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Abstract—Biped robots have better mobility than conventional
wheeled robots, but they tend to tip over easily. To be able to walk
stably in various environments, such as on rough terrain, up and
down slopes, or in regions containing obstacles, it is necessary for
the robot to adapt to the ground conditions with a foot motion, and
maintain its stability with a torso motion. When the ground con-
ditions and stability constraint are satisfied, it is desirable to select
a walking pattern that requires small torque and velocity of the
joint actuators. In this paper, we first formulate the constraints of
the foot motion parameters. By varying the values of the constraint
parameters, we can produce different types of foot motion to adapt
to ground conditions. We then propose a method for formulating
the problem of the smooth hip motion with the largest stability
margin using only two parameters, and derive the hip trajectory
by iterative computation. Finally, the correlation between the ac-
tuator specifications and the walking patterns is described through
simulation studies, and the effectiveness of the proposed methods
is confirmed by simulation examples and experimental results.

Index Terms—Actuator specification, biped robot, stability, un-
even ground, walking pattern generation.

I. INTRODUCTION

B IPED robots have higher mobility than conventional
wheeled robots, especially when moving on rough terrain,

steep stairs, and in environments with obstacles. Many related
issues such as stability criterion [1], [2], actual robot design
and application [3]–[7], and dynamics analysis [8]–[12] have
been studied.

A focus of many studies has been walking pattern synthesis.
Zerrughet al. [13] have investigated the walking pattern for a
biped robot by recording human kinematic data. McGeer [14]
described a natural walking pattern generated by the passive in-
teraction of gravity and inertia on a downhill slope. To extend
the minimum-energy walking method to level ground and uphill
slopes, Channonet al. [15], Rostamiet al. [16], and Roussel
et al. [17] have proposed methods of gait generation by min-
imizing the cost function of energy consumption. Silvaet al.
[18] have investigated the required actuator power and energy
by adjusting walking parameters.
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Since a biped robot tends to tip over easily, it is necessary to
take stability into account when determining a walking pattern.
Zhenget al. [20] have proposed a method of gait synthesis for
static stability. Chevallereauet al. [21] have discussed dynamic
stability when specifying a low energy reference trajectory. Un-
fortunately, this low-energy reference trajectory does not neces-
sarily satisfy the stability constraint.

To ensure the dynamic stability of a biped robot, Takanishiet
al. [22], Shihet al. [23], Hirai et al. [24], and Dasguptaet al.
[25] have proposed methods of walking pattern synthesis based
on zero moment point (ZMP) [1]. The ZMP is defined as the
point on the ground about which the sum of all the moments of
the active forces equals zero. If the ZMP is within the convex
hull of all contact points between the feet and the ground, the
biped robot is possible to walk. Hereafter, this convex hull of all
contact points is called the stable region (see Appendix A). Basi-
cally, these investigations first design a desired ZMP trajectory,
then derive the hip motion or torso motion required to achieve
that ZMP trajectory. The advantage of this method is that the
stability margin (see Appendix A) can be large if the desired
ZMP is designed near the center of the stable region. However,
since the change of the ZMP due to hip motion is limited, not all
desired ZMP trajectories can be achieved [28]. Furthermore, to
achieve a desired ZMP trajectory, the hip acceleration may need
to be large. In this case, since the torso is relatively massive, en-
ergy consumption increases, and control for task execution of
the upper limbs becomes difficult. Therefore, it is desirable to
obtain hip motion without first designing the desired ZMP tra-
jectory.

For a biped robot to be able to walk in various ground con-
ditions, such as on level ground, over rough terrain, and in ob-
stacle-filled environments, the robot must be capable of various
types of foot motion. For example, a biped robot should be able
to lift its feet high enough to negotiate obstacles, or have support
feet with suitable angles to match the roughness of the terrain.
Most previous literature has described foot trajectories gener-
ated by polynomial interpolation. When there are various con-
straints such as ground conditions and various foot motions, the
order of the polynomial is too high and its computation is dif-
ficult, and the trajectory may oscillate. To avoid this problem,
Shih [29], [30] presented a method for producing foot trajecto-
ries by cubic spline interpolation. Unfortunately, Shih only dis-
cussed the implementation of simple boundary constraints and
a constant foot angle.

The actuator’s size and weight are restricted in developing
a human-size biped robot or humanoid robot. Therefore, the
power of actuators, the pick-torque, and pick-velocity of joints
are limited. When the stability constraint and the ground condi-
tions are satisfied, it is additionally desirable to select a walking
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pattern that requires small torque and velocity of the joint actu-
ators. To reach this goal, it is necessary to clarify the relation-
ship between the actuator specifications and the walking pat-
terns. This relationship is also important to select suitable actu-
ators and speed reduction devices such as gears and pulley-belts
when designing the actual biped robot. However, this issue has
not been sufficiently discussed before.

This paper describes a proposed method for planning walking
patterns, which includes the ground conditions, dynamic sta-
bility constraint, and relationship between walking patterns and
actuator specifications. The paper is organized as follows. The
walking cycle of the biped robot is described in Section II. In
Section III, we formulate the constraints of a complete foot tra-
jectory and generate the foot trajectory by third spline interpola-
tion. In Section IV, we formulate the problem of smooth hip mo-
tion with the largest stability margin using two parameters, and
derive the hip trajectory by iterative computation without first
designing a desired ZMP trajectory. The correlation between the
actuator specifications and walking patterns is discussed with
simulation results, and experimental results are provided in Sec-
tion V. Finally, our conclusions are given in Section VI.

II. WALKING CYCLE

We considered an anthropomorphic biped robot with a trunk.
Each leg consists of a thigh, a shin, and a foot, and has six de-
grees of freedom (DOF): three DOF in the hip joint, one in the
knee joint, and two in the ankle joint.

Biped walking is a periodic phenomenon. A complete
walking cycle is composed of two phases: a double-support
phase and a single-support phase. During the double-support
phase, both feet are in contact with the ground. This phase
begins with the heel of the forward foot touching the ground,
and ends with the toe of the rear foot leaving the ground.
During the single-support phase, while one foot is stationary
on the ground, the other foot swings from the rear to the front.

Many studies on gait planning [14]–[18] have assumed that
the double-support phase is instantaneous. But in such a case,
the related hip has to move too fast. In order to maintain its sta-
bility, the robot’s center of gravity, in the case of static stability
or the ZMP in the case of dynamic stability, must be transferred
from the rear foot to the front foot during the short double-sup-
port phase. On the other hand, if the interval of the double-sup-
port phase is too long, it is difficult for the biped robot to walk at
high speed. The interval of the double-support phase in human
locomotion is about 20% [33], [34], so we used this value as the
basis for our calculation.

If both foot trajectories and the hip trajectory are known, all
joint trajectories of the biped robot will be determined by kine-
matic constraints. The walking pattern can therefore be denoted
uniquely by both foot trajectories and the hip trajectory. When
the robot moves straightforward, the lateral positions of both
feet are constant. The lateral hip motion can be obtained simi-
larly as the sagittal hip motion as discussed in Section IV. In the
following sections, we only discuss trajectories in the sagittal
plane.

For a sagittal plane, each foot trajectory can be denoted by a
vector , where is the

Fig. 1. Model of the biped robot.

Fig. 2. Walking cycle.

coordinate of the ankle position, and denotes the angle of
the foot. The hip trajectory can be denoted by a vector

, where denotes the coordi-
nate of the hip position and denotes the angle of the hip
(Fig. 1).

To enable the robot to adapt to various ground conditions, we
must first specify both foot trajectories, and then determine the
hip trajectory.

III. FOOT TRAJECTORIES

Assuming that the period necessary for one walking step is
, the time of the th step is from to ,

, is the number of steps. To simplify our analysis,
we define the th walking step to begin with the heel of the
right foot leaving the ground at , and to end with the
heel of the right foot making first contact with the ground at

(Fig. 2). In the following, we discuss only the
generation of the right foot trajectory. The left foot trajectory is
same as the right foot trajectory except for adelay.

Most previous studies have defined foot trajectories in which
the feet are always level with the ground, that is, the foot angle

is always zero. Since the robot cannot touch the ground
first by the heel of the forward foot and leave the ground finally
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Fig. 3. Walking parameters.

by the toe of the rear foot, these kinds of foot trajectories are not
useful for high-speed walking. Additionally, from the viewpoint
of natural human locomotion and aesthetics, it is undesirable
that the foot slope always be level.

Letting and be the designated angles of the right foot
as it leaves and lands on the ground (Fig. 2), respectively. As-
suming that the entire sole surface of the right foot is in contact
with the ground at and , we get the
following constraints:

(1)

where is the interval of the double-support phase, and
are the angles of the ground surface under the support

foot, particularly on level ground.
Over rough terrain or in environments with obstacles, it is

necessary to lift the swing foot high enough to negotiate ob-
stacles. Letting be the position of the highest point
of the swing foot (Fig. 3), from (1) and the kinematic con-
straints, the following constraints must be satisfied. See (2) and

(3), shown at the bottom of the page, where is the length
of one step, is the time when the right foot is at
its highest point, is the height of the foot, is the length
from the ankle joint to the toe, is the length from the ankle
joint to the heel (Fig. 1), and are the heights of
the ground surface which is under the support foot, particularly

on level ground.
Since the entire sole surface of the right foot is in contact with

the ground at and , the following
derivative constraints must be satisfied:

(4)

(5)

(6)

To generate a smooth trajectory, it is necessary that the first
derivative (velocity) terms , , and be differential,
the second derivative (acceleration) terms , , and
be continuous at all, including all breakpoints ,

, , , .
To satisfy constraint (1)–(6), and the continuity conditions

of the first derivative and the second derivative, the order of
the polynomial will be too high and its computation is difficult
using polynomial interpolation. Therefore, we obtain the foot
trajectory by third-order spline interpolation (see Appendix B).
In this case, , , and are characterized by third-
order polynomial expressions, and the second derivatives,

, and are always continuous. By varying the values
of constraint parameters , , , , , ,

, and , we can easily produce different foot trajectories.

IV. HIP TRAJECTORY

From the viewpoint of stability, it is desirable that hip mo-
tion parameter is constant when there is no waist joint;
in particular, rad on level ground. Hip motion

hardly affects the position of the ZMP. We can specify
to be constant, or to vary within a fixed range. Assuming

that the hip is at its highest position at the middle of the
single-support phase, and at its lowest position at the

(2)

(3)
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middle of the double-support phase during one walking step,
has the following constraints:

(7)

The trajectory of that satisfies (7) and the second deriva-
tive continuity condition also can be obtained by third spline in-
terpolation.

The change of is the main factor that affects the stability
of a biped robot walking in a sagittal plane. As analyzed in Sec-
tion I, some researchers [22]–[25] have presented methods for
deriving the hip trajectory to execute a desired ZMP. The de-
fects of these methods are that not all desired ZMP trajectories
can be attained and the hip acceleration may need to be very
large. To solve these problems, we propose a method consisting
of the following steps:

1) generate a series of smooth ;
2) determine the final with a large stability margin.

A complete walking process is composed of three phases: a
starting phase in which the walking speed varies from zero to
a desired constant velocity, a steady phase with a desired con-
stant velocity, and an ending phase in which the walking speed
varies from a desired constant velocity to zero. First, the hip
motion of the steady phase is obtained with the following
procedure.

During a one-step cycle, can be described by two func-
tions: one for the double-support phase and one for the single-
support phase. Letting and denote distances along the

-axis from the hip to the ankle of the support foot at the start
and end of the single-support phase, respectively (Fig. 2), we
get the following equation:

(8)

To obtain a smooth periodic of the steady phase, the
following derivative constraints must be satisfied:

(9)

Using third-order periodic spline interpolation [35], we ob-
tain which satisfies constraints (8) and (9), and the second
derivative continuity conditions is given in (10), shown at the
bottom of the next page.

By defining different values for and , we get a series
of smooth according to (10). We specify and to
vary within a fixed range, in particular

(11)

Based on (10) and (11) and the ZMP (13) and (14) (see Ap-
pendix A), a smooth trajectory with the largest stability
margin can be formulated as follows:

(12)

Fig. 4. Algorithm for planning walking patterns.

TABLE I
PARAMETERS OF THEBIPED ROBOT

where denotes the stability margin. Since there
are only two parameters and , we can easily obtain so-
lutions for (12) by exhaustive search computation (Fig. 4).

Determining of the steady phase also specifies the final
constraints of the starting phase and the initial constraints of the
ending phase. The initial constraints of the starting phase, such
as , and the final constraints of the ending phase,
such as , are known. Therefore, of the starting
phase and ending phase can be obtained by third-order spline
interpolation.

V. SIMULATION AND EXPERIMENT

To compute the required actuator specifications such as
torque and velocity, it is necessary to accurately formulate
and solve the equations of the kinematics and dynamics of the
robot mechanisms. To solve this problem, we have developed a
dynamic simulator [31] based on dynamic analysis and design
systems (DADS) [32]. To accurately model the ground reaction
force between the feet and the ground, we used the Young’s
modulus-coefficient of restitution element (see Appendix C).
By using this simulator, we can simulate the dynamic robot
motion, and analyze various factors such as the necessary joint
torque, joint speed, and the ground reaction force.

The parameters of the biped robot (Fig. 1) were set according
to Table I. The biped’s walking was simulated on our dynamic
simulator. The walking speed was 2.0km h with the step
length of 0.5 mstep and the step period of 0.9 sstep, the
similar human walking parameters.
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Fig. 5. Simulation results for level-ground walking,q = �0:2 rad,q =

�0:2 rad,L = 0:25 m,H = 0:16 m.

A. Satisfaction of Stability and Ground Condition

Fig. 5 shows the simulation results for level-ground walking
( rad, rad, m, m).

Fig. 6. Simulation results on rough terrain.

From the stick figure [Fig. 5(a)] and the foot angle [Fig. 5(b)],
we can see both feet leave and land on the ground with the de-
sired angles. Also, both foot trajectories [Fig. 5(b)–(d)] and the
hip trajectory [Fig. 5(d)] are smooth, and the ZMP trajectory
[Fig. 5(e)] is always near the center of the stable region, that is,
the robot has a large stability margin.

Fig. 6 shows the specified rough terrain and the simulation
results, respectively. In this simulation, the foot parameters were
set as follows: rad, rad for the left
foot, rad, rad for the right foot,
and rad, rad, m,

m for both feet. Both feet could match the ground slopes
[Fig. 6(b)]. The ZMP in Fig. 5(e) is much more closer to the
center of the stable region than the ZMP in Fig. 6(c). We can
consider that this is because the walk on rough terrain is more
complicated than the walk on level ground, and the robot needs
to cost its stability for accomplishing complicated tasks.

.

(10)
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As discussed above, a walking pattern that adapts to the
ground conditions such as the roughness of the terrain and
obstacles can be obtained by adjusting the values of ,

, , , , , , and . When the ground
conditions and the stability constraint are satisfied, it is also
possible to select a walking pattern requiring small specifica-
tions of the joint actuators discussed as follows.

B. Actuator Specifications and Walking Patterns

Fig. 7 shows the specifications of the joint actuators for level-
ground walking with different foot clearances but with the
same other parameters. It is known that a high foot clearance re-
quires large peak torque and velocity of almost all the joints. We
can consider that this is because the higher the swing foot lifts,
the larger the energy required to drive the joint is. Therefore, to
minimize the specifications of the joint actuators or the energy
consumption, it is desirable to have a biped robot walk without
excessively lifting the swing foot.

The simulation results for different hip height and
but with the same other parameters are shown in Fig. 8.

The peak torque of the knee joint for a high hip position is less
than at a low hip position [Fig. 8(b)], but the other specifications
is almost similar. We can consider that this is because the robot
needs to bend its knee joint more at a low hip position, so large
knee joint torque is required to support the robot. Therefore,
from the viewpoint of reducing the load on the knee joint, it is
essential to keep the hip at a high position.

Fig. 9 shows the actuator specifications of the knee joint on
level ground and for different foot angles. Large peak torque
[Fig. 9(a)] for a level foot slope rad and large peak
velocity [Fig. 9(b)] for a large foot angle rad are
required, respectively. We can explain these actuator specifica-
tions of the knee joint as follows. When the rear foot leaves the
ground as in rad, the hip cannot be held at a high posi-
tion, so the robot needs to bend the knee joint of its front support
foot more. Therefore, large knee joint torque is required. On the
other hand, it is possible for the hip to be held at a high position
when rad. But, in this case, since it is necessary to
lift the heel of the rear foot to a sufficient height at the end of
the double-support phase, the required velocity of the knee joint
increases, and consequently the required power of the knee joint
increases.

C. Experiment

To test the validation of our proposed method, we also devel-
oped a biped robot (Fig. 10). The robot has 12 DOF, the total
weight is 83 [kg], and its parameters are the same parameters as
those in the simulation (Table I).

The 12 AC servo motors for the 12 joints are centrally
controlled through input/output boards (digital-to-analog,
analog-to-digital, and counter) by a control computer (Pentium
200 MHz). The control computer system and all motor driver
units are mounted on the biped’s body. The OS is RT-Linux,
the servo rate is 1.0 [kHz].

According to simulation results of Sections V-A and V-B, we
can select walking patters that satisfy the ground conditions, the
constraints of stability and actuators by specifying walking pa-
rameters. Fig. 11 is an example of walking experiment for level

Fig. 7. Specifications for different foot clearances,� � �: H = 0:23 m, —:
H = 0:16 m.

ground with parameters m, m,
m, rad, and rad. We

can observe that the robot’s feet land on the ground heel first
[Fig. 11(c) and (f)], and leave the ground with the toe in final
contact [Fig. 11(d) and (g)].

VI. CONCLUSION

In this paper, we have described our proposed method for
planning walking patterns for a biped robot. Our method has
the following major contributions.
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Fig. 8. Simulation results for different hip heights,� � �: H = 0:80 m,
H = 0:79 m; —:H = 0:83 m,H = 0:83 m.

1) The constraints including ground conditions and foot
trajectory were formulated. Different foot motion can
be produced by adjusting the values of the foot con-
straint parameters.

2) A method to formulate hip motion using only two pa-
rameters was proposed. This makes it possible to de-
rive a highly stable, smooth hip motion without first
designing the desired ZMP trajectory.

3) The correlation between the actuator specifications and
walking patterns were clarified. Therefore, it is pos-
sible to select a walking pattern with small torque and

Fig. 9. Specifications for different foot slope,� � �: q = 0:0 rad, —:q =

�0:2 rad,� � �: q = �1:0 rad.

Fig. 10. Biped robot for experiment.

velocity of the joint actuators after the ground condi-
tions and the stability constraint are satisfied.

4) The proposed method was validated using a dynamic
simulator and an actual biped robot.

To deal with uncertainties in actual environments, real-time con-
trol based on sensor feedback is necessary. Our future study will
focus on how to combine the planned walking pattern proposed
in this paper and real-time control.

APPENDIX A
ZMP CRITERION

The ZMP can be computed using the following equations
[28]:

(13)

(14)
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Fig. 11. Biped walking experiment.

Fig. 12. Stable region and stability margin.

where is the mass of link (Fig. 1), and are the iner-
tial components, and are the absolute angular velocity
components around-axis and -axis at the center of gravity
of link , is the gravitational acceleration, is
the coordinate of the ZMP, and is the coordinate of
the mass center of link on an absolute Cartesian coordinate
system.

If the ZMP is within the convex hull of all contact points (the
stable region), the biped robot is able to walk. If the minimum
distance between the ZMP and the boundary of the stable region
is large, the moment preventing the biped robot from tipping
over is large. The minimum distance between the ZMP and
the boundary of the stable region is called the stability margin
(Fig. 12).

APPENDIX B
THIRD-ORDER SPLINE INTERPOLATION

For breakpoints , ,
, the third-order spline function is a third-order

polynomial for each , and the first derivative and
the second derivative are continuous on .

Letting , , is denoted by
the following equation:

(15)

is the solution of following equations:

(16)
where

.

(17)
When the initial constraint and the end constraint

, the following equations are obtained:

(18)
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(20)

APPENDIX C
YOUNG’S MODULUS-COEFFICIENT OFRESTITUTION

The spring-damper element is usually used to model the
normal force between the feet and the ground as follows:

(19)

where is the ground normal force,is the penetration depth
of the contact foot into the ground, and are the stiffness
coefficient and the damping coefficient, respectively.

One main defect of the spring-damper element is the ground
normal force may be negative, becauseeasily becomes neg-
ative just before the contact foot and the ground separate. A
negative ground normal force implies that the ground pulls the
contact foot, which is not correct physically in the case of usual
ground.

In order to obtain a suitable model of the ground reaction
force, the Young’s modulus-coefficient of restitution element
was used [37]. Let be the Young’s modulus of the contacting
material, and be the coefficient of restitution. If ,
the contact is perfectly inelastic; if , the contact is per-
fectly elastic. The ground normal force is given by (20), shown
at the top of the page, where and denote the penetration
velocity and the transition velocity between the contact foot and
the ground, and is the contact curvature. The friction force
is given by the following equation:

(21)

where is the nominal friction coefficient.
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