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hpdlo= urelqvCkvsk1kduydug1hgx

Devwudfw= Wkh vwdqgdug zd| wr sdudphwhul}h wkh glvwulexwlrqv uhsuhvhqwhg e| d gluhfwhg df|folf

judsk lv wr lqvhuw d sdudphwulf idplo| iru wkh frqglwlrqdo glvwulexwlrq ri hdfk udqgrp yduldeoh jlyhq lwv

sduhqwv1 Zh vkrz wkdw zkhq rqh*v jrdo lv wr whvw iru ru hvwlpdwh wkh gluhfw h�hfw ri d wuhdwphqw/ wklv

qdwxudo sdudphwhul}dwlrq kdv vhulrxv gh�flhqflhv1 Ixuwkhupruh/ lq prvw vhwwlqjv/ wkh qr gluhfw0h�hfw qxoo

k|srwkhvlv grhv qrw hqwdlo dq| frqglwlrqdo lqghshqghqfh uhvwulfwlrqv dqg wkxv fdqqrw eh whvwhg xvlqj

frpsxwhu surjudpv ghvljqhg wr vhdufk iru frqglwlrqdo lqghshqghqflhv lq wkh gdwd1 E| uhsdudphwhul}lqj

wkh judsk xvlqj gluhfw h�hfw vwuxfwxudo qhvwhg prghov/ wkhvh sureohpv fdq eh ryhufrph1 D gluhfw0h�hfw

vwuxfwxudo qhvwhg prgho lv d fdxvdo prgho iru wkh gluhfw h�hfw ri d �qdo eulhi eols ri wuhdwphqw rq wkh

rxwfrph ri lqwhuhvw1

41 Lqwurgxfwlrq

Frqvlghu d vhw ri udqgrp yduldeohv Y @ +[�> = = = >[� , zkrvh mrlqw ghqvlw| i +y, lv uhsuhvhqwhg

e| d Gluhfwhg Df|folf Judsk +GDJ, J1 Li Sd6 uhsuhvhqwv wkh sduhqwv ri [6/ wkhq wkh ghqvlw|

idfwrul}hv dv

i+y, @
�\
6'�

i+{6msd6, 1 +414,

Lq sudfwlfh/ lq rughu wr hvwlpdwh i +y, iurp lqghshqghqw uhdol}dwlrqv Y�> l @ 4> = = = > q/ rewdlqhg rq

q vwxg| vxemhfwv/ rqh riwhq qhhgv wr dvvxph vrph sduwlfxodu sdudphwulf irup iru hdfk i+{6msd6,1

Wkxv rqh zulwhv i+y, @
�T
?'�

i+{6msd6> �6, zkhuh �6 lv dq hohphqw ri wkh sdudphwhu vsdfh �6/

dq rshq vxevhw ri d �qlwh glphqvlrqdo Hxfolghdq vsdfh1 Iru h{dpsoh/ vxssrvh wkh sduhqw ri [2

lv [�1 Wkhq s+{2msd2> �2, pljkw eh Q+�f . ��{�> �
2, vr wkdw �2 @ +�f> ��> �,1 Lq jhqhudo/ li

rqh lqvhuwv d sdudphwulf idplo| i +{6 m sd6> �6, lqwr wkh uljkw kdqg vlgh ri hdfk whup ri +414,

dqg wkh �6 duh yduldwlrq lqghshqghqw/ zh fdoo wklv d vwdqgdug sdudphwhul}dwlrq ri wkh GDJ1

Wklv vhhpv wr eh wkh xvxdo zd| ri xvlqj GDJV lq sudfwlfh1 Wkh sdudphwhuv �6 duh vdlg wr eh

yduldwlrq lqghshqghqw li wkh mrlqw sdudphwhu vsdfh iru � @
�
���> = = = > �

�

�

�
�

lv wkh surgxfw vsdfh

�� � �2 � = = =� �� 1

Dv qdwxudo dv lw vhhpv wr sdudphwhul}h d GDJ lq wklv zd|/ wkhuh duh sureohpv zlwk wkh

vwdqgdug sdudphwhul}dwlrq zkhq rqh*v jrdo lv wr whvw iru ru hvwlpdwh wkh gluhfw h�hfw ri d wuhdw0

phqw ru frqwuro yduldeoh1 Wklv kdv ehhq qrwhg e| Urelqv +4<;</ 4<<:,1 Wkh qh{w vhfwlrq jlyhv



d vlpsoh h{dpsoh zklfk looxvwudwhv wkh sureohp1 Lq rxu vlpsoh h{dpsoh/ wkh jrdo lv wr whvw iru

dqg hvwlpdwh wkh gluhfw h�hfw ri dq DLGV guxj/ sursk|od{lv wkhuds| +D� ,/ rq vhuxp KLY UQD

ohyhov +\ , dprqj DLGV sdwlhqwv/ pdq| ri zkrp dovr uhfhlyh d vhfrqg dfwlyh DLGV wkhuds|/ D]W

+D~,1

Eulh | sxw/ wkh sureohp lv wklv= Vxssrvh wkh GDJ J uhsuhvhqwv wuhdwphqwv dqg fryduldwhv

lq d orqjlwxglqdo vwxg|1 Ixuwkhu vxssrvh wkdw wkh sduwldo rughulqj ri wkh yduldeohv lq Y hqwdlohg

e| wkh GDJ J lv frqvlvwhqw zlwk wkh whpsrudo rughulqj ri wkh yduldeohv1 Rxu jrdo lv wr whvw iru d

gluhfw h�hfw ri D� wuhdwphqw rq wkh rxwfrph \ zkhq D~ lv khog �{hg1 Lq fhuwdlq vhwwlqjv/ vxfk

dv d vhtxhqwldo udqgrpl}hg wuldo/ wkh qxoo k|srwkhvlv ri �qr gluhfw wuhdwphqw h�hfw/� dowkrxjk

lghqwl�deoh edvhg rq wkh revhuyhg gdwd/ fdqqrw eh whvwhg vlpso| e| whvwlqj iru wkh suhvhqfh

ru devhqfh ri duurzv lq wkh GDJ J dv rqh pljkw h{shfw1 Wkhvh frqglwlrqv/ idu iurp ehlqj

sdwkrorjlfdo/ duh lqghhg olnho| wr krog lq prvw uhdo h{dpsohv1 Iruwxqdwho|/ wkh gluhfw h�hfw

qxoo k|srwkhvlv fdq eh whvwhg e| h{dplqlqj d sduwlfxodu lqwhjudo fdoohg wkh �J0frpsxwdwlrq

dojrulwkp ixqfwlrqdo�1 Wkh qxoo lv wuxh li wklv lqwhjudo vdwlv�hv d fhuwdlq frpsoh{ frqglwlrq1

Lqghhg/ wklv frpsoh{ frqglwlrq grhv qrw hqwdlo dq| frqglwlrqdo lqghshqghqfh uhvwulfwlrqv rq wkh

mrlqw glvwulexwlrq ri wkh revhuyhg yduldeohv dqg wkxv fdqqrw eh whvwhg xvlqj surjudpv vxfk dv

WHWUDG ^Vsluwhv/ Jo|prxu/ dqg Vfkhlqhv +VJV,/ 4<<6` wkdw whvw iru frqglwlrqdo lqghshqghqflhv

+Urelqv/ 4<;9> Yhupd dqg Shduo/ 4<<4> VJV/ 4<<6,1 Ixuwkhupruh/ zh suryh lq Wkhruhp 5 wkdw

wkhuh lv dq dgglwlrqdo frpsolfdwlrq1 Vshfl�fdoo|/ frpprq fkrlfhv iru wkh sdudphwulf idplolhv lq

d vwdqgdug sdudphwhul}dwlrq riwhq ohdg wr mrlqw ghqvlwlhv vxfk wkdw wkh lqwhjudo fdq qhyhu vdwlvi|

wkh uhtxluhg frqglwlrq> dv d frqvhtxhqfh/ lq odujh vdpsohv/ wkh qxoo k|srwkhvlv ri qr gluhfw

wuhdwphqw h�hfw/ hyhq zkhq wuxh/ zloo eh idovho| uhmhfwhg uhjdugohvv ri wkh gdwd1 Wkhvh sureohpv

duh h{dfhuedwhg lq kljk glphqvlrqdo sureohpv1 Lq vxppdu|/ fxuuhqwo| dydlodeoh phwkrgv fdqqrw

eh xvhg wr whvw iru gluhfw wuhdwphqw h�hfwv1

Zh sursrvh d qhz fodvv ri whvwv/ wkh gluhfw0h�hfw j0whvwv/ ri wkh k|srwkhvlv ri qr gluhfw h�hfw

ri d +srvvleo| wlph0ydu|lqj vhtxhqwldo, wuhdwphqw D� rq dq rxwfrph \ zkhq d vhfrqg wuhdwphqw

D~ lv khog �{hg1 D gluhfw0h�hfw j0whvw uhzhljkwv wkh j0qxoo whvw +Urelqv/ 4<;9, ri frqglwlrqdo

lqghshqghqfh ri D� dqg \ e| wkh lqyhuvh ri wkh suredelolw| ri uhfhlylqj wuhdwphqw D~ 1 Zkhq

wkh gluhfw0h�hfw j0whvw uhmhfwv/ lw lv ri lqwhuhvw wr hvwlpdwh wkh pdjqlwxgh ri wkh h�hfw ri D� rq \

zkhq wuhdwphqw D~ lv khog �{hg dw d vshfl�hg ydoxh d~ 1 Lq rughu wr gr vr/ zh lqwurgxfh wkh fodvv

ri gluhfw0h�hfw vwuxfwxudo qhvwhg prghov +VQPv,1 D gluhfw0h�hfw VQP prghov wkh h�hfw ri d �qdo

eulhi eols ri wuhdwphqw zlwk D� dw wlph w rq \ zkhq D~ lv vhw wr d~ 1 Gluhfw0h�hfw VQPv r�hu d

xql�hg dssurdfk wr whvwlqj iru dqg hvwlpdwlrq ri gluhfw h�hfwv1 Wklv xql�hg dssurdfk xwlol}hv d

fodvv ri urexvw vhplsdudphwulf whvwv dqg hvwlpdwruv/ wkh gluhfw0h�hfw j0whvwv dqg hvwlpdwruv/ iru

wkh sdudphwhu # ri d gluhfw0h�hfw VQP1 Wkhvh whvwv dqg hvwlpdwruv duh vhplsdudphwulf lq wkh

vhqvh wkdw wkh| rqo| uhtxluh wkdw rqh vshfli| d sdudphwulf prgho iru wkh suredelolw| ri wuhdwphqw

zlwk D� dqg D~ jlyhq wkhlu sduhqwv rq wkh GDJ1

Lq frqwudvw wr wklv dssurdfk/ lq wkh judsklfdo prghoolqj olwhudwxuh/ wkh xvxdo dssurdfk wr

hvwlpdwlrq lv wr +l, vshfli| d ixoo| sdudphwulf prgho iru wkh glvwulexwlrq ri wkh GDJ dqg +ll,
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wkhq hvwlpdwh sdudphwhuv ri lqwhuhvw hlwkhu e| pd{lpxp olnholkrrg ru Ed|hvldq phwkrgv1 Lq wklv

vslulw/ zh ghvfuleh d frpsohwh uhsdudphwhul}dwlrq ri wkh glvwulexwlrq ri wkh GDJ zlwk d gluhfw0

h�hfw vwuxfwxudo qhvwhg prgho iru wkh h�hfw ri D� rq \ zlwk D~ vhw wr d~ dv rqh frpsrqhqw1 D

vhfrqg frpsrqhqw ri wkh uhsdudphwhul}dwlrq lv d pdujlqdo vwuxfwxudo prgho +Urelqv/ 4<<;/ 4<<<,

iru wkh h�hfw ri D~ rq \ zkhq D� lv zlwkkhog1 Wklv uhsdudphwhul}dwlrq doorzv d ixoo| sdudphwulf

olnholkrrg ru Ed|hvldq dssurdfk wr whvwlqj iru dqg hvwlpdwlrq ri gluhfw h�hfwv1 Zh frpsduh wkh

vwuhqjwkv dqg zhdnqhvvhv ri rxu vhplsdudphwulf dssurdfk zlwk wklv ixoo| sdudphwulf dssurdfk1

Zh xowlpdwho| uhfrpphqg d �pl{hg� dssurdfk wkdw frpelqhv wkh ehvw dvshfwv ri erwk1

Zh vwxg| wzr gl�huhqw gluhfw0h�hfw vwuxfwxudo qhvwhg prghov/ gluhfw0h�hfw vwuxfwxudo qhvwhg

phdq prghov +VQPPv, dqg gluhfw0h�hfw vwuxfwxudo qhvwhg glvwulexwlrq prghov +VQGPv,1 Wkh

VQPPv prgho wkh gluhfw h�hfw ri d wuhdwphqw D� rq wkh phdq ri wkh rxwfrph \ zkloh wkh

VQGPv prgho wkh gluhfw h�hfw ri D� rq wkh hqwluh glvwulexwlrq ri \ 1 VQGPv duh rqo| ds0

sursuldwh li wkh rxwfrph \ lv frqwlqxrxv/ zkloh VQPPv fdq eh xvhg wr dqdo|}h erwk glvfuhwh

dqg frqwlqxrxv uhvsrqvhv1 Rxu gluhfw0h�hfw VQPv gl�hu iurp wkh vwdqgdug VQPv glvfxvvhg

lq Urelqv +4<;</ 4<<6/ 4<<8/ 4<<:, dqg Urelqv dqg Zdvvhupdq +4<<:,1 Zh kdyh lqwurgxfhg

gluhfw0h�hfw VQPv ehfdxvh/ dv vkrzq e| Urelqv dqg Zdvvhupdq +4<<:,/ wkh vwdqgdug VQGPv

duh qrw dghtxdwh wr whvw iru dqg2ru hvwlpdwh gluhfw h�hfwv h{fhsw lq vshfldo fdvhv1 Vshfl�fdoo|/ lq

Vhfwlrq 45/ zh vkrz wkdw wkh vwdqgdug VQGPv duh dghtxdwh wr whvw iru dqg hvwlpdwh wkh gluhfw

h�hfw ri D� zkhq D~ lv khog �{hg rqo| li wkh pdjqlwxgh ri wkh h�hfw ri D~ rq \ lv qrw prgl�hg

e| suh0wuhdwphqw fryduldwhv1

Ilqdoo|/ zh qrwh wkdw wkh gluhfw0h�hfw VQPv lqwurgxfhg lq wklv sdshu gl�hu iurp wkh gluhfw0

h�hfw VQPv lqwurgxfhg lq Dsshqgl{ 6 ri Urelqv +4<<:,1 Zh uhfrpphqg wkdw dq dqdo|vw xvh wkh

gluhfw0h�hfw VQPv ri wklv sdshu udwkhu wkdq wkrvh ri Urelqv +4<<:,/ ehfdxvh wkh gluhfw0h�hfw

VQPv lqwurgxfhg khuh/ lq frqwudvw wr wkrvh ri Urelqv +4<<:,/ dgplw urexvw vhplsdudphwulf

gluhfw0h�hfw j0whvwv dqg hvwlpdwhv1 Krzhyhu/ wkh gluhfw0h�hfw VQPv lqwurgxfhg khuh duh lqwulq0

vlfdoo| dv|pphwulf/ lq wkdw/ lq frqwudvw wr wkh prghov lq Urelqv +4<<:,/ d vlqjoh prgho fdqqrw

eh xvhg wr vlpxowdqhrxvo| whvw iru d gluhfw h�hfw ri D� �{lqj D~ dqg iru d gluhfw h�hfw ri D~

�{lqj D� 1

4141 Dq H{dpsoh

Wr looxvwudwh wkh sureohp zh duh frqfhuqhg zlwk/ frqvlghu wkh iroorzlqj jhqhulf h{dpsoh ri d

vhtxhqwldo udqgrpl}hg folqlfdo wuldo ghslfwhg e| GDJ 4d lq zklfk gdwd kdyh ehhq froohfwhg rq

yduldeohv +Df> D�> O> \ , rq hdfk ri q DLGV sdwlhqwv1 Wkh frqwlqxrxv yduldeoh Df uhsuhvhqwv wkh

grvh lq plooljudpv ri sursk|od{lv wkhuds| iru SFS +DLGV sqhxprqld, uhfhlyhg e| DLGV sdwlhqwv

dw wlph wf> wkh frqwlqxrxv yduldeoh D� uhsuhvhqwv wkh grvh lq plooljudpv ri D]W uhfhlyhg dw wlph

w�> wkh glfkrwrprxv yduldeoh O uhfrugv zkhwkhu d sdwlhqw ghyhorshg SFS lq wkh lqwhuydo iurp wf

wr w�> wkh frqwlqxrxv yduldeoh \ uhsuhvhqwv d vxemhfw*v KLY0yludo ordg phdvxuhg dw hqg0ri0iroorz0

xs> dqg wkh klgghq +xqphdvxuhg, yduldeoh X ghqrwhv d sdwlhqw*v xqghuo|lqj lppxqh ixqfwlrq dw

wkh ehjlqqlqj ri wkh vwxg|1 X lv d phdvxuh ri d sdwlhqw*v xqghuo|lqj khdowk vwdwxv1
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Wkh sursk|od{lv wkhuds| grvh Df zdv dvvljqhg dw udqgrp wr vxemhfwv dw wlph wf vr/ e| ghvljq/

DfBBX 1 D]W wuhdwphqw D� zdv udqgrpo| dvvljqhg dw wlph w� zlwk udqgrpl}dwlrq suredelolwlhv

wkdw ghshqg rq wkh revhuyhg sdvw +Df> O,/ vr/ e| ghvljq XBBD� m Df> O1 Iru vlpsolflw|/ zh vkdoo

dvvxph wkdw qr rwkhu xqphdvxuhg frpprq fdxvhv +frqirxqghuv, h{lvw1 Wkdw lv/ hdfk duurz lq

GDJ 4d uhsuhvhqwv wkh gluhfw fdxvdo h�hfw ri d sduhqw rq lwv fklog/ dv lq Shduo dqg Yhupd +4<<4,

ru VJV +4<<6,1 Qrwh GDJ 4d lv qrw frpsohwh ehfdxvh ri wkuhh plvvlqj duurzv= wkh duurzv

iurp X wr Df dqg D� dqg wkh duurz iurp O wr \ 1 Wkh duurzv iurp X duh plvvlqj e| ghvljq1

Wkh plvvlqj duurz iurp O wr \ uhsuhvhqwv d sulrul elrorjlfdo nqrzohgjh wkdw O kdv qr h�hfw

rq KLY yludo ordg \ 1 +Wkh plvvlqj duurz iurp O wr \ lv qrw hvvhqwldo wr zkdw iroorzv dqg lv

dvvxphg wr vlpsoli| wkh h{srvlwlrq1, Khqfh/ e| wkh Pdunry surshuwlhv ri d GDJ/ zh nqrz wkdw

O
c
\ m Df> D�> X 1 Lw lv nqrzq wkdw Df fdxvhv SFS/ vr Df 9 tO1 Dovr lw lv nqrzq wkdw wkh

xqphdvxuhg yduldeoh X kdv d gluhfw h�hfw rq O dqg \ / l1h1/ X fdxvhv erwk SFS dqg dq hohydwhg

KLY UQD1 Ilqdoo|/ zh vxssrvh lw lv nqrzq wkdw D]W kdv d gluhfw h�hfw rq wkh rxwfrph \ 1 Wkdw

lv/ wkhuh lv dq duurz iurp D� wr \ dqg vr D� 9 t\ m O>Df> X 1

U LA0 A1 Y

GDJ 4d

U LA0 A1 Y

GDJ 4e

4151 Uhsuhvhqwlqj wkh Gluhfw H�hfw Qxoo K|srwkhvlv

Vxssrvh wkh wuldo gdwd kdv ehhq froohfwhg lq rughu wr whvw wkh qxoo k|srwkhvlv wkdw sursk|od{lv

wkhuds| Df kdv qr gluhfw h�hfw rq yludo ordg \ 1 Wklv �qr gluhfw h�hfw qxoo� k|srwkhvlv lv wkh

k|srwkhvlv wkdw wkh duurz iurp Df wr \ lq GDJ 4d lv plvvlqj/ zklfk zrxog lpso| wkdw wkh wuxh

fdxvdo judsk jhqhudwlqj wkh gdwd zdv GDJ 4e1 Wkh dowhuqdwlyh wr wklv qxoo k|srwkhvlv lv wkdw

wkh wuxh fdxvdo judsk jhqhudwlqj wkh gdwd lv judsk 4d1

Iroorzlqj Shduo dqg Yhupd +4<<4, dqg VJV +4<<6,/ zh dvvxph wkh mrlqw glvwulexwlrq ri

Z @ +Y>X, lv idlwkixo wr wkh wuxh judsk zkhuh Y @ +Df>D�> O> \ ,1 Wkdw lv/ li E/ F/ dqg G

duh glvwlqfw +srvvleo| hpsw|, vxevhwv ri wkh yduldeohv lq +Y>X,/ wkhq E lv lqghshqghqw ri F

jlyhq G li dqg rqo| li E lv g0vhsdudwhg iurp F jlyhq G rq wkh wuxh fdxvdo judsk jhqhudwlqj

wkh gdwd1 Lw iroorzv wkdw wkh �qr gluhfw h�hfw qxoo k|srwkhvlv� ri GDJ 4e lv wuxh li dqg rqo| li

Df
c
\ m D�> O> X 1 Lqghhg/ vlqfh zh kdyh dvvxphg qr duurzv iurp O wr \ / Df

c
\ m D�> O>X lv

htxlydohqw wr wkh k|srwkhvlv Df
c
\ m D�> X 1 Wkh txhvwlrq lv= fdq zh vwloo fkdudfwhul}h wkh qxoo

k|srwkhvlv hyhq ri X lv qrw revhuyhg1 Wkh dqvzhu lv |hv/ dffruglqj wr wkh iroorzlqj Wkhruhp1
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Wkhruhp 414= Vxssrvh wkh glvwulexwlrq ri Z @ +Y>X, lv idlwkixo wr hlwkhu GDJ 4d ru 4e/ rqh

ri zklfk jhqhudwhg wkh gdwd1 Wkhq/ wkh gluhfw h�hfw qxoo k|srwkhvlv DfBB\ m D�> X krogv +l1h1/

GDJ 4e jhqhudwhg wkh gdwd, li dqg rqo| li

�[
�'f

i +| m df> d�> c, i +c m df, grhv qrw ghshqg rq df= +415,

Wkxv/ hyhq wkrxjk X lv xqrevhuyhg/ zh fdq vwloo whoo li wkh qxoo krogv e| fkhfnlqj +415, zklfk

rqo| lqyroyh wkh revhuydeohv1

Uhpdun= Hyhq zlwkrxw lpsrvlqj idlwkixoqhvv/ Df
c
\ m D�> X lpsolhv +415,/ dowkrxjk wkh

frqyhuvh lv qr orqjhu wuxh1 Qrwh
�S

�'f

i +| m df> d�> c, i +c m df, lv wkh pdujlqdo ghqvlw| ri \ lq

wkh pdqlsxodwhg vxejudsk +VJV/ 4<<6, ri wkh frpsohwh GDJ +5, iru wkh revhuyhg gdwd Y @

+Df> D�> O> \ , lq zklfk duurzv lqwr Df dqg D� kdyh ehhq uhpryhg dqg +Df>D�, vhw wr +df> d�,1

Urelqv +4<;9, uhihuv wr wklv pdujlqdo ghqvlw| dv wkh j0frpsxwdwlrqdo dojrulwkp irupxod iru wkh

h�hfw ri +Df>D�, rq \ 1 Ehfdxvh X kdv qr duurzv lqwr Df ru D�/ Wkhruhp 414 lv d vshfldo fdvh

ri Wkhruhp I16 ri Urelqv +4<;9,1 Vhh dovr Shduo dqg Urelqv +4<<8,1

E| wkh g0vhsdudwlrq fulwhulrq dssolhg wr GDJ 4d dqg 4e/ zh vhh wkdw li hlwkhu ri GDJv 4d

ru 4e jhqhudwhg wkh gdwd/ wkhq wkh mrlqw glvwulexwlrq ri Y lv uhsuhvhqwhg e| wkh frpsohwh GDJ

5 zlwkrxw plvvlqj duurzv1 Wkh dgglwlrqdo uhvwulfwlrq +415, wkdw glvwlqjxlvkhv wkh qr gluhfw h�hfw

k|srwkhvlv ri GDJ 4e iurp GDJ 4d lv qrw uhsuhvhqwdeoh e| uhprylqj duurzv iurp GDJ 51 Wklv

lv dq lpsruwdqw revhuydwlrq ehfdxvh d frpprq zd| ri whvwlqj wkh gluhfw h�hfw qxoo k|srwkhvlv

lv wr whvw iru wkh devhqfh ri dq duurz iurp Df wr \ dqg wr whvw Df
c
\ m O>D�> zh fdoo wklv wkh

�qdlyh whvw1� Wklv whvw lv lqfruuhfw1 Vshfl�fdoo|/ li wkh qr gluhfw h�hfw k|srwkhvlv ri GDJ 4e lv

fruuhfw dqg wkh glvwulexwlrq riZ lv idlwkixo/ wkhq Df
c
\ m O>D� zloo eh idovh/ dqg wkh qdlyh whvw

zloo idovho| uhmhfw wkh qr gluhfw h�hfw qxoo zlwk suredelolw| frqyhujlqj wr rqh lq odujh vdpsohv1

Wkxv/ whvwlqj wkh qxoo k|srwkhvlv ri qr gluhfw h�hfw ri sursk|od{lv wkhuds| Df fdqqrw eh

dffrpsolvkhg e| whvwlqj iru wkh suhvhqfh ru devhqfh ri duurzv rq GDJ 51 Wklv lv ehfdxvh wkh

duurzv ri wkh pdujlqdo GDJ 5 gr qrw kdyh d fdxvdo lqwhusuhwdwlrq +hyhq wkrxjk wkh duurzv rq wkh

xqghuo|lqj fdxvdo GDJ gr kdyh d fdxvdo lqwhusuhwdwlrq,1 Lqghhg/ e| dsso|lqj wkh g0vhsdudwlrq

fulwhuld wr GDJ 4e/ zh glvfryhu wkdw GDJ 4e grhv qrw hqwdlo dq| frqglwlrqdo lqghshqghqfh

uhvwulfwlrqv dprqj wkh revhuyhg yduldeohv Y 1 Wkxv/ wkh gluhfw h�hfw qxoo k|srwkhvlv ri GDJ 4e

fdqqrw eh glvwlqjxlvkhg iurp wkh dowhuqdwlyh GDJ 4d e| d vhdufk surjudp vxfk dv WHWUDG wkdw

xvhv frqglwlrqdo lqghshqghqfh uhodwlrqv dprqj wkh revhuyhg yduldeohv Y wr glvwlqjxlvk ehwzhhq

xqghuo|lqj fdxvdo judskv +Urelqv/ 4<;9> Yhupd dqg Shduo/ 4<<4> VJV/ 4<<6/ sdjh 4<6,1 Rqh

vroxwlrq wr wklv sureohp lv wr whvw +415, gluhfwo|1 Zlwk vwdqgdug sdudphwhul}dwlrqv/ wklv dssurdfk

zloo dovr idlo/ dv wkh qh{w vhfwlrq vkrzv1 Lq Vhf1 5/ zh zloo ghulyh dq dssursuldwh dowhuqdwlyh whvw

ri +415,/ wkh gluhfw0h�hfw j0whvw1

8



LA 0 A 1 Y

GDJ 5

4161 Wkh Sureohp Zlwk Vwdqgdug Sdudphwhul}dwlrqv

Zh vdz wkdw wr whvw wkh qxoo k|srwkhvlv/ lw grhv qrw vx!fh wr whvw zkhwkhu wkh duurz lq GDJ

5 iurp Df wr \ lv eurnhq1 Udwkhu/ zh qhhg wr whvw wkh Ht1 +415,1 Zh qrz vkrz wkdw vxfk d

whvw zloo idovho| uhmhfw li rqh xvhv d vwdqgdug sdudphwhul}dwlrq1 Wr whvw wkh qxoo k|srwkhvlv +415,/

wkh vwdqgdug dssurdfk lv wr �uvw vshfli| sdudphwulf prghov iru wkh frqglwlrqdo glvwulexwlrq ri

hdfk sduhqw jlyhq lwv fkloguhq lq wkh frpsohwh GDJ 5 uhsuhvhqwlqj wkh revhuyhg gdwd1 Khqfh ohw

ii +| m df> d�> c> �, > � 5 � � U^j dqg ii +c m df>�, >� 5 � � URj ghqrwh sdudphwulf prghov iru wkh

xqnqrzq ghqvlwlhv i +| m df> d�> c, dqg i +c m df,1 Ri frxuvh/ zh fdqqrw jxdudqwhh wkhvh prghov

duh fruuhfwo| vshfl�hg1 Zh vd| wkh prgho i +| m df> d�> c> �, lv fruuhfwo| vshfl�hg li wkhuh h{lvwv

�f 5 � vxfk wkdw i +| m df> d�> c> �f, lv htxdo wr wkh wuxh +exw xqnqrzq, ghqvlw| i +| m df> d�> c,

jhqhudwlqj wkh gdwd1 Uhvxowv lq wklv Vhfwlrq uhtxluh wkh frqfhsw ri olqhdu idlwkixoqhvv1 Zh vd|

wkdw wkh glvwulexwlrq ri Z lv olqhduo| idlwkixo wr wkh wuxh fdxvdo judsk lq jhqhudwlqj wkh gdwd/ li

iru dq| glvmrlqw +srvvleo| hpsw|, vxevhwv E/ F/ dqg G ri wkh yduldeohv lq E/ E lv g0vhsdudwhg

iurp F jlyhq G rq wkh judsk li dqg rqo| li wkh sduwldo fruuhodwlrq pdwul{ u���( ehwzhhq E

dqg F jlyhq G lv wkh }hur pdwul{1 Li Z lv mrlqwo| qrupdo/ olqhdu idlwkixoqhvv dqg idlwkixoqhvv

duh htxlydohqw1 Iru Z qrq0qrupdo/ qhlwkhu lpsolhv wkh rwkhu1 Krzhyhu/ wkh dujxphqw wkdw wkh

glvwulexwlrq ri Y vkrxog eh olqhduo| idlwkixo wr wkh jhqhudwlqj fdxvdo GDJ lv hvvhqwldoo| lghqwlfdo

wr wkh dujxphqw wkdw wkh glvwulexwlrq vkrxog eh idlwkixo wr wkh fdxvdo GDJ jlyhq e| VJV +4<<6,

dqg Shduo dqg Yhupd +4<<4,1

Wr vhh zk| vwdqgdug sdudphwhul}dwlrqv pd| qrw zrun/ frqvlghu d vshfl�f h{dpsoh1 Uhfdoo

wkdw \ lv frqwlqxrxv dqg wkdw O lv elqdu|1 Frpprqo| xvhg prghov lq wkhvh fdvhv duh qrupdo

olqhdu uhjuhvvlrq prghov dqg orjlvwlf uhjuhvvlrq prghov1 Wkxv vxssrvh wkdw zh dgrsw wkh iroorzlqj

prghov=

\ mdf> d�> c> �> �
2 � Q+�f . ��df . �2c. ��d�> �

2, +416,

9



dqg

i+c @ 4mdf> �, @ h{slw+�f . ��df, +417,

zkhuh h{slw+e, @ hK@+4 . hK, dqg Q+�>�2, ghqrwhv d Qrupdo glvwulexwlrq zlwk phdq � dqg

yduldqfh �21 Zh zloo qrz suryh wkh iroorzlqj uhvxowv1

Ohppd 414= Li wkh qr gluhfw h�hfw qxoo k|srwkhvlv uhsuhvhqwhg e| GDJ 4e lv wuxh dqg

wkh glvwulexwlrq ri +Y>X, lv hlwkhu idlwkixo ru olqhduo| idlwkixo wr GDJ 4e/ wkhq prgho +416,

dqg2ru prgho +417, lv jxdudqwhhg wr eh plvvshfl�hg> wkdw lv/ wkh vhw ri glvwulexwlrqv IR@o iru Y

vdwlvi|lqj +416,0+417, lv glvmrlqw iurp wkh vhw I6@o ri glvwulexwlrqv iru +Y>X, wkdw duh pdujlqdov

ri glvwulexwlrqv iru Z wkdw duh hlwkhu idlwkixo ru olqhduo| idlwkixo wr GDJ 4e1

Vlqfh prgho +416, dqg2ru +417, duh jxdudqwhhg wr eh plvvshfl�hg xqghu wkh qr gluhfw h�hfw

qxoo k|srwkhvlv/ rqh pljkw h{shfw wkdw whvwv ri wkh qxoo dvvxplqj +416,0+417, zloo shuirup srruo|1

Wklv h{shfwdwlrq lv eruqh rxw e| wkh iroorzlqj wkhruhp1

Wkhruhp 415= Vxssrvh +l, wkh gdwd dqdo|vw whvwv wkh qr gluhfw h�hfw qxoo k|srwkhvlv xvlqj wkh

sdudphwulf prghov +416,0+417, �w e| wkh phwkrg ri pd{lpxp olnholkrrg/ +ll, wkh qr gluhfw h�hfw

qxoo k|srwkhvlv uhsuhvhqwhg e| GDJ 4e lv wuxh/ +lll, wkh glvwulexwlrq ri +Y>X, lv olqhduo| idlwkixo

wr GDJ 4e1 Wkhq/ zlwk suredelolw| frqyhujlqj wr 4/ wkh qr gluhfw h�hfw qxoo k|srwkhvlv +415,

zloo eh idovho| uhmhfwhg1

Wkhruhp 415 lpsolhv wkdw li zh xvh prghov +416,0+417,/ wkhq lq odujh vdpsohv/ zh zloo uhmhfw

wkh qr gluhfw h�hfw qxoo k|srwkhvlv/ hyhq zkhq wuxh/ iru qhduo| doo gdwd vhwv +l1h1/ zlwk suredelolw|

dssurdfklqj 4,1 Wkdw lv/ e| vshfli|lqj prghov +416,0+417,/ zh zloo kdyh hvvhqwldoo| uhmhfwhg wkh

qr gluhfw h�hfw qxoo k|srwkhvlv/ zkhq wuxh/ hyhq ehiruh vhhlqj wkh gdwd$

Surri ri Wkhruhp 415 dqg Ohppd 414= Wkh iroorzlqj Surri ri Wkhruhp 5 dovr suryhv

Ohppd 41 Qrwh Htv1 +415, lpsolhv wkdw

e +df> d�, �
�S

�'f

H ^\ m c> df> d�` i +c m df, +418,

grhv qrw ghshqg rq df1 Qrz/ xqghu prgho +416,0+417,/ wkh pd{lpxp olnholkrrg hvwlpdwru ri

e +df> d�, lv e
�
df> d�>e�> e�� @ e�f.e��df.e��d�.qe�2he�fne��@fr @�4 . he�fne��@f

�
zkhuh wkh pd{lpxp

olnholkrrg hvwlpdwruv e�>e� vdwlvi| wkh qrupdo dqg orjlvwlf vfruh htxdwlrqv
?S
�'�

�
\� � e�]��]� @ 3

dqg 3 @
?S
�'�
iO� � h{slw +e�f . e��Df�,j +4Df�,

� zkhuh ]� @ +4>Df�> O�>D��,
�/ �� @ +�f> ��> �2> ��,/

dqg �� @ +�f> ��,1 Ixuwkhu/ wkh suredelolw| olplwv �
W dqg �W ri e� dqg e� vdwlvi| H ^i\� � �W]�j]�` @

3 dqg H
�
iO� � h{slw +�Wf . �W�Df�,j +4>Df�,

�
�
@ 3/ zkhuh wkh h{shfwdwlrqv duh zlwk uhvshfw wr

wkh wuxh glvwulexwlrq jhqhudwlqj wkh gdwd uhjdugohvv ri zkhwkhu prghov +416,0+417, duh fruuhfwo|

vshfl�hg1 Wkh POH e
�
df> d�>e�>e�� frqyhujhv lq suredelolw| wr e +df> d�> �

W> �W,1 Lw iroorzv wkdw

dq dqdo|vw xvlqj prghov +416,0+417, �w e| pd{lpxp olnholkrrg zloo uhmhfw +415, zlwk suredelolw|

dssurdfklqj 4 dv q$4 li e +df> d�> �
W> �W, ghshqgv rq df1 Zh qrz suryh vxfk d ghshqghqfh e|

frqwudglfwlrq1

:



Lw lv fohdu wkdw e +df> d�> �
W> �W, grhv qrw ghshqg rq df li dqg rqo| li hlwkhu +l, �W� @ �W2 @ 3/ ru

+ll, �W� @ �W� @ 31 Krzhyhu/ lw iroorzv iurp vwdqgdug ohdvw vtxduhv wkhru| wkdw +l, lv wuxh li dqg

rqo| li wkh sduwldo fruuhodwlrqv ehwzhhq \ dqg Df dqg ehwzhhq \ dqg O jlyhq D� duh erwk }hur1

Exw wklv frqwudglfwv wkh dvvxpswlrq wkdw wkh glvwulexwlrq ri +Y>X, lv olqhduo| idlwkixo wr GDJ

4e vlqfh erwk \ dqg O dqg \ dqg Df duh qrw g0vhsdudwhg frqglwlrqdo rq D�1 Vlploduo|/ li +ll,

lv wuxh/ wkhq �W� @ 31 Exw dq hdv| fdofxodwlrq vkrzv wkdw �W� @ 3 li dqg rqo| li fry +O>Df, @ 31

Krzhyhu/ fry +O>Df, @ 3 frqwudglfwv wkh olqhdu idlwkixoqhvv dvvxpswlrq vlqfh O dqg Df duh qrw

g0vhsdudwhg rq GDJ 4e1 Wkh dujxphqw lq wklv odvw sdudjudsk dovr suryhv Ohppd 4141

Uhpdun= Rqh pljkw frqmhfwxuh wkdw wkh sureohp frxog eh vroyhg e| dgglqj d vpdoo qxpehu

ri lqwhudfwlrq whupv wr wkh prgho1 Krzhyhu/ xvlqj uhdvrqlqj olnh wkdw deryh/ rqh fdq vkrz wkdw

wklv lv qrw wkh fdvh1

51 Wkh Gluhfw H�hfw j0Qxoo Whvw

Dq dssursuldwh dssurdfk wr whvwlqj wkh gluhfw0h�hfw qxoo k|srwkhvlv lv edvhg rq wkh iroorzlqj

wkhruhp zklfk lv d vshfldo fdvh ri Wkhruhp 814 ehorz1

Wkhruhp 514= Gluhfw H�hfw j0Qxoo Wkhruhp= Ht1 +415, lv wuxh li dqg rqo| li iru dq|

ixqfwlrq w +�> �,

H ^w +\>D�, @i +D� m O>Df, m Df` grhv qrw ghshqg rq Df z1s14 +514,

zkhqhyhu wkh h{shfwdwlrq lv �qlwh1 Khuh z1s14 phdqv �zlwk suredelolw| 41�

Surri= E| Ixelql*v wkhruhp/ wkh h{shfwdwlrq lq +514, fdq eh zulwwhq] +]
w +|> d�,

%
�[

�'f

i +| m c> d�> Df, i +c m Df,

&
g|

,
gd� 1

Frpsdulqj wkh h{suhvvlrq lq eudfnhwv zlwk Ht1 +415, dqg uhfdoolqj wkdw w +|> d�, lv duelwudu|

suryhv wkh wkhruhp1

Wkhruhpv 514 dqg 414 wrjhwkhu wkhq kdyh wkh iroorzlqj fruroodu|1

Fruroodu| 514= Xqghu wkh vxssrvlwlrqv ri Wkhruhp 414/ wkh gluhfw h�hfw qxoo k|srwkhvlv

Df

d
\ m D�> X l1h1/ i +| m df> d�> x, @ i +| m d�> x, +515,

lv wuxh li dqg rqo| li Ht1 +514, lv wuxh1

Uhpdun= Wkh wkhruhp dqg fruroodu| uhpdlq wuxh li zh uhvwulfw dwwhqwlrq wr wkh vhw ri

ixqfwlrqv w +|> d�, wkdw idfwru dv

w +|> d�, @ w� +|, w2 +d�, 1 +516,

Lqghhg/ wkh| uhpdlq wuxh li zh/ lq dgglwlrq/ uhtxluh w2 +d�, wr eh d ghqvlw|/ l1h1/

4 @

]
w2 +d�, gd� 1 +517,

;



Ehfdxvh ri wkh ixqgdphqwdo lpsruwdqfh ri Fruroodu| 514/ zh vkdoo uhsuryh wkh Fruroodu| zlwk

w +|> d�, vdwlvi|lqj +516,0+517, xvlqj d surri wkdw vkrxog eh sduwlfxoduo| khosixo wr uhdghuv idploldu

zlwk whvwlqj k|srwkhvhv derxw GDJv xvlqj g0vhsdudwlrq dqg frqglwlrqdo lqghshqghqfh1

Dowhuqdwlyh Surri ri Fruroodu| 514= Ohw GDJ 4dW dqg GDJ 4eW eh �pdqlsxodwhg

vxejudskv� ri GDJv 4d dqg 4e lq zklfk doo duurzv lqwr D� kdyh ehhq uhpryhg dqg htxls GDJ

4dW zlwk wkh ghqvlw| iW +y> x, @ i +x, i +df, i +c m df> x, w2 +d�, i +| m df> d�> x, zkhuh w2 +d�, lv wkh

qhz pdujlqdo ghqvlw| iru wkh qrz sduhqwohvv yduldeoh D� dqg wkh uhpdlqlqj idfwruv lq iW +y> x,

duh wkh vdph dv lq wkh ghqvlw| i +y> x, ri wkh wuxh fdxvdo GDJ 4d1 Vxssrvh/ iru wkh prphqw/ wkdw

GDJ 4dW ru 4eW jhqhudwhg wkh gdwd zlwk ghqvlw| iW +y> x,1 Li wkh qxoo k|srwkhvlv +515, lv wuxh/

wkhq wkhuh lv qr duurz iurp Df wr \ dqg GDJ 4eW jhqhudwhg wkh gdwd1 E| g0vhsdudwlrq dssolhg

wr GDJ 4eW/ wkh qxoo k|srwkhvlv +515, qrz lpsolhv wkh frqglwlrqdo lqghshqghqfh uhvwulfwlrq wkdw

Df
c
\ xqghu iW +y> x,1 Jlyhq idlwkixoqhvv/ wkh frqyhuvh dovr lv wuxh1 Qrz lw lv zhoo0nqrzq wkdw

Df
c
\ xqghu iW +y> x, li dqg rqo| li iru doo ixqfwlrqv w� +|,

HW ^w� +\ , m Df` grhv qrw ghshqg rq Df z1s14 +518,

zkhuh HW +�, ghqrwhv h{shfwdwlrqv zlwk uhvshfw wr iW +y> x, dqg H +�, ghqrwhv h{shfwdwlrqv zlwk

uhvshfw wr wkh wuxh ghqvlw| i +y> x,1 Vlqfh wkh gluhfw0h�hfw qxoo k|srwkhvlv +515, lv wkh vdph xqghu

iW +y> x, dv xqghu i +y> x,/ Fruroodu| +514, zloo eh suryhg li zh fdq hvwdeolvk wkh iroorzlqj1

Ohppd 514= Ht1 +518, lv wuxh li dqg rqo| li Ht1 +514, lv wuxh iru w +|> d�, vdwlvi|lqj +516,0+517,1

Surri ri Ohppd= Zulwlqj rxw +518, h{solflwo|/ zh rewdlq

�[
�'f

]]
w� +|, i +| m d�>Df> c, w2 +d�, i +c m Df, g| gd� grhv qrw ghshqg rq Dfz1s141 +519,

Qrz/ xsrq pxowlso|lqj wkh lqwhjudqg lq +519, e| 4 @ i +d� m c>Df, @i +d� m c>Df,/ zh pd| uhzulwh

+518, dv

�[
�'f

]]
iw� +|, w2 +d�, @i +d� m c�>Df,j i +| m d�>Df> cf, i +d� m c>Df, i +c m Df, g| gd� +51:,

zklfk lv suhflvho| +514,1

Wkh gluhfw h�hfw j0qxoo wkhruhp lpsolhv wkdw dq| whvw ri wkh frqglwlrqdo lqghshqghqfh ri \

dqg Df +olqhdu lq \ , wkdw rqh zrxog kdyh xvhg wr whvw wkh gluhfw h�hfw qxoo k|srwkhvlv kdg D� ehhq

sduhqwohvv fdq vwloo eh xvhg wr whvw wkh qxoo k|srwkhvlv zkhq D� kdv sduhqwv O dqg Df surylghg/

zkhq fdofxodwlqj wkh whvw vwdwlvwlf/ \ lv uhsodfhg e| Z @ \ w2 +D�, @i +D� m O>Df, ru/ hyhq

pruh jhqhudoo|/ e| w +D�> \ , @i +D� m O>Df, zkhuh w2 +D�, dqg w +D�> \ , duh duelwudu| ixqfwlrqv

fkrvhq e| wkh gdwd dqdo|vw1 Wklv suhvfulswlrq fdq eh iroorzhg lq d vhtxhqwldo udqgrpl}hg wuldo

zkhuh i +D� m O>Df, lv nqrzq e| ghvljq1 Lq revhuydwlrqdo vwxglhv/ i +D� m O>Df, zloo kdyh wr

eh hvwlpdwhg iurp wkh gdwd lq d suholplqdu| vwhs1 Zh vxvshfw wkdw/ diwhu kdylqj hvwlpdwhg

i +D� m O>Df, lq d suholplqdu| vwhs/ fdxvdo vhdufk surjudpv vxfk dv WHWUDG fdq eh prgl�hg

wr doorz wkh dqdo|vw wr whvw iru gluhfw h�hfwv1

<



Dv dq h{dpsoh/ vxssrvh/ e| ghvljq/ Df � Q +��> 4, dqg D� m Df> O � Q +�2 +Df> O, > 4,1 Li

zh gh�qh X @ ii +D� m O>Df,j
3� w +\>D�, iDf �H +Df,j zkhuh w +�> �, lv fkrvhq e| wkh gdwd

dqdo|vw/ wkhq/ e| wkh gluhfw h�hfw j0qxoo wkhruhp/
?S
�'�

X� lv d vxp ri lqghshqghqw dqg lghqwlfdoo|

glvwulexwhg udqgrp yduldeohv wkdw kdyh phdq }hur xqghu wkh gluhfw h�hfw qxoo +415,1 Wkhuhiruh/

surylghg X� kdv d �qlwh yduldqfh/ " �
S

� X�@
�S

� X
2
�

��
2 lv dv|pswrwlfdoo| glvwulexwhg Q +3> 4,

xqghu wkh gluhfw h�hfw qxoo1 Wkxv wkh whvw wkdw uhmhfwv zkhq m"m A 4=<9 lv dq dv|pswrwlfdoo|

=380ohyho whvw ri wklv qxoo k|srwkhvlv1 Dv glvfxvvhg odwhu/ wkh srzhu ri wkh whvw zloo ghshqg rq

wkh fkrlfh ri wkh ixqfwlrq w +|> d�,1 Dv qrwhg deryh/ d vlpsoh dowhuqdwlyh wr wklv whvw lv vlpso| wr

whvw zkhwkhu Z dqg Df duh fruuhodwhg xvlqj vwdqgdug vriwzduh1

Uhpdun= Qrwh li D� lv glvfuhwh/ zh fdq fkrrvh w2 +D�, � 41 Krzhyhu/ li D� lv frqwlqx0

rxv/ dv lq rxu h{dpsoh/ Z pd| qrw kdyh d �qlwh h{shfwdwlrq ru yduldqfh li w2 +D�, � 4 ^vlqfh

H +Z, @
U
w2 +d�, t +d�,gd� zlwk t +d�, �

�S
�'f

UU
| i ^| m c> df> d�` i +c m df, i +df,g|gdf`> lq wkdw

fdvh/ w2 +D�, qhhgv wr eh fkrvhq wr grzqzhljkw wkh wdlov ri Z*v glvwulexwlrq vr wkdw wkh h{shf0

wdwlrq dqg yduldqfh ri Z zloo eh �qlwh1

Wkhuh duh vrph lpsruwdqw fdyhdwv dq dqdo|vw qhhgv wr eh dzduh ri1 Iluvw/ wkh gluhfw h�hfw

j0qxoo k|srwkhvlv +415, grhv qrw lpso| wkdw Z � \ w2 +D�, @i +D� m O>Df, lv lqghshqghqw ri Df1

Li lw zhuh/ wkhq iru dq| ixqfwlrq j +�,/ H ^j +Z, m Df` zrxog qrw ghshqg rq Df zklfk zloo qrw

eh wuxh lq jhqhudo/ ehfdxvh i +D� m O>Df, pd| eh �erxqg xs� lq wkh srvvleo| qrq0olqhdu ixqf0

wlrq j +�,1 Wkhuh lv dovr d odfn ri v|pphwu| zklfk lv qrw vhhq zlwk frqglwlrqdo lqghshqghqfh1

Vshfl�fdoo|/ wkh gluhfw h�hfw j0qxoo k|srwkhvlv +415, grhv lpso| wkdw Z dqg Df duh xqfruuh0

odwhg1 Krzhyhu/ lw grhv qrw lpso| wkdw \ dqg ZW � Dfw2 +D�, @i +D� m O>Df, duh xqfruuhodwhg/

vlqfh H +\ ,H +ZW, @ H +\ ,
�U

w2 +d�,gd�
�
H +Df, zkloh H ^\ZW` @ H ^ZDf` @ H ^Z`H ^Df` @�

�S
�'f

U
H ^\ m Df> d�> c` i +c m Df, w2 +d�,gd�

�
H +Df, zkhuh/ xqghu wkh gluhfw h�hfw j0qxoo k|srwk0

hvlv +415,/ wkh h{suhvvlrq lq vhw eudfhv lv d frqvwdqw lqghshqghqw ri Df1

Lq revhuydwlrqdo vwxglhv/ wkh ghqvlwlhv i +d� m df> c, dqg i +df, zloo qrw eh nqrzq dqg wkxv

i +d� m df> c, dqg H +Df, zloo qhhg wr eh hvwlpdwhg iurp wkh revhuyhg gdwd Y�> l @ 4> = = = > q1 Dv

dq h{dpsoh/ vxssrvh zh dvvxph i +df, dqg i +d� m c> df, olh lq sdudphwulf idplolhv�
i
�
df>�

Ef�
�
>�Ef� 5 �Ef�

�
dqg

�
i
�
d� m c> df>�

E��
�
>�E�� 5 �E��

�
1 Wkh pd{lpxp olnholkrrg hvwl0

pdwru e� @
�e�Ef�> e�E���� pd{lpl}hv wkh olnholkrrg O +�, @

?T
�'�

i
�
Df�>�

Ef�
�
i
�
D�� m O�>Df�>�

E��
�
1

Qrz gh�qh e" �S� X� +e�, @e� �
2 zkhuh eX � X +e�, @ w +\>D�,

�
Df �H

ekEf�
^Df`

�
@i
�
D� m O>Df> e�E���

dqg wkh fruuhfwlrq whup gfruu @ e�eL3�e�� lq wkh hvwlpdwhg yduldqfh e� � S
�
eX2
� � gfruu dffrxqwv

iru wkh hvwlpdwlrq ri wkh xqnqrzq �1 Khuh eL lv wkh 5 � 5 pdwul{ ri vhfrqg sduwldo ghulydwlyhv

ri orjO +�, hydoxdwhg dw e� dqg e� @
S

� CX� +e�, @C�1 e" uhpdlqv dv|pswrwlfdoo| Q +3> 4, xqghu

wkh gluhfw h�hfw qxoo k|srwkhvlv +415, surylghg wkh prghov iru i +df, dqg i +d� m c> df, duh fru0

uhfwo| vshfl�hg1 Vlploduo|/ wkh s0ydoxh rxwsxwwhg e| dq r�0wkh0vkhoi vriwzduh surjudp whvwlqj

wkh lqghshqghqfh ri Z dqg Df zloo eh juhdwhu wkdq wkh wuxh s0ydoxh zkhq i +D� m O>Df, kdv

ehhq hvwlpdwhg +l1h1/ wkh whvw lv frqvhuydwlyh,/ dowkrxjk dq dssursuldwh s0ydoxh fdq eh vlpso|
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frpsxwhg1 ^Lq wklv vlpsoh h{dpsoh/ lw zrxog kdyh ehhq dssursuldwh dqg shukdsv vlpsohu wr kdyh

hvwlpdwhg H +Df, e|
S

�Df�@q`1

Lq frqwudvw wr wkh glvwxuelqj uhvxowv vxppdul}hg lq Ohppd 414/ dq| sdudphwulf prghov iru

Df dqg D� m Df> O duh frpsdwleoh zlwk wkh gluhfw h�hfw qxoo k|srwkhvlv +415,1 Wkdw lv/ wkhuh

h{lvw mrlqw glvwulexwlrqv iru Y xqghu zklfk wkhvh sdudphwulf prghov duh fruuhfwo| vshfl�hg dqg

wkh gluhfw h�hfw qxoo k|srwkhvlv +415, krogv1

Zh qrz kdyh ydolg whvwv iru wkh qr gluhfw h�hfw qxoo k|srwkhvlv ri qr h�hfw ri sursk|od{lv

wkhuds| Df rq \ zkhq D� lv �{hg +vhw, wr dq| sduwlfxodu ydoxh d�> exw xowlpdwho| zh zdqw

pruh1 Lq sduwlfxodu/ zh zrxog olnh wr hvwlpdwh wkh vl}h ri wkh gluhfw h�hfw1 Wr glvfxvv wklv/ zh

�uvw qhhg wr jhqhudol}h wkh vlpsoh h{dpsoh dqg wkhq suhflvho| gh�qh wkh gluhfw h�hfw1 Zh gr

wklv lq vhfwlrqv 6 0 81 Wkhq zh lqwurgxfh gluhfw h�hfw vwuxfwxudo qhvwhg prghov zklfk surylgh d

xql�hg dssurdfk wr hvwlpdwlrq ri dqg whvwlqj iru gluhfw h�hfwv zkloh dyrlglqj erwk wkh sureohpv

ri vwdqgdugo| sdudphwhul}hg GDJv dqg ri vhdufk surjudpv vxfk dv WHWUDG wkdw uho| rq

frqglwlrqdo lqghshqghqfhv1

61 Wkh J0frpsxwdwlrq Dojrulwkp Irupxod

Ohw J eh d gluhfwhg df|folf judsk zlwk d yhuwh{ vhw ri udqgrp yduldeohv Y @ +Y�> = = = > Y� , zlwk

dvvrfldwhg glvwulexwlrq ixqfwlrq I +y, dqg ghqvlw| ixqfwlrq i +y, zlwk uhvshfw wr wkh grplqdwlqj

phdvxuh �1 Khuh � lv wkh surgxfw phdvxuh ri Ohehvjxh dqg frxqwlqj phdvxuh fruuhvsrqglqj wr

wkh frqwlqxrxv dqg glvfuhwh frpsrqhqwv ri Y 1 E| wkh gh�qlqj Pdunry surshuw| ri GDJv/ wkh

ghqvlw| ri Y fdq eh idfwruhg
T�

�'� i+y� m sd�, zkhuh sd� duh uhdol}dwlrqv ri sduhqwv Sd� ri Y� rq

J1 Rxu uhvxowv zloo qrw uhtxluh wkdw J kdv dq| plvvlqj duurzv> wkdw lv/ J pd| eh wdnhq wr eh

frpsohwh1

Zh dvvxph Y lv sduwlwlrqhg lqwr glvmrlqw vhwv D/ O/ dqg \ zkhuh wkh xqlyduldwh rxwfrph ydul0

deoh \ lv wkh yduldeoh lq Y zlwk wkh odwhvw whpsrudo rffxuuhqfh/ D @ iDf> = = = >Dgj duh whpsr0

udoo| rughuhg wuhdwphqwv ru frqwuro yduldeohv jlyhq dw wlphv wf> = = = > wg dqg O @ iOf> O�> = = = > Ogj

duh rwkhu uhvsrqvh yduldeohv1 Wkh uhvsrqvh yduldeohv lq O6 duh whpsrudoo| vxevhtxhqw wr D63�

dqg sulru wr D61 Dv zloo eh fohdu ehorz/ erwk D6 dqg O6 pd| frqvlvw ri pruh wkdq rqh ydul0

deoh1 Qrz iru dq| yduldeoh ]/ ohw ] eh wkh vxssruw +l1h1/ wkh srvvleoh uhdol}dwlrqv, ri ]1 Iru dq|

}f> = = = > }6/ gh�qh }6 @ +}f> = = = > }6,1 E| frqyhqwlrq }3� � }3� � 31 Qrz gh�qh d wuhdwphqw

uhjlph ru sodq j wr eh d froohfwlrq ri N . 4 ixqfwlrqv j @ ijf> = = = > jgj zkhuh j6 = O6 $ D6

pdsv rxwfrph klvwrulhv c6 5 O6 lqwr d wuhdwphqw j6
�
c6
�
5 D61 Li j6

�
c6
�
lv d frqvwdqw/

vd| dW6/ qrw ghshqglqj rq c6 iru hdfk p/ zh vd| uhjlph j lv qrq0g|qdplf dqg zulwh j @ dW/

dW � +dWf> = = = > d
W

g,1 Rwkhuzlvh/ j lv g|qdplf1 Zh ohw J eh wkh vhw ri doo uhjlphv j1

Dvvrfldwhg zlwk hdfk uhjlph j lv wkh �pdqlsxodwhg� judsk J} dqg glvwulexwlrq I} +y, zlwk

ghqvlw| i} +y, +VJV/ 4<<6,1 Jlyhq wkh uhjlph j @ +jf> j�> = = = > jg, dqg wkh mrlqw ghqvlw|

i +y, @ i+cf,i+dfmcf,i+c�mdf> cf,i+d�mc�> df> cf, � � � i
�
| m cg > dg

�
/ +614,
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i} +y, lv wkh ghqvlw| i +y, h{fhsw wkdw lq wkh idfwrul}dwlrq +614,/ i+dfmcf, lv uhsodfhg e| d gh0

jhqhudwh glvwulexwlrq dw df @ jf+cf,/ i+d�mc�> df> cf, lv uhsodfhg e| d ghjhqhudwh glvwulexwlrq

dw d� @ j�+cf> c�,/ dqg/ lq jhqhudo/ i
�
d& m c&> d&3�

�
lv uhsodfhg e| d ghjhqhudwh glvwulexwlrq dw

d& @ j&
�
c&
�
1

Lq wkh iroorzlqj/ ohw j
�
c&
�
�
�
jf
�
cf
�
> = = = > j&

�
c&
��

dqg j&
�
c&
�
ghqrwh uhdol}dwlrqv ri D& dqg

D& uhvshfwlyho|1 Wkhq wkh pdujlqdo ghqvlw| i} +|, ri \ xqghu wkh glvwulexwlrq I} +�, lv

i}+|, @

]
i}+|> cg,g�+cg, �

]
� � �

]
i+| m cg > j+cg,,

g\
�'f

i
�
c� m c�3�> j+c�3�,

�
g�+c�, 1

Vlploduo|/ wkh pdujlqdo glvwulexwlrq ixqfwlrq ri \ xqghu I} +�, lv

I} +|, @

]
� � �

]
su
�
\ ? | m cg > j

�
cg
�� g\

�'f

i+c� m c�3�> j+c�3�,,g�+c�, 1 +615,

Urelqv +4<;9, uhihuuhg wr +615, dv wkh J0frpsxwdwlrq dojrulwkp irupxod ru ixqfwlrqdo iru wkh

h�hfw ri uhjlph j rq rxwfrph \ 1 Wkurxjkrxw zh dvvxph wkdw iru hdfk j 5 J/ i
�
c&> j

�
c&
��
9@ 3

lpsolhv i
�
d m c&> j

�
c&
��
9@ 3 iru doo d lq wkh vxssruw ri D& vr wkdw wkh UKV ri +615, lv zhoo0gh�qhg1

Iru D& frqwlqxrxv/ wklv srvlwlylw| dvvxpswlrq qhhgv wr eh voljkwo| prgl�hg wr surshuo| dffrxqw

iru phdvxuh wkhruhwlf gl!fxowlhv +Jloo dqg Urelqv/ 4<<:,/ gxh wr wkh h{lvwhqfh ri gl�huhqw yhuvlrqv

ri frqglwlrqdo glvwulexwlrqv1 Jloo dqg Urelqv +4<<:, vkrz wkdw vxfk gl!fxowlhv gr qrw dulvh li zh

dvvxph wkdw i
�
c& m c&3�> d&3�

�
lv +zhdno|, frqwlqxrxv lq doo dujxphqwv wkdw uhsuhvhqw uhdol}dwlrqv

ri udqgrp yduldeohv zlwk frqwlqxrxv glvwulexwlrqv/ zklfk wkhq vx!fhv wr pdnh +615, d xqltxh

zhoo0gh�qhg ixqfwlrq ri wkh mrlqw glvwulexwlrq ri wkh revhuydeoh gdwd Y 1 Urelqv +4<;9, dqg Shduo

dqg Urelqv +4<<8, jlyh vx!flhqw frqglwlrqv xqghu zklfk +615, kdv d fdxvdo lqwhusuhwdwlrq dv wkh

glvwulexwlrq ri \ wkdw zrxog eh revhuyhg li doo vxemhfwv zhuh wuhdwhg zlwk +l1h1/ irufhg wr iroorz,

sodq j1 D vx!flhqw frqglwlrq/ h{hpsol�hg e| GDJ 4d/ lv wkh iroorzlqj1

Dvvxpswlrq ri j0lghqwl�delolw|= Dq| klgghq yduldeoh X wkdw lv dq dqfhvwru ri D& rq wkh

fdxvdoo| vx!flhqw judsk jhqhudwlqj wkh gdwd lv/ iru hdfk n/ g0vhsdudwhg iurp D& frqglwlrqdo rq

wkh sdvw
�
O&>D&3�

�
1

J0lghqwl�delolw| zloo krog lq dq| vhtxhqwldo udqgrpl}hg wuldo dqg lv dvvxphg wr krog wkurxjk0

rxw wkh uhpdlqghu ri wkh sdshu1

Lqirupdoo|/ J0lghqwl�delolw| zloo eh wuxh li doo ghwhuplqdqwv ri wkh rxwfrph \ wkdw duh xvhg

e| sdwlhqwv dqg sk|vlfldqv wr ghwhuplqh wkh grvdjh ri wuhdwphqw dw hdfk wlph n duh uhfrughg lq�
O&>D&3�

�
1 Lw lv d sulpdu| jrdo ri hslghplrorjlvwv frqgxfwlqj revhuydwlrqdo vwxglhv wr froohfw

gdwd rq d vx!flhqw qxpehu ri fryduldwhv lq O& wr lqvxuh wkdw J0lghqwl�delolw| zloo krog/ dw

ohdvw dssur{lpdwho|1 Krzhyhu/ wkh dvvxpswlrq ri J0lghqwl�delolw| fdqqrw eh vxemhfwhg wr dq

hpslulfdo whvw1 J0lghqwl�delolw| lv htxlydohqw wr wkh dvvxpswlrq ri vhtxhqwldo udqgrpl}dwlrq ru/

htxlydohqwo|/ ri qr xqphdvxuhg frqirxqghuv dv xvhg lq wkh frxqwhu0idfwxdo dssurdfk wr fdxvdo

lqihuhqfh +Urelqv/ 4<<:,1 Lw vkrxog eh qrwhg wkdw wkh dssurdfk wr fdxvdo lqihuhqfh xvhg lq wklv

sdshu edvhg rq fdxvdoo| vx!flhqw GDJv zlwk klgghq yduldeohv lv pdwkhpdwlfdoo| htxlydohqw wr

wkh dssurdfk edvhg rq frxqwhuidfwxdov +Urelqv/ 4<<:> Shduo/ 4<<8,1
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Zh hpskdvl}h wkdw iurp wklv srlqw rq wkh sdshu lv vroho| frqfhuqhg zlwk hvwlpdwlrq ri dqg

whvwv frqfhuqlqj wkh ixqfwlrqdov I} +|,1 Dv I} +|, lv d ixqfwlrq ri wkh mrlqw glvwulexwlrq ri wkh

revhuyhg gdwd Y / d uhdghu vnhswlfdo derxw fdxvdo odqjxdjh dqg lqihuhqfh lv iuhh wr uhjdug wkh

uhpdlqghu ri wklv sdshu dv vlpso| dq h{srvlwlrq dv wr krz rqh pljkw prgho dqg hvwlpdwh wkh

ixqfwlrqdov I} +|,/ sxwwlqj dvlgh zk| dqg zkhq rqh pljkw eh lqwhuhvwhg lq wkhvh sduwlfxodu

ixqfwlrqdov1

71 Wkh Gluhfw H�hfw �j�0qxoo K|srwkhvlv

Lq vhwwlqjv zkhuh wkh wuhdwphqwv D � Dg @ +Df> = = = > Dg, uhsuhvhqw d vlqjoh w|sh ri wuhdwphqw

jlyhq dw gl�huhqw wlphv/ dq lpsruwdqw �uvw txhvwlrq lv zkhwkhu wkh �j�0qxoo k|srwkhvlv ri qr

h�hfw ri wuhdwphqw rq \ lv wuxh/ l1h1/ zkhwkhu

I}� +|, @ I}2 +|, iru doo | dqg doo j�> j2 5 J= +714,

Ht1 +714, lv d k|srwkhvlv derxw wkh glvwulexwlrq ri wkh revhuydeoh Y zkhwkhu ru qrw wkh j0

lghqwl�delolw| dvvxpswlrq krogv1 Zkhq j0lghqwl�delolw| krogv/ +714, lpsolhv wkdw wkh glvwulexwlrq

ri \ zloo eh wkh vdph xqghu dq| fkrlfh ri uhjlph j/ dqg wkxv lw grhv qrw pdwwhu zkhwkhu wkh

wuhdwphqwv D& duh jlyhq ru zlwkkhog dw hdfk rffdvlrq n1 Zkhq j0lghqwl�delolw| krogv/ zh dovr

uhihu wr +714, dv wkh j0qxoo k|srwkhvlv/ wkh uhprydo ri � � iurp durxqg j lqglfdwlqj wkdw +714,

qrz kdv d fdxvdo lqwhusuhwdwlrq1

Lq wklv sdshu zh zloo qrw eh lqwhuhvwhg lq wkh �j�0qxoo k|srwkhvlv +714,1 Udwkhu/ zh vxssrvh

wkdw +l, wuhdwphqw D6 @ +D�6>D~6, dw wlph w6 lv frpsulvhg ri wzr gl�huhqw wuhdwphqwv D�6

dqg D~6/ +h1j1/ sursk|od{lv wkhuds| dqg D]W wuhdwphqw, dqg +ll, wkh wuhdwphqw D~6 lv nqrzq

wr d�hfw wkh rxwfrph \ 1 Wkh k|srwkhwlfdo wuldo lq Vhf1 414 lv wkh vshfldo fdvh lq zklfk N @ 4/

Of � 3/ O� � O/ Df @ +D�f> D~f, zlwk D~f � 3 iru doo vxemhfwv dqg D� @ +D��>D~�, zlwk

D�� � 3 iru doo vxemhfwv vlqfh qr vxemhfw uhfhlyhg D]W wkhuds| dw wf ru sursk|od{lv wkhuds|

dw w�1 Lq vxfk vhwwlqjv/ dq lpsruwdqw �uvw txhvwlrq lv zkhwkhu wkhuh lv d gluhfw h�hfw ri wkh

wuhdwphqw D�g � +D�f> = = = > D�g, rq wkh rxwfrph \ zkhq wkh wuhdwphqw D~g lv vhw wr dq|

klvwru| d~g 1

Qrwdwlrqdo frqyhqwlrq= Zh lqwurgxfh wkh frqyhqwlrq wkdw wkh vxevfulswv +n> c> m, jhqhudoo|

vxevfulsw wkh wlphv dw zklfk wuhdwphqwv duh jlyhq dqg wkh odfn ri d vxevfulsw lqglfdwhv wlph wg 1

Ixuwkhupruh/ wkh vxevfulsw l zloo eh uhvhuyhg wr lqgh{ vwxg| vxemhfwv l @ 4> = = = > q1 Wkxv/ iru

h{dpsoh/ D~� � D~g� lv wkh D]W klvwru| wkurxjk wg ri vxemhfw l1 Ilqdoo|/ dv deryh/ zh zloo

riwhq vxssuhvv wkh vxevfulsw l dqg zulwh D~� dv D~ 1 Dovr zh lqwurgxfh wkh qrwdwlrqdo frqyhqwlrq

wkdw iru dq| udqgrp yduldeoh ]&/ erwk ]3� dqg ]3� duh lghqwlfdoo| }hur1

Wr irupdol}h rxu qr0gluhfw0h�hfw qxoo k|srwkhvlv/ ohw j� � +j�f> = = = > j�g, eh d froohfwlrq

ri ixqfwlrqv zkhuh j�6 = O6 $ D�61 Wkhq/ iru klvwru| d~ 5 D~ / ohw j @ +j� > d~, eh wkh

wuhdwphqw uhjlph ru sodq jlyhq e| j6
�
c6
�
@
�
j�6

�
c6
�
> d~6

�
1 Ohw J� eh wkh vhw ri doo jR1

Wkhq IE}� c@~� +|, lv wkh glvwulexwlrq ri \ wkdw/ jlyhq j0lghqwl�delolw|/ zrxog eh revhuyhg li D~
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zdv vhw wr d~ dqg wkh wuhdwphqwv D� zhuh dvvljqhg/ srvvleo| g|qdplfdoo|/ dffruglqj wr wkh sodq

j� 1 Li j� lv wkh qrq0g|qdplf uhjlph d� / zh zulwh I@� c@~ +|,1

Gh�qlwlrq= Wkh gluhfw h�hfw �j�0qxoo k|srwkhvlv ri qr gluhfw h�hfw ri D� frqwuroolqj iru D~

lv wkh k|srwkhvlv

I}��c@~ +|, @ I}�2c@~ +|, +715,

iru doo d~ dqg j��> j�2 5 J� 1

Uhpdun= Jlyhq wkh j0lghqwl�delolw| dvvxpswlrq ri Vhf1 6/ wkh k|srwkhvlv wkdw/ rq wkh

fdxvdoo| vx!flhqw judsk xqghuo|lqj rxu GDJ J/ doo gluhfwhg sdwkv iurp dq| yduldeoh D�6 wr

\ lqfoxgh vrph D~& lpsolhv wkh gluhfw h�hfw �j�0qxoo k|srwkhvlv +715,1 Xqghu d idlwkixoqhvv

dvvxpswlrq/ wkh frqyhuvh lv dovr wuxh1

Dq dowhuqdwlyh fkdudfwhul}dwlrq ri wkh gluhfw h�hfw �j�0qxoo k|srwkhvlv lq whupv ri wkh frq0

glwlrqdo glvwulexwlrqv I}
�
| m c&

�
iru qrq0g|qdplf uhjlphv j lv surylghg lq wkh iroorzlqj ohppd

zkrvh surri lv ohiw wr wkh uhdghu1

Ohppd 714= Wkh gluhfw h�hfw �j�0qxoo k|srwkhvlv +715, lv wuxh li dqg rqo| li

I@� c@~
�
| m c&

�
grhv qrw ghshqg rq d�& � +d�&> = = = > d�g, +716,

iru doo d� > d~ > | dqg c&1

Qrwh I}
�
| m c&

�
lv jlyhq e| +615, h{fhsw zlwk wkh surgxfw wdnhq iurp n.4 wr N udwkhu wkdq

iurp 3 wr N= Li zh dsso| wklv Ohppd wr wkh vlpsoh h{dpsoh lq Vhfwlrq 4/ zh uhfryhu +415,1 Wkdw

lv/ wkh gluhfw h�hfw �j�0qxoo k|srwkhvlv iru wkh revhuyhg gdwd Y @ +Df> D�> O> \ , ri Vhf1 4 lv

suhflvho| +415,1

7141 Idloxuh ri wkh xvxdo sdudphwhul}dwlrq iru whvwlqj wkh gluhfw h�hfw �j�0qxoo k|0
srwkhvlv

Lq Vhfwlrq 4/ zh vdz wkdw lv zdv gl!fxow wr whvw wkh gluhfw h�hfw �j�0qxoo k|srwkhvlv +716, xvlqj

wkh xvxdo sdudphwhul}dwlrq ri d GDJ1 Wkhvh sureohpv duh h{dfhuedwhg lq wkh jhqhudo fdvh1

Lqghhg/ wkhuh duh vhyhudo gl!fxowlhv1 Iluvw/ hyhq li wkh ghqvlwlhv dsshdulqj lq wkh J0frpsxwdwlrq

irupxod +615, zhuh nqrzq iru hdfk j 5 J/ vlqfh I} +|, lv d kljk0glphqvlrqdo lqwhjudo/ lq jhqhudo/

lw fdqqrw eh dqdo|wlfdoo| hydoxdwhg iru dq| j dqg wkxv/ pxvw eh hydoxdwhg e| d prqwh Fduor

lqwhjudo dssur{lpdwlrq � wkh prqwh Fduor J0frpsxwdwlrq dojrulwkp +Urelqv/ 4<;:/ 4<;<,1

Vhfrqg/ hyhq li I} +|, frxog eh zhoo0dssur{lpdwhg iru hdfk uhjlph j/ wkh fduglqdolw| ri wkh vhw J

lv hqruprxv ^jurzlqj dw idvwhu wkdq dq h{srqhqwldo udwh lq N +Urelqv/ 4<;<,`1 Wkxv lw zrxog eh

frpsxwdwlrqdoo| lqihdvleoh wr hydoxdwh I} +|, iru doo j qhfhvvdu| wr ghwhuplqh zkhwkhu wkh gluhfw

h�hfw �j�0qxoo k|srwkhvlv khog1

Krzhyhu/ dv zh vdz lq Vhf1 4/ wkh prvw ixqgdphqwdo gl!fxow| zlwk wkh xvxdo sdudphwhul}d0

wlrq ri d GDJ lq whupv ri wkh ghqvlwlhv i+y� m sd�, lv wkdw li zh xvh vwdqgdug sdudphwulf prghov

iru i +y� m sd�,/ +l, wkhuh lv qr sdudphwhu/ vd| #/ zklfk wdnhv wkh ydoxh }hur li dqg rqo| li wkh

gluhfw h�hfw �j�0qxoo k|srwkhvlv lv wuxh/ dqg +ll, wkh gluhfw h�hfw �j�0qxoo k|srwkhvlv/ hyhq zkhq

wuxh/ pd|/ zlwk suredelolw| dssurdfklqj 4/ eh uhmhfwhg lq odujh vdpsohv1
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81 Gluhfw H�hfw J0qxoo Whvwv

Dv lq wkh vshfldo fdvh glvfxvvhg lq Vhf1 4/ dq dssursuldwh dssurdfk wr whvwlqj wkh gluhfw h�hfw

�j�0qxoo k|srwkhvlv lv edvhg rq wkh iroorzlqj wkhruhp zklfk lv d fruroodu| ri Wkhruhpv 4314 dqg

4315 ehorz1 Krzhyhu/ vlqfh Wkhruhp 814 lv shukdsv wkh nh| uhvxow ri wklv sdshu/ zh surylgh dq

lqghshqghqw surri lq Vhf1 815 ehorz1 Wklv surri frqwdlqv pdq| ri wkh lpsruwdqw lghdv ri wkh

sdshu1 Wkh surri lv vlplodu wr wkh dowhuqdwlyh surri ri Fruroodu| 514 deryh/ h{fhsw lw dyrlgv

dsshdolqj wr dq xqghuo|lqj fdxvdoo| vx!flhqw judsk jhqhudwlqj wkh gdwd1

Iru dq| yduldeoh [ @ [g / ohw [6 � +[6> = = = >[g, dqg ohw Z6 @
gT

&'6

i
�
D~& m D&3�> O&

�
1

E| frqyhqwlrq Zgn� � 41

Wkhruhp 814= Gluhfw h�hfw ccj**0qxoo wkhruhp= Wkh gluhfw h�hfw �j�0qxoo k|srwkhvlv +716,

lv wuxh li dqg rqo| li iru hdfk p>p @ 3> = = = >N/ dqg hdfk ixqfwlrq W6 @ w6
�
\>D~E6n��

�
/

H
�
W6@Z6n� m D6> O6

�
grhv qrw ghshqg rq D�6 z1s14 +814,

zkhqhyhu wkh h{shfwdwlrq lv �qlwh1

Zh fdq xvh +814, wr frqvwuxfw whvwv ri wkh gluhfw h�hfw �j�0qxoo k|srwkhvlv1 Zh �uvw surylgh/

lq Wkhruhp 815 ehorz/ d txlwh jhqhudo dssurdfk wr whvwlqj +814,1 Zh wkhq vxjjhvw d sudfwlfdo

dssurdfk wkdw doorzv wkh dqdo|vw wr whvw +814, xvlqj hdvlo| dydlodeoh r�0wkh0vkhoi vriwzduh1

Jhqhudo Dssurdfk wr Whvwlqj= Iluvw frqvlghu d vhtxhqwldo udqgrpl}hg wuldo zkhuh

i
�
D6 m D63�> O6

�
dqg wkxv i

�
D�6 m D~6>D63�> O6

�
> i
�
D~6 m D63�> O6

�
dqgZ6n� duh nqrzq1

Ohw W W6 +D�6> \ , � wW6
�
D�6> \>D~6> D63�> O6

�
eh d ixqfwlrq fkrvhq e| wkh gdwd dqdo|vw1

Qrz gh�qh X6 @
�
W W6 +D�6> \ ,�

U
W W6 +d�6> \ ,gI

�
d�6 m D~6>D63�> O6

��
@Z6n� dqg ohw

X� @
gS

6'f
X61 Wkhq/ e| wkh gluhfw h�hfw �j�0qxoo wkhruhp/ zh rewdlq wkh iroorzlqj uhvxow1

Wkhruhp 815= Li wkh gluhfw h�hfw �j�0qxoo k|srwkhvlv +716, lv wuxh dqg ydu +X�, ? 4/ wkhq

H +X�, @ 3 dqg " �
S

� X��@
�S

� X
2
��

� �
2 frqyhujhv wr d Q +3> 4, udqgrp yduldeoh1

Lw iroorzv iurp Wkhruhp +815, wkdw wkh vr0fdoohg j0whvw wkdw uhmhfwv zkhq m " mA 4=<9 lv dq

dv|pswrwlfdoo| =38 ohyho whvw ri +716,1 Wkh srzhu ri wkh whvw ghshqgv rq wkh fkrlfh ri wkh ixqfwlrq

wW6/ dv glvfxvvhg odwhu1 Wkh whvw jlyhq lq Vhf1 5 lv wkh vshfldo fdvh ri wkh whvw " zlwk N @ 4/

D~� � D�/ D�f � Df/ W
W

f +D�f> \ , � w +D�> \ ,Df dqg W W� +D��> \ , � 31

Lq dq revhuydwlrqdo vwxg|/ zh zrxog +l, vshfli| d sdudphwulf prgho i
�
D& m D&3�> O&>�

�
iru

wkh qrz xqnqrzq ghqvlwlhv i
�
D& m D&3�> O&

�
/ wkhq +ll, uhsodfh wkh xqnqrzq ghqvlwlhv lq wkh

gh�qlwlrq ri Z6n� dqg X6 e| wkhlu pd{lpxp olnholkrrg hvwlpdwhv rewdlqhg e| rq pd{lpl}lqj

wkh olnholkrrg O +�, @
?T
�'�

gT
6'f

i
�
D&� m DE&3���> O&�>�

�
ryhu �/ dqg +lll, uhgh�qh e" @

S
� X�� +e�, @e�/ zkhuh X� � � X� � +�f, dqg wkh yduldqfh hvwlpdwru e� dssursuldwho| dgmxvwv iru hvwlpdwlrq ri �1

Vshfl�fdoo|/ e� @
S

�
eG� +3, eG�

� +3, zkhuh
eG� +3, lv gh�qhg iroorzlqj Ht1 +;14d, ehorz1
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8141 Sudfwlfdo dssurdfk wr whvwlqj

Zh ghvfuleh d sudfwlfdo dssurdfk wr whvwlqj +814, wkdw rqo| uhtxluhv dffhvv wr hdvlo| dydlodeoh

r�0wkh0vkhoi vriwzduh1 Ixuwkhu/ wkh dssurdfk kdv wkh dgydqwdjh wkdw zh rqo| qhhg wr fruuhfwo|

vshfli| d prgho iru wkh frqglwlrqdo phdq ri D�6 jlyhq D~6> D63�> O63� udwkhu wkdq d prgho

iru wkh hqwluh frqglwlrqdo glvwulexwlrq1 Zh ghvfuleh rxu dssurdfk lq vhyhudo vwhsv1

Vwhs 4= Vshfli| d sdudphwulf prgho i
�
D~& m D&3�> O&>�

E��
�
dqg fdofxodwh wkh POH e�E�� wkdw

pd{lpl}hv
T
�

gT
&'f

i
�
D~&� m DE&3�� �> O&�>�

E��
�
dqg ohw Z6�

�e�E��� ghqrwh Z6� hydoxdwhg xqghu

wkh ghqvlw| lqgh{hg e| e�E��1
Vwhs 5= Iru p @ 3> = = = >N/ vshfli| d prgho iru wkh frqglwlrqdo phdq ri D�6 ghshqglqj rq d

sdudphwhu yhfwru �Ef�

H
�
D�6 m D~6>D63�> O6

�
@ g

�
�Ef�

�

T6

�
> +815,

zkhuh T6 lv d nqrzq yhfwru ixqfwlrq ri D~6> D63�> O6 dqg g +�, lv d nqrzq olqn ixqfwlrq1

Iru h{dpsoh/ li D�6 lv glfkrwrprxv/ zh pljkw fkrrvh g +{, @ i4 . h{s +�{,j3�1 Li D�6 lv

frqwlqxrxv/ zh pljkw fkrrvh g +{, @ {1

Vwhs 6= Frpsxwh dq �0ohyho whvw ri wkh k|srwkhvlv wkdw � @ 3 lq wkh h{whqghg prgho wkdw dggv wkh

whup �TW

6 @ �tW6

�
\>D~6>D63�> O6>D~E6n��

�
@Z6n�

�e�E��� wr wkh �Ef��T6 lq +815,/ zkhuh +l,

tW6 +�, lv d nqrzq ixqfwlrq fkrvhq e| wkh gdwd dqdo|vw/ +ll, lq whvwlqj � @ 3/ zh wuhdw wkh TW

6 dv

��{hg fryduldwhv� dqg +lll, zh xvh r�0wkh0vkhoi jhqhudol}hg hvwlpdwlqj htxdwlrq +JHH, vriwzduh

iru �foxvwhuhg� gdwd dydlodeoh lq V. ru VDV wkdw uhjdugv wkh D�f> = = = > D�g rq hdfk vxemhfw dv

fruuhodwhg +l1h1/ foxvwhuhg,1 Riwhq wkh vriwzduh zloo dvn wkh xvhu wr vshfli| d vr0fdoohg zrunlqj

fryduldqfh pdwul{> rqh fdq vshfli| wkh lqghshqghqfh fryduldqfh pdwul{1

Lw fdq eh vkrzq wkdw/ li rxu prgho iru i
�
D~& m D&3�> O&3�

�
dqg Ht1 +815, duh fruuhfwo|

vshfl�hg/ wkhq xqghu gluhfw0h�hfw qxoo k|srwkhvlv +814,/ lq odujh vdpsohv/ wkh uhmhfwlrq udwh ri

wkh �0ohyho whvw lq Vwhs 6 zloo eh ohvv wkdq ru htxdo wr �1 Wkdw lv/ wkh whvw lv �frqvhuydwlyh1� Wkh

uhdvrq wkdw wkh whvw pd| uhmhfw/ hyhq lq odujh vdpsohv/ dw d udwh ohvv wkdq lwv qrplqdo �0ohyho lv

wkdw wkh yduldqfh frpsxwhg e| wkh r�0wkh0vkhoi vriwzduh surjudpv grhv qrw dgmxvw iru wkh h�hfw

ri hvwlpdwlqj �E�� +dowkrxjk lw grhv fruuhfwo| dgmxvw iru wkh h�hfw ri hvwlpdwlqj �Ef�,1

Zh uhihu wr doo wkh deryh whvwv dv gluhfw h�hfw j0whvwv1 D gluhfw h�hfw j0whvw lv d vhplsdudphwulf

whvw vlqfh lw rqo| uhtxluhv zh vshfli| d prgho iru i
�
D6 m O6> D63�

�
udwkhu wkdq iru wkh hqwluh

mrlqw glvwulexwlrq ri wkh revhuyhg gdwd Y @
�
\>O>D

�
1 Lq dq revhuydwlrqdo vwxg|/ wkh j0whvw lv rqo|

jxdudqwhhg wr uhmhfw dw d udwh qr juhdwhu wkdq lwv qrplqdo ohyho li wkh prgho iru D6 m D63�> O6

lv fruuhfw1 Djdlq krzhyhu/ lq frqwudvw wr wkh glvwxuelqj uhvxowv ri Ohppd 414/ dq| prgho iru

i
�
D6 m O6> D63�

�
zloo eh frpsdwleoh zlwk wkh gluhfw h�hfw j0qxoo k|srwkhvlv +716,1

8151 Surri ri Wkhruhp 814

Zh �uvw vwdwh dqg suryh d ohppd1 Iluvw/ vrph gh�qlwlrqv1 Ohw GDJ JW eh wkh pdqlsxodwhg

vxejudsk ri GDJ J lq zklfk doo duurzv lqwr hdfk D~& kdyh ehhq uhpryhg h{fhsw wkrvh iurp
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D~f> = = = > D~E&3�� dqg htxls JW zlwk wkh ghqvlw|

iW +y, @ w2 +d~, i
�
| m dg > cg

� g\
6'f

i
�
d�6 m d~6> d63�> c63�

�
i
�
c6 m c63�> d63�

�
zkhuh w2 +d~, lv wkh qhz pdujlqdo ghqvlw| iru wkh �frpsrvlwh� sduhqwohvv yduldeoh

D~ @ +D~f> = = = >D~g,1 Wkh uhpdlqlqj idfwruv duh dv lq wkh ghqvlw| i +y, ri wkh wuxh GDJ J1

Dvwhulvnv zloo uhihu wr wkh GDJ JW dqg lwv dvvrfldwhg ghqvlw| iW +y,1 Zh qrz rxwolqh wkh surri1

Lq wkh surri ri wkh suholplqdu| ohppd/ zh vkrz wkdw wkh gluhfw0h�hfw qxoo k|srwkhvlv +716,

lv lghqwlfdo xqghu JW dqg J1 Krzhyhu/ zkhq/ dv lq JW/ D~ lv h{rjhqrxv +sduhqwohvv,/ whvwlqj iru

qr gluhfw h�hfw ri D� lv htxlydohqw iru whvwlqj iru qr ryhu0doo h�hfw ri D� 1 Iurp p| suhylrxv

zrun +Urelqv/ 4<;9,/ lw lv nqrzq krz wr whvw iru qr ryhu0doo h�hfw1 Ilqdoo|/ zh vkrz wkdw dq|

whvw xqghu JW lpsolhv wkdw d fruuhvsrqglqj whvw xqghu J lv rewdlqhg e| uhzhljkwlqj wkh whvw

vwdwlvwlf e| wkh lqyhuvh suredelolw| ri wuhdwphqw zlwk D~ / l1h1/ e| wkh Z6*v1

Ohppd 814= Wkh gluhfw0h�hfw �j�0qxoo k|srwkhvlv +715, krogv +xqghu i +y,, li dqg rqo| li

D�6

dW
�
\>D~E6n��

�
m O6>D~6>D63� +816,

zkhuh wkh
c
W phdqv lqghshqghqfh xqghu wkh odz iW +y,1

Surri= Vlqfh IE}� c@~� +|, grhv qrw ghshqg rq wkh ghqvlwlhv i
�
d~6 m d63�> c63�

�
prgl�hg

lq iW +y,/ zh kdyh

I W

E}� c@~�
+|, @ IE}� c@~� +|, 1 +817,

Wkxv/ +715, dovr uhsuhvhqwv wkh gluhfw0h�hfw �j�0qxoo k|srwkhvlv xqghu GDJ JW1 Krzhyhu/ eh0

fdxvh wkh frpsrvlwh yduldeoh D~ lv h{rjhqrxv rq GDJ JW/ wkh glvwulexwlrq/ xqghu iW +y,/ ri \

zkhq D� iroorzv sodq j� dqg D~ lv vhw wr sodq d~ htxdov wkh frqglwlrqdo glvwulexwlrq/ jlyhq

D~ @ d~ / ri \ zkhq D� lv vhw wr j� 1 Wkdw lv/ e| gluhfw fdofxodwlrq/

iWE}� c@~� +|, @ iW}�
�
| m D~ @ d~

�
+818,

zkhuh/ e| gh�qlwlrq/ iW}� +y, lv wkh ghqvlw| rewdlqhg e| uhsodflqj lq iW +y, wkh ghqvlw|

i
�
d�6 m d~6> d63�> c6

�
e| d ghjhqhudwh glvwulexwlrq dw d�6 @ j�6

�
c6
�
iru p @ 3> = = = >N1

Qrwh/ dqg wklv lv zk| zh lqwurgxfhg GDJ JW/ +818, lv idovh iru GDJ J1 Lw iroorzv iurp +818,

wkdw zh fdq uhzulwh wkh gluhfw0h�hfw qxoo k|srwkhvlv +715, dv

I W

}��

�
| m D~ @ d~

�
@ I W

}�2

�
| m D~ @ d~

�
iru doo j��> j�2 5 J� dqg doo d~ +819,

Krzhyhu/ lw lv hdv| wr vkrz +Urelqv/ 4<;:, wkdw +819, lv htxdo wr wkh �j�0qxoo k|srwkhvlv ri

qr ryhu0doo h�hfw ri D� rq \ 1

I W

}��
+|, @ I W

}�2
+|, iru doo j��> j�2 5 J� 1 +81:,

Wkh j0qxoo wkhruhp ri Urelqv +4<;9, vwdwhv wkdw +81:, lv htxlydohqw wr

D�6

c
W \ m O6>D� E63��> D~ 1 +81;,

4:



Krzhyhu/ e| g0vhsdudwlrq rq GDJ JW/ zh nqrz

D~E6n��

c
W
�
O6> D�6

�
m D~6 1

Khqfh/ rq GDJ JW/ +81;, lv wuxh li dqg rqo| li +816, lv wuxh/ surylqj wkh ohppd1

Surri ri Wkhruhp 814= Lw lv zhoo0nqrzq wkdw +816, lv wuxh li dqg rqo| li iru doo ixqfwlrqv

k6
�
\>D~E6n��

�
HW

k
k6

�
\>D~E6n��

�
m D6 @ d6> O6 @ c6

l
grhv qrw ghshqg rq d�6 z1s14 +81<,

zkhqhyhu wkh h{shfwdwlrq lv �qlwh1 Zulwlqj +81<, rxw h{solflwo|/ zh kdyh]]]
H
k
k6

�
\>D~E6n��

�
m dg > cg

l
+8143,+

g\
&'6n�

gI
�
c& m c&3�> d� E&3��

�
gI

�
d�& m d~&> d� E&3��> c&

�
w2
�
d~& m d~E&3��

�
g� +d~&,

,
1

Pxowlso|lqj wkh lqwhjudo lq +8143, e| 4 @
gT

&'6n�

i
�
d~& m c&> d&3�

�
@

gT
&'6n�

i
�
d~& m c&> d&3�

�
/ zh

rewdlq]]]
H

%
k6

�
\>D~E6n��

� g\
&'6n�

w2
�
d~& m d~E&3��

�
@

+
g\

&'6n�

i
�
d~& m c&> d&3�

�,
m dg > cg

&
gI

�
cg > dg m d6> c6

�
zklfk htxdov

H
�
W6@Z6n� m D6 @ d6> O6 @ c6

�
zlwk W6 � k6

�
\>D~E6n��

� g\
&'6n�

w2
�
D~& m D~E&3��

�
1

Vlqfh k6 zdv duelwudu|/ W6 lv duelwudu| dv zhoo1 Wklv suryhv wkh wkhruhp1

91 Gluhfw H�hfw �j�0qxoo phdq k|srwkhvlv

Qrz zh zrxog olnh wr hvwlpdwh ydulrxv �gluhfw h�hfw� frqwudvwv ri lqwhuhvw/ vxfk dv wkh gl�huhqfh

lq wkh glvwulexwlrq ixqfwlrqv IE}��c@~� +|,�IE}�2c@~� +|, iru uhjlphv j��/ j�2> dqg d~ ri lqwhuhvw1

Riwhq/ udwkhu wkdq irfxvlqj rq wkh frqwudvwv ehwzhhq hqwluh glvwulexwlrq ixqfwlrqv/ rqh pd| eh

prvw frqfhuqhg zlwk lwv hvwlpdwlqj wkh h�hfw ri wuhdwphqw zlwk D�~ rq wkh phdq ri \ zkhq

D~ lv vhw wr vrph ydoxh d~ ri lqwhuhvw1 Wkdw lv/ zh duh lqwhuhvwhg lq wkh frqwudvw

HE}��c@~� +\ ,�HE}�2c@~� +\ , +914,

zkhuh H} +\ , �
U
|gI} +|, dqg lq wkh iroorzlqj gluhfw h�hfw �j�0qxoo phdq k|srwkhvlv1
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Gh�qlwlrq= Wkh gluhfw h�hfw �j�0qxoo phdq k|srwkhvlv ri qr gluhfw h�hfw ri D� frqwuroolqj

iru D~ lv wkh k|srwkhvlv

HE}��c@~� +\ , @ HE}�2c@~� +\ , +915,

iru doo d~ > j��> j�21

Qrwh wkdw wkh gluhfw h�hfw �j�0qxoo k|srwkhvlv +715, lpsolhv wkh gluhfw0h�hfw �j�0qxoo phdq

k|srwkhvlv +915, exw wkh frqyhuvh lv idovh vlqfh wuhdwphqw zlwk D� frxog d�hfw wkh glvwulexwlrq

ri \ zlwkrxw d�hfwlqj lwv phdq1 Vlplodu wr Ohppd 714/ zh kdyh=

Ohppd= Ht1 +915, lv wuxh li dqg rqo| li

H@

�
\ m c6

�
grhv qrw ghshqg rq d�6 +916,

iru doo d � +d� > d~, > c61

D ixuwkhu htxlydohqw fkdudfwhul}dwlrq lv jlyhq lq wkh iroorzlqj1

Wkhruhp 914= Gluhfw H�hfw �j�0Qxoo Phdq Wkhruhp= Ht1 +915, lv wuxh li dqg rqo| li iru

hdfk p dqg hdfk ixqfwlrq W6 @ \ w6
�
D~E6n��

�
olqhdu lq \ / H

�
W6@Z6n� m D6> O6

�
grhv qrw

ghshqg rq D�6/ zkhqhyhu wkh h{shfwdwlrq h{lvwv1

Surri Vnhwfk= Wkh surri lv dqdorjrxv wr wkdw jlyhq lq Vhf1 815/ h{fhsw wkdw wkh �j�0qxoo

phdq k|srwkhvlv

HW

}��
+\ , @ HW

}�2
+\ , +917,

ri JW lv htxlydohqw wr wkh k|srwkhvlv HW
�
\ m D6> O6> D~

�
grhv qrw ghshqg rq D�6 iru hdfk p

+Urelqv/ 4<<7/ 4<<:, zklfk uhsodfhv +81;, lq wkh surri1 Wkhruhp 914 lv dovr d gluhfw fruroodu| ri

Wkhruhpv :14 dqg ;14 ehorz1

Lw iroorzv wkdw wkh dv|pswrwlf �0ohyho whvw wkdw uhmhfwv zkhqhyhu wkh gluhfw0h�hfw j0whvw vwdwlv0

wlf " ri Wkhruhp 815 h{fhhgv 4=<9 lq devroxwh ydoxh lv dq dv|pswrwlf �0ohyho whvw ri wkh gluhfw

h�hfw j0qxoo phdq k|srwkhvlv +915, surylghg W W6 +D�6> \ , � W W6� +D�6,\ . W W62 +D�6, xvhg

lq wkh gh�qlwlrq ri " lv olqhdu lq \ 1 Vlploduo|/ wkh r�0wkh0vkhoi whvw ri Vhf1 814 fdq eh xvhg/

surylghg zh fkrrvh tW6 olqhdu lq \ 1

Zh vkdoo qrz ghyhors d xql�hg dssurdfk wr whvwlqj wkh gluhfw h�hfw j0qxoo phdq k|srwkhvlv

+915, dqg hvwlpdwlqj wkh frqwudvw +914, edvhg rq vhplsdudphwulf j0hvwlpdwlrq ri gluhfw h�hfw

vwuxfwxudo qhvwhg phdq prghov +VQPPv,1 Zh zloo wkhq wxuq rxu dwwhqwlrq wr ghyhorsphqw ri

d xql�hg dssurdfk wr whvwlqj wkh gluhfw0h�hfw �j�0qxoo k|srwkhvlv +716, dqg hvwlpdwlqj glvwul0

exwlrqdo frqwudvwv edvhg rq j0hvwlpdwlrq ri gluhfw h�hfw vwuxfwxudo qhvwhg glvwulexwlrq prghov

+VQGPv,1

Zh frqvlghu gluhfw h�hfw vwuxfwxudo qhvwhg phdq prghov +VQPPv, lq dgglwlrq wr gluhfw

h�hfw vwuxfwxudo qhvwhg glvwulexwlrq prghov +VQGPv,/ ehfdxvh +l, wkh iruphu duh frqfhswxdoo|

pxfk hdvlhu wr xqghuvwdqg wkdq wkh odwwhu/ +ll, VQGPv duh gh�qhg rqo| iru frqwlqxrxv \ zkloh

VQPPv doorz \ wr eh frqwlqxrxv ru glvfuhwh/ +lll, wkh gluhfw h�hfw �j�0qxoo phdq k|srwkhvlv

+915, pd| eh ri juhdwhu vxemhfw pdwwhu lqwhuhvw wkdq wkh gluhfw h�hfw �j�0qxoo k|srwkhvlv +715,

dqg +ly, phdq frqwudvwv duh pxfk hdvlhu wr frpsxwh wkdq glvwulexwlrqdo frqwudvwv11
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:1 D Qhz Fkdudfwhul}dwlrq ri wkh Gluhfw0h�hfw �j�0Qxoo Phdq K|srwkhvlv

Wkh �uvw vwhs lq gh�qlqj gluhfw0h�hfw VQPPv lv |hw dqrwkhu qhz fkdudfwhul}dwlrq ri wkh gluhfw

h�hfw �j�0qxoo phdq k|srwkhvlv +915,1 Jlyhq dq| wuhdwphqw klvwru| d @ +d� > d~, lq reylrxv

qrwdwlrq/ dgrsw wkh frqyhqwlrq wkdw wkh wuhdwphqw klvwru| wkdw +l, djuhhv zlwk d~ wkurxjk wg

iru D~ dqg +ll, djuhhv zlwk d� wkurxjk w6 dqg lv }hur wkhuhdiwhu iru D� zloo eh ghqrwhg +d�6> d~,

ru +id�6> 3j, > d~, 1 Ghqrwh H}

�
\ m c6

�
e| e

�
c6> j

�
dqg H} +\ , e| e +j,1 Zulwh e

�
c6> j @ +d,

�
dv e

�
c6> d

�
@ e

�
c6> d�6> d~

�
zkhq d @ +d�6> d~,1 Wkhq gh�qh wkh �eols ixqfwlrq�

�
�
c6> d�6> d~

�
� e

�
c6> d�6> d~

�
� e

�
c6> d� E63��> d~

�
1

Jlyhq wkh j0lghqwl�delolw| dvvxpswlrq/ �
�
c6> d�6> d~

�
lv wkh gluhfw h�hfw rq wkh phdq ri \

ri rqh �qdo eols ri D�6 wuhdwphqw ri pdjqlwxgh d�6 dw wlph w6 dprqj vxemhfwv zlwk klvwru|�
dE63��> c6

�
zkhq wuhdwphqw D~ lv vhw wr d~ 1 Lq sduwlfxodu/ qrwh wkh �eols� ixqfwlrq vdwlv�hv

�
�
c6> d�6> d~

�
@ 3 li d�6 @ 3 1 +:14,

Rxu lqwhuhvw lq wklv ixqfwlrq lv edvhg rq wkh iroorzlqj wkhruhp1

Wkhruhp :14= �
�
c6> d�6> d~

�
@ 3 iru doo |>p> d�6> d~ li dqg rqo| li wkh gluhfw h�hfw �j�0qxoo

phdq k|srwkhvlv +915, krogv1

Wkh wkhruhp lv d fruroodu| ri Wkhruhp +;19, ehorz1 Lw dovr iroorzv e| qrwlqj wkdw wkh gluhfw0

h�hfw �j�0qxoo phdq k|srwkhvlv +915, krogv iru GDJ J li dqg rqo| li wkh ryhu0doo �j�0qxoo phdq

k|srwkhvlv +917, krogv iru GDJ JW1 Wklv odwhu k|srwkhvlv krogv li dqg rqo| li �
�
c6> d�6> d~

�
� 3

e| uhvxowv lq Urelqv +4<<7/ 4<<:,1

;1 Gluhfw H�hfw VQPPv

Lq ylhz ri Wkhruhp :14/ rxu dssurdfk zloo eh wr frqvwuxfw d sdudphwulf prgho iru �
�
c6> d�6> d~

�
ghshqglqj rq d sdudphwhu # vxfk wkdw �

�
c6> d�6> d~

�
� 3 li dqg rqo| li wkh wuxh ydoxh #f ri

wkh sdudphwhu lv }hur1

Gh�qlwlrq= Wkh glvwulexwlrq I ri wkh revhuydeohv Y iroorzv d gluhfw h�hfw svhxgr0vwuxfwxudo

qhvwhg phdq prgho iru wkh h�hfw riD� frqwuroolqj iruD~ li �
�
c6> d�6> d~

�
@ �

�
c6> d�6> d~ > #f

�
zkhuh �

�
c6> d�6> d~ > #

�
lv d nqrzq ixqfwlrq ghshqglqj rq d �qlwh glphqvlrqdo sdudphwhu #

dqg �
�
c6> d�6> d~ > #

�
@ 3 li d�6 @ 3 ru # @ 3/ vr #f @ 3 uhsuhvhqwv wkh gluhfw h�hfw �j�0

qxoo k|srwkhvlv +915,1 Dv mxvw rqh h{dpsoh/ zh pljkw frqvlghu wkh prgho �
�
c6> d�6> d~ > #

�
@

#�d�6 . #2d�6d� E63�� .#�d�6c
W

63� .#ed�6d~g zkhuh cW6 lv d jlyhq xqlyduldwh ixqfwlrq ri

c61 Zkhq j0lghqwl�delolw| krogv/ zh dovr uhihu wr �
�
c6> d�6> d~ > #

�
dv d gluhfw0h�hfw VQPP/

wkh uhprydo ri �svhxgr� uh hfwlqj wkh idfw wkdw �
�
c6> d�6> d~

�
qrz kdv d fdxvdo lqwhusuhwdwlrq1

Zh qrz frqvlghu whvwlqj dqg hvwlpdwlrq ri #f lq wkh vhplsdudphwulf prgho +d, fkdudfwhul}hg

e| wkh uhvwulfwlrqv wkdw wkh odz ri Y iroorzv wkh gluhfw h�hfw svhxgr0VQPP �
�
c6> d�6> d~ > #

�
/

dqg dv lq d vhtxhqwldo udqgrpl}hg wuldo/ i
�
d6 m d63�> c6

�
lv nqrzq1 Wklv prgho lv uhihuuhg

wr dv vhplsdudphwulf vlqfh lw sdudphwhul}hv vrph exw qrw doo ri wkh mrlqw glvwulexwlrq ri Y 1
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Rxu ixqgdphqwdo wrro lv wkh iroorzlqj wkhruhp1 Iru dq| ixqfwlrq �W
�
c6> d�6> d~

�
vdwlvi|lqj

�W
�
c6> d�6> d~

�
@ 3 li d�6 @ 3/ gh�qh K +�W, � \ �

gS
6'f

�W
�
O6> D�6>D~

�
1 Wkh iroorzlqj

wkhruhp jlyhv d xvhixo fkdudfwhul}dwlrq ri wkh wuxh eols ixqfwlrq �
�
O6>D�6> D~

�
1

Wkhruhp ;14= �W
�
O6> D�6>D~

�
@ �

�
O6> D�6> D~

�
z1 s1 4 li dqg rqo| li iru hdfk p @

3> = = = >N dqg dq| ixqfwlrq w6 +�,

H
k
w6
�
D~E6n��

�
K +�W, @Z6n� m D6> O6

l
grhv qrw ghshqg rq D�6 z1s1 41

Surri= D gluhfw surri lv jlyhq lq Dsshqgl{ 41 Khuh zh vnhwfk dq dowhuqdwlyh surri1 Rq

GDJ JW/ zh nqrz e| uhvxowv ri Urelqv +4<<7/ 4<<:, rq ryhudoo h�hfwv wkdw �
�
O6> D�6>D~

�
lv

xqltxho| fkdudfwhul}hg e| H
�
K +�, m D�6> O6>D~

�
grhv qrw ghshqg rq D�61 Zh xvh wklv wr

uhsodfh Ht1 +81;, dqg surfhhg dqdorjrxvo| wr wkh surri ri Wkhruhp 8141

Uhpdun= Qrwh wkdw Wkhruhp 914 lv d gluhfw fruroodu| ri Wkhruhpv :14 dqg ;141 Zh fdq

xvh Wkhruhp ;14 wr frqvwuxfw vhplsdudphwulf gluhfw0h�hfw j0whvwv dqg j0hvwlpdwhv iru #f1 Lq d

sdudooho wr Vhf1 8/ zh �uvw surylgh lq Wkhruhp ;15 ehorz d txlwh jhqhudo dssurdfk wr whvwlqj dqg

hvwlpdwlrq11 Zh wkhq vxjjhvw d sudfwlfdo dssurdfk wkdw doorzv wkh dqdo|vw wr xvh hdvlo| dydlodeoh

r�0wkh0vkhoi vriwzduh1

;141 Jhqhudo dssurdfk wr whvwlqj dqg hvwlpdwlrq

Wr ghvfuleh wkh dv|pswrwlf surshuwlhv ri wkh hvwlpdwruv lqwurgxfhg lq wklv Vhfwlrq/ lw zloo eh

xvhixo wr gh�qh dq dv|pswrwlfdoo| olqhdu hvwlpdwru1 Dq hvwlpdwru e# ri #f lv dv|pswrwlfdoo| olqhdu

zlwk lq xhqfh ixqfwlrq E li

q
�
2

�e# � #f

�
@ q3

�
2

?[
�'�

E� . rR +4, /

zkhuh H +E, @ 3/ H +E�E, ?4/ dqg rR +4, uhsuhvhqwv d udqgrp yduldeoh frqyhujlqj wr }hur lq

suredelolw|1 Wkxv/ dq dv|pswrwlfdoo| olqhdu hvwlpdwru lv dv|pswrwlfdoo| htxlydohqw wr wkh vxp ri

lqghshqghqw dqg lghqwlfdoo| glvwulexwhg udqgrp yduldeohv E�1 Lw iroorzv/ wkhuhiruh/ wkdw li e# lv

dv|pswrwlfdoo| olqhdu/ wkhq/ e| wkh fhqwudo olplw wkhruhp dqg Voxw}n|*v wkhruhp/ q
�
2

�e# � #f

�
lv

dv|pswrwlfdoo| qrupdo zlwk phdq }hur dqg yduldqfh H ^EE�`1 Qhduo| doo frpprqo| hqfrxqwhuhg

hvwlpdwruv duh dv|pswrwlfdoo| olqhdu1 Iru h{dpsoh/ wkh pd{lpxp olnholkrrg hvwlpdwru dqg prvw

Ed|hv hvwlpdwruv ri wkh sdudphwhu yhfwru lqgh{lqj d sdudphwulf prgho zloo eh dv|pswrwlfdoo|

olqhdu zlwk lq xhqfh ixqfwlrq htxdo wr wkh lqyhuvh ri wkh h{shfwhg lqirupdwlrq pdwul{ pxowlsolhg

e| wkh vfruh yhfwru +l1h1/ wkh ghulydwlyh ri wkh orj olnholkrrg frqwulexwlrq ri d vlqjoh vxemhfw zlwk

uhvshfw wr wkh sdudphwhu,1 Wzr dv|pswrwlfdoo| olqhdu hvwlpdwruv/ e#E��
dqg e#E2

zlwk wkh vdph

lq xhqfh ixqfwlrq E duh dv|pswrwlfdoo| htxlydohqw lq wkh vhqvh wkdw q
�
2

�e#E��
� e#E2�

�
jrhv wr

}hur lq suredelolw|1

Lw zloo dovr eh xvhixo wr gh�qh d uhjxodu hvwlpdwru= d uhjxodu hvwlpdwru lv rqh zkrvh frqyhu0

jhqfh wr lwv olplwlqj glvwulexwlrq lv orfdoo| xqlirup +Elfnho hw do1/ 4<<6,1 Uhjxodulw| lv d whfkqlfdo

frqglwlrq wkdw surklelwv vxshu0h!flhqw hvwlpdwruv1 Wkxv/ zkhq zh vd| wkh pd{lpxp olnholkrrg
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hvwlpdwru ru d Ed|hv hvwlpdwru lv h!flhqw/ zh phdq lw lv h!flhqw zlwklq wkh fodvv ri uhjxodu

hvwlpdwruv1 Wkxv/ dq hvwlpdwru ehlqj uhjxodu/ dv|pswrwlfdoo| olqhdu +UDO, lv d kljko| ghvludeoh

surshuw|1 Zlwk wklv edfnjurxqg/ zh duh uhdg| wr ghvfuleh rxu jhqhudo dssurdfk wr whvwlqj dqg

hvwlpdwlrq1

Ohw W W6 +D�6> |, @ W W6� +D�6, | . W W62 +D�6, zkhuh/ iru m @ 4> 5/ W W6� +D�6, @

wW6�

�
D�6> D~6>D63�> O6

�
1 Zulwh K +#, @ \ �

gS
6'f

�
�
O6>D�6>D~ > #

�
dqg ohw X6 +#> wW, @

Z3�
6n�

�
W W6 +D�6>K +#,,�

U
W W6 id�6>K +#,jgI

�
d�6 m D~6>D63�> O6

��
dqg X� +#, �

X� +#> w
W, �

gS
6'f

X6 +#> wW,/ zkhuh wW lv wkh froohfwlrq ri ixqfwlrqv
q
wW6� +�, >p @ 3> = = = >N> m @ 3> 4

r
fkrvhq e| wkh lqyhvwljdwru1 Dovr jlyhq ixqfwlrqv u6

�
D~6> D63�> O63�

�
fkrvhq e| wkh lqyhvwl0

jdwru/ ohw U� @
gS

6'f
U6/ zkhuh U6 @ u6

�
D~6>D63�> O63�

�
�U

u6
�
d~6>D63�> O63�

�
gI

�
d~6 m D63�> O63�

�
dqg gh�qh XW

�
+#, � XW

�
+#> wW> u, @ X� +#> w

W,�

U�1 Lq wkh iroorzlqj wkhruhp/ wkh ixqfwlrqv wW6� dqg u6 duh yhfwru ydoxhg ri wkh glphqvlrq ri #1

Wkhruhp ;15= Li ydu iXW

�
+#f> w

W> u,j lv �qlwh/ wkhq +l, H ^XW

�
+#f,` @ 3/ dqg li # lv rqh0

glphqvlrqdo/ " +#f, �
S

� X
W

�� +#f, @
kS

� X
W

�� +#f,
2
l �
2
frqyhujhv wr d Q +3> 4, udqgrp yduldeoh1

Ixuwkhu/ xqghu vwdqgdug uhjxodulw| frqglwlrqv/ zlwk suredelolw| dssurdfklqj 4/ wkh xqltxh vrox0

wlrq e# � e# +wW> u, wr 3 @
S

� X
W

�� +#> w
W> u, @ 3 lv d uhjxodu dv|pswrwlfdoo| olqhdu +UDO, hvwlpdwru

ri #f zlwk lq xhqfh ixqfwlrq �iH ^CXW

�
+#f> w

W> u, @C#`j3� XW

�
+#f> w

W> u,1

Uhpdun= Wkh whvw vwdwlvwlf " glvfxvvhg lq wkh sdudjudsk iroorzlqj Wkhruhp 914 lv d vshfldo

fdvh ri " +#f, zlwk #f @ 3 dqg U� � 31

Hovhzkhuh zh suryh wkhuh ixuwkhu h{lvwv wWess dqg uess vxfk wkdw e# �wWess > uess� lv wkh prvw

h!flhqw srvvleoh hvwlpdwru ri #f xqghu wkh uhvwulfwlrqv lpsrvhg e| rxu vhplsdudphwulf prgho +d,1

Wkdw lv/ wkh dv|pswrwlf yduldqfh ri e# �wWess > uess� dwwdlqv wkh vhplsdudphwulf yduldqfh erxqg

iru wkh prgho1 Lq sduwlfxodu/ wklv lpsolhv wkdw zkhq #f lv 40glphqvlrqdo/ wkh gluhfw0h�hfw j0whvw

edvhg rq " � " +3, ri wkh qxoo k|srwkhvlv #f @ 3 wkdw xvhv wWess dqg uess lv orfdoo| prvw srzhuixo

dprqj doo uhjxodu dv|pswrwlf �0ohyho whvwv +Urelqv dqg Urwqlw}n|/ 4<<5, ri wkh gluhfw h�hfw �j�0

qxoo phdq k|srwkhvlv +916, xqghu wkh vroh uhvwulfwlrq wkdw/ dv lq d vhtxhqwldo udqgrpl}hg wuldo/

wkh ghqvlwlhv i
�
d6 m d63�> c63�

�
duh nqrzq1 Zh lqwurgxfhg wkh dgglwlrqdo whup U� lq XW

�
+#, wr

eh deoh wr fkdudfwhul}h wkh prvw h!flhqw vhplsdudphwulf surfhgxuh> wkh fkrlfh U� � 3 ri Vhfv1

8 dqg 9 lv lqh!flhqw1

Lq revhuydwlrqdo vwxglhv/ zh fdq uhsodfh wkh xqnqrzq ghqvlw| i
�
D6 m O6>D63�

�
xvhg lq

X6 +#, dqg Z6n� e| pd{lpxp olnholkrrg hvwlpdwhv xqghu d sdudphwulf prgho

i
�
D6 m O6>D63�>�

�
1 Ohw XW

�
+#>�, @ XW

�
+#> wW> u> �, dqg e# +�, � e# +wW> u> �, eh XW

�
+#> wW> u,

dqg e# +wW> u, zlwk i
�
D6 m O6> D63�

�
uhsodfhg e| i

�
D6 m O6> D63�>�

�
1 Wkhq li wkh sdudphwulf

prgho i
�
D6 m O6>D63�>�

�
lv fruuhfwo| vshfl�hg/ wkh hvwlpdwru e# +wW> u> e�, zlwk e� wkh pd{lpxp

olnholkrrg hvwlpdwru ri � zloo eh UDO zlwk lq xhqfh ixqfwlrq G @ G +#f, � �3� +#f,G
W +#f,

zkhuh �+#f, � �H ^CXW

�
+#f> w

W> u, @C#` dqg GW +#f, �

XW +#f> w
W> u, � H ^XW +#f> w

W> u,V�k` ^H +VkV
�

k,`
3� Vk/ Vk � Vk +�f, dqg Vk +�, lv wkh vfruh iru
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� +l1h1/ wkh ghulydwlyh ri wkh orj0olnholkrrg z1u1w � iru d vlqjoh vxemhfw,1 Ixuwkhupruh/ wkh

dv|pswrwlf yduldqfh ri e# +wW> u> e�, zloo eh ohvv wkdq ru htxdo wr wkdw ri e# +wW> u,1 Lq sduwlfxodu/e# �wWess > uess� dqg e# �wWess > uess > e�� zloo kdyh wkh vdph h!flhqw yduldqfh1 D frqvlvwhqw hvwlpdwru

ri wkh dv|pswrwlf yduldqfh ri q
�
2

qe# +w> u> e�,� #f

r
lv

q3�
[
�

eG�

�e#� eG�

�e#�� +;14d,

zkhuh eG +#, @ e�3� �e#� eGW +#, dqg e�+#, dqg eGW +#, duh wkh hvwlpdwruv ri �+#, dqg GW +#,

rewdlqhg e| uhsodflqj � e| e� dqg h{shfwdwlrqv e| vdpsoh dyhudjhv ryhu wkh q vwxg| vxemhfwv1

Vlploduo|/ zlwk # 40glphqvlrqdo/ li # @ #f

e" +#, �
[
�

XW

� � +#> a�, @

+[
�

eGW2
� +#,

,�
2

+;14e,

frqyhujhv wr d Q +3> 4, udqgrp yduldeoh1

D sudfwlfdo dssurdfk wr whvwlqj dqg hvwlpdwlrq= D frqvhuydwlyh �0ohyho whvw ri wkh

k|srwkhvlv # @ #f fdq eh rewdlqhg xvlqj r�0wkh0vkhoi vriwzduh e| iroorzlqj wkh sudfwlfdo whvwlqj

dojrulwkp ri Vhf1 814/ h{fhsw lq Vwhs 6 zh uhsodfh TW

6 e| TW

6 +#, @

tW6

k
K +#, >D~6>D63�> O6>D~E6n��

l
zlwk tW6 olqhdu lq lwv �uvw dujxphqw dqg wuhdw TW

6 +#, dv

d �{hg fryduldwh lq wkh whvwlqj surfhgxuh1 D UDO hvwlpdwru h# ri #f lv wkhq rewdlqhg dv wkh

ydoxh ri # wkdw pdnhv wklv whvw vwdwlvwlf suhflvho| }hur1 D frqvhuydwlyh <8( frq�ghqfh lqwhuydo

+l1h1/ dq lqwhuydo wkdw lv jxdudqwhhg lq odujh vdpsohv wr fryhu #f dw ohdvw <8( ri wkh wlph, fdq

eh rewdlqhg dv wkh vhw ri # iru zklfk wkh frqvhuydwlyh =380ohyho whvw ri # @ #f ri Vwhs 6 idlov wr

uhmhfw1

Zh uhihu wr doo wkh deryh hvwlpdwruv dv gluhfw0h�hfw j0hvwlpdwruv1 Lw zloo dovr eh shgdjrjlfdoo|

xvhixo wr uhfrqvlghu wkh vlpsoh wr| h{dpsoh ri Vhf1 5 zlwk N @ 4/ D�f � Df/ D~ f � 3/ D�� � 3/

D~ � � D�/ Of � 3/ O� � O/ Z� @ i +D� m O>Df,/ dqg K +#, @ \ � #Df1 Wkhq d whvw ri

wkh k|srwkhvlv # @ #f lv rewdlqhg e| xvlqj vwdqgdug vriwzduh wr whvw zkhwkhu wkh yduldeoh

Z +#, � K +#, w2 +D�, @Z� lv fruuhodwhg zlwk Df zkhuh w2 +D�, lv fkrvhq e| wkh gdwd dqdo|vw1

Ixuwkhupruh/ dq UDO hvwlpdwru e# ri #f lv rewdlqhg e| hvwlpdwlqj wkh olqhdu uhjuhvvlrq prgho

\� @ � . #Df � . %� e| zhljkwhg ohdvw vtxduhv zlwk vxemhfw l uhfhlylqj wkh zhljkw w2 +D� �, @Z� �1

Qrwh wkdw qr whvwv dqg hvwlpdwruv txlwh wklv vlpsoh duh dydlodeoh lq wkh pruh frpsoh{ vhwwlqjv

glvfxvvhg deryh1

Lw fdq eh vkrzq wkdw frqvlghudwlrq ri wkh devwudfw hvwlpdwlqj ixqfwlrqv XW

�
+#, lv frpsohwho|

jhqhudo lq wkh vhqvh wkdw dq| rwkhu hvwlpdwru h# ri #f/ vxfk dv wkh r�0wkh0vkhoi j0hvwlpdwru/ lv

dv|pswrwlfdoo| htxlydohqw wr dq hvwlpdwru e# +wW> u, iru vrph fkrlfh ri wkh ixqfwlrqv wW dqg u1

Wkdw lv/ h# dqg e# +wW> u, kdyh wkh vdph lq xhqfh ixqfwlrq dqg wkxv q
�
2

qh# � e# +wW> u,
r
frqyhujhv

lq suredelolw| wr }hur1

Hvwlpdwlrq ri frqwudvwv= Zkhq #f 9@ 3/ nqrzohgjh ri #f dorqh zloo qrw doorz rqh wr

fdofxodwh wkh phdq frqwudvwv e +j��> d~,�e +j�2> d~, zlwk wkh iroorzlqj h{fhswlrq1 Vxssrvh wkdw
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zh zhuh lqwhuhvwhg lq frqwudvwv ehwzhhq wkh qrq0g|qdplf uhjlphv j�� � d
E��
� dqg j�2 � d

E2�
� dqg

�
�
c6> d�6> d~

�
� � +d�6> d~, +;15,

grhv qrw ghshqg rq c6 iru hdfk p1 Gh�qh e +d~, � e +3> d~, wr eh e +j, iru j @ +d� > d~, zlwk d�

lghqwlfdoo| }hur1 Qrwh e +d~,� e +d~ � 3, lv/ xqghu j0lghqwl�delolw|/ wkh h�hfw ri wuhdwphqw zlwk

D~ @ d~ rq wkh phdq ri \ zkhq wuhdwphqw zlwk D� lv zlwkkhog1 Lw iroorzv iurp Wkhruhp ;16

ehorz wkdw e +d� > d~,� e +d~, lv
gS

6'f
� +d�6> d~, zklfk lv rqo| d ixqfwlrq ri wkh sdudphwhu #f ri

d fruuhfwo| vshfl�hg gluhfw h�hfw VQPP � +d�6> d~ > #,1

Vxssrvh/ krzhyhu/ zh zlvk wr hvwlpdwh wkh udwlr e
�
d
E��
� > d~

�
@e
�
d
E2�
� > d~

�
udwkhu wkdq wkh

gl�huhqfh1 Wkh iroorzlqj wkhruhp/ zklfk lv d fruroodu| wr Wkhruhp ;19 ehorz/ lqglfdwhv wkdw lq

rughu wr gr vr/ zh dovr qhhg dq hvwlpdwh ri e +d~,1

Wkhruhp ;16= Li +;15, lv wuxh/ e +d� > d~, @
gS

6'f
� +d�6> d~, . e +d~,1

Zlwk wklv prwlydwlrq/ rxu qh{w jrdo zloo eh wr hvwlpdwh e +d~,1 Wr gr vr/ zh prgli| rxu

suhylrxv vhplsdudphwulf prgho +d, wr wkh pruh uhvwulfwlyh vhplsdudphwulf prgho +e, zklfk

frqwdlqv wkh dgglwlrqdo dvvxpswlrq wkdw e +d~, @ e +d~ > �f, zkhuh e +d~ > �, lv d nqrzq ixqfwlrq

ri d �qlwh glphqvlrqdo sdudphwhu �1 Wkh prgho e +d~ > �, lv d pdujlqdo vwuxfwxudo prgho iru wkh

h�hfw ri D~ rq wkh phdq ri \ zkhq D� lv vhw wr }hur +Urelqv/ 4<<;/ 4<<<,1 Wkh nh| wrro lq

frqvwuxfwlqj dq hvwlpdwru iru � lq wklv prgho lv wkh iroorzlqj fkdudfwhul}dwlrq ri e +d~,1

Wkhruhp ;17= Ohw � +�> eW, @ K +�, � eW
�
D~

�
1 Wkhq eW

�
D~

�
@ e

�
D~

�
z1 s1 4 li dqg rqo|

li/ iru doo ixqfwlrqv w +d~,/ H
�
� +�> eW, w

�
D~

�
@Z

�
@ 3/ zkhqhyhu wkh h{shfwdwlrq lv �qlwh dqg

Z �Zf1

Surri= D gluhfw surri lv jlyhq lq Dsshqgl{ 41 Dowhuqdwho| e| Urelqv +4<<7/ 4<<:,/

HW
�
K +�, m D~

�
@ e

�
D~

�
rq JW/ dqg wkxv zh fdq xvh wkh surri phwkrgv ri Vhf1 8151

Wkhruhp ;17 vxjjhvwv wkh iroorzlqj hvwlpdwlrq surfhgxuh iru �f1 Gh�qh � +#> �, @ K +#, �

e
�
D~ > �

�
1 Ohw V +�> #, � V +�>#> w, � � +#> �, w

�
D~

�
@Z zkhuh w

�
D~

�
lv qrz d yhfwru0ydoxhg

ixqfwlrq ri wkh glphqvlrq ri � fkrvhq e| wkh gdwd dqdo|vw1 Ohw e� � e� �e#� � e� �e#> w� vroyh

3 @
S

� V�
�
�> e#> w� zkhuh e# @ e# +wW> u, lv wkh hvwlpdwru ri #f gh�qhg suhylrxvo|1 Wkhq vlqfh

Wkhruhp ;17 lpsolhvH ^V +�f> #f> w,` @ 3 xqghu vhplsdudphwulf prgho +e,/ zh rewdlq wkh iroorzlqj

wkhruhp1

Wkhruhp ;18= Jlyhq vhplsdudphwulf prgho +e,/ xqghu vwdqgdug uhjxodulw| frqglwlrqv/ e�� @�e#�>e��� lv d UDO hvwlpdwru ri ��f @
�
#�f> �

�

f

�
zlwk lq xhqfh ixqfwlrq�iH ^CVW +�f, @C�`j

3� VW +�f,

zkhuh VW +�, @
�
X +#,� > V +�> #,�

�
�

1

Uhpdun= Qrwh e# � e# �wWess > uess�/ dowkrxjk h!flhqw vhplsdudphwulf prgho +d,/ zloo lq

jhqhudo qrw eh dq h!flhqw hvwlpdwru ri #f lq vhplsdudphwulf prgho +e,1 Wr vhh zk|/ frqvlghu

wkh h{wuhph fdvh zkhuh �f zdv nqrzq d sulrul1 Wkhq vlqfh/ iru dq| ixqfwlrq w
�
D~

�
ri wkh

glphqvlrq ri #/ H ^V +�f> #f> w,` @ 3 xqghu vhplsdudphwulf prgho +e,/ zh fdq xvh wklv idfw wr

rewdlq dq hvwlpdwru/ vd| h# +wW> u> w,/ wkdw lv pruh h!flhqw wkdq e# +wW> u,1 Xqiruwxqdwho|/ wkh

hvwlpdwru h# +wW> u> w,/ lq frqwudvw wr e# +wW> u,/ zloo eh lqfrqvlvwhqw iru #f li wkh vhplsdudphwulf
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prgho +e, lv idovh gxh wr wkh prgho e +d~ > �, ehlqj plvvshfl�hg1 Lw iroorzv wkdw gxh wr wklv

srvvleoh plvvshfl�fdwlrq/ xvlqj h# +wW> u> w, fdq ohdg xv wr idovho| frqfoxgh wkdw wkhuh h{lvwv d

gluhfw h�hfw ri D� rq wkh phdq ri \ +l1h1/ #f 9@ 3, hyhq lq d vhtxhqwldo udqgrpl}hg h{shulphqw

zlwk nqrzq udqgrpl}dwlrq suredelolwlhv1 Wklv huuru lv dyrlghg e| edvlqj lqihuhqfh rq wkh ohvv

h!flhqw hvwlpdwru e# +wW> u,1

Ixuwkhu frqwudvwv= Vxssrvh rxu jrdo lv wr hvwlpdwh wkh frqwudvw e +j��> d~, � e +j�2> d~,

dqg hlwkhu +;15, lv idovh ru j�� dqg2ru j�2 lv d g|qdplf uhjlph1 Dffruglqj wr wkh iroorzlqj

wkhruhp/ suryhg lq Vhf1 <1/ lw lv wkhq xqqhfhvvdu| wr hvwlpdwh e +d~,/ exw zh pxvw qrz hvwlpdwh

wkh ghqvlwlhv i
�
c6 m c63�> d63�

�
1 Ixuwkhupruh/ li zh zlvk wr hvwlpdwh wkh udwlr ri wkh phdqv

udwkhu wkdq wkh gl�huhqfh/ zh pxvw dovr hvwlpdwh e +d~,1

Wkhruhp ;19= e +j� > d~, �

e +d~, .

]]
gS

6'f
�
�
c6> j�

�
c6
�
> d~

� gT
6'f

gI
�
c6 m c63�> j�

�
c63�

�
> d~E63��

�
1 +;16,

Surri= Urelqv +4<<7/ 4<<:, vkrzv HW

}�

�
\ m D~ @ d~

�
lv jlyhq e| +;16, xqghu JW1 Krzhyhu/

e| D~ h{rjhqrxv rq JW/ HW

}�

�
\ m D~ @ d~

�
@ HW

E}� c@~�
+\ , � eW +j� > d~,1 Krzhyhu/ doo ixqf0

wlrqdov lq +;16, duh frpprq wr i +y, dqg iW +y,/ vr +;16, pxvw dovr htxdo e +j� > d~,1 D txlwh

gl�huhqw dowhuqdwlyh surri lv surylghg lq Vhfwlrq <1

Wr hvwlpdwh e +j� > d~,/ zh xvh rxu suhylrxv hvwlpdwhv
�e#>e��1 Hvwlpdwhv ri i �c6 m c63�> d63��

wkdw frqyhujh dw udwh q
�
2 fdq eh rewdlqhg e| vshfli|lqj d sdudphwulf prgho i

�
c6 m c63�> d63�> �

�
dqg wkhq hvwlpdwlqj � e| e� wkdw pd{lpl}hv

?T
�'�

gT
6'f

i
�
O6� m OE63��c�> DE63��c�> �

�
1 Wkh lqwhjudo

lq +;16, fdq eh hdvlo| hydoxdwhg e| Prqwh Fduor lqwhjudwlrq1

<1 D Qrq0vwdqgdug Sdudphwhul}dwlrq dqg Sdudphwulf Olnholkrrg0edvhg Lqihuhqfh

Lq Vhfwlrqv : dqg ;/ zh glvfxvvhg lqihuhqfh iru wkh gluhfw h�hfw ri D� rq \ edvhg rq wkh

vhplsdudphwulf hvwlpdwlrq ri VQPPv1 Lq frqwudvw wr rxu dssurdfk/ lq wkh judsklfdo prghoolqj

olwhudwxuh/ wkh xvxdo dssurdfk wr hvwlpdwlqj d ixqfwlrqdo t +I , ^vxfk dv e +j� > d~,` ri wkh mrlqw

glvwulexwlrq I +y, ri wkh revhuyhg gdwd Y @
�
\>O>D

�
lv wr vshfli| d ixoo| sdudphwulf prgho iru

I +y, ghshqglqj rq d �qlwh glphqvlrqdo sdudphwhu �1 Wkhq rqh hvwlpdwhv � dqg wkh ixqfwlrqdo

t +�, e| pd{lpxp olnholkrrg1 Dowhuqdwlyho|/ rqh fdq jlyh � d sulru glvwulexwlrq dqg hvwlpdwh

wkh ixqfwlrqdo t +�, e| lwv srvwhulru phdq ru phgldq1 Nhhslqj zlwk wklv vslulw/ zh ghvfuleh d

uhsdudphwhul}dwlrq ri wkh mrlqw glvwulexwlrq ri Y lq whupv ri wkh ixqfwlrqv �
�
c6> d�6> d~

�
dqg

e +d~, wkdw zloo doorz d ixoo| sdudphwulf olnholkrrg ru Ed|hvldq dssurdfk wr whvwlqj wkh gluhfw

h�hfw �j�0qxoo phdq k|srwkhvlv +916, dqg hvwlpdwlqj wkh ixqfwlrqdov e +j� > d~,1 Vxfk dq dssurdfk

lv dq dowhuqdwlyh wr wkh vhplsdudphwulf phwkrgv ghvfulehg suhylrxvo|1 Wr ghvfuleh wklv dssurdfk/

zh vkdoo qhhg wr gh�qh �
�
c6> d� E63��> d~

�
� e

�
c6> d� E63��> d~

�
� e

�
c63�> d� E63��> d~

�
1 Vlqfh/

e| gh�qlwlrq/ e
�
c63�> d� E63��> d~

�
@
U
e
�
c6> d� E63��> d~

�
gI

�
c6 m c63�> d63�

�
/ zh kdyh]

�
�
c6> d� E63��> d~

�
gI

�
c6 m c63�> d63�

�
@ 3 1 +<14,
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Zulwh

% @ \ �H
�
\ m Og > Dg

�
� \ � e

�
Og > Dg

�
+<15,

vr

H
�
% m Og >Dg

�
@ 3 1 +<16,

Kdylqj gh�qhg %/ zh qh{w qrwh wkdw zh kdyh/ iurp wkhlu gh�qlwlrqv/ wkdw

e
�
cg > dg

�
@

g[
6'f

�
�
c6> d�6> d~

�
. �

�
c6> d� E63��> d~

�
. e +d~, 1 +<17,

Ilqdoo|/ zh vkdoo qhhg wkh idfw wkdw +<14, lpsolhv wkhuh h{lvwv d xqltxh ixqfwlrq

�W
�
c6> d� E63��> d~

�
vdwlvi|lqj wkh vwdqgdugl}dwlrq frqglwlrq

�W
�
c6> d� E63��> d~

�
@ 3 li c6 @ 3 +<18,

vxfk wkdw

�
�
c6> d� E63��> d~

�
@ +<19,

�W
�
c6> d� E63��> d~

�
�

]
�W
�
c6> d� E63��> d~

�
gI

�
c6 m c63�> d63�

�
1

Vshfl�fdoo|/ +<18, dqg +<19, lpso|

�W
�
c6> d� E63��> d~

�
@ �

�
c6> d� E63��> d~

�
� �

��
c63�> c6 @ 3

�
> d� E63��> d~

�
1 +<1:,

Frpelqlqj +<15,/ +<17,/ dqg +<19,/ zh rewdlq

\ @ %.
g[

6'f

�
�
O6>D�6>D~

�
. e

�
D~

�
. +<1;,

g[
6'f

�
�W
�
O6> D� E63��>D~

�
�

]
�W
�
O6> D� E63��> D~

�
gI

�
O6 m O63�> D63�

��
1

Wkxv/ wkh ghqvlw| ri i +y, idfwruv dv iroorzv1

i +Y , � i
�
\>Og >Dg

�
@ i

�
% m Og > Dg

� g\
6'f

i
�
O6 m O63�>D63�

�
i
�
D6 m O6> D63�

�
+<1<,

zkhuh +l, % lv gh�qhg lq whupv ri
�
\>Og >Dg

�
e| +<1;,1 Wkxv zh kdyh uhsdudphwhul}hg wkh

ghqvlw| i +Y , lq whupv ri +l, wkh ixqfwlrq �
�
c6> d�6> d~

�
vdwlvi|lqj +:14,/ +ll, wkh ixqfwlrqv

�W
�
c6> d� E63��> d~

�
vdwlvi|lqj +<18,/ +lll, wkh ixqfwlrqv e +d~,/ +ly, wkh ghqvlw| ri % m cg > dg

vxemhfw wr +<16,/ +y, wkh ghqvlwlhv i
�
c6 m c63�> d63�

�
/ dqg +yl, wkh ghqvlwlhv i

�
dp m c6> d63�

�
1

Zh duh qrz lq d srvlwlrq wr surylgh dq dowhuqdwlyh surri ri Wkhruhp ;19 wkdw ghprqvwudwhv wkh

xvhixoqhvv ri wkh ghfrpsrvlwlrq +<1;,1
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Dowhuqdwlyh Surri ri Wkhruhp ;19= Qrwh iurp lwv gh�qlwlrq lq Vhf1 6/ i} +y, lv jlyhq e|

+<1;, dqg +<1<, h{fhsw zlwk wkh odz ri D6 jlyhq O6>D63� sxwwlqj doo lwv pdvv rq D6 @ j6
�
O6
�
1

Vlqfh e +j� > d~, �
U
|gI} +|, iru j @ +j� > d~,/ Wkhruhp ;19 iroorzv iurp Ht1 +<1;,0+<1<, dqg wkh

idfw wkdw/ e| +<16, dqg +<14,/ wkh whupv lq +<1;, lq % dqg �W kdyh phdq }hur erwk xqghu i +y,

dqg i} +y,1

Li wkh vxssruw ri \ lv wkh zkroh uhdo olqh/ wkh uhsdudphwhul}dwlrq +l,0+yl, lv xquhvwulfwhg lq wkh

vhqvh wkdw jlyhq dq| ixqfwlrqv dqg ghqvlwlhv vdwlvi|lqj +l,0+yl,/ zh fdq xvh wkh ghqvlwlhv +ly,0+yl,

wr jhqhudwh udqgrp yduldeohv
�
%>Og > Dg

�
dqg wkhq xvh wkh ixqfwlrq +l,0+lll, wr jhqhudwh \ yld

+<1;,1 Wkh uhvxowlqj Y @
�
\>O>D

�
kdv d ghqvlw| i +y, vdwlvi|lqj +<1<, zlwk wkh ixqfwlrqv +l,0+lll,

wkh dssursuldwh ixqfwlrqdov ri i +y,1

Uhpdun D= Qrwh/ wr rewdlq dq xquhvwulfwhg sdudphwhul}dwlrq/ lw lv hvvhqwldo wr uhsodfh

�
�
c6> d� E63��> d~

�
e| �W

�
c6> d� E63��> d~

�
vlqfh duelwudu| ixqfwlrqv �

�
c6> d� E63��> d~

�
dqg

ghqvlwlhv i
�
c6 m c63�> d63�

�
zloo idlo wr vdwlvi| +<14,1 Wr eh pruh suhflvh/ hdfk srvvleoh ghqvlw|

i +y, ri wkh gdwd lv jhqhudwhg e| rqh dqg rqo| rqh froohfwlrq ri ixqfwlrqv +l,0+yl,1 Krzhyhu/ li/ lq

jhqhudwlqj gdwd/ zh prgli| +l,0+yl, e| uhsodflqj �W
�
c6> d� E63��> d~

�
e| dq xquhvwulfwhg ixqfwlrq

�
�
c6> d� E63��> d~

�
dqg wkhq uhsodfh wkh whupv lq vhw eudfhv lq +<1;, e| wklv �

�
c6> d� E63��> d~

�
/

wkhq hdfk ghqvlw| i +y, lv jhqhudwhg e| pdq| gl�huhqw froohfwlrqv ri wkh prgl�hg ixqfwlrqv dqg

ghqvlwlhv +l,0+yl,1 Qrz frqvlghu d sduwlfxodu ghqvlw|
�

i +y, dqg lwv lpsolhg ixqfwlrqv
�

�/
�

e/
�

�/

dqg ghqvlwlhv
�

i
�
% m cg > dg

�
/
�

i
�
c6 m c63�> d63�

�
/
�

i
�
d6 m c6> d63�

�
1 Lq sduwlfxodu/ wkh ixqfwlrq

�

� vdwlv�hv +<14, xqghu
�

i +y,1 Wkhq
�

i +y, lv wkh lpdjh ri pdq| gl�huhqw prgl�hg froohfwlrqv

+l,0+yl,/ suhflvho| rqh ri zklfk kdv wkh ixqfwlrqv �/ e/ � dqg ghqvlwlhv +ly,0+yl, htxdo wr wkrvh

lpsolhg e|
�

i +y, 0 wkh froohfwlrq iru zklfk � dqg ghqvlw| i
�
c6 m c63�> d63�

�
vdwlvi| +<14,1 Zh

qrz frqvlghu frqfhswxdoo| txlwh glvwlqfw ixuwkhu uhvwulfwlrqv rq +l,0+yl, lqgxfhg e| \ kdylqj d

uhvwulfwhg vdpsoh vsdfh1

Li/ dv glvfxvvhg ixuwkhu ehorz/ wkh vxssruw ri \ lv uhvwulfwhg +h1j1/ \ lv glvfuhwh zlwk

erxqghg vxssruw,/ wkhq wkh uhsuhvhqwdwlrq ri I +y, lq whupv ri wkh ghqvlwlhv dqg +xqprgl0

�hg, ixqfwlrqv +l,0+yl, vwloo krogv h{fhsw wkdw wkh uhsdudphwhul}dwlrq lv qr orqjhu xquhvwulfwhg1

Wkhvh ghqvlwlhv dqg ixqfwlrqv pxvw vdwlvi| dgglwlrqdo vlgh frqvwudlqwv1 Iru h{dpsoh/ li \

lv d qrq0qhjdwlyh udqgrp yduldeoh/ d gluhfw h�hfw VQPP idlov wr dxwrpdwlfdoo| lpsrvh wkh

frqvwudlqw wkdw H} +\ , � e +j, lv srvlwlyh1 Li wkh phdq \ fdq wdnh dq| qrq0qhjdwlyh ydoxh

+h1j1/ \ lv d Srlvvrq ru ryhu0glvshuvhg Srlvvrq udqgrp yduldeoh,/ zh fdq dxwrpdwlfdoo| lp0

srvh wklv uhvwulfwlrq e| prghoolqj cq
�
e
�
c6> d�6> d~

�
@e
�
c6> d� E63��> d~

��
e| �

�
c6> d�6> d~ > #

�
zklfk zh uhihu wr dv d gluhfw0h�hfw pxowlsolfdwlyh VQPP prgho1 Dowkrxjk zh gr qrw lqyhvwl0

jdwh wklv srvvlelolw| ixuwkhu/ wkh uhodwlrqvkls ehwzhhq gluhfw0h�hfw VQPPv dqg gluhfw0h�hfw

pxowlsolfdwlyh VQPPv lv vlplodu wr wkdw ehwzhhq vwdqgdug VQPPv dqg vwdqgdug pxowlsolfd0

wlyh VQPPv glvfxvvhg lq Urelqv +4<<7/ 4<<:, dqg Urelqv hw1 do1 +4<<<,1 Qhlwkhu gluhfw0

h�hfw VQPPv qru gluhfw0h�hfw pxowlsolfdwlyh VQPPv dxwrpdwlfdoo| lpsrvh wkh wuxh uhvwulfwlrq

3 � H} +\ , � 4 zkhq \ lv d Ehuqrxool udqgrp yduldeoh1 Gluhfw h�hfw orjlvwlf VQPPv wkdw prgho

crjlw
�
e
�
c6> d�6> d~

�
j � crjlwie

�
c6> d� E63��> d~

��
e| �

�
c6> d�6> d~ > #

�
qdwxudoo| lpsrvh wklv
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uhvwulfwlrq exw gr qrw dgplw vlpsoh vhplsdudphwulf hvwlpdwruv ri # hyhq zkhq i
�
d6 m c6> d63�

�
lv nqrzq1 Wklv lv ehfdxvh doo lq xhqfh ixqfwlrqv iru # ghshqg rq d kljk glphqvlrqdo vprrwk/

l1h1/ d frqglwlrqdo h{shfwdwlrq zklfk lv ohiw xquhvwulfwhg e| wkh prgho1

<141 D ixoo| sdudphwulf prgho

Lw iroorzv iurp +<1<, wkdw li zh vshfli| d gluhfw h�hfw VQPP �
�
c6> d�6> d~ > #

�
dqg sdud0

phwulf prghov e +d~ > �,/ i
�
% m cg > dg > ��

�
/ i

�
c6 m c63�d63�> ��

�
/ �W

�
c6> d� E63��> d~ > �2

�
/ dqg

i
�
d6 m c6> d63�>�

�
vxemhfw wr wkh uhvwulfwlrqv]

%gI
�
% m cg > dg > ��

�
@ 3 +<143,

dqg

�W
�
c6> d� E63��> d~ > �2

�
@ 3 li c6 @ 3 +<144,

wkh frqwulexwlrq wr wkh olnholkrrg iru d vlqjoh vxemhfw fdq eh zulwwhq

i +Y >�, � i
�
\ m Og >Dg >#> �> �

� g\
6'f

i
�
D6 m O6>D63�>�

�
i
�
O6 m O63�>D63�> ��

�
+<145,

zlwk � @ +���> �
�

2> �
�

�,
�/ � �

�
#�> ��> ��> ��

�
�

/

i
�
\ m Og >Dg >#> �> �

�
� i

�
% +#> �> �2> ��, m Og > Dg > ��

�
/ +<146,

% +#> �> �2> ��, @ � +#> �,� i
g[

6'f

�W
�
O6>D4E63��>D~ > �2

�
+<147,

�

]
�W
�
O6> D� E63��>D~ > �2

�
gI

�
O6 m D63�> O63�> ��

�
j

zkhuh/ djdlq/

� +#> �, � K +#,� e
�
D~ > �

�
>K +#, � \ �

g[
6'f

�
�
O6>D�6>D~ >#

�
1

Qrwh wkdw i +Y > �, lv d qrq0vwdqgdug sdudphwhul}dwlrq ri wkh GDJ J vlqfh/ iru h{dpsoh/ wkh sd0

udphwhu �� rffxuv erwk lq i
�
\ m Og >Dg >#> �> �

�
dqg lq i

�
O6 m D63�> O63�> ��

�
1 LiH

�
\ m Og >Dg

�
fdq wdnh dq| ydoxh lq +�4>4, wkh deryh sdudphwul}dwlrq/ dowkrxjk qrq0vwdqgdug/ lv xquh0

vwulfwhg dqg vr fdq eh fkrvhq yduldwlrq lqghshqghqw lq wkh vhqvh wkdw wkh sdudphwhu vsdfh

iru �� �
�
#�> ��> ��> ��

�
lv wkh surgxfw ri wkh sdudphwhu vsdfhv iru #�> ��> ���> �

�

2> �
�

�> dqg ��1 Li

H
�
\ m Og >Dg

�
fdq rqo| wdnh dq| ydoxh lq +3>4,/ lw lv qhfhvvdu| wr xvh pxowlsolfdwlyh VQ0

PPv wr rewdlq dq xquhvwulfwhg sdudphwul}dwlrq wkdw fdq eh fkrvhq yduldwlrq lqghshqghqw1 Li

H
�
\ m Og >Dg

�
fdq rqo| wdnh dq| ydoxh lq +3> 4,/ lw lv qhfhvvdu| wr xvh orjlvwlf VQPPv wr rewdlq

dq xquhvwulfwhg sdudphwul}dwlrq wkdw fdq eh fkrvhq yduldwlrq lqghshqghqw1
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<151 Hvwlpdwlrq

Zh dvvxph zh kdyh dq xquhvwulfwhg yduldwlrq0lqghshqghqw sdudphwul}dwlrq1 Ohw e��u. pd{lpl}h

wkh olnholkrrg
?T
�'�

i +Y�>�,1 Gxh wr wkh idfw wkdw � rqo| rffxuv lq wkh whupv i
�
D6 m D63�> O6>�

�
/

wkh pd{lpxp olnholkrrg hvwlpdwruv
�e#�u. >e��u. >e��u.

�
ri +#> �> �, duh wkh vdph zkhwkhu

i
�
D6 m D63�> O6

�
lv nqrzq +dv lq d vhtxhqwldo udqgrpl}hg wuldo,/ iroorzv d sdudphwulf prgho gh0

shqglqj rq �/ ru lv frpsohwho| xqnqrzq1 Rq wkh rwkhu kdqg/ rxu vhplsdudphwulf j0hvwlpdwru e# ri

#f uhtxluhg wkdw zh hlwkhu nqrz +dv lq d vhtxhqwldo udqgrpl}hg wuldo, ru prgho i
�
D6 m D63�> O6

�
/

exw doorzhg xv wr ohdyh +d, i
�
% m Og > Dg

�
/ +e, i

�
c6 m c63�> d63�

�
/ +f, �W

�
c6> d� E63��> d~

�
/ dqg

+g, e +d~, frpsohwho| xquhvwulfwhg1 Lq frqwudvw/ wr frpsxwh e#�u./ zh qhhg wr prgho wkh ghqvlwlhv

dqg ixqfwlrqv +d,0+g,/ exw wkh ghqvlwlhv i
�
D6 m D63�> O6

�
fdq eh ohiw frpsohwho| xquhvwulfwhg1

Li doo prghov duh fruuhfwo| vshfl�hg/ e#�u. zloo eh pruh h!flhqw wkdq hyhq rxu prvw h!flhqw

j0hvwlpdwru e# �wWess > uess�1 Xqiruwxqdwho|/ e#�u. zloo eh lqfrqvlvwhqw iru #f li dq| ri wkh prghov

iru wkh ghqvlwlhv dqg ixqfwlrqv +d,0+g, duh plvvshfl�hg1 ^Krzhyhu/ lq frqwudvw zlwk d vwdqgdug

sdudphwhul}dwlrq/ wkhuh zloo dozd|v h{lvw d mrlqw glvwulexwlrq iru Y frpsdwleoh zlwk i +Y > �,

iru zklfk wkh gluhfw h�hfw �j�0qxoo phdq k|srwkhvlv lv wuxh1 Lqghhg/ lw zloo eh wuxh iru dq|

glvwulexwlrq i +Y > �, zlwk # @ 31` Dv glvfxvvhg suhylrxvo|/ wkh j0hvwlpdwru e# zloo eh frqvlvwhqw

li/ dv lq d udqgrpl}hg wuldo/ i
�
d6 m d63�> c6

�
lv nqrzq1 Lq dq revhuydwlrqdo vwxg|/ lw zloo eh

lqfrqvlvwhqw li wkh prgho iru wkhvh ghqvlwlhv lv plvvshfl�hg1 Krzhyhu/ vlqfh +l, zh eholhyh lw lv

pxfk pruh ihdvleoh wr vshfli| d uhdolvwlf prgho iru i
�
d6 m d63�> c6

�
wkdq wr vshfli| sdudphwulf

prghov iru wkh ghqvlwlhv dqg ixqfwlrqv +d,0+g, deryh/ dqg +ll, zh gr qrw zlvk wr frqfoxgh wkdw

D� kdv d gluhfw h�hfw zkhq lq wuxwk lw grhv qrw +l1h1/ #f @ 3,/ zh suhihu/ lq wkh lqwhuhvw

ri urexvwqhvv/ d j0hvwlpdwru e# wr hlwkhu wkh POH e#�u. ru d Ed|hv hvwlpdwru e#� +zklfk lv

dv|pswrwlfdoo| htxlydohqw wr e#�u.,1 Zh dovr suhihu wkh j0hvwlpdwh e# wr e#�u. ehfdxvh ri

frpsxwdwlrqdo frqyhqlhqfh/ vlqfh wkh olnholkrrg
?T
�'�

i +Y�> �, fdq eh txlwh gl!fxow wr pd{lpl}h1

Uhpdun E= Wkh juhdwhvw frpsxwdwlrqdo gl!fxow| lq pd{lpl}lqj
?T
�'�

i +Y�> �, zloo eh gxh wr

wkh whup lq vhw eudfhv lq +<147,1 Wkhuhiruh/ zh pljkw frqvlghu prgli|lqj wkh olnholkrrg e| uhsodf0

lqj wkh whupv lq vhw eudfhv lq +<147, e| d prgho �
�
c6> d� E63��>D~ > �2

�
iru �

�
c6> d� E63��>D~

�
dqg pd{lpl}h wkh prgl�hg olnholkrrg vxemhfw wr wkh htxdolw| frqvwudlqw

3 @

]
�
�
O6>D� E63��> D~ > �2

�
gI

�
O6 m O63�>D63�> ��

�
+<148,

dv uhtxluhg e| +<14,1 Xqiruwxqdwho|/ wklv pd| fuhdwh gl!fxowlhv vlplodu wr wkdw irxqg lq Ohppd

414 dqg Wkhruhp 4151 Riwhq wkh rqo| sdudphwhu ydoxhv +�2> ��, iru zklfk +<148, krogv zloo eh

+�W2> ��, vxfk wkdw �
�
c6> d� E63��> D~ > �

W

2

�
� 3/ zklfk lv d vwurqj uhvwulfwlrq zh zrxog qrw zlvk

wr lpsrvh +vlqfh lw lpsolhv wkdw O6 lv qrw d suhglfwru ri \ ,1 Vxssrvh wkhuhiruh zh fkrrvh wr

pd{lpl}h wkh prgl�hg olnholkrrg zlwkrxw lpsrvlqj wkh frqvwudlqw +<148,1

Wklv lpsolhv wkdw zh duh xvlqj wkh prgl�hg sdudphwhul}dwlrq +l,0+yl, ghvfulehg lq d Uhpdun

D ri Vhf1 <1 Khqfh wkh sdudphwhu � lv qr orqjhu jxdudqwhhg wr eh lghqwl�hg/ vlqfh pdq| prgl�hg
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froohfwlrqv ri ixqfwlrqv +l,0+yl, lpso| wkh vdph glvwulexwlrq i+y,1 Krzhyhu/ li wkh sdudphwhu � lv

ri vpdoo ru prghudwh glphqvlrq/ � zloo xvxdoo| eh lghqwl�hg1 Wkdw lv/ wkh vwdwhphqw i +Y >��, @

i +Y > �2, z1s14 zloo eh idovh iru doo ��> �2 lq wkh sdudphwhu vsdfh1 Dvvxplqj lghqwl�fdwlrq/ ohw

�W eh wkh suredelolw| olplw ri e�1 Vxssrvh/ dv zloo vxuho| eh wkh fdvh/ +<148, idlov xqghu �W1 Wkhq

hyhq li +l, wkh prgho lv fruuhfwo| vshfl�hg vr wkdw i +Y > �W, dfwxdoo| jhqhudwhg wkh gdwd dqg +ll,e#�u. frqyhujhv wr #W @ 3/ zh fdqqrw frqfoxgh wkdw wkh gluhfw0h�hfw �j�0qxoo phdq k|srwkhvlv

+915, lv wuxh1 Wr vhh zk|/ dgrsw wkh qrwdwlrq ri Uhpdun D ri Vhf1 < dqg zulwh
�

i +y, � i +y>�W,

wr uhsuhvhqw wkh glvwulexwlrq jhqhudwlqj wkh gdwd zlwk dvvrfldwhg eols ixqfwlrq
�

�
�
c6> d�6> d~

�
1

Dv glvfxvvhg lq Uhpdun D/ +d, wkh ixqfwlrq
�

�
�
c6> d�6> d~

�
zloo gl�hu iurp wkh ixqfwlrq

�
�
c6> d�6> d~ >#

W
�
@ 3 zkhq +<148, idlov dw �W dqg +e, wkh gluhfw0h�hfw �j�0qxoo k|srwkhvlv lv

wkh k|srwkhvlv wkdw
�

�
�
c6> d�6> d~

�
@ 31 Wkxv/ xqfrqvwudlqhg pd{lpl}dwlrq ri wkh prgl�hg

olnholkrrg lv wr eh dyrlghg1

<161 Frqwudvwv uhylvlwhg

Dv qrwhg deryh/ wr hvwlpdwh e
�
j
E��
� > d~

�
� e

�
j
E2�
� > d~

�
zh pxvw vshfli| dqg hvwlpdwh prghov iru

�
�
c6cd�6> d~

�
dqg i

�
c6 m c63�> d63�

�
1 Wr hvwlpdwh udwlr frqwudvwv ehwzhhq wkhvh phdqv/ zh

pxvw hvwlpdwh wkh ixqfwlrqdo e +d~, dv zhoo1 Ilqdoo|/ vxssrvh zh zlvk wr hvwlpdwh wkh frqwudvwv

ehwzhhq glvwulexwlrq ixqfwlrqv fruuhvsrqglqj wr wkh uhjlphv
�
j
E��
� > d~

�
dqg

�
j
E2�
� > d~

�
1 Wr gr vr

zh pxvw vshfli| dqg hvwlpdwh d sdudphwulf prgho iru �W
�
c6cd� E63��> d~

�
lq zklfk fdvh zh zloo

kdyh hvwlpdwhg hqrxjk ri wkh mrlqw glvwulexwlrq I +y, ri wkh revhuydeohv wkdw zh fdq frpsxwh

dq hvwlpdwh ri wkh glvwulexwlrq ixqfwlrq I} +|, iru dq| uhjlph j1

Rqh uhodwlyho| urexvw dssurdfk zrxog eh wr fdofxodwh d j0hvwlpdwh e# iru wkh sdudphwhu #f

ri d VQPP dqg wkhq pd{lpl}h wkh olnholkrrg
T
�

i +Y�>�, ri d ixoo| sdudphwulf prgho ryhu +�> �,

zlwk # khog �{hg dw e#1 Wkhq/ rxu hvwlpdwlrq ri wkh glvwulexwlrq ixqfwlrq I} +|, zloo uhpdlq

frqvlvwhqw zlwk rxu hduolhu vhplsdudphwulf j0whvw1 Lq sduwlfxodu/ lq d vhtxhqwldo udqgrpl}hg wuldo

zlwk i
�
d6 m d63�> c63�

�
nqrzq/ wkh dfwxdo uhmhfwlrq udwh ri wkh gluhfw h�hfw �j�0qxoo phdq

k|srwkhvlv zloo htxdo wkh qrplqdo ohyho1 Lqghhg/ ehfdxvh urexvwqhvv lq wklv vhqvh lv lqvxuhg/ rqh

pljkw hyhq eh zloolqj/ dv dq dssur{lpdwlrq/ wr pd{lpl}h wkh prgl�hg olnholkrrg ri Uhpdun E

ri Vhf1 <15 zlwkrxw lpsrvlqj wkh frqvwudlqw +<148,1

431 Gluhfw0h�hfw Vwuxfwxudo Qhvwhg Glvwulexwlrq Prghov

Lq wklv Vhfwlrq/ zh ghvfuleh wkh fodvv ri gluhfw h�hfw vwuxfwxudo qhvwhg glvwulexwlrq prghov

+VQGPv, iru d frqwlqxrxv rxwfrph \ 1 Zh sxusrvho| uh0xvh +wkurxjk uhgh�qlwlrq, pxfk ri

wkh qrwdwlrq lqwurgxfhg lq wkh vhfwlrq rq VQPPv lq rughu wkdw wkh frqqhfwlrq ehwzhhq VQGPv

dqg VQPPv lv dv fohdu dv srvvleoh1
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43141 D Qhz Fkdudfwhul}dwlrq ri wkh Gluhfw0h�hfw �j�0Qxoo K|srwkhvlv

Wkh �uvw vwhs lq frqvwuxfwlqj d gluhfw0h�hfw VQGP lv d qhz fkdudfwhul}dwlrq ri wkh gluhfw0h�hfw

�j�0qxoo k|srwkhvlv +716,1 Zh dvvxph wkh frqglwlrqdo glvwulexwlrq ri \ jlyhq
�
c6> d6

�
kdv d

frqwlqxrxv srvlwlyh ghqvlw| zlwk uhvshfw wr Ohehvjxh phdvxuh1 Wkh txdqwloh0txdqwloh ixqfwlrq

� +|, @ I3�
� iI2 +|,j pdsslqj txdqwlohv ri I2 +|, lqwr txdqwlohv ri I� +|, lv wkh xqltxh ixqfwlrq

vxfk wkdw li \� dqg \2 duh glvwulexwhg I� +|, dqg I2 +|,/ wkhq � +\2, lv glvwulexwhg I� +|,1

Ohw �
�
|> c6> d�6> d~

�
eh wkh txdqwloh0txdqwloh ixqfwlrq pdsslqj txdqwlohv ri

I
}'+@�6c@~ ,

�
| m c6

�
lqwr txdqwlohv ri I

}'+@� E63��c@~ ,
�
| m c6

�
1

Lw iroorzv iurp lwv gh�qlwlrq dv d txdqwloh0txdqwloh ixqfwlrq wkdw= +d, �
�
|> c6> d�6> d~

�
@ |

li d�6 @ 3> +e, �
�
|> c6> d�6> d~

�
lv lqfuhdvlqj lq |> dqg +f, wkh ghulydwlyh ri �

�
|> c6> d�6> d~

�
z1u1w1 | lv frqwlqxrxv1 H{dpsohv ri vxfk ixqfwlrqv duh

�
�
|> c6> d�6> d~

�
@ | . 5d�6 . 6d�6d� E63�� . 7d�6c

W

6 . 8d�6d~g +4314d,

�
�
|> c6> d�6> d~

�
@ | h{s

�
5d�6 . 6d�6d� E63�� . 7d�6c

W

6 . 8d�6d~g
�

+4314e,

zkhuh cW6 lv d jlyhq xqlyduldwh ixqfwlrq ri c61 Jlyhq wkh j0lghqwl�delolw| dvvxpswlrq/ �
�
c6> d�6> d~

�
lv wkh gluhfw h�hfw rq wkh txdqwlohv ri wkh glvwulexwlrq ri \ ri rqh �qdo eols ri D�6 wuhdwphqw

ri pdjqlwxgh d�6 dw wlph w6 dprqj vxemhfwv zlwk klvwru|
�
d� E63��> c6

�
zkhq wuhdwphqw D~ lv

vhw wr d~ 1 Rxu lqwhuhvw lq �
�
|> c6> d�6> d~

�
lv edvhg rq wkh iroorzlqj wkhruhp1

Wkhruhp 4314= �
�
|> c6> d�6> d~

�
@ | iru doo |>p> c6> d�6> d~ li dqg rqo| li wkh gluhfw0h�hfw

�j�0qxoo k|srwkhvlv +716, krogv1

Surri= E| Urelqv +4<;</ 4<<:, dqg Urelqv dqg Zdvvhupdq +4<<:,/ �
�
|> c6> d�6> d~

�
@

| li dqg rqo| li wkh +ryhu0doo, �j�0qxoo k|srwkhvlv +81:, krogv rq GDJ JW zklfk +e| wkh dujxphqwv

lq wkh surri ri Ohppd 814, lv wuxh li dqg rqo| li +716, krogv rq GDJ J1

43151 Gluhfw0h�hfw Vwuxfwxudo Qhvwhg Glvwulexwlrq Prghov

Lq ylhz ri Wkhruhp 4314/ rxu dssurdfk zloo eh wr frqvwuxfw d sdudphwulf prgho iru �+|> c6> d�6> d~,

ghshqglqj rq d sdudphwhu # vxfk wkdw �+|> c6> d�6> d~, @ | li dqg rqo| li wkh wuxh ydoxh #f ri

wkh sdudphwhu lv 31

Gh�qlwlrq= Wkh glvwulexwlrq I ri Y iroorzv d gluhfw0h�hfw svhxgr0vwuxfwxudo qhvwhg glv0

wulexwlrq prgho �
�
|> c6> d�6> d~ > #

�
li �

�
|> c6> d�6> d~

�
@ �+|> c6> d�6> d~ > #f, zkhuh +4,

�
�
|> c6> d�6> d~ > #

�
lv d nqrzq ixqfwlrq> +5, #f lv d �qlwh yhfwru ri xqnqrzq sdudphwhuv wr

eh hvwlpdwhg> +6, iru hdfk ydoxh ri #/ �
�
|> c6> d�6> d~ > #

�
vdwlv�hv wkh frqglwlrqv +d,/ +e,/ dqg

+f, wkdw zhuh vdwlv�hg e| �
�
|> c6> d�6> d~

�
> +7, C�

�
|> c6> d�6> d~ > #

�
@C#� dqg

C2�
�
|> c6> d�6> d~ > #

�
@C#�C| duh frqwlqxrxv iru doo #> dqg +8, �

�
|> c6> d�6> d~ > #

�
@ | li dqg

rqo| li # @ 3 vr wkdw #f @ 3 uhsuhvhqwv wkh gluhfw0h�hfw �j0� qxoo k|srwkhvlv1

Dq h{dpsoh ri dq dssursuldwh ixqfwlrq �
�
|> c6> d�6> d~ > #

�
fdq eh rewdlqhg iurp Ht1 +4314,

e| uhsodflqj wkh txdqwlwlhv 5> 6> 7 dqg 8 e| wkh frpsrqhqwv ri #� @ +#�> #2> #�> #e,1 Zh fdoo
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prghov iru �
�
|> c6> d�6> d~

�
svhxgr0vwuxfwxudo ehfdxvh wkh| duh prghov iru wkh glvwulexwlrq

I ri wkh revhuydeohv Y uhjdugohvv ri zkhwkhu wklv glvwulexwlrq kdv d vwuxfwxudo +l1h1 fdxvdo,

lqwhusuhwdwlrq +dv lw zrxog lq d vhtxhqwldo udqgrpl}hg wuldo ru/ pruh jhqhudoo|/ zkhqhyhu wkh

dvvxpswlrq ri j0lghqwl�delolw| krogv,1 Zkhq �
�
|> c6> d�6> d~

�
grhv kdyh d fdxvdo lqwhusuhwdwlrq

dv zhoo/ zh uhihu wr rxu prghov dv gluhfw0h�hfw VQGPv1

43161 Vhplsdudphwulf Hvwlpdwlrq

Zh qrz frqvlghu whvwlqj dqg hvwlpdwlrq ri #f lq wkh +uhgh�qhg, vhplsdudphwulf prgho +d, fkdu0

dfwhul}hg e| +l, wkh gluhfw0h�hfw VQGP �
�
|> c6> d�6> d~ > #

�
dqg +ll, wkh ghqvlwlhv i

�
d6 m d63�> c6

�
duh nqrzq1 Rxu ixqgdphqwdo wrro lv wkh iroorzlqj wkhruhp1 Iru dq| ixqfwlrq �W

�
|> c6> d�6> d~

�
vdwlvi|lqj frqglwlrqv +d,0+f,/ vdwlv�hg e| �

�
|> c6> d�6> d~

�
/ zh uhfxuvlyho| uhgh�qh wkh iroorzlqj

udqgrp yduldeohv= Kg +�W, @ �W
�
\>Og > D�&> D~

�
/ K6 +�W, @ �W

�
K6n� +�

W, > O6>D�6>D~

�
/

dqg vhw K +�W, � Kf +�
W,1 Wkh iroorzlqj wkhruhp/ suryhg lq wkh Dsshqgl{/ fkdudfwhul}hv wkh

wuxh txdqwloh0txdqwloh ixqfwlrq �
�
|> c6> d�6> d~

�
1

Wkhruhp 4315= �W
�
\>O6>D�6>D~

�
@ �

�
\>O6> D�6>D~

�
z1s14 li dqg rqo| li irup @ 3> = = =N

dqg dq| ixqfwlrqv w6 +�> �,/

H
k
w6
�
D~E6n��>K +�W,

�
@Z6n� m D6> O6

l
grhv qrw ghshqg rq D�6 z1s141

Surri= D gluhfw surri lv jlyhq lq Dsshqgl{ 41 Dowhuqdwlyho|/ e| Urelqv +4<;</ 4<<:, dqg

Urelqv dqg Zdvvhupdq +4<<:,/ wkh ixqfwlrq � lv xqltxho| fkdudfwhul}hg rq GDJ JW e|

K +�,
c
WD�6 m D� E63��> O6> D~ zklfk fdq eh xvhg lq sodfh ri Ht1 +81;, dqg wkh surri vwudwhj|

ri Vhf1 815 dgrswhg1

Jlyhq d VQGP/ gh�qh K +#, wr eh K +�W, zlwk �W wkh ixqfwlrq �
�
|> c6> d�6> d~ > #

�
1 Zh

fdq wkhq frqvwuxfw gluhfw h�hfw j0whvwv dqg j0hvwlpdwhv iru #f dqdorjrxv wr wkrvh lq Vhf1 ; vlqfh

Wkhruhp ;15 uhpdlqv wuxh zlwk wkh ixqfwlrqv W W6 +D�6> |, qrz duelwudu| ixqfwlrqv ri \ udwkhu

wkdq rqo| olqhdu ixqfwlrqv1 Djdlq wkhuh h{lvwv d wWess dqg uess vxfk wkdw wkh dv|pswrwlf yduldqfh

ri e# �wWess > uess� dwwdlqv wkh vhplsdudphwulf h!flhqf| erxqg iru #f lq vhplsdudphwulf prgho

+d,1 Jhqhudol}dwlrqv wr revhuydwlrqdo vwxglhv zlwk xqnqrzq i
�
D6 m O6>D63�

�
lv dv ghvfulehg

iroorzlqj Wkhruhp ;15 deryh1 Ixuwkhu/ wkh sudfwlfdo whvwv dqg hvwlpdwruv ri Vhf1 ; duh dydlodeoh

zlwkrxw uhtxlulqj wkh ixqfwlrqv tW6 wr eh olqhdu lq wkhlu �uvw dujxphqw1

43171 Hvwlpdwlrq ri Vrph Frqwudvwv

Lq wklv vhfwlrq/ lw zloo eh frqyhqlhqw wr dgrsw wkh iroorzlqj qrwdwlrq1 Zulwh IE}� c@~�
�
| m c6

�
dv e

�
|> c6> j� > d~

�
/ I}� c@~ +|, dv e +|> j� > d~,1 Zkhq j� lv wkh D� 0uhjlph +d�6> 3,/ zh zulwh

e
�
|> c6> j� > d~

�
dv e

�
|> c6> d�6> d~

�
dqg e +|> j� > d~, dv e +|> d�6> d~,1 Ilqdoo| iru wkh D� 0uhjlph

wkdw lv lghqwlfdoo| }hur/ zh zulwh e +|> j� > d~, dv e +|> 3> d~, � e +|> d~,1 Lq wklv Vhfwlrq/ zh zloo

sursrvh phwkrgv wr hvwlpdwh vrph frqwudvwv e
�
|> j

E��
� > d~

�
� e

�
|> j

E2�
� > d~

�
1 Wr gr vr/ zh vkdoo

qhhg wr hvwlpdwh wkh txdqwloh0txdqwloh ixqfwlrq � +|> d~, wkdw pdsv txdqwlohv ri e +|> d~, �

e +|> 3> d~, lqwr wkrvh ri e +|> 3, � e +|> 3> 3,/ l1h1/ e +|> 3> d~, � e i� +|> d~, > 3> 3j1 Qrwh wkdw
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� +|> d~, lv lqfuhdvlqj lq | dqg � +|> d~, @ | li d~ � 31 Wr hvwlpdwh � +|> d~, zh uhsodfh wkh

vhplsdudphwulf prgho +d, zlwk wkh vhplsdudphwulf prgho +e, zklfk lpsrvhv wkh dgglwlrqdo

uhvwulfwlrq wkdw � +|> d~, @ � +|> d~ > �f, zkhuh � +|> d~ > �, lv d nqrzq lqfuhdvlqj ixqfwlrq ri |

vdwlvi|lqj � +|> d~ > �, @ | li d~ � 3 ru � @ 31 Wkxv �f @ 3 uh hfwv wkh k|srwkhvlv e +|> 3> d~, @

e +|> 3> 3, ri qr h�hfw ri wuhdwphqw D~ rq wkh pdujlqdo glvwulexwlrq ri \ zkhq wuhdwphqw zlwk D�

lv zlwkkhog1 Wkh prgho � +|> d~ > �, lv d pdujlqdo vwuxfwxudo wudqvirupdwlrq prgho lq wkh vhqvh ri

Urelqv +4<<;/ 4<<<, iru wkh h�hfw ri D~ rq \ zkhq wuhdwphqw zlwk D� lv zlwkkhog1 Zh frxog

kdyh xvhg dq| rwkhu pdujlqdo vwuxfwxudo prgho iru e +|> d~,1 Zh kdyh fkrvhq wkh wudqvirupdwlrq

prgho ehfdxvh ri lwv uhodwlrqvkls wr wkh ruglqdu| vwuxfwxudo qhvwhg prghov glvfxvvhg lq Vhf1

451 Wkh ixqgdphqwdo wrro lq frqvwuxfwlqj dq hvwlpdwh iru � lv wkh iroorzlqj fkdudfwhul}dwlrq ri

� +|> d~,1 Ohw �
W +|> d~, eh dq| lqfuhdvlqj ixqfwlrq ri | vdwlvi|lqj uW +|> d~, @ 3 li d~ @ 31

Gh�qh � +�W, � � +�> �W, � �W
�
K +�, >D~

�
1 Jlyhq dq| ixqfwlrq w +�> �, dqg ghqvlw| w2 +d~,

iru D~ / l1h1/ ]
w2 +d~, g� +d~, @ 4/ +4315,
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�
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�
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�
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�
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�
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�
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Wkhruhp 4316= Wkh iroorzlqj duh htxlydohqw1 +l, �W
�
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�
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�
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�
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H
�
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�
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�
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�
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�
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@ 3 +4316,

zkhqhyhu wkh h{shfwdwlrq lv �qlwh1

+lll, iru dq| w +�> �, dqg ghqvlw| w2 +d~,

H
�
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�
w
�
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�
� w2

�
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�
f2 i� +�

W,j
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@ 3 +4317,

zkhqhyhu wkh h{shfwdwlrq lv �qlwh1

Surriv ri Wkhruhpv 4316 0 4318 duh jlyhq dw wkh hqg ri wklv vhfwlrq1

Uhpdun= Wkh wkhruhp lv idovh li w2 +d~, lv qrw d ghqvlw|1

Jlyhq d j0hvwlpdwh e# ri #f/ Ht1 +4316, vxjjhvwv wkh iroorzlqj hvwlpdwru e�E�� ri �f1 Gh�qh
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�
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�
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dqg ohw e�E2� @ e�E2� �e#� � e�E2� �e#> w> w2� vroyh 3 @
?S
�'�

eV2� ��> e#> w> w2�1 Wkhq/ xqghu uhjxodulw|

frqglwlrqv/ e| Wkhruhp 4317/ e�E�� dqg e�E2� zloo eh UDO hvwlpdwruv ri �f1

Jlyhq UDO hvwlpdwruv e� dqg e# ri �f dqg #f/ zh fdq xvh wkh iroorzlqj wkhruhp wr hvwlpdwh wkh

glvwulexwlrq e +|> 3, � e +|> 3> 3, ri \ kdg doo vxemhfwv uhpdlqhg xqwuhdwhg zlwk hlwkhu wuhdwphqw1

Wkhruhp 4317= Iru dq| ixqfwlrq w +d~,/ qrw qhfhvvdulo| d ghqvlw|/
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zkhqhyhu wkh h{shfwdwlrq lv �qlwh zkhuh/ iru dq| hyhqw ]/ L +], @ 4 li ] lv wuxh dqg 3 rwkhuzlvh1

Wkhruhp 4317 lpsolhv wkdw/ kdylqj fkrvhq w +d~, wr lqvxuh lqwhjudelolw|/ li D~ lv frqwlqxrxv/

wkh hvwlpdwru ee +|> 3> 3, @ e
�
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r
@ 3 zloo eh d UDO hvwlpdwru ri e +|> 3> 3,1

Wkxv ee +|> 3> 3, lv glvfuhwh zlwk vxssruw dw wkh ��
�e#>e�� zlwk ghqvlw|
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� w

�
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�
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�
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1 +4319,

Ixuwkhupruh/ zh fdq xvh wkh iroorzlqj wkhruhp wr hvwlpdwh wkh qrq0g|qdplf frqwudvw

e
�
|> d

E��
� > d~

�
� e

�
|> d

E2�
� > d~

�
zkhqhyhu/ iru p @ 3> = = = >N/

�
�
|> c6> d�6> d~

�
@ � +|> d�6> d~, grhv qrw ghshqg rq c6 1 +431:,

Iluvw zh qhhg wr ghyhors vrph dgglwlrqdo qrwdwlrq1 Ohw k
�
|> c> d

�
eh wkh ixqfwlrq vxfk wkdw

K � K +�, @ k
�
\>O>D

�
1 +431;,

Wklv ixqfwlrq lv lqfuhdvlqj lq | dqg vdwlv�hv k
�
|> c> d

�
@ k +|> d, li +431:, lv wuxh1 Iru dq| ixqfwlrq

t +|> �> �, lqfuhdvlqj lq |/ zh gh�qh t3� +|> �> �, wr eh wkh ixqfwlrq vdwlvi|lqj t3� +x> �> �, @ | li

t +|> �> �, @ x1

Wkhruhp 4318= Li +431:, krogv/ wkhq iru dq| uhjlph d @ +d� > d~,

e +|> d� > d~, @ su
�
k3�

�
�3� +[>d~, > d

�
? |

�
zkhuh [ lv d udqgrp yduldeoh zlwk glvwulexwlrq e +|> 3> 3,1

Wkxv wr hvwlpdwh e +|> d� > d~, xqghu +431:,/ zh frpsxwh su
k
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q
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�
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l
zlwk [ gudzq iurp wkh ghqvlw| eifcf +|, ri +4319,/ zkhuh k3� +�> �> #, lv wkh ixqfwlrq k3� +�> �,

edvhg rq wkh eols ixqfwlrq �
�
|> c6> d�6> d~ > #

�
@ � +|> d�6> d~ > #,1 Zh rewdlq

e
�
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S
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k
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Zkhq hlwkhu +431:, lv idovh ru jR lv d g|qdplf uhjlph/ lw lv pxfk pruh gl!fxow wr rewdlq dq

hvwlpdwru ri e +|> j� > d~, wkdw lv frqvlvwhqw zlwk rxu gluhfw0h�hfw VQGP1 Zh uhwxuq wr wklv lvvxh

lq Vhf1 441

Surri ri Wkhruhp 4316= D gluhfw surri lv jlyhq lq Dsshqgl{ 41 Khuh lv dq dowhuqdwlyh

surri1 Xqghu GDJ JW/ suW
�
K +�, A | m D~

�
@ e

�
|> 3> D~

�
e| uhvxowv lq Urelqv +4<;</ 4<<:, rq
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hvwlpdwlrq ri wkh ryhudoo h�hfw ri D� rq JW1 Ixuwkhupruh/ wkhvh uhvxowv lpso| wkdw � +�> �, lv wkh

xqltxh ixqfwlrq vxfk wkdw

� � �
�
K +�, > D~
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WD~ 1 +431<,

Krzhyhu/ +431<, lv htxlydohqw wr

HW ^t +�> d~,� f2 +�,` @ 3 +43143,

iru doo t +�> �, zkhuh � � � +�, � � +�> �, dqg f2 +|, � HW
�
t
�
|>D~
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1 Krzhyhu/ iru dq| udqgrp

yduldeoh Q /

HW +Q, @ H
�
Qw2

�
D~

�
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�
/ +43144,

zkhuh w2 +d~, lv wkh ghqvlw| riD~ rqJW1 Lqyrnlqj +43144, dqg gh�qlqj w +�> d~, � t +�> d~, w2 +d~,/

zh �qg wkdw +43143, lv htxlydohqw wr +4317, zlwk � +�W, � �1

Rq wkh rwkhu kdqg/ +431<, lv dovr htxlydohqw wr
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�
t
�
�>D~

�
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�
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iru doo t +�> �, zkhuh fW� +d~, @ HW ^t +�> d~,`1 Xvlqj +43144, dqg sxwwlqj w +�> d~, @ w2 +d~, t +�> d~,

dqg qrwlqj w2 +d~, f
W

� +d~, @ HW ^w2 +d~, t +�> d~,` @ f� +d~,/ zh frqfoxgh +43145, lv htxlydohqw wr

+4316, zlwk � +�W, @ �1

Surri ri Wkhruhp 4317= Xqghu GDJ JW/ lw iroorzv iurp Urelqv +4<;</ 4<<:, dqg +431<,

wkdw � @ � +�> �, kdv glvwulexwlrq e +|> 3> 3,1 Khqfh/ HW ^L i� ? |j � e +|> 3> 3,` @ 31 Lqyrnlqj Ht1

+43144, frpsohwhv wkh surri1 Dq dowhuqdwlyh gluhfw surri lv jlyhq lq wkh Dsshqgl{1
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�
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�
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Qrz zh uhfxuvlyho| gh�qh wkh udqgrp yduldeohv
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lv idovh +dowkrxjk wuxh rq GDJ JW, iru/ zhuh lw wuxh/ wkh lqyhuvh zhljkw Z6n� zrxog qrw eh

qhfhvvdu| lq Ht1 +814, ru lq wkh h{shfwdwlrq lq Wkhruhp 43151 Vlploduo|/ li � zhuh lqghshqghqw

ri D~ / wkh lqyhuvh zhljkw Z zrxog qrw eh qhfhvvdu| lq Htv1 +4316, dqg +4317, ri Wkhruhp 43161
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�
1

Krzhyhu/ wklv uhsdudphwhul}dwlrq lv qrw xquhvwulfwhg vlqfh wkh frqvwudlqw +4415, zloo qrw krog

iru duelwudu| ghqvlwlhv i
�
c6 m c63�> d63�

�
dqg ixqfwlrqv �

�
|> c6> d� E63��> d~

�
1 Dq xquhvwulfwhg

sdudphwhul}dwlrq lv qhfhvvdu| lq rughu wr doorz xqfrqvwudlqhg olnholkrrg0edvhg lqihuhqfhv/ dqg/

pruh lpsruwdqwo|/ wr dyrlg gl!fxowlhv dqdorjrxv wr wkrvh glvfxvvhg lq Uhpdun E ri Vhf1 <151

Wkhuhiruh/ zh uhsodfh lq rxu sdudphwhul}dwlrq wkh ixqfwlrqv �
�
|> c6> d� E63��> d~

�
e| wkh kd}dug

udwlr �W
�
|> c6> d� E63��> d~

�
/ zkhuh

�W
�
|> c6> d� E63��> d~

�
@ �

�
|> c6> d� E63��> d~

�
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�
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�
c63�> c6 @ 3

�
> d� E63��> d~

�
+44144,

vr wkdw

�W
�
|> c6> d� E63��> d~

�
@ 4 li c6 @ 3 dqg �W

�
|> c6> d� E63��> d~

�
lv qrq0qhjdwlyh 1 +44145,

Khuh �
�
|> c6> d� E63��> d~

�
� �C

�
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�
4� e

�
|> c6> d� E63��> d~
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@C|1 Lw pd| dsshdu iurp Ht1

+44144, wkdw lq dgglwlrq wr wkh ixqfwlrq �W rxu sdudphwhul}dwlrq dovr ghshqgv rq wkh kd}dug ixqf0

wlrq �
�
|>
�
c63�> c6 @ 3

�
> d� E63��> d~

�
1 Krzhyhu/ �

�
|>
�
c63�> c6 @ 3

�
> d� E63��> d~

�
lv frp0

sohwho| ghwhuplqhg +dqg wkxv qrw sduw ri wkh sdudphwhul}dwlrq, e| wkh odz I0 +|,/ � +|> d~,/

�
�
|> c6> d�6> d~

�
/ i
�
c6 m c63�> d63�

�
dqg �W

�
|> c6> d� E63��> d~

�
1

Vshfl�fdoo|/ wkh �
�
|>
�
c63�> c6 @ 3

�
> d� E63��> d~

�
duh rewdlqhg uhfxuvlyho| iurp wkhvh rwkhu

ixqfwlrqv dqg ghqvlwlhv dv iroorzv1 Iluvw/ e +|> 3> d~, � e
�
|> c3�> d3�> d~

�
lv jlyhq e|

e
�
�3� +|> d~, > 3> 3

�
� I0

�
�3� +|> d~,

�
/ zkhuh zh kdyh xvhg rxu frqyhqwlrq }3� � 31 Qrz irup @

3> = = = >N � 4/ jlyhq e
�
|> c63�> d� E63��> d~

�
/ lw iroorzv iurp Urelqv/ Urwqlw}n| dqg Vfkduivwhlq

+4<<</ Vhf1;1:d, wkdw �
�
|>
�
c63�> c6 @ 3

�
> d� E63��> d~

�
lv wkh xqltxh vroxwlrq

u
�
|> c63�> d� E63��> d~

�
wr wkh Yrowhuud0olnh lqwhjudo htxdwlrq

u
�
|> c63�> d� E63��> d~

�
@

C
�
e
�
|> c63�> d� E63��> d~
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�
x> c6> d� E63��> d~

�
u
�
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�
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l
�W
�
|> c6> d� E63��> d~

�
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�
c6 m c63�> d63�

� 1
Wkxv e

�
|> c6> d� E63��> d~

�
@
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k
�
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�W
�
x> c6> d� E63��> d~

�
�
�
x>
�
c63�> c6 @ 3

�
> d� E63��> d~

�l
gx1 Ixuwkhu �

�
|> c6> d� E63��> d~

�
fdq qrz eh rewdlqhg e| +4414,1 Ilqdoo|/ e

�
|> c6> d�6> d~

�
@ e

�
�
�
|> c6> d�6> d~

�
> c6> d� E63��> d~

�
=

Zh wkxv duh lq d srvlwlrq qrz wr uhshdw wkh uhfxuvlrq zlwk p vxevwlwxwhg iru p� 41

Lw iroorzv iurp wkh idfwrul}dwlrq +44143, wkdw li zh vshfli| d gluhfw h�hfw VQGP

�
�
|> c6> d�6> d~ > #

�
dqg sdudphwulf prghov � +|> d~ > �,/ i +%> ��,/ i

�
c6 m c63�> d63�> ��

�
/

�W
�
|> c6> d� E63��> d~ > �2

�
dqg i

�
d6 m c6> d63�>�

�
vxemhfw wr wkh uhvwulfwlrqv � +|> d~ > �, @ | li

d~ � 3 dqg wkh qrqqhjdwlyh ixqfwlrq �W
�
|> c6> d� E63��> d~ > �2

�
@ 4 li c6 @ 3> wkhq wkh frqwul0
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exwlrq wr wkh olnholkrrg iru d vlqjoh vxemhfw fdq eh zulwwhq

i +Y > �, @

iC% +#> �> �2> ��, @C\ j i ^% +#> �> �2> ��, > ��`
g\

6'f

i
�
D6 m O6> D63�>�

�
i
�
O6 m O63�>D63�> ��

�
1

Wkh sdudphwhul}dwlrq lv qrq0vwdqgdug ehfdxvh wkh sdudphwhu �� rffxuv lq wzr whupv1 Qrwh wkdw

% +#> �> �2> ��, kdv qr vlpsoh uhodwlrqvkls wr � +#> �, lq frqwudvw wr zkdw zh irxqg zlwk VQPP

prghov1 Wkh urexvwqhvv surshuwlhv ri e#�u. duh dqdorjrxv wr wkrvh ghvfulehg iru gluhfw0h�hfw

VQPP prghov1 Wkh deryh sdudphwul}dwlrq lv yduldwlrq0lqghshqghqw lq wkh vhqvh wkdw dq| ydoxh

ri dq| sdudphwhu fdq rffxu zlwk dq| ydoxh ri dq| rwkhu sdudphwhu1 Krzhyhu/ wkh sdudphwul}dwlrq

+44144, lq whupv ri kd}dug udwlrv uhtxluhv wkdw wkh phdvxuh e
�
|> c6> d� E63��> d~

�
eh devroxwho|

frqwlqxrxv zlwk uhvshfw wr e
�
|>
�
c63�> c6 @ 3

�
> d� E63��> d~

�
iru doo c6/ zklfk zh khqfhiruwk

dvvxph wr eh wkh fdvh1

Uhpdun= Zh frxog kdyh wulhg wr dyrlg wkh dvvxpswlrq ri devroxwh frqwlqxlw| phqwlrqhg

deryh e| uhgh�qlqj wkh ixqfwlrq �W
�
|> c6> d� E63��> d~

�
wr eh wkh xqltxh ixqfwlrq vdwlvi|lqj

�W
�
|> c6> d� E63��> d~

�
@ �

�
|> c6> d� E63��> d~

�
� �

�
|>
�
c63�> c6 @ 3

�
> d� E63��> d~

�
dqg

�W
�
|> c6> d� E63��> d~

�
@ 3 li c6 @ 3 1

Lw pd| dsshdu wkdw/ lq dgglwlrq wr wkh ixqfwlrq �W/ wklv dowhuqdwlyh sdudphwhul}dwlrq dovr gh0

shqgv rq wkh ixqfwlrq �
�
|>
�
c63�> c6 @ 3

�
> d� E63��> d~

�
1 Krzhyhu/ lw fdq eh vkrzq wkdw

�
�
|>
�
c63�> c6 @ 3

�
> d� E63��> d~

�
lv frpsohwho| ghwhuplqhg +dqg wkxv qrw sduw ri wkh sdudph0

whul}dwlrq, e| wkh odz I0 +|,/ � +|> d~,/ �
�
|> c6> d�6> d~

�
/ i
�
c6 m c63�> d63�

�
dqg

�W
�
|> c6> d� E63��> d~

�
1 Krzhyhu/ dv glvfxvvhg lq Vhf1+;1:d, ri Urelqv/ Urwqlw}n| dqg Vfkduivwhlq

+4<<<,/ wklv dowhuqdwlyh sdudphwul}dwlrq zloo qrw eh xquhvwulfwhg +l1h1/yduldwlrq lqghshqghqw, li

rqh doorzv �W
�
|> c6> d� E63��> d~

�
wr eh qrq0prqrwrqh lq |1 Qrq0prqrwrqlflw| lv uhtxluhg li doo

srvvleoh odzv ri wkh revhuyhg gdwd duh wr eh uhsuhvhqwhg e| wkh sdudphwul}dwlrq1

Wkh frpsxwdwlrqdo gl!fxow| lq frpsxwlqj e��u. lv pxfk juhdwhu iru gluhfw0h�hfw VQGPv

wkdq iru gluhfw0h�hfw VQPPv/ vlqfh dw hdfk lwhudwlrq

�
�
|>
�
c63�> c6 @ 3

�
> d� E63��> d~

�
pxvw eh uhfxuvlyho| frpsxwhg e| vroylqj d vhulhv ri Yrowhuud0

olnh lqwhjudo htxdwlrqv/dv ghvfulehg deryh1 Zlwk dq hvwlpdwru ri � lq kdqg/ zh fdq hvwlpdwh/

wkurxjk +44143,/ wkh hqwluh mrlqw glvwulexwlrq I +y, ri wkh revhuydeohv dqg wkxv I} +|, iru dq|

uhjlph j1 D urexvw dqg frpsxwdwlrqdoo| ohvv ghpdqglqj dssurdfk wr hvwlpdwlqj � wkdq pd{lpxp

olnholkrrg lv wr +l, fdofxodwh d j0hvwlpdwh e# ri #f/ +ll, frpsxwh e� @ e� �e#� dv ghvfulehg lq

Vhf1 43/ +lll, hvwlpdwh a�� e| pd{lpl}lqj
T
�

gT
6'f

i
�
O6� m OE63���>DE63���> ��

�
/ dqg +ly, �qdoo|

hvwlpdwh �� dqg �2 e| pd{lpl}lqj
T
�

i +Y�>�, ryhu +��> �2, zlwk +#> �> ��, �{hg dw
�e#>e�>e���1

Wklv jxdudqwhhv wkh hvwlpdwru ri I} +|, lv frqvlvwhqw zlwk rxu vhplsdudphwulf j0whvw ri Vhf1 61
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Krzhyhu/ hyhq wklv rswlrq pd| eh frpsxwdwlrqdoo| gl!fxow ehfdxvh ri wkh qhhg wr hvwlpdwh wkh

�
�
|>
�
c63�> c6 @ 3

�
> d� E63��> d~

�
dw hdfk lwhudwlrq1 Lq wkh qh{w Vhfwlrq/ zh glvfxvv d gl�huhqw

sdudphwhul}dwlrq zklfk zloo wxuq rxw wr kdyh gl!fxowlhv ri lwv rzq exw dovr/ xqghu ixuwkhu

dvvxpswlrqv/ pxfk wr uhfrpphqg lw1

451 Dq Dowhuqdwlyh Dssurdfk wr Hvwlpdwlrq ri Frqwudvwv

Frqvlghu djdlq hvwlpdwlrq ri I}� c@~ +|, � e +|> j� > d~,1 Lw iroorzv iurp Urelqv +4<;</ 4<<:,

dqg Urelqv dqg Zdvvhupdq +4<<:, wkdw/ xqghu wkh odz iW +y, ri GDJ JW ri Vhf1 814 zlwk

D~ h{rjhqrxv/ I W

j +|, @ e +|> 3> 3,/ uh hfwlqj wkh idfw wkdw e +|> 3> 3, � I W

E}�
 fc@~
 f� +|, @

I W

}�
 f

�
| m D~ � 3

�
1 Ixuwkhu/ zh rewdlq lqghshqghqw uhdol}dwlrqv/ vd| \ W/ iurp I W

}�
+| m d~,

e| wkh iroorzlqj Prqwh Fduor dojrulwkp=

Vwhs 4= Gudz � iurp e +|> 3> 3,>

Vwhs 5= Gudz Of iurp iW +cf m d~ > �,>

Vwhs 6= Uhfxuvlyho| iru p @ 4> = = = >N/ gudz O6 iurp iW
�
c6 m O63�> j�

�
O63�

�
> d~ > �

�
>

Vwhs 7= Frpsxwh \ W @ k3�
�
�3� +�> d~, > Og > j�

�
Og
�
> d~

�
zkhuh djdlq k3� lv wkh lqyhuvh

ixqfwlrq wr K @ k
�
\>Og > D�g >D~g

�
dqg lv d ixqfwlrqdo ri �

�
|> c6> d�6> d~

�
1

Krzhyhu/ dv vkrzq lq wkh surri ri Ohppd 814/ I W

}�
+| m d~, @ I W

}� c@~
+|, @ I}� c@~ +|,/ vr

zh fdq lq sulqflsoh xvh wkh deryh dojrulwkp wr gudz iurp rxu wdujhw glvwulexwlrq I}� c@~ +|, dv

iroorzv1 Iurp d j0hvwlpdwru e#/ zh rewdlq dq hvwlpdwh k3�
�
�> �> �> �> e#� ri k3� +�> �> �> �,1 Iurp

dq hvwlpdwru e� @ e� �e#� ri �f/ zh rewdlq dq hvwlpdwru �3�
�
�> �>e�� ri �3� +�> �,1 Ixuwkhu/ iurp�e�> e#�/ zh fdq gudz iurp e +|> 3> 3, xvlqj wkh hvwlpdwhg glvwulexwlrq e

�
|> 3> 3>e�> e#� zlwk ghqvlw|eifcf +|, jlyhq lq +4319,1 Khqfh wr lpsohphqw dq hvwlpdwhg yhuvlrq ri wkh dojrulwkp/ lw rqo|

uhpdlqv qhfhvvdu| wr hvwlpdwh

iW
�
c6 m c63�> d� E63��> d~ > �

�
1 +4514,

Vxssrvh zh frxog fruuhfwo| vshfli| d sdudphwulf prgho iru +4514, ghshqglqj rq d sdudphwhu �1

i
�
c6 m c63�> d� E63��> d~ > �> �

�
1 +4515,

Wkhq kdg wkh gdwd ehhq jhqhudwhg xqghu JW/ wkh vfruh V +�, @

Ccq i
�
O6 m O63�> D� E63��> D~ > �> �

�
@C� kdv phdq }hur xqghu iW +y, dw wkh wuxh ydoxh ri �1 Ht1

+43144, wkhq lpsolhv

H
�
w2
�
D~

�
V +�, @Z

�
@ 3 1 +4516,

Zulwh V +�, @ V +�> �, wr hpskdvl}h wkh ghshqghqfh ri wkh vfruh rq �1 Wkhq +4516, vxjjhvwv

hvwlpdwlqj � e| e� vroylqj

3 @
[

�
w2
�
D~�

�
V�
�
�> ��

�e#>e��� @Z� 1 +4517,
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iru vrph w2 +d~,1 Wkh vroxwlrq e� wr +4517, zloo eh d UDO hvwlpdwru ri � li wkh prghov iru +l,

�
�
|> c6> d�6> d~

�
/ +ll, � +|> d~,/ dqg +lll, wkh ghqvlw| +4514, duh fruuhfwo| vshfl�hg1 Krzhyhu/

h{fhsw lq wkh vshfldo fdvh ghvfulehg odwhu/ lw lv xqolnho| +l,0+lll, zloo doo eh fruuhfw/ vlqfh d

frqvwudlqw pxvw eh vdwlv�hg1 Vshfl�fdoo|/ dv qrwhg suhylrxvo|/ e| xvlqj g0vhsdudwlrq rq GDJ

JW/ zh kdyh

D~&

dW

O& m O&3�> D&3� +4518,

dqg ixuwkhu/ e| +431<,/ rq JW/ �
c
WD~ 1 Dovr �

c
WD�6 m D~6>D63�> O6/ vlqfh/ e| uhvxowv lq

Urelqv +4<<:, iru ryhu0doo h�hfwv/ K
c
WD�6 m D~6>D63�> O61 Wkhvh lqghshqghqflhv lpso|

wkdw

&\
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�
O6 m O63�>D63�

�
@
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iW
�
O6 m O63�>D63�> D~6> �

�
iW +�,g� +4519,

iru n @ 3> = = = >N1

Li zh vshfli| d prgho +4515, zklfk lpsrvhv

D~6

dW

O6 m O63�>D63�> � +451:,

wkhq +4519, krogv1 Krzhyhu/ +451:, lv d uhvwulfwlrq rq wkh doorzdeoh ghqvlwlhv i +y, iru wkh gdwd1

Li +451:, lv qrw wuxh/ lw zloo eh hvvhqwldoo| lpsrvvleoh wr vshfli| d prgho +4515, vxfk wkdw/ iru

vrph ydoxh ri �2/ +l, +451:, lv idovh dqg +ll, wkh frqvwudlqw +4519, krogv1 Khqfh zkhq +451:, lv

idovh/ d sdudphwhul}dwlrq lq whupv ri +l, I W

j +|, � e +|> 3> 3,/ +ll, wkh ghqvlwlhv +4514,/ dqg wkh

ixqfwlrqv +lll, �
�
|> c6> d�6> d~

�
dqg +ly, � +|> d~, zklfk idlov wr lpsrvh +4519, zloo vx�hu iurp

wkh w|sh ri gl!fxowlhv ghvfulehg lq Uhpdun D ri Vhf1 <1 Krzhyhu/ vxfk d sdudphwhul}dwlrq

fdqqrw eh uhdol}hg li +4519, lv lpsrvhg1 Wkxv lw ehfrphv lpsruwdqw wr fkdudfwhul}h +451:, lq

vrph htxlydohqw idvklrq zlwk d fohdu fdxvdo lqwhusuhwdwlrq/ vr wkdw zh fdq ehwwhu mxgjh zkhq lw

lv vxevwdqwlyho| uhdvrqdeoh wr lpsrvh +451:,1 Zh zloo vkrz wkdw +451:, fdq eh fkdudfwhul}hg dv

d sduwlfxodu uhvwulfwlrq rq wkh ixqfwlrqdo irup ri d vwdqgdug VQGP dv vwxglhg lq Urelqv +4<<:,

dqg Urelqv dqg Zdvvhupdq +4<<:,1

Wr fkdudfwhul}h wklv uhvwulfwlrq/ zh uhfdoo wkh gh�qlwlrq ri d vwdqgdug VQGP1 Ohw
�

�
�
|> c6> d6

�
eh wkh txdqwloh0txdqwloh ixqfwlrq vdwlvi|lqj e

�
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�
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�
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�
dqg e

�
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�
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�
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�
iru wkh uhjlph j wkdw

kdv +l, DR klvwru| d�& wkurxjk w& dqg }hur wkhuhdiwhu dqg +ll, D~ klvwru| d~6 wkurxjk w6 dqg

}hur wkhuhdiwhu1 Lw iroorzv wkdw
�

�
�
|> c6> d6

�
lv +d, lqfuhdvlqj dqg frqwlqxrxvo| gl�huhqwldeoh lq

| dqg +e,
�

�
�
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�
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�

�
�
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�
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Gh�qlwlrq= Wkh glvwulexwlrq I +y, iroorzv d vwdqgdug VQGP
�

�
�
|> c6> d6> �

�
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�

�
�
|> c6> d6

�
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�

�
�
|> c6> d6> �f

�
dqg +l,
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�
�
|> c6> d6> �

�
vdwlv�hv +d,0+e, deryh dqg

�

�
�
|> c6> d6> �

�
� | li dqg

rqo| li � @ 3/ vr �f @ 3 uhsuhvhqwv wkh �j�0qxoo k|srwkhvlv +714,1 Dq h{dpsoh zrxog eh

�

�
�
|> c6> d6> �

�
@ | . ��d~6d~E63�� . �2d~6c

W
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W
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6d~E63�� +451<,

zkhuh � @ +��> = = = > �.,
� dqg cW6 lv d nqrzq ixqfwlrq ri c61 Zh vkdoo qhhg wkh iroorzlqj1

Gh�qlwlrq= Zh vd| wkdw
�

�
�
|> c6> d6

�
lv D� 0gluhfw0h�hfw frqvlvwhqw li

�

�
�
|> c6> d6

�
lv qrw d

ixqfwlrq ri c6 zkhq d�6 @ 31

H{dpsoh= Sxwwlqj d�6 @ 3 lq +451<,/ zh duh ohiw zlwk wkh qrq0}hur whupv

��d~6d~E63�� . �2d~6c
W

6 . �ed~6d� E63�� 1

Zh wkxv ghgxfh wkdw
�

�
�
|> c6> d6

�
lv D� 0gluhfw0h�hfw frqvlvwhqw li dqg rqo| li wkh wuxh ydoxh �2f

ri �2 lv }hur1 Wkh lpsruwdqfh ri wklv gh�qlwlrq lv wkh iroorzlqj1

Wkhruhp 4514= Li
�

�
�
|> c6> d6

�
lv D� 0gluhfw0h�hfw frqvlvwhqw/ wkh gluhfw0h�hfw �j�0qxoo k|srwk0
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H{dpsoh= Vxssrvh �2f @ 3 lq prgho +451<, vr lw lv D� 0gluhfw0h�hfw frqvlvwhqw1 Wkhq wkh

gluhfw0h�hfw �j�0qxoo k|srwkhvlv krogv / ��f @ = = = @ �.f @ 31 Wkdw lv/
�
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|> c6> d6> �f
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��fd~6d~E63��1 Qrwh li �2f 9@ 3 lq +451<,/ wkh gluhfw0h�hfw �j�0qxoo k|srwkhvlv fdq eh idovh hyhq

li ��f @ = = = @ �.f @ 3 vlqfh/ iru h{dpsoh/ D�f pljkw d�hfw cW6 zklfk wkhq/ lq wxuq/ d�hfwv \

yld wkh lqwhudfwlrq d~6c
W

61 Lqghhg/ zh ghyhorshg gluhfw0h�hfw VQGPv prgho suhflvho| ehfdxvh/

lq wkh suhvhqfh ri whupv vxfk dv �2d~6c
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6/ zh duh xqdeoh wr xvh vwdqgdug VQGPv wr whvw wkh

gluhfw0h�hfw �j�0qxoo k|srwkhvlv1 Vhh Urelqv dqg Zdvvhupdq +4<<:/ Vhf1 ;14, iru ixuwkhu glvfxv0

vlrq1 Ehiruh jlylqj rxu pdlq wkhruhp/ zh jlyh dqrwkhu frqglwlrq htxlydohqw wr D� 0gluhfw0h�hfw

frqvlvwhqf|1

Gh�qlwlrq= Wkhuh lv qr O � D~ lqwhudfwlrq li/ iru hdfk p/ wkh txdqwloh0txdqwloh ixqfwlrq
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Zh duh qrz uhdg| wr vwdwh rxu pdlq wkhruhp ri wklv vhfwlrq zklfk jlyhv dowhuqdwlyh fkdudf0

whul}dwlrqv ri +451:,1

Wkhruhp 4515= Wkh iroorzlqj duh htxlydohqw=
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Fruroodu| 4514= Ht1 +451:, lpsolhv
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Wkhruhp 4515 lqglfdwhv wkdw zhljkwlqj e| Z3�
6 lv xqqhfhvvdu| zkhq zh lpsrvh +451:,1 Lq

sduwlfxodu/ lw iroorzv iurp sduwv +7,0+8, ri Wkhruhp 4514 wkdw +#> �, fdq eh hvwlpdwhg mrlqwo|

e| vwdqgdug j0hvwlpdwlrq ri d vwdqgdug VQGP dv lq Urelqv +4<<5/ 4<<:,1 Ixuwkhu/ e| sduw

+7, lw iroorzv wkdw/ jlyhq hvwlpdwruv
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l
dv lq Urelqv +4<<:,1 Ilqdoo|/ Fruroodu| +4514, lqglfdwhv wkdw/ jlyhq

+451:,/ wkh prgho +4515, fdq eh �w e| pd{lpxp olnholkrrg zlwkrxw qhhglqj wr uhzhljkw/ vlqfh
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1 Qrwh/ krzhyhu/ wkdw li rqh zdqwhg
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j0hvwlpdwru ri +#> �, phqwlrqhg deryh1

Wkh qr O�D~ lqwhudfwlrq fkdudfwhul}dwlrq ri +451:, lv suredeo| wkh prvw hdvlo| lqwhusuhwhg

fkdudfwhul}dwlrq ri +451:, iurp d vxevwdqwlyh srlqw ri ylhz1 Lq dvvhvvlqj wkh uhdvrqdeohqhvv ri wkh

qr O�D~ lqwhudfwlrq dvvxpswlrq/ lw lv lpsruwdqw wr uhfrjql}h wkdw wklv devhqfh ri lqwhudfwlrq

lv rqo| rq d sduwlfxodu vfdoh/ wkh txdqwloh0txdqwloh wudqvirupdwlrq vfdoh dv uhsuhvhqwhg e| wkh
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�2f @ 3 xvlqj d vwdqgdug j0whvw dv lq Urelqv +4<<5/ 4<<:,1

461 Glvfxvvlrq

Iroorzlqj Urelqv +4<<;/ 4<<<,/ zh frxog kdyh xvhg gluhfw h�hfw pdujlqdo vwuxfwxudo prghov

+PVPv, udwkhu wkdq gluhfw h�hfw VQPv1 D gluhfw h�hfw pdujlqdo vwuxfwxudo glvwulexwlrq prgho

lv d vhplsdudphwulf prgho iru e +|> d� > d~, @ I@� c@~ +|, ghshqglqj rq d �qlwh glphqvlrqdo sd0
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vlplodu fdofxodwlrqv1
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�
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+D18, qrz iroorzv iurp +D14, dqg +D16,1

+ Wklv fdq eh suryhg dqdorjrxvo| wr Wkhruhp ;141

Surri ri Wkhruhp 431504317=
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�
e| +D615,1

Fdvh 5= Zh dvvxph +D614, lv wuxh iru p. 4 dqg zloo suryh lw wuxh iru p1
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�
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�
/ zkhuh wkh vhfrqg lqhtxdolw| lv e|

wkh lqgxfwlrq k|srwkhvlv dqg
�
�>D~E6n��

�c
WD�6 m O6>D63�> D~6/ wkh wklug e| +D615,/ dqg

wkh irxuwk e| lqwhjudwlrq xqghu iW +y,1

+8,,+7,= Zh nqrz iurp Urelqv +4<;</ 4<<8/ 4<<:, dqg Urelqv dqg Zdvvhupdq +4<<:, wkdw/

jlyhq i +y, wkhuh duh xqltxh ghqvlwlhv +l, i �
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+k,/ +ll, i

�
c6 m c63�> d63�> k

�
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�
d6 m c6> d63�

�
dqg xqltxh ixqfwlrqv
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�
�
|> c6> d6

�
zklfk kdyh d frqwlqxrxv srvlwlyh ghulydwlyh zlwk uhvshfw wr
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zkhuh
�

K @
�

k
�
\>Og > Dg

�
lv gh�qhg lq whupv ri wkh

�

�
�
|> c6> d6

�
dv lq Vhf1 451 Khqfh/ lq ylhz

ri +8,/ +7, iroorzv li zh fdq vkrz wkdw � � �
�
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�
\>Og >Dg

�
> D~

�
lv htxdo wr vrph ixqfwlrq/

vd| kW
�
\>Og > Dg

�
/ wkdw lv +d, uhfxuvlyho| gh�qhg lq whupv ri ixqfwlrqv �W

�
|> c6> d6

�
mxvw dv

wkh ixqfwlrq
�

k zdv uhfxuvlyho| gh�qhg lq whupv ri wkh ixqfwlrqv
�

� dqg +e, �W
�
|> c6> d6

�
kdv d

frqwlqxrxv srvlwlyh ghulydwlyh zlwk uhvshfw wr | dqg vdwlv�hv �W
�
|> c6> d6

�
@ 3 li d6 @ 31 Wr gr
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�
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�
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�
|> cg > d�6> d~6

�
� k3�

�
|> c6> d�6> d~6
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�
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�
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�
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�
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�
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�
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�

�
�
|> c6> d6
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�
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�
xW> cf> d�f> d~E63��

�
+D61:,

7:



zlwk x � � +|> cf> d�f> d~6, dqg xW � �~ +|> d�f> d~6,1
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@ e
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�
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�
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k
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�
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zkhuh { @ �~ ^x> 3> d~�`/ x @ � +|> cf> d�f> d~�,/ dqg | lv dv gh�qhg deryh1 Khqfh zh pxvw vkrz

wkdw { @ {W/ zklfk lv mxvw +D61:, zlwk p @ 41

Fdvh 5= Dvvxph wkh wkhruhp lv wuxh iru N @ NW1 Zh vkdoo vkrz lw lv wuxh iru N @ NW . 41

Jlyhq
�
c> d
�
�
�
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�
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�
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�
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�
k
�
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�
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�
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Zh qrz dsso| +D61:, vxffhvvlyho| iru p @ NW . 4>NW> = = = > 4 wr rewdlq

�~f � = = = � �~EgWn�� � �f +|, @ �~f � ��f � �~f� � �~f2 � = = = � �~fEgWn�� +|, +D61<,
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wlrqv/ �~f � ��f +|, @
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�
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�
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wkh UKV ri +D6143, lv � � k iru d vwxg| zlwk N @ +NW . 4,� 4 @ NW1
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�
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�
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�
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�
d6 m c6> d63�

�
@

i +y, @
gT

6'f
i
�
d6 m c6> d63�
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Ilqdo Uhpdun= Lw lv lqwhuhvwlqj wr qrwh wkdw lq wkh frqwh{w ri d VQPP/ wkh dvvxpswlrq ri
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�
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�
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�
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�
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�
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ghshqg rq d~61 Krzhyhu/ lw lv qrw wuxh/ lq wkh vhwwlqj ri d VQGP/ wkdw wkh dvvxpswlrq +D618, ri

qr O�D~ lqwhudfwlrq hlwkhu lpsolhv ru lv lpsolhg e| wkh dvvxpswlrq wkdw �
�
|> c6> d� E63��> d~

�
grhv qrw ghshqg rq d~6 ^xqohvv wkh qxoo k|srwkhvlv � +|> d~, � | lv dovr wuxh`1 Wklv uh0

 hfwv wkh idfw wkdw wkh vfdoh lq zklfk wkh O � D~ lqwhudfwlrq lv phdvxuhg e| wkh ixqfwlrq

�
�
|> c6> d� E63��> d~

�
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�
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deoh Prgholqj dqg Dssolfdwlrqv wr Fdxvdolw|1 Ohfwxuh Qrwhv lq Vwdwlvwlfv +453,/ P1
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Urelqv M1P1 dqg Zdvvhupdq O1 +4<<:,1 �Hvwlpdwlrq ri h�hfwv ri vhtxhqwldo wuhdwphqwv e|
uhsdudphwhul}lqj gluhfwhg df|folf judskv1� Surfhhglqjv ri wkh Wkluwhhqwk Frqihuhqfh rq
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Gdq Jhljhu dqg Sudndvk Vkhqr| +Hgv1,/ Vdq Iudqflvfr=Prujdq Ndxipdqq/ ss1 73<074;1
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