI';FIZ

[, —X-

-chosQI’r+ IxsinQIT 1 SOIX

chosQIT+IxsinQIT 7l
(chosQI'r+IxsinQI‘r)cosQIﬂ
(-1, GOSQIT+IySiIlQIT)SiIlQIT
= Iy cOs2 QI':f'+Iysi1:12 QIT

NOTE THE DIFFERENCE IN SGN BETWEEN THE PRODUCT OPERATOR AND
VECTOR PICTURE. THISISA RESULT OF AN EARLY DECISION TO CHANGE THE

—+B
sanoF 0~ "o,



Answersfor Homework 3

Using product operators and two coupled (e.g. J,; 0) spins| and S,
evaluate the following sequences:

1)
901 1801

Noting the results from homework 2 in which the chemical shift of | was refocused with a
symmetric 180 degree pulse, we will neglect chemical shift:



901
a— bl —3—>-1,

mJ TZTZSZ
b— ci—], ——18 ~I,cos(xl s 7) + 21, S sin(n g 7)

_ 1801
¢ — di—1,co8(mlg7)+ 21, S sin(7I7) =

Lcos(mIg7) + 21, S sin(Tlg7)
d— e[ Lcos(mIg7) + 21, S sin(r g 7)|cos( I 7)

+[ 21,5 cos(Ig 7) + [ sin(ml g 7)]sin( 7T 7)

Thus, the results of 1) isto decouple | from S and refocus the chemical shift of I.

2)

901, 1 80I,

L]




901
a— bl —2—-1,

] IZTZQZ
b— -1, ——2 ~1,co8(nI 7Y+ 21, S sin(nig7)

1801 +1808§
X X

¢ —> di=1cos(mlg7)+ 21 S sin(7l 4 7)
[ cos(nlg7) =21, S sin(mJg7)
d— e:[1,cos(nIg7)— 21, S sin(J g 7)]cos(TI 5 7)

+[-21, S cos(mIy7) — [ sin(7I g 7)|sin( 15 7)

=1, [cos? (ml i 7) —sin? (T 7)] - 41, S sin(nT  T)cos(nT s 7)
= Leos(2ml 7)) — 21, S sin(27 5 7)

The last result is from the following two trig relations:






Also note that when t=1/4J, the result of 2) isto create
an antiphase term 1xSz.



Answersfor Homework 4

Using product operators and two coupled (e.g. J, 0) spins| and S, evaluate the following sequence:

901 901

tl 2

901, 901

Inspection of the pulse sequence suggests that we should get a symmetric spectrum with
respect to | and S. To simplify the number of terms, we will first just start with the | term
alone:



901
a— bl —3—>-1,

Q nl,
— ¢ L =L, cos Qt1+1, sin Q211

?L]l‘l2iz§z

[-1, cos QItl +1, sin QIH] cos(/tl)

+[21,5, cos QItl +21,S_sin QItl]sin(?rJtl)

901 90
—d- = E[-1,cosQ

+H-2I,S, cos Q2

et

ol

i+ I, sin QIH] cos( /1)

i1~ 2L,S, sin an]sin(mftl)

We can
now make another simplification by dropping longitudinal (e.g. 1z) and multiple quantum
(e.g. IxSy) terms that will never become observable without another pulse (which we don’t
have):

observables at d:
I, sin(QItl)cos(m]tl) —-2L,S, sin(QItl)sin(‘}Url)

e TSt221282

1, sin(QItl) cos(m/t1)— 2L S, sin(QItl)sin(ﬂtl)] cos(J12)
+[2L,S, sin(QIn)cos(?Un) +3S, sin(QItl)sin(?rﬁl)] sin(7L/12)

We can
now make Y ET another ssimplification by dropping all antiphase (e.g. 1zSy) terms that will
never become observable without another precession period (which we don’t have):



observables at ¢:
I, Sin(QIII)OOS(E]II)GOS(?L]IZ)+ S, sin(QItl)sin(Mtl)sin(?rﬁz)

Q212 Qst28:;

I, Sin(QIfl)GOS(?L]H)GOS(?L]IZ)OOS(QIIZ)

+1y sin(QItl)cos(?uftl)cos(mftz)sin(QItz)
+S, sin(QItl)sin(ﬂtl)sin(ﬂrz) GOS(QStz)
+S, sin(QIrl)sin(ﬂrl)sin(ﬂrz)sin(QStz)

Now, we need to think about this answer for just a minute (and
remember that it isonly ¥z of asymmetric pair). Notice for the top
two terms with Ix and |y that they are modulated by the chemical
shift of | in both t1 and t2. Thisisadiagonal peak. On the other
hand, the terms involving Sx and Sy are modulated by the chemical
shift of I intl and Sin t2. These are cross peaks. Finally, notice the
coupling terms multiplying the diagonal and cross peaks: for the
diagonalsit is cos(pJdt) and for the cross peaksit issin(pJ). The
Fourier transform of a cosine of a coupling gives two peaks pointing
In the same direction; these are called in-phase. The FT of asine of a
coupling gives two peaks that are opposite in sign and are called
anti-phase. This is seen more clearly from the following relationship:

sin(QIz‘) cos(/t) = %[sin(QIt —Jt) + sin(QIt + 7Jt)

sin(QIz‘)sin(‘}Ur) = %[COS(QII —TJt) — cos(QIt + 1J1)

Note that both of these relations have peaks at the center frequency



(1) + or —the coupling. The 2nd term with sin(pJt) has two peaks
with different signs.

The other symmetric part of the spectrum is easily obtained by
replacing Sfor | (along with the appropriate chemical shift changes).



