Fall 2016 Math 2B
Suggested homework problems

solutions
Section Problems
7.5 | Strategy for integration | 2,3,7, 18, 22, 25,27, 28, 30, 42
8.1 Arc length 10,12, 14, 34
11.1 Sequences 4,10, 14, 26, 31-36 all, 47, 50, 55

Strategy for integration
Problem 2 : We make the substitution u = 3x + 1, du = 3dx. Whenx =0, u =1
and when x =1, u = 4. We get

4\@4-1 -1
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Problem 3 : We integrate by parts to get rid of Iny,with

du:d—y,
y

v = §y3/2, dv = \/ydy.

u=Iny,

We get
! 2 50y 102
/ Vylnydy = |7y "Iny ——/ vy ay
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230, 2255 32, 28
— {Sy Iny 32y =3 In2 9
Problem 7 : We do the substitution u = arctany, du = 1 :l_y 72 Wheny = —1,
u = arctan(—1) = —arctan1 = —7t/4. Wheny = 1, u = arctan 1 = 71/4.
1 earctany /4
— — /4 _ /4 ,—m/4
/_1 14 y? W= _n/4e”du_ "2 g = €™ — e



Problem 18 : We do the substitution u = t,du = ——. Whent =1, u = 1. When

\/_
t=4,u=2.

/147\[511‘—2/ et du = 2[e"]] = 2(? —e).

d
Problem 22 : We do the substitution u = Inx, du = Yx

/ Inx dx—/Ldu
xy/1+ (Inx)? V1+u?

We make the substitution v = 1+ 12, dv = 2u du.

/\/ﬁdu: 2‘%:\/5: J1+ (Inx)2.

Problem 25: We have degP = 1 and deg Q = 1. We do a long division and have

1412t = 4(1+3t) —3.

Thus we have

11 412t 3 .
/01+3tdt_/0(4—m)dz [4f —In(3t + 1))} = 4 — In4.

Problem 27 : We make the substitution u = ¥, du = e* dx.

dx _/ /
14+ex 1+u

Problem 28 : We make the substitution u = v/at, du =

a
dt = 2 ar.
2\ at 2u

/sin\/ﬁdt = /(sinu)zjudu = %/usinudu.

We perform an integration by parts with

v =1u, dv = du,

w= —cosu, dw=sinudu.

2 2
E/usinudu = [ ucosu+/cosudu] :E[—ucosu—i—sinu]qLC
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[ \/—tCOS\/_+51n\/—]+C

2

:1n|u|—1n|1-|—u|-|—C:x—ln(ex—i—l)-l—C.



Problem 30: ¢* > 1 < x > 0. We thus have
1—¢% for —1<x<0,

le¥ —1] =
e —1, for0<x<2.

Therefore
2 X 0 X 2 x x10 X 2 2 -1
/1|e —1|dx:/1(1—e )dx+/0 (e —1)dx=[x—e']_;+[e"—x]g=e"+e  —3.

Problem 42 : We integrate by parts to get rid of tan~! x,with

u=tan lx, du=-—"-,
1+ x2

1 d
v=—-, dv = —ch
x X
We get
/ tan~!x dy — _tan"'x +/ dx
x2 B X x(1+x2)
1
) is a proper rational function whose denominator is already factored. We
want to find constants A, B, and C such that
1 B é n Bx+C
x(T+x2)  x  22+41°

By putting the two fractions on the right on the same denominator, we get the equal-
ity

1=A(x*+1)+(Bx+C)x <= 1= (A+B)x*+Cx + A.
We identify the different powers of x and obtain the system

(A+B=0 A=1,

We can now compute our integral
1 dx x
A et
/x(x2+1) * x 2r1
1
:hﬂﬂ—imu?+u+c
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Therefore

tan~! tan~! 1
/anzxdx:_an x+ln|x|——ln|x2—|—1|—|—C.
X X 2

Arc length

Problem 10 : Let f be the function defined by

flx) = % (x2—4)3 = %(xz 432,

We have f/(x) = g(x2 —4)12 and so

m:\/1+(w)2:\/1+@=\/(X2;2)2:x22—2,

We want the length of the curve defined by y = f(x),2 < x < 3.

103, 1 [x3 13
- 2dx =< | T x| =22
2/2x * 2[3 xL 6

Problem 12: Let g be the function defined by

4
_r 1
sW) =g +3.

L YO G
2y3—2(y y~°), and so

N[,

We have ¢'(y) =

1 2 1 4y6 +y12 — 26 4+ 1
1+g'v) :\/1+(§(y3‘y_3)) :\/1+1(y6—2+y‘6>=\/y o

VW12 1 1 5

We want the length of the curve defined by x = g(y),1 <y < 2.

12 5 o0 1yt 171° 33
2= [ =T

Problem 14 : Let f be the function defined by
f(x) =In(cosx).

4



—sinx
= —tanx, and so

1+ f'(x)2 = V/1+tan?x = secx.

We want the length of the curve defined by y = f(x),0 < x < %

We have f/(x) = p—

/3
/ secxdx = [ln|secx—k’canx|]”/3 In(2 +V/3).
0

Problem 34 : (a)

10 -5 5 10

(b) Let f be the function defined by

f(x) =273,

2
We have f'(x) = gx_1/3, and so

V9x2/3 + 4
1+ f/(x —\/+ —x72/3 = i
We want the length of the curve defined by y = f(x), 0 < x < 1.

/14 f'(x)? has an infinite discontinuity at 0.
Let0 <t < 1.

2
We do the substitution u = x2/3, du = gx_1/3 dx. When x = t, u = #2/3. When
x=1u=1.

11/952/3 1
/ Yo s / Vou + ddu = [(91{ + 4)3/2} = o (18%2 = (92 +4)7/2) .
t 23 27

3x1/3

Ast — 0,t%/3 — 0 and hence (9t>/3 4 4)3/2 — 43/2 = 8. So

1/9x273 1 4 1/ an
/0 3B o (13 8)‘



Let g be the function defined by
gy) =y

We have ¢/(y) = gyl/z, and so

1+¢'(y)? = 1+4y 4+ 9y.
We want the length of the curve defined by x = g(y),0 <y < 1.
/\/4+9 dy = [4+9y)3/2} ! (133/2 8).
0o 27

(c)

1 /1 1 4 1 3/2 1 3/2]%
E/0 \/4+9ydy+§/0 VA +9ydy _2—7<13 —8)+2—7[(4+9y) }O

1

= (13%/2 + 8010 - 16) .

Sequences
3 4 15 12
Problem4: a1 =0,ap = 2,03 = —, a4 =
roblem ap =0,ap 5,a3 5 Vi as = 3
1
Problem 10: a1 = 6,a, = 6,a3 =3,a4 = 1,a5 = —
. (_1)n+1
Problem 14: a, = T
Problem26: —1 < 0.86 < 1so lim (0.86)" =0,and lim a, = 2.

n——+oo n——4o0

Problem 31: We factor n2 in the numerator and denominator of the rational func-
tion

14402 5 +4

1+ n? % +1

Hence

lim = lim = - =4,

n—+oo 1+ n? n—+o00 % +1

1+ 4n? ot 4
1

The square root function is continuous at 4, so liIE a, = Vi =2,
n—-—+0o



Problem 32: We factor #n in the numerator and denominator of the rational function

nmw 7
n+1 1+ %
Hence
nr , T T
lim = lim =T =T
n—+oon -+ 1 n—>+001_|_E 1
cos is continuous at 77, so lim a, = cos(rr) = —1.
n—-+oo

Problem 33 : We factor by n? the numerator and denominator, because it is the
highest power of n.

n2 n? 1
: = =
vn’ +4n 2 /14 4 1, 4
n n + n3 n + n3
. 1 I )
lim ——1——3:0,50 lim a, = +oo0.
n—-+oo n n n—-+too

Problem 34 : We factor by n the numerator and denominator, and take the limit.

2n . 2 2
lim lim = - =
n—toon + 2 n—>+ool_|_% 1

x — e* is continuous at 2, so lim a, = 2.

n—-+oo

Problem 35: We take the absolute value of a, to get rid of (—1)".

lim |a,| = lim = 0.

n—s+o0 n—+o0 2\/_

Hence lim a, = 0.
n—-+oo

Problem 36 : We take the absolute value of a, to get rid of (—1)"*1.

lan| =

n
n++/n
We factor by n the numerator and denominator, and take the limit.

lim = lim 1 =1.

n%+oon—|—\/_ n—H—ool_'_\/»

Hence a, has odd-numbered terms that approach 1 and even-numbered terms that
approach —1. Therefore a, is divergent.



Problem 47 : a, = (1+ %)” = ¢"n(1+5) We define f(x) = xIn(1+ %) We have

lim nln(1+ z) = lim f(x). We apply 'Hospital rule

n— 400 n X—>—+00
In(1+ 2) il y) 2
n = 1+2
lim f(x) = lim —— %" = lim —* " = lim —> =2>=2
xX—+0o0 X—+00 = X—+00 = x—+4o0 ] 4 < 1

2 .
Then lim nln(1+ =) = 2. x ~> ¢ is continuous at 2, so lim a, = €.
n—r+400 n n—+oo

2
Problem 50 : We define f(x) = (lnxx)
lim f(x). We apply I'Hospital rule two times in a row and get

X—r+00

. We have a4, = f(n) and lim a, =

2
e g nr 22
Ml S0 =, = =l T = i =l 2o

Thus lim a, = 0.
n—r+00

Problem 55: Letn > 1.

Each fraction between % and (”;1) is larger than 1.

1
We thus have a, > - - E. And lim n_ +o00. Therefore a,, — +00, as n — +oo.
2 2 n——+oo 4



