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ABSTRACT

TOPICS IN QUANTUM SHEAF COHOMOLOGY

Zhentao Lu

Ron Donagi

Quantum sheaf cohomology generalizes the theory quantum cohomology, in the
sense that it deals with a class of more general sheaves rather than the tangent
bundle. In this thesis we study quantum sheaf cohomology of bundles on smooth
projective toric varieties. The basic case is when the bundle is a deformation of the
tangent bundle. We study the quantum correlators defined by the quantum sheaf
cohomology. We give a mathematical proof of a formula that computes the quantum
correlators in this case, confirming the conjecture in the physics literature. The next
important case is when the bundle is of higher rank than the tangent bundle. We
study bundles being deformations of 7" & O where T is the tangent bundle and
O is the trivial bundle. We give a rudimentary description of the classical and
quantum sheaf cohomology ring in this case. We also discuss other interesting cases
and the demanding from physics, as well as the connections between them and the

previously mentioned ones.
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Chapter 1

Introduction

The study of quantum sheaf cohomology (QSC) arises from the physics problem
of understanding the Gauged Linear Sigma Model (GLSM), introduced by Witten
[21]. There are two versions of GLSM, the (2,2) theory and the (0,2) theory, where
(2,2) and (0,2) indicates the amount of supersymmetry of the theory. Both theories
study maps from Riemann surfaces to compact Kahler manifolds. The former theory
considers the manifold with its tangent bundle, while the latter considers more
general bundles.

The study of the (2,2) theory is more mature and the associated quantum co-
homology theory is studied by Batyrev [2] and Morrison-Plesser [16]. The main
result there, the Toric Residue Mirror Conjecture (TRMC, see Equation ([2.4.4))), is
formulated in [I] based on [16], and is proved independently by Szenes-Vergne [20]

and Borisov [4].



Quantum sheaf cohomology is associated to the study of the (0,2) theory, which
is relatively new and many problems remain open. See [15] for a survey. The basic
object studied here is a compact Kahler manifold V' with an omalousﬂ holomorphic
vector bundle £ on it. An important quantity in the (0,2) theory (as well as in
the (2,2) theory) is the set of correlators. For cohomology elements in H'(V,EY),
the classical correlator is a sheaf cohomology analog of the intersection number of
divisors, while the quantum correlator is a weighted sum of classical correlators of
the moduli spaces parametrized by effective curve classes of V.

Donagi, Guffin, Katz and Sharpe in [9] devoloped the mathematical theory of
the quantum sheaf cohomology for any smooth projective toric variety X with a
bundle £ defined by the deformed toric Euler sequence . Bundles defined
this way are naturally omalous, and they can be studied using Koszul complex.
The quantum sheaf cohomology ring is defined by specifying the quantum Stanley-
Reisner ideals. This enables the authors of [9] to define the quantum correlators
with values in a one-dimensional complex vector space H*.

From the physics side, McOrist and Melnikov formulated a conjectures about

the quantum correlators in [17].

Conjecture 1.0.1. For a toric variety V with a holomorphic vector bundle £ de-
fined by a deformed toric Euler sequence (See below), the quantum correlator

of o;’s in HY(EV) can be computed by the following summation formula:

1 “Omalous” means “non-anomalous”, i.e. the Chern classes satisfy ¢;(€) = ¢;(V),i = 1,2.



Ty
(i o) =y o ey (1.0.1)

(wew oy =gy LLectmn Qe etk (@)

In the above formula, the quantities on the right hand side are constructed from
the map in the deformed toric Euler sequence defining £. We will give the precise
definition of the notations later in this thesis.

The authors of [I7] work in the physics theory of Coulomb branch and derive
the formula there. They then conjecture that the same formula holds for
the geometric case as described in Conjecture [1.0.1

Conjecture has the feature that the quantum correlators take values in the
complex numbers. Compared to the result in [9], it offers a specific identification of
H* to C, and an effective way computing it.

In Chapter [2[ we prove Conjecture using results of [9]. We then explore
the next important case, where the omalous bundle is a deformation of T'® O, in
Chapter [3] Lastly, in Chapter [4] we discuss the case when the variety is a complete
intersection in a toric variety, as well as the QSC for Grassmannians. These two
directions are motivated by physicists’ interest: complete intersections contains
the case of Calabi-Yau manifolds which are interested to string theorists; QSC on
Grassmannians generalizes the current theory to the case with non-abelian gauge

groups.



Chapter 2

QSC for Deformations of Tangent

Bundles on Toric Varieties

In Section we set up the basic notations, introduce the classical correlators, and
review some results in the case where £ is the tangent bundle of the toric variety.

In Section [2.2] we prove an integral formula that computes the classical corre-
lators for £ being a deformation of the tangent bundle 7y, with small deformation
parameters.

In Section [2.3] we define the quantum correlators following [9]. Then we use this
to write the quantum correlator, which is the sum of all contributions of classical
correlators from different moduli spaces parametrized by effective curve classes of

the toric variety, into an integral form.

In Section we show that Equation (1.0.1)) can be written as an integral,



which has the same integrand as the one in Section However the two integrals
are over different cycles. we will prove the equality of the two integrals, which
proves Conjecture [1.0.1. The proof is inspired by the (2,2) case work [20] proving

the TRMC. In the end we comment on the significance of this summation formula.

2.1 Preliminaries

2.1.1 The basic setting

Throughout this thesis, let V' be an n-dimensional smooth projective toric variety
with the fan ¥, and let 3(k) be the collection of all k-dimensional cones of the
fan ¥. Each ray ¢ € (1) corresponds to a prime divisor D; via the orbit-cone
correspondence.

Let £ be a holomorphic vector bundle of rank n on V', defined by the deformed
toric Euler sequence (sometimes referred as monadic deformation, as & is the cok-

ernel of two bundles that are direct sums of line bundles)

0—-0W' — @ O(D;) — &€ — 0. (2.1.1)

iex(1)

We will also make use of the dual sequence

0& = P O(-D) S0 W —0. (2.1.2)

iex(1)



2.1.2 The definition of the polymology

Note that W = H(EV) for all bundles £ defined by different F maps. The space
of cohomology P, , H(V,N1EY) together with cup product forms an associative
algebra HE(V) called the polymology of £.

Recall that the cohomology of toric varieties can be described using Stanley-

Reisner ideals:

Hz, (V) 2 Sym* W/SR(V). (2.1.3)

We can describe the polymology in a similar way.

Let E be the second map in (2.1.2)) whose kernel defines £Y. Then E is in
Hom(&(—D;),0@ W) = H'(&O(D;)) ® W. For each i € (1) we have an expres-
sion in monomials

E; = Z AimX™, (2.1.4)

meN;NM
where ™, m € A; N M is a basis of H*(O(D;)) and a,, takes values in W.
Since it is shown by [9] that the quantum sheaf cohomology does not depend on

non-linear deformations, we can focus on the linear part of E; defined by

Ellin = Z Q' Tyt (215)

i/e{i’eE(l) | Di/NDZ‘}

where Dy ~ D; means they are linearly equivalent divisors, and z; € H°(O(D;)) is



the element in the homogeneous coordinate ring of the toric variety corresponding
to a global section vanishing on D;.

For the divisor class ¢, we introduce the notation (). = det(a;;) with ¢, j running
through all rays k € ¥(1) such that [Dy] = c.

An important notion in toric geometry is the primitive collection. A primitive
collection P C ¥(1) is a collection of rays such that no cone in ¥ contains all the
rays in P, but for any proper subset P’ of P, there is a cone in X that contains all
the rays in P’

It can be shown that for each primitive collection P of rays in 3(1), if it contains
one ray i, it has to contain all ¢ such that D; ~ D;.

For any subset S C (1), let [S] ={[D;] | i € S}.

Define the deformed Stanley-Reisner ideal SR(V,E) C Sym*W to be the ideal
generated by Hce[ Pl . with P running through all primitive collections of the fan,
ie.,

SR(V, &) = <H Q. | P is a primitive collection). (2.1.6)

c€[P]

Then it is proved in [9] that the polymology of £ satisfies:

Hz (V)= Sym"W/SR(V,E). (2.1.7)



2.1.3 The classical correlators

For i € ¥(1), let a; € W be the first Chern class of the toric invariant divisor D;
(under the identification W = H'(€)) and denote U = {a; | i € X(1)}. Let o; € W
be a general element of W and o7 = [[,., 0; € Sym*W.

Note that implies that A"EY = O(=3,cxq) Di) = K, the canonical
bundle. Hence H™(V,A"EY) is one-dimensional. Identify H™(V,A"EY) with C by
integrating over the fundamental class. For o0;,7 € I, one can first take the image

of oy in HE(V), project to the degree (n,n) part [o7],, and define the (classical)

correlator of ;,1 € I to be the image of [o7],, in C. Denote the correlator of o;,7 € I

by (o7).

2.1.4 An integral formula for the (2,2) classical correlators

Following the physicists’ language, we call the case in which £ is the tangent bundle
Ty the (2,2) case. In this case the polymology of £ is just the cohomology of
holomorphic forms, and the ring structure can be computed by intersection theory
(recall that V' is a smooth projective toric variety).

In this section, we present an integral formula for the (2,2) classical correlators
found by Szenes and Vergne in [20]. We will generalize this formula in Section [2.2]

First we need more notations.

Choose a maximal cone o € ¥(n), and fix an order of «;,, ..., ;. corresponding

to rays that are not in o. This fixes a translation invariant measure duy on WV,



where dy = day, A doy, A ... AN day,.

For each prime toric divisor class ¢ € [X(1)], let H. be a hypersurface in WV
defined by H. = {u € WY | Q.(u) = 0}. Let U(E) be the complement of the union
of He,c € [£(1)]. In the current case where & = Ty, U(Ty) is the complement of
the union of hyperplanes defined by «; = 0,7 € 3(1). Let r = dim WV,

We can then state the following theorem:

Theorem 2.1.1. There is a homology class h(Ty) C H.(U(Tv),Z) such that the

following integral computes the (2,2) classical correlators for any o; € Wi € I.

(o7) = L/h _ T g (2.1.8)

(2mi)" (Tv) Hiez(l) Q

Moreover, the homology class is represented by a disjoint union of tori with

orientations, as described below.
Description of the homology class.
To describe h(Ty ), we first introduce the set FL(L) of complete flags

F={F={0chCFC..CF_CF =W}, (2.1.9)

such that each Fj is generated by some o; € .
We say an ordered basis v = (vf',...,7}) of W is compatible with F, if the

following conditions hold:



(a) ’yf is rationally generated by «; € U,

(b) {7E}, _, is a basis of F},

(c) dyf Ao NdyE = dp.

Fix a £ in the Kihler cone ¢ of V. Let FL'(U, £) be the set of those flags
F = {F;} € FL(U) such that ¢ is in the interior of the cone spanned by &,
j=1,2,...,r, where k; = Z{aieu\aieFj} ;.

For each flag F, we always fix a compatible basis 4. Let u; =~/ (u) foru € W".

Consider the torus Tp(e) = {u € WY | |u;| = €¢;,7 = 1,...,r}. Let

Zle)= > v(F)Tk(e), (2.1.10)

FeFLT(8LE)

where v(F) = £1 depending on the orientation of ;. Szenes and Vergne prove the
theorem by showing that Z(e€) represents h(Ty ) for € in some specific neighbourhood

of 0. We will specify the constraint for € in Section [2.2]

2.2 An integral formula for (0,2) classical corre-

lators

In this section we prove an integral formula which computes the classical correla-
tors for £ being a deformation of the tangent bundle T} with small deformation

parameters. The statement is Theorem below.

10



2.2.1 The integral formula

We fix the same translation invariant measure dy on WV as in Section [2.1.4, And
recall that U(€) is the complement of the union of all the hypersurfaces H. = {u €
WY | Qc(u) =0} in WY, for ¢ € [3(1)]. » = dimWY. Our first result generalizes

the formula for (2,2) classical correlators:

Theorem 2.2.1. For £ being a small deformation of the tangent bundle Ty, there
is a homology class h(€) C H.(U(E),Z) such that the following integral computes

the (0,2) classical correlators for any o; € W,i € I:

(or) = (2.2.1)

1 / or d
— 1,
(27”) h(€) HcE[Z(l)] Qc

where Q.’s are factors of generators of SR(V,E), as described in .

Moreover, h(E) is represented by Z(€) as described in (2.1.10).

Remark:
(a) There are constrains on €;. That is Ne¢; < €41,7 = 1,2,...,r — 1, for a suffi-

ciently large N, namely, N is larger than Ny(F') which could be chosen as follows:

For all [ € (1), write oy = Y a;yY". Define No(F) =1 - (maxl(mll_‘) - (max; |ay|)).
(b) The integral vanishes on SR(V, ). This consists the main part of the proof.
(c) It is shown in [9] that the quantum sheaf relations do not depend on the

non-linear deformations. Hence the correlation functions, being linear functions

vanishing on the ideal generated by the quantum sheaf relations, do not depend on

11



the non-linear deformations.

2.2.2 Preparatory results

We state and prove some lemmas before we prove Theorem [2.2.1] in next section.

Lemma 2.2.2. Fiz a flag F and a collection {ay,l € L}. If there exist a k, 1 <
k < r such that Fy is not generated by elements of {cy,l € L} but every F;,i < k

is, then [],c, ar is non-zero on the region Q = {u; |ug| < €, |u;| = €, for i # k}.

Proof:

For any [ € L, express «; in terms of the basis %F , we have a; = ) ali'yiF . Order
the sum in the descending order regarding i-index, and call the largest index s.
Then s # k by the definition of k.

Then, forue Q1€ L,

au(u)| =325 il
> as| - fus] = 32527 Jai] - Juil
> Jagles — 3070 lai| - € (2.2.2)
> €s-1(No(F) - |as| — r - max;([a;]))

>0,

by the definition of No(F'). O

Lemma 2.2.3. Let P C X(1) be a primitive collection.

12



(a)

When {a;,1 € L =%(1) — P — J} does not form a basis compatible with the flag

fo T
dp =
Tr () Higp @i

In particular, when {a;,i € L} does not generate W, we have

/
dp =0
/Tp(e) HieL @

for any Tr(€).
(b) When oy, i € (1) — P —J form a basis compatible with both the flag F' and
where sgn(F', F') = +1 depending

/ a g !
F, fTF/(e) Mogr Qe = sgn(F', F) - 011 Menae

Proof:
(a) Let L =%(1) — P —J. {a;,i € L} satisfies the assumption of Lemma [2.2.2]
hence [],., az, is non-zero on 2.

Hence the integrand is defined on the region €. Note that Tr(e) = 0€2. Hence

f — f —
St rotigran @t = Jo U o, ra 1) = 0.
(b) In this case we will rename the indices of {a;,i € (1) — P — J}, so that
Fj is generated by {ay, ..., a;}. If we write aj(u) = S°0_ aju,, then |a;(u)/aj;| =
lu; + Zz - a“ul] This allows us to use a linear homotopy map to show that

laj(u)/aj;| = € is homotopic to |u;| = €;. Thus we conclude that Tp(e) = £[T,],

where T, = {u; |a;(u)/a;;| = €;} and [T,] is its homology class.

13



Recall that (). is a deformation of HL[DJ_]:C a;. We may group the a;’s for j € J

in a similar fasion. Namely, we have

a;=1JC TT - (2.2.3)

¢ jejv[Dj}:C

Since J C (1) — P, we have

g 1

- . 2.2.4)
o (
Hcgp Q. Hch e, 0

One observation is that r of the factors Qc/(l_[jel[[)j]:c a;) are of degree 1 as
rational functions, and the others are of degree 0, since «;,i € (1) — P — J form
a basis of W. We denote the degree 1 factors as a;, i = 1,...,r, and the degree 0
factors [;. Rewrite ([[/;)au as &y so that all [; are absorbed. After re-indexing, we
can assume that &; is a small deformation of «;;. Then we claim that the integration

result satisfies

l Tr(€) Hcgp Qc |/ Hl 1@ (2‘2‘5)

where T = {u; |&;(u)/a;;| = €;}. To see why this is true, we note that similarly

to the above description of deforming T to T,, we can deform T, to T}y, as long

as Qc(€) is a sufficiently small deformation of Qc(T') = []; p, -, - Since Tj only

differs by possibly an orientation from the permutation of «; for different F’s, we

conclude that the result is independent of the flag F" as long as {a;,i € ¥(1)—P—J}
forms a basis compatible with F'.

14



2.2.3 Proof of the Theorem

Since Szenes-Vergne [20] has proved the corresponding result in (2,2) case, the map

o

PR A (2.2.6)
7e(0) ey @

is not identically zero for small deformations. So it suffices to prove that for o €

SR(V,E) with dego = n,

g g
—_ du = v(F) / ——du=0. (2.2.7)
(&) HCG[Z(I)] Qe Z Tr(e) Hce[E(l)] Qe

FeFLt(¢)

Since SR(V, &) is generated by {[][..p @c|P C (1) is a primitive collection},
it suffices to prove that the above equality is true for those o of the form
0 = ([I.ep Qc) - 07, where P is a primitive collection, J C X(1), and |J| = n — |P]|.
Now we compute this by deforming the corresponding (2,2) result.

Note that [[4p Q. is a small deformation of [[;,p ci, we can write [[..p Q. =

Higp a; — 0a, for some small § € C and & € Sym*"W. So we have

f h(€) m fh Mogr Qc
= @y
o fh(g) Higp(aiféd) d,u
- ECN S o oY1 n
= fh(g) HZQIJQ o (ZnZO(HiQP ai) )d,u

- Zm 0 fh ) (IL ;iozz m+1 d'u

(2.2.8)

15



[Lick o

Claim: for each monomial Hie ;¢ @i such that M 0t has degree —r,

/ B U ) (2.2.9)
ne) (

[Ligp i)™

Proof of the Claim: by Lemma [2.2.3] if the factors of the denominator do not
generate W, the integration is 0. Hence it reduces to the case when the factors of
the denominator generate W.

For k € K, write ag, = ) ag,oy, where [ runs through those indices appearing

in the denominator. This reduces the integrand to

o agr | Licwe iz QG
<H2f§i>;“ 4= 2 e 1™ (22.10)

Observe that as long as the remaining denominator of a summand generates W, we
can repeat this process of expressing the numerator terms into linear combinations
of the denominator terms and then canceling out a term. This process terminates
after finite steps, and the final expression is a summation of terms of two types:

Type (i): terms with non-generating denominators.

Type (ii): terms with factors of the denominator generate W, while the numer-
ator is a constant (degree 0).

Type (i) terms integrate to 0 by Lemma [2.2.3] So to prove the claim, it suffices

16



to show that each Type (ii) term integrates to 0. Namely

1

—du = 0. 2.2.11
h(E) H§:1 Qi : ( )

Type (ii) terms have denominators of degree r, since the cancellation process
preserves the degree of the fraction. Note that for the factors of the degree r
denominator to generate W which is r dimensional, these r factors have to be
distinct. So, being factors of (I[;,p ;)™"!, they are actually factors of [[,,p .

Hence we have

1
fh(S) Mo, dp

J

_ f [Tiep i
(&) Thesa)-p @i (2.2.12)

— f [Licrup @i
h(€) 11

iex(1) Yi

= 0
The last equality comes from Theorem and the fact that [[,., o € SR(V).

This proves Equation (2.2.11]). Hence the claim is proved.

The theorem then follows from the claim and Equation ((2.2.8)).

17



2.3 The first integral formula for quantum corre-

lators

2.3.1 The quantum correlators

Let d2 be the intersection number of B; with any divisor in the divisor class c.
The quantum correlator of o; € W,1 € I is defined to be a summation over the

GLSM moduli spaces My indexed by effective curves f:

(o)™ = (orFs)sq”, (2.3.1)
5

where  runs over the lattice points in the Mori cone (generated by effective
curve classes) of the toric variety V', and Fj is the four-Fermi term introduced in
[9]:
Fy= ] o¥@. (2.3.2)
)]

ce[X(1
Also, when " dominates 3, the correlators over different moduli spaces are related

by the “exchange rate” Ry g4:

(01Fp)p = (01FsRy ) 5,
g (2.3.3)

RO df/ —hO(d?
R/B'B:HCQC( )=h?(de)

Remark: This holds even when f3 is not effective. The re-definition of ¢”: Instead

18



of viewing ¢° as a formal parameter, we now consider complex value of it. For each
z =Y ""T zw; € g (wi corresponds to the ray i € ¥(1)), and each 3 € Hy(V,Z),

define ¢®(z) = [ 2" where ; € H?(V,Z) corresponds to the ray i € X(1).

=1 ~1

2.3.2 The Mori cone of smooth projective variety

The Mori cone of a variety is the closure of the cone effective curves. For projective
toric variety V, the Mori cone NE(V) is a strongly convex rational polyhedral
cone of full dimension in N;(V'), the real vector space of proper 1-cycles modulo
numerical equivalence. ([§], pp 292 - 295.) Theorem 6.4.11 of [8] gives a concrete
description of the Mori cone for any projective simplicial toric variety, representing
it by specifying a generator for each primitive collection of V[[] As a corollary, we

have:

Proposition 2.3.1. The number of primitive collections of a simplicial projective

toric variety V' is mo less than its Picard number.

Proof: By the above mentioned theorem, the number of primitive collections is
the same as the number of cone generators of the Mori cone. Since the Mori has

dimension r = the Picard number, the proposition is proved.

!The simplical condition is not necessary, as commented in [8], p 307.

19



2.3.3 The integral formula

Note that we can choose generators of the Mori cone. Since the dimension of the
Mori cone equals the Picard number r, we can choose r generators f, ..., 8. such
that they generates all the lattice points in a possibly bigger cone containing the
Mori cone. We also require that (3;,Y 7] D;) > 0. Since outside the Mori cone
the moduli space is simply empty and still holds in this case, we can write

the summation over the Mori cone as summation over this (possibly bigger) cone:

<O_I>quantum — hﬂ Z <O’[ . Fﬁ . RB,Bq5>B

B B dominated by B

: s ,
- hﬁ}@lZHijo(df) ho(d6)+h1(d“)qﬁ>3
B 5
I - _df
= ling(o, [T Y [T @ ) (2.3.4)
B ; 4

r N
= lim (o J[TQIO T wi))s

j=1 a;=0
,

1 —u
1 ] [ hO(dCB)—1H J
o ]\;ILI;O<O-I QC : 1— Uj >B,

c j=1

ﬁ.
where u; =[], dic] ¢, and we will later write g; for ¢/.

Now we have:

<0.I>quantum — lim 1 / 1 | oy H Qho(df)—l f[ 1 - u;'\H_l d,LL
N—o0 (271-2)7" h(E) ho(d?) ¢ 1— U] ’

1 1 U
= lim : / Ao || ——— | dp.
N—o0 (271'2)T h(E) HcE[E(l)} QC ( 1:_‘[ 1-— Uy
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Take a representative Z(€) of h(£) and take ¢; sufficiently small, we will have |u;| < 1
8 8
on h(€). We also write v; = u;' =], Qd’ ¢t o =TI, Q% . So we have |v;] > 1

on h(&). Hence

1 or 1—u;
<O.I>quantum = lim . / J d/JJ
N=voo (271)" J 70y [ 1. Qe H 1 —uy

j=1
.

N—oo (271) Z(€) Hce[z(l)] Qe j=1 L=y
1 or 171

(27TZ)T Z(€) Hc QC H 1- i
1 01 Hj Uj - 1

(277'2)7" Z(e) Hce[Z(l)} Qc ]1_[1 v — 1

(2.3.6)

Thus we have proved the following result:

Theorem 2.3.2. Let £ be a holomorphic vector bundle defined by the deformed toric
Euler sequence with small deformations. Let Z(€) be a cycle representing
h(€) and z € (C*)". Let q; = 2%, j = 1,..,7. For a fired basis f3i,..., 3, and

z € (C*)" such that |q;| < minyez(e) |0;(u)| holds, we have

1 o; [T 9
<O— >QUantum — y . ]~ d,u (237)
(QWZ)T Z(€) Hce[E(l)] Qe Hj:l(vj - qj)
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2.4 Quantum correlator: summation formula

2.4.1 The Main Result

In McOrist-Melnikov [17], there is a summation formula for quantum correlators,
for £ defined by the deformed toric Euler sequence with a linear deformation.
The authors derive it from physics argument using Coulomb branch techniques.
Using the quantum sheaf cohomology theory set up by [9], we state it as Conjecture
[L.0.dlin the Introduction.

Denote the partial derivative of E)afT(:) by fr. Recall that v; = HCE[E(I)] ngj,
z € (CH, q; = 2%, j =1,..,r. Bi,.., B generates a cone containing the Mori
cone. Let z € (C*)" such that |g;| < min,ez() |0;(u)| holds. The main result of this

thesis is a mathematical proof of Conjecture [1.0.1] including possibly non-linear

deformations:

Main Result. Let £ be a holomorphic vector bundle defined by the deformed toric

FEuler sequence with small deformations such that Theorem holds. Then

>quantum

- ¥ or RIS (2.4.1)

<O'2' y ooy Ojg — .

holds for z in a complex open region contained in (C*)™.

Remarks: (a) Let hy € H. (WY — {u € WY | 0;(u) = ¢;},Z) be the homology

of the real r-dimensional cycle defined by {u € W" | |9;(u) — ¢;| < ¢}, for a ¢ that
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is small enough. Then the above formula (2.4.1]) can be written as

T

1 o | E
<O-I>(Iuantum — . - .7~ d,u (242>
(2mi)r hg Hce[E(l)} Qe Hj:l(vj - qj)

Equation (2.3.7)) and (2.4.2) has exactly the same integrand.

(b) When €& is the tangent bundle, (2.4.2) is reduced to

r ~
<O_I>quantum _ Hj:l Uj

1 / or
= . T dp. (2.4.3)
(2m2)" hq HieZ(l) 0% Hj:l(vj - q5)

This resembles the conclusion of the hypersurface case of the “Toric Residue
Mirror Conjecture” in (2,2) theory [I], which says] for anti-canonical hypersurface
X (ie. the fundamental class is dual to £ = > 54y ;) in a Fano simplicial
toric variety V of dimension n, the quantum correlator (o, ...0;,_,)7“"™™ for o; €

H'(X,T%) coming from the restriction of H'(V,T};) is

1 or 119
(04 ..o, yTuamtum — , / 7= dp. (2.4.4)
2mi)" Sy, (1 —K) HieE(l) Q Hj:l (05 — g¢5)

The main goal of this section is to prove the Main Result by proving ([2.4.2)).
Our proof is inspired by Szenes and Vergne’s proof of ([2.4.4)).
We set up some notations in|2.4.2] Then we state the theorem and some lemmas.

We prove the theorem in |[2.4.3|

2We adopt the formulation of [20]. See Proposition 4.7 there.
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2.4.2 Some preparations

We fix a bundle &; such that Theorem holds. Multiply the deformation pa-
rameters in the map defining & by ¢, we get a one parameter family &. Then

Theorem holds for [t| < 1 and & = Ty .
Specifying the bundle dependence of the map o; = []. ngj, we denote it by "[JJ(-t).
We make some definitions generalizing those (2,2) case notations in [20] to the
(0,2) case:
Define

Z0(€) = {u e U; [o\] = e~ &M}, (2.4.5)

ZW(€) can be viewed as the preimage of a torus T(€) = {y € (C*)";|y,| =
e~{&8)Y under the map o) = (6&”, ...,137(~t)) :U(E) = (C).

For S C {1,2,...n} define

eXp<_<€>ﬁj>)> 1f] € S,

exp(—(§ —n,5;)), if j & 5.

Ts(&m) =y € (C)5lyl =

and Ts(q) = {y € (C):ly; — ¢] = 6,j = 1,..,r}. Let Z{(€,) and Z}"(q)
be the pull-back of Ts(&,7) and Ts(g) respectively by ©®). Note that results about

Z(€) apply to Z$ (€, m).

Remark about notations: In order to keep the notations clean, we omit the
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label (¢) when t = 1, as well as (&, 7), and simply write Zg, Zs, 0.

Let R(&,n) be the multi-dimensional annulus

R(S?”) = {y = (yla "'7?/7‘) € (C*)T7 <§ - 777ﬁ]'> < _log ’yJ’ < <£75j>7j = 17 ...,7“}7

and let W (&,n) be the pull-back of R(&,n) by the map ¢(z).
(270)" [eemay Qe [T (35 — ¢5)
We also recall the definition of 7-regularity from [20]:

To simplify notation we will write A for dp.

Definition 2.4.1. ([20]) & = {a; € W;i € X(1)}. Define

YU = {Zam - 2(1)}},

1€M

which is the collection of partial sums of elements of {{. For each subset p C X4

which generates W, we can write £ = Zwep a?(&)y. Denote
min (34, €) = min{|aZ (§)[; p C 34U, p basis of W, v € p}.

We say £ € W is t-regular for 7 > 0 if min(34, &) > 7.
The main theorem of this section is:

Theorem 2.4.1. Let £ be T-reqular for T sufficiently large. For z € W (£, n), the
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following holds:

(7 ymuantum _ /h A (2.4.6)

q
The requirement for the technical assumption for £ being 7-regular for suffi-
ciently large 7 will be seen in Proposition [2.4.4]
We first collect some facts about the (2,2) case, and then state some lemmas

before proving the theorem.

Proposition 2.4.2. Let & be T-regular for T sufficiently large. In the (2,2) case, ©(*)

is reqular over (0(0)"Y(R(&,m)). Hence, 09 is also regular over (9®)"Y(R(&,n)).

Lemma 2.4.3. Let & be T-reqular for T sufficiently large. The (2,2) case map 7 is
proper from (9©)"Y(R(&,n)) to R(E,m). Moreover, the (0,2) case map ) is proper

on from a suitable region to R(§,n) when |t| < 1.

Proof: the (2,2) case is proved in [20[F] The (0,2) case follows from deformation,
as explained below:

Denote the compact set ((°)"1(R(€,7)) by K, and its boundary by 0K.

Since &€ is a small deformation of Ty, we can pick (£,7') such that

(1) R(&, 1) S R(Em),

(2) @9)"H(R(E, 7)) NOK = ¢, and

(3) @) "HR(E )N K # 6.

This then implies the properness of #*) on (0®)~(R(¢', 7)) N K, which is the

31t is Proposition 5.15, the map #(©) is just p in [20].
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‘suitable region’ in the lemma. O]

The technical assumption for £ being 7-regular for sufficiently large 7 is made

to achieve the following result in (2,2) case:

Proposition 2.4.4. (Theorem 6.2 of [20]) If T is sufficiently large, then for any
T-reqular £ € ¢, the set AQ (&) is a smooth compact cycle whose homology class

equals h(€) € H(U(&),Z) = H.(U(Tv),Z).
Corollary 2.4.5. The homology class of Z(t)(f) NK is h(&) € H.(U(E),7Z).

Proof: Lemmam shows the properness of 7 on (8®)~'(R(¢',n'))N K. Since
o™ is regular on this region, the cycles Z((£) N K and Z©(¢) are homologous as
preimages of T'(§) C R(§,n) under o*. [

Note: Since we always need to take the compact cycles and we can always do
so by intersecting with K by Lemma [2.4.3] we will simply write Z for Z N K in the

rest of this thesis.

Lemma 2.4.6. (a) f% A = (g )uantum.

(b) [, A =0, when S # ¢.

Proof: By Corollary [2.4.5 Zg represents h(€) € H,(U(E),Z).

(a) For Z,, we have |¢;] < |0;(u)|. By Theorem [2.3.2]

<01)q““”t“m:/ A. (2.4.7)
Zg
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(b) For Zg, S # ¢, without loss of generality assume the index 1 € S. Then
for w € Zg we have |0;(u)| = exp(—(&, 5;)) < |¢1|- Hence A can be defined on

C = {ucU;|ti(u)] = e &P |5;(u)| = e~ j > 2.}, Since Zg = OC, this leads

/ZS A= /CdA = 0. (2.4.8)

to

2.4.3 The proof of the Main Result

The proof makes use of Szenes-Vergne’s proof for (2,2) case.

It is easy to show]| that

Z (—1)"!Ts is homologous to Tj(q)
Sc{1,2,...,n}

in the open set {y € (C*)";y; # g;for j = 1,...,r}. The properness of & by Lemma

then implies that Y (—1)I%1Zg is homologous to Zs(q) in U(E) NU(B,q). So

/ A= A (2.4.9)
Y (-1)IslzZg Zs(q)

Lemma then implies that

/Z A= /h A (2.4.10)

q

4See Proposition 6.3 of [20].
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This together with finishes the proof.

Remark: Tt is worth pointing out that in the (2,2) case, the summation formula
is further explained as a toric residue of the dual toric variety. This gives the (2,2)
formula the meaning of mirror symmetry. In the (0,2) case, an explanation of the
right hand side of this flavour is still lacking. In future work, we hope to describe
a set of dual data and explain the right hand side as a “(0,2) toric residue” of the

dual data, making the formula into a (0,2) mirror symmetry statement.
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Chapter 3

QSC for Higher Rank Bundles on

Toric Varieties

3.1 Introduction

In this chapter we show how to compute the quantum sheaf cohomology ring of
bundles that are deformations of the direct sum of the tangent bundle and copies
of the trivial bundles over a smooth complete toric variety.

We work over a smooth projective toric variety V. In [9], the authors show how
to compute the quantum sheaf relations of deformations of tangent bundles over
V. And in last chapter we computed the quantum correlators in that case. In this
chapter, we set out to understand the case when £V is a generic deformation of

ToOom.
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3.2 TaeO

3.2.1 Definition of &V

In this section we give the definition of the bundle £Y we are considering.
Let V be a smooth, complete, n dimensional toric variety. Recall the Toric Euler

sequence for the cotangent bundle of V is:
0—Q— e O(-D;) =—=Pic(V) @ O — 0_ (3.2.1)

We set Z = @77 O(—D;) and W = Pic(V)®C. To define £Y, we add a trivial bundle
O to Z, and deform the map (e,0) : Z&6O — W®O toe = (',¢0) : Z6O — WRO.
Now we define £* to be the kernel of ¢ if it is a vector bundle, i.e. £* fits in the

following short exact sequence:
028 =Z00 W0 —0. (3.2.2)

Let i : Z — Z @& O be the inclusion z +— (z,0), then the following diagram of

1R|p363 vp38T
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exact sequences commutes:

0 0 (3.2.3)

|

7— L Weo

0—=E&"—Z00——Wo0——-0

|
£

Thus snake lemma implies 0 — Kere’ — & — O — Cokere’ — 0. We further

O

restrict ourselves to the case when Cokere’ = 0. Thus we have

0 0 (3.2.4)

3.2.2 QPP

We first quote a theorem from [9] regarding the vanishing of cohomology of a par-

ticular type of line bundles.
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Theorem 3.2.1. Let D;, i = 1, ..., k be toric invariant divisors of V.
(i) If NE_, D; is nonempty, then HI(O(— Zle D;)) =0 for all j.
(i) If K is a primitive collection, then

G (/C Zf:l D;)) =1 and H?(O(— Zf:l D;)) =0 for j #k—1.

Theorem 3.2.2. For a generic bundle £V fitting in the above diagram of short exact
sequences, we have

(i)For p < " WP(V,APEY) = W where h)Y s the dimension of the primitive
cohomology of V';

(it) For p > ™ HP=L(V,A\PEV) = HMH=P(V AmHI7PEV)*

(1ii) HY(V, \PEY) vanishes for all other (p,q).

Note that when n is odd and p = ”TH, all H1(APEY) vanishes since there is no

primitive cohomology of that dimension. Proof of the Theorem: (i) For any positive

integer p, the Koszul resolution of

0=>& =& —-0—=0 (3.2.5)
is
0 APEY —— APEV T pptev L0, (3.2.6)

which is a long exact sequence. In particular, this shows that Ker d, = APE), Vp.
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Hence for each p, we have a short exact sequence

0 — APE) — APEY — APTIEY — 0. (3.2.7)

This gives rise to a long exact sequence of cohomology:

. ———= HY(N\PE)) —— H(AN\PEY) ——— HI(APTLEY) (3.2.8)
—— HH(NPEY) — HTH(APEY) —— HIPH(APTLEY)
—— HP2(NPEY ) — HP2(APEY) —— HIP2(APTLEY)

Recall that & is a deformation of cotangent bundle. By semicontinuity, for a generic
£ W(APEY) < hI(APSY).

Since our variety V is toric, h?(APS2) vanishes when p # ¢ Hence H1(APEY) = 0
when p # ¢. This further implies that HP(APEY) = HP(APS2). So we have a long

exact sequence:

0= HP(APEY) =5 HY (N E) Sn HY(APEY) > HP(WEY) 0. (329)

When [§] € Ext'(O,Q) is a Kaehler class, the map 4 is conducted by a Lefschetz

operator, so it is injective when p < ”T“ and surjective when p > "T“, by the

Hard Lefschetz Theorem. Since injectivity and surjectivity are open conditions and

2See [8] Theorem 9.3.2 in the section Vanishing Theorems II.
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they are true for any Kaehler class, it is true generically. (To be precise: It is only
obviously true for Q — &Y — O, but then it is true by semicontinuity that for a

generic extension & — €Y — O and p < 25 HPH(APEY) = 0, and similarly for

Part (ii) is just Serre duality. O

3.2.3 Realistic check: Euler characteristic

Let’s check about the holomorphic Euler characteristic of APEY. To be precise, we
will check that the holomorphic Euler characteristic of APEY agrees with that of
NP(EY @ O).

By (3.2.7)), we know the holomorphic Euler characteristic x(APEY) = x(APEY) +
X(APTIEY). As for x(AP(EY & O)), since AP(EY & O) =2 NPEY & NPTLEY, we have

X(AP(EY @ O)) = x(APEY) + x(APTEY). So indeed they are the same.

3.3 Description of H?(V,A\PEY)

We want to describe HP(V, APEY) for p < 2% in term of a quotient of SPWW.

We first look at the case p = 2.
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3.3.1 An example: p=2

From the short exact sequence(3.2.2), we have the Koszul resolution:

0 N2EY NZO)—=(ZdO0) W —=S*W 0 —0

This can be broken into two short exact sequences

0 A28 — = N(ZBO)—= K| ——0

and

0—=K —(Z00)W —=S*W 0 O —0,

from which we can write down the long exact sequences of cohomology:

0—— HON2EY) —— HO(NX(Z @ O)) —— HO(K))

—  HY(A28Y) ——= H'(N(Z @ O)) — H'(K))

L HA(A2EY) —— HA(N(Z @ O)) —— H2(K))
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and

00— H'K,)—H(Z® O)@ W)) — H°(S*W ® O) (3.3.5)
—— HYK,)—=H'((Z& O)@W))— H'(S*W ® O)

— H*(K,) — H*((Z® O) @ W)) —= H*(S*W ® O)

Now we can do some direct computations:

By Theorem [3.2.2] H(A2EY) = 0 for any i # 2.

For N2(Z@®O) 2 N2Z@® Z: Recall Z = @;0(—D;), D;’s are all the toric invariant
divisors. Hence by Theorem [3.2.1] fori # 1, H(A}(Z&0)) & H{(Z)®H (N*Z) = 0,
and H'(A\*(Z & O)) 2 H'(A*Z). We define P* = H'(A\*Z).

Now the long exact sequence becomes
0— H%K,) - 0— P' = HY(K,) — H*(N*€Y) =0 (3.3.6)
So we have H°(K;) = 0 and
H*(A?EY) = HY(K,)/P'. (3.3.7)

For (Z@O)@W, H(Z®&O)@W)=W and H(Z&O)@ W) =0 for i > 0.

For S?°W @ O, H°(S?W @ O) = S?W, and H (S*W @ O) =0 for i > 0.
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Now the long exact sequence ([3.3.5)) becomes

0—W = S*W — H'(K;) =0 (3.3.8)

Hence

HY(K)) = S*W/W := S*W. (3.3.9)

Combine (3.3.7)) and (3.3.9)) we have

H*(N2EY) = S*W /P (3.3.10)

3.3.2 A second example: p =3

For p =3 < ”T“, we will brief repeat the calculations for p = 2 in order to fill in

the missing feature of the general HP(APEY).

We begin with the Koszul resolution:

0= AN AN (ZDO) =N (ZdO)@W = (Z60)®S*W — S*W e 0 — 0,
(3.3.11)

break it into short exact sequences

0 — A& — AN (ZeO) — K, — 0, (3.3.12)
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0 — Ky — N(ZoO)eaW — K, — 0, (3.3.13)

and

0 — K, — (ZoO0)@S*W — SSWe0 — 0. (3.3.14)

Similarly to the p = 2 case, we have the induced long exact sequences of cohomology,
and we can do direct computations to single out non-vanishing pieces of H*(A3EY),
H{(NNZ @ O)), H(N(Z ® O) o W), H((Z ® O) @ S*?W), and H(S*W @ O).
Since no new feature appears to this stage and everything is parallel to p = 2
case via Theorem and Theorem we will simply summarize the possibly

non-vanishing homology in the following diagrams:

0o — A3EY — N Zo0) — K, — 0

H': 0 P! HY(K>)
(3.3.15)
H?: 0 p? H*(K,)
H* HA(ASEY) 0 0
0 — Ky — NZoO)oW — K — 0
HO: 0 0 HO(K)
(3.3.16)
Hl : HI(K2) P1®W Hl(Kl>
o2 H2(K) 0 0
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0o — K — (Zo0)S*W — SSWeO — 0

HO: HO(K;) S2W S3W

(3.3.17)
H': HY(K,) 0 0
H?: 0 0 0

Note that P? := H*(A\3Z).
Here comes the new feature: The map H'(K,) — HY(A*(Z & O) @ W) is

injective. We will prove this later as a lemma. With this understood, we conclude

that

P! —
Ker(H'(K,) — H*(K,)) = Coker(H'(K,) — P' @ W) = Pl(z‘(/g ~ Pl oV,
(3.3.18)
Hence we have a description of H?*(A3EY) now:
HYK S3TW
(W) = By P T (33.19)

PPoP @W PoP W
Note that W = Ker(C — W).
Lemma 3.3.1. The map H'(Ky) — H (A\*(Z & O) @ W) is injective.

This will recur in the general p case.
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Proof: The definition of K fit it into the following commutative diagram:

N(Z @ O) “N (ZBO0)W

K, (3.3.20)

where ¢ : N3(Z ® O) — A*(Z & O) @ W, as a map in the Koszul resolution, is
induced by the mape: Z 0 —- W ® O.

From we see that H'(K,) = HY A} (Z ® O)) = P!. So to proof the
injectivity of s, : H'(Ky) — HY((A*(Z & O) @ W) is equivalent to proof the
injectivity of e, : H'(A3(Z & O)) — HYA*(Z & O) @ W). By Theorem [3.2.1}
HY(N3(Z @ O)) = HY(A\*Z) is generated by {s7|I € Py}, where P, is the set of all
length-2 primitive collections of toric invariant divisors. e.(s;) = s; ® wp, where
wy =¢(0,1) =go(1) € W.

Say .(>_;crsy) = 0, where ¢; € C. Then >, ¢rsr @ wo = (D crsr) ® wy = 0.

Thus ), crsp = (ﬂ which means ¢, is injective. ]

3.3.3 General Description of H?(V, A\PEY)

Theorem 3.3.2. Let £Y be a bundle as defined above, i.e. fitting into Diagram

of short exact sequences, and be generic in the sense that Theorem |3.2.9’s

3We are making use our assumption that £¥ does not split, which means wq # 0.
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n+1

conclusions hold. Then for p < "=,

SPW
®_,Pi-1 @ Sr—iW’

HP(V, \PEV) = (3.3.21)

where SPW = Coker(SP~'W — SPW), and the map SP~'W — SPW s induced by

g0=¢lo: 0 —=>W®QO, and PI7' .= HI"Y (N Z).

Proof:

From the short exact sequence(3.2.2)) we build the Koszul resolution:

0= ANPEY S N (ZBO) = ... > N(ZB0)@SPTW — O x SPW — 0 (3.3.22)

and further break it into short exact sequences

0= K; = (NZeN'Z)@SPTW — K;_; — 0, (3.3.23)

for j =0,...,p. Note that K, = APEY, Ky = SPW ® O. Now we study the induced
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long exact sequences in cohomology:

= HI3(K) —— HI3(NZ @ N71Z) @ SP=iW) —— HI73(K,_,)
- H(Kj) —— HI (N Z & N7 Z) @ SPIW) —— HI72(K;_y)

J

—— HYK;) —— H Y (NZ &N Z) @ SPIW) — HI7Y(K;_,)

— H(K;)
(3.3.24)

First, by Theorem |[3.2.1 H' (N Z&N1Z)@SPW) =2 H(NZSN 1 Z)0 SPIW
vanishes for all 7 except i =j—2and i =5 — 1.
Then we see H'7?(K;_1) < H"*(K;) < ... — H?"*(K,) = 0, Hence
HI73(K;_1) = 0.

Now we can list all possible non-vanishing terms

0— K;—» (NZenN'Z)@S W = K;;1— 0.

HI=3 . 0 0 0
-2 - 0 Pi—2 g SP=iTy HI72(K,_y) (3.3.25)
Hi7Y HITYK;) Pi—t @ SPmiw HI7Y(K;_y)

Hi:  HI(K;) 0 0
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and rewrite the long exact sequence |3.3.24] as

0——Pi2@ Sri = Hi-%(K,;_ ;)%= HI"\(K)) (3.3.26)

— = Pl @ SPIW — HITY(K_y) L HI(K;)—0,

J

where, as before, P7 := HI(NT(Z)).

Next, we claim the map H'"%(K;_1) — H77'(Kj) is always the zero map. (This
will be proved as Lemma below.) Hence H'"?(K;_;) & PI=? @ SPJIV, and
HI7Y(K;) < Pt ® SP=IW. Hence

L Plesriw o PiTle sPIw

= . > : ~ pi~l g SPIW. 3.3.27
Coker € Hi () [Ty ® ( )

This will give us the desired description:

H7YK;)  H7UK ) o, H7U(KG )

HI(K;) = = = _. 3.3.28
(K5) Ker d Coker ¢, Pi-1® Sr—iW ( )
Repeat this for all j, we get
SPW
HP(V,NPEY) = : —,
Df_y P~ @ SPIW
which is exactly Equation (3.3.21)). m

Lemma 3.3.3. The map H'7*(K;_1) — H'"Y(K;) is always the zero map. Hence
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HI72(K;) 2 P2 @ SP9W, and HY7NE) — Pt @ SPIW.

Proof: By induction. When j = p, we know that H?~*(K,) = 0. So the lemma
1s true.

Assume the lemma is true for j + 1, then
HYK) 2 H Y ((NZeNZ)0 SPIW) = pi-t g SPi-1y. (3.3.29)

To show it is true for j, it suffices to show that the map iy : H"Y(K;) — P! @

SP=ITV is injective. Note that we have the commutative diagram

NZONT'Z)Q@ S TW—NT'ZON?Z)0 SPIHW

/

K (3.3.30)

from the definition of K;_;. By (3.3.29), it suffices to show that e, : H =} (N Z &
NTYZ) @ SPIW) — HIZY(NTYZ @ N72Z) @ SP=ITYV) is injective.

We take a close look at the map e,: by Theorem , the domain, P! ®
SP=i=1W is generated by {s; @ w’|I € P;,w’ € SP7I='W where P; is the set of all
length-2 primitive collections of toric invariant divisors. €,(s;@w?’) = s;@wy@%w?,
where the ‘s’ in ®° indicates a symmetric tensor product.

Now we can check the injectivity easily: say €.(>"; ¢;s; @ w!) = 0 (note that we
have summed up the J indices for fix I), where ¢; € C. Then > ; ¢85/ ® w! @ wy =

>, ersr@w!)@%we = 0. Thus Y, ¢rsp@w! = (ﬂ, which means ¢, is injective. [J

4We are making use our assumption that £ does not split, which means wq # 0.
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3.4 The Ring Structure

By Theorem [3.2.2 the dimension of the possible non-vanishing ones of HI(APEY)

are: (Let h?? = dim HI(APEY))

n=2m n=2m-+1
h0,0 h0,0
hl,l hl,l
e hm—l—l,m hmem (341)
hm+2,m+1 hm—i—?,m-‘,—l
. Pt me2
prtin .
hn—i—l,n

The two diagrams are centrosymmetric by the duality part of Theorem [3.2.2]

So the cup-length is at most ”TJ“Z

We want to understand the multiplicative structure of H*(A*EY).

First we introduce the following notion: For a ring R (commutative with 1), let
the double of R be a ring

R® =R R, (3.4.2)

ntl
uv =uvorv(u) or 0 We then define Ry = @, : HP(APEY), and R = R(()Q).

It is clear that the cohomology ring is R and it only remains to describe Ry,

which is done by the following theorem:

Theorem 3.4.1. Under the isomorphism in the description (3.5.21) of HP(APEY),
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the cup product HP(APEY) x HUNIEY) — HPTI(APTIEY) is just the multiplication

of the symmetric algebra.

Proof: Similar to the T" case. [

3.5 Further questions

There are a few questions remaining: First, we only get results for generic deforma-
tions. We can ask further whether this is true for all deformations. Next, we need
to do the quantum part. Also, we believe similar results on generic deformations of

T @& Of, for s < r =rank(Pic(V)). (For larger s, £ splits.)
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Chapter 4

Further Discussions

4.1 QSC for complete intersections in toric vari-

eties

We want to extend the theory of quantum sheaf cohomology to omalous bundles
over complete intersections in toric varieties. These include many Calabi-Yaus that
are of interest for string compactifications.

The first case is when X C V is a hypersurface. The tangent bundle of X is the
cohomology of the following monad sequence, i.e. a (non-exact) complex of vector

bundles, each a direct sum of line bundles:

0—>Ox®Wv—>@Ox(Di)—>Nx/v—>0, (411)
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where N,y is the normal bundle.

The cohomology of a small deformation of this sequence will be an omalous
bundle £ on X. The authors of [9] conjecture that the “toric part” of the quantum
sheaf cohomology ring structure of £ could be described similarly to the toric variety
case.

We are currently working on this conjecture. This should enable us to compute
quantum correlators and to prove the (0,2) quantum restriction conjecture in [I§].
The argument will presumably generalize those given in [4][12][20] for the (2,2) case
when & is the tangent bundle. Another consistency check arises from the observation
that certain toric varieties can be realized as complete intersections in others; in
such cases, the quantum cohomology computed here must reproduce the answer

obtained in Chapter 2

4.2 QSC for Grassmannians

The theory of quantum cohomology on Grassmannians has been studied by many
authors ([3, 19]). Accordingly, the quantum sheaf cohomology analogy will be
interesting to both mathematicians and physicists. An ongoing project [10] studies

this problem, aiming to generalize the quantum cohomology ring

QH*X =Zlcy,...;c,q) ) (Oks1y ey On_1,0n + (—1)lq) (4.2.1)
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of X = Gr(k,n) in [3] to omalous bundles.
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