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Introduction to Ordinary and Partial Differential Equations !
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IThese notes are provided to students as a supplement to the textbook. They contain mainly
examples that we cover in class. The explanation is not very “wordy”; that part you will get by
attending the class.
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Chapter 1

Introduction

1.1 Classification of Differential Equations

Definition: A differential equation is an equation which contains derivatives of the unknown.
(Usually it is a mathematical model of some physical phenomenon.)
Two classes of differential equations:

e O.D.E. (ordinary differential equations): linear and non-linear;

e P.D.E. (partial differential equations). (not covered in math250, but in math251)
Some concepts related to differential equations:

e system: a collection of several equations with several unknowns.

e order of the equation: the highest order of derivatives.

e linear or non-linear equations: Let y(t) be the unknown. Then,

ap(t)y™ +ar()y" Y + -+ an(t)y = g(t), (%)
is a linear equations. If the equation can not be written as (x), the it’s non-linear.

Two things you must know: identify the linearity and the order of an equation.

Example 1. Let y(t) be the unknown. Identify the order and linearity of the following
equations.
(@) W+t)y' +y=1,
(). 3y + t+ 4y =12+,
(c).
(d).

c). y" = cos(2ty),
d). yW + Viy" + cost = ev.

Answer.
Problem order | linear?
(a). (y+t)y +y=1 1 No
(). 3y +(t+4)y=t>+19" 2 Yes
(c). y"" = cos(2ty) 3 No
(d). yW +Vty" +cost =e¥ | 4 No




What is a solution? Solution is a function that satisfied the equation and the derivatives
exist,.

Example 2. Verify that y(t) = e is a solution of the IVP (initial value problem)

Y = ay, y(0) = 1.

Here y(0) = 1 is called the initial condition.

Answer.Let’s check if y(t) satisfies the equation and the initial condition:
y =ae” =ay, y0)=e"=1.
They are both OK. So it is a solution.
Example 3. Verify that y(t) = 10 — ce™! with ¢ a constant, is a solution to 3’ +y = 10.

Answer.

y = —(—ce?) =ce, v +y=cet+10—ce ! = 10. OK.

Let’s try to solve one equation.

Example 4. Consider the equation

(t+ 1)y =t
We can rewrite it as (for ¢ # —1)
, 2 2—1+1 (t+D(E—-1)+1 1
t+1 t+1 t+1 t+1

To find y, we need to integrate 3/

I R L P
y—/y(t)dt—/[(t 1)+t+1 dt—2 t+Injt+1|+c

where ¢ is an integration constant which is arbitrary. This means there are infinitely many
solutions.
Additional condition: initial condition y(0) = 1. (meaning: y = 1 when ¢ = 0) Then

£2
y(0)=0+In|l|+c=c=1, S0 y(t)z;—t+ln|t+1|+1.

So for equation like y’ = f(t), we can solve it by integration: y = [ f(¢)dt.



Review on integration:

1
/x”da: = n——l—lwn+1+c’ (n#1)
1
/—dw = Inlz|+¢
x
/Sinzndzn = —cosz+c

/coswdw = sinx +c¢

/exd:L" = " +ec¢

X
/axdzn = a——l—c
Ina

/udv:uv—/vdu

Integration by parts:

Chain rule:

1.2 Directional Fields

Directional field: for first order equations y' = f(¢,y).
Interpret ' as the slope of the tangent to the solution y(t) at point (¢,y) in the y — ¢ plane.

e If 3/ =0, the tangent line is horizontal;
e If 3/ > 0, the tangent line goes up;
e If ¢/ < 0, the tangent line goes down;

e The value of |y/| determines the steepness.

Example 5. Consider the equation y = %(3 —y). We know the following:
e If y = 3, then v/ = 0, flat slope,

e If y > 3, then 3/ < 0, down slope,

e If y < 3, then 3/ > 0, up slope.

See the directional field below (with some solutions sketched in red):
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We note that, if y(0) = 3, then y(¢) = 3 is the solution.
Asymptotic behavior: As t — 0o, we have y — 3.

Remarks:

(b — y) with a > 0, it will have similar behavior as Example 5,

(1). For equation y/(t)
a . Solution will approach y =b as t — +o0.

=a
where b =3 and a = %
(2). Now consider /(t) = a(b—1y), but with @ < 0. This changes the sign of y’. We now have

— If y(0) = b, then y(t) = b;
— If y(0) > b, then y — 400 as t — +o0;
— If y(0) < b, then y — —o0 as t — +o0.

Example 6: Let y/(t) = (y — 1)(y — 5). Then,
e Ify=1o0ry=>5, theny =0.

e If y < 1, then 3y > 0;

e If 1 <y <5, then 3y < 0;

e If y > 5, then ¢/ < 0.

Directional field looks like:
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What can we say about the solutions?

o If y(0) =1, then y(t) = 1;

o If y(0) = 5, then y(t) = 5;

o If y(0) <1, then y — 1 as t — +o0;

o If 1 <y(0) <5, theny — 1 as t — +o0;

o If y(0) > 5, then y — 400 as t — +o0.

Remark: If we have y/(t) = f(y), and for some yo we have f(yo) = 0, then, y(t) = yo is a
solution.

Example 7: Given the plot of a directional field,



rFer T
P A A AN AN AN AN/ A 4

ol A R R R R

T A T T A A
N T T T A A A

which of the following ODE could have generate it?

4.5

We first check the constant solution, y = 1 and y = 3. Then (a) can not be. Then, we
check the sign of 3/ on the intervals: y < 1, 1 < y < 3, and y > 3, to match the directional

field. We found that (c) could be the equation.

Example 8. Consider a more complicated situation where 1y depends on both ¢ and y.

Consider y' =t + y. To generate the directional field, we see that:

e We have ' = 0 when y = —t,
e We have ' > 0 when y > —t,

e We have 3/ < 0 when y < —t.

One can sketch the directional field along lines of y = —t 4 ¢ for various values of c.

o If y=—t, then ¢y = 0;
o Ify=—t—1,theny = —1;

o If y=—t—2, then yy = —2;

Ify=—t+1,theny =1;

Ify=—t+2,theny =2;



Below is the graph of the directional field, with some solutions plotted in red.
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What can we say about the solutions?
The solution depends on the initial condition y(0).

e We see first that if y(0) = —1, the solution is y(t) = —t — 1;
e If y(0) > —1, then y — +00 as t — +o0;

e If y(0) < —1, then y — Foo as t — +o0.

We can also discuss the asymptotic behavior as t — —oo:

e If y(0) > —1, then y — 400 as t - —o0.

e If y(0) < —1, then y — 400 as t - —o0.



Chapter 2

First Order Differential Equations

We consider the equation
dy

dt
Overview:
e Two special types of equations: linear, and separable;
e Linear vs. nonlinear;

e modeling;

e autonomous equations.

2.1 Linear equations; Method of integrating factors

The function f(¢,y) is a linear function in y, i.e, we can write

ft,y) = —p(t)y + g(t).

So we will study the equation
y +p(t)y = g(t). (4)
We introduce the method of integrating factors (due to Leibniz): We multiply equation
(A) by a function u(t) on both sides

u(t)y' + p(t)p(t)y = wu(t)g(t)

The function u is chosen such that the equation is integrable, meaning the LHS (Left Hand
Side) is the derivative of something. In particular, we require:

n(t)y +p®pt)y = (ut)y), = )y +plt)pt)y = pt)y + p' )y
which requires

R N UL

10



Integrating both sides
tnp(t) = [ o(0)d

which gives a formula to compute g

pu(t) = exp ( / p(t) dy) :

Therefore, this u is called the integrating factor.

Note that p is not unique. In fact, adding an integration constant, we will get a different
. But we don’t need to be bothered, since any such p will work. We can simply choose one
that is convenient.

Putting back into equation (A), we get

S uO) = p)g@), ny = [ug0dr+e

which give the formula for the solution

y(t) = —— [ / u(t)g(t) dt—i—c} . where p(t) = exp < / p(t) dt).

Example 1. Solve y/ +ay =b (a # 0).

Answer.We have p(t) = a and g(t) = b. So

L = exp </adt> = e

b b
Y= e_at/eatbdt =e <—eat + c) = — +ce ™,
a a

where ¢ is an arbitrary constant. Pay attention to where one adds this integration constant!

SO

Example 2. Solve ¢/ +y = 2.

Answer.We have p(t) = 1 and g(t) = ¢*. So

p(t) = exp </1dt> =

1 1
y(t) =e? / ete® dt = ¢! / Sldt = et <§egt + c> = §62t +ce".

Example 3. Solve

and

L+ 82y +4ty = (1+3) 72, y(0) =1.

11



Answer.First, let’s rewrite the equation into the normal form

/ — 1 t2 -3
ey (L)
SO "
)= —— gt)(1+3)"".
Then
4t
pu(t) = exp p(t)dt) = exp mdt
= exp(2In(1 +t?)) = exp(In(l +t3)?) = (1—|—t2)2.
Then

tant + ¢

— 1+ [+ 220+ 3dt=(1 t2_2/1 2)"lgy = ARt T €

y= ) [P ) a =04 e)? [aed) e
By the IC y(0) = 1:

0+4+c arctant + 1
— —c=1. = H= T
y(O) 1 c ) y( ) (1 t2)2

Example 4. Solve ty’ —y = t2e~t, (¢t > 0).

Answer.Rewrite it into normal form

Yy — %y =te”*
S0
p(t)= 1/t g(t) = te
We have )
wu(t) = exp </(—1/t)dt> =exp(—Int) = 7
and

1
y(t) = t/ ;te—tdt = t/e_tdt —t(—e "t 4¢) = —te" +ct.

Example 5. Solve y— %y = et with y(0) = a, and discussion the behavior of y as t — oo,
as one chooses different initial value a.

Answer.Let’s solve it first. We have

Slo)
y(t) = ¢3! / e3leldt = e%t/e_%tdt = 3t (—%6_%t + c> .

12



Plug in the IC to find ¢

y(O):eO(—z—l—c):a, c=a+7

3 3 3 3
y(t) = e%t <—Ze_%t +a+ 1) = —Ze_t + <a + Z) et/3.

To see the behavior of the solution, we see that it contains two terms. The first term e~!
goes to 0 as t grows. The second term e'/3 goes to oo as ¢ grows, but the constant a + % is
multiplied on it. So we have

SO

° Ifa+%:0,i.e.,ifa:—%,wehavey—)Oast—)oo;

° Ifa+%>0,i.e.,ifa>—%,wehavey—>ooast—>oo;
° Ifa+%<0,i.e.,ifa<—%,wehavey—>—ooast—>oo;

On the other hand, as t — —oo, the term e~! will blow up to —oo, and will dominate.
Therefore, y — —o0 as t — —oo for any values of a.
See plot below:
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Example 6. Solve ty’ + 2y = 4t2, y(1) = 2.

Answer.Rewrite the equation first

9
y’+;y=4t, (t#0)

So p(t) =2/t and g(t) = 4t. We have
wu(t) = exp </ 2/tdt> = exp(2Int) = ¢

13



and
y(t) =t2 / 4t - t2dy =72 (t* + ¢)

By IC y(1) =2,

we get the solution:
1
2
y(t):t +t—2, t>0.

Note the condition £ > 0 comes from the fact that the initial condition is given at ¢ = 1, and
we require t # 0.

In the graph below we plot several solutions in the ¢t — y plan, depending on initial data.
The one for our solution is plotted with dashed line where the initial point is marked with a

9

X,

3

10

2.2 Separable Equations

We study first order equations that can be written as

M(z)
N(y)

where M (x) and N(y) are suitable functions of x and y only. Then we have

dy B
%—f(xvy)_

N(y)dy = M(x) dx, = /N(y)dy:/M(x)d:E

14



and we get implicitly defined solutions of y(z).

Example 1. Consider
dy  sinz

dr — 1—y2

We can separate the variables:
2 . L3
/(1—y)dy:/sma:da:, = y— 3y = —cosz +c.
If one has IC as y(7) = 2, then
1 )
2—5'23:—00571—#0, = c:_57

so the solution y(x) is implicitly given as

1 5
y—§y3+cos:17—|—§:0.

Example 2. Find the solution in explicit form for the equation

dy _3x2+4:17+2

Answer.Separate the variables

/2(y—1)dy=/(3:172—|—4:17+2)d:17, = (y-12*=a23+222+20+¢

Set in the IC y(0) = —1, i.e., y = —1 when = = 0, we get
(-1-1)%?=0+c, c =4, (y —1)2 =23 + 22 + 20 + 4.

In explicitly form, one has two choices:

y(t) = 14 Va3 + 222 4 2z + 4.
To determine which sign is the correct one, we check again by the initial condition:
y(0)=1+V4d=1+2, must have y(0) = —1.

We see we must choose the ‘-’ sign. The solution in explicitly form is:

y(z) =1— a3 + 222 + 22 + 4.
On which interval will this solution be defined?
P42 4+224+4>0, = 22(z+2)+2x+2)>0

= (@*+2)(z+2) >0, = 2>-2

15



We can also argue that when © = —2, we have y = 1. At this point |dy/dz| — oo, therefore
solution can not be defined at this point.

The plot of the solution is given below, where the initial data is marked with ‘x’. We also
include the solution with the ‘4’ sign, using dotted line.

10
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Example 3. Solve 3’ = 322 + 322y2, y(0) = 0, and find the interval where the solution is
defined.

Answer.Let’s first separate the variables.

dy 2 2 / 1
el 1

Set in the IC:

dy = /33:2 de, = arctany =2°+c.

arctan0=0+4¢, = ¢=0

we get the solution

arctany = 2%, =y = tan(z?).

Since the initial data is given at « = 0, i.e., 3 = 0, and tan is defined on the interval (=5, %),

we have
TS o |:7T}1/3< <{7r]1/3
—— <’ < = —|= x — .
2 2’ 2 2
Example 4. Solve
1+ 322
= 0)=1
V=376 y(0)

and identify the interval where solution is valid.

Answer.Separate the variables

/(31/2 — 6y)dy = /(1 +32%)dx P -3 =x+2>+c

16



Set in the IC: x =0,y = 1, we get
1-3=¢, = c=-2,

Then,

VP33t =2 - -2

Note that solution is given in implicitly form.

To find the valid interval of this solution, we note that ¢’ is not defined if 3y% — 6y = 0,
i.e., when y = 0 or y = 2. These are the two so-called “bad points” where you can not define
the solution. To find the corresponding values of x, we use the solution expression:

y=0: 234+2-2=0,
= (@P+z+2)(x-1)=0, = z=1

and
y=2: x3+x—2:—4, = x3+x+2:O,

= (@-z+2(x+1)=0, = z=-1

(Note that we used the facts 22 + z +2 # 0 and 22 — z +2 # 0 for all z.)
Draw the real line and work on it as following;:

Therefore the interval is —1 < z < 1.

2.3 Differences between linear and nonlinear equations

We will take this chapter before the modeling (ch. 2.3).
For a linear equation
v +py=9(),  ylto) = o,

we have the following existence and uniqueness theorem.

Theorem . If p(t) and g(t) are continuous and bounded on an open interval containing
to, then it has an unique solution on that interval.

Example 1. Find the largest interval where the solution can be defined for the following

problems.
(A). ty' +y=1% y(-1) =3.

Answer.Rewrite: 3 + %y =12, 50t # 0. Since tg = —1, the interval is ¢t < 0.
(B). ty' +y =1, y(1) = 3.

Answer.The equation is same as (A), so t # 0. ty = 1, the interval is ¢ > 0.
(C). t—=3)y' + (Int)y =2t, y(1) =2

17



Answer.Rewrite: 3/ + gﬂ—gy = t%—t?), so t # 3 and t > 0 for the In function. Since ¢ty = 1,
the interval is then 0 < t < 3.
(D). ¥/ + (tant)y = sint, y(7) = 100.

Answer.Since tg = 7, and for tant to be defined we must have ¢ £ L;lﬂ', k=41,42,---.
So the interval is § <t < 37“

For non-linear equation
y' = f(t.y), y(to) = yo,

we have the following theorem:

Theorem . If f(¢,y), g—g(t,y) are continuous and bounded on an rectangle (o < t <
B,a < y < b) containing (to,yo), then there exists an open interval around %y, contained in
(a, B), where the solution exists and is unique.

We note that the statement of this theorem is not as strong as the one for linear equation.

Below we give two counter examples.

Example 1. Loss of uniqueness. Consider

dy t

—=flty) =—, —-2)=0.

o~ Tty =—, y(=2)

We first note that at y = 0, which is the initial value of y, we have y' = f(¢t,y) — oo. So the
conditions of the Theorem are not satisfied, and we expect something to go wrong.

Solve the equation as an separable equation, we get

/ydy:—/tdt, v tt =,

and by IC we get ¢ = (—2)2+0 = 4, so y?> +1? = 4. In the y — ¢ plan, this is the equation for a
circle, centered at the origin, with radius 2. The initial condition is given at tg = —2,y¢ = 0,
where the tangent line is vertical (i.e., with infinite slope). We have two solutions: y = v4 — t2
and y = —v/4 — t2. We lose uniqueness of solutions.

Example 2. Blow-up of solution. Consider a simple non-linear equation:

Yy =92,  y0)=1.

Note that f(t,y) = y?, which is defined for all ¢+ and y. But, due to the non-linearity of f,
solution can not be defined for all ¢.

This equation can be easily solved as a separable equation.

1 1 -1
—dy=[dat, =t I —
/y2 Y / ’ y +c, y() t+c

By IC y(0) =1, we get 1 = —1/(0+ ¢), and so ¢ = —1, and

!
=1

y(t)

We see that the solution blows up as t — 1, and can not be defined beyond that point.
This kind of blow-up phenomenon is well-known for nonlinear equations.

18



2.4 Modeling with first order equations

General modeling concept: derivatives describe “rates of change”.
Model I: Exponential growth/decay.
Q(t) = amount of quantity at time ¢
Assume the rate of change of Q(t) is proportional to the quantity at time t. We can write

Q

o (t) =r-Q(t), r: rate of growth/decay

If r > 0: exponential growth
If r < 0: exponential decay
Differential equation:

Q' =rQ, Q(0)=Qo.

Solve it: separable equation.
/%d@ _ /rdt, S mQ=rt+e = Q) =€t = ce
Here r is called the growth rate. By IC, we get Q(0) = C' = Qp. The solution is
Q(t) = Qoe™.
Two concepts:

e For r > 0, we define Doubling time Tp, as the time such that Q(Tp) = 2Q.

In2
Q(Tp) = Qo™ =2Qy, 0 =2, +Tp=M2, Tp=—.
.

e For r < 0, we define Half life (or half time) Ty, as the time such that Q(Ty) = 3Qo.

In2

1 1 1
Q(TH) = Qoe' ™ = 5@0, e = 37 Ty = 1H§ =-—In2, Ty=

Note here that Tz > 0 since r < 0.

NB! Tp, Ty do not depend on ()y. They only depend on r.

Example 1. If interest rate is 8%, compounded continuously, find doubling time.

Answer.Since r = 0.08, we have Tp = _ITIO?S'

Example 2. A radio active material is reduced to 1/3 after 10 years. Find its half life.

Answer.Model: % = rQ, r is rate which is unknown. We have the solution Q(¢) = Qoe".

So
1 1 —In3
1 - 10r - _ .
Q(10) = 3Q0, Qoe" = 3Q0, =10

19



To find the half life, we only need the rate r

In2 10 In 2
Ty=—=—In2—— =10—.
H r t —In3 0ln3

Model II: Interest rate/mortgage problems.

Example 3. Start an IRA account at age 25. Suppose deposit $2000 at the beginning
and $2000 each year after. Interest rate 8% annually, but assume compounded continuously.
Find total amount after 40 years.

Answer.Set up the model: Let S(t) be the amount of money after ¢ years

% = 0.085 42000,  S(0) = 2000.

This is a first order linear equation. Solve it by integrating factor

5" —0.08S = 2000, = e 008

S(t) = " / 2000 e~ 00 gt — (008t [20006_0'0& + c} = 20004 008 — 95000 + ccO0%,
~0.08 ~0.08
By IC,
S(0) = —25000 + ¢ = 2000,  C = 27000,
we get

S(t) = 270008 — 25000.

When t = 40, we have
S(40) = 27000 - 3% — 25000 ~ 637, 378.

Compare this to the total amount invested: 2000 + 2000 * 40 = 82, 000.
Example 4: A home-buyer can pay $800 per month on mortgage payment. Interest rate is
r annually, (but compounded continuously), mortgage term is 20 years. Determine maximum

amount this buyer can afford to borrow. Calculate this amount for r = 5% and r = 9% and
observe the difference.

Answer.Set up the model: Let Q(t) be the amount borrowed (principle) after ¢ years

aQ _

7 =7Q(t) 800 x 12

The terminal condition is given Q(20) = 0. We must find Q(0).
Solve the differential equation:

Q' —rQ = —9600, p=e"t

—rt
Qt) =e" / (—9600)e " dt = [_96006 ] 9600 .,

+c|=——+ce
r
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By terminal condition

9600 20r 9600
Q(20) = r + = O, Cc = —m
SO we get
9600 9600 .,
Q(t) = , - - egore .
Now we can get the initial amount
9600 9600 9600 —20r
0) = — = 1-— .
Q) = == — o = R )
If r = 5%, then
9600 -1
=—(1- ~ $121 .
Q0) = 5o5 (1 —e7) ~ 8121, 367
If r = 9%, then
9600
Q(0) = (1—e18) ~ $89,034.

-~ 0.09
We observe that with higher interest rate, one could borrow less.

Model III: Mixing Problem.

Example 5. At t = 0, a tank contains (g b of salt dissolved in 100 gal of water. Assume
that water containing 1/4 1b of salt per gal is entering the tank at a rate of r gal/min. At the
same time, the well-mixed mixture is draining from the tank at the same rate.

(1). Find the amount of salt in the tank at any time ¢ > 0.

(2). When t — oo, meaning after a long time, what is the limit amount Q7

Answer.Set up the model:
Q(t) = amount (Ib) of salt in the tank at time ¢ (min)
Then, Q'(t) = [in-rate] — [out-rate].
In-rate: r gal/min x 1/4 1b/gal = 2 1b/min

concentration of salt in the tank at time ¢t = %
Out-rate: r gal/min X % Ib/gal = 1:ﬁ0@(t) 1b/min
Q'(t) = [In-rate] — [Out-rate] = 2 — KEQ(t), I.C. Q(0) = Qo.
(1). Solve the equation
Q' + 1%062 _ 2, = o (r/100)t
Qt) = o~ (r/100)t / ge(r/loo)tdt — o—(r/100)t Ee(r/loo)tl%o 1| = 25 4 ce(r/100)t

By IC
Q(O):25+C:QQ, C:Q0—25,
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we get
Q(t) = 25+ (Qo — 25)e~ /100,

(2). As t — oo, the exponential term goes to 0, and we have
Qr = lim Q(t) = 251b.
t—o0

We can also observed intuitively that, as time goes on for long, the concentration of salt in the
tank must approach the concentration of the salt in the inflow mixture, which is 1/4. Then,
the amount of salt in the tank would be 1/4 x 100 = 25 1b, as t — +o0.

Example 6. Tank contains 50 1b of salt dissolved in 100 gal of water. Tank capacity is
400 gal. From ¢ =0, 1/4 1b of salt/gal is entering at a rate of 4 gal/min, and the well-mixed
mixture is drained at 2 gal/min. Find:

(1) time ¢t when it overflows;
(2) amount of salt before overflow;

(3) the concentration of salt at overflow.

Answer.(1). Since the inflow rate 4 gal/min is larger than the outflow rate 2 gal/min, the

tank will be filled up at ty:
ty = w = 150min.
(2). Let Q(t) be the amount of salt at ¢ min.
In-rate: 1/4 1b/gal x 4 gal/min = 1 lIb/min

Out-rate: 2 gal/min X % Ib/gal = %—?t 1b/min
iy 1 QW) o 5 _
Q) =1-:50 Qi Q=1 Q=5

1
[ = exp </ 50+tdt> =exp (In(50 +¢)) =50+t

Q) = —— [ (50 + t)dt =

1
[50t + =2 + c}

T 50+t 50 + ¢ 2
By IC:
Q(0) = ¢/50 = 50, ¢ = 2500,
We get
50t + t2/2 + 2500
Q) = /
50 + ¢

(3). The concentration of salt at overflow time ¢ = 150 is

Q(150) 50150 + 150%/2 + 2500 17
400 400(50 + 150) 64

b /gal.

Model IV: Air resistance
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Example 7. A ball with mass 0.5 kg is thrown upward with initial velocity 10 m/sec from
the roof of a building 30 meter high. Assume air resistance is |v|/20. Find the max height
above ground the ball reaches.

Answer.Let S(t) be the position (m) of the ball at time ¢ sec. Then, the velocity is
v(t) = dS/dt, and the acceleration is a = dv/dt. Let upward be the positive direction. We
have by Newton’s Law:

I v v dv
T 97 20m ~ dt
Here g = 9.8 is the gravity, and m = 0.5 is the mass. We have an equation for v:
dv 1
—=——v-98=-0.1
7 0¥ 9.8 0.1(v + 98),

SO

1
/v+98dv = /(—O.l)dt, = Injv+98 =-0.1t+c

which gives

—0.1¢
)

v+ 98 = ce = v=-98+4¢ce O,

By IC:
U(O) =-98+c=10, ¢c¢=108, = wv=-98+ 1086_0'1t.

To find the position S, we use S’ = v and integrate
S(t) = /v(t) dt = /(—98 +108e 1) dt = —98t + 108¢ "1 /(—0.1) + ¢

By IC for S,
S(0) = —1080 +¢ =230, c¢=1110,  S(t) = —98t — 1080e " 4+ 1110.
At the maximum height, we have v = 0. Let’s find out the time T" when max height is reached.
o(T) =0, —98+108 %17 =0, 98 =108, 70T —098/108,
—0.17 = In(98/108), T = —101n(98/108) = 101n(108/98).

So the max height Sy is

1
Sy = S(T) = —980In g — 1080e~0-1(10) In(108/98) 4 17170

108
= —980In 08 1080(98/108) + 1110 ~ 34.78 m.
Other possible questions:

e Find the time when the ball hit the ground.
Solution: Find the time ¢t =ty for S(ty) = 0.

e Find the speed when the ball hit the ground.
Solution: Compute |v(tg)].

e Find the total distance traveled by the ball when it hits the ground.
Solution: Add up twice the max height Sj; with the height of the building.
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2.5 Autonomous equations and population dynamics

Definition: An autonomous equation is of the form ¢y’ = f(y), where the function f for the
derivative depends only on y, not on t.

Simplest example: 3y’ = ry, exponential growth/decay, where solution is y = yoe™.

Definition: Zeros of f where f(y) = 0 are called critical points or equilibrium points, or
equilibrium solutions.

Why? Because if f(yp) = 0, then y(t) = yo is a constant solution. It is called an equilib-
rium.

Question: Is an equilibrium stable or unstable?

Example 1. ' = y(y — 2). We have two critical points: y; =0, yo = 2.

4

i > 1
+ + -
0
—_— < —
1k
L L L L L L L _2 1 I I L I
-05 0 0.5 1 15 2 25 3 0 0.5 1 15 2 25

y t

We see that y; = 0 is stable, and y» = 2 is unstable.

Example 2. For the equation y' = f(y) where f(y) is given in the following plot:




(A). What are the critical points?
(B). Are they stable or unstable?

(C). Sketch the solutions in the t — y plan, and describe the behavior of y as t — oo (as it
depends on the initial value y(0).)

Answer.(A). There are three critical points: y; =1, y2 =3, y3 = 5.
(B). To see the stability, we add arrows on the y-axis:

L L L L
0 1 2 3 4 5 6

We see that y; = 1 is stable, yo = 3 is unstable, and y3 = 5 is stable.
(C). The sketch is given below:

6

>3

0 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

Asymptotic behavior for y as t — oo depends on the initial value of y:
o If y(0) < 1, then y(t) — 1,

o If y(0) =1, then y(t) = 1;
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If 1 < y(0) < 3, then y(t) — 1;

If y(0) = 3, then y(t) = 3;

If 3 <y(0) <5, then y(t) — 5;

If y(0) = 5, then y(t) = 5;

if y(t) > 5, then y(t) — 5.

Stability: is not only stable or unstable.

Example 3. For y/ = 32, we have only one critical point y; = 0. For y < 0, we have
y' > 0, and for y > 0 we also have ¥ > 0. So solution is increasing on both intervals. So on
the interval y < 0, solution approaches y = 0 as ¢ grows, so it is stable. But on the interval
y > 0, solution grows and leaves y = 0, and it is unstable. This type of critical point is called
semi-stable. This happens when one has a double root for f(y) = 0.

Example 4. For equation 3’ = f(y) where f(y) is given in the plot

151

0 > < ~— > <

(A). Identify equilibrium points;

(B). Discuss their stabilities;

(C). Sketch solution in y — ¢ plan;

(D). Discuss asymptotic behavior as t — oo.

Answer.(A). y =0,y =1,y = 2,y = 3 are the critical points.
(B). y = 0 is stable, y = 1 is semi-stable, y = 2 is unstable, and y = 3 is stable.
(C). The Sketch is given in the plot:

26



(D). The asymptotic behavior as ¢ — 0o depends on the initial data.
e If y(0) < 1, then y — 0;

e If 1 <y(0) <2, then y — 1;

o If y(0) = 2, then y(t) = 2;

e If y(0) > 2, then y — 3.

Application in population dynamics: let y(¢) be the population of a species.

Typically, the rate of change in the population depends on the population y, at any time t.
This means y/(t) typically does NOT depend on ¢, and we end up with autonomous equations.

Model 1. The simplest model is the exponential growth, with growth rate r:

y'(t) =ry.

If initially there is no life, then it remains that way. Otherwise, if only a very small amount
of population exists, then it will grow exponentially.

Of course, this model is not realistic. In natural there is limited natural resource that can
support only limited amount of population.

Model 2. The more realistic model is the “logistic equation”:

d
d—ZZZ(T—ay)y-
or d
vy _ _Y _r
dt_r<1 k‘)y’ K a’

r=intrinsic growth rate,

k=environmental carrying capacity.
critical points: y =0, y = k. Here y = 0 is unstable, and y = k is stable.
If 0 < y(0) < k, then y — k as t grows.
If y(0) > k, then y — k as t grows.
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Im summary, if y(0) > 0, then
lim y(t) = k.

t—+00

Model 3. An even more detailed model is the logistic growth with a threshold:

y’(t)z—r(l—%)'(l—%ﬂ, r>0, 0<T<K.

We see that there are 3 critical points: y = 0,y = T,y = K, where y = T is unstable, and
y =0,y = K are stable.
Let y(0) = yo be the initial population. We discuss the asymptotic behavior as t — +o0.

o If 0 <yp < T, then y — 0.
o If T'< yy< K, then y —» K.
o If yog > K, then y — K.

We see that yg = T work as a threshold. We have

lim y(t)=0 if y(0)<T

t—+00

tliglooy(t) =K if y(0)>T.
Some populations follow this model, for example, the some fish population in the ocean. If we

over-fishing and make the population below certain threshold, then the fish will go extinct.
That’s too sad.

2.6 Exact Equations

Review on partial derivatives and Chain Rules for functions of 2 variables.
Consider a function f(z,y). We use these notations for the partial derivatives:

_of _of
f:l,‘ - afl: Y fy 8:/,/
and correspondingly the higher derivatives:
0 f 0*f
fw:v - axQ 9 fyy - ay2

and the cross derivatives

_F 0 (of _F o [(of
o= 3aty = (02) o= e 3 ().

where we have the identity
f Ty — f yx-

Now, consider x = z(t) and y = y(t), and we form a composite function as f(x(t),y(t)).
We see that f now depends only on t.
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Chain Rule: i of d of d
g _o] & o) Y _ o /
dt Oz dt+8y dt St Y-

Example 1. Let f(x,y) = 2%y? +¢%, and z(t) = t2, y(t) = €', and consider the composite
function f(z(t),y(t)). Compute %.
Answer.We first compute the derivatives
» = 2xy% + €7, y = 222y, () =2t, (t)=¢
By the Chain Rule, we compute

dr

il (2xy” + €¥)2t + 2%y’

— 9t (2t2e2t + et2> + ottetet

Special case: If y = y(z), then the composite function f(z,y(z)) will follow this form of

Chain Rule
df_@f'dzn g.dy

ZJ _Z 22 a4y _ /
dx  Ox d$+8y dx fo + fuy/ (z).

Exact Equations. We will start with an Example.
Example 2. Let y(z) be the unknown. Consider the equation
6z + ey% + 2e%yy’ =0

We see that the equation is NOT linear. It is NOT separable either. None of the methods we
know can solve it.
However, define the function

Y(z,y) = 32* + "y

We notice that
Y = 6z + "y, ty = 2e"y

and the equation can be written as
Vo (2,y) + 1y (2, y)y" = 0.

Since y = y(x), we apply the Chain Rule to the composite function ¢ (z,y(z)) and get
dip

%:

Vg + ¢yy,(ﬂj)
which is the left-hand side of the equation. By the differential equation, we now have

dy

%_07 — TIZ)(JE,y):C
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where C' is an arbitrary constant, to be determined by initial condition. We have found the
solution in an implicit form:
327 + e"y? = C.

In this example, we are even able to write out the solution in an explicit form by algebraic
manipulation

y? = e %(C — 32?), y==++ve*(C — 3z2).
Here, the choice of + or — sign should be determined by initial condition.
Definition of an exact equation. En equation in the form
M (z,y) + N(z,y)y =0

is called exact if there exists a function 1 (z,y) such that ¢, = M and ¢, = N.
How to check if an equation is exact? By the identity 1., = 1y,, we must have

My(z,y) = Ny(z,y).
How to solve it? Need to find the function v, then we get implicit solution
Y(z,y) = C.
How to find 9?7 By using the facts that
Yy = M(z,y), ¢y =N(z,y)
and integrate. We will see this through an example.
Example 3. Check if the following equation is exact
(22 + 3y) + (z — 2y)y’ = 0.

Answer.Here we have

M(z,y) = 2z + 3y, N(z,y) =z — 2y.

Then
M,=3, N;=1, M, # N,

so the equation is not exact.

Remark 1. Consider a separable equation:

Multiply both sides by g(y) and re-arranging terms, we get

f(x) —g(y)y = 0.
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Now we check if this equation is exact. Clearly, we have f, = 0 and g, = 0, so it is exact. We
may conclude that all separable equations can be rewritten into an exact equation.

Remark 2. However, the exactness of an equation is up to manipulation. Consider the
separable equation in Remark 1, and rewrite the equation now into

fa)
9(y) v
So now we have fa)
M($7y):@7 N(x7y):1

Since N; = 0 and M, # 0 in general, the equation is not exact.
So, be careful. When you say an equation is exact, you must specify in which form you
present your equation.

Example 4. Consider the equation
2z +y)+ (x+2y)y =0
(1) Is it exact? (2) If yes, find the solution with the initial condition y(1) = 1.

Answer.(1). We have M = 2z +y and N = z + 2y, so M, = 1 and N, = 1, so the
equation is exact.
(2). To solve it, we need to find the function ¢. We have

Yy =2x +y, 1/1y=ﬂ?+2y. (A)

Integrating the first equation in z:

w(a:,y):/wxdx:/(2x+y)dz+h(y)+a:2+xy+h(y).

(Review: To perform a partial integration in x, we treat y as a constant. Therefore, the
integration constant could depend on y since it is a constant. That’s why we add h(y), a
function of y, to the anti-derivative.)

To determine h(y), we use the second equation in (A).

y=c+W(y)=2+2y, Ny =2y hly) =y
Therefore
=2+ Ty + y2

and the implicit solution is
2+ ay+y?=C.

Finally, we determine the constant C' by initial condition. Plug in z = 1,y = 1, we get
C = 3, so the implicit solution is
22 +xy +y* = 3.
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Example 5. Given equation
(zy? + bx?y) + (z +y)zy = 0.
(1) Find the values of b such that the equation is exact. (2) Solve it with that value of b.
Answer.(1). We have
M(z,y) = xy* + bx’y, N(z,y) = 2* + 2%y

SO
M, =2zy +ba®, N, =32 + 2y

We see that we must have b = 3 to ensure M, = N, which would make the equation exact.
(2). We now set b = 3. To solve the equation, we need to find the function ¢. We have

P = a:y2 + 3x2y, Py = >+ xzy.

Integrating the first equation in x:

1
§x2y2 + 23y + h(y)

vlony) = [ (n? + 302+ hly) =
To find h(y), we use 1,
hy = 22y + 23 + B (y) = N, = 322 + 2zy

We must have h'(y) = 0, so we can use h(y) = 0.
The implicit solution is

1
5:132112 + 2y =C,

where C' is arbitrary, to be determined by initial condition.
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Chapter 3

Second Order Linear Equations

In this chapter we study linear 2nd order ODEs. The general form of these equations is
as(t)y” + a1 (t)y’ + ao(t)y = b(t),
where

as(t) # 0, y(to) = yo, ¥ (to) = Yo

If b(t) = 0, we call it homogeneous. Otherwise, it is called non-homogeneous.

3.1 Homogeneous equations with constant coefficients
This is the simplest case: ag, a1, aq are all constants, and g = 0. Let’s write:
azy” + a1y’ + agy = 0.
We start with an example.

Example 1. Solve ¢y —y = 0, (we have here as = 1,a1 = 0,a9 = 1).

Answer.Let’s guess an answer of the form y;(t) = €.
Check to see if it satisfies the equation: v =€, so vy —y =e

Guess another function: yo(t) = ™.
Check: v = —e7t, soy”" =e ', soy” —y=e! —e' =0. So it is also a solution.

Claim: Another function y = c1y; + coyo for any arbitrary constants ¢, co (this is called
“a linear combination of y1,y9”) is also a solution.

Check if this claim is true:

t _ et =0. So it is a solution.

t

y(t) = crel + cpe

then

/ t —t I t —t
Yy =cle" —coe ", Yy =ce +ce, = y —y=0.

Actually this claim is a general property. It is called the principle of superposition.
Theorem (The Principle of Superposition) Let yi(t) and ya(t) be solutions of

as(t)y" +a1(t)y +ap(t)y =0

33



Then, y = c1y1 + coyo for any constants c1,co is also a solution.

Proof: If y; solves the equation, then

az(t)yy + a1 (t)y; + ao(t)yr = 0. ()
If yo solves the equation, then
az(t)yy + a1 (t)ys + ao(t)y2 = 0. (I1)

Multiple (I) by ¢; and (II) by ¢o, and add them up:

az(t)(cryr + cay2)” + a1 (t)(cryr + cay2)’ + ao(t)(cryr + cayz) = 0.
Let y = c1y1 + c2y2, we have
az(t)y” + a1 (t)y’ + ao(t)y =0
therefore y is also a solution to the equation.
How to find the solutions of asy” + a1y’ + agy = 07

We seek solutions in the form y(t) = €. Find r.

y/ _ rert =ry, y// _ T2ert — r2y

a2r2y +ai1ry +apy =0
Since y # 0, we get
agr® +a1r +ag =0
This is called the characteristic equation.
Conclusion: If r is a root of the characteristic equation, then y = €"* is a solution.

If there are two real and distinct roots r; # ro, then the general solution is y(t) =
"t 4 coe™! where cq, ¢y are two arbitrary constants to be determined by initial conditions

t
ce
(ICs).
Example 2. Consider 3" — 5y + 6y = 0.
(a). Find the general solution.
(b). If ICs are given as: y(0) = —1,%/(0) = 5, find the solution.

(c). What happens to y(t) when ¢t — oo?

Answer.(a). The characteristic equation is: 72 —5r+6 =, so (r —2)(r —3) = 0, two roots:
r1 = 2,79 = 3. General solution is:

y(t) = cre® + cpe®.

(b). y(0) = —1 gives: ¢1 +co = —1.
y'(0) = 5: we have 3/ = 2c1e? + 3cae®, s0 3/ (0) = 2¢1 + 3¢y = 5.
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Solve these two equations for c1, co: Plug in ¢co = —1 — ¢; into the second equation, we get
2¢1 +3(—1—1¢1) =5, 80 ¢; = —8. Then ¢y = 7. The solution is

y(t) = —8e* 4 7e3t,
(c). We see that y(t) = e? - (—8 + 7e'), and both terms in the product go to infinity as t
grows. So y — 400 as t — +o00.

Example 3. Find the solution for 2y” +y'—y = 0, with initial conditions y(1) = 0, ¢/(1) =

Answer.Characteristic equation:
22 4r—1=0, = r-1)r+1)=0, = r=—-, rn=—1

General solution is:

y(t) = cre? + caet.

The ICs give

y(1) =0: c1e? + cee ! = 0. (A)
1 1
y()=3: ¢t)= icle%t —coe?, 5616% — el =3 (B)
(A)+(B) gives
gcle% =3, c =2 2

Plug this in (A):
Cco = —ecle% = —eQe%e% = —2e¢.

The solution is o 1
y(t) =2 2e2" — 2ee”! = 9¢3(t=1) _ 9,—(t=1)

)

and as t — oo we have y — oo.
Summary of receipt:
1. Write the characteristic equation; y” — 2, v — r, y — 1.
2. Find the roots;
3. Write the general solution;

4. Set in ICs to get the arbitrary constants c1, ca.

Example 4. Consider the equation 3" — 5y = 0.

(a). Find the general solution.
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(b). If the initial conditions are given as y(0) = 1 and 3'(0) = a, then, for what values of a
would y remain bounded as t = +o0?

Answer.(a). Characteristic equation
P2—5=0, = 1 =-V5 ry=15.

General solution is

y(t) = cre V3 4 cpeVPt.

(b). If y(t) remains bounded as ¢ — oo, then the term eV must vanish, which means we must
have ¢ = 0. This means y(t) = cie~ V3. If y(0) = 1, then y(0) = ¢; = 1, so y(t) = e~ V3.
This gives y/(t) = —v/5e~ V" which means a = y/(0) = —/5.

Example 5. Consider the equation 2y” + 3y’ = 0. The characteristic equation is

3
2 +3r=0, = r(2r+3)=0 = r=-5, =0

The general solutions is

0t

y(t) = cle_%t + et = cle_%t + co.

As t — oo, the first term in y vanished, and we have y — co.

t

Example 6. Find a 2nd order equation such that c;e® + coe™ is its general solution.

Answer.From the form of the general solution, we see the two roots are v = 3,70 = —1.
The characteristic equation could be (r — 3)(r + 1) = 0, or this equation multiplied by any
non-zero constant. So r2 — 2r — 3 = 0, which gives us the equation

y" =2y —3y=0.
3.2 Solutions of Linear Homogeneous Equations; the Wron-
skian
We consider some theoretical aspects of the solutions to a general 2nd order linear equations.
Theorem . (Existence and Uniqueness Theorem) Consider the initial value problem
y' o)y +at)y=9(t),  yto) =vo. ¥'(to) = Yo
If p(t),q(t) and g(t) are continuous and bounded on an open interval I containing ty, then

there exists exactly one solution y(t) of this equation, valid on I.

Example 1. Given the equation

=3ty +t/ —(t+3)y=¢, y(1)=2, y(1)=1
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Find the largest interval where solution is valid.
Answer.Rewrite the equation into the proper form:

t , t+3 el

VY T T

so we have

t t+3 el
p(t) = =3y q(t) = THt—3) 9(t) = t(t—3)

We see that we must have ¢ # 0 and ¢ # 3. Since ¢ty = 1, then the largest interval is I = (0, 3),
or 0 <t < 3. See the figure below.

to
|
|
1

Definition. Given two functions f(t), g(¢), the Wronskian is defined as

W(f,9)t) = fg' - f'g.

Remark: One way to remember this definition could be using the determinant of a 2 x 2
matrix,

W(f.g)(t) = ‘ 5

Main property of the Wronskian:

o If W(f,g) =0, then f and g are linearly dependent.

e Otherwise, they are linearly independent.

Example 2. Check if the given pair of functions are linearly dependent or not.
(a). f=¢€l, g=e".

Answer.We have
W(f,g) =e'(—e") —ee! =240
so they are linearly independent.
(b). f(t) =sint, g(t) = cost.

Answer.We have
W (f,g) =sint(sint) —costcost = —1 # 0
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and they are linearly independent.
(c). fit)y=t+1, g(t) =4t + 4.

Answer.We have
W(f,g)=(t+1)4—(4t+4)=0

so they are linearly dependent. (In fact, we have g(t) =4 - f(¢).)
(d). f(t) =2t, g(t) = [t].

Answer.Note that ¢'(t) = sign(t) where sign is the sign function. So
W(f,g) =2t -sign(t) —2Jt| =0

(we used t - sign(t) = |t|). So they are linearly dependent.

Theorem . Suppose y1(t),y2(t) are two solutions of

y" 4+ p(t)y' +q(t)y = 0.

Then
(I) We have either W (y1,y2) =0 or W (y1,y2) never zero;

(IT) If W (y1,y2) # 0, the y = c1y1 + cay2 is the general solution. They are also called to form
a fundamental set of solutions. As a consequence, for any ICs y(to) = o,y (to) = Yo,

there is a unique set of (c1,c2) that gives a unique solution.

The next Theorem is probably the most important one in this chapter.
Theorem (Abel’s Theorem) Let y1,ys be two (linearly independent) solutions to
y" +p(t)y +q(t)y =0

on an open interval I. Then, the Wronskian W (y1,y2) on I is given by
W, )(0) = C - exp( [ ~ple)dt),

for some constant C depending on y1,y2, but independent on t or on I.

Proof. We skip this part. Read the book for a proof.

Example 3. Given
2y —t(t+2)y' + (t +2)y = 0.

Find W (y1,y2) without solving the equation.

Answer.We first find the p(t)
_tF2



which is valid for ¢ # 0. By Abel’s Theorem, we have
t+2
W(y1,y2) =C - eXp(/ p(t)dt) = C - exp /L dt) = Cet T2l = o2t
NB! The solutions are defined on either (0,00) or (—o0,0), depending on .

From now on, when we say two solutions 1,y of the solution, we mean two linearly
independent solutions that can form a fundamental set of solutions.

Example 4. If y1,y2 are two solutions of
ty" + 2y + tety =0,
and W (y1,y2)(1) = 2, find W (y1,2)(5).

Answer.First we find that p(t) = 2/t. By Abel’s Theorem we have

2
W (y1,y2)(t) = C - exp {— / n dt} —(C.e 0t — 02,
If W (y1,2)(1) = 2, then C' = 2. So we have

W(y1,y2)(5) = (2)572 = —

Example 5. If W(f,g) = 3e*, and f = €%, find g.
Answer.By definition of the Wronskian, we have
W(f.9)=fg —f'g=e*g —2e%g =3e",
which gives a 1st order equation for g:
g —2g = 3e2t.
Solve it for g, by method of integrating factor:
p(t) =e 2 g(t) = ezt/e_2t3e2t dy = (3t + ¢).

We can choose ¢ = 0, and get g(t) = 3te?.

Next example shows how Abel’s Theorem can be used to solve 2nd order differential
equations.

Example 6. Consider the equation y” + 2y’ +y = 0. Find the general solution.

Answer.The characteristic equation is 72 4 2r 4+ 1 = 0, which given double roots r; =
rg = —1. So we know that y; = e~ is a solutions. How can we find another solution ¥, that’s
linearly independent?
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By Abel’s Theorem, we have

W (y1,y2) = Cexp {/ -2 dt} =Ce 2,

and we can choose C' = 1 and get W (y1,y2) = e ?*. By the definition of the Wronskian, we
have

W (y1,y2) = y1vh — vhy2 = € 'y — (—e"y2) = e " (yh + v2).
These two computation must have the same answer, so

ey ty2) =¥ ghtyp=e,

This is a 1st order equation for ys. Solve it:
u(t) = e, yo(t) =e™! / ele”tdt = et + c).
Choosing ¢ = 0, we get y» = te!. The general solution is

y(t) = ciyn + cayp = cre !t 4 eote™t.

This is called the method of reduction of order. We will study it more later in chapter 3.4.

3.3 Complex Roots
We start with an example.
Example Consider the equation 3" + v = 0, find the general solution.

Answer.By inspection, we need to find a function such that y” = —y. We see that
y1 = cost and yy = sint both work. By the Wronskian W (y1,y2) = —2 # 0, we see that these
two solutions are linearly independent. Therefore, the general solution is

y(t) = c1y1 + caya = ¢y cost + cysint.
Let’ try to connect this with the characteristics equation:
rPr1=0, r=-1, r =i, 719=—i.

The roots are complex. In fact, they are acomplex conjugate pair. We see that the imaginary
part seems to give sin and cos functions.

In general, the roots of the characteristic equation can be complex numbers. Consider the
equation
ay” + by +cy =0, - ar’+br+c=0.

The two roots are
—b+ b2 — 4dac
2a '

ri2 =
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If b2 — 4ac < 0, the root are complex, i.e., a pair of complex conjugate numbers. We will write
r1,2 = AL ip. There are two solutions:

yp = eQAFIE = Mt gy = gy = O Mt

To deal with exponential function with pure imaginary exponent, we need the Euler’s Formula:
e’ = cos B + isin 3, e = cos f — isinf.

Back to y1,y2, we have

y1 = e (cos ut + isin ut), ys = e (cos ut — isin pt).

But these solutions are complex-valued. We want real-valued solutions! To achieve this, we
use the Principle of Superposition. If 1,y are two solutions, then ¢y + cays is also a solution
for any constants ci, ce. In particular, the functions %(yl +v2), %(yl — y9) are also solutions.
Write

| | .
=gl tye) = Meosput, o = oy —y2) = N sinpt.
We need to make sure that they are linearly independent. We can check the Wronskian,
W (i1, 32) = pe* # 0. (home work problem).

So y1,y2 are linearly independent, and we have the general solution

y(t) = cre™ cos pit + cpe sin put = eM(ey cos put + ¢osin put).

Example 1. (Perfect Oscillation: Simple harmonic motion.) Solve the initial value prob-
lem
y'+4y=0,  y(

>3

Answer.The characteristic equation is
P4+4=0 = r=42, = A=0, p=2.

The general solution is
y(t) = 1 cos 2t + c9 sin 2t.

Find ¢y, co by initial conditions: since y' = —2cy sin 2t + 2¢3 cos 2t, we have
(71') 0 m n .omo 1 n 0
—)=0: cicos= +cosin— =—c; +—cy =0,
Y'% LESg TRy T oA T e
;T T T V3 1
y(6) 6181H3—|- 620083 612 + 022
Solve these two equations, we get ¢; = —@ and co = %. So the solution is

3 1
y(t) = —% cos 2t + 1 sin 2t,
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which is a periodic oscillation. This is also called perfect oscillation or simple harmonic motion.

Example 2. (Decaying oscillation.) Find the solution to the IVP (Initial Value Problem)

y" +2y + 101y =0, y(0) =1, %/(0)=0.

Answer.The characteristic equation is
24 2r+101=0, = ro=-1+10i, = X=-1, u=10.

So the general solution is
y(t) = e *(cy cos 10t + c9 sin 10¢),

S0
y'(t) = —e Y(cycost + casint) + e F(—10c; sint + 10cy cost)

Fit in the ICs:

Solution is

The graph is given below:

1.
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We see it is a decaying oscillation. The sin and cos part gives the oscillation, and the e~*
part gives the decaying amplitude. As t — oo, we have y — 0.

Example 3. (Growing oscillation) Find the general solution of y” — y’ 4+ 81.25y = 0.
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Answer.
r? —r+81.25 =0, = r=05+9, = AX=05, p=2.

The general solution is
y(t) = 60'5t(61 cos 9t + ¢o sin 9¢).

A typical graph of the solution looks like:

20

We see that y oscillate with growing amplitude as ¢ grows. In the limit when t — oo, ¥y
oscillates between —oo and +oo0.

Conclusion: Sign of A, the real part of the complex roots, decides the type of oscillation:
e )\ = 0: perfect oscillation;

e )\ < 0: decaying oscillation;

e )\ > (: growing oscillation.

We note that since A = 5—;, so the sign of \ follows the sign of —b/a.

3.4 Repeated roots; reduction of order
For the characteristic equation ar? + br + ¢ = 0, if b = 4ac, we will have two repeated roots

r=Tr9=7r=——.

We have one solution 3; = €.

pendent of 317

How can we find the second solution which is linearly inde-
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From experience in an earlier example, we claim that y, = te™ is a solution. To prove
this claim, we plug it back into the equation. If 7 is the double root, then, the characteristic
equation can be written

72— 2Fr 472 =0

which gives the equation
y' — 2y + 72y =0.

We can check if y9 satisfies this equation. We have
y =" +Fte™, " =2re" 4+ Frte™.
Put into the equation, we get
2re™ + Fte™ — 27 (™ + Fte™) + FPte™ = 0.
Finally, we must make sure that g1, yo are linearly independent. We compute their Wronskian
W (y1,y2) = y1ys — yiye = €™ (e + 7te’™) — rete™ = €2 £ 0.
We conclude now, the general solution is
y(t) = cry1 + coya = cre™ + cote”™ = (1 + cot).
Example 1. (not covered in class) Consider the equation y” 4+ 4y’ + 4y = 0. We have

2 +4r+4=0,and 1 =ry =r = —2. So one solution is y; = e~2!. What is y?
Method 1. Use Wronskian and Abel’s Theorem. By Abel’s Theorem we have

Wyt y2) = CeXp(—/4dt) —ce =™ (let c=1).

By the definition of Wronskian we have

W (y1,y2) = y1vh — Yiye = e 2y — (—=2)e 'y = e 2 (yh + 2y0).

They must equal to each other:

4t

Yo+ 2y2) = e, yh + 2y = e

e—2t(

Solve this for s,
p=e? yy=e2 / e dt = e 2 (t + C)

Let C =0, we get yo = te™ 2!, and the general solution is

y(t) = aiyn + cayp = 616_2t + 62te_2t.

Method 2. This is the textbook’s version. We guess a solution of the form yo = v(t)y; =
v(t)e~?, and try to find the function v(t). We have

yh =v'e 2 fou(—2e7%) = e (v — 2v), vy = e (W — 4 + 4v).
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Put them in the equation

e 2 (v" — 40 + ) +4e 2 (V) — 20) + du(t)e”H = 0.

2

Cancel the term e™2!, and we get v = 0, which gives v(t) = c1t + c2. So

2t 2t

ya2(t) = vyr = (1t + cg)e™ = = cite 2t 4 cqe”

Note that the term cpe™? is already contained in cy;. Therefore we can choose ¢; = 1, ¢y = 0,
and get yo = te~2!, which gives the same general solution as Method 1. We observe that this
method involves more computation than Method 1.

A typical solution graph is included below:

25

15

0.5

0 1 1 1 1 1 1 L
0 0.5 1 15 2 25 3 3.5 4 4.5 5

We see if ¢o > 0, y increases for small ¢. But as ¢t grows, the exponential (decay) function
dominates, and solution will go to 0 as ¢ — co.

t

One can show that in general if one has repeated roots ri = ro = r, then y; = € and

Y2 = te", and the general solution is

y = cre" 4 catr™ = e (cy + cot).

Example 2. Solve the IVP

y' =2y +y=0, y0)=2 ¢(0) =1

Answer.This follows easily now
P2 —2r41=0, = ri=ro=1 = yt)=(c1 +cat)e’
The ICs give
y(O):2: cg+0=2, = ¢ =2
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y' ()= (a+et)e + e, yO)=at+a=1, = co=1-a=-L
So the solution is y(t) = (2 — t)e’.

Summary: For ay” + by 4+ cy = 0, and ar? + br + ¢ = 0 has two roots 71, 72, we have

o If r| # ry (real): y(t) = cre™t + coe™t;
o If ry =ry =7 (real): y(t) = (c1 + cot)e™;
o If ri o = X+ iy complex: y(t) = eM(cy cos ut + cosin pt).

On reduction of order: This method can be used to find a second solution yo if the first
solution ¥ is given for a second order linear equation.

Example 3. For the equation
2%y + 3ty —y =0, t>0,
given one solution y; = %, find a second linearly independent solution.

Answer.Method 1: Use Abel’s Theorem and Wronskian. By Abel’s Theorem, and choose
C =1, we have

W (y1,y2) :exp{—/p(t)dt} :exp{—/%dt} :exp{—glnt} =¢73/2,

By definition of the Wronskian,

1 1 B
W (y1,y2) = Y195 — Y192 = Zyé — (_t_z)yZ —43/2

Solve this for ys:

1 1 125 2
,u:exp</¥dt>:exp(lnt):t, = y2:¥/t't_%dt:¥§t%:§ z.

Drop the constant %, we get yo = /1.

Method 2: This is the textbook’s version. We saw in the previous example that this
method is inferior to Method 1, therefore we will not focus on it at all. If you are interested
in it, read the book.

Let’s introduce another method that combines the ideas from Method 1 and Method 2.

Method 3. We will use Abel’s Theorem, and at the same time we will seek a solution of
the form y; = vy;.

By Abel’s Theorem, we have ( worked out in M1) W (y1,y2) = 3. Now, seek yo = vy.
By the definition of the Wronskian, we have

W (y1,y2) = y1vh — yiye = vi(vyn) — yi(oyr) = y1(V'y1 + vyl) — vyiyl = v'y3.

46



Note that this is a general formula:

W (y1,y2) = v'y3, if Yo =wy.

Now putting y; = 1/t, we get

We see that Method 3 is the most efficient one among all three methods. We will focus on
this method from now on.

Example 4. Consider the equation
2y —tt+2)y +(t+2)y=0, (t>0).
Given y; = t, find the general solution.

Answer.We have ( 2) ) 5
t(t+ t+

t) = — = =—1-=

p(t) 2 ; ;

Let y9 be the second solution. By Abel’s Theorem, choosing ¢ = 1, we have

W(y1,y2) = exp {/ (1 + %) dt} =exp{t+2Int} = t2et.

Let y2 = vy1, the W (y1,y2) = v'y? = t>v'. Then we must have
t2 = t2et, v =€, V=€, Yo = tel.

(A cheap trick to double check your solution y, would be: plug it back into the equation and
see if it satisfies it.) The general solution is

y(t) = crys + coy2 = c1t + cote’.

We observe here that Method 3 is very efficient.

Example 5. Given the equation 2y — (t — %)y =0, (t>0),and y; = #(1/4) 2V
find ys.

Answer.We will always use method 3. We see that p = 0. By Abel’s Theorem, setting

c =1, we have
W(y1,y2) = exp (/ Odt) =1.

Seek yo = vy;. Then, W (y1,ys) = y2v' = t2e2Vty/. So we must have

2Vl — 1, = :t_%e_‘l‘/z, = v= /t_%e_‘l\ﬂdt.
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Let u = —4v/t, so du = —2t_%dt, we have

So drop the constant —%, we get
yo = vy = e WVi1e2VE = pre2VE,

The general solution is

y(t) = cry1 + caya = ¢ (0162\/Z + 026_2‘ﬂ) .

3.5 Non-homogeneous equations; method of undetermined co-
efficients
Want to solve the non-homogeneous equation
y' +pt)y +a(t)y = g(t), (V)
Steps:
1. First solve the homogeneous equation
y" +pt)y +a(t)y =0, (H)
i.e., find y1, ys, linearly independent of each other, and form the general solution

Yo = c1y1 + c2y2.

2. Find a particular/specific solution Y for (N), by MUC (method of undetermined coeffi-
cients);

3. The general solution for (N) is then
y=yn+Y =cayi+cy+Y.
Find c1, co by initial conditions, if given.

Key step: step 2.

Why y =yg +Y?
A quick proof: If yg solves (H), then

i +p)yE +at)ys =0, (4)
and since Y solves (N), we have
Y"+p)Y' +q()Y = g(t), (B)

Adding up (A) and (B), and write y = yg + Y, we get v" + p(t)y' + q(t)y = g(¢).

48



Main focus: constant coefficient case, i.e.,

ay” + by + cy = g(t).

Example 1. Find the general solution for 3" — 3y’ — 4y = 3e*..
Answer.Step 1: Find yg.
r?=3r—4=(r+1)(r—-4) =0, = r=-1r=4,

SO

Yg = cle_t + 6264t.

Step 2: Find Y. We guess/seek solution of the same form as the source term Y = Ae?!, and
will determine the coefficient A.

Y =24e*, Y" =4A¢e*.

Plug these into the equation:

4Ae% — 3. 24 —4Ae* =3e?, = —6A4=3, = A:—%.

SoY = —%ezt.
Step 3. The general solution to the non-homogeneous solution is

1
y(t) =yg+Y = Cle_t + 62€4t _ §€2t.

Observation: The particular solution Y take the same form as the source term g(t).
But this is not always true.

Example 2. Find general solution for y” — 3y’ — 4y = 2e~".

Answer.The homogeneous solution is the same as Example 1: yg = ciet +coe?t. For the
particular solution Y, let’s first try the same form as g, i.e., Y = Ae™'. So Y’ = —Ae 1 Y" =
Ae~t. Plug them back in to the equation, we get

LHS = Ae™" — 3(—Ae™") — 447" = 0 # 2~ = RHS.

So it doesn’t work. Why?

We see 1 = —1 and y; = e/, which means our guess ¥ = Ae~! is a solution to the
homogeneous equation. It will never work.

Second try: Y = Ate~*. So

Y =Ae t — Ate™, Y/ = —Aet — Ae”! + Ate”! = —24e7t + Ate™.
Plug them in the equation

(—2Ae™" + Ate™) — 3(Ae™" — Ate™") — 4Ate™" = —5Ae7" = 27,
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we get
—5A=2 = A:—%,

so we have Y = —2te

—t
5 .

Summary 1. If g(t) = ae™, then the form of the particular solution Y depends on rq,7o
(the roots of the characteristic equation).

‘ case ‘ form of the particular solution Y ‘
r1 # o and 19 # « Y = Ae™
1= Oor ro =, but r1 # ry Y = Ate™
r=ro =« Y = At?et

Example 3. Find the general solution for
Y’ — 3y — 4y =32 + 2.
Answer.The yy is the same yg = cie™! + coet.

Note that g(t) is a polynomial of degree 2. We will try to guess/seek a particular solution
of the same form:

Y = At> + Bt + C, Y' = 2At + B, Y =24
Plug back into the equation
2A — 3(2At + b) — 4(At> + Bt + C) = —4At* — (6A+ 4B)t + (2A — 3B — 4C) = 3t*> + 2.

Compare the coefficient, we get three equations for the three coefficients A, B, C:

—4A=3 — A:—§
4
9
—(6A+4B) =0, — B:§
1 55
2A-3B—-4C=2, - C=-(2A-3B—-2)=——
4 32
So we get
3 9 55
Y(t)= -t 4 -t — —.
®) 4 +8 32

But sometimes this guess won’t work.
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Example 4. Find the particular solution for 3" — 3y’ = 3t% + 2.

Answer.We see that the form we used in the previous example Y = At?> + Bt + C won’t
work because Y — 3Y” will not have the term 2.
New try: multiply by a t. So we guess Y = t(At? + Bt + C) = At3 + Bt?> + Ct. Then

Y' =3At> + 2Bt + C, Y" =6At+ 2B.
Plug them into the equation
(6At +2B) — 3(3At* + 2Bt + C) = —9At> + (6A — 6B)t + (2B — 3C) = 3t* + 2.

Compare the coefficient, we get three equations for the three coefficients A, B, C":

—94 =3 — A:—1
3
(6A—6B) =0, — B:A:—%

2B—3C=2 — C—~-2B—2)=->
3 9
SoY =t(—5t? — 3t — 3).
Summary 2. If g(¢) is a polynomial of degree n, i.e.,
g(t) = apt" + -+ aqt + ag
the particular solution for
ay” + by’ + cy = g(t)
(where a # 0) depends on b, c:
‘ case ‘ form of the particular solution Y ‘
0750 Y:Pn(t):Antn+"‘+A1t+A0

c=0butb#0 | Y =1tP,(t) =t(Apt" + -+ A1t + Ao)
c=0andb=0|Y =t2P,(t) = t>(Apt" + - + Ayt + Ap)

Example 5. Find a particular solution for
y" — 3y — 4y = sint.
Answer.Since g(t) = sint, we will try the same form. Note that (sint)’ = cost, so we
must have the cost term as well. So the form of the particular solution is

Y = Asint + Bcost.
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Then
Y’ = Acost — Bsint, Y"” = —Asint — Bcost.

Plug back into the equation, we get

(—Asint — Bcost) — 3(Acost — Bsint) — 4(Asint 4 bcost)
= (—5A+3B)sint+ (—3A —5B)cost = sint.

So we must have
—-5A+3B=1, —-3A-5B=0, - A=—, B=—.

So we get

) 3
Y(t) = ——si — t.
(t) 34s1nt—|—34cos

We observe that: (1). If the right-hand side is ¢g(¢) = acost, then the same form would
work; (2). More generally, if g(t) = asint+ bsint for some a, b, then the same form still work.
However, this form won’t work if it is a solution to the homogeneous equation.

Example 6. Find a general solution for y” + y = sint.

Answer.Let’s first find yy. We have r241= 0, so 71,2 = £i, and yg = cj cost + ca sint.

For the particular solution Y: We see that the form Y = Asint + Bcost won’t work
because it solves the homogeneous equation.

Our new guess: multiply it by ¢, so

Y (t) = t(Asint + Bcost).

Then
Y’ = (Asint + Bcost) +t(Acost + Bsint),

Y" = (-2B — At)sint + (2A — Bt) cost.
Plug into the equation

1
Y"+Y = —2Bsint +2Acost =sint, = A=0, B:_§

So 1
Y(y) = —§t cost.

The general solution is

) 1
y(t) =yg +Y =cicost+ cosint — §tcost.

Summary 3. If g(t) = asinat + bcos at, the form of the particular solution depends on
the roots 71, rs.
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‘ case ‘ form of the particular solution Y ‘
(1). r12 # tai Y = Asinat + Bcosat

(2). r12=*ai Y = t(Asinat + Bcos at)

Note that case (2) occurs when the equation is y” + oy = asin at + bcos ot.

We now have discovered some general rules to obtain the form of the particular solution
for the non-homogeneous equation ay” + by’ + cy = g(t).

e Rule (1). Usually, Y take the same form as g(t);

e Rule (2). Except, if the form of g(¢) provides a solution to the homogeneous equation.
Then, one can multiply it by ¢.

e Rule (3). If the resulting form in Rule (2) is still a solution to the homogeneous equation,
then, multiply it by another .
Next we study a couple of more complicated forms of g.
Example 7. Find a particular solution for
y" — 3y — 4y = te'.
Answer.We see that g = P;(t)e*, where P; is a polynomial of degree 1. Also we see

ry =—1,r9 =4, s0 ry # a and r9 # a. For a particular solution we will try the same form as
g,ie., Y = (At + B)e. So

Y' = Ae' + (At +b)e' = (A +b)e' + Ate’,

Y"=... = (2A+ B)e' + Ate'.
Plug them into the equation,

[(2A 4 B)e! + Ate'] — 3[(A + b)e' + Ate'] — 4(At + B)e' = (—6At — A — 6B)e" = te'.
We must have —64t — A — 6B =1, i.e.,

1 1 1,1
—6A=1, —A-6B= A=--B=— Y = (——t+ —)e".
6 , 6B=0, = 5 T (=5t + 350

However, if the form of g is a solution to the homogeneous equation, it won’t work for a
particular solution. We must multiply it by ¢ in that case.

Example 8. Find a particular solution of

Y =3y — 4y =tet
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Answer.Since a = —1 = rq, so the form we used in Example 7 won’t work here. (Can
you intuitively explain why?) Try a new form now

Y = t(At + B)e " = (At> + Bt)e "

Then
Y/ =...=[-A* + (24 - B)t + Ble ™",
Y" =... = [At? + (B — 4A)t + 2A — 2Ble”".
Plug into the equation
[At*> 4+ (B — 4A)t +2A — 2Ble™" — 3[-At*> + (2A — B)t + Ble™" — 4(At*> + Bt)e™*
= [-10At+2A —5Ble”" = te'.
So we must have —10At + 24 — 5B = t, which means

—10A=1, 24-5B=0, ~  4-_Lr p__1

10’ 25
1 1
V=(-—=t"——t]e
100 25

Summary 4. If g(t) = P,(t)e® where P,(t) = a,t" + -+ + a1t + o is a polynomial of
degree n, then the form of a particular solution depends on the roots 71, rs.

Then

‘ case ‘ form of the particular solution Y ‘

r1 #aand o # a Y = Py(t)e® = (Apt" + - + Ayt + Ag)e™

ri=aorry=abutr £ry | Y =tP,(t)e™ = t(Apt" 4+ - + At + Ag)e™

r=ry=a Y = 2P, (t)e = 13 (Ant" + -+ Ayt + Ag)e

Other cases of g are treated in a similar way: Check if the form of g is a solution to the
homogeneous equation. If not, then use it as the form of a particular solution. If yes, then
multiply it by ¢ or t2.

We summarize a few cases below.

Summary 5. If g(t) = e®(a cos Bt + bsin Bt), and rq, 75 are the roots of the characteristic
equation. Then

‘ case ‘ form of the particular solution Y ‘
ri2 #atif Y = e*(Acos 3t + Bsin (3t)

re=axif | Y =t e*(Acospt+ Bsinft)

Summary 6. If g(t) = P, (t)e* (acos St + bsin ft) where P, (t) is a polynomial of degree
n, and rq1,ro are the roots of the characteristic equation. Then
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‘ case ‘ form of the particular solution Y ‘
ro#atif | Y =e (A" + -+ Ag) cos Bt + (But™ + - - - + By) sin ]
ro=axif | Y =t e[(At" + -+ Ap) cos Bt + (B,t"™ + - - - + By) sin 3t]

More terms in the source. If the source g(t) has several terms, we treat each separately
and add up later. Let g(t) = g1(t) + g2(t) + - - - gn(t), then, find a particular solution Y; for
each g;(t) term as if it were the only term in g, then Y = Y] + Y5 + ---Y,,. This claim follows
from the principle of superposition. (Can you provide a brief proof?)

In the examples below, we want to write the form of a particular solution.
Example 9.  ¢" — 3y — 4y = sin4t + 2e* + ¥ — ¢
Answer.Since ry = —1,ry = 2, we treat each term in g separately and the add up:

Y (t) = Asindt + Bcos 4t + Cte* + De’ + (Bt 4 F).

Example 10. y" + 16y = sin4t + cost — 4 cos 4t + 4.
Answer.The char equation is 72 + 16 = 0, with roots ri,2 = 41, and
Yy = c1sin4t + c9 cos 4t.
We also note that the terms sin4t and —4 cos 4t are of the same type, and we must multiply

it by t. So
Y =t(Asin4t + Bcos4t) + (Ccost + Dsint) + E.

Example 11. 3" — 2y + 2y = el cost + 8el sin2t + te™t 4 de™t + 2 — 3.

Answer.The char equation is 2 — 2r + 2 = 0 with roots r1,2 = 1 £4¢. Then, for the term
el cost we must multiply by t.

Y = te! (A cost+ Ay sint)+e' (B cos 2t + By sin 2t) + (C1t+Co)e ™ + De ™' + (Fyt? + Fit + Fp).

3.6 Mechanical Vibrations

In this chapter we study some applications of the IVP

ay” +by +ey=g(t),  y(0)=wo, ¥(0)=7o.

The spring-mass system: See figure below.
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(A) (B) ©

| | +L

_V _extra
stretch

Figure (A): a spring in rest, with length [.

Figure (B): we put a mass m on the spring, and the spring is stretched. We call length L
the elongation.

Figure (C): The spring-mass system is set in motion by stretch/squueze it extra, with
initial velocity, or with external force.

Force diagram at equilibrium position: mg = F's.

F

s
mg
Hooke’s law: Spring force Fy = —kL, where L =elongation and k =spring constant.
So: we have mg = kL which give
P ™
L

which gives a way to obtain k£ by experiment: hang a mass m and measure the elongation L.
Model the motion: Let u(t) be the displacement/position of the mass at time ¢, assuming
the origin v = 0 is at the equilibrium position, and downward is the positive direction.
Total elongation: L + u
Total spring force: Fy = —k(L + u)
Other forces:
* damping/resistent force: Fjy(t) = —yv = —yu/(t), where 7 is the damping constant, and v
is the velocity
* External force applied on the mass: F'(t), given function of ¢
Total force on the mass: > f =mg+ Fs+ Fg+ F.
Newton’s law of motion ma = ) f gives

ma:mu”:Zf:mg+Fs+Fd+F, mu” =mg — k(L +u) —yu' + F.
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Since mg = kL, by rearranging the terms, we get
mu” 4+ + ku=F

where m ia the mass, v is the damping constant, k is the spring constant, and F' is the external
force.

Next we study several cases.
Case 1: Undamped free vibration (simple harmonic motion). We assume no damping
(v = 0) and no external force (F' = 0). So the equation becomes

mu” + ku = 0.

——, T2 =+ —i=dwei, wherewy=1/—.
m m m

u(t) = ¢1 cos wot + ¢ sin wot.

Solve it

mr? +k=0, r?

General solution

Four terminologies of this motion: frequency, period, amplitude and phase, defined
below.

[ k
Frequency: wg =1/ —
m

Period: T = 2—7T

wo
Amplitude and phase: We need to work on this a bit. We can write

u(t):\/c%—l—c% %coswot—l—%sinwot .
VAS IR & m

Now, define §, such that tan § = co/cq, then

C2

\/c% —i—cg’

C1

sind = cosd =

so we have

u(t) = 1/ + c3(cos § - coswpt + sin d - sinwgt) = 1/ 3 + 3 cos(wot — 9).

c
So amplitude is R = \/c? + ¢3 and phase is § = arctan 2

A trick to memorize the last term formula: Considercg right triangle, with c¢; and ¢y as the
sides that form the right angle. Then, the amplitude equals to the length of the hypotenuse,
and the phase J is the angle between side ¢; and the hypotenuse. Draw a graph and you will
see it better.

A few words on units:
force (f) | weight (mg) | length (u) | mass (m) | gravity (g)
1b Ib ft Ib - sec?/ft | 32 ft/sec?
newton newton m kg 9.8 m/sec?
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Problems in this part often come in the form of word problems. We need to learn the skill
of extracting information from the text and put them into mathematical terms.

Example 1. A mass weighing 10 1b stretches a spring 2 in. We neglect damping. If the
mass is displaced an additional 2 in, and is then set in motion with initial upward velocity of
1 ft/sec, determine the position, frequency, period, amplitude and phase of the motion.

Answer.We see this is free harmonic oscillation. The equation is
mu” 4+ ku =0

with initial conditions (Pay attention to units!)

1
O == 2‘ = =
u(0) in =2

We need find the values for m and k. We have

ft, u'(0) = —1.

10 10 9

To find k, we see that the elongation is L = 2in = %ft if the mass m = %. By Hooke’s law,

we have
kL = mg, k =mg/L = 60.

Put in these values, we get the equation
u’ 4+ 192u = 0, u(0) = =, /(0) = —1.

So the frequency is wy = v/192, and the general solution is
u(t) = ¢1 cos wot + o sinwpt

We can find ¢y, co by the ICs:

1 1 1
0 = = — / 0 = = —1 = —-— = ——
u(0) = ¢ 5 u'(0) = wocz , €2 o TR

(Note that ¢; = u(0) and ¢g = 4/(0)/wp.) Now we have the position at any time ¢

1 .
u(t) = g cos wot — sin wot.

1
V192

The four terms of the motion are

2T T 19
=V192, T=—=——, R=,/c 2 =4/— ~0.18,
wo wo /48 ‘At 576

and

(6] 6 3
0 = arctan — = arctan ———— = — arctan T

C1 \/@
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Case II: Damped free vibration. We assume that v # 0(> 0) and F' = 0.

then

mau” +yu + ku =0

=y —4km
B 2m '

mr? +yr+ k=0, 1,2

We see the type of root depends on the sign of the discriminant A = +% — 4km.

If A >0, (ie, v > VvV4km, large damping,) we have two real roots, and they are both
negative. The general solution is © = c1e™? 4 coe™?t, with 7 < 0,79 < 0.

Due to the large damping force, there will be no vibration in the motion. The mass will
simply return to the equilibrium position exponentially. This kind of motion is called
overdamped.

If A =0, (i.e., v = V4km) we have double roots r; =79 =7 < 0. So u = (c1 + cot)e™.

Depending on the sign of ¢1, co (which is determined by the ICs), the mass may cross the
equilibrium point maximum once. This kind of motion is called critically damped,
and this value of « is called critical damping.

If A <0, (ie., v < V4km, small damping) we have complex roots

~y \/4km — 2

Tlgz—)\iui, )\:—, n =
’ 2m
So the position function is
u(t) = e~ (¢q cos put + ¢y sin ut) .

This motion is called damped oscillation. We can re-write it as

u(t) = e MR- cos(ut — ), R=/c}+c3, &=arctan =

1

Here the term e *R is the amplitude, and p is called the quasi frequency, and the quasi
period is 27” The graph of the solution looks like the one for complex roots with negative
real part.

Summary: For all cases, since the real part of the roots are always negative, u will go to
zero as t grow. This means, if there is damping, no matter how big or small, the motion will
eventually come to a rest.

Example 2. A mass of 1 kg is hanging on a spring with £ = 1. The mass is in a medium
that exerts a viscous resistance of 6 newton when the mass has a velocity of 48 m/sec. The
mass is then further stretched for another 2m, then released from rest. Find the position u(t)
of the mass.
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Answer.We have v = 4% = %. So the equation for u is

1
mu” +yu' +ku=0, u"+ gu/ +u=0, u(0)=2, u/'(0)=0.

Solve it

7‘2+17‘+1—0 r ——i —2551' w——255
8 IR T R T

u(t) = e~ 16! (c1 coswot + co sinwyt) .
By ICs, we have u(0) = ¢; = 2, and
1

u'(t) = —Eu(t) + e_llé‘t(—wocl sin wot + woca cos wot),
1 2
/
U (0) = ——=u(0) +wpce =0, o =—.
(0) = ~5u(0) + e =0, = ——

So the position at any time t is

2
u(t) = e /16 <2cosw t— ——sinw t>.
() of = Jags S

3.7 Forced Vibrations

In this chapter we assume the external force is F(t) = Fycoswt. (The case where F(t) =
Fysinwt is totally similar.)

The reason for this particular choice of force will be clear later when we learn Fourier
series, i.e., we represent periodic functions with the sum of a family of sin and cos functions.

Case 1: With damping.
mu” + yu' + ku = Fy coswt.

Solution consists of two parts:
u(t) = un(t) + U(1),

ug(t): the solution of the homogeneous equation,
U(t): a particular solution for the non-homogeneous equation.

From discussion is the previous chapter, we know that ug — 0 as ¢ — +oo for systems
with damping. Therefore, this part of the solution is called the transient solution.

The appearance of U is due to the force term F'. Therefore it is called the forced response.
The form of this particular solution is U(t) = A; coswt + Agsinwt. As we have seen, we can
rewrite it as U(t) = Rcos(wt — §) where R is the amplitude and § is the phase. We see it is a
periodic oscillation for all time t.

As time t — oo, we have u(t) — U(t). So U(t) is called the steady state.

Case 2: Without damping. The equation now is

mu” + ku = Fy cos wt
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Let wy = y/k/m denote the system frequency (i.e., the frequency for the free oscillation). The
homogeneous solution is
ug(t) = ¢1 coswot + c2 sinwyt.

The form of the particular solution depends on the value of w. We have two cases.
Case 2A: if w # wy. The particular solution is of the form

U = Acoswt.

(Note that we did not take the sin wt term, because there is no u’ term in the equation.) And
U" = —w?Acoswt. Plug these in the equation

m(—w?*A cos wt) + kA cos wt = Fy cos wt,

Fy Fy Fy

—muw?)A = F, A= = = .
(k = mw?) 0 k—mw?  m(k/m—w?) m(wd —w?)

Note that if w is close to wg, then A takes a large value.
General solution
u(t) = ¢1 cos wot + co sinwot + A cos wt

where c¢q, cg will be determined by ICs.
Now, assume ICs:

Let’s find ¢1, ¢o and the solution:
u(0)=0: +A=0, ¢=-4A

W(0)=0: 04wz +0=0, c3=0
Solution

u(t) = —Acoswot + A coswt = A(cos wt — cos wot).

We see that the solution consists of the sum of two cosine functions, with different frequen-
cies. In order to have a better idea of how the solution looks like, we apply some manipulation.
Recall the trig identity:

. b—a . a+b
cosa — cosb = 2sin sin —
We now have I w4 w
u(t) = 2Asin 0 t - sin — t.
2 2
Since both wq,w are positive, then wg + w has larger value than wy —w. Then, the first term
2Asin #0572t can be viewed as the varying amplitude, and the second term sin “’0; Yt is the

vibration /oscillation.

One particular situation of interests: if wg # w but they are very close w, ~ w, then we
have |wy — w| << |wg + w|, meaning that |wy — w| is much smaller than |wy + w|. The plot
of u(t) looks like (we choose wy = 9, w = 10)

61



15F b
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0 5 10 15 20 25

This is called a beat. (One observes it by hitting a key on a piano that’s not tuned, for
example.)

Case 2B: If w = wg. The particular solution is
U = At cos wgt + Bt sin wyt

A typical plot looks like:

_5 1 1 1 1 1 1 1 1 1
0 0.5 1 15 2 25 3 35 4 4.5 5

This is called resonance. If the frequency of the source term w equals to the frequency of
the system wyq, then, small source term could make the solution grow very large!
One can bring down a building or bridge by small periodic perturbations.

62



Historical disasters such as the French troop marching over a bridge and the bridge col-
lapsed. Why? Unfortunate for the French, the system frequency of the bridge matches the
frequency of their foot-steps.

Summary:

e With damping:
Transient solution ug plus the forced response term U(t) (steady state),

e Without damping:
if w = wyp: resonance.
if w # wy but w ~ wy: beat.
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Chapter 4

Higher Order Linear Equations

4.1 General Theory of n-th Order Linear Equations

The general form of a linear equation of n-th order, with y(¢) as the unknown, is

Y™+ o1 (YT - pi ()Y + po(t)y = g(t). (4)

We would need to assign n initial /boundary conditions. Normally, the followings are given

y(to)v y/(t(])v T ’y(n—l) (t(]).

Theoretical aspects: very similar to 2nd order linear equations, with extensions.

Existence and Uniqueness. If the coefficient functions po(t),p1(t), - ,pn—1(t) are con-
tinuous and bounded on an open interval I containing tg, then equation (A) has a uniqueness
solution on the interval I.

Problem types: Find the largest interval where solution is valid.

Homogeneous equations g(t) = 0: There are n solutions, y1,y2, - - - Yn, linearly indepen-
dent, that forms a set of fundamental solutions, whose linear combination gives the general
solution

yr(t) = ey + caya + -+ + cayn

where the constants ci,co, -+ , ¢, are determined by the n initial conditions.
Linear dependency of n functions: Wronskian. The Wronskian is define through the
determinant of an n X n matrix:

Y1 Y2 cee Yn

Yi Yo - Yn
W(y17y27"' 7yn): . . .

-1 —1 —1

Optional: The determinant is lengthy to compute for n x n matrices. The simpler cases are
when n = 2 and n = 3, which we recall here

ai;p ai2 a3

a b
== ad — bC, as21 22 a3

c d
aszyp asz ag3

= 011022633 + 021032013 + A31A12023
—a31022013 — A21G12G33 — 411032023

Solution for the non-homogeneous equation: y(t) = yy(t) + Y (t), where yp is the
homogeneous solution, and Y is a particular solution.
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4.2 Homogeneous Equations with Constant Coefficients.
This follows in the same setup as that for 2nd order equations. Consider the equation
any™ + an_1y™ Y - a1y +agy =0

Characteristic equation
anr’ +--ar+ap=0

In general, one find n roots, (counting multiplicity)
(r—ri)(r—mry)--(r—mry) =0.

From these roots one can find n solutions. It follows the same rules as for 2nd order
equations, with some extensions (marked with * in the following table).

root type solution(s)

r is real, un-repeated ert

r is real, double root et tet
(*) r is real, triple root et tet, t2em
(*) | r is real, repeated with multiplicity m et tert, ... It

r = A £ iu complex eM cos pt, e sin ut
(*) | 7 = A+ iu complex and double roots | e cos ut, e sin ut and te cos ut, te sin ut
(*) | r = A £ iu complex, repeated m times similar ...

The hard work is to find the roots, i.e., factorization of polynomials!

Example 1. (a). Find the general solution of y W — 49" = 0.
(b). Find the solution with initial conditions

y(0)=0, ¢ (0)=0, ' (0)=8  y"(0)=0.

Answer.(a). Write out the characteristic polynomial
rt—4r? =0, r2(r? —4) =0, r2(r—2)(r+2)=0

We find the roots
7”1:—2, 7”2:2, T3:T4:0
The corresponding solutions

2 2 =1,

y1=e 7, Yo = €7, Y3 = 0 —¢

Yy = te
General solution

y(t) = c1y1 + caya + c3ys + cays = cre” 2 + cae® + 3 + eyt
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(b). We now determine the constants by initial data. It’s useful to work out the derivatives

+cq.

c1+co=2

first:
y(t) = —2ce7 4 2c5e*
"(t) = 4dcre® 4 dege
") = —8cre 4 8cpe
Then, the 4 ICs give
y(0)=0: c1+co+ec3=0
y'(O) =0: —2c14+2c5+¢c4 =0
y"(0)=0:  dey +4ep =8,
y"(0)=0:  —8c; +8cy =0,

From the last two equation, we get ¢; = co = 1. Putting these back into the first 2 equations,

we get c3 = —2 and ¢4 = 0.
The solution is

y(t) = e 2 e — 2,

Cl = C

In the next example, we will focus on finding general solutions.

Example 2. Find the general solution for the following equations:

1) : yW 44y =0
m: ¢y’ -y=0
Mn): y® +8y" +16y =0
(VI): " +3y" +3y +y=0

Answer.(I): Characteristic eq
rt+4r? =0,

General solution

uation and the roots:

r2(r? +4) =0,

Tn =T = 0,7’374 = £2i

y(t) = 1 + cat + ¢3 cos 2t + ¢4 sin 2t.

(IT): Characteristic equation and the roots:

P —1=0, (r=10"+r+1)=0 r=1, m:—%i?
General solution
y(t) = cret + e~ 3t <02 COS 7315 + c3sin ?t) )
(III): Characteristic equation and the roots:
rt +8r2 416 = 0, (r* +4)* =0, ri=ry=2i, r3=34=—2i

66



We see that we have double complex roots. General solution is
y(t) = c1 cos 2t + co sin 2t + cst cos 2t + ¢4t sin 2t.
(VI): Characteristic equation and the roots:
432 +3r+1=0, (r+1)3 =0, ri=rg=rg3=—1
This is a triple root! General solution is

y(t) = cre t + cote™ 4 est?et = e_t(cl + cot + 03752).

NB! Factorizing a polynomial is non-triviall The problems you will face should all have
simple factorizations!
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Chapter 5

The Laplace Transform

Laplace transform is mainly used to handle piecewise continuous or impulsive force.

5.1 Definition of the Laplace transform

Topics:
e Definition of Laplace transform,

e Compute Laplace transform by definition, including piecewise continuous functions.

Definition: Given a function f(t), ¢t > 0, its Laplace transform is defined as
A

F(s)=L{f(t)} = /OOO e St f(t)dt = lim e St f(t)dt.

A—o0 0

We say the transform converges if the limit exists, and diverges if not.
Next we will give examples on computing the Laplace transform of given functions by
definition.

Example 1. f(t) =1 for ¢t > 0.

Answer.
P = LU0} = tim [ etdi= tim —te|
Ao Jo Azoo s t=0
= et o0 g et Dol 620

Note that the condition s > 0 is needed to ensure that the limit exists, and it is 0.

Example 2. f(t) = e®.

Answer.
A i at A (s—a)t ( )tA
F(s) = ﬁ{f(t)}:All_{réo/o e e dt:Ah_{réo ; e dt:AlgI;O—s_ae .
1
= lim — —(s—a)A _ 1) =
Alg%o s—a(e 1) s—a’ (s> a)
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Note that the condition s — a > 0 is needed to ensure that the limit exists.
Example 3. f(t) =", for n > 1 integer.

Answer.Review integration-by-parts:

/ W) (8) dt = uv — / o (1)u(t) dt.

For here, we have

A A n—1_,—st
nt e
- / dt
0 0 -5
A

= 0+ 2 lim [ estelat = Doty
S A—oo 0 S

A—o0 Jo A—oc0 —S

A e—st
F(s) = lim e S"dt = lim { "

So we get a recursive relation
L{t"} = %/L{tn_l}, for all n,
which means
Ly =T, L) = ),

By induction, we get

ﬁ{tn} — gﬁ{tn_l} — g(ngl)ﬁ{tn—2} — g(ngl) (n;2)£{tn—3}
= %@Lﬁ..ég{l} _ :_E - S% (s > 0)

Example 4. Find the Laplace transform of sin at and cos at.

Answer.Method 1. Compute by definition, with integration-by-parts, twice. (lots of
work...)
Method 2. Use the Euler’s formula

iat

e'" = cosat + isinat, = L {emt} = L{cosat} + iL{sinat}.
By Example 2 we have

£{ey — 1 Ustia)  s+ia s a

= = 1 .
s—ia (s—ia)(s+ia) %+ a? 32+a2+ s2 + a?

Comparing the real and imaginary parts, we get

S

ﬁ{COS at} = m,

L{sinat} = (s >0).

s2 +a?’

. . . A . . .
Remark: Now we will use fooo instead of lim 4o fo , without causing confusion.
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For piecewise continuous functions, Laplace transform can be computed by integrating
each integral and add up at the end.

Example 5. Find the Laplace transform of

1, 0<t<2,
f(t)_{ t—2, 2<t.

We do this by definition:

Fo) = [Tt = [eta [To- et

1 2 1 > A4
= —e | +(t-2)—e —/ —etdt
-S t=0 -S t=2 J2 TS
1 11 o 1 1
= —(e*-1)+0-0)+- —e* = —(e® 1)+ —26_28
—s s —s e —s s

Remark. Later in Ch 6.3 we will use a different method to deal with discontinuous
(piecewise continuous) functions.

5.2 Solution of initial value problems
Topics:
e Properties of Laplace transform, with proofs and examples
e Inverse Laplace transform, with examples, and review of partial fraction,

e Solution of initial value problems, with continuous source terms, with examples covering
various cases.

Properties of Laplace transform:

1. Linearity: L{c1f(t) + cog(t)} = a1 L{f(#)} + c2L{g(t)}.
2. First derivative: L{f'(t)} = sL{f(¢t)} — f(0).
Second derivative: L{f"(t)} = s2L{f(t)} — sf(0) — f'(0).

Higher order derivative:
LW} = s"LL O} = 5" F(0) = "2 (0) =+ = s f77(0) = F7D(0),

3. L{=tf(t)} = F'(s) where F(s) = L{f(t)}. This also implies L{tf(t)} = —F'(s).

4. Shift Theorem 1: L{e* f(t)} = F(s — a) where F(s) = L{f(t)}.
This implies e® f(t) = L7H{F (s — a)}.

Remarks:
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e Note properties 2 are useful in differential equations. It shows that each derivative in ¢
caused a multiplication of s in the Laplace transform.

e Property 3 is the counter part for Property 2. It shows that each derivative in s causes
a multiplication of —¢ in the inverse Laplace transform.

e Property 4 is the first Shift Theorem. A counter part of it will come later in chapter 6.3.

Proof:
1. This follows by definition.

2. By definition
LU} = [ et =] = [T oet0a =10 + 50}

The second derivative formula follows from that of the first derivative. Set f to be f’
we get

L{F" )} = sLLf' (1)} = F1(0) = s(sLLf ()} — £(0)) — (0) = s*L{f (1)} — s£(0) — f'(0).
For high derivatives, it follows by induction.

3. The proof follows from the definition:

d > —st _ oog e—st — > _ e—st — _
/0 e f(t)dt = /0 (e (it /0 (—t)e™* f(t)dt = L{~t](1)}.

F/(S):E

4. This proof also follows from definition:

L™ F (1)} = /0 ettt (1) dt = / T =0 {1t = F(s — a).

0

By using these properties, we could find more easily Laplace transforms of many other
functions.

Example 1.
n! . n!
From  L{t"} = prEsg we get  L{e"1"} = (s —a)tl’

Example 2.
F Lisinbt) = — ¢ L{e"sinbt)= — 0
rom {sinbt} = T we ge {e"sinbt} = Goaf i

Example 3.
F L{cosbt} = —— 6 L{e"cosbt) = ————
rom {cosbt} = T we ge {e" cosbt} = oo i
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Example 4.

LI + 5t — 2} = £{%) +5L{8) —2L{1} = 5 455 — 2l
B - st 52 s

Example 5.
31 1 1
2t /3
t t—2)} = -2 .
,C{e (t°+5 )} (8_2)4+5(3—2)2 s—2
Example 6.
9 4 s+1
2 2t_ —t = -
E{(t _|_4)e e COSt} (8_2)3 + s —2 (S+1)2+17
because
2 4 2 -
P DL L{# + 4)e*'} =
LeErd=5+5 = HE+OT) =g+ =

Next are a few examples for Property 5.

Example 7.
1

1 !/
Given L{e™} = P we get L{te™} = — < a) = oy

Example 8.

, b\ —2bs
L{tsinbt} = — <82 n b2> = EENEIEE

Example 9.

s ! 2 — b2
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Inverse Laplace transform. Definition:

LTHF(s)} = f(), if  F(s)=L{f()}.

Technique: find the way back.
Some simple examples:

Example 10.

Example 11.

4 2 _ 16 Ll 3! S PR (1 R S
L {(s+5)4 =L 3 1ot —3£ Lo =3¢ L (=3¢ t°.

Example 12.
s+1 s 1 2 1
=t £t = cos 2t + = sin 2t.
{s2+4} {s2+4}+2 4 g

Example 13.

s+ s+1 o f3/4 1A 3.4 1
£ {32—4}_5 {(s—2)(s+2)}_£ {3—2+3+2 —3¢ tie

Here we used partial fraction to find out:

s+1 A B
= A=3/4, B=1/4.
G-2)(s+2) s-2 sy2 3/4 /

Solutions of initial value problems.
We will go through one example first.

Example 14. (Two distinct real roots.) Solve the initial value problem by Laplace
transform,
y' =3y —10y=2,  y(0)=1, ¢(0)=2

Answer.Step 1. Take Laplace transform on both sides: Let £{y(t)} = Y (s), and then
L ()} =sY(s) —y(0) =sY =1, L{y"(t)} = s*Y (s) — sy(0) =9/ (0) = 8’Y —s — 2.

Note the initial conditions are the first thing to go in!
2
L{y" ()} = 3L{y (1)} — 10L{y(t)} = L£{2}, = sV —5—2—-3(sY — 1) — 10Y = "
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Now we get an algebraic equation for Y'(s).
Step 2: Solve it for Y (s):

2 $2—s42 $2—s42
2— — = — — = = -
(s —3s—10)Y (s) . +s5s+2-3 . , = Y (s) G oPGELY)

Step 3: Take inverse Laplace transform to get y(t) = £7{Y(s)}. The main technique
here is partial fraction.
s2—s5+2 A B C A(s —5)(s +2) + Bs(s+2) + Cs(s — 5)

YO =606ty s 55 "5t s(s —5)(s +2)

Compare the numerators:
s2—s5+2=A(s—5)(s+2) + Bs(s+2)+ Cs(s —5).

The previous equation holds for all values of s. We will now choose selected values of s such
that only one of the constants A, B, C will be non-zero, so we can solve for it.

s=0: —104 = 2, = Az—é

29

—5: 35B=22 = B=-Z3Z

§ ’ 35
s——2: 14C=8 = C:%

Now, Y (s) is written into sum of terms which we can find the inverse transform:

1 1 1 1 22 4
— ALl BLL -1 _ D ZEst oot
y(t) L {S}+ L {8_5}+C£ {S+2} 5+35e —|-7e

NB! Pay attention to the roots of the denominators for F'(s). Note that the factors (s—5)
and (s+2) come from the characteristic equation, and the term s comes from the source term.

Algorithm for finding solutions:
e Take Laplace transform on both sides. You will get an algebraic equation for Y(s).
e Solve this equation to get Y'(s).

e Take inverse transform to get y(t) = L~7{Y}.

Example 15. (Distinct real roots, but one matches the source term.) Solve the initial
value problem by Laplace transform,

y'—y —2y=¢€*  y(0)=0, y(0)=1.

Answer.Take Laplace transform on both sides of the equation, we get

1

L{y"Y — £{y'} — £{2y} = £{e*}, = s2Y(s) —1—sY(s) — 2Y(s) = —
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Solve it for Y:

1 s—1 s—1 s—1
2—— = = — = =
(s7=5—2)Y(s) atl=—5 = Y(s)

Use partial fraction:
s—1 A . B . C
(s—2)2(s+1) s+1 s—2 (s—2)2

Compare the numerators:

s—1=A(s =22 +B(s+1)(s —2)+C(s+ 1)

Set s = —1, we get A = —=.
Set s = 2, we get C' = 3.
Set s = 0 (any convenient values of s can be used in this step), we get B = %.

So

| —OIND

21 21 1 1
Y(s) = —= 2 1
S i A P R

and

2 2 1
y(t) = ﬁ_l{Y} = —§€_t + §€2t + gt@zt.

Discussion: We compare this to the method of undetermined coefficient. General solution
of the equation should be y = y + Y, where yy is the general solution to the homogeneous
equation and Y is a particular solution. The characteristic equation is 72 —7 —2 = (r+1)(r —

2) =0,80 71 = —1,79 = 2, and yyg = cre~’ + cze?’. Since 2 is a root, so the form of the

particular solution is Y = Ate?*. This discussion concludes that the solution should be of the
form
Yy=c et czezt + Ate®

for some constants ¢1, ¢y, A. This fits well with our result.
Example 16. (Complex roots.) Solve
y' -2/ +2y=e"", y(0)=0, y'(0)=1
Answer.Before we solve it, let’s use the method of undetermined coefficients to find out
which terms will be in the solution.
r2—2r+2=0, (r—1)'+1=0, rio =141,
yg = cre’ cost + coel sint, Y = Ae™ !,
so the solution should have the form:
y=1yg +Y = ciel cost + coel sint + Ae™ L.
The Laplace transform would be

s—1 1 1 ca(s—1)+ e A
A - .
) Ty P i R i ey PR B I |

Y(s)=ac
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This gives us some idea on which terms to look for in partial fraction.
Now let’s use the Laplace transform:

Y(s)=L{y}, L{y'}=sY —y(0)=sY,

L{y"} = s*Y — sy(0) — y(0) = s?Y — 1.

1 1 2
$2Y —1—2sY +2Y = L s (-2 42V (s) = —— +1=2F
s+ 1 s+1 s+1

542 s+ 2 A B(s—1)+C

Y(s) = (s+1)(s2— 25+ 2) - (s+D((s=1)2+1) :s+1+ (s—1)*+1

Compare the numerators:
s+2=A((s—1)? + 1)+ (B(s — 1) + C)(s + 1).

Set s =—1: 5A=1, A= 1.
Compare coefficients of s>-term: A+ B =0, B=—A = —%.
Set any value of s, say s = 0: 2:2A—B+C,C:2—2A+B:%.

11 1 s—1

5s+1 5(s—1)2+

1 1 7
y(t) = 5e_t — get cost + get sint.

1

Yis) = (s—1)2+1

LT
1 5

We see this fits our prediction.

Example 17. (Pure imaginary roots.) Solve

y'+y=cos2t, y(0)=2, y'(0)=1

Answer.Again, let’s first predict the terms in the solution:
r2+1=0, ri,2 = %1, Yyg = c1cost + cosint, Y = Acos2t

S0
y=yg +Y =cjcost+ cysint + Acos2t,

and the Laplace transform would be

s
Y(s) = A .
() 6181—|—1+C282—|—1+ s24+4
Now, let’s take Laplace transform on both sides:
2 S
Y -2s—14+Y =L 2t} = ——
s s + {cos 2t} o

3 2
9 s 2s° +s5“+9s+4
(s“+1)Y(s) 82+4+ s+ o

Y(S)_283+82+98—|—4_A8+B+08—|—D
o (s2+4)(s2+1)  s2+1 s24+4
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Comparing numerators, we get
253 + 52495 +4 = (As + B) (s> +4) + (Cs + D)(s> + 1).

One may expand the right-hand side and compare terms to find A, B, C, D, but that takes
more work.

Let’s try by setting s into complex numbers.

Set s = i, and remember the facts i> = —1 and i® = —i, we have

—2i—149i+4=(Ai+ B)(—1+4),
which gives
3+T7i=3B+3A4i, = B=1, A:g.

Set now s = 2i:
—16i —4 4+ 18 +4 = (2Ci + D)(-3),

then ]
0+2i=-3D-6Ci, = D=0, C:—g.
S0 7 11
S S
YVis) = - 2
=3¢ 121 3714
and

7 . 1
y(t) = 3 cost +sint — 3 oo 2t.
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form.

Goal: rewrite a fractional form
“simpler” terms. We assume n < m.

P (s)
P (s)

A very brief review on partial fraction, targeted towards inverse Laplace trans-

(where P, is a polynomial of degree n) into sum of

The type of terms appeared in the partial fraction is solely determined by the denominator
P,,(s). First, we factorize P,,(s) and write it into product of terms of

(S_a)>

(s* + a?), (s —a)? + b2

The following table gives the terms in the partial fraction and their corresponding inverse
Laplace transform.

‘ term in Py (s) ‘

from where?

‘ term in partial fraction

‘ inverse L.T.

real root, or
t A at
s—a g(t) = e® Ae
s—a
double roots,
(s —a)? or r =a and g(t) = e¥ A + B Ae™ + Bte™
s—a (s—a)?
double roots,
A B C C
3 t at at 2 _at
— dg(t) =e" A Bt —
(s—a) and g(t) = e s—a (s—a)® (s—a)d ¢ Blen g te
imaginary roots or
As+ B
s2 4+ p? g(t) = cos put or sin put 287—1_2 Acos ut + Bsin ut
s 4+
complex roots, or
A(s—A)+ B
(s — A2+ p? | g(t) = eM cos pt(or sin ut) (S(S_A)—Z):_#Z eM (A cos ut + B sin ut)
In summary, this table can be written as
P(s)
(s —a)(s = b)*(s — c)3((s = A)> + p?)
. A By By 1 (s Cs D1(8 — )\) + Doy
e Sy S (s —b)2 et (s —c)? + (s —c)3 (s =A)2+pu?

Remark. As we have mentioned before, Laplace transform is basically used to deal with
discontinuous (piecewise continuous) functions. The examples we have seen so far are all with
continuous functions. These example serve as a way for us to get familiar with the method
and the basic techniques involved. Next, we will study discontinuous functions.
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5.3 Step functions
Topics:
e Definition and basic application of unit step (Heaviside) function,

e Laplace transform of step functions and functions involving step functions (piecewise
continuous functions),

e Inverse transform involving step functions.

We use steps functions to form piecewise continuous functions.
Unit step function(Heaviside function):

0, 0<t<eg,
uc(t):{ 1, c¢<t.

for ¢ > 0. A plot of u.(t) is below:

Ue

Note: It is common to write u(t) = ug(t) where the step occurs at ¢ = 0, and wu.(t) is then
shifted by ¢ units in ¢ axis, i.e., u.(t) = u(t — ¢).

For a given function f(t), if it is multiplied with w.(t), then

wi)f = {

0, 0<t<e,
f@t), e<t.

We say u. picks up the interval [c, 00).

Example 1. Consider
1, 0<t<ec,

1_u5(t):{ 0, c<t.

A plot of this is given below

1—u.
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We see that this function picks up the interval [0, c).

Example 2. Rectangular pulse. The plot of the function looks like

ua(t) - ub(t)

for 0 < a < b < oo. We see it can be expressed as
ug(t) — up(t)
and it picks up the interval [a, b).
We can now express discontinuous functions in terms of step functions.

Example 3. For the function

g@%:{f@,a§t<b

0, otherwise

We can rewrite it in terms of the unit step function as

9(t) = 1(1) - (a(®) = u(®))

Example 4. For the function
sint, 0<t<1,
ft)y=14 €, 1<t<5,
t2 5<t,

we can rewrite it in terms of the unit step function as we did in Example 3, treat each interval
separately

F(t) =sint - (uo(t) = wr(®)) + - (wr(t) = us(t)) + ¢ us (2).

Laplace transform of u.(t): by definition

00 —sc —st

00 [e’¢) —st
L{u(t)} = / e St (t) dt = / et 1dt = &
0 c

—S

t=c

Shift of a function: Given f(¢), t > 0, then

f(t—C), CSt,
0, 0<t<e,

mwﬁwwvu—@:{
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is the shift of f by c units. See figure below.
f g

0 N 0ol ¢ \ !

Let F(s) = L{f(t)} be the Laplace transform of f(¢). Then, the Laplace transform of g(t)
is

LLg()} = L{ue(t) - F(t— )} = /0 ettt — ) di = / Tt — o) dr.

Make a variable change, and let 7=t — ¢, so t = 7 + ¢, and dt = d7, and we continue
L{g(t)} = / e T f(r)dr = 7% / e 7 f(r)dr = e “F(s).
0 0

So we conclude
L{uc(t)f(t —c)} = e “L{f(t)} = e “F(s),
which is equivalent to

L7He ™ F(s)} = uc(t) f(t —¢).

Note now we are only considering the domain ¢ > 0. So ug(t) = 1 for all ¢ > 0.
This is the second shift Theorem:

L{uc(t)f(t =)} = e “F(s).
In following examples we will compute Laplace transform of piecewise continuous functions
with the help of the unit step function and the second shift Theorem.
Example 5. Given

. T
sint, 0<t< VR

<
f(t) = . ™ ™
sint + cos(t — —), 1

<t.
1 =

It can be rewritten in terms of the unit step function as
. T
f(t) = sint 4+ uz (t) - cos(t — Z)
(Or, if we write out each intervals

f(t) =sint(l —uxz(t)) + <Sint + cos(t — %)) uz (t) =sint + uz (t) - cos(t — %)
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which gives the same answer.)
And the Laplace transform of f is

F(s) = L{sint} + £ {uz (£) - cos(t = 5) } = L e

Example 6. Given

t, 0<t<l,
t) =
J®) {1, 1<t

It can be rewritten in terms of the unit step function as
fO=tl—w(t)+1-u1(t) =t —ui(t)- (t—1).

The Laplace transform is

LU®) = L0}~ L{m(0) (- 1)} = 5 — .

S

Example 7. Given
0<t <2,

0,
f@%:{t+& 2 < ¢,

We can rewrite it in terms of the unit step function as
f(#) = (t+3)uz(t) = ((t = 2) + 5)ua(t) = uaz(t) - (¢ — 2) + 5ua(t) .
The Laplace transform is

LU} = L{uat) - (£~ 2)) +5L{ua(t)) = > o5 + 5072

52 s

Example 8. Given

o 1, 0<t<2,
A 2, 2<t.

We can rewrite it in terms of the unit step function as
g(t) =1+ (1 —us(t)) + tPua(t) = 1+ (£* — Dus(t) .
Observe that
—1=0t-2+27-1=1t-2+4(t-2)+4—-1=(t -2 +4(t-2)

we have
gt) =1+ ((t—2)* +4(t —2) + 3)ua(t) .

The Laplace transform is

cla) =5+ (F+5+2).

S S
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Example 9. Given

0, 0<t<3,
flt)y=1< €, 3<t<4,
0, 4<t.

We can rewrite it in terms of the unit step function as

F(t) = €' (us(t) — ua(t)) = ug(t)e' e’ —ug(t)e' et
The Laplace transform is

1 1 1
— ,3,-3s _ 4 —4s _ —3(s—1) _ —4(s—1)
L{g(t)} =e’€ o1 €€ ST s—l[e e ]

Inverse transform: We use two properties:

Clue®} =L, and  L{ul)f(t — o)} = = - L{F(1)}.

S

In the following examples we want to find f(t) = L~H{F(s)}.

Example 10.

I e SR |
e s3 83’
We know that £_1{si3} = 1t%, so we have

F(s)

£(t) = £7HF(3)} = 51— ualt) (1 — 2" =

Example 11. Given

—3s
e 1 A B

Fl(s)= —— —eBs__ = = _ 73 )
() S2+7s+12 ¢ (s+4)(s+3) ° <s+4+s+3>
By partial fraction, we find A = —1 and B =1. So

F(t) = £7HF(s)} = us(t) | Ae™H07%) 4 B0 — (1) | 74079 4 203

which can be written as a p/w continuous function

0, 0=t<s,
t) =
f(@) _eA-8) 4 30-3) g oy
Example 12. Given
F(s):L s S+2-2 s s+2 -

Prds15 O a2+l 0 |G o+l Gr2red)
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So
F(t) = L7YF(s)} = uy(t) |e 207D cos(t — 1) — 22V sin(t — 1)]

which can be written as a p/w continuous function
0, 0<t<1,

ft) =
e 20D [cos(t — 1) — 2sin(t — 1)], 1<t.

5.4 Differential equations with discontinuous forcing functions
Topics:
e Solve initial value problems with discontinuous force, examples of various cases,

e Describe behavior of solutions, and make physical sense of them.

Next we study initial value problems with discontinuous force. We will start with an
example.

Example 1. (Damped system with force, complex roots) Solve the following initial value
problem

0, 0<t«<1,
V' 2y + 2y = g(t), g(t)={2 1<t o y(0) =1, ¥(0)=0.

Answer.Let L{y(t)} = Y(s), so L{y'} = sY — 1 and L{y"} = s°Y — s. Also we have
L{g(t)} =2L{ur(t)} = e*2. Then
2 —82
Y —s+28Y —242Y =e °—
s
which gives

B 2e™° + 5+2
Cos(s24+25+2)  s242s5+2

Y(s)

Note that the first term is caused by the source (forced response), and the second term is from
the solution of the homogeneous equation, without source.
Now we need to find the inverse Laplace transform for Y'(s). We rewrite

2 (s+1)+1

R (PR L PR | N

We have to do partial fraction first. We have
2 A B(s+1) C

s((s+1)2+1) s  (s+1)241  (s+1)241

Compare the numerators on both sides:

2=A((s+1)*+ 1)+ (B(s+1)+C)-s
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Set s =0, we get A =1.

Set s=—1, weget 2=A—-C,s0C=A4A—-2=—1.
Compare s>-term: 0 = A+ B,so B=—-A= —1.
We now have

(1 (st +1 (s+1)+1
Yis)=e <s (s+1)2+1> (s+1)24+1°

We now take the inverse Laplace transform. The second term is easy, we have

,C_l{ (s+1)+1

_ ot -
(S+1)2+1}—e (cost +sint).

For the first term, we need to apply the 2nd shift Theorem because of the e™* term. We get
y(t) = ui(t) {1 — e (D (cos(t — 1) +sin(t — 1)) | + e F(cost + sint).

Remark: There are other ways to work out the partial fractions.

Extra question: What happens when t — oo?

Answer: We see all the terms with the exponential function will go to zero, so y — 1 in the
limit. We can view this system as the spring-mass system with damping. Since g(¢) becomes
constant 1 for large ¢, and the particular solution (which is also the steady state) with 1 on
the right hand side is 1, which provides the limit for y.

Further observation:

o We see that the solution to the homogeneous equation is
e 'leicost + casint],
and these terms do appear in the solution.

e Actually the solution consists of two part: the forced response and the homogeneous
solution.

e Furthermore, the g has a discontinuity at ¢ = 1, and we see a jump in the solution also
for t =1, as in the term u;(%).

Example 2. (Undamped system with force, pure imaginary roots) Solve the following
initial value problem

0, 0<t<m,
y' +dy=g(t) =4 4, w<t<2m, y(0)=1, %(0)=0.
0, 2w <t,

Rewrite

So



Solve it for Y:

4 s 4e7 T 427 S
Y — (p—T —2m — . .
() (e <) s(s? +4) + s2+4  s(s2+4)  s(s2+4) + s2+4
Work out partial fraction
4 A Bs+C
—_— =t A=1, B=-1, C=0.
s(s? +4) s s2+47 ’ ’
So A
LH———}=1-cos2t.
{3(32 + 4)} o8
Now we take inverse Laplace transform of Y
y(t) = up(t) (1 —cos2(t —m)) — ugr(t) (1 — cos2(t — 2m)) + cos 2t
= (ur(t) — uor(t))(1 — cos2t) + cos 2t
1 — cos 2t, m<t<2m,
= cos2t+
0, otherwise,

= homogeneous solution + forced response
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Example 3. In Example 2, let

0, 0<t<d4,
g(t) =< e, 4<5<2m,
0, 5<t.

Find Y (s).
Answer.Rewrite

g(t) = el (ug(t) — us(t)) = ug(t)e! et — us(t)e!5e’,

SO
1 1
— _ 4, —-4s - 5, -5s_ —
G(s) = L{g(t)} =¢"¢ T ¢ T
Take Laplace transform of the equation, we get
1 ]
2 4 _—4s 5_—b5s
1Y (s) = Y(s) = — .
(s +4)Y(s) = G(s) +s, (s) = (e'e e’e )(s—l)(32+4)+s2+4

Remark: We see that the first term will give the forced response, and the second term is from
the homogeneous equation.

The students may work out the inverse transform as a practice.

Example 4. (Undamped system with force, example 2 from the book p. 334)

0, 0<t<5,
y'+4y=g(t), y(0)=0, y(0)=0, gt)=4¢ (t—5)/5, 5<5<10,
1, 10 < ¢.

(0) = 52 (us(1) — unof0) + wio(t) = zus(0)(t — 5) — guan(t)(t — 10),

1 o1 1 gl
G(S):ﬁ{g(t)}:ge ° 2 5° 1 o)

Let Y(s) = L{y(t)}, then

(2+4)Y(s) = G(s), Y(s)= _less b L 1

Work out the partial fraction:

Hs) 1 A B (Cs+2D
s) = R

s2(s2+4) s 2 s24+4
onegetsAzO,Bz%,C’zO,D:—%. So



Go back to y(t)

y(t) = LYY} = é%(t)h(t —5)— éuw(t)h(t —10)

1 1 1 1 1 1
= gu5(’5) Z(t —-5)— g Sin 2(t — 5)] - 3U10(t) [Z(t —10) — g Sin 2(t — 10)
0, 0<t<b,
— { 55t =5) = ggsin2(t = 5), 5 <5< 10,

1 A(sin2(t — 5) —sin2(t — 10)), 10 <t

Note that for ¢ > 10, we have y(t) = % + R - cos(2t + 0) for some amplitude R and phase d.

The plots of g and y are given in the book. Physical meaning and qualitative nature of
the solution:

The source ¢(t) is known as ramp loading. During the interval 0 < t < 5, g = 0 and initial
conditions are all 0. So solution remains 0. For large time ¢, g = 1. A particular solution is
Y = %. Adding the homogeneous solution, we should have y = % + c18in 2t + co cos 2t for ¢
large. We see this is actually the case, the solution is an oscillation around the constant % for
large t.

5.5 Impulse functions

Definition of the unit impulse function §(t):
i(t)=0, (t#0), t)ydt=1, (r>0)

One can think of this function as the limit of a rectangular wave with area equals to 1:

Recall u(t) is the unit step function. One can visualize this with graphs.
The impulse function can be shifted:

a+T
t—a)=0, (t+#a), /_ (t—a)dt=1, (7>0)

The most useful property of §(¢ — a) in integration:

/_ 03t — a)dt = f(a).

In fact, this can be easily proved, using the limit. We have

a+T1

/ Tt —aydt = tm [ F)-L dt = tim / o

=0 Jor 27 =027 Jo_

= lin% {average of f(t) on interval [a — 7,a + 7|}
T—

= fla)
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This mean: Integrating f(t)d(t — a) over any interval that contains ¢ = a, one gets the value
of f evaluated at t = a.

Laplace transform of the unit impulse §(t — a) with a > 0:

£{0(t — a)} = /O T et — a) di = e,

Example 1. Solve
y'+4y +5y=0(t—m),  y(0)=0, ' (0)=0.

Physical interpretation of the equation: Think of the spring-mass system, initially at rest.
Then at time ¢t = 7, it gets a hit. BANG!

Answer.Take Laplace transform on both sides of the equation, we get
(2 +4s+5)Y(s) =e ™

which gives
—T7Ss
e s 1

2+4s+5 ¢ (s+22+1

Taking the inverse transform, we get

Y(s) =

0, O<t<m

y(t) = ux(t) - e 2= sin(t — ) = { —2(t—m) sin(t —m) t>m.

e

We see clearly the response to the impulsive hit at ¢t = «!
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Chapter 6

Systems of Two Linear Differential
Equations

6.1 Introduction to systems of differential equations

Write out the general form of a system of first order ODE, with x1,x2 as unknowns.
Given
ay’ +by +ey=g(t), y0)=a, y(0)=48

we can do a variable change: let

I =Y, T2 =T =Y
then )
y = y'= 5(9(75) —bxy — cxy) 72(0) = B

Observation: For any 2nd order equation, we can rewrite it into a system of 2 first order
equations.

Example 1. Given
y" + 5y — 10y =sint,  y(0)=2, y'(0)=4

Rewrite it into a system of first order equations: let 1 = y and 29 = 3/ = 2/, then

{wll - 2 I.C.s: {wl(o) = 2

rh =y’ = —5xy+ 10x; + sint x2(0) = 4
We can do the same thing to any high order equations. For n-th order differential equation:
y" = F(t,y,y, - 7y(n—1))
define the variable change:

I =Y, T2 = y/7 o Ty = y(n_l)
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we get

T = Yy =22

v = ¢ =
Fy = Y=z,

x;’L = y(n):F(t7$17$27"'7xn)

with corresponding source terms.
(Optional) Reversely, we can convert a 1st order system into a high order equation.

Example 2. Given

¥y = 3w — 219 z1(0) = 3

xh = 2w — 219 12(0) = %
Eliminate xo: the first equation gives

2x9 = 3x1 — :Ell, To = §x1 — §x/1

Plug this into second equation, we get

3 1\
(5:171 — §:E'1> =2r1 —2x9 = —x1 + :17'1

3
ixﬁ - Ex'll = —z1 + )
o) — 2} 221 =0
with the initial conditions:
71(0) =3, 21(0) = 3z1(0) — 222(0) = 8.

This we know how to solve!

Definition of a solution: a set of functions x4 (t), z2(t), - - - , z,(t) that satisfy the differential
equations and the initial conditions.

6.2 Review of matrices

A matrix of size m x n:

A= = (a;), 1<i<m, 1<j<n.

Gm,a1 *° Ammn

We consider only square matrices, i.e., m = n, in particular for n = 2 and 3.
Basic operations: A, B are two square matrices of size n.
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Addition: A+ B = (ai;) + (bij) = (asj + bij)

Scalar multiple: aA = (o - a;5)

e Transpose: AT switch the a; ; with aj;. (AT)T = A.

Product: For A- B = C, it means ¢; ; is the inner product of (ith row of A) and (jth
column of B). Example:

a b\ (z y\_[ar+bu ay+bv
c d w v ) \cx+du cy+dv

We can express system of linear equations using matrix product.

Example 1.
r1—x9+3x3 = 4 1 -1 3 T 4
221 +5x3 = 0 can be expressed as: 2 0 5 | a9 =10
o — T3 = 7 0 1 -1 I3 7
Example 2.
{ ? = alb)m +be+ o) ( 71 > _ < a(t) b(t) ) _ < 71 ) ( 1(t) )
xh = c(t)zy +d(t)xe + g2(t) o c(t) d(t) o g2(t)

Some properties:

e Identity I: I =diag(1,1,---,1), Al =TA= A.

a b
det(c d)-ad—bc,

= avzx + bwx + cuy — xve — ywa — zub.

e Determinant det(A):

det

8 & 2
< S o
£ o

o Inverse inv(A) = A1 A71A=A44"1=1
e The following statements are all equivalent: (optional)

— (1) A is invertible;

— (2) A is non-singular;

— (3) det(A) # 0;

— (4) row vectors in A are linearly independent;

— (5) column vectors in A are linearly independent.
— (6)

6) All eigenvalues of A are non-zero.

92



6.3 Eigenvalues and eigenvectors

Eigenvalues and eigenvectors of A (only when A is 2 x 2)
A: scalar value, U column vector, ' # 0.
If AT = AU, then (A, ?) is the (eigenvalue, eigenvector) of A.
They are also called an eigen-pair of A.
Remark: If ¢/ is an eigenvector, then av for any o # 0 is also an eigenvector, because

A(a?) = aA¥ = aAT = A\(aD).
How to find (A, v):
AV — X7 =0, (A= X)v=0, det(A— M) =0.

We see that det(A — AI) is a polynomial of degree 2 (if A is 2 x 2) in A, and it is also called
the characteristic polynomial of A. We need to find its roots.

Example 1: Find the eigenvalues and the eigenvectors of A where

A:(ii)

Answer.Let’s first find the eigenvalues.

1

1—A
det(A — \I) —det< 41—

A):(1—A)2—z1:(), A =—1, A =3

Now, let’s find the eigenvector ) for Ay = —1: let v} = (a,b)”

(A=MDH =0, = <1_ff1> 1—1—1>>'<Z>:<8>’
= (20 (0)=(0).

SO
2a+b=0, choose a =1, then we have b= -2, = _’1:<_12>.
Finally, we will compute the eigenvector v = (¢, d)” for Ay = 3:
L 1-3 1 c\ [0
(A—MD)i =0, = < ] 1_3>.<d>_<0>,
N -2 1 (c\_(0

4 =2 d) o)’

SO

2c —d =0, choosec = 1, then we have d = 2, = Uy = < L >
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Example 2. Figenvalues can be complex numbers.
2 -9
(1)

-9
2—-A

Let’s first find the eigenvalues.

det(A—)\I):det<2Z)\ ):(2—)\)2+36:0, = Ap=2+6i

We see that Ay = A1, complex conjugate. The same will happen to the eigenvectors, i.e.,
¥y = U2. So we need to only find one. Take \; = 2 + 6i, we compute 7 = (v',v?)T

L —i6 -9 ol
aowpimo, (75 8) (%)

2
—6iv!t — 9% =0, choose v! =1, so v? = —gi,

L (1 = (1

6.4 Basic theory of systems of first order linear equation

SO

General form of a system of first order equations written in matrix-vector form:
7 =Pt)T+g.

If § =0, it is homogeneous. We only consider this case, so

Superposition: If 7 (t) and Z5(t) are two solutions of the homogeneous system, then any
linear combination ¢;#1 + ca@s is also a solution.
Wronskian of vector-valued functions are defined as

W1 (t), Z2(t), - -, Fn(t)] = det X (¢)

where X is a matrix whose columns are the vectors & (t), Z2(t), - , T (t).

If det X (t) # 0, then (Z1(t),Z2(t), - ,&,(t)) is a set of linearly independent functions.

A set of linearly independent solutions (Z1(t), Za(t), -+ , Zn(t)) is said to be a fundamental
set of solutions.

The general solution is the linear combination of these solutions, i.e.

T = lel(t) + Cgfg(t) +--+ Cnfn(t).
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6.5 Homogeneous systems of two equations with constant co-
efficients.

We consider the following initial value problem:
{ ¥y = axi+ bry LCs: { x1(0) i T

xh = cxy+dag

In matrix vector form:

# = AZ,  where f:<$1>, f(o>=<jl> A:<“ b).
T9 To c d

At

Claim: If (), ¥) is an eigen-pair for A, then Z = e is a solution to ¥’ = AZ.

Proof.
7 = (M) = (M) = AeMT

AZ = A(eNT) = M(AT) = M AT

Therefore 2 = AZ so 7 is a solution.
Steps to solve the initial value problem:

e Step I: Find eigenvalues of A: A1, As.

Step II: Find the corresponding eigenvectors o7, Us.

A A

Step III: Form two solutions: 7] = e ), 25 = e’2!¥,.

Step IV: Check that 77, 7 are linearly independent: the Wronskian
W(z1,22) = det(z1, 22) # 0.

(This step is usually OK in our problems.)

e Step V: Form the general solution: & = ¢12] + co%s.

e If initial condition #(0) is given, then use it to determine ¢y, .

We will start with an example.

o A= (11
T = AZ, A—<41>.

First, find out the eigenvalues of A. By an example in 7.3, we have

Alz_ly )\2:37 271:<_12>7 171:<;>7

So the general solution is

- - S _ 1 1
T = 1M + cpe??tiy = cre”! ( 9 > + ot < 9 > .
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Write it out in components:

a:l(t) = 01€_t+62€3t
zo(t) = —2ciet + 2c9e!

Qualitative property of the solutions:

e What happens when ¢t — 00?
If ¢ > 0, then z1 — o0, 29 — 00.
If ¢ < 0, then z1 — —00,z9 — —00.

Asymptotic relation between x1, x2: look at ;—;:

€ cle_t + Cgest
To  —2ciet 4 2cqe3t’
As t — oo, we have
T coedt 1

o 2c9e3t 27

This means, x1 — 2xo asymptotically.

e What happens when t — —o0?

Looking at ;—;, we see as t — —oo we have

T cre”t 1

x9  —2ciet 2]
which means, 1 — —2x9 asymptotically as ¢ — —oo.
Phase portrait. is the trajectories of various solutions in the xo — x1 plane.

e Since A is non-singular, then # = 0 is the only critical point such that & = AZ = 0.

3t

T cae 1 . . . .
e If ¢y =0, then 222 o —, so the trajectory is a straight line x1 = 2x5.
Ty 2c9e3t 2

Note that this is exactly the direction of 5.
Since Ay = 3 > 0, the trajectory is going away from 0.

o If co =0, then i—; = _621061:4 = —%, so the trajectory is another straight line 1 = —2x,.
Note that this is exactly the direction of 7.

Since Ay = —1 < 0, the trajectory is going towards 0.

e For general cases where c1, ¢y are not 0, the trajectories should start (asymptotically)
from line z1 = —2x4, and goes to line x1 = 2x5 asymptotically as t grows.
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T2

x1

—

U1

Definition: If A has two real eigenvalues of opposite signs, the origin (critical point) is
called a saddle point.

Notion of stability: (in layman’s term). For solutions nearby a critical point, as time
goes,
(1). If the solutions go away: then it is unstable;
(2). If the solutions approach the critical point: it is asymptotically stable;
(3). If the solution stays nearby, but not approaching the critical point: it is stable, but not
asymptotically.

A saddle point is unstable.

Tips for drawing phase portrait for saddle point: only need the eigenvalues and eigenvec-
tors!

General case: If two eigenvalues of A are Ay < 0 and A2 > 0, with two corresponding
eigenvectors v7,v2. To draw the phase portrait, we follow these guidelines:

e The general solution is

A Aot =

T = 1M + e,

e If ¢; = 0, then the solution is & = cpe2t¥,. We see that the solution vector is a scalar
multiple of 5. This means a line parallel to ¥5 through the origin is a trajectory. Since
Ao > 0, solutions |Z| — oo along this line, so the arrows are pointing away from the
origin.

e The similar other half: if ¢ = 0, then the solution is ¥ = c;et%. We see that the
solution vector is a scalar multiple of ¥;. This means a line parallel to o7 through the
origin is a trajectory. Since A\; < 0, solutions approach 0 along this line, so the arrows
are pointing toward the origin.

e Now these two lines cut the plane into 4 regions. We need to draw at least one trajectory
in each region. In the region, we have the general case, i.e., ¢; # 0 and ¢ # 0. We need
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to know the asymptotic behavior. We have

t—o00, => Ir— o™ty
t— —o00, => T— cle)‘ltﬁl

We see these are exactly the two straight lines we just made. This means, all trajectories
come from the direction of ¥, and will approach v as t grows. See the plot below.

T2

T

Example 2. Suppose we know the eigenvalues and eigenvectors of A:

M =3, 171:<_11>, M= -3, 272:<(1)>.

Then the phase portrait looks like this:
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A /
St

\‘

If the two real distinct eigenvalue have the same sign, the situation is quite different.

Example 3. Consider the homogeneous system

_,/_ — _ _3 2
r = AZ, A—<1 _2>.

Find the general solution and sketch the phase portrait.

Answer.
e Eigenvalues of A:

-3 2

det(A—A[)zdet( 1 —9

) = (=3-N)(=2-2)—2=A+5 +4 = (A\+1)(\+4) =0,

So A\ = —1, A2 = —4. (Two eigenvalues are both negative!)

e Find the eigenvector for \;. Call it #; = (a,b)7,

a-nna= (0 0 (5) = A)(5)=(6)

This gives a = b. Choose it to be 1, we get @ = (1,1)7.

e Find the eigenvector for \o. Call it 7 = (¢, d)7,

a-nna= (7 ) ()=(12)(9)=(8)

This gives ¢+ 2d = 0. Choose d = 1, then ¢ = —2. So @ = (—2,1)T.
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o General solution is
~ At Aot = 1 —at [ 2
T(t) = c1e™'0) + e 0y = cre | ) e E

Write it out in components:

r1(t) = cre7t —2cpe™H
wg(t) = 61€_t+62€_4t

Phase portrait:

o If ¢; = 0, then & = c2e?'¥y, so the straight line through the origin in the direction of ¥
is a trajectory. Since Ay < 0, the arrows point toward the origin.

o If ¢y = 0, then & = ¢1eM'%, so the straight line through the origin in the direction of ¥,
is a trajectory. Since A; < 0, the arrows point toward the origin.

e For the general case, when ¢; # 0 and co # 0, we have

)\zt,l—}é

)\11561

t — —o0, => T —0, T — ce
t— o0, => |Z] — oo, T —cre

So all trajectories come into the picture in the direction of 75, and approach the origin
in the direction of ;. See the plot below.

x _
2 #
272\/ "
€1
Ua

In the previous example, if Ay > 0, Ay > 0, say A1 = 1 and Ay = 4, and v1, U are the same,
then the phase portrait will look the same, but with all arrows going away from 0.

Definition: If A\; # Ao are real with the same sign, the critical point £ = 0 is called a
node.
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If A1 > 0, Ao > 0, this node is called a source.
If A1 <0, Ay <0, this node is called a sink.
A sink is stable, and a source is unstable.

Example 4. (Source node) Suppose we know the eigenvalues and eigenvectors of A are

M =3, dp=4 171:<;>, 172:<_13>.

(1) Find the general solution for # = AZ, (2) Sketch the phase portrait.

Answer.(1) The general solution is simple, just use the formula
T = 1M + ey = cpe < ; > + cgett < _13 > .

(2) Phase portrait: Since Ay > Aj, then the solution approach U2 as time grows. As
t — —o0, T — c1eMtT;. See the plot below.

) — N -

T

Summary:
(1). If Ay and Ag are real and with opposite sign: the origin is a saddle point, and it’s unstable;
(2). If Ay and A2 are real and with same sign: the origin is a node.
If A1, Ao > 0, it’s a source node, and it’s unstable;
If A\, A2 < 0, it’s a sink node, and it’s asymptotically stable;

6.6 Complex eigenvalues

If A has two complex eigenvalues, they will be a pair of complex conjugate numbers, say

A2 =a=xiff, B#0.
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The two corresponding eigenvectors will also be complex conjugate, i.e,

We have two solutions

They are complex-valued functions, and they also are complex conjugate. We seek real-valued
solutions. By the principle of superposition,

I > - > o =
= 5(21 + 22) = Re(21), 2= 5. (51— %) = Im(%)

are also two solutions, and they are real-valued.

One can show that they are linearly independent, so they form a set of fundamental
solutions. The general solution is then & = ¢4 + c2¥s.

Now let’s derive the formula for the general solution. We have two eigenvalues: A and )\,
two eigenvectors: ¥ and ¥, which we can write

A=a+1if, U = U, + 17;.
One solution can be written

7 = Mo = TG, +iv;)e™ (cos Bt + isin Bt) - (T, + iT;)
(

= e™ (cos ft - T, — sin Bt - U; + i(sin Bt - ¥, + cos Bt - T;)) .
The general solution is
T = cr1e™ (cos Bt - U, — sin Bt - ;) + coe™ (sin Bt - ¥, + cos Bt - T;) .

Notice now if @ = 0, i.e., we have pure imaginary eigenvalues. The ¥ is a harmonic
oscillation, which is a periodic function. This means in the phase portrait all trajectories are
closed curves.

Example 1. (pure imaginary eigenvalues.) Find the general solution and sketch the phase

portrait of the system:
S 4= (0 —4
T = AZ, A= < 10 .

Answer.First find the eigenvalues of A:
det(A— M) =M +4=0, A= =+2i.

Eigenvectors: need to find one @ = (a,b)” for A = 2i:

(A~ )it =0, <‘12i _‘i)(‘;):(g)

a—2ib =0, choose b =1, then a = 21,
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then

The general solution is

o 0 . 2 . 0 2
T =c [coth'<1>—sm2t-<0 >] + co [sm2t-<1>+cos2t-<0 >]

Write out the components, we get

x1(t) = —2c1sin2t + 2¢y cos 2t

x9(t) = ¢ cos2t+ cosin2t.
Phase portrait:
e T is a periodic function, so all trajectories are closed curves around the origin.

They do not intersect with each other. This follows from the uniqueness of the solution.

They are ellipses. Because we have the relation:

(21/2)* + (29)* = constant.

The arrows are pointing either clockwise or counter clockwise, determined by A. In this
example, take ¥ = (1,0)”, a point on the zi-axis. By the differential equations, we
get ©’ = AZ = (0,1)T, which is a vector pointing upward. So the arrows are counter-
clockwise.

See plot below.

e
N

Definition. The origin in this case is called a center. A center is stable (b/c solutions
don’t blow up), but is not asymptotically stable (b/c solutions don’t approach the origin as
time goes).

If the complex eigenvalues have non-zero real part, the situation is still different.
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Example 2. Consider the system

o1 A (3 =2
r' = A%, A—<4 _1>.

First, we compute the eigenvalues:
det(A—A)=(3-A)(-1-N)+8=X—-21+5=0,

Mo=1%2, = a=1 g=2

Eigenvectors: need to compute only one @ = (a,b)”. Take A = 1 + 24,

(A—M)?7=<2_42i _2__22z'>'<2>:<8>’

(2 — 2i)a — 2b = 0.

Choosing a =1, then b =1 — 4, so

(1)

So the general solution is:

_— ¢ _ I _ 0 . ' Iy ' 0
T = ce [cos2t <1 sin 2t 1 + co€” [sin 2t 1 cos 2t 1

— el cos 2t 4 el sin 2t
- cos 2t + sin 2t 2 sin2t —cos2t )

Phase portrait. Solution is growing oscillation due to the e'. If this term is not present,
(i.e., the eigenvalues would be pure imaginary), then the solutions are perfect oscillations,
whose trajectory would be closed curves around origin, as the center. But with the e’ term,
we will get spiral curves. Since « =1 > 0, all arrows are pointing away from the origin.

To determine the direction of rotation, we need to go back to the original equation and
take a look at the directional field.

Consider the point (z; = 1,29 = 0), then &’ = AZ = (3,4)”. The arrow should point up
with slope 4/3.

At the point 7 = (0,1)T, we have 7 = (-2, —1)7.

Therefore, the spirals are rotating counter clockwise. We don’t stress on the exact shape
of the spirals. See plot below.

Il
N
— =
~
+
~.
N
I o
—_
~_

104



2.5 -2 -15 -1 -0.5 0 0.5 1 15 2 25

In this case, the origin (the critical point) is called the spiral point. The origin in this
example is an unstable critical point since a > 0.

Remark: If a < 0, then all arrows will go towards the origin. The origin will be a stable
critical point. An example is provided in the text book. We will go through it here.

Example 3. Consider

The eigenvalues and eigenvectors are:

1 L 1 (1 0
)\172——§j:z, U_<j:i>_<0>iz<l>'

Since the formula for the general solution is not so “friendly” to memorize, we use a different
approach.
We know that one solution is

. I 1 /0
N (ORI

This is a complex values function. We know the real part and the imaginary part are both
solutions, so work them out:

- 1y 1 o 0 .. 1 . 0
Z €2|:COSt<0> smt(1>+zs1nt<0>+zcost<1>].

The general solution is:

- _1 1 . 0 _1, | . 1 0
T = cye 3t [cost( 0 > —smt< 1 )] + coe 3t [Smt< 0 > +cost< 1 ﬂ,
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and we can write out each component

r1(t) = e 2'(cicost + cysint)

xo(t) = e~

NI (M

Y(—cysint + o cost)

Phase portrait: If ¢; = 0, we have

a3 4 a5 = (e_%t)2c§(sin2 t+cos’t) = (e_%t)2c§.

If ¢o = 0, we have

1
x% + a:% = (e_it)%%.

In general, if ¢; # 0 and ¢y # 0, we can show:
1
of + a5 = (e72)*(c] + o).

The trajectories will be spirals, with arrows pointing toward the origin. To determine with
direction they rotate, we check a point on the x; axis:

. (1 v an_ [ 3
T = E r = Ax = 1)

So the spirals rotate clockwise. And the origin is a stable equilibrium point. See the picture
below.

50
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30 40 50

Summary: For complex roots: ri s = o +if3.

(i) If @ = 0: the origin is a center. It’s stable, but not asymptotically stable.
(ii) If & > 0: the origin is a spiral point. It’s unstable.

(iii) If & < 0: the origin is a spiral point. It’s asymptotically stable.
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Connections. At this point, we could make some connections between the 2nd order
equations and the 2 x 2 system of 1st order equations. Consider a 2nd order homogeneous
equation with constant coefficients

ay” + by +cy = 0. (6.1)
The characteristic equation is
ar® +br +¢=0. (6.2)

We know that the solutions depend mainly on the roots of the characteristic equation. We
had detailed discussions in Chapter 3.
We can perform the standard variable change, and rewrite this into a system. Indeed, let

/

r1 =Y, T2 =Y
we get

T = 29

Ty = al‘g awl

In matrix-vector notation, this gives

7 = AZ, A:< 0 1> (6.4)

ISHIS

Qo

We now compute the eigenvalues of A. We have

b
det(A) = —A(—= =N +-=0, = aX+br+c=0.
a a

We see that the eigenvalues are the same as the roots for the characteristic equation in (6.2).

6.7 Repeated eigenvalues

Here we study the case where the two eigenvalues are the same, say A\; = Ao = A. This can
happen, as we will see through our first example.

Add: Repeated Eigenvalues, with 2 linearly independent eigenvectors, for 2x2 system,
proper node, star node. Take one example.

Example 1. Let

Then

-1

1-A
det(A—)\I):det< L 32

>:(1-A)(3—A)+1:A2—4A+3+1z(A—2)2=0,

S0 A1 = A2 = 2. And we can find only one eigenvector ¥ = (a,b)”

(A= AD)i = < - _11>-<Z>=o, a+b=0.

107



1
-1

1
> M= 2t
Z1=etv=c¢ <_1>.

We need to find a second solution. Let’s try Z = te*#. We have

Choosing a = 1, then b = —1, and we find ¢ = < > Then, one solution is:

2 = NG+ MeMT = (1 + M)eMT
AZy = AteNT = te N (AT) = teM AT = Me T
If Z5 is a solution, we must have
Z=AZ — 1+X=M

which doesn’t work.
Try something else: Z = teM @ +7je. (here 7 is a constant vector to be determined later).

Then
2 = (1 + X)eMT + AjeM = AteMi + M (T + M)
AZy = MeMT + Aje.

Since Z5 is a solution, we must have Z, = AZ;. Comparing terms, we see we must have

T+ M= A7, (A= ADij=7.

This is what one uses to solve for 7. Such an 7j is called a generalized eigenvector corresponding
to the eigenvalue .
Back to the original problem, to compute this 77, we plug in A and A, and get

() () =(4) mem=

We can choose 71 = 0, then 179 = —1, and so 7 = < _01 >

So the general solution is

r = 121 +coZp = cle)‘t17+ C2 (te)‘tﬁ—l— eAt’ff)

= e () el (1) (8]

e Ast — oo, we have |Z| — oo unbounded.

Phase portrait:

e Ast — —oo, we have ¥ — 0.

o If c; = 0, then ¥ = 1M, so the line through the origin in the direction of ¥ is a
trajectory. Since A > 0, the arrows point away from the origin.

108



e If ¢; = 0, then Z = ¢y(teM¥ + e Mij). For this solution, as t — oo, the dominant term in
Z is teM¥. This means the solution approach the direction of #. On the other hand, as
t — —oo, the dominant term in 7 is still te*#. This means the solution approach the
direction of ¢. But, due to the change of sign of ¢, the & will change direction and point
toward the opposite direction as when ¢ — oo.

How does it turn? We need to go back to the system and check the directional field. At
# = (1,0), we have @ = (1,1)7, and at & = (0, 1), we have @ = (—1,3)?. There it turns
kind of counter clockwise. See figure below.

e For the general case, with ¢; # 0 and ¢o # 0, a similar thing happens. As t — oo, the
dominant term in 7 is te*#. This means the solution approach the direction of #. As
t — —oo, the dominant term in 7 is still te*#. This means the solution approach the
direction of ¢. But, due to the change of sign of ¢, the & will change direction and point
toward the opposite direction as when t — oo. See plot below.

-3k z, ]

-4+ o

-5 1 1 1 1 1 1 1 1 1

Remark: If A < 0, the phase portrait looks the same except with reversed arrows.

Terminology: If A has repeated eigenvalues, the origin is called a improper node. It is
stable if A < 0, and unstable if A > 0.

Recipe for solutions of ¥’ = AZ where A has repeated eigenvalues.
1. Find the eigenvalue A, by det(A — \I) = 0;
2. Find the eigenvector ¥, by (A — A\ )¥ = 0;

—

3. Find the generalized eigenvector 7, by (A — \I)i] = ¥;
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4. Form the general solution:
T = 1T + co(teMT + Nip).

5. Discuss stability of the critical point: Asymptotically stable if A < 0, unstable if A > 0.

—

Example 2. Find the general solution to the system #’ = < __025 _2 4 > Z.

We start with finding the eigenvalues:
det(A—A)=(-2=-MN)(=4—-AN)+1=X4+6A+8+1=A+3)2=0, A =l=X\=-3

We see we have double eigenvalue. The corresponding eigenvector o = (a, b)”

L ([ =243 2 a '\ 1 2 a '\
(A_M)”_< —0.5 —4+3>’<b>_<—0.5 —1> <b>_0
So we must have a 4+ 2b = 0. Choose a = 2, then b = —1, and we get 17:<_21 >.To find

the generalized eigenvector 77, we solve

(A=A =17, <—(1).5 —21><Z;>:<_21>

This gives us one relation n; 4272 = 2. Choose 11 = 0, then we have ny = 1, and so 77 = < (1) >

The general solution is

- o . _’ _ 9 B 9 -
T =T+ ep(te T+ M) = cre 3t< -1 > + e {te 3t< -1 > e ( . ﬂ '

The origin is an improper node which is asymptotically stable.

6.8 Stability of linear systems

For the 2 x 2 system
¥ = A7

we see that & = (0,0) is the only critical point if A is invertible.
In a more general setting: the system

T =AF-b

would have a critical point at & = A~ 1b.
The type and stability of the critical point is solely determined by the eigenvalues of A.
Below is a summary of what we learned in Chapter 7:

Summary of chapter 7:
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A12 eigenvalues type of C.P. stability

real Al A <0 saddle point unstable

real A1 > 0,A2 > 0,\ # A2 | node (source) unstable

real AL <0, <0,A # A node (sink) asymptotically stable

real A=A =A improper node | asymptotically stable if A < 0, unstable if A > 0
complex A2 = £if center stable but not asymptotically
complex A2 =axif spiral point asymptotically stable if o < 0, unstable if o > 0

As long stability is concerned, the sole factor is the sign of the real part of the eigenvalues.
If any of eigenvalue shall have a positive real part, the it is unstable.

9.2: Autonomous systems and their critical points

Let x(t),y(t) be the unknowns, we consider the system

{33/(75) F(z,y) {J«"(to) = o,
y(t) = Glz,y) y(to) = o

for some functions F(z,y),G(z,y) that do not depend on ¢. Such a system is called au-

tonomous. Typical examples are in population dynamics, which we will see in our examples.
Using matrix-vector form, one could also write an autonomous system as

F(t) = F(@),  (t) = .
A critical point is a point such that the righthand-side is 0, i.e.,
F(z,y) =0, G(z,y)=0

or in the vector notation
F(¥)=0.
Note that, since now the functions are non-linear, there could be multiple critical points.
Finding zeros for a nonlinear vector-valued function could be a non-trivial task.

111



We first go through some examples on how to find the critical points.

Example 1. Find all critical points for

{fc’(t) = —(r-y(A-z—y)
y'(t) = z2+y)

Answer.We see that the righthand-sides are already in factorized form, which makes our
task easier. We must now require

T =1, or r—y=1

and
z=0 or y=—2.

We see that we have 4 combinations.

o {120 = {5

=y r=—-2
z4+y=1 z=0
(3) { z=0 = { y=1
z4+y=1 =3
(4) {y:—2 = {y:—Q
General strategy.
(1) Factorize the righthand as much as you can.
(2) Find the conditions for each equation.
(3) Make all combinations and solve.
Example 2. Find all critical points for
2 (t) = zy—6x
y(t) = zy—2x+y—2

{w’(t) = x(y—6)
y(t) = (y—-220)+@y-2)=2@y—-2)+@y—-2)=(=+1)(y—2)

The conditions are:
z=0 or y=206
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and
x=-1 or y =2

In principle we could make 4 combinations, but only 2 of them would give us a critical points.
We end up with 2 critical points:

(:Evy) = (0’ 2)’ (x,y) = (_176)'

Example 3. Find all critical points for

Z(t) = 2® -y
y(t) = xzy—3x+2

{#0) = sto—p
y(t) = zy—3x+2

The conditions are
x=0 or =1y

and
zy—3rx+2=0.

We have 2 combinations. One is
z =0 and zy—3z+2=0,
which gives no answer. The second combination is
T=1y and zy — 3z +2=0,

which gives
22 -3x+2=0, (z—-1)(x—-2)=0, z=1lorz=2

This gives us two critical points

(:Evy) = (1’1)’ (:Evy) = (2’2)'

Example 4. (Competing species) Let z(t), y(t) be the population densities of two species
living in a common habitat, using the same natural resource. They are not in a prey-predator
relation. They simply compete with each other for the resources. The model is

{ () = x(M —ax—by)
y'(t) = y(N —cx—dy)
Here a,b,c,d, M, N are positive constants, with physical meanings.
If species x lives alone, i.e., y = 0, we get 2/ = x(M — az). The growth rate is M —ax. At

x = M/a, the rate will be 0. So one can view M /a as the max population density of = that
the habitat could support in absence of y. Adding y, the rate of growth would decrease.
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A similar argument holds for the 2nd equation, where y = N/d would be the max density
of y in absence of .
We search for critical points. They must satisfies

z=0 or M—ax—by=0

and
y=20 or N —cx—dy=0.

We now have 4 combinations:

(1) (z,y) = (0,0)

(2) z=0and N —cz—dy =0, — (z,y) = (0,N/d)
(3) M —ax—by=0andy=0, — (z,y) = (M/a,0)
(4) M —axr—by=0and N —cx —dy = 0.

In case (4) we need to solve a linear equation for (x,y).

Example 5. Prey-predator model of Lotka-Volterra. Let x(t) be the population density of
a prey which lives together with a predator, represented by y(t) as its population density. The
predator lives on eating the prey, while the prey lives on natural resource which we assume is
abundant. We have the model

d(t) = x(a—by)
{ y'(t) = y(—c+dx)

Physical meaning of the model:
(1) If there is no predator, i.e, y = 0, then 2’ = at, so the prey grows exponentially with rate a.
The existence of the predator has a negative effect on the growth rate of the prey (represented
by the term —by). (2) If there is no prey, then, y' = —cy, the predator decays exponentially
(dies out). The existence of the prey has a positive effect on the growth rate of the predator
(represented by the term dx).

Find the critical points: We have the conditions

=0 or a—by=20

and
y=20 or —c+dx=0.

Only 2 out of the 4 combinations give the critical point. The 2 critical points are

(z,9) = (0,0),  (z,9) = (d/c,b/a).
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9.3: Stability of Critical points; local linearization

Moral: In a small neighborhood of the critical point, the nonlinear system behaves in a similar
way to a linearized system.

Linearization. Consider a scalar function f(x), and let zp be a root such that f(xg) = 0.
Assuming that f is smooth near x = zy, we see that we can approximate f with a straight
line through z, with the slope equals to f’(x¢). Draw a graph to see the idea. Then, we have

f(x) = f'(zo)(z — 20)

in a small neighborhood of z = x.

The idea can be extended to vector valued functions. Here, the derivative of the vector-
valued function, however, takes a more complicated form. Using our notation, consider the
system

y'(t) = G(z,y)

Let (z,,¥,) be a critical point such that F(z,,vy,) = 0, G(x,,y,) = 0.
We introduce the concept of the Jacobian Matrix, defined as

. Fu(z,y) Fy(z,y)
I(.9) = < Culry) Cylx.y) >

This matrix serves as the derivative of the vector-valued function on the RHS of the system.
We say that we linearize the system (A) at the point (x,,¥,) as

(ZJ )lzj(xo,yo) < SZ:Z >

The type and stability of the critical point (z,,y,) is determined by the eigenvalues of the
Jacobian matrix J(x,,y,), evaluated at the critical point (x,,y,).

{ x/(t) = F(a;,y) (A)

Example 1. We revisit Example 1 previous chapter,

{w’(t) = —(z-y(l-z-y)
y'(t) = 2(2+y)

where the 4 critical points are
(0,0), (—2,-2), (0,1), (3,-2).
We now determine their type and stability. We first compute the Jacobian matrix. We have
F, = -1+ 2z, F,=1-2y, Gz =2+, Gy=ux

SO
1422z 1-2y
e =( SR,
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At (0,0), we have
1 1 .
J(0,0) = < 5 0 > , A =1, Ao = —2, saddle point, unstable.
At (—2,—-2), we have
-5 5 .
J(=2,-2) = 0 _9 ) A = —b, Ag = —2, nodal sink, asymp. stable.
At (0,1), we have

J@J%:(}lé>, A 4A+3=0.

The eigenvalues are complex with negative real parts. This is a spiral point. It is asymptoti-
cally stable.
At (3,—2), we have

J(3,-2) = < (5) g ) , A1 =5, A2 =3, nodal source, unstable.

Example 2. Consider

Z(t) = wzy—6x
y'(t) = zy—20+y—2
whose critical points are

(0,2), (—1,6).
To check their type and stability, we compute the Jacobian matrix

_(y—-6 =z
ﬂ%w—<y—2x+l>'
At (0,2), we have

J(0,2) = < _04 (1) > , A = —4, Ay =1, saddle point, unstable.

At (0,2), we have

J@L®:<0 -1

i 0 > ) A12 = £2i, center, stable but not asymp..

Example 3. We now consider again the prey-predator model, and set in values for the
constants. We consider!

{ Z'(t) = (10 —5y)
y'(t) = y(-6+x)

"We remark that in real models the coefficients are much smaller than the ones we use here. We choose

these numbers, so we can have friendly numbers in the computation. One can also view this as a rescaled model
where one stretches the time variable.
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which has 2 critical points (0,0) and (6,2). The Jacobian matrix is

10-5y —bz
J(:E,y):< yy _6+x>.

At (0,0) we have

J(0,0) = < 100 —06 > , A1 =10, Ay = —6, saddle point, unstable.

At (6,2) we have

J(6,2) = ( g —(;30 > ,  A12 = £iV60, center, stable but not asymp..

To see more detailed behavior of the model, we compute the two eigenvector for J(0,0),
and get 73 = (1,0) and ¥ = (0,1). We sketch the trajectories of solution in (z1, z2)-plane in
the next plot, where the trajectories rotate around the center counter clock wise.

Lotka-Volterra population model

~N
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L1
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predator
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\

°% 5 10 15 20 25
prey

One can interpret these as “circles of life”.

In particular, the big circles can be interpreted as: When there are very little predators,
the prey grows exponentially, very quickly. As the population of the prey becomes very large,
there is a lot of food for the prey, and this triggers an sudden growth of the predator. As
the predators increase their numbers, the prey population shrinks, until there is very little
prey left. Then, the predators starve, and its population decays exponentially (dies out). The
circle continuous in a periodic way, forever!
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Chapter 7

Fourier Series

Fourier series will be useful in series solutions for linear 2nd order partial differential equations.

7.1 Introduction and Basic Fourier Series

Objective: representing periodic functions as a series of sine and cosine functions.
Let f(z) be a periodic function with period P, i.e.,

fa+P) = f(z), Va

Note: If P is a period, so are 2P,3P,4P, - -- ,. The smallest period is called the fundamental
period.

Observation: If f(x) and g(x) are both periodic with period P, so will any linear combi-
nation af(x)+ bg(x) for arbitrary constants a,b. Also, the product f(z)g(x) is periodic with
the same period.

Known examples of periodic functions: trig functions.

With period 2:

sinz, sin2x, sindz,--- ,cosx, cos2x, cosdx,--:
With period 2L:
. T . 2mx ., 3nx T 2rx 3rx
Slnf, SIHT7 SIDT, COST, COST7 COST,

We have the trig set:

mmx mmx
17. T 7}7 :1727"'
{ Sin I COS I m

Plots of some sine functions are given in Figure 7.1.
Definition. Let f(x) be periodic with period 2L. Fourier series for f(x) is:

o
f(x):%—kz (amcos$+bmsin$>. (%)
m=1
Here the constants ag, a,, by, are called: Fourier coefficients.
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Figure 7.1: Some sine functions.

How to compute the Fourier coefficients? Use the orthogonality of the trig set!
Definition: Given two functions u(z),v(z), define the inner product as

(1, v) = / " (o) d.

In our case we will choose a = —L,b= L, i.e.,

Definition: The functions u and v are orthogonal if (u,v) = 0.
Claim: The trig set is mutually orthogonal, i.e, any two distinct functions in the set are
orthogonal to each other. This means

mmx

(1,sin T) =0, (1, cos T )=0, Vm
(sin?,& n—zﬂj):O, (cos 2$,cosn—?)20, VYm #n
(cos ?,SIH n_zx) =0, VYm,n

Proof. By direct integration. For example:

L
(1,sin ?) = / sin?dw = 0.
-L

This integration is 0 because it integrates a sine function over several complete periods.
For m # n, we compute

L L
1 —
(sin ?,sin $) _ /LSin m;rx n % do=1 /L [COS (m Ln)mc o +Ln)m e — 0.
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Both integrals are 0 because it integrates over several periods of cosine function, when m # n.
All other identities are proved in a similar way. We skip the details.
Useful identity.

1 [r 2 1
(Sin?,sinmgx)zi/_L [1—005 nzﬂa:] d$:§(2L):L.
Similar: o o
(cos s )= L.

Back to Fourier series. We now multiply equation (*) by cos “7* and integrate over [—L, L],

L nwx L nwx
/_Lf(:n)cosTd:E = /LE Cos —da:—l—Zam/ cos 0% cos 1T 7 dz

00 L
+mz_:1bm/_Lsmmz$ cos?d:n

All the terms are 0 except one:

L
/ f(:n)cosn—zxdx:an/ cos?cos?daj—anl/
L _

This gives us the formula to compute a,,:

1 L
:E/_Lf(:n)cosn—zxdaz, n=1223,---

Deriving in a completely similar way, we get

1 L
:Z/ f(:n)sinn—zxdx, n=123,---
-L

_%/_LLf(a:)dx

Note that ag is the average of f(z) over a period. The formula for ag fit the one for a,, with
n = 0.
These formulas for computing the Fourier coefficients are called Euler-Fourier formula.
If the period is 27, i.e., L = 7 in the formulas, we get simpler looking formulas

and

1 m

a, = - f(z) cosnx dx, n=0,1,2,---
T™J) -7
1 [ .

b, = — f(x)sinnx dx, n=123---.
T

—Tr

We now take some examples in computing Fourier series.
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Example 1. Find the Fourier series for a periodic function f(x) with period 27

_ T
R I S (R DR

Answer.We use the Euler-Fourier formulas with L = 7

1 ™
ap = — f(z)dz =0.
7T —Tr
We note that f(z) is an odd function, i.e., f(—x) = —f(z). Therefore integrating over a

period, one get 0.
For n > 1, we have

ap =

/7r f(x)cosnz dx

—T

1
T
1 /0 1 [7
= — —cosnrdx + — cos nx dx
L ™ Jo
1 1. 0 11 . -
- 77( n)smn:ﬂ| :_ﬂ—l-ﬂnslnnﬂx:o—

Actually, we could get this integral quickly by observing the following: f(x) is an odd function,
and cosnz is an even function. Then, the product f(z)cosnz is an odd function. Therefore,
the integral over an entire period is 0.

Finally, we compute b,, as

1 [ , Lo I
b, = — f(x)sinnxdx = —Slnn$d:p+% sin nz dz
0

™ J_r T J 7

11 11
= _;E(_ cosnz)|V__. + ;;(— cosnz)|i_,
1
= —(cos0 — cos(—nm)) — — (cosnm — cos 0)
nmw nm
1 1
mT( cosnm) + mT( cos ) mr( cos n)

The actual computation could be shortened by observing the following: sinnx is an odd
function, so f(z)sinnz is an even function. The integrals on [—m,0] and [0, 7] are the same.
So one needs to do only one integral, and multiply the result by 2.

We observe
cosm=—1, cos2r =1, cos3r =—1,---, = cosnm=(—1)"
Fhen 2 4 n odd
bn = nw (1= = { g,ﬂy n evenj.

We can now write out the Fourier series. Since all a,’s are 0, we will only have sine

functions.

= 4 1 1 1
flz)= ansinmr: = [sinx+§sin3x+gsin5x+ ?sin7x+~~ .

n=1
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Partial sum of a series: the sum of the first few terms.
We can write y,(x) to be the sum of the first n term in the Fourier series. For our example,
we have

yi(xr) = —sinz
T
(@) = = [sinw+3sin3
y2(x) = p SID:L'—I—§SID X
4 1 1
ys(z) = = [sinw + 3 sin 3z + A sin 54

Then, the limit lim,,_,; yn(x) (if it converges) gives the whole Fourier series.
The partial sums of Fourier series and the original function f(z) for this example are
plotted together in Fig 7.2.

exact--black, y1--red, y2--blue, y3--green
1.5 T T T T

0.5 I ; / .

[oR -
0.5+ =
sl /\ |
1.5 l L 1 L l 1

0 1 2 3 4 5 6 7

Figure 7.2: Fourier series, the first few terms, Example 1.

Example 2. Find the Fourier series of the function

0, —2<r<—1
flx)=1 K, -l<z<l | period = 4.
0, 1< <2

122



Answer.Since the period is 4, we have 2L = 4 so L = 2. We compute the Fourier
coefficients by Euler-Fourier formulas. We have

1 [? 1
ap = = f(z)dx = 22K = K,
2/, 2

1 [? K 2 ! 2K
ap = = / f(x) cosS —dr = — —11 CcOSs —Tlﬂ'l' dr = — —sin —nﬂ-x = ——sin —nﬂ—.
2 _9 nm

ge——q DT 2

The function sin 75+ takes only values 0,1,0,—1 in a periodic ways, depending on n. We have

0, n even

an =1{ &, n=1,591317, -

nm’

—2K - =37,11,15,19,- -

nm’

For the by, note that f(z) is an even function, and sin “Z% is an odd function, so the product

is an odd function. Integrating over a whole period gives 0, i.e,

1 /2
by, = 5/_2f(x)sinn2£da;:0.

Note that in this example, there will be no sine functions in the Fourier series!
We can now write out the Fourier series:

f(a:)—la +§:a cos@—g—l—% cosﬁ—lcos%—x+lcos57r—$—lcosh—x+
B e I R 2 3 2 '5 2 71 2

The partial sums of Fourier series and the original function f(z) are plotted together in
Fig 7.3, for K = 1.
Observation.
If f(x) is an odd function, then there are no cosine functions in the Fourier series.
If f(x) is an even function, then there are no sine functions in the Fourier series.
We will see later that this is a general rule!

Example 3. Find the Fourier series of

t+m/2 —T<t<0 .
= ’ — 2 .
r(t) { /2, O<t<q o Pered=2m
Answer.We seek Fourier series for r(t), i.e.,
1 o0
r(t) = §ao + E Gy, cos nt + by, sin nt.

n=1

We first note that r(¢) is an even function, we can immediately conclude that b,, = 0 for all n.
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y, (red), y,(yellow), y, (blue), y, (cyan), y(green), f{black)

[ Ll
0.8 ir L

0.6

0.2

_0_2 | | | | |
) 4

Figure 7.3: Fourier series, the first few terms, Example 2.

Furthermore, r(t) cos nt will be an even function. To integrate over a period, we only need
to integrate over half period, and multiply the answer by 2. We now compute a,:

—T
1 [7 2 [T 2 [T 2 [T
anp = —/ r(t)cosntdt = —/ (—t+z)cosntdt = ——/ tcosntdt+—/ T cosnt dt
) T Jo 2 T Jo T Jo 2
2 (7 1 . T 2 ["
= —— tcosntdt + —sinnt = —— tcosntdt
T 0 n t=0 ™ 0
By integration-by-parts, we get
21,1 T ™1 2 T 2 2
ap = —— [t— sinnt —/ —sinntdt} = ——cosnt = ———(cosnr—1) = ———((=1)"-1).
Tl n o Jo m nm =0 nm nm

Half of these a,,’s are 0, i.e.,

0, n even,
ap =
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We can now write out the Fourier series

n=mw ™

[e.e]

4 4 1 1

r(t):Zancosnt: Z ——cosnt = — cost+§cos3t+%cos5t+~' .
n=1 n odd

The plots of several partial sums and their error are included in Figure 7.4.

Fourier series, partial sums

2.0

©
w

©
N

o o
o =
Lovoa oo bvaaa baaa

I
1
il

Figure 7.4: Fourier series, the first few terms and the errors, Example 3.

We make some observations:
(1). In general, the error decreases as we take more terms.
(2). For a fixed partial sum, the error is larger at the point where the function r(¢) has a kink,
and smaller in the region where r(t) is smooth.
(3). After taking 3 terms, the partial sum is already a very good approximation to r(t).
(4). Tt seems like y,(t) converges to r(t) at every point t.

Next example is a dummy one, but might be useful.
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Example 4. Find the Fourier coefficients for f(z), periodic with p = 27, given as

f(z) =24 4sinz — 0.5cos 4z — 99 sin 100z.

Answer.Since the function f here is already given in terms of sine and cosine function,
there is no need to compute the Fourier coefficients. We just need to figure out where each
term would fit, by comparing it with a Fourier series. We have

apo=4, a4,=-05, a,=0, Vn#04

and
b1 == 4, b100 = —99, bn =0 Vn 75 1, 100.

7.2 Even and Odd Functions; Fourier sine and Fourier cosine
series.

Through examples we have already observed that, for even and odd functions, the Fourier
series takes simpler forms. We will summarize it here.
A function f(z) is even if

f(=z) = f(x).

The graph of the function is symmetric about the y-axis. Examples include f(x) = 1 and
f(x) = cosnz for any integer n.
A function f(z) is odd if

f(=z) = =f(=).

The graph of the function is symmetric about the origin. Examples include f(z) = sinnx for
any integer n.
Properties:

e Product of two even functions is even;

e Product of two odd functions is even;

e Product of an even and an odd function is odd.

e Integration of an odd function over [—L, L] is 0.

e Integration of an even function over [—L, L] is twice the integration over [0, L].

We have already observed that, if f(x) is an even function, then its Fourier series will NOT
have sine functions. If f(x) is an odd function, then its Fourier series will NOT have cosine
functions.

This fits the instinct: One can not represent an odd function with the sum of some even
functions, and visa versa.

The formulas for the Fourier coefficients could be simplified, as we have already observed.
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e If f(z) is an even, periodic function with p = 2L, it has a Fourier cosine series

[e.e]
a nwx
flz)= ?0 + nEZI iy CO8 ——

where .
2
an:z/o f(x)cos%da:, n=20,1,2,--

e Correspondingly, if f(x) is an odd, periodic function with p = 2L, it has a Fourier sine

series -
flz)= ansm@
n=1
where ) /L
b":Z ; f(a:)sin%dw, n=123,---

Note now we only need to integrate over half period, i.e., over [0, L], because the product
is an even function.

Half-range expansion. If a function f(z) is only defined on an interval [0, L], we can
extend /expand the domain into the whole real line by periodic expansion. There are two ways
of doing this:

e Extend f(z) onto the interval [—L, L] such that f is an even function, i.e., f(—x) = f(x),
then extend it into a periodic function with p = 2L;

e Extend f(x) onto the interval [—L, L] such that f is an odd function, i.e., f(—z) =
—f(z), then extend it into a periodic function with p = 2L.

These are called even/odd periodic extensions of f, or half-range expansions.

Example 1. Let f(x) = = be defined on the interval = € [0, L]. Sketch 3 periods of the
even and odd extension of f, and then compute the corresponding Fourier sine or cosine series.

Answer.The graph of even and odd extensions are given in Fig 7.5.
The odd extension is the so-called the sawtooth wave. We have Fourier sine series, with
coefficients

b, = z/La:sin—mrznalac—2 i 2{Sinn7m:_mr:ncosmm}13
"L L L \nrw L L L Jlz=o
2L
= _(_1)n+17 n:172737”'
nmw
therefore
2L o= (—1)"t1 2L 1.2 1.3 1.4
fodd(l'):?z( 71 sinnzx:?[sinFL—x—isin%x—kgsm%x—zsin%x—l—~l.

n=1
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even extension

1.0
0.9
0.8
0.7
0.6
0.57]
0.4
0.3
0.2
0.17]
0.0

-3 -2 -1 0 1 2 3

odd extension

1.0
0.87]
0.6 7]
0.4
0.2
0.0
-0.2 ]
-0.4
-0.6
-0.8
-1.0

Figure 7.5: Even and odd extension, 3 periods plotted.

The even extension gives triangle waves (similar to Example 3 in ch 1.1). It will have a
Fourier cosine series, with coefficients

ao=/f

L
a, = == / T COS nre dr = g £ 2cos nre +%sin nre
" L L L nmw L nmw L
L

=0
2L 2
= — -1)=——((-1D)" -1 =1,2,3,---
32 (cosnm — 1) 53 ((-1) ) n ,2,3,
Therefore a,, = 0 for n even, and a,, = —né—frg for odd n. We have the Fourier cosine series

I T3 2 + = €08 — + —; c0s —— + —; Cos
™

f Z mr:n L 4L T 1 3tz 1 Srx 1 Trx
= —— CcoS — — —
even n27r2 T 9 L 52 L 72 L

n odd

Include the plots of partial sums, and the errors, for even and odd expansions are included
in Fig 7.6 and Fig 7.7.
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oaa extenuon even extention

1.0 1.07
0.67 0.8
0.21 0.6
-0.21 0.4
-0.67 0.2
-1.0 T T T 0.0
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
1.0 1.07
0.67 0.8
0.2 0.6
-0.21 0.4
-0.67 0.2
-1.0 T T T 0.0
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
1.0 1.07
0.6 0.8
0.2 0.6
-0.27 0.4
-0.67 0.2
-1.0 T T T 0.0
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
1.0 1.07
0.67 0.8
0.2 0.6
-0.21 0.4
-0.61 0.2
-1.0 T T T 0.0 r T i T i
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Figure 7.6: Even and odd extensions, first 4 partial sums, over 3 periods.

7.3 Properties of Fourier Series

Linearity. Let f(z) and g(z) be 2 periodic functions withe same period, and each has a
Fourier series with coefficients (a,,by,) for f(z) and (Gn,b,) for g(z). Then, the followings
hold.
(1). The function f(x)+g(z) will have Fourier coefficients (a,, + @y, b, +by,). (2). The function
af(x) for some constant o will have Fourier coefficients (aa,,, aby,).

Convergence. Let f(z) be a periodic function and let it have a Fourier series F'(z).
Assume f(z) is piecewise continuous. Then,
(1). Fourier series converges to f(x) at all points x where f is continuous;
(2). At a point x where f is discontinuous, Fourier series converges to the mid value of the

left and right limit, i.e., 3[f(z—) + f(z+)].

This is confirmed by our example, see Example 1 and 2 in previous section, and Figure
7.2 and Figure 7.3.

Example 1. Find the Fourier series for:

h(z) =

— <
{O’ m<es0 o) = ).

K, O<zx<m

Indicate the function that the Fourier series of h(z) converges to.
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0oaa extenuon, error even extention, errora

1.0 0.57
0.61 0.3
0.2 0.1
-0.27 -0.17
-0.67 -0.31
-1.0 w w w -0.5 w Y w f w
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
15 0.107
1.0 0.061
0.5 0.027
0.07 -0.021]
-0.57 -0.06 7
-1.0 w w w -0.10- w w w w w
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
1.5 0.057
1.0 0.037
0.57 0.01
0.01 -0.011
-0.57 -0.03
-1.0 w ‘ ‘ -0.05 ‘ ‘ ‘ ‘ ‘
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
15 0.04
1.07 0.021
0.57 ]
0.0] \M\ O'OOt
-0.57 -0.02]
-1.0 w w w -0.04 w w w w w
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Figure 7.7: Even and odd extensions, errors for the first 4 partial sums, over 3 periods.

130



Answer.Instead of working out the Fourier coefficients by direct computation, we will use
the linear property. Let now
g(x) = K/2

The Fourier coefficients for g(z) are simply

ao = K/2, ap = by =0, Vn > 1.

—-K/2, —T<z<0 K { -1, —mt<z<0 K

h($)_g($):{K/2, O<z<m :E 1, O<z<nm

where f(z) is the same function as in Example 1 in previous chapter, for which we have already
computed the Fourier coefficients, i.e,

2
ap =0, an =0, b, = —(1—(=1)").

nm
By linearity, for h(z) = (K/2)f(z) + g(z), will have Fourier coefficients
~ - K
an = (K/2)ay, + a, =0, by, = (K/2)by, + by, = E(l—(—l)”),
which gives

K 2K 1 1 1
h(x):?—l—T sinx+§sin3x+gsin5x+?sinm—l—"'

The Fourier series of h(x) converges h(z) where-ever the function is continuous, and to the
mid value at discontinuities, i.e.,

K/2, T = -,
_ 0, —rT<zx<0, - 7
h(x) = K/, r=0, h(z + 27) = h(zx).
K, 0<x<m,

One can sketch a graph to see it more clearly.

Choice of the half range expansion with concerns on convergence. We note
that the Fourier cosine series, i.e, the even expansion seems to have smaller error for the
same number of terms in the partial sum. This is because the even extension is a continuous
function, while the odd extension is a piecewise continuous function with discontinuity points
at © = +1,£3,+5,---. All sine and cosine functions are smooth. Using smooth functions to
represent discontinuous function would give larger error.

From the convergence Theorem, we know that, at a discontinuous point, the Fourier series
converges to the mid value of the left and right limits. This implies an error that is equal to
half of the size of the jump at this point. This error will not become smaller by taking more
terms in the partial sum.

In practice, when one has a choice, it would always be recommended to choose the expan-
sion that does NOT has discontinuities, if possible. So even expansions should be preferred
for accuracy.
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We give another example, on convergence of Fourier series, in connection with even and
odd periodic extensions.

Example 2. Let f(z) = 222 — 1 be defined on the interval x € [0,1]. Sketch 3 periods of
it even and odd periodic extension. Where do their Fourier cosine and sin series converge to
at the points x = 0,0.5, 1,100, 151.57

Answer.Even and odd extensions are plotted below:

We see that the even extension is a continuous function, so Fourier cosine series converges
to the function value.

However, the odd extension is discontinuous at x = 0,£1,42,---, and the Fourier sine
series will converge to the mid value of the left and right limits.

We put these value in a table.
x 0] 05 |1]100]| 151.5

even | -1 [-05|1] -1 -0.5
odd | 0 |-05(0]| O 0.5

avan axlansion

1.0
0.8\
a6\
0.4 !
a2\ i
aa N \
-0.2 N
-0.4 L d X
-0.8 3
-IJ a = B ‘\.._ - \
-1.0
-3

7.4 Two-Point Boundary Value Problems; Eigenvalue Prob-
lems

Let y(x) be the unknown, and x is the space variable. We consider 2nd order linear ODE
y" +p(@)y + q(@)y = g(z)

over the interval x € [z1, 3], with the boundary conditions
y(x1) =y, y(@2) =y

Since now the conditions are given at the two boundary points, this is called a two-point
boundary value problem.
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If y1 = yo = 0, we called this homogeneous boundary conditions.

NB! Boundary conditions could of other forms, such as y/(x1) = 0 etc.

Solution strategy: Find the general solution (as in Chapter 3), then, use the boundary
conditions to determine the constants cq, cs.

Example 1. Solve the boundary value problem

y'+y=0, y0)=1, y(x/2)=0.

Answer.By characteristic equation 72 + 1 = 0, r1,2 = £, we get the general solution
y(x) = cj cosx + cpsinz.
We now put in the boundary conditions, and get
cp=1, c=0
so the solution is y(z) = cosz.

Example 2. Boundary conditions could change the solution. In the previous example, we
now assume the boundary conditions

From y(0) = 0 we get ¢; = 0. From y(m) = 2, we get ¢; = 2, which is contradictory to the
first condition. Therefore, there is no solution.
Now we assume different boundary conditions

Then, ¢; = 0, and ¢y can be arbitrary, so y(x) = cosinx is a solution for any ca.
Example 3. Solve
y' 4+ 4y =cosz, y(0)=0, 3 (r)=0.
Answer.Since 2 +4 = 0, and r1,2 = £2i, the general solution for the homogeneous equation

is
yu(z) = c1 cos 2z + co sin 2.

We now find a particular solution for the non-homogeneous equation. We guess the form
Y = Acosxz. Then Y = —Acosz, so

1
—Acosx+4Acosx =cosx, = 3A=1 A= 3"
This gives the general solution

1
y(z) = ¢1 cos 2z + ¢o 8in 2x + 3 08T

133



To check the boundary condition, we first differentiate y
/ . 1.
Yy (x) = —2¢ sin 2x + 2¢9 cos 2z — 3 sina.

Then,
y(0)=0 = 20=0 = c=0

and
Y (r)=0, = —2c=0, = ¢3=0.

Then, ¢; remain arbitrary. We conclude
1
y(z) = ccos2x + 3 C0sT

is the solution, for arbitrary c.

Eigenvalue problems. (compare to eigenvalues of a matrix.) Consider the problem:
y'+ly=0,  y(0)=0, y(L)=0. ()

We are interested in non-trivial solutions (i.e., ¥y = 0 is not considered because it is trivial),
and possible values of A that would give us non-trivial solutions.

Note that it is important to have homogeneous boundary conditions for eigenvalue prob-
lems!

This type of problems is an important building block in series solutions of partial differential
equations. For example, this is part of the solution for a vibrating string, where u(z,t) is the
vertical displacement of the string at position z, and the string is horizontally placed. There,
it turns out (as we will study later), that the solution takes the form u(z,t) = y(x)G(t), where
y(x) satisfies the eigenvalue problem.

The eigenvalue problem is a two-point boundary value problem. Depending on the bound-
ary condition, it might or might not have non-trivial solutions.

If for certain value \,, we find a nontrivial solution y, (), then, A\, is called an eigenvalue,
and y,, is the corresponding eigenfunction.

Example 1. We now attempt to solve the problem in (*). The general solution depends
on the roots, i.e., on the sign of A\. We have 3 situations:

(1). If A < 0, we write A = —k?, where k > 0. Then, r? = k%, so r; = —k,73 = k, and the
general solution is

y(z) = c1e™ + cpe™M
By boundary conditions, we must have
c1+co =0, clekL + CQE_kL =0

which gives the solution ¢; = ¢3 = 0. Then y(x) = 0, which is a trivial solution. We discard
it.

(2). If A =0, then y” = 0, and y(x) must be a linear function. With the zero boundary
conditions, we conclude y(z) = 0, therefore trivial.
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(3). If A > 0, we write A = k2, for k = v/A > 0. Then, 72 = —k?, and r1 5 = +ik, and the
general solution is
y(x) = c1 cos kx + cosin kx

We now check the boundary conditions. By y(0) = 0, we have
y(0) =c1 =0
which means y = cosin kz. Then, by y(L) = 0, we get
y(m) = cosinkL.

We can either require co = 0 or sin kL = 0. If we require ¢y = 0, then y(z) = 0 which is trivial.
So we must require sin kL = 0. This gives a constraint on the values of k (i.e., A). Indeed, we

must have nr
kL =nm, = k‘zf, n=1,23,---,

We see that we have found a family (infinite size) of eigenvalues and eigenfunctions! Using n
as the index, they are

2
/\n:<nfﬂ.) ) yn(x):Sin$v n=123,---

Note that we dropped the arbitrary constant cy, since cy,, is also an eigenfunction if y,, is one.

Note that these eigenfunctions are precisely a part of the trig set used for Fourier series.
We can observe these eigenfunction by playing with the slinky.

Example 2. Consider the problem with different boundary conditions
Y+ Ay =0, y'(0) =0, o' (L)=0. (*)

We will find very different eigenvalues and eigenfunctions. We still consider the same 3 cases.
(1). If A = —k% < 0, then

y(r) = cre + cpeM, Y (x) = ket — kege™

kt
The boundary conditions give

kci — ke =0, k‘clekL — k:cze_kL =0, = c1=c=0
which gives only the trivial solution.

(2). It A =0, then vy =0, so y(z) = Az + B, and /() = A. By boundary condition, we
must have A = 0, but B remains arbitrary. So we found an eigenpair:

(3). If A= k% > 0, then

y(x) = c1 cos kx + casin kz, y'(x) = —key sin kx + kes cos k.
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We now check the boundary conditions:
y(0)=0, = k=0, = =0

and
y'(L)=0, = —keisinkL =0

If ¢1 = 0, we get trivial solution. So ¢; # 0. Then, we must have

sinkL =0, = kL=nr, = k:"%, n=1,23, -

For each k, we get a pair of eigenvalue and eigenfunction

nm\ 2 nmw
An = <f) , yn(x) = cos A n=123---

One could combine the results in (2) and (3), and get

nm 2 nm
An = (T) ’ yn(:E) = COos fx7 n=01,2---

Note that these are also a part of the trig set used in Fourier series!

Observation.

e We notice that, different types of boundary conditions would give very different eigen-
values and eigenfunctions!

e In these two examples, the eigenfunctions are sine and cosine functions, in the same form
as the trig set we use in Fourier series. Recall that the trig set is a mutually orthogonal
set. This is a more general property for eigenfunctions. One can define proper inner
product such that eigenfunctions for the same eigenvalue problem would always form a
mutually orthogonal set.

Example 3. Find all positive eigenvalues and their corresponding eigenfunctions of the
problem
y'+xy=0, y0)=0, y(L)=0.

Answer.Since A > 0, we write A\ = k% where k£ > 0, and the general solution is
y(x) = c1 cos kx + casin kz, y' () = —key sin kx + kes cos k.
We now check the boundary conditions. First,
y0)=0 = =0
so the answer is simplified to

y(z) = ey sinkz, Y (x) = kcg cos k.
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The 2nd boundary condition gives
y(L)=0 = kecacoskL =0, = coskL =0

which implies

1 s 1
L= — - -), =1,2,3,---
k (n—|—2)7r = k L(n+2) n 3

We get the eigenvalues A,, and the corresponding eigenfunction y,, as

1/2)\2 1/2
)\":k?‘:<w> 7 ynzsinw7 n=1223--.

L
(Optional) Sometimes, with more complicated boundary conditions, eigenvalues could be
obtained through graphs.

Example 4. (optional) Find all positive eigenvalues )\, and their corresponding eigen-
functions u,(z) of the problem

u” + M =0, u'(0) =0, wu(r)+u(7)=0.

Answer.Since A > 0, we write A = k? where k > 0. The general solution is
u(x) = ¢y cos kx + co sin kx, v (z) = —key sin kx + keg cos k.
We now check the boundary conditions. First,
W (0)=0 = k=0, = =0
so the general solution is simplified
u(z) = ¢ cos kz, u'(x) = —key sin kx.
By the 2nd boundary condition
u(m)+u' () =0 = cjcoskm —keysinkTt =0, = cjcoskm = ke sinkn.

Since ¢; # 0 (otherwise trivial), we must have

1
coskm = ksinkr, = - =tankm.

k

To find the values of k that satisfy this relation, we can plot the two functions

1

fi(k) = 7’ fa(k) = tan krm

on the same graph, for £ > 0, and we look for intersection points. See plot below:
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In this case, one finds infinitely many intersection points. The k-coordinates of all these
points give all the eigenvalues. Marking the p-coordinate of these intersection points as p,, for
n=1,2,---, we get the eigenvalues and the eigenfunctions

2
An =Dy, Uy, = COS PpT, n=12---

We observe that, as n grows bigger, the interception point gets closer to the k-axis, so A, & n—1
for large n.

Summary: It would be useful to memorize the solutions to the simple eigenvalue prob-
lems:

e Homogeneous Dirichlet boundary condition:
y'+Ay=0, y(0)=0, y(L)=0.

The solutions are

2

e Homogeneous Neumann boundary condition:
y'+Ay=0,  y(0)=0, y(L)=0.

The solutions are
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Chapter 8

Partial Differential Equations

8.1 Basic Concepts

Definition of PDE: an equation with partial derivatives of the unknown u that depends on
several variables, e.g., u(x,t) or u(x,y) etc.

Order of PDE = the highest order of derivatives

Linear PDE: the terms with u and its derivatives are in a linear form

Non-liear PDE: otherwise

Homogeneous: each term contains u or its derivatives

Non-homogeneous: otherwise

Notations:

ou L _ou O
at? uSC - ax7 u:c:c— 8127

Examples of 2nd order linear PDEs:

U = etc.

o Uy = czum, 1D wave equation

o u; = Uy, 1D heat equation

® Uy +uy, =0, 2D Laplace equation

® Uy, +uyy, = f(z,y), 2D Poisson equation (non-homogeneous)
® Uy = Ugy + Uyy, 2D heat equation

Concept of solution: u is a solution if it satisfies the equation, and any boundary or initial
conditions if given.

The students should be able to verify if a given function is a solution of a certain equation.

Fundamental Theorem of superposition for linear PDEs:

e Homogeneous:

L(u) =0 (8.1)

Principle of superposition: If u; and uy are two solutions, i.e., L(u;) = 0 and
L(ug) =0, so is u = cjuj + couy with arbitrary constants ¢y, cs.
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e Non-homogeneous:

L(u) = f, (8.2)
— If uy solves (8.1) and w, solves (8.2), then u = upy + u, solves (8.2).

— If uy solves L(uy) = f1 and L(uz) = fo, then u = cju; + coug solves L(u) =
c1f1+ c2 fo.

How to separate variables?
Let u(x,t) be the solution of some PDE, with suitable boundary and initial conditions.
We seek solutions of the form
u(z,t) = F(x)G(t)

where F'(x) is only a function of z, and G(t) is only a function of ¢. Then, the partial derivatives
are

uy = F'(2)G(t), g = F'(2)G(t), w = F(2)G'(t), uy=F(@)G"(t), unu=F(2)G(t).
We will then put these into the equation, and try to separate z and ¢ on different sides of the

equation.

8.2 Heat Equation in 1D; Solution by Separation of Variable
and Fourier series

Consider the heat equation in 1D
u = ugy, 0<z <L, t>0. (8.3)

Here u(z,t) measures the temperature of a rod with length L. We first assign the boundary
conditions
’LL(O,t) =0, U(Lvt) =0, t>0

This means, we fix the temperature of the two end-points of the rod to be 0. This type of
boundary condition is called Dirichlet condition.
We also have the initial condition

u(z,0) = f(z), O0<ax<L

gives the initial temperature distribution.
The main technique to find an explicit form of the solution is Separation of variables.

Step 1. Separating variables. Seek solution of the form
u(z,t) = F(z) - G(t)

Then
uy = F'(2)G(t), tUge = F"(2)G(t), wu = F(x)G'(t),
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Plug these into the equation (8.3),

P'@) G
F(z) G(t)

F(2)G'(t) = AF"(2)G(t), = constant = —k

We end up with 2 ODEs,
F'(z) +kF(z) =0,  G'(t)+*kG(t) = 0.
Step 2. Solve for F'(z). Fit in the boundary conditions
u(0,t) = F(0)G(t) =0, wu(L,t)=F(L)G(t)=0, t>0

which implies

F0)=0, F(L)
We now have the following eigenvalue problem for F(x)
F"+pF =0, F(0)=0, F(L)=0.

This is an example we had earlier. We have

nm

L )

Step 3. Solution for G(t). For any given n, we get a solution G, (t), which solves
G'(t) + AwiG(t) =0

pn=wl, w, = E,(z) = sinwy,zx, n=123,- -

Call now A\, = cw, = “7¢, then

G'(H)+MN2G(t) =0,  Gn(t) = Cpe Mt

where C,, is arbitrary.
Step 4. We now get the eigenvalues and their eigenfunctions

a2t .
up(x,t) = Cphe At gin wy, n=123,--

The sum of them is also a solution. This gives the formal solution
o o
u(zx,t) = Zun(:n,t) = Z C’ne_)‘%t sin w, T, w, = —, Ay = —. (8.4)
n=1 n=1
Step 5. Find C), by initial condition. Fit in the initial condition
o
u(x,0) = Z Cpsinw,z = f(x)

n=1

we conclude that C,, must the Fourier sine coefficients for the odd periodic extension of f(x),
ie.,

2 L

Conclusion: The formal solution for the heat equation with this given BCs and IC is given
in (8.4), with C), in (8.5).

Discussion on solutions:
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e Harmonic oscillation in z, exponential decay in ¢:

e Speed of decay depending on \,, = nwc/L. Faster decay for larger n, meaning the high
frequency components are ’killed’ quickly. After a while, what remain in the solution
are the terms with small n.

e Ast — oo, we have u(x,t) = 0 for all . This is called asymptotic solution or steady
state of the heat equation.

Example 1. Let c=1and L = 1. If f(z) = 10sin 7z, then we have C1 = 10 and all other
C,, = 0, so the solution is ,
u(z,t) = 10e”™ ‘sin .

At t =1, the amplitude of the solution is
max [u(z, 1)] = 107 ~ 517 x 107,
If now we let f(z) = 10sin 37z, then C3 = 10 and all other C,, = 0, and the solution is
u(z,t) = 1069t sin 37z
At t =1, the amplitude is
max [u(z,1)] = 10e97" ~ 2.65 x 10728,

Note that this amplitude is much smaller.
If the initial temperature is

f(z) = 10sin 7z + 10sin 37z,
the solution would be
u(x,t) = 10e ™ sin 7z + 10e~ 9% sin 37z
and the amplitude at ¢t =1 is
max [u(z, 1)] = 5.17 x 1074 4 2.65 x 10738,
Clearly, the first term dominates.
Neumann boundary condition. We now consider a new BC: (insulated)
ug(0,8) =0, wuy(L,t) =0

This means that the 2 ends are insulated, and no heat flows through.
Following the same setting, we get the eigenvalue problem for F'(z) as

F"(z) +pF(z) =0, F'(0)=0, F(L)=0
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From Example 2 in the last Chapter, we have only non-negative p. Let p = w? with w > 0.
We have the eigenvalues w,, and the eigenfunctions F,(z):

nm

Wn = =, F,(z) = coswpz, n=0,1,2,---

Note that n = 0 is permitted in this solution. The solution for G(¢) remains the same

Go(t) = Coe ™t A, = % n=01,2,--

This gives the eigenfunctions
Up(z,t) = Cne_’\%t coswpx, mn=0,1,2 -
which leads to the formal solution
(o]
2
u(x,t) = Co + Z Cre 't cos wy,z, Wy, = —, Ap = —. (8.6)
n=1
Finally, we fit in the initial condition
o
u(x,0) = Cy+ Z Cp coswpz = f(x).
n=1
So, C,, must be the Fourier cosine coefficient for the even half-range expansion of f(x), i.e.,

nmwxT

I 2 [t
= = n = 7 — ) :1727 s " . .
Co 7 /0 f(x)dz, C 7 /0 f(x)cos T dz n 3 (8.7)

Conclusion: The formal solution is given in (8.6) + (8.7).

Discussion on the formal solution:
e harmonic oscillation in z,
e exponential decay in ¢, except the term Cj. Decay faster for larger n.

e Ast — oo, we get u — Cp, which is the average of f(z) (initial temperature). This is
reasonable b/c the bar is insulated.

Steady State: As t — oo, solution does not change in time anymore, as it reaches a
steady state. Call it U(x). Then Uy = 0, so Uy, = 0. So U(x) must be a linear function, i.e.,
U(x) = Ax + B, where A, B are determined by boundary conditions.

Example 2: (add graphs)
(1) If u(0,t) = a,u(L,t) = b, then U(0) = a,U(L) = b, we get

Ulx)=a+

x.
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(2) If u(0,t) = a,uz(L,t) =0, then U(0) = a,U’(L) =0, we get

U(x) = a.

(3) If u(0,t) = a,uy(L,t) =b, then U(0) = a,U’'(L) = b, we get

U(xz) =a+ bx.

Non-homogeneous boundary condition. Take for example
U = gy, u(0,t) =a, u(L,t)="0.
We know that the steady state is U(z) = a + *7%x. Now define a new variable
w(z,t) = u(z,t) — U(z).
Then, we have
wy = Uy, We = Uy — U(T), Wep = Uge — U"(2) = Ugy

so w solve the heat equation:
W = Cway

Now, we check the BCs for w:
w(0,t) =u(0,t) —U(0) =a—a=0, w(L,t)=u(L,t)—UL)=b—-b=0

which are homogeneous. Then, one can find the solution for w by the standard separation of
variables and Fourier series. Once this is done, one can go back to u by

u(z,t) = w(z,t) + U(z).

We now take an example with non-homogeneous BCs.
Example 3. Consider the heat equation u; = ug, with the following BCs
u(0,t) =2, wu(l,t) =4,

and IC
u(x,0) =2+ 2z — sinwx — 3sin 37z.

Find the solution u(x,t).

Answer.: Step 1. We first find the steady state. Call it w(z), it satisfies the following
two-point boundary value problem

which gives the solution



Step 2: Let now U be the solution of the heat equation with homogeneous boundary

condition
Ui = Ugy, U,t)=0, U(1,t)=0

and the initial condition
U(z,0) = u(x,0) — w(z) = —sinmx — 3sin 37z,

The formal solution for U is
+oo )
Uz, t) = Z CheMnt sinwy,z,
n=1
where we have

SO

+00
2 2, .
U(z,t) = E Cpe™ ™ tsinnma.
n=1

Here C,, are Fourier coefficients of the initial data U(x,0). We find only two coefficients that

are not 0, namely
Ci=-1, (C3=-3.

This gives us
2, 24 .
Ulz,t) = —e™ tsinme — 3e”™ ! sin 37z

Step 3. Putting them together, we get the solution

uw(z,t) =w(z) +U(z,t) =2+ 2z — ™t sin o — 3¢9 sin 3.

More on separation of variables. This technique could be applied to a more general
class of PDEs. It is not difficult to check whether an equation is separable. After separating
the variables, one needs to fit in the boundary condition.

Example 1. Consider
22uy — (x + 1)t2um =0

with boundary conditions
u(0,t) =0, u(L,t) =5,

and initial condition
u(z,0) = cos(x).

Letting v = F(x)G(t), we have
2?F(2)G"(t) — (z + DEPF"(2)G(t) =0, = 2?F(2)G"(t) = (z + D*F"(2)G(¢t),

which is separable
G"(t)  (x+1)F"(x) )
2G(t)  2?2F(x)
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which gives two ODEs:
(x+ D) F"(z) + \e?F(z) =0, F(0)=0, F(L)=5

and
G"(t) + M*G(t) = 0.

Example 2. Consider
Uggy — OUz + 9uyy =0

Letting u = F(x)G(t), we have
F"(2)G(t) — 6F'(2)G'(t) + 9F (2)G" (t) = 0
It is not possible to separate the variables.

Example 3. Consider
Upt = dUge — DUz + U

Then,
FG"=4AF"G-5F'G+FG, = FG'=GAF" —5F +F)

which is separable
G" B AF" —5F' + F B

G F —A

We get two ODEs:
AF" —5F + F+AF =0

and
G"+ MG =0.

How to solve these eigenvalue problem, that is a different question.

8.3 Solutions of Wave Equation by Fourier Series
Consider the 1D wave equation
U = gy, t>0, 0<x<L. (8.8)

Here u(x,t) is the unknown variable. If this is a model of vibrating string, then the constant
c? has physical meaning, namely, ¢> = T/p where T is the tension and p is the density such
that pAx is the mass of the string segment.

For the first example, we assign the following boundary and initial conditions

(B.C.s) u(0,t) =0, wu(L,t) =0, t>0. (8.9)
(I.C.s) u(z,0) = f(z), w(z,0)=g(z), 0<xz<L. (8.10)

We now solve this equation by separation of variables and Fourier series.
Step 1. Let u(z,t) = F(z) - G(t), then

u = F(2)G" (1), Uz = F"(2)G(t)
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and we get

F”(a;) B G//(t)

F(2)G"(t) = AF"(2)G(), F(z) — AG()

= —p (constant).

This gives us 2 ODEs
F"(x) + pF(z) =0, G"(t) + *pG(t) = 0.
Step 2. We now solve for F(z). The BCs in (8.9) gives
F(0) =0, F(L) =0.

We are now familiar with this eigenvalue problem, and the solutions are

nm
=7
Step 3. Now, for a given n, the ODE for G(t) takes the form,

F,.(z) = sinw,zx, n=1,23---.

G"(t) + N2G(t) = 0, An = NWp,.
The general solution is
G (t) = Cyp cos Ayt + Dy, sin Apt, n=1223,---.
We let
Un(x,t) = Fp(2)Gr(t) = (Cp cos Ayt + Dy, sin \pt) sinwyx, n=1,23---

Here )\, are eigenvalues, and u,(x,t) are eigenfunction. The set of eigenvalues {A1, Ag,---}
are called the spectrum.

Discussion on eigenfunctions:
e Harmonic oscillation in .

e (G(t) gives change of amplitude in ¢, harmonic oscillation. Draw a figure (for ex. with
n = 2) and explain.

e Different n gives different motion. These are called modes. Draw figures of modes with
n=1,2,3,4. With n = 1, we have the fundamental mode. n = 2 gives an octave, n = 3
gives an octave and a fifth, n = 4 gives 2 octaves.

Step 4. We now construct solution of the wave equation (8.8). The formal solution is

u(zx,t) = Z Up(x,t) = Z (Cy, cos Myt + Dy, sin Ay t) sinwy, . (8.11)
n=1 n=1

The coefficients C),, D,, are chosen such that the ICs (8.10) are satisfied.
We first check the IC u(x,0) = f(x). This gives

Z Cypsinwpz = f(x),
n=1
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therefore, C),, must be Fourier sine coefficient of f(x), namely
9 L
Cp = f/ f(z)sinwpz de, n=123" . (8.12)
0
For the 2nd IC w;(z,0) = g(z), we first differentiate the solution

up(z,t) = Z (= AnCh sin A\t + A\ Dy, cos A\pt) sin wy,x.

n=1
Then, we have
[e.e]
ug(x,0) = Z An Dy, sinwy,z = g(x),
n=1

which is a Fourier sine series for g(x), and we have

1 2 [k ,
D,=— = g(z) sin w,x dx, n=123---. (8.13)
A L Jo
In summary, the formal solution for the wave equation (8.8) with BC (8.9) and IC (8.10)
is given in (8.11) with (8.12)+(8.13).
NB! Note that here the function f(z) and g(x) are extended to the whole real line by the
odd half-range expension.

Discussion on the formal solution:
e If g(z) =0, then D,, =0 for all n.
o If f(x) =0, then C,, =0 for all n.

Remark: This solution takes the form of a Fourier series. It is very hard to see what’s
going on in the solution. In particular, one can not get any intuition on wave phenomenon in
the solution.

On the other hand, we can manipulate the solution by some trig identity. Consider the
simpler case where g(x) = 0 so D,, = 0, the solution takes the form

(o]
nm
u(z,t) = Z C,, cos At sin wy,x, Ap = CWy,, Wy = T

n=1
Recall the tri identity
sin Acos B = %sin(A — B) + % sin(A + B).
We have

= 1
u(z,t) = Z C’n§ [sin wy, (x 4 ct) + sinw, (x — ct)]
n=1

l l o
= ézcnsinwn(x+ct)—|—§ZC’nsinwn(:p—ct)

= %f*(m—l—ct)—l—%f*(x—ct), (8.14)
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where f* is the odd half-range expansion of f.
Note that f(0) =0 = f(l), then f* is continuous.
Wave interpretation: (make some graphs.)

o f*(x —ct): f* travels with speed c as time ¢ goes. (wave travels to the right.)
o f*(x —ct): f* travels with speed —c as time ¢ goes. (wave travels to the left.)

New meaning of solution of wave equation with g(x) = 0: The initial deflection f* is split into
two equal parts, one travels to the left, one to the right, with the speed ¢, and superposition
of them gives the solution.

Remark: Such a phenomenon can also be observed when g(z) is not 0. The computation
would be somewhat more involving. Try it on your own for practice.

Example : Do the triangle wave.
First write out solution in Fourier series.
Then, use (8.14), and sketch the graphs of solutions at various time ¢, as follows.

e First sketch f(z) on 0 < x < L, then extend it to odd, and periodic.

e Sketch for t = 0, &, 2L 3L 4L "the oraph of f*(x + ct) (in white) and f*(x — ct) (in

s de? Ae’ de o Ac?
color) on the same graph, then the sum of them on a separate graph.

e summarize the behavior.

8.4 Laplace Equation in 2D (probably skip)
Consider the Laplace equation in 2D
Ugz + Uyy = 0

Some applications of this equation: steady state of 2D heat equation, electrostatic potential,
minimum surface problem, etc.

To begin with, we consider a rectangular domain R: 0 < z < a,0 < y < b.

There are different types of BCs one can assign:

e Dirichlet BC: w is prescribed on the boundary.

e Neumann BC: u,, = % normal derivative is given on the boundary.

e Robin BC: mixed BC, combine the Dirichlet and Neumann BCs.

We now start with Dirichlet BC. Let
U(O, y) = 07 ’LL(CL, y) = 07 u(gj, 0) = 07 u(gj, b) = f(:E) (815)

Note that on 3 sides we have homogeneous conditions, and only on one side the condition is
non-homogeneous.
This will take several steps.
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Step 1. Separating variables. Let
u(z,y) = F(z) - G(y).

Then
Uze = F" ()G (y), uyy = F(2)G"(y),

SO

Flx) _ G"(y) _

Fz) Gy ©

(constant)
This gives us 2 ODEs
F'(z) +pF(x) =0,  G"(y) —pG(y) =0.

Step 2. Solve for F. From the BCs, we have

We solve this eigenvalue problem for F. This we have done several times. We have

2 nmw .
P=Wny  Wp = F,(z) = sinw,z, n=1,2,3---.

Step 3. Solve for G(y). For each n, we have
G"(y) — wpG(y) =0
which gives the general solution
Gn(y) = Ape*™? 4+ Bpe Y.
The BC at y = 0 gives the condition for G
G(0)=0

Then, we have
An+B,=0, B,=-A4,

1)
Gn(y) = Ap(e®mY —e7"nY) = 24, sinhwy,y.

Recall that

2sinhx =€ —e™®, 2coshz =¢€"+e7".

Since A, is arbitrary so far, so is 24,,, and we will simply call it A,. Then
Gn(y) = A, sinhwy,y.

Step 4. Put together, we get the eigenvalues and eigenfunctions

Wy, = %, up = F(2)Gp(y) = Ay sinh w,y sinwy,z, n=12,3---.

2
Ap = W5,
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The formal solution is

u(z,y) = Zun(:n,y) = ZA” sinh wy,y sin wy,x. (8.16)
n=1

n=1

Now we fit in the last BC, i.e., u(z,b) = f(x):

Z A, sinhwpbsinw,x = f(x)

n=1

This is a Fourier sine series for f(z), and we must have
9 1
Ay sinhw,b = - / f(x)sinwy,z dz
aJo

which gives the coefficients A,

1
A, = m/o f(z)sinwpz dx (8.17)
In summary, the formal solution is given in (8.16) + (8.17).
How does the solution look like? Consider the minimum surface problem. There is the
maximum principle: The max or min value only occur on the boundary.
Example : with a different boundary condition: (graph..)
u(0,y) =0, wu(a,y) =0, u(x,0) =g(z), wu(x,b)=0. (8.18)
One can carry out the same steps, and reach
Wy, = %, E,(z) =sinwyz, Gp(y) = A" + Bre Y, n=1,223---.
Now, fit in the boundary condition u(z,b) = 0, which gives G,,(b) = 0, we have

Anewnb _|_ Bne_wnb — 0’ — AnEUan — —Bne_w"b.

We may write
SO

which gives
Gn(y) = CpeWnben¥ — O ePnbe=wny = O, [ew”(y_b) — =t = 20, sinh wy, (y — b).
Since 2C,, is arbitrary, we call it C,,, so

Gr(y) = Cysinhwy,(y — b), n=123- .
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This gives the formal solution

u(z,y) = Z up(z,y) = Z Cy, sinh wy, (y — b) sinwy,x. (8.19)
n=1

n=1

We now fit in the last BC, i.e., u(x,0) = g(z), and we get

Z C,, sinh(—wy,b) sinw,x = g(z).

n=1

This is a Fourier sine series for g(x), requiring

2 a
Cy, sinh(—w,b) = E/ g(x) sinwy,x dz, n=1223,---.
0

This gives the formula for the coefficient C,,:

2

n=—"—F—"—"—< . n d :1727 gt 2
C asinh(wnb)/o g(z) sinwyx dz n 3 (8.20)

In summary, the formal solution is given in (8.19)+(8.20).

Example : If the BCs are now (graphs)
uw(0,y) =0, wu(a,y)=h(y), u(z,0) =0, wu(xz,b)=0. (8.21)
or
w(0,y) =k(y), wula,y)=0,  u(x0)=0, u(z,b)=0. (8.22)

We can simply switch the roles of x and y, and carry out the whole procedure.

Non-homogeneous BCs: If we have boundary values assigned non-zeros everywhere, what
do we do?

w(0,y) = k(y), ula,y) =hly), uw(z,0)=g(@), wulz,b)=f(z). (8.23)

Let uq,us9,us, us be the solutions with BCs (8.15), (8.18), (8.21) and (8.22), respectively.
(Make a graph.) Then, set
U =uy + ug + us + uyg

By superposition, u solves the Laplace equation, and satisfies the boundary condition in (8.23).
Possible examples on Neumann BC, or an example of mixed BC. ?

8.5 D’Alembert’s Solution of Wave Equation; optional

In this section we derive the D’Alembert’s solution of wave equation. Consider the wave
equation in 1D
Uy = gy (8.24)

We claim that
ui(z,t) = ¢(x + ct), ug(z,t) = P(x — ct)
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are solutions for (8.24) for arbitrary functions of ¢,. This will then imply that

u(x,t) = ¢(x + ct) + (z — ct)

is a solution. This is called D’Alembert’s solution of wave equation.

(8.25)

Proof. We need to plug u; and ug into the wave equation (8.24) and check is the equation

holds. By the Chain Rule, we have

(u)z = ' (x+ct), (u1)ex = ¢"(x + ct),

and
(u1); = ¢/ (z + ct), (uy)y = 2¢"(x + ct),

We clearly have (uy)y = c? (u1)zz- The proof for ug is completely similar.

We now assign the initial conditions

u($70) = f(l‘), ut(l‘,O) = g(l‘),

(8.26)

and derive the formula for the solution, i.e., determine the functions ¢, by these ICs in

(8.26).
By the condition u(z,0) = f(z), we get

o(z) +v(z) = f(a).
We differentiate u in ¢
u(x,t) = ¢/ (x + ct) — e’ (x — ct).

Then, the IC w(x,0) = g(z) gives

o (x) — () = g(z), — (d(x) — (@) =—g(x).

Integrate (8.28) from xg to =, where z( is arbitrary,

/ :w(s) 0 ds = [ gls)ds

we get

#(z) — 9(w) = ${wo) — (o) + - / " o(s) ds.

Call M = ¢(xg) — ¢(z0), we have

o(x) —(x) =M+ % /:v g(s)ds.

0

Add (8.29) to (8.27) and divide by 2, we get

(8.27)

(8.28)

(8.29)

(8.30)



Then, we can recover

v =5 + 3@ - 5 [ gteas (831)
Plug (8.30)-(8.31) back into (8.25), we get
u(z,t) = ¢(z+ct)+ Yz —ct)
_ %f(:n +et) + 2% /;Ctg(s) ds + %f(:z: o) — Zic /m:_dg(s) ds
= Sl e + fla—ct)] + o / :+Ct o(s)ds + o _t ols) ds
_ %[ o+ ct) + fla —ct)] + i / _+tt o(s) ds.

In summary, the solution is

z+ct
u(z,t) = %[f(x +ct) + f(z —ct)] + i/ g(s)ds. (8.32)

2¢ T—ct

The solution consists of two parts, where the first term is caused by the initial deflection f(x),
and the second term is from the initial velocity g(z).

Note that, if this is a vibrating string problem, then f, g here in (8.32) are the odd half-
range expansions onto the whole real line.

Remark: The solution (8.32) is more general than Fourier Series solution. In fact, there
is no requirement for f(x), g(z) to be periodic. For any f, g defined on the whole real line, the
formula (8.32) gives the solution of the wave equation.

Example . Solve the wave equation by D’Alembert’s formula.

. 1
Ut = Ugy, u(x,0) =sinbz, wu(zr,0) = v coS T

Here we have f(z) = sin5z and g(z) = £ cosz. This is just a practice of using the formula

(8.32) with ¢ = 1. We first work out the integral

x+t 1 r+t 1
/ g(s)ds = R / cos sds = g(sin(az +1t) —sin(x —t)).
r—t r—t

Then, we get the solution

1 1 1
u(z,t) = 3 sinb(z —t) + 3 sin(z +t) + 1—0(sin(az +t) —sin(x —t))
1'5(+t)—|—1 '(—I—t)+1'5( t) ! in(z — t)
= |=sin — sin —sinb(x —t) — —sin(z — )] .
5 sinb(z 7 Sin(e 5 sin5(z 7o Sin(e
Note the first term is a function of = + ¢, i.e., ¢(z + t), where

1 1
o(u) = 3 sin bu + 10 sin u,
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and the second term is a function of z — ¢, i.e., ¥)(x — t) where

P(u) = 5 sin bu — 0 sin w.

Characteristics. As we see, solutions of the wave equation can be written as
u(z,t) = ¢p(x + ct) + Y(x — ct).

This implies:

—¢p(x + ct) is constant along lines of x + ¢t = K where K is constant;

—p(x — ct) is constant along lines of x — ¢t = K where K is constant;

In the ¢t — x plan,

— x + ct =constant: are straight lines with slope —1/c,

— & — ct =constant: are straight lines with slope 1/¢

Draw a graph.

These lines are paths where information is being carried along. They are called character-
istics of this problem.

Remark:
e This is a more general property for many PDEs, including non-linear PDEs.

e Characteristics lines might not be parallel to each other, or straight lines. This situation
is very complicated...
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