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Exercises, Problems, and Solutions

Section 1 Exercises, Problems, and Solutions

Review Exercises

1. Transform (using the coordinate system provided below) the following functions
accordingly:

Z

a. from cartesian to spherical polar coordinates
X+y-4z2=12

b. from cartesian to cylindrical coordinates
y2+22=9

c. from spherical polar to cartesian coordinates
r =2 Sing Cosf

2. Perform a separation of variables and indicate the general solution for the following
expressions.

a_9x+16yﬂ =0
x
b.2y+ﬂ +6=0
Ix

3. Find the eigenvalues and corresponding eigenvectors of the following matrices:



L1 2 .
ag 2 24
.2 0 0
b8 0 -1 27
€0 2 240

4. For the hermitian matrix in review exercise 3a show that the elgenfunctions can be
normalized and that they are orthogonal.

5. For the hermitian matrix in review exercise 3b show that the pair of degenerate
eigenvalues can be made to have orthonormal eigenfunctions.

6. Solve the following second order linear differential equation subject to the specified
"boundary conditions’:

d2 o o dx(t=0) _
" + k2x(t) =0, where x(t=0) = L, and - 0.

Exercises

1. Replace the following classical mechanical expressions with their corresponding
guantum mechanical operators.

_mv2 . : :
a K.E. = - in three-dimensional space.

b. p = mv, athree-dimensional cartesian vector.
C. y-component of angular momentum: Ly = zpx - Xpz.

2. Transform the following operators into the specified coordinates:

a LX:?:' y I. z 1y from cartesian to spherical polar coordinates.
T~ 1z Ty %
b. L Z:?ﬂlf from spherical polar to cartesian coordinates.

3. Match the eigenfunctions in column B to their operatorsin column A. What isthe
eigenvalue for each eigenfunction?

Column A Column B
d d
Y2 —— _y — 4 _ 2
i. (1-x2) > "X 4x%-12x<+ 3
d2
i, — 5x4
dx2
iii xd—ci( e3X + g3x
d2 d 2
|v.@-2x& Xé-4X + 2
d2 d
V. X — + (1-x 4x3 - 3x
, (1-X) g%

4. Show that the following operators are hermitian.



a Py
b. Ly

5. For the following basis of functions (Y 2p_q; Y 2pg: and 'Y 2p +1), construct the matrix

representation of the L x operator (use the ladder operator representation of Ly). Verify that
the matrix is hermitian. Find the eigenvalues and corresponding eigenvectors. Normalize
the eigenfunctions and verify that they are orthogonal .

1 &% macing eif
Yop,= 8p1/2eag reZli2asing e

1 a6 apa
Y 2p, = 012 55 rez2a Cosq

1 6&0 zrl2a G if
ngl 8p1/2 e re- Sing €

6. Using the set of eigenstates (with corresponding eigenvalues) from the preceding
problem, determine the probability for observing

a z-component of angular momentum equal to 1h if the state is given by the L x eilgenstate
with Oh Ly eigenvalue.

7. Use the following definitions of the angular momentum

operators:
h ) hi
LX:Tiyl_zlu'Ly:Tizl_ lu
iz Ty o Tz
Lz=?% xl-y1u and L2=12 +|_2 +L2,
I VR

and the relationships:

[x,pxl =ih , [y,pyl =ih , and [z,p,] =
to demonstrate the following operator identities:

a Lyl =ih Ly
b. [Ly,LZ-I =ih Lx,
c.[LaLd =ih Ly,

d.[Ly,L2] =0,
e.[Ly,Lq =0,
f.[LnLg =0

8. In exercise 7 above you determined whether or not many of the angular momentum
operators commute. Now, examine the operators below along with an appropriate given
function. Determineif the given function is simultaneously an eigenfunction of both
operators. Isthiswhat you expected?

a Lz, L2 with function: YY(q.f) =—=

=



b. Ly, Lz, with function: YY(q,f) = —=.

Ny

c. Lz, L2, with function: Y(q.f) :ﬁ Cosq.
p

d. Lx, Lz withfunction: Ycl)(q,f) :\/4E Cosg.
Y

9. For a"particle in abox" constrained along two axes, the wavefunction Y (x,y) as given
inthe text was :

1 1 L 1 € inypx -inypx (g inypy -inypy()
—et el @& L, .. L L L Y
Y (X,Y) ézl—xﬂ ézl—yz eée e x (gely e b Q.

with ny and ny = 1,2,3, .... Show that this wavefunction is normalized.

10. Using the same wavefunction, Y (x,y), given in exercise 9 show that the expectation
value of py vanishes.

11. Calculate the expectation value of the x2 operator for the first two states of the
harmonic oscillator. Use the v=0 and v=1 harmonic oscillator wavefunctions given below

+¥

. 514
which are normalized such that 8Y (x)2dx = 1. Remember that Y o = g? eax22 and Y 4
R, 9
_sda3p U4
&p o
12. For each of the one-dimensional potential energy graphs shown below, determine:

a. whether you expect symmetry to lead to a separation into odd and even solutions,
b. whether you expect the energy will be quantized, continuous, or both, and

c. the boundary conditions that apply at each boundary (merely stating that Y

Xe-a X2/2_

and/or 1111—Y iscontinuousis all that is necessary).
X



]
w=0 L
ii.
Y
0 0
W= L
E«
iji. o o
a
—Wo e B0
=Wy
13. Consider a particle of mass m moving in the potential :
V(X) =¥ for x<0 Region |
V(x)=0 for  OEXEL Region 11
V(X)=V(V>0) for X>L Region 111

a. Write the general solution to the Schrodinger equation for theregions|, I1, 111,

assuming a solution with energy E <V (i.e. abound state).
b. Write down the wavefunction matching conditions at the interface between
regions| and Il and between |1 and I11.

c. Write down the boundary conditionsonY for x ® +¥.
d. Use your answersto a. - . to obtain an algebraic equation which must be
satisfied for the bound state energies, E.



e. Demonstrate that inthelimit V ® ¥, the equation you obtained for the bound

2h2p2

state energiesin d. givesthe energies of aparticlein an infinite box; En = n2h Lp2 ; n=
m

1,2,3,...

Problems

1. A particle of mass m movesin aone-dimensiona box of length L, with boundaries at x
=0andx=L. Thus, V(x)=0for O£ x£ L, and V(x) =¥ elsewhere. The normalized

: : N : . _&RoY2 o npx
eigenfunctions of the Hamiltonian for this system are given by Y n(x) = e Sin—, with

n2p2h2
~ 2mL2
a. Assuming that the particle isin an eigenstate, Y (X), calculate the probability that
the particleisfound somewhereintheregion O£ x £ % . Show how this probability

depends on n.
b. For what value of n istherethe largest probability of finding the particlein 0 £ x

n , Where the quantum number n can take on the values n=1,2,3,....

th
A
N

c. Now assumethat Y isasuperposition of two eigenstates,
Y =a¥p+bYm atimet=0. WhatisY attimet? What energy expectation value does

Y haveat timet and how doesthisrelateto itsvalueat t = 0?
d. For an experimental measurement which is capable of distinguishing systemsin

stateY  from those in'Y y,, what fraction of alarge number of systems each described by

Y will be observed to bein'Y n? What energies will these experimental measurements find
and with what probabilities?

e. For those systems originally inY = aY  + bY ,, which were observed to bein

Y na timet, what state (Y n, Y m, or whatever) will they be found in if a second
experimental measurement ismade at atimet' later than t?

f. Suppose by some method (which need not concern us at this time) the system has
been prepared in a nonstationary state (that is, it is not an eigenfunction of H). At thetime
of ameasurement of the particle's energy, this state is specified by the normalized

, 12
wavefunction Y = gé_—go X(L-x) for OE X £ L,and Y =0 elsewhere. What isthe
/%]

n2p2h2
2mL2

probability that a measurement of the energy of the particle will givethevaue E, =

for any given value of n?
0. What is the expectation value of H, i.e. the average energy of the system, for the

wavefunction Y givenin part f?

2. Show that for a system in anon-stationary state,



o]
Y = a Cije"Ei vh , the average value of the energy does not vary with time but the

J
expectation values of other properties do vary with time.

3. A particleis confined to a one-dimensional box of length L having infinitely high walls
and isin itslowest quantum state. Calculate: <x>, <x2>, <p>, and <p?>. Using the
definition DA = (<AZ> - <A>2)V2 1o define the uncertainty , DA, calculate Dx and Dp.

Verify the Helsenberg uncertainty principle that DxDp 3 h /2.

4. It has been claimed that as the quantum number n increases, the motion of aparticlein a
box becomes more classical. In this problem you will have an oportunity to convince
yourself of thisfact.

a. For a particle of mass m moving in aone-dimensional box of length L, with ends
of the box located at x = 0 and x = L, the classical probability density can be shown to be

independent of x and given by P(x)dx = % regardless of the energy of the particle. Using
this probability density, evaluate the probability that the particle will be found within the
interval from x = 0 to x :% :

b. Now consider the quantum mechanical particle-in-a-box system. Evaluate the

probability of finding the particlein the interval from x = 0 to x :% for the system inits

nth quantum state.

c. Take the limit of the result you obtained inpartbasn® ¥. How does your
result compare to the classical result you obtained in part a?

5. According to the rules of quantum mechanics as we have developed them, if Y isthe
state function, and f , are the eigenfunctions of alinear, Hermitian operator, A, with
eigenvalues a,, Af n = anf n, then we can expand Y in terms of the compl ete set of

eigenfunctionsof A accordingtoY = é Cnf n, Wherech = Bf n'Y dt . Furthermore, the

n
probability of making a measurement of the property corresponding to A and obtaining a

value a, is given by Ucy(?, provided both Y and f ,, are properly normalized. Thus, P(an) =

Ucn(P. These rules are perfectly valid for operators which take on a discrete set of
eigenvalues, but must be generalized for operators which can have a continuum of
eigenvalues. An example of thislatter type of operator isthe momentum operator, px,

which has eigenfunctions given by f p(x) = AdPXh where p isthe eigenvalue of the py
operator and A is anormalization constant. Here p can take on any value, so we have a
continuous spectrum of eigenvalues of px. The obvious generalization to the equation for

Y isto convert the sum over discrete states to an integral over the continuous spectrum of
states:

+¥ +¥
Y (x) = BCE)f px)dp = BC(p)AdPdihdp
¥ ¥



Theinterpretation of C(p) is now the desired generalization of the equation for the
probability P(p)dp = UC(p)Rdp. This equation states that the probability of measuring the
momentum and finding it in the range from p to p+dp is given by (1C(p)(dp. Accordingly,
the probability of measuring p and finding it in the range from p; to py is given by

p2 P2

8P(p)dp = éC(p)*C(p)dp . C(p) isthus the probability amplitude for finding the particle

p1 P1
with momentum between p and p+dp. Thisisthe momentum representation of the

+¥

wavefunction. Clearly we must require C(p) to be normalized, so that éC(p)* C(p)dp =1.
-¥

With this restriction we can derive the normalization constant A = 1 , giving adirect

\Jop

relationship between the wavefunction in coordinate space, Y (x), and the wavefunction in
momentum space, C(p):

+¥
L 8 C(p)ei px/hdp ’

\Jopn ¢

and by the fourier integral theorem:

Y (x)=

+¥
— L 8v (x)amdhax .

\[2pn ¥

L ets use these ideas to solve some problems focusing our attention on the harmonic
oscillator; a particle of mass m moving in aone-dimensional potential described by V(x) =
ko

2 .

C(p) =

a. Write down the Schrodinger equation in the coordinate representation.
b. Now lets proceed by attempting to write the Schrodinger equation in the
momentum representation. |dentifying the kinetic energy operator T, in the momentum
2
representation is quite straightforward T = STn =-
Error!. Writing the potential, V(x), in the momentum representation is not quite as
straightforward. The relationship between position and momentum is realized in their

commutation relation [x,p] =ih, or (xp - px) =ih
This commutation relation is easily verified in the coordinate representation leaving x

untouched (X = x-) and using the above definition for p. In the momentum representation

we want to leave p untouched (p = p-) and define the operator x in such a manner that the
commutation relation is still satisfied. Write the operator x in the momentum
representation. Write the full Hamiltonian in the momentum representation and hence the
Schrédinger equation in the momentum representation.

c. Verify that Y asgiven below isan eigenfunction of the Hamiltonian in the
coordinate representation. What is the energy of the system when it isin this state?



Determine the normalization constant C, and write down the normalized ground state
wavefunction in coordinate space.

Y (%) = C exp (k22 ).
2h

d. Now consider Y in the momentum representation. Assuming that an
eigenfunction of the Hamiltonian may be found of the form Y (p) = C exp (-ap?),
substitute thisform of Y into the Schroédinger equation in the momentum representation to
find the value of a which makes this an eigenfunction of H having the same energy as
Y (xX) had. Show that thisY (p) isthe proper fourier transform of Y (x). The following
integral may be useful:

+¥

8 evx2Cosbxdx = Vﬁ eb?/4b,
-¥ b

Since this Hamiltonian has no degenerate states, you may conclude that Y (x) and Y (p)
represent the same state of the system if they have the same energy.

6. The energy states and wavefunctions for a particle in a 3-dimensional box whose lengths
arely, Lo,and L3 are given by

L R, @88

E(n1,n2,n3) = 8m eel_]_g eL2g él3g

&02 &02 &02 . aﬁleO Sj aaZpyo . 83pz0

Y (nyn2.n3) = dlig elog & 3g 8 L1 o 8 Lo gsm L3 o
These wavefunctions and energy levels are sometimes used to model the motion of
electronsin acentral metal atom (or ion) which is surrounded by six ligands.

a. Show that the lowest energy level is nondegenerate and the second energy level
istriply degenerateif L1 = L2 = L3. What values of ny, np, and n3 characterize the states
belonging to the triply degenerate level?

b. For abox of volumeV = L1LoL 3, show that for three electronsin the box (two
in the nondegenerate lowest "orbital”, and one in the next), alower total energy will result

if the box undergoes a rectangular distortion (L1 = Lo * L3). which preservesthe total

and

[ N atl

volumethan if the box remains undistorted (hint: if V/ isfixed and Ly = Lo, then L3 = Liz
1
and L1 istheonly "variable").

c. Show that the degree of distortion (ratio of L3 to L1) which will minimize the

total energy isL3 =1/2 L1. How does this problem relate to Jahn-Teller distortions? Why
(in terms of the property of the central atom or ion) do we do the calculation with fixed
volume?

d. By how much (in eV) will distortion lower the energy (from its value for a cube,

Li=Ly=Lg)ifV=8A3and Qm =6.01x 1027 ergcn?. 1eV =1.6x 102 erg

7. ThewavefunctionY = AedX| isan exact eigenfunction of some one-dimensional
Schrédinger equation in which x variesfrom -¥ to +¥ . Thevaueof ais: a= (2A)1. For



10

2
now, the potential V(x) in the Hamiltonian (H = % dd_2 + V(X)) for which Y (x) isan
X
eigenfunction is unknown.
a Find avalue of A which makesY (x) normalized. Isthisvalue unique? What

unitsdoes Y (x) have?
b. Sketch the wavefunction for positive and negative values of x, being careful to
show the behavior of its Slope near x = 0. Recall that |x| is defined as:
K| = xifx>0
-x if x <0
c. Show that the derivative of Y (x) undergoes adiscontinuity of magnitude 2(a)3/2
as x goes through x = 0. What does thisfact tell you about the potential V (x)?
d. Calculate the expectation value of |x| for the above normalized wavefunction

(obtain anumerical value and give its units). What does this expectation value give a
measure of ?

e. The potential V(X) appearing in the Schrédinger equation for which Y = Aedxl is
2
an exact solution isgiven by V(x) = h_ma d(x). Using this potential, compute the

2
expectation value of the Hamiltonian (H = %n % + V(X)) for your normalized

X
wavefunction. IsV(x) an attractive or repulsive potentia? Does your wavefunction

correspond to abound state? |s <H> negative or positive? What does the sign of <H> tell

2
you? To obtain anumerical value for <H> useg—m =6.06 x 10028 erg cm? and 1eV = 1.6

x 10 -12 erg.

f. Transform the wavefunction, Y = Aedx| , from coordinate space to momentum
Space.

0. What istheratio of the probability of observing amomentum equal to 2ah to the
probability of observing amomentum equal to -ah ?

8. The p-orbitals of benzene, CsHg may be modeled very crudely using the wavefunctions
and energies of aparticleon aring. Letsfirst treat the particle on aring problem and then
extend it to the benzene system.

a. Suppose that a particle of mass m is constrained to move on acircle (of radiusr)
in the xy plane. Further assume that the particle's potential energy is constant (zeroisa
good choice). Write down the Schrodinger equation in the normal cartesian coordinate
representation. Transform this Schrodinger equation to cylindrical coordinates where x =

rcosf,y =rsinf, and z=z (z=0in this case).
Taking r to be held constant, write down the general solution, F (f), to this Schrodinger

equation. The "boundary” conditions for this problem requirethat F (f) = F (f + 2p).
Apply this boundary condition to the general solution. Thisresultsin the quantization of
the energy levels of this system. Write down the final expression for the normalized
wavefunction and quantized energies. What isthe physical significance of these quantum
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numbers which can have both positive and negative values? Draw an energy diagram
representing the first five energy levels.

b. Treat the six p-electrons of benzene as particles free to move on aring of radius
1.40 A, and calculate the energy of the lowest electronic transition. Make sure the Pauli
principleis satisfied! What wavel ength does this transition correspond to? Suggest some
reasons why this differs from the wavelength of the lowest observed transition in benzene,
whichis 2600 A.

9. A diatomic molecule constrained to rotate on aflat surface can be modeled as a planar

rigid rotor (with eigenfunctions, F (f ), analogous to those of the particle on aring) with
fixed bond length r. Att =0, the rotational (orientational) probability distributionis

observed to be described by awavefunction Y (f,0) = \/31 Cos?f . What values, and with
Y

what probabilities, of the rotational angular momentum, ?‘hﬂifg , could be observed in this
4]

system? Explain whether these probabilities would be time dependent as Y (f ,0) evolves
intoY (f,t).

10. A particle of mass m movesin a potential given by

2

Vixy2) =502 +y2+22) =5

a. Write down the time-independent Schrodinger equation for this system.

b. Make the substitution Y (x,y,z) = X(X)Y (y)Z(z) and separate the variables for
this system.

c. What are the solutions to the resulting equations for X(x), Y (y), and Z(2)?

d. What isthe genera expression for the quantized energy levels of this system, in
terms of the quantum numbers ny, ny, and nz, which correspond to X(x), Y (y), and Z(2)?

e. What isthe degree of degeneracy of a state of energy

E= 5.5h\/rKn for this system?
f. An aternative solution may be found by making the substitution Y (r,q,f ) =

F(r)G(q,f). Inthissubstitution, what are the solutions for G(q,f)?
g. Write down the differential equation for F(r) which is obtained when the

substitution Y (r,q,f) = F(r)G(q,f) ismade. Do not solve this equation.

11. Consider an N2 molecule, in the ground vibrational level of the ground electronic state,
which is bombarded by 100 eV electrons. Thisleadsto ionization of the N> moleculeto

form Nsz . Inthis problem we will attempt to calculate the vibrational distribution of the

newly-formed N; ions, using a somewhat simplified approach.

a. Calculate (according to classical mechanics) the velocity (in cm/sec) of a 100 eV
electron, ignoring any relativistic effects. Also calculate the amount of time required for a
100 eV electron to pass an N, molecule, which you may estimate as having alength of 2A.

b. Theradial Schrodinger equation for a diatomic molecule treating vibration as a
harmonic oscillator can be written as:
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L 39’;00 Ko cy2
zngg o (I’ e) Y =EY ,

Substituting Y (r) = ﬁ , this equation can be rewritten as:

h2 {2
— — F(r) + 5(r - re) 2F(r) = EF(r
2 (n) ( e “F( =EFI) .
The vibrational Hamiltonian for the ground el ectronic state of the N2 molecule within this
approximation is given by:
h2 d2

KN
H(N2) = i Tz(f -INp) 2,

where ry, and kn, have been measured experimentally to be:

Ny = 1.09769 A; ki, = 2.294 x 106 -

SEC
The vibrational Hamiltonian for the N>* ion , however, isgiven by :
k +
h2 d?2 >
H(N2) = ol —(f- ’NG) <

where ry,* and kn,* have been measured experimentally to be:
g =1.11642 A; knj = 2.000 x 106 —

sec2

In both systems the reduced massis m= 1.1624 x 10-23 g. Use the above information to
write out the ground state vibrational wavefunctions of the N» and NJZf molecules, giving

explicit values for any constants which appear in them. Note: For this problem use the
"normal™ expression for the ground state wavefunction of a harmonic oscillator. Y ou need
not solve the differential equation for this system.

c. During the time scale of the ionization event (which you calculated in part a), the
vibrational wavefunction of the N> molecule has effectively no time to change. Asaresult,

the newly-formed N; ion findsitself in avibrational state which is not an eigenfunction of
the new vibrational Hamiltonian, H (NJZr ). Assuming that the N> molecule was originally

initsv=0 vibrationa state, calculate the probability that the N; ion will be produced inits
v=0 vibrationa state.

12. The force constant, k, of the C-O bond in carbon monoxide is 1.87 x 106 g/sec?.

Assume that the vibrational motion of CO is purely harmonic and use the reduced mass m=
6.857 amu.
a. Calculate the spacing between vibrational energy levelsin thismolecule, in units

of ergsand cnrl,
b. Calculate the uncertainty in the internuclear distance in this molecule, assuming it

isinitsground vibrational level. Use the ground state vibrational wavefunction (Y y=q),
and calculate <x>, <x2>, and Dx = (<x2> - <x>2)1/2,
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c¢. Under what circumstances (i.e. large or small values of k; large or small values

of m) isthe uncertainty in internuclear distance large? Can you think of any relationship
between this observation and the fact that helium remains aliquid down to absolute zero?

13. Suppose you are given atrial wavefunction of the form:

3 _ R
fole exp? eroexpaez—‘ 26

pa)3 e g e g

to represent the electronic structure of atwo-electron ion of nuclear charge Z and suppose
that you were a so lucky enough to be given the variational integral, W, (instead of asking
you to deriveit!):

e2
> (O
W = 32e2 2zze+82 o

a. Find the optimum vaI ue of the variational parameter Ze for an arbitrary nuclear
charge Z by setting g\zN = 0. Find both the optimal value of Ze and the resulting value of
W.

b. Thetotal energies of some two-electron atoms and ions have been experimentally
determined to be:

z=1 H- -14.35eV
z=2 He -78.98 eV
z=3 Li+ -198.02 eV
z=4 Bet2 -3715eV
z=5 B+3 -599.3 eV
z=6 CHl -881.6 eV
z=7 N+5 -1218.3 eV
z=8 O*6 -1609.5 eV

Using your optimized expression for W, calculate the estimated total energy of each of
these atoms and ions. Also calculate the percent error in your estimate for each ion. What
physical reason explains the decrease in percentage error as Z increases?

c. In 1928, when quantum mechanics was quite young, it was not known whether

the isolated, gas-phase hydride ion, H-, was stable with respect to dissociation into a

hydrogen atom and an electron. Compare your estimated total energy for H- to the ground
state energy of a hydrogen atom and an isolated electron (system energy = -13.60 eV), and

show that this ssimple variational calculation erroneoudly predicts H- to be unstable. (More

complicated variational treatments give a ground state energy of H- of -14.35 €V, in
agreement with experiment.)

2 g2
14. A particle of mass m movesin aone-dimensiona potentia givenby H = gm dd >
X
ax| , where the absolute value function isdefined by x| = x if x 3 Oand |x| =-x if X £ O.
_ _ _ 2be -bx2 _
a. Usethe normalized trial wavefunctionf = 8&~06* e to estimate the energy of

ep o
the ground state of this system, using the variational principle to evaluate W(b).



b. Optimize b to obtain the best approximation to the ground state energy of this

system, using atria function of the form of f, as given above. The numerically calculated
2 1 2

exact ground state energy is 0.808616 h5 m 3 a_5 . What is the percent error in your
vaue?

15. The harmonic oscillator is specified by the Hamiltonian:

_h@ 1,
H—-Tn@+§kx.

Suppose the ground state solution to this problem were unknown, and that you wish to
approximate it using the variational theorem. Choose as your trial wavefunction,
5

f = /%—2 a_E(aZ-xz) for-a<x<a

f=0 for x|® a
where ais an arbitrary parameter which specifies the range of the wavefunction. Note that
f isproperly normalized as given.

+¥
a Caculate 8f*Hf dx and show it to be given by:
¥
+¥
Q. * 5 h2 ka2
Bf *Hfdx =3 — + 5.
_¥ Aoz 14
+¥ )
Qr* @]20]- .
b. Caculate 8f *Hf dx fora= b%—-“ with b = 0.2, 0.4, 0.6, 0.8, 1.0, 1.5, 2.0,
¥ %]

2.5, 3.0, 4.0, and 5.0, and plot the result.
c. Tofind the best approximation to the true wavefunction and its energy, find the

+¥ +¥
minimum of 8f*Hfdx by settingdﬂaéf *Hf dx =0 and solving for a Substitute this value
-¥ -¥
into the expression for
+¥
8f*Hf dx givenin part a. to obtain the best approximation for the energy of the ground
-¥

state of the harmonic oscillator.

d. What is the percent error in your calculated energy of part c. ?
16. Einstein told us that the (relativistic) expression for the energy of a particle having rest
mass m and momentum p is E2 = m2c4 + p2c2.

a Derive an expression for the relativistic kinetic energy operator which contains
p2

terms correct through one higher order than the "ordinary" E = mc2 + >m

14
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b. Using the first order correction as a perturbation, compute the first-order
perturbation theory estimate of the energy for the 1slevel of ahydrogen-like atom (genera
Z). Show the Z dependence of the resullt.

2 E— Z2met
Note: Y ()15 = Ee 3&02 e? andE, =- m
€30 &po ° 2h2

c. For what value of Z does thisfirst-order relativistic correction amount to 10% of
the unperturbed (non-relativistic) 1s energy?

17. Consider an electron constrained to move on the surface of a sphere of radiusr. The

Hamiltonian for such motion consists of akinetic energy term only Hg =

2

, Where L
2mdo?
isthe orbital angular momentum operator involving derivatives with respect to the spherical

0
polar coordinates (q,f). Hg hasthe complete set of eigenfunctionsY |(n1 =Y1m(q,f).

a. Compute the zeroth order energy levels of this system.

b. A uniform electric field is applied along the z-axis, introducing a perturbation V
= -eez = -eergCosq , where eisthe strength of thefield. Evaluate the correction to the
energy of the lowest level through second order in perturbation theory, using the identity

Cosq Yim(@.) =\ iy YisLm(at) +

(I+m)(l-m)
\ @@ Y-m@f).
Note that thisidentity enables you to utilize the orthonormality of the spherical harmonics.
c. The électric polarizability a gives the response of a molecule to an externally

2E .
applied electric field, and is defined by a = JE ;
ﬂ2e i e=0

of thefield and eisthe strength of thefield. Calculate a for this system.

d. Use this problem as amodel to estimate the polarizability of a hydrogen atom,
whererg = a9 = 0.529 A, and a cesium atom, which has a single 6s e ectron with rg » 2.60
A. The corresponding experimental values are ay = 0.6668 A3 and a.cs = 59.6 A3.

where E isthe energy in the presence

18. An electron moving in aconjugated bond framework can be viewed as aparticlein a
box. An externally applied electric field of strength e interacts with the electron in afashion

described by the perturbation V = eegﬁ - %g , Where x isthe position of the electron in the

box, eisthe electron's charge, and L is the length of the box.
a. Compute the first order correction to the energy of the n=1 state and the first
order wavefunction for the n=1 state. In the wavefunction calculation, you need only

compute the contribution to Y ¢ made by Y ) . Make arough (no cal culation needed)

sketch of Y@ + Y@ asafunction of x and physically interpret the graph.
b. Using your answer to part a. compute the induced dipole moment caused by the

polarization of the electron density due to the electric field effect Mnduced = - ng *29 - %BY dx

. 'Y ou may neglect the term proportiona to €2 ; merely obtain theterm linear ine.



c¢. Compute the polarizability, a, of the electron in the n=1 state of the box, and
explain physically why a should depend as it does upon the length of the box L.
Remember that a = Jm ::: :
feie=0
Solutions

Review Exercises

1. The general relationships are as follows:
Z

X =r Sinq Cosf r2=x2+y2+ 22
\fx2 2
y =r Sing Sinf Sing = X1y
'\’X2+ y2+ 72
z=r Cosq Cosq = Z
'\,X2+ y2+ 72
=Y
Tanf—x

a X+y-4z=12
3(rSinqCosf ) + rSinqSinf - 4(rCosq) = 12
r(3sinqCosf + SingSinf - 4Cosq) = 12
b. X = rCosf r2=x2 +y2
y =rSinf Tanf = %
z=z



y2+72=9
r2Sin2f +z2=9

C. r = 2SinqCosf

r = 2%0
elg
r2 =2x

X2 +y2 + 72 = 2x
X2-2x+y2+72=0
X2-2x+1+y2+272=1
(x-1)2+y2+272=1

2. a Ox + 16ym =0
x
16ydy = -9xdx
16 ,_ 9
FRAR I
16y2 = -9x2 + ¢'

y2  x2 . :
5 +t1g =C (general equation for an ellipse)

b. 2y+m +6=0

2+¢

-2x=In(y +3)+c
ceX=y+3
y=ce?X-3

3. a. First determine the eigenvalues:
detg'l - 2
g 2 2 -1
(-1-1)2-1)-22=0
2+ -2 +12-4=0
12-1 -6=0
(I -3)(1 +2)=0
| =3 or | =-2
Next, determine the eigenvectors. First, the eigenvector associated with eigenvalue -2:
-1 2 36Ci1y_ ,6Cu1y
82 28scna~?ecaa

U
(=0
u



-C11+2C21=-2C11
C11 =-2C»; (Note: The second row offers no new information, e.g. 2C11
+2C21 =-2C2)

C112 + C212 =1 (from normalization)
(-2C21)2+ Cp12=1
4Cxn2+Cx2=1

5C»12=1

C212=0.2

Co1 =1/0.2, and therefore C11 =-24/0.2 .
For the e genvector associ ated with eigenvalue 3:

§” He Ci2 y _ 5 € C12 v

2 2 UgCx 0~ e C22 0

-C12+2C2»=3Cy12

-4C12=-2C2

C12 =0.5C9, (again the second row offers no new information)

C122 + C»2 =1 (from normaization)
(0.5C2)2 + Cx2=1

0.25C222 + Cop2=1

1.25C»2=1

C222=0.8

C2 =1/0.8 = 20/0.2, and therefore C12 =1/0.2 .

Therefore the eigenvector matrix becomes:

8-2\/0.2 V0.2 H
é V0.2 202 Q

b. First determine the eilgenvalues:

é-2-1 0 0
dt@ 0 -1-1 2 =0
e o 2 2-110

I 2

2 2 - |
From 3a, the solutions then become -2, -2, and 3. Next, determine the eigenvectors. First
the eigenvector associated with eigenvalue 3 (the third root):

62 0 0,6Cuy  gCuy

e 0 -1 23eCay —3eC21 G

€0 2 2UgCua &Caa

-2 C13=3C13 (row one)

Ci3=0

-Co3z + 2C33 = 3Co3 (row two)

2C33=4C23

Ca3 = 2C23 (again the third row offers no new information)

C132 + C232 + C332 =1 (from normdization)

0+ Cp32+(2C23)2=1

det[2-|]detel =0

O/

18



5Co32=1

C3=1/0.2, and therefore C33 = 2/0.2 .
Next, find the pair of eilgenvectors associated with the degenerate eigenvalue of -2. First,
root one eigenvector one:

-2C11 =-2C11 (no new information from row one)

-Co1 + 2C31 =-2C21 (row two)

C21 =-2C31 (again the third row offers no new information)

C112 + C212 + C312 =1 (from normalization)

C112+(-2C31)? + C312 =1

C112+5Cz12=1
Ci1=

\[ 1 - 5C312 (Note: There are now two eguations with three unknowns.)
Second, root two eigenvector two:
-2C12 =-2C12 (no new information from row one)
-Co2 + 2C32 =-2C2 (row two)
Co2 =-2C3» (again the third row offers no new information)
C122 + C2 + C322 =1 (from normaization)
C122 + (-2C32)2 + Cz2=1

C122+5C32=1
Ci2=

\[ 1 - 5C32 (Note: Again there are now two equations with three unknowns)
C11C12 + C21Coo + C31C32 = 0 (from orthogonalization)
Now there are five equations with six unknowns.
Arbitrarily choose C11 =0

C11=0="\/1- 5C332

5C312=1
C31=v0.2
Co1=-20/0.2

C11C12 + C21Cx + C31C32 = 0 (from orthogonalization)

0+-24/0.2(-2C3p) +1/0.2C32=0

5C32=0

C32=0,Cx»=0,andC1p=1
Therefore the eigenvector matrix becomes:

g -2/02 0 o2 U

é V0.2 0 2/02 H

4. Show: <f 1f 1> = 1, <f off > = 1, and <f 1ff 2> = 0
<f1lf 1> z 1
(202 )2+ (02 )22 1
40.2) + 0.2 2

19



?
08+02=1
1=1

?
<foff o>=1

2
(\f0.2)2+(2/0.2)2= 1
?
0.2+4(02) =1
?
02+08=1
1=1

?
<fqiffo>=<foff 1>=0

-2/0.2+/0.2 +1/0.2 2\/0.23 0
?
-2(0.2) + 2g>o.2) =0

-04+04=0
0=0
5. Show (for the degenerate eigenvalue; | = -2): <f 1f 1> =1, <f off 2> =1, and <f 1ff o> =
0
?
<fif1>=1

o+(-2\/o_.2)§+(\/o_.2)22 1
4(02)+0.2= 1
?

08+02=1
1=1
?
<foff >=1
?
12+0+0=1
1=1

?
<fqiffo>=<foff 1>=0

5
(()og(g +(-21/0.2)(0) + (f0.2)(0)= 0

6. Suppose the solution is of the form x(t) = eat, with a unknown. Inserting thistrial
solution into the differential equation resultsin the following:
2

d_ @t k2eat=0

dt2

azet+k2eat=0

(@a2+kd)x()=0

(a2 + k2) =0

a2 = _k2

20



a =1V-k2
a=zik

\ Solutions are of the form elkt, e-ikt, or a combination of both: x(t) = C1ekt + Coelkt,
Euler's formula also states that: etid = Cosq + iSing, so the previous equation for x(t) can

also be written as:
X(t) = C1{ Cos(kt) + iSin(kt)} + C{ Cos(kt) - iSin(kt)}
X(t) = (C1 + Cp)Cos(kt) + (C1 + Cp)iSin(kt), or alternatively
X(t) = C3Cos(kt) + C4Sin(kt).

We can determine these coefficients by making use of the "boundary conditions".

at=0,x(0)=L
X(0) = C3Cos(0) + C4Sin(0) =L
Cs3=L

at=0, =0

ax(0)
dt

gt X() = % (C3Cos(kt) + C4Sin(kt))

gf X(t) = -C3kSin(kt) + C4kCos(kt)

gt x(0) = 0 = -C3kSin(0) + C4kCos(0)

Csk=0
Cs=0
\ The solution is of the form: x(t) = L Cos(kt)

Exercises

1
K.E. = 5=(px? + py2 + p)

113F|'H°2+ 3?11102 aﬁﬂozu
2My &1 I eﬂyro' 'ﬂzzb
-h?; LGS GRS G

2miqx2 g2 @%

b. p=mv=ipx+jpy+kp;

190 aﬁ'no aﬁﬂw

e ﬂYg ﬂZQ)
wherei, j, and k are unit vectors aongthex,y,and z
C. Ly = zpx - Xpz

%70 aﬁﬂo

e Txg e 'zg

K.E. =

KEE. =5=

axes.



2. First derive the general formulasfor1 1 1 intermsof r,q, andf,and1
ix My 1z I
and‘nlf interms of x,y, and z. The general relationships are as follows:
X =r Sinq Cosf r2=x2+y2+ 72
Jx2 2
y =r Sing Sinf Sing = X1y
Jx2 + y2 + z2
z=r Cosq Cosq = Z
JIx2 + y2 + 72
=Y
Tanf =X
First1 1 ,and1 from the chain rule:
ix Ty 1z

T _&r6 9 a&qO 1 ﬂfo il
I Sxoyz it SMxoyelq  Mxeyzdl
T _ao0 1 a&qO 1 ﬂfo il
1\ ﬂygxzﬂr %ﬂ_ygxzﬂq gyzxzﬂf ’
T _H6 9 a&qO 1 ﬂfo 1

Tz Szoxy It SMzoxyTa | Szoxy T
Evaluation of the many "coefficients' givesthe following:

aé[r'_c:') - Sing Cosf ’aﬁq'g' Cosq Cosf 8fo S|.nf ’
IXay,z Qéﬂfayz g_gyz r Sing
aé[r'_c:') - Sing SInf a8q0 Cosq Sinf a&fg _ C(?sf |
gyﬂxz ?zxz gﬂ_ygx,z r Sing
Ao _ oo 0sq | #ao  _ qu q A6 _,
SNy 'Szoxy gﬂxy
Upon substitution of these " coefficients':
Ak :Sinqusfl +Coquosfl ) S|.nf Al ,
X 1 r g r Sing f
I - Sing Sinf Al Cosq Sinf Al Cosf Al an
Ty qr r 1q r Sing 1f
Ak =Cosq1 __S|rnq I +01.
1z fIr )[[¢ qif
Next1 ,l ,and1 from the chain rule:
fr 19 qif

‘IT _axe 1 £y0 Ak a&Zo 1

gzqf fix g_ﬂqf Ty g_ﬂqf i

\l

’ﬂq )
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T ke T, ys T,z 1 .
0 Saprt % ozt Ty Sant 12

‘H _oxo ¥  o8yo T  a8z0 T

g_zr q Tx (é_ﬂr q iy g_;ar qfz

Agan eval uation of the the many "coefficients’ resultsin:

Ao Ayo  _ y

Sroar m Mol o2ryze sz’

Az6 ;X6 _ xz Aqyo _ yz
gfaqf \/m é_mf \/m é_mf \/Xny2
a4z6 Axo _  dllyo Mz6

9 «/2 2 =y, - =x,and =0
gqrarf Ty %zrq Y gﬁfar,q o %farq

Upon substitution of these " coefficients':
1 _ X il

Al X, y Al
r '\’XZ + y2 + 72X '\’XZ + y2 + 22y

+ z_ 1
’\’XZ + y2 + 72 9z

l: X Z 1-}- yZ 1_\’Xz+y21

19 \/Xz + y2Tx JIx2 + y2 1Ty 1z

1 = _y 1 + X 1 + 0 1 .

it ix My 9z
Note, these many "coefficients' are the e ements which make up the Jacobian matrix used
whenever one wishes to transform a function from one coordinate representation to
another. One very familiar result should be in transforming the volume element dxdydz to

r2Sinqdrdqdf . For example:

8f(x,y,2)dxdydz =
O I gﬁmf gqﬂ‘f gﬂql
A - Alyo dllyo dlyo
f ,0.9),y(r,q,f),z(r,q,f xs xs drdgdf
Q (x(r,g,f),y(r,q,f),z(r,q )).I. ot Samr S o | drdg
Q l. H20  ofzo 2o I
O | Sror &t oo |
_hi 1 1 0
a Ly==~j{y —-2z —
T T Y
h a T Snqg T
Ly =~ ¢rSingSinf osqq — - — —=—=
=T g gtsq T T 9w
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? gerCosq ga%inqSinf ﬁ +

1  CosqSinf 1+ Cosf &0

r g rSing It 2z

Ly ? Sinf 1 + CotqCosf — 1 9
8 19 1f o
b. L 7= n 1 -ih 1
I qf qf
|_Z = D. &_ 1 + X 1 9
| 8 ix WV o
3. B B' B"
i. 4x4 - 12x2 + 3 16x3 - 24x 48x2 - 24
ii. 5x4 20x3 60x2
i, X+ e 3(EX-e¥) 9 + e
iv. X2 - 4X + 2 2X - 4 2
V. 4x3 - 3x 12x2-3 24x

B(v.) isan e|genfunct|on of A(i.):
(1x2)—2 -x ~ B(v.) =

(1-x2) (24x) - X (12x2 -3)

24X - 24x3 - 12x3 + 3x

-36x3 + 27x

-9(4x3 -3x) (eigenvalueis-9)
B(iii.) isan eigenfunction of A(ii.):

a2 ...

o B(iii.) =

9(e3X + e3X) (eigenvalueis9)
B(ii.) isan eigenfunction of A(iii.):
d piiy=
X 3x @ii.) =
X (20x3)
20x4

4(5x4) (eigenvalueis4)
B(i.) isan eigenfunction of A(vi.):

d? d .\ _

—2 - 2X & B(I) =

(48x2 - 24) - 2x (16x3 - 24x)
48X2 - 24 - 32x4 + 48x2
-32x4 + 96x2 - 24

-8(4x4 - 12x2 + 3) (eigenvalueis-8)
B(iv.) isan eigenfunction of A(v.):
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d2 d o, \_
x@ +(1—x)& B(iv.) =

X (2) + (1-x) (2x - 4)

2X + 2X - 4 - 22 + 4X
-2x2+8x -4

-2(x2 - 4x +2) (eigenvalueis-2)

4. Show that: 8f*Agdt = Bg(Af)*dt

a. Suppose f and g are functions of x and evaluate the integral on the left hand side
by "integration by parts’:

Qe T
f -ih— d
G100 (in 000
let dv .l g(x)dx and u=-ihf(x)"
X
v =g(x) du= -ih1 f(x)"dx
x

Now, Budv =uv - Bvdu |,

8f(x)*(-ih1)g(x)dx =-ih f(x)"g(x) + ih((f)')g(x)1 f(x)"dx .
0 ix 0 x

Note that in, principle, it isimpossible to prove hermiticity unless you are given knowledge
of the type of function on which the operator is acting. Hermiticity requires (as can be seen

in this example) that the term -ih f(x)"g(x) vanish when evaluated at the integral limits.
This, in general, will occur for the "well behaved" functions (e.g., in bound state quantum
chemistry, the wavefunctions will vanish as the distances among particles approaches
infinity). So, in proving the hermiticity of an operator, one must be careful to specify the
behavior of the functions on which the operator is considered to act. This meansthat an
operator may be hermitian for one class of functions and non-hermitian for another class of
functions. If we assume that f and g vanish at the boundaries, then we have

0. . .1 Q ». 1,6
f -ih— dx = h—f(x)= d
Q (X)"(-i 'ﬂx)g(x) X 89(X)gl T (X)ra X

b. Supposef and g are functions of y and z and evauate the integral on the left hand
Side by "integration by parts' asin the previous exercise:

s

[elle)e]

« e 1 160
fly,2)"{-ihey — - z —= ,Z)dydz
(v,2) I gy = ﬂy%g(y )dy

7

[elle)e]

. Q .
f(y,2) ?m?é?/ ﬂlzé—.zg(y,z)dydz - 01(y.2) fgemgi ﬂ—‘ll/é—.zg(y,z)dydz

For the first integral, 81(2)* Eihy—-0g(2)dz ,
0 g za

25



26

let dv il 9(2)dz u=-ih yf(2)*
Nz

V=02 du =-ih yﬂ f(2)"dz

(elle) o

f(Z) (- Ihy—)g(Z)dZ =-ihyf(2)"g(@) + ih y09(2)—f(2) dz

>O

og(z)glhy—f(z) dz .

Ol

For the second integral, of(y)*?hzlgg(y)dy ,

let dv = g(y)dy u = -ih zf(y)"
Ty

v=gy)  du=-ih zﬂ—“yf(w*dy

(elle) o

f(y) (- th—)g(y)dy = -ih zf(y)"g(y) + ih Z§ g(y)1 f(y)"dy

>O

og(y)glhz—f(y) dy

Oz

[elle) e

(.2} mgy ﬂl -z —%g(y 2)dydz

OzO>O

g(Z)glhy—f(Z) iz - Og(y)glhz—f(y) dy

lO)O

(y z)glhgy— - z—_f(y z) dydz .
Again we have had to assume that the functlonsf and g vanish at the boundary.

L.=Lx-iLy, SO

Ly+L.=2Ly,o0r LX:%(LJ, +L)

Le Vim=VI0 + D) -m(m + 1) h Y| m+1

LY m=VI(l+1)-m(m-1)h Y m1
Using these relationships:

L-Yop, =0, LYoy =\/2h Yop, L-Yop,, =\/2h Y 2pq




L+Y2p-1 :\/_Zh szo |L+Y2p0 :\/_Zh Y2p+1 ,|_+ Y2p+1 :O’andthe
following Ly matrix elements can be eva uated:

Ly(1,1) = <Y2p_1 foLs + L_)'13Y2p_1> =0
Ly(1,2) = <Y2|O_1 '13%(L+ + L_)'11Y2p0> :\/7_2h
Lx(1,3) = Y 204 '1:%(|_+ + L_)'11Y2p+1> =0
Ly(2,1) = <Y2p0 5Ly + L_)'13Y2p_1> =\/7_2h
Lx(2,2) = LY 20 AL+ + LYY ZIDO>

Ly(2,3) = <Y2p '1:%(|_+ + LY 5p, 1> =\/—2_2h
Lx(3,1) = <Y2p (|_+ + LYo, > =0

1x32) = Y g, THLs + LY 5> =
Lu(3,3) =0

é07
e

U
u
This matrix: e\/7_2h 0 \/Eh LU . can now be diagonalized:
9
u

D>

0 \/T_Zh 0- I
o Yz, 1 i V2. V2 i
I 0- | Al i | Tzh 72h 1 a5 6
; AP . §ng =0
| \L_Z 0-1 | | 0 0-1 1

2
Expanding these determinants yields:

1 2- ey - Y2 E2E o
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-| (|2_h2):0
4@ -h)l +h)=0

with roots: 0,h , and -h
Next, determine the corresponding elgenvectors:

Forl =0:

o

\Lzhot:l

2 4 Cu1
ue
0 \/_Zh Ug Ca1

(] any e e

Ue
\/7_2h o U Ca1

h Co1 =0 (row one)

Cy =0

\/7_2h C11+\/—2_2h C31 =0 (row two)

C11+C31=0

C11=-Ca1

C112 + C212 + C312 =1 (normalization)
C12+(-C11)2=1

2C112=1

1
011:\/——2

Forl =1h:

o

NS (DD CD<>. (DXD~
NS
=0

,C21:0,<’:1r10|031:-i

V2

V2 )

Y, o ()

2 '012
ue

o

0 \/_zh ue C22

S5
=
b ey ) e
Il
=
0

V2 . He Ca2

h Co2=h Cq2 (row one)

o

NS (DD (D> (DD

Q)
N
|
N
0O
N

\/_ hCipo+-—+5 \/_ h C32=h Cp (row two)

\/_2\/_2 \/_2

C2+5 C32=Cz2

2
§ Coz2+ \/7_ Ca2=C22

M: (D> (D>~
O O O
N

(] eny e e

] ey e ey
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2 1
\/7_ Cx2=5 C22
2
Ca2= \/7_ C22
C122 + C02 + C322 =1 (normalization)
&2 62_ 4

62 2
e VA szz +Cop2 + Eedz_sz

§ C22? + C2? +§ Cp?=1

2Co2=1

_\?
C2=%
012=% ,sz:\/—z_2 ,andC32=5
Vd \/_2 N
e o == o U . ]
e 2 Ué Ci3 U g013
é\Lzh 0 \/_zh ue Czs U=-1n € cz
& (6cs 0 &

eC33 u € Cs3

e o \/2_2h o U

N

i h Coz3=-h C13 (row one)
2
Ci3= \/7_ Ca3
?2 h Ciz+ \/—_2 h Cz3=-h Cy3 (row two)

\/__223_9\/__2(:0\/_
2e?2

23, + 5 C33=-Cz3

1 2
- Co3+ \/7_ Ca3=-C23

2 1
\/7_ Ca3=-5 C23
2
Ca3= \/7_ Ca3
C132 + Cp32 + C332 =1 (normalization)
a2 62

62 2
& Czsg +Cp3? + a?\l—z_Czs =1

:_2L Ca3? + Co3? +% Coz?=1

2Co32=1

(o] ex Y ex e’
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Co3=

N

[ —

2 1
Ciz=-5 ,C23=\/7_ ,and C33 = -5

Show: <fgff 1> =1, <foff > =1, <f gf 3> = 1, <f 1ff 2> = 0, <f 1/f 3> =0, and <f off 3> =
0.

?
<fiff1>=1
a2? , , @3P2 |
e2g e2fa_
1 1”
2%t2=1
1=1
2
<foff2>=1
éoz.{.id;_zéz.péozzl
g €29 &
1.1 .17
z%t2%3° 1
1=1
?
<fsffz>=1
gl |, 2P | gl
e 2g e2g e2@
1.1 .17
z%t2%3°1
1=1
?
<fiff o>=<foff 1>= 0
&/ 20 (O)a’_Zo 39\/_206!%0 0
é22@2g €290 e2 &2
a20 267 0
&d4g &dg”
0=0
2
<fiff3>=<f3ff1>=0
a’__Zoa;)lo (O)QI_ZO 89\/_206e10 0
€2 @ 2g €20 €2 2y
a2 , 267 0
YA Y YR
0=0
?

<folfg>=<f3f2>= 0

sdteelo | /26826 , adoeelo

&2 2g eZ@ZQ eZ@Zg
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&4y é2ra e 4g
0=0

)
| oh |
Pap, < 2p+1 yo >..

YOh —
Ly \/_2 2|°1 \/‘2 Fopsy

2 1
| == 0,
Pop,y = \/_2 <fap,, Fop,, > (or 50%)

2

7. Itisuseful here to use some of the general commutator relations found in Appendix
C.V.
a [Lx.Ly] = [Ypz- zpy, Zpx - XpZ]
=[yPz zpx] - [yPz XP2l - [zPy, Zpx] + [zpy, XPZ]
= [y.Zlpxpz + z[y.pxIpz + Y[PzZlPx + YZ[PzPx]
- [y X]pz0z - X[Y.PzlPz - Y[PzX]Pz - YX[PzP7]
- [2Z]pxPy - Z[Z,Px]Py - Z[Py.Z]Px - ZZ[Py,Px]
+ [2X]pzPy + X[Z,pZ] Py * Z[py.X]Pz + ZX[Py.P2]

As can be easily ascertained, the only non-zero terms are: [Lx.Ly]l = Y[PzZ]lpx +
X[z,pz]py

=y(-ih )px + x(ih )py

= ih(-ypx * xpy)

=ih L,

b. [Ly.L 2] =[zpx - Xpz, Xpy - YPx]
=[zpx, XPy | - [2Px, YPx] - [XPz XPy | + [XPz, YPx]
= [zX]pypx + X[Z,py]pPx *+ Z[px,X]Py + ZX[px,p2]
- [2,Y]PxPx - Y[Z,Px]Px - Z[Px,Y]Px - Zy[Px:Px]
- [X:X]pyPz - X[X,Py]Pz - X[Pz.X] Py - XX[Pz:Py]
_ + [XY]pxPz + YIX,Px]Pz + X[PzY]Px + XY[Pz.Px]
Again, as can be easily ascertained, the only non-zero
terms are
[Ly.LZ] =2Z[px.X]py + Y[X,Px]Pz
=z(-ih )py +y(ih )pz
=ih(-zpy + ypz)
=ih I—X
c. [LzLx] = [XPy - YPx, YPz - Zpy]
= [Xpy, YPz] - [XPy, ZPy] - [yPx, YPz] + [yPx, Zpy]
= [X,y]pzpy + Y[X,pZPy + X[py,y]Pz + Xy[py,p]
- [X,Z]pyPy - Z[X,py]Py - X[Py,Z]py - XZ[py,py]
- [y,Y1pzPx - YLY.PzlPx - YIPx:Y1Pz - YY[Px.PZ
_ +[y.zlpypx + Z[y.PylPx * YIPx.ZIPy + yZ[px.Py]
Again, as can be easily ascertained, the only non-zero
terms are
[LzLx] = X[py,yIpz + Z[y,Py]Px
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=X(-ih)pz + z(ih )px
=ih(-xpz + zpx)
=ihLy
d. [Lx,L2] = [Ly,Lx2 + Ly2 + LA
= [LyLx + [Lx,Ly?] +[LxL A

= [Lx,Ly?] +[Lx,L A
=[Lx,LylLy + Ly[Lx,Ly] +[Lx,LZLz+ LALx,L2]

= (ih LoLy + Ly(ih Ly) + (-ih Ly)Lz + L(-ih Ly)
= (ih )(Laly + LyLy- LyLz- Loly)
= (iN)(LzLy] +[Ly.Ld) =0

e. [Ly,L2] =[Ly,Lx2+Ly2+ LA
=[Ly,Lx?] + [Ly,Lyd] +[Ly,LA]

= [Ly,Lx?] +[Ly,LA]
=[Ly,Lx]Lx + Lx[Ly,Lx] + [Ly,LZLz + LLy,L]

= (-ih L)Ly + Lx(-ih L) + (ih Ly)Lz + LAih Ly)
=(ih )(-Lzlx - LxLz+ LxLz + Lzl x)
=(ih)([Lx,L +[LzLx]) =0

. (Lol =Lyl + L2+ L2
=[LzLx? +[LzLy? +[LzLA]

=[LzLx? +[LzLy?]
= [LzLx]lx + Lx[LzLx] + [LzLy]lLy + Ly[LzLy]

= (ih Ly)Lx + Lx(ih Ly) + (-ih L)Ly + Ly(-ih L)
= (ih )(LyLx + LxLy - LxLy - LyLy)
=(ih)([Ly,bx] + [Lx,Ly]) =0
8. Use the general angular momentum rel ationships:
Fj,m>=h 2 (j(j+1))|j, >

Jj,m>=h m|j,m>,
and the information used in exercise 5, namely that:

1
Lx=5(L++L.)

Ly Yim=VT0 + 1) -m(m+ 1) h Y|ms1

L-Yim=VI(l+1)-m(m-1)h Y m1
Given that:

1
Yo0(q,f) =—= =10,0>

Ny
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Y1o(af) = { Cosq = [L,0>.

L,0,0>=0
L20,0>=0

Since L2 and L, commute you would expect |0,0> to be simultaneous eigenfunctions of
both.

b.  Ly0,0>=0
L,0,0>=0

Ly and Lz do not commute. It is unexpected to find a s multaneous eigenfunction (|0,0>) of
both ... for sure these operators do not have the same full set of eigenfunctions.

c.  LA1,0>=0
L2]1,0> = 2h 2|1,0>

Again since L2 and L, commute you would expect |1,0> to be simultaneous eigenfunctions
of both.

d LyL0> _\/_ h|1,-1> +\/_ h|1,1>

L1,0>= O
Again, Ly and L do not commute. Thereforeit isexpected to find differing sets of
eigenfunctions for both.

9. For:
1
Y (xy) = 2%_&)(322%_0289' nxpxlLy _ orimPXlLypgdngpyily - o-inypylLyg
9

<Y (XY (x, y)> =1
Let: a = p ,and ay = and using Euler's formula, expand the exponentialsinto Sin
and Cos terms

n 1 1
Y (xy) = g%rgzg%gz [Cos(axx) + iSin(axx) - Cos(axx) +

1Sin(ax)] [COS(ayy) +iSin(ayy) - Cos(ayy) +iSin(ay)]
1

Y (xy) = ZEZTOQZEZTOZ 2iSin(ax) 2iSin(ayy)

Y (xy) = aﬁ‘igﬁz—gz Sin(ax) Sin(ayy)

Oz

<Y (XYY (X,y)>= 09-35_2—32337;023 n(axx) Si n(ayy)ozdxdy

:&%Oa%O@' in2 in2
Lol Sinc(axx) Sin<(ayy) dxdy
Using theintegrd:

33



L
0 _. npx L
GSH']LL dx :§ ,
0
<Y (Y)Y (xy)> = ﬁggﬁz—ygf—;ggg =1
10.
Ly L,X
L 50 LT
<Y (X, Y (X, >=§°2-—°@s|2 d§32—08| -ih—)Si d
XY)lpxlY (x,y) Lyon n“(ay) Yol N(axx)(-i ﬂx) n(axx)dx
0
L
Eih2ay

('j X
= gL—ng Sin(ayx)Cos(axx)dx
0
But theintegral:
Lx
8 Cos(ayx)Sin(axx)dx =0,
0
\ <Y (xY)lpxlY (xy)>=0

+¥
11. <Y ox?Y o> = gg& B &&axi2f) x2) rax?2x
o
-¥

1 ¥
= 8695 2 8x2eax%dyx
o 0
Using theintegrd:
+¥ .
3 _13-@n-lep 6

2n a-bx2 by
(8))( e%dx o+l ghontly

1 1
_ad o &
<Y olxqY o> = (éF_EE 2 ael_gj

<Y oik2Y o> = &
e2ag

+¥

1
<Y 1x2Y 1> = 22 B &eax?/2f x2) Reax?/2fx
&p o
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+¥
e gﬁicg 2 8x4e-a X2/2dX
4]
Using the previoudly defined mtegral

343(5 aeg_ CE
<Y 1X2lY 1> =
1x4lY 1 g—pz 3

<Y K2 > = &0

e2ag

12.

35



Thete are symimnetry will brealk
continuum states. solutions, and theres
are no bound states.

H:'b\/L

O are continuous.

i1. There are both bound Svmmetry will break
atid continnuin states. v ¥

solutions.
e
o 0
H= /L
E«¥ - :
iii. oo 0 Y, and ¥ are continuous.
Thete are both bound and continuous
states. a
There is
no syinmetry.
-4

1]

K ¥is continuous.

¥ iz not continuous.
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I1

Vi) =W

Yi(x)=0

i 2mEM2 x "\ 2mEM2 x

Y (x) = Ae +Be

i\/2m(V-E)/h2 X B -i\/2m(V-E)/h2 X
+ B'e

Yin(x) =A'e
|« I
Y1(0) = Y n(0)
-\/ 2 _-\/ 2
Y1(00=0=Y(0) = AeI 2me/M*= (0) + BeI 2mEM*(0)
0=A+B
B=-A
Y 1(0) =Y }4(0) (this gives no useful information since
Y '|(x) does not exist at x = 0)
I« I
YuL) =Ymn(L)

i\ 2mEmM2 L S\ 2mEM?2 L
Ae + Be

5 -i\/2m(V-E)/h2 L
+ B'e

Y 'n(L) =Y (L)

- 2 K 2
e e B
i/ _EVh2
- aizmv-pm2ye ¥ MY EMEL

N, _EVh2
Bemv-pm2ye AV ERSL

asx® -¥,Y (x)=0
asx® +¥, Y (x)=0\ A'=

R i 2m(V-E)/h2 L
=AE€
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d. Rewrite the equationsfor Y (0) = Y 1(0), Y (L) = Y (L), and Y (L) =
Y 111(L) using the information in 13c:

B=-A(egn. 1)

i\/ 2mEMh?2 L -i\/ 2mEMh?2 L -i\/ 2m(V-E)/h2 L
Ae + Be =B'e
(ean. 2)

. 2 i 2
A ,—ZmE/hz)el\IZmE/’n L B ,_ZmE/hZ)el\lsz/h L
_'\/ -E)/h2
:-B'(i‘\/2m(V-E)/h2)eI S (eqn. 3)

substituting (egn. 1) into (egn. 2):

A i\ 2mEM2 L A -\ 2mEm2 L o -\ 2m(V-E)h2 L
e - A€ =be

A(Cos(\ 2mEM2 L) +iSin(\ 2mEM2 L))
- A(Cos(\ 2mE/M2 L) - iSin(\ 2mE/h2 L))
) B,e-i\/ om(V-E)/h2 L

\[ 2
SAISIN( '_Zm 2 1)=8 | 2m(V-E)/h= L
. _\/ -EYh2
Sin( ’_ZmE/hZ )= % el 2m(V-E)/h4 L (

eqn. 4)
substituting (egn. 1) into (eqn. 3):

A\ 2mEM?2)e N 2mEm +A(i\/2mE/h2)e'i /2mEfE L

_\/ -EV/h2
_ B'(im)el 2m(V-E)/h2 L
A\ 2mEM2 )(Cos(\ 2mEM2 L) +iSin(\ 2mE/2 L))
+ AN 2mEM2 )(Cos(\ 2mE/M2 L) - iSin(\ 2mEM2 L))
_'\/ -EY/h2
- B[\ 2mv-B)h2)e 2m(V-Eyhe L
2AN\ 2mEM2 Cos(\ 2mEM2 L)
_'\/ -EY/h2
- B 2mv-Eyh2 o 2m(V-Eyhe L

' - - 2
Cos( rmw L) =- B |\/2m(v-E)/h2 el\/2m(V BE)/h< L
2AIN\ 2mE/M?2

2
Cog( \/Zm 2 L)= BZA\{\/;E |\/m L

(ean. 5)



39
Dividing (egn. 4) by (egn. 5):

- - 2
Sin(\mEm? L) B oaE e.\lzm(v E)/h2 L

Cos(\| 2mEM2 L) oA B'\/V‘Ee-i\/ 2m(V-E)h2 L

.1/2
Tan(\/2mEM?2 L) :'ZVL?EE
e. AsV® +¥, Tan(\N2mEM2 L) ® 0
So, V2mEM2 L =np
_ n2p2h2
2mL2

n

Problems

1
1L a Yn(x):g%ZZ Sin-

P()dx = | Y p| 2(x) dx
The probability that the particleliesin theinterval O£ x £ % isgiven by:
L

4

»ir-

) <0 . aBpXo
Pn=8Pn(X)dx = ?&L SinZgT—gfiX
0 2

npx

Thisintegral can be integrated to give (using integral equation 10 with q :T):
fp
4
=230 . ,38PX0O aBPX0
Py = s P20 2P X0,2PX
n énpxzﬁl—@% eL e L o
np
58 ;
P = &—0%£08 5in2qd
n énprael-ﬂo qaq
ge Z:Z@f_j
2C 1. ql4~
Ph=—¢ 79n29 + 5 | =+
"Thpg BT 2405
2& 1. 2np np o
€ 27 D@e



1 1 . aBpo
1 5 2620

agpo _ 21
é7ﬂ—oandpn—— .

b. If niseven, Sin 7

. B . a8pod _
If nisodd and n=1,5,9,13, ... Slné7g =1
1 1

andPn=Z -Z_pn

a8po _

If nisodd and n = 3,7,11,15, ... Siné7g =-1

andpy=d + L
4 2pn

1

+ —

2p3

ENE

The higher Byiswhenn=3. Then P, =

Ph=% +-- =0.303

c.Y()=en [a¥n+ bYm] =a¥ne n +bYme h
HY =a¥YnEne +bYmEme h

i(En-Emt
<Y |H|Y > = |a|2En + |b|2Em + a* be h <Y anlY m>

Ci(En-Ent
+Db*ae h <Y mlHlY n>

Since <Y pHIY m> and <Y m|H|Y h> are zero,
<Y H|Y > =|aPEn + |bPEM (note the time independence)

d. The fraction of systems observed in Y pis|a2. The possible energies measured
are E, and Eq,. The probabilities of measuring each of these energiesis [a2 and [bj2.

e. Oncethe systemisobserved in Y , it staysin Y p.
. .2
f.P(En) =1<YnlY>t = lcnl?

L
0 [2.. aBpxd (30
cnza\/ESmé%g L—5x(L-x)dx
0
L

600 . aBpXo
= V&g X(L-X)Si né%gdx
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L A Y
O S aElpxo . 38pX0 H
g_ e 0 Sme s
0 0 §
These integrals can be evaluated from integral equations 14 and 16 to give:
\// g ®L2 . aBpx6  Lx. aspxesl Y
gzp N T o- np eL “S‘O y

60S@xL2 . aBpxo a@2p2x2 O3 (2OPXE L
_\/lg]zp ST - 8 12 2m3p3 0SsT ﬂao

{ { ——(Sin(np) - Sin(0))

-—(LCos(np) - 0Cos0) )

(e e\ end

( (LS| n(np) - 0Sin(0))
- <n2p2 - 2) % Cos(np)

+§e2p|_22(0) oL Cs(O))}

3
Cn=L-3/ 0{ - — Cos(np) + (n?p2 - 2)"— Cos(np)
np n3p3

3
R

n3p3
o= VO - (1)1 + (2 - 2) () + 20
n3p3g
Ch= \/_oaae_ + 1. Lo(_l)n + LO
énp np n3p3g n3p3g

=200 1y + 1)
n-p

_ 4(60) na 1y 2
lonf? = —5 6 (- + 1)

If niseventhench, =0
(4604 _
nBp® n6p6
The probability of making a measurement of the energy and obtaining one of the
eigenvalues, given by:
" omL2
P(En) =0if niseven

If nisoddthenc, =

is:




P(En) = ﬂ if nisodd
nbp6
L

o 1 .. 1
2 20,5 ®h2 ¢20.30.>
LY HY > = 088%02 (1 oo 9% %30, (1 x)dx
g <YM be5p ~RM G sy )

0
L

X Sl 2
e|_5$2_26 (L- x)g -(xL X#) dx

= ée;a; —@x(L X)(-2)dx

L

_ 580n% —@xL x20x
L52p
380h20% x2 x3g; L

gmL5rae 2 3d| 0
530?‘12%3 L3y

_ 380h201 15
" EmL2e? 30
_30h2 _ 5h2
Teml2 mL2
iEit At
2.<YHY>=8 Cep <YiHNY;>eph G
i
Since<Y{[H|Y ;> = Ejdij
i(Ej-E)t
<YHY> =4 C'CEe
j
<YH|Y > = 4 G"CjEj (not time dependent)
For other properties: J
it At
<YIAY> =8 C'ep <YiAN¥;>ep C
J
but, <Y {|AlY ;> does not necessarily = gdij.
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Thisisonly trueif [A,H] =
(—J)—t<Y AN >
ij
Therefore, in general, other properties are time dependent.

3. For aparticlein abox in its lowest quantum state:
X0
Y= \/_ SNgT g

<X> = GY XY dx
0
L

é .
= oxsin?g i
0
Using integral equation 18:
23&2 xL aépxt') L2 a@pxao L
—Sin - Cos; )

Lg_ (Cos(2p) Cos(O))-

__$_20
" Lédg

11
— NI

<x2> =BY *x2Y dx
0
L

_20 PXO
= [oX°SInPg g
0
Using integral equation 19:
2a@3 a2l L3¢, a@pxo xL2

= — - - -Sinx - f‘osé Xw
LE §4p 8pdy €L P gp2 €L g

L? (LCOS(ZIO) (0) COS(O))—

_2ak3 '-_39
L2 L2
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L
<p> =8Y *pY dx

2h apxo BXO
LI%SmeLﬂ @deLfa

Using integral equation 15 (with g = % ):

_oher ., (PO _
=g ocos (Q).:. 0o 0

<p2> =BY *p2Y dx

L
_gQ oaeh 420, apX
_Lg dg dXZQ eL
0

- 0 o 23PX0

= 3 %Sm ST X
L

2ph20Sl X0 dapxo

ng eLﬂ eL o

Using integral equation 10 (withq = % ):

_ 2phZ2ae1 qd P
a L2 e4SI (2 ) + _qo

L2 2 L2

0

T X
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1
_hap? 45,
T2€12 T 29

L/4 .
4, a BP(X)dx = gtdx =X
0 0

Pclassical :%,r (for interval 0 - L/4)

b. Thiswas accomplished in problem la. to give:

1 1 L a8pod
Pn_4 an Sin eZﬂ
(for interva O - L/4)
aBpoo
C. Lé@m}lét Pquantum = leltg an Slnezg-

Limit P,
n® ¥ quantum = 4

Therefore as n becomes large the classical limit is approached.
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5. a. The Schrodinger equation for a Harmonic Oscillator in 1-dimensional coordinate
representation, H Y (x) = Ex Y (X), with the Hamiltonian defined as: H = Zld— +5 L kx?2
m gx2 2
becomes:
&h2 d2 1 2
b. The transformation of the Kinetic energy term to the momentum representation is
trivid : T = Fz))r(n In order to maintain the commutation relation [x px] =ih and keep the p

operator unchanged the coordinate operator must become x = iha@ . The Schrédinger

equation for aHarmonic Oscillator in 1-dimensional momentum representation, H Y (px) =

Ep, Y (px), with the Hamiltonian defined as: H = %n Px? - %2 dcj_p; becomes:
Z%pxz - % ddTiZ = Y (p) =Ep, Y (p).
c. For the wavefunctionY (x) = C exp (-\/H(;(_:] ),
leta=—— Vimk , and hence Y (x) = C exp (-ax2). Evaluating the derivatives of this expression
gives. n
d_o)l( Y (x) = d_o)l( C exp (-ax?) = -2axC exp (-ax2)
a2

2
— Y(x):d— Cexp (-ax?) = d . ~2axC exp (- ax?)
dx2 dx2

= (-2axC) (-2ax exp (-axz)) + (-2aC) (exp (-ax?))
= (4a2x2 - 2a) Cexp (-ax?).
H Y (x) = Ex Y (X) then becomes:

H Y (x) = %(4&\&2 - 2a) + %ka% Y (%).

Clearly the energy (eigenvalue) expression must be independent of x and the two terms
containing x2 terms must cancel upon insertion of a

-h2eeamke? ,  ,Vmks |, 1
2ME & oh o oh @
_-h2 agmkx?s | h? 2 mk
ng 2 20 o

h\/_k ! Lo

Ex=5=

+3 kx2

2

2
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_ h/mk
- 2m

Normalization of Y (x) to determine the constant C yields the equation:
+¥

5 2
c2 Sexp (+vVmk 2 dx=1.
0 h

-¥
Using integral equation (1) gives:

1

Co a§/mkd;,
=
eph g

1
— 5
Therefore, Y (x) = Qﬂkg‘-‘ exp (A/mk == ) .
d. Proceeding analogous to part ¢, for awavefunction in momentum space Y (p) =
C exp (-ap?), evaluating the derivatives of this expression gives:
d d
dp Y () =gp Cexp(-ap?) =-2apCexp (-ap?)
d? d? d
—Y == -apd) = — -2 -ap?
2 VP47 Con(ap) =g -2apCen (apd)
= (-2apC) (-2ap exp (-ap?) + (-2aC) (exp (-ap?))
= (4a2p? - 2a) Cexp (-ap?).
H Y (p) = Ep Y (p) then becomes:

1, kh2
H Y (p) = 5 p? - —— (4a2p2- 2a) Y (p)

Once again the energy (eigenvalue) expression corresponding to Ep must be independent of
p and the two terms containing p2 terms must cancel with the appropriate choice of a. We
also desire our choice of a to give us the same energy we found in part ¢ (in coordinate
space).

1
2m P
Therefore we can find a either of two ways:

kh2
Ep: 2-7(4612[32- 2a)
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1 2_kh

D zmp 4a2p? | or
kh2 hyvmk
2 > 2a = -

Both equationsyield a = &h/ mkg1 .
Normalization of Y (p) to determine the constant C yields the equation:
+¥
C2 Bexp (-2ap?) dp=1.
-¥
Using integral equation (1) gives:

C225\p (2a) % =1

1

c2\Jp BRhVmKG 2 =1

1
c2\[p BWmki? = 1

1

c2 BhvmkR =1

1
C2 = Bhymkj 2

1
C = @hVmkj 4

1
Therefore, Y (p) = ®hvmk@4 exp (-p2/(2hvmk ).
Showing that Y (p) is the proper fourier transform of Y (x) suggests that the fourier integral
theorem should hold for the two wavefunctions Y (x) and Y (p) we have obtained, e.g.
+¥

Y (p) = —=— 8 (x)édhax |, for

Voo ¥

v<>-f"”—k w—k—> and

ephﬂ

Y (p) = Bhy/mk§ : exp (-p(2m/mK ).

So, verify that:

1
BhvVmkG 4 exp (-p2/(2h/mk )
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+¥

-1 Oa Mk, exp(\/_k—)e'PX/hdx.

A/ 2ph oeIOh o 2h

-¥
Working with the right-hand side of the equation:
+¥
:L —3?1 aexp (-Vmk X2 ) a%05‘5‘?—0+ |S|n89—°°dx ,
\/ 2p hg 6 2h g gh o gh oz

the Sintermis odd and theintegra will therefore vanish. The remaining integral can be
evaluated using the given expression:

+¥

8eb®Cosbxdx = \/E eb?/4b
-¥ b

= 5 exp (-@ x2) Cos® x9dx

’\/2phephﬂ 9 2h & o

+¥
2 o
g o2ph 3 (A)expaeaeo 2h

“\[2oné ph s £ ehagh/mk

-¥

+¥

1 1 .

B [ S N

Eph 5 &/mke 6 & ohy/mko
¥

+¥
A 2 .
8 & _pPc o

Crkphss 0" & oh/miks
¥

+¥

o) ® o)
= &pVmkga gexp & = =Y (p)Q.ED.
6 &ohy/mke

%
=
Qi

-¥



6. a. Thelowest energy level for aparticlein a3-dimensional box iswhenng =1, np
=1,and n3=1. Thetota energy (withLq, =Lo=L3) will be:
2 3h2
24+ N2 + Nad) ==
8mL2( meF N2t Ny 8mL?2
Notethat n = 0isnot possible. The next lowest energy level is when one of the three
guantum numbers equals 2 and the other two equal 1.
n=1n=1n3=2
nm=1n=2n3=1
nm=2,n=1n3=1.
Each of these three states have the same energy:

Etotal =

6h?

Etotal = 2+ nz2 + ng?) =——

° 8mL2( ) 8mL?2

Note that these three states are only degenerateif Ly = Lo =La3.
b. Y% Y %Y %aYa odistortion, %Y YaYa
¥ Y
E7EIA A

Li=Lo=L3 L3t L1=L>o

ForLi=Lz=L3 V=Lilol3= L3,
Etotal(L1) = 2e1 + €2
_ 2h2ee1? 12 126 . 1h2eel? 12 220
= = + — 4+ /= + == + — 4+ ==
8mgi 12 L2 L2y 8mgi 12 L2 L2y
2 2 2
28 5 1006 5 P2y
8mé|_12ﬂ 8mé|_12ﬂ Smél_lzﬂ
ForL3® L1=Lp V=L1loL3= L12L3, L3 =V/L1?
Etotal(L1) = 261 + €2
_2hte2 12 126 1heel? | 12 220
Smgi 12 L2 L32g Smgi 12 L2 L32g
2 2
22 15,1002 4,
8mé|_12 L32g 8mé|_12 L32g
2 ..
:&az_ + i + i + LO
8My 12 12 L2 La2

In comparing the total energy at constant volume of the undistorted box (L1 =L2=L3)
versus the distorted box (L3 * L1 = L) it can be seen that:

h?_6 6 . _ h2 22 ..

a=— + —O0 £ o— O aslongasl3s L1
8mé|_12 L32g 8mé|_12g d

c. In order to minimize the total energy expression, take the derivative of the energy
Etotal _

with respect to L1 and set it equal to zero. o =
1



2
T a6 , 60_,
Ly gETnéle L3200

But sinceV = LjLoL3=L12L3, then L3 =V/L;2. Thissubstitution gives:

T ah?ee6 6L14g =0
yL BT 2
a2 a62)6 (4)6L1
L1 \YZ
*x12 + 24L13(j _
ELi3 V2 g
3..
V2 g él13p
24116 = 12Vv2
L.6= %VZ 1( |_12|_3) = 1 |_14|_3

L2= %L3

L3=V2L
d. Calculate energy upon distortion:

1
cube: V=013, L1=Lo=L3=(V)3
distorted: V=L12l3=L1&/2L1 =213
1 1

L3= \/_2‘33—03 1Ly =Ly= L
&2e e\/_Zﬂ
DE = Eotal(L1 = L2=L3) - Etotal(L3* L1=1L2)
2 2
_h ael_('j - h ae_ + io
8me|_12ﬂ 8mel_1 L32z
_h2e12 613 | 6(2V3%
T 8mgy23 23 2\V/2/3
_ h2aa2 - 9(2)¥3%

8m§ Vv2/3 o

2
SinceV =8A3, V23 =4A2=4x 1016 cn?, and h— = 6.01 x 1027 erg crm:

DE = 6.01 x 10-27 erg P2 918 0
& x 10-16 cm2g

DE = 6.01 x 10-27 erg cmpee 0.66
&4 x 10716 cm2g

DE=0.99x 10-11 erg
leVv

DE=0.99x 10-1lergee 0
é1.6 x 1012 ergg
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DE=6.19eV
+¥
7. a BY*(X)Y (x) dx=1.
-¥
+¥
A2 Be2dxl gx = 1.
-¥
0 +¥
A28e2ax dx + A2 Be2ax dx = 1
Y 0
Making use of integral equation (4) this becomes:
sad , 1l _2A°
A a2a * 28g ~ 2a =1
A2=a

=+\/a , therefore A isnot unique.
Y (X) = Ae—Xm = i\/_aedxl

1
Since a has units of A-1, Y (x) must have unitsof A 2.
1 xif x3 00
b K=] y
I-xif x £ O%
] e if x 3 0
Y (x
0 =Va o i £0D

Sketching thiswavefunctlon with respect to x (keeping constant afixed; a= 1) gives.

dy (x) 1 -ae & if x 3 0
¢ dx \/_I 2™ if x £0 D
dY(X)1/2 _a\/—a
O+e
aY®) 1z _
Tdx /2 —a\/a

The magnitude of dlscontlnuity isa/a +a/a = 2a/a asx goesthrough x = 0. Thisalso
indicates that the potential V undergoes adiscontinuity of ¥ magnitude at x = 0.
+¥
d <> = BY (KXY (X) dx
-¥
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0 +¥
= (Va)26e2(-x) dx + (Va)2 Be2(x) dx
v 0

¥
= 2B e2(x) dx
0
Making use of integral equation (4) again this becomes:
1 1

NG,

<xl> =1A
o This expectation value is ameasure of the average distance (x|) from the
origin.
1 eajif x 3 00
: Y
© ()= \/_Aeaxlfx£0%
dY(x) \/-1 -ae & jf x 3 00
| aeXif x £0 ]
d2Y(x) ] aZeif x 3 0
=a2Y
dx2 A e it x £0% *)
< &Eh £ hZa O
<H> = me dx2 T m d(x)a
+¥ +¥
_ &h d20 8y h2 . 0
<H> = ~Y (x )g?n o0 Y () dx- §Y (x)gﬁ d(x)gY (x) dx
¥ -¥
+¥ +¥
ha2
QY XY (%) dx-—@Y ()(d(x)) Y (x) dx
-¥ -y

Using the integral equation:
b

) ] _ if(xp) if a<xp<hbl
gf(x)d(x xo)dx = ~1'0 otherwise

s =2y DAy 2= I

=-3(6.06 x 1028 erg cmz) (2 x 108 cm)-2

=-455x 1012 erg
=-2.84¢eV.

f. In problem 5 the relationship between Y (p) and Y (x) was derived:
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ny,
Y (p) = —=— 8Y (x)eirhd .

\Jaon ¢

+¥

Y (p) = _1 8\/_aealx|eipx/hdx _
2ph -¥
0 +¥

Y (p) -1 _ Sv_aeaxeipX/hdx +

1
\Joph -+ \Joph ©

_ [Ee1 , 1

o
2p héarip/h atiph B
_a 2a fo)
2p h&2+p2h2y
. fv p=zehf” T U(e@+(@ah)2h?)] 2
Y (pman)i > T U(e+(-an2d)i
| 1/(a2+4a2)|
| 1(+ad) I
| 1/(5a2)|
T 1/(2a2)|

_i2i2

=0.16 = 16%

-h23 12 2
8. a H= 2h lﬂ— ¢ 20 (cartesian coordinates)
M { g2 ‘Hy%
Finding s and1 from the chain rule gives:

> Ty
o _oAro 1 86 §1 T _afro T 8o 1

" Sxay Tr g‘l&zy Tm" Ty g‘ﬂ_yzx Ir g‘ﬂ_yro'x il

Evaluation of the "coefficients’ givesthe following:

Ao _ oy MO _ Snf
Sxay ' Sxay r
Aro ﬂfo Cosf

= =38inf,
Hyox " Sy

Upon substitution of these "coefficients':

Sx/_aeaX(?iPX/hdx .
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T Sinf | Sinf

T cost L ST _ SN fixedr.
x r T of roqf
T gy L ST _Co T fixedr.
Ty ™ T oaf Fooqf

Al 339_”1083 S'”f To
me & ek ' o
:Slnzf‘ﬂ_z +S|nfCosf q

;atfixedr.
r2 ﬂfz r2
12 _o€ost foeCost 16
2 &' &' ffo
2f €2 -
:Cosf Bl _CosfSInf Al et fixedr.
2 qf2 2 qf
G 112 Sin’f 2. +Sinf Cosf 1 Coszf §? Cosfsinf 1
x2 ‘ﬂy2 r2 qf2 r2  qf 2 2 2 ff
2
i1 ; at fixedr.
T2 ‘ﬂf2
-h2 {2
So, H=——— (cyllndrlcal coordinates, fixed r)
2mr2 §f 2
_-h2 {2
VIR
The Schrodinger equation for a particle on aring then becomes:
HY =EY
_h2 92
%E =EF
ﬂf2
- 25
ﬂf2 ghz

The generd solution to this equation is the now familiar expression:

F(f) = Cieimf + Coemf ,wheremzaﬁzﬂ72

&h2 g
Application of the cyclic boundary condition, F (f) = F (f +2p), resultsin the quantization
2h 2
of the energy expression: E_m2|h wherem =0, 1, £2, +3, ... It can be seen that the

+m values correspond to angular momentum of the same magnitude but opposite

directions. Normalization of the wavefunction (over the region 0 to 2p) corresponding to +

1
or - mwill result in avalue of 231—02 for the normalization constant.
po
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1
\ F(f)=a&ko2 gmf
e2pg

(£4)2h2
o
(£3)2h2
o
(£2)2h2
o
(+1)2h2
o

YaYa YaYa
YaYa YaYa
YaYa YaVa
Y. %%

o (0)2h2
W

h2 _ 28
b. 5~ =6.06x 1028 erg cné

h2 _6.06 x 10-28 erg cm?
omr2 (1.4 x 10-8 cm)2
=3.09 x 102 erg
DE = (22- 12) 3.09 x 10-12erg = 9.27 x 10-12 erg
but DE = hn = hcll So| =hc/DE
| = (663X 10-27 erg sec)(3.00 x 1010 cm sec-?)
9.27 x 1012 erg

=214x105cm=214x 103 A
Sources of error in this calculation include:
i. The attractive force of the carbon nucle is not included in the Hamiltonian.

ii. Therepulsive force of the other p-electronsis not included in the Hamiltonian.
iii. Benzeneisnot aring.

iv. Electrons move in three dimensions not one.

v. Etc.

9.Y(f,0 = \/z Cos?f .
3p

This wavefunction needs to be expanded in terms of the eigenfunctions of the angular
momentum operator, glhﬂlf: Thisis most easily accomplished by an exponential

expansion of the Cos function.

f if i f if =
Y (f,0) = \fw +e'oael +eI

_ @ [ it 4 o2 0)if
o 3p(e2' + e2f + 2e(0)if)
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The wavefunction is now written in terms of the elgenfunctions of the angular momentum

operator, glhﬂlf; but they need to include their normalization constant, L

.
Y (f 0)_6!%0{\/_&_321‘ + Lezf + ZL e(O)IfO

8 2p 2p 2p g
. 1 : 1 o
?5’\/: 2if 4 e-2f + 2= (0)if §
6 € =
SN 2p » o

Once the wavefunction is written in thisform (in terms of the normalized eigenfunctions of
the angular momentum operator having mh  as eigenval ues) the probabilities for observing

angular momentums of Oh , 2h , and -2h can be easily identified as the square of the
coefficients of the corresponding ei genfunctions.

5 12 _ 1
2h = a\/Bg 6
P = 1 _1
2h —a\|6g ~6
12

s 812 2 2

qer_rﬁoa?l(z + ﬂﬂ—yz 1}12 Y (X,Y,2) + 5 k(x2+y2+22)Y(xyz)
=EY(X)y,2) .

b. Let Y (x,y,2) = X(X)Y (Y)Z(2)

?22_12;&.2‘”_; oL LZ*X(X)Y(WZ(Z)* K02 +y2 + X ()Y ()2(2)

10.

Ty2
=E X(X)Y(y)Z(Z)
20
Y 2T + X 02z S Y(y) O vy o
20X (x)Y(y>Z(z) +3 ky2X (Y ()Z(2) +§ kzZZX ()Y (y)Z(2)
=EX()Y(y)Z(2) . |
Dividing by X(x)Y(y)Z(z) you obtal n:
3n20 112X (%) g2y W , &n 20 ‘HZZ(Z) _
e o *2 2+ Gt 2 2+ Gt d o t3kR=E

Now you have each variable isolated:

F(x) + G(y) + H(z) = constant
So,

%;;X%x)zﬂ;ig—x) +5kx2=Ey b EZT_]ZZHZX W .3 k 2X(x) = ExX(x),



2n20, 1 &12Y(y) (Y)
meeY(y)g w2 2 k =&P 82_;21 k YY) =EY (),

1 1°2(z) 1, 5 6n 20712 Z(z) )
mmZ(zig 1‘[22 ? kz< = EZD Mg 1-[ 2 *t5 k Z(Z) EZZ(Z)
andE=Ex+Ey + E,
c. All three of t%@e equations are one-dimensiona harmonic oscillator equations
and thus each have one-dimensional harmonic oscillator solutions which taken from the text

are:

. 1 1 a8ax2y 1
Xn(x) = 2L 02B% L2 Oy (32,
enl2ng

1 ed T,
Y 2= 22AE 2 B (a2y) and
)= oy gg n(@<y),
1 1 aeAaz%y 1
Zn(2) = ael—ozaa" €2 0, (a27),
enl2ng
.1
aknoé
wherea =
eh?g
d. EnX'ny,nZ:En +En +En

3ﬁ2k321-.3ﬁx 10+ aﬁy+ 10+ 8?12 qv)

em z'e
2
e. Suppose E = 5.5€ﬁ—k—:2
eMg
205
—g—laﬁ +ny+ng+
e m '] ie X y Z 2%
_ 3
5.5—2?1X + Ny + ng+ 23
So, nk + ny + nz=4. Thisgivesriseto adegeneracy of 15. They are:

States 1-3 States 4-6 States 7-9

Nx Ny ng Nx Ny ng Nx Ny ng
4 0 0 3 1 0 0 3 1
0 4 0 3 0 1 1 0 3
0 0 4 1 3 0 0 1 3

States 10-12 States 13-15
Nx Ny Nz Nx Ny Nz
2 2 0 2 1 1
2 0 2 1 2 1
0 2 2 1 1 2
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f. Suppose V = % kr2 (independent of g and f)
The solutions G(q,f ) are the spherical harmonics Y| m(q,f).
_h_zadT ae,)‘ﬂYoo 1 ‘Hagl Yo
¥ om2&r € trw 2Snga& . fqw
1 1%
r2Sin2q 1 2
If Y (r,q,f) isreplaced by F(r)G(q,f):
h? & &,IFNG(a.N)s | RN LagmqﬂG(q,f)g
om2 & & fr @ r2Sing g8 Ta o
F(n_1°G(a,f)
r2Sin2q  if 2
and the angle dependence is recognized as the L2 angular momentum operator. Division by
G(q,f) further reduces the equation to:
h2 & ae)‘HF(r)oo J(J+1)h
ZmZEﬁ " g  2mé

+§(r-re)2Y =EY,

+ +5 (r re) 2F(nG(q,f) = E F(r)G(q,f) ,

F(r) + (- 19 2F(0) = E F()

a.602 x 102 ergp
leVv [}

_ %2)1.602 x 10-19 ergd
9.109 x 10-8y g

v = 0.593 x 109 cm/sec

The length of the N2 moleculeis 2A = 2 x 10-8 cm.
d

V:T

-8
=4 = 2x107Cem 547, 90176
V' 0.593 x 109 cm/sec
b. The normalized ground state harmonic oscillator can be written (from both in the

text and in exercise 11) as.

11. a %va 100 eV

aapl/4
Yo=22" eax?2 wherea andXx=r-re
&0

%"0 %
s

Calculating constants;

an _ 92.294 x 106 g sec?)(1.1624 x 10-23 g)(g
27 % (1.0546 x 10-27 erg sec)? @

= 0.48966 x 1019 cnr2 = 489.66 A-2
1

For No: Y o(r) = 3.53333A 2 e(244.83A9)(-1.097694)2




!
+_ %2.009 x 105 g sec?)(1.1624 x 10-23 95
(1.0546 x 10-27 erg sec)2 2

= 0.45823 x 1019 cmr2 = 458.23 A-2
1

ForNo*:  Yor) = 3.47522A 2 e(229.113A9)(-1.116424)2

a|\|2

c. P(v=0) =§ <Y y=o(N2*)¥3Y y=0(N2) > ?

Let P(v=0) = 12 where | =integral:

+¥

) 2

|= 0(3.47522A 2e(229.113A'2)(r-1.11642A)2) .
-¥
2
(3.53333A 2 €(244.830/-\'2)(r-1.09769/1\)2)dr
1 1

Let Cp=347522A 2, C,=353333A 2,

A1 =229.113A-2 Ao = 244.830A-2,
ry=1.11642A, rp = 1.09769A,

+¥

| =C1Co 8eAUrZgAolD? g
-¥
Focusing on the exponential:
-A1(r-r1)2-An(r-rp)2 = -Aq(r2 - 2r1r + r12) - Ap(r2 - 2ror + r2)

=-(A1+ AQ)r2 + (2A1r1 + 2A0r9)r - Aqri2 - Aorp?

Let A=A1+Ay,
B = 2A1r1 + 2A0r>,
C=C1Cy, and

D=A1r12+ Aro2 .
+¥

I:C8e-Ar2+Br-Ddr
-¥
+¥

-C 8 A2 + D' 4o
-¥
where -A(r-rg)2+D'=-Ar2+Br-D

-A(r2-2rrg+1rg?) + D'=-Ar2+Br-D
such that, 2Ar0=B

-Ar2+D'=-D
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_ B
and, r0=»x
B2 B2
2 _ el —
D'=Arg¢-D = A4A -D= aA -D.
+¥
l=C 8 e—A(r-rO)2 +D' g
-¥
+¥
= ced' 86 ay
-¥
= CeD’

Now back substituting all of these constants:

— p F2A1r1 + 2A 2I'2)2 ) 29
| =CICN AR, G aA T Ay AT AXY

| = (3.47522)(3.53333)V (229113) s (244.830)

a62(229.113)(1.11642) + 2(244.830)(1.09769))2%5

Xpg X((229.113) + (244.830)) o
Cexp( - (229.113)(1.11642)2 - (244.830)(1.09769)2)
| =0.959
P(v=0) = 12 = 0.92
P20 1
. = —2% + 30
12. a En= gé?;a H %
DE = En+1 - En
(!_0]; +1+1‘_n_1uzﬁ9
eMgl 2 % eMg
_ 21.0546 x 1027 erg sec)?(1.87 x 106 g sec- 2)05
& 6.857 g/ 6.02 x 1023 o
=4.27 x 1013 erg
hc

DE:I—

c _(6.626 x 1027 erg sec)(3.00 x 1010 cm sec'])

" DE 4.27 x 1013 erg
=4.66 x 10-4cm
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Il =2150 cmrl
b. Y0: al_(?]me-alez
o

<X> = <Y y=g"xY y=0>
+¥
BY o XY gdx
-¥
+¥
A . 2
88621/ xe@X2dx
(0} (éFg
-¥

+¥
Qaea 6Y2 _ »

=0 = eax“d(-ax?
8azpg © )
-¥

. ]_/2

:%19 e-aX21/2+¥ =0
Se'a_pro' - ¥

<X2> = <Y V:OI/XZ]/ZY V:O>

+¥

BY 0 X2Y gdx

-¥

+¥

4 . 2
88621/ x2eax2dx
(0] gg

-¥

+¥
I 1/2 Ve
= 2207 Bx2eaxyy
$o 0
Using integral equation (4) this becomes:

.s 1/2 e 1/2
=220 e 1 £9
&;z 2l+tlaga g
= al—o
ag
Dx = (<X2> - <X>2)1/2.: iel_o
e2a 9

62



2h o
g —
ke
L
_ & (1.0546 x 10-27 erg sec)? on

~&(1.87 x 106 g sec-2)(6.857 g / 6.02 x 108y
=3.38 x 10-10 cm = 0.0338A

= h
h .2

¢
ko
The smaller k and mbecome, the larger the uncertainty in the internuclear distance becomes.

Helium has a small mand small force between atoms. Thisresultsin avery large Dx. This
impliesthat it is extremely difficult for He atoms to "vibrate" with small displacement asa
solid even as absolute zero is approached

e2
W:?QeZ 277 + gz an

e2
- _O
dZe aﬁze 2Z + 3 e
5

8
22e=27 g
Ze=2Z- 156 =Z-0.3125 (Notethisisthe shielding factor of one 1s
electron to the other).

C. Dx =

13. a

=0

22e-22+4 =0

W=28e- 22 + ggg_z
WeR R R 7 Rk
W= - 527+ 22

. 2
W= ? ) %;2 1562132 @ 156@ 32

=-(Z-0.3125)2(27.21) eV
b. Using the above result for W and the percent error as calculated below we obtain

the following:
(Experimental-Theoretica)

%error = Experimenta 100
Z Atom Experimental Calculated % Error
Z=1 H- -14.35eV -12.86 eV 10.38%
Z=2 He -78.98 eV -77.46 eV 1.92%
Z=3 Li+ -198.02 eV -196.46 eV 0.79%
Z=4 Bet2 -371.5eV -369.86 eV 0.44%
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Z=5 B+3 -599.3 eV -597.66 eV 0.27%
Z=6 C+4 -881.6 eV -879.86 eV 0.19%
Z=7 N+5 -1218.3 eV -1216.48 eV 0.15%
Z=8 o6 -1609.5 eV -1607.46 eV 0.13%

Theignored electron correlation effects are essentially constant over the range of Z, but this
correlation effect isalarger percentage error at small Z. At large Z the dominant interaction
is electron attraction to the nucleus completely overwhelming the ignored electron
correlation and hence reducing the overall percent error.

c. Since-12.86 eV (H-) isgreater than -13.6 eV (H + €)
this simple variational calculation erroneoudly predicts H- to be unstable.

¥
14. a W= 8f*Hfdx
-¥
¥
1 )
W= {33905 Se bngegz —2 + a|x|c—:)e_bX2dx
épg O M gx2 I}
-¥
2 -bx2 gee -bx206
d_X2 e = &e-ZbX e a9
e -bx20  ae-bx20

=(-2bx)e-2bxe g+ée g-2b)
-bx20 e  -bx20
=edb2x2e g+eée2be g
Making this substitution results in the following three integrals.

¥
255 Loe260 -bx2 -bx2
W = 028——* Oe 4b2x2 e  dx +
ep o
¥
aeh200 -bx2 -bx2
g—z Oe -2b e dx +
ep o

¥

=0 px2  -hx2
83902 O0e axle dx
epo y
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¥
aeop2h20 0 -2bx2 20 O -2bx2
_63—02% bmh 0x2e dx +£— S%_
ep o ﬂ_¥ ep o

¥
0 _2px2

20 abjxe . dx

epo

Using integra equatlons (1) (2), and (3) this becomes

éng m g e222bro' epz 8_2’

aéE
ep o GZbﬂ
1
aethO A6 . %Bh20 2bpad o
™oy " mﬂ+épgé2bﬂ
%Ph20 1

W= G + a2
Mg bpg

b. Optimize b by evaluating %\%/ =0

. 1.-
dw _ d%®en20 1 0
ch2? a7
- &mg 2é2p;25
aadiryz < P20 o 7 - P02y B0
o Ph2 = - 2 = 02 -
2

and, b= g\/_—03 Substituting this value of b into the expression for W gives:
2p h2g

1
0 =
a% 03 +aae1_oz

Bg\/_p h2g 2pa 8\/_ hzz

2 1
O
aﬁz ma “e—— (3 +aael_023eﬂo3
\/ |O hzﬂ €2pa g\/2p h2g
4 1 1 122 1

:23 3h3a3m3 +23p 3h3a8 m 3



_h2d 1 .,
15. a Zmdx2 Qkx
f—\/ 6a2(a2 x2) for-a<x<a
for [x|3 a
+¥
Bf *Hf dx
-¥
+a
o]
= 04 [15 372 (g2 . x2) 202 d2 12\/1_ 2 (a2 - x2
6\/1_6a (az - x9) 5m )(2+2kx!a 62 (as - x29) dx
-a
+a
N 0] 2 2 o)
_ 50 502 . y2ns d° L 0o o
éleg‘ar()(aZ x?2) oM 3 kx(—a(a2 x2) dx
-a
+a
— a&20 50 2 - x2
é!16K/)ar~( x)g- (a2 x2) dx
-a
+a
+§Eg a50(a2 x2)—kx2(a2 x2) dx
-a
+a
.9 &h20
_ 8850 450 (22 - x2)noE (.
éngaO(az X)g-ng( 2) dx
-a
+a
B850 158 (kx2) (2 -222%2 4
+ 220 758 (kx2)(a# -2a2x2 + x4) dx
820 ©
+a +a
_ a5n20 58> 2 350 56 Akx2 -222kx4 6
—(\alGWZ,a_@a(a2 x)dx+é32ga_9aa4kx 2a2kx4 + kx6 dx

x4 1 1122 1 122 1
:é23p3+23p3m3a3 3: (Zp) 3h3a’3m3
22 1

= 0.812889106h3 a3 m 3 in error = 0.5284% !1111
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a a . e
+ ggo ar5§a4?k 3: Esk x5+ ; x7::: a9
2 [ -a [-a | -3
— 6&5_h20 2 30 , ad50 5£a7k 4a7k 2_k 7 0
_élemﬂaéa3_3a g+32g €3 5 tT7a,
_ 850 58h2 o alk 2ak  k 79
g i @mEt 3 5 t7aly
— &30 528h? 3, & _ K ks 7_
s @M T 87T T 7% 5
_ &0 a5$fh a3 + £5k _ 42k + 15k0 7 rd
&l6g - &3m 8105 ~ 105 © 10552 4
_ o850 522 3 gBkg 70 _5h2 ke
&leg ~ &3M &l055% 5" ama2 | 14

26
b. Substituting a= bj%%-:4 into the above expression for E we obtain:
_ 5h2 kb23$12 01

1
Ch2m2®@h2s L 20
=h k¢ m é4b +14b pe

Plotting this expression for the energy with respect to b having values of 0.2, 0.4, 0.6,
0.8, 1.0, 1.5, 2.0, 2.5, 3.0, 4.0, and 5.0 gives:

. g-5h? ke
' 4Ama2 14
dE _ 10hZ2 2ka _ 5h2 ka

— =+ =-—— +==0
d  ama8 14 omas 7
25h = =2 and 35h 2= 2miet
m
So.ad = 35h aE35h201
’ 8 Rﬂ

_ [(5B5h20 Bggp2ez O
Therefore f pest = 682mkg gmekz Xy

1 1 _ 1
_5h a&gmk LS a‘3!5h > S




1 1 1 o
hk2m?2¢®&. 5=
d Ebest - Etrue eclao 1]
' Etrue 1 1
hkZ2m20.5
1
s _

2 0.5
_ €lag _0.0976
- 0.5 0.5

= 0.1952 = 19.52%

16. a E2 = m2c4 + p202

=meci + BE

_ ﬂ/ p2
E=mc\ [1 + _m202

2 4
21+ P N
> mes(l + 2m2c2 8m404 )

P2 __p*
7 gas )

=mc2 + 2—

Zr 1 zr
() —oééCQ agr.ozea e pt Oaéoz a.;l,r.02e_gdt
Is  3edg gpg 8m3c2y €38 &g
Substituting p = -ih N, dt = r2dr Sinqdq df , and pulling out constants gives:
¥

@ h4 6 0 z P ¥
EY =¢—— 0o’ a&oo ea N2 N2 e @ r2dr §Sinqdq 8df .

8m3c2geaﬂ q:)go 0 0

2p p

Theintegrals over the angles are easy, 8df =2p and8Sinqdg = 2.
0 0

Thework remaining isin evaluating the integral over r. Substituting
fe=13 o1

we obtain:
r2qr  qr
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2 2 a - BES 220 T3
aga  Tg ag ~ Ay
Theintegral over r then becomes:
¥ ¥
o Zr Zr 6 5 N 27r
5 T AL 2702 -
6ea RN2R2ear2dr =02&0 . 22% o 7a (2
0 6&an Ay
0
¥
0 2z
:6%64_ ﬂ£03 4éoor2e adr
5&dg  Tedg  2edg
0
¥
o) 27r
0 aﬂ
0

Using integral equation (4) thesei ntegrals can easily be evaluated:

_ BOEAS _ ERY | gE R

gag &2Zg eaz e2Zg gag eZZﬂ

—aéo KO 4 0 = aé_o

Mag eag eafa edag
so, EY = & h? Oks® sdyeblo 4, - . SN9Z4
, 4p =
 8m3c20€30 &pgelag “8m3c2et

o h2 .
Substitutin =—— Qives:
g ao 2 g

£(1) - 5hiZ4mAe8 _ 579me®
1s -

8m3c2h8 8c2h4
2 Y
Noticethat E,_ = zZmet E,2= 2P tht EQ =
2h2 4h4
ED 4meByae 2h2 O
C. 1s _aedZ meBEg 2h7 0 10%=0.1
& 8c2h4 56 Z2mets
2 2h2
52264 _ 1 o 72 (ODdcth
4c2h2 5t

72 = (0.1)(4)(3.00x1010)2(1.05x10-27)2
(5)(4.8x10-10)4
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Z2 =1.50x103
Z=39

©) L2 () L2

17. a HoV = Yy = Y f
0YIm Zmel’oz Im 2mer02 I,m(q )
=—L _h210+0) Y m(a.f)
2Mel 02
(0) h2
= [(1+1
Im Zmel’02 ( )

b. V = -eez = -eergCosq
1)
Eoo = <YoolV[Yoo> = <Yqol-eergCosqlY po=>

= -eero<Yoo|Cosq|Y 00>
Using the given identity this becomes:
(1) 0+0+1)(0-0+1
Ego = -eero<Y00|Y10>\/ (2 0 +1)(2 0 +?)> *
OO0
-eero<YooIY-1o>\/(2(0)+1)(2(0)-1)
(1)

The spherical harmonics are orthonormal, thus <Yoo[Y10> = <YoolY-10> =0,and Egg = 0.

@ o §<YmMNYoo}
=00 = © _©
Im1 00 Eoo - Eim
<YimM[Yoo> =-eero<Y|m|Cosq|Y o>
Using the given identity this becomes:

<Ym[V[Yoo> =-eefo<Y|mIY1o>\/% +

0+0)(0-0
‘eerO<YIm|Y-1O>\/ 5 (() +1)(2 0)-1

ear
<YmV[Noo> = -T;<Y|mIY10>

2
Thisindicates that the only term contributing to the sum in the expression for Eéo) iswhen
Im =10 (I=1, and m=0), otherwise

<YimlV[Yoo> vanishes (from orthonormality). In quantum chemistry when using
orthonormal functionsit istypical to writetheterm <Y |m|Y10> asadeltafunction, for

example dim,10 , which only hasvalues of 1 or O; djj =1 wheni =jand Owheni? j. This
delta function when inserted into the sum then eliminates the sum by "picking out" the non-
zero component. For example,
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eerp
Y Y =—d ,SO
<YimVI[Yoo> NE Im,10

2
Q_ 8 Im10" o2

Eoo 3 -
0) ©) 3 (0) (0)
Imt 00 Eco - Eim Eoo - E10
0 2 0 2 2
e =% oe)=0and By = N2 1141y = 2
2mgo2 2melg? Melo?

Inserting these energy expressions above yields:
(2 erg? mgo? _ mee2elrp?
EOO = 3 =
h2 3h2

(0) ) (2
C. Eoo =Eoo +Eoo +Eoo + ...

4
—040- mee2erg
3h2
_ Mmee2erp?
3h2
_ PE _ 2 amelelrgfo

Pe e 3n2
_ 2mee?ro?
3h2

1 3
4 g o 29:1095x10-28)(4.80324x10 102crPs ) rg?
' 3(1.05459x10-27 g cm2 s-1)2
a =rg# 12598x106cnrl = rg#4 1.2598A-1

an =0.0987 A3
acs=57.57 A3
L O _R o aBPX0
_ 5 _ R o DX
18. a V—eegi-ﬁg,Yn—éngSnéLg,and

E(0) _h2p2n2

" oomL2

1) ) 0 ©) s (0)
En=1 = <Y n=1V[Y n:1> = <Y n:l|$§( - %gY n:1>

L

— B0 g 2RX 0 . L0
él-zt())S'n 2L o ™ X
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L L

_ a@ea¥ ,3PX0 aeep 0 23pX0

= 8T mSln eLd(dX &T gz(())Sm &C

X

Thefirst integral can be evaluated using integral equation (18) with a:%:
L L
- 2 xSin(2ax) Cos(2ax) i L2
Bsin2(ax)xdx = -% - i ==
oo @) 4 4a g2 {0 4
The second integral can be evaluated using integral equation (10) withq = % and dq :g
dx :
L
Y
OS| ZZBLXO X =EéSin2qdq
0 PO
> 1 Ip
Bsinac =zSn@)+31 =5
Making al of these appropriate substitutions we obtain:
E(1) adeeek? L L PO _ -0
=1 = &T dé_4 2 2_ B
) )
(1) <Yn 2|335§"g n=1 Y n=2
n=1 =
©) )
En=1- En=2
L
3300 épxo L¢ aexo
. Sing - geeR - 30Snar 1
B R4 g BPXO
n=1 — th 2 el—ﬂ S|ne [ o
om |_2( 22)
The two integrals in the numerator need to be eval uated:
L L
a@pxo aexo a@pxo aexo
%S' NETgoNsT o™X - a”dgs' NE TSN g -

Using trigonometric identity (20), the integral § xCos(ax)dx

theintegral  Cos(ax)dx = % Sin(ax), we obtain the following:

aiz Cos(ax) + % Sin(ax), and
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& : f
0. a@pxo., apxo, _ 1D apxo 6 . a8pxd
5 SINg TSNS X = 585 CosgT X - 5 CosgT—gfX
0 0 H
16 . apxoi L L .. a3pxdiLy
= 56Ny - =SSNy, U =0
%% €L4o "3 €L 4op
y:s : :
0 XO.. aBX0, _ o) 9 a@pX(‘j
0 zs' I ngCoseL de 0 OSeT @dXH
0
_ lee2  pX6 —s| pxogil a2 BPX6 , Lxg Bpxeq Ly
Zg SeC o eLQI" g§p2 S L o 3p €L 4ol

—2( Cos(p) - Cos(0)) + 5 Sin(p) -0

18 2(Cos;(3p) Cos(0)) -—pS|n(3p)+0

_ 212 212 _ L2 L_2 8L2
2p2 18p2 9p2 p2 9p2
Making al of these appropriate substltuti onswe obtain:

a8 ©
o a4 )g9p2 7 )z agOQS a8pX0

n=1 = 3h2p2 Ly €T o
2mL2
(1) 32mL3ee aéoz a2pxo
n=1 = oL Sin e L o
27h2p4 €9

0
Crudely sketchng,g )1 + er )1 gives:

Note that the electron density has been pulled to the |eft side of the box by the external
field!

A .. 0 D
b. Mnduced:-ng*E? - %ngx, where, Y :@(1) + Y(1)8.
L

3 Q4 (0 Mg L (0) (1)
mnduced—'egﬁl‘*Yl%?'?;& 1 Bix
0

Oy ©)

Oy Le, D
Y 1 ? - ?gY 1dX

Y]_?-—ngdX

o O%)O —
o OI(B>O —
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L L

Q_ (1 Lg, (O Q. (1y Lg, D
QYT g, 1YL gy 1k

0 0

1
Thefirst integral is zero (see the evaluation of thisintegral for E(l) aboveinparta) The

fourth integral is neglected sinceit is proportional to €2. The second and third integrals are
the same and are combined:
L

9 (0 . (1
Minduced = -Zng(l) ? - %OY (1)dx

1%}
0
1
0 = A 1 3 = A
Substituting v 7 = B2 SinPX0 ongy () - 2N R ey 5 BOXC g i
élg 27h2p4 élg
L

32ml3eep A . apXo L. a8PX0

m = Je———E0) \_OEQ__OSI oLty

rosd = -2 27h2p4 LT a " 2576 L o™
0

These integrals are familiar from part a

3 ool 263
e = - ZC32mL eeg%oaeBL 2
27h2p4 &2 9p2g
ml4e2e 210
Mnduced = 5
h2p6 3

_ofme _mL4e2210
C. a=¢c—= = —
gﬂe;aezo h2p6 3P

The larger the box (molecule), the more polarizable the electron density.

Section 2 Exercises, Problems, and Solutions

Review Exercises:

1. Draw qualitative shapes of the (1) s, (3) p and (5) d "tangent sphere" atomic orbitals
(note that these orbitals represent only the angular portion and do not contain the radial
portion of the hydrogen like atomic wavefunctions) Indicate with + the relative signs of the
wavefunctions and the position(s) (if any) of any nodes.

2. Define the symmetry adapted "core" and "valence” orbitals of the following systems:
i. NH3 in the Czy point group,
ii. H2O in the Cyy point group,
iii. HoOp (cis) in the Cy point group,
iv. N in Dy, D2n, Cpy, and Cs point groups,



V. N2 in Dyp, D2p, Cpy, and Cs point groups.
3. Plot the radial portions of the 4s, 4p, 4d, and 4f hydrogen like atomic wavefunctions.
4. Plot the radia portions of the 1s, 2s, 2p, 3s, and 3p hydrogen like atomic wavefunctions
for the Si atom using screening concepts for any inner electrons.

Exercises:

1. In quantum chemistry it is quite common to use combinations of more familiar and easy-
to-handle "basis functions" to approximate atomic orbitals. Two common types of basis
functions are the Slater type orbitals (STO's) and gaussian type orbitals (GTO's). STO's
have the normalized form:

i1 1 2T
Rz 1 & X
S0y 2Ny Yim(@.1),
whereas GTO's have the form:

-2
N r! e( ) Y1 m(a,f).

Orthogonalize (using Lowdin (symmetric) orthogonalization) the following 1s (core), 2s

(valence), and 3s (Rydberg) STO'sfor the Li atom given:

Liis z= 2.6906
Lios z= 0.6396

Lizs z= 0.1503.
Express the three resultant orthonormal orbitals as linear combinations of these three
normalized STO's.
2. Calculate the expectation value of r for each of the orthogonalized 1s, 2s, and 3sLi
orbitalsfound in Exercise 1.

3. Draw aplot of the radial probability density (e.g., r[Rni(r)]2 with R referring to the
radial portion of the STO) versusr for each of the orthonormal Li sorbitalsfound in
Exercise 1.

Problems:

1. Given the following orbital energies (in hartrees) for the N atom and the coupling
elements between two like atoms (these coupling elements are the Fock matrix elements
from standard ab-initio minimum-basis SCF calculations), calculate the molecular orbital
energy levels and 1-electron wavefunctions. Draw the orbital correlation diagram for
formation of the N2 molecule. Indicate the symmetry of each atomic and molecular orbital.
Designate each of the molecular orbitals as bonding, non-bonding, or antibonding.

Nis = -15.31*

Nog = -0.86"

Nzp = -0.48"
N2 s g Fock matrix”*

& -6.52

&.622 -7.06 v
& 361 400 -3920

N2 pg Fock matrix”
[0.28]

N2 s, Fock matrix”*
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. 1.02 s
&-0.60 -7.59 0
6002 742 -85310

N2 py Fock matrix*

[-0.58]

*The Fock matrices (and orbital energies) were generated using standard STO3G minimum
basis set SCF calculations. The Fock matrices are in the orthogonal basis formed from
these orbitals.

2. Given the following valence orbital energiesfor the C atom and H, molecule draw the
orbital correlation diagram for formation of the CH, molecule (viaa Cyy insertion of Cinto
Ho resulting in bent CH). Designate the symmetry of each atomic and molecular orbita in
both their highest point group symmetry and in that of the reaction path (Coy).

C1s=-10.91* HzSq=-0.58°
Cas = -0.60" Hzsy=0.67"
Cop=-0.33"

*The orbital energies were generated using standard STO3G minimum basis set SCF
calculations.

3. Using the empirical parameters given below for C and H (taken from Appendix F and
"The HMO Modd and its Applications’ by E. Heillbronner and H. Bock, Wiley-
Interscience, NY, 1976), apply the Hiickel model to ethylene in order to determine the
valence electronic structure of this system. Note that you will be obtaining the 1-electron
energies and wavefunctions by solving the secular equation (as you alwayswill when the
energy is dependent upon a set of linear parameters like the MO coefficientsin the LCAO-
MO approach) using the definitions for the matrix elements found in Appendix F.

Ca =-114¢eV
2pp
Ca_o, =-147¢eV
Sy
H aS =-13.6eV
C-C b2pp-2pp =-12eV
C-Ch 2.2 = -5.0eV
PP

C-Hb 2 =-40eV
§p=-S

a. Determine the C=C (2pp) 1-electron molecular orbital energies and
wavefunctions. Calculatethep ® p* transition energy for ethylene within this model.

b. Determinethe C-C (sp2) 1-electron molecular orbital energies and
wavefunctions.

c. Determine the C-H (sp2-s) 1-electron molecular orbital energies and
wavefunctions (note that appropriate choice of symmetry will reduce this 8x8 matrix down
to 4 2x2 matrices, that is, you are encouraged to symmetry adapt the atomic orbitals before
starting the Hiickel calculation). Draw a quditative orbital energy diagram using the HMO
energies you have calculated.

4. Using the empirical parameters given below for B and H (taken from Appendix F and
"The HMO Modd and its Applications’ by E. Hellbronner and H. Bock, Wiley-



Interscience, NY, 1976), apply the Hiickel model to borane (BH3) in order to determine the
valence electronic structure of this system.

B a2 =-85¢eV

pp
Ba_o, =-10.7¢eV
p
Ha_ = -13.6 eV

B-Hb , =-35eV
SP=-S

Determine the symmetries of the resultant molecular orbitalsin the D3p, point group. Draw
aqualitative orbital energy diagram using the HM O energies you have calcul ated.

5. Qualitatively analyze the electronic structure (orbital energies and 1-electron
wavefunctions) of PFs. Analyze only the 3s and 3p electrons of P and the one 2p bonding
electron of each F. Proceed with a Dz analysis in the following manner:

a. Symmetry adapt the top and bottom F atomic orbitals.

b. Symmetry adapt the three (trigonal) F atomic orbitals.

c. Symmetry adapt the P 3s and 3p atomic orbitals.

d. Allow these three sets of D3y, orbitalsto interact and draw the resultant orbital
energy diagram. Symmetry label each of these molecular energy levels. Fill this energy
diagram with 10
"valence" electrons.

Solutions

Review Exercises

1.
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/ y
i.Inammoniathe only "core" orbital isthe N 1s and this becomes an a; orbital in
C3V symmetry. The N 2sorbitalsand 3 H 1s orbitals become 2 a; and an e set of orhitals.
Theremaining N 2p orbitals al'so become 1 &g and a set of e orbitals. The total valence
orbitalsin C3, symmetry are 3a1 and 2e orbitals.
2. ii. In water the only core orbital isthe O 1s and this becomes an & orbital in Cyy,
symmetry. Placing the moleculein the yz plane allows usto further analyze the remaining
valence orhitals as: O 2p; = a1, O 2py asbp, and O 2py asb;. TheH 1s+H 1s
combination isan a; whereasthe H 1s- H 1s combination is a bo.
=2. iii. Placing the oxygens of HoO» in the yz plane (z bisecting the oxygens) and the
(cis) hydrogens distorted dlightly in +x and -x directions allows us to analyze the orbitals as
follows. Thecore O 1s+ O 1scombinationisan aorbital whereasthe O 1s- O 1s
combinationisab orbital. Thevaenceorbitalsare: O2s+02s=3, 02s-02s=b,O
2px + O 2px=b,02px-02px=a,02py+O02py=3 02py-02p =b,02p,+02p;,
=b,02p,-02p,=a,H1s+H 1s=4a and finaly theH 1s- H 1s=Dh.
2. iv. For the next two problems we will use the convention of choosing the z axis as

principa axisfor the Dy, D2p, and Coy, point groups and the xy plane as the horizonta
reflection planein Cs symmetry.

Dyn Dan Cov Cs

N 1s Sg & a a

N 2s Sg &y a a

N 2pyx pxu b3y b1 a

N 2py pyu boy by a

N 2p; Sy b1y a a"
2. v. The Nitrogen molecule isin the yz plane for all point groups except the Csin
which caseit is placed in the xy plane.

Dyh Dan Cov Cs
N1s+N1s sg &y a a
N1s-N1s sy b1y by a

QO

N2s+N2s sgq ay &



R4s(r)

R4p(r)

N2s-N2s sy
N 2px + N 2py

N 2px - N 2py pxg
N 2py + N 2pypyy
N 2py - N 2py pyg
N 2pz+ N 2pzsy
N 2pz- N 2p; sq

Hydrogen 4s

b1y o7}
Pxu bay

b2g &

bay a

b3g by

b1y b2

& a

Radial Function

0.25
0.20 -
0.15 -
0.10 A

0.05 \

0.00 V

e

-0.05 T T

1 v 1
20 30 40
r (bohr)

Hydrogen 4p Radial Function

0.06

0.04 A

0.02 ~

T T—

0.00 \/

-0.02 T T
(0] 10

1 v 1
20 30 40
r (bohr)

b1

Q

Q

Q

v O
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R4d(r)

R4f(r)

Hydrogen 4d Radial Function

0.03

0.02 ~

0.01 A

0.00

-0.01 ~

-0.02

10

Hydrogen 4f Radial Function

20
r (bohr)

30

0.02

0.01 ~

0.00

20
r (bohr)

30
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Si 1s

=14

120

100 A

o o o o
(0] © < N

(1Y uonoung [eipey

0.4

0.3

0.2
r (bohr)

0.1

0.0

Si 2s

=12

Z=14

40

30

20 A
10 A
0

(1Y uonoung |eipey

-10

1.0

0.8
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0.0
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Si 2p

(1)Y uonoung [eipey

1.5

r (bohr)

Si 3s

=14

\ T

n
—

o © ™ o

(1)d uonoung |eipey

r (bohr)



Si 3p

34 (&—z=14

Radial Function R(r)
A=
L

r (bohr)

Exercises

1. Two Slater type orbitals, i and j, centered on the same point results in the following
overlap integrals:

il
oni+ 2ae_m p(Ni-1)f ,
2 g ! Yli,mi(CLf)

5 OO0 ©
Sges
aﬁ|85

%
1
o OO OO

?Z I’O
Rz;0nj+ D g
g ZLOZ (-
r2sinqdrdqdf .

For these sorbitals| =m=0and Yo,0(q,f) = Performing the integrations over g and

1
\ap

f yields 4p which then cancelswith these Y terms. Theintegral then reducesto:

¥
2 2(zi+2)r6

Rz;0ni+ 2 1 3%1 j zeel &5, e B g
SISy 2o SHy 2a redr
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= @T‘J’zz‘ael_lda%g‘ﬁzae‘ 1 l@é r(ni+nj)e 25
Cog ooy 2o 0

¥
1 16 &(zitz))r )rg
Zr

Using integral equation (4) the integral then reducesto:

Sij =

ooy 1
RziMNi+55 1

1 oo 1
279 2225
8&) g &2n)lg 830 I

1
1 o
Samg (1)

&itzjy

We then substitute in the values for each of these constants:
for i=1; n=1, I=m=0, and z= 2.6906
for i=2; n=2, I=m=0, and z= 0.6396

for i=3; n=3, I=m=0, and z= 0.1503.
Evaluating each of these matrix elementswe obtain:

Sz =

Sp1=S12=

S22

S31=S13=

S32=Sp3=

S33

(12.482992)(0.707107)(12.482992)
(0.707107)(2.000000)(0.006417)
1.000000
(1.850743)(0.204124)(12.482992)
(0.707107)(6.000000)(0.008131)
0.162673
(1.850743)(0.204124)(1.850743)
(0.204124)(24.000000)(0.291950)
1.000000
(0.014892)(0.037268)(12.482992)
(0.707107)(24.000000)(0.005404)
0.000635
(0.014892)(0.037268)(1.850743)
(0.204124)(120.000000)(4.116872)
0.103582
(0.014892)(0.037268)(0.014892)
(0.037268)(720.000000)(4508.968136)
1.000000

1.000000

&
© 0162673 1.000000

(- ey e e

€ 0000635 0.103582 1.000000

We now solve the matrix eigenvalue problem SU =1 U.
The eigenvalues, | , of this overlap matrix are:

[ 0.807436

0.999424  1.193139 ] ,

and the corresponding eigenvectors, U, are:

. 0.596540
S
€ 0.707634
€

€ 0.378675

-0.537104 -0.596372

-0.001394 -0.706578

- ey e e

0.843515  -0.380905

e gitnt+l
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1

Thel 2 matrix becomes:
é 1.112874 0.000000 0.000000

| 2 = g0.000000 1.000288 0.000000

o ey e e

€ 0.000000 0.000000 0.915492
1

Back transforming into the original eigenbasis gives S_E , €.0.

A A
S2=ul 2UT
. 1010194
1 &

s2 =g -0.083258  1.014330

o ey e et

€ 0006170 -0.052991 1.004129
The old ap matrix can be written as:

é 1.000000 0.000000 0.000000

ey e el

C= g 0.000000 1.000000  0.000000

€ 0.000000 0.000000 1.000000 U

The new ao matrix (which now gives each ao as alinear combination of the origina aos)
then becomes:

é 1.010194 -0.083258 0.006170
1

c=s2C= g -0.083258 1.014330 -0.052991

- ey e e

€ 0006170 -0.052091  1.004129

These new aos have been constructed to meet the orthonormalization requirement CTSC' =
1 since:

el or 1 21 1
852 Cg SS2C=CTs2ss2c=Clc=1.

But, it isalways good to check our result and indeed:
é 1.000000 0.000000 0.000000

C'TSC' = g 0.000000 1.000000 0.000000

ey e e

€ 0.000000 0.000000 1.000000 U
2. The least time consuming route here is to evaluate each of the needed integralsfirdt.

These are evauated analogous to exercise 1, letting ¢; denote each of the individua Slater
Type Orbitals.

¥
80i r cjr2dr = <r>jj
0
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- RziN Mo 1 5RZMN Mo 15 i+ € D gy
- : IS ) | : IS 2n)| r e r
gaog e(znl)ﬂgaOﬂ &2m)lg g
Once again using integral equation (4) the integral reducesto:
oo 1 1 .1 1
Oni+= =07 0N += = N +Ni+2
=§%(+n 2?31—_,02?191 Z%Q(nﬁnjﬂ) | 29 2”' 2
2Y) %} e(znl)'z =) 4] e(znj)ﬂ 8Zi+2jg
Again, upon substituting in the values for each of these constants, evaluation of these
expectation values yields:
<r>11 = (12.482992)(0.707107)(12.482992)

(0.707107)(6.000000)(0.001193)
0.557496

(1.850743)(0.204124)(12.482992)
(0.707107)(24.000000)(0.002441)
= 0195301
<r>p» = (1.850743)(0.204124)(1.850743)
(0.204124)(120.000000)(0.228228)
= 3.908693
(0.014892)(0.037268)(12.482992)
(0.707107)(120.000000)(0.001902)

<r>21 = <r>12

<r>31 =<r>13

= 0.001118
<r>30 = <r>p3 = (0.014892)(0.037268)(1.850743)
(0.204124)(720.000000)(5.211889)
= 0.786798
<r>33 = (0.014892)(0.037268)(0.014892)
(0.037268)(5040.000000)(14999.893999)
= 23.286760
v ., 0.557496 .
e U
§c; 1 cjr2dr = <r>j= £ 0195391  3.908693 U
0 & u
€ 0.001118 0.786798 23.286760 U

Using these integrals one then proceeds to eval uate the expectation values of each of the

orthogonalized aos, ¢, as:

¥
) 3 3
gc',rcridr = 8 & C'nCly<r>jj.
0 =1 j=1
Thisresults in the following expectation values (in atomic units):
¥

§c' s T C'12dr = 0.563240 bohr
0
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¥

§C'5s T C'pgr2dr = 3.973199 bohr
0
¥

§C' 5 T C'52dr = 23.406622 bohr
0

3. Theradial density for each orthogonalized orhital, ¢’ ,, assuming integrations over q and
f have already been performed can be written as:

¥ ¥
; 3 3 ,
c'.c'rldr =3 & CiChBRiRradr, whereRjand Ri aretheradial portions
n- n J ) J
0 i=1 j=1

of theindividua Slater Type Orbitals, e.g.,

oo 1 1 1 1 MQ
RziN Mo 1 R[N 1 @ (e D o
S0y Mgy &2y
Therefore aplot of the radia probability for a given orthogonalized atomic orbital, n, will
3 3
be:& & C'niC'njRRjr2 vs.r.
i=1 j=1

R; Rjr2 =

Plot of the orthogonalized 1s orbital probability density vsr; note there are no nodes.

2
>
-
k)
c
S
> 11
=
!
©
Qo
o
o
(%]
I
O 1 T T
(0] 1 2 3 4

r (bohr)
Plot of the orthogonalized 2s orbital probability density vsr; note there is one node.
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0.3

2s probability density

r (bohr)

Plot of the orthogonalized 3s orbital probability density vsr; note there are two nodesin the
0-5 bohr region but they are not distinguishable as such. A duplicate plot with this nodal
region expanded follows.

0.05
0.04 -
>
=
¢ 0.03A
g .
T
>
=
= 0.021
©
o]
o
&  0.01-
[2)
[90]
0.00 A . - .
0 10 20 30

r (bohr)
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0.0004

3s probability density

0 1 2 3 4 5
r (bohr)
Problems
1.
1pg  1pg
" ’/11’/' - 3_3le ~ \‘.e\\\‘\‘ ~
2P 2Py 2P, 2z o TTos SN 0=-l 2p,2p,2p,
~§~\§\§\~N~ ~~§~_ 389’—__”_ '—":f’,”
= ~_1p lpu "_4_,
25 __oo--=="777 25, TTTTTo--s - 25
ZSg
1s,
1S_.,--———_—_-_"'______"_‘_‘_‘:::_—------— 1s
1sg4
N N, N

The above diagram indicates how the SALC-AOs are formed from the 1s,2s, and 2p N

atomic orbitals. It can be seen that there are 3s g, 3sy, 1pux, 1Puy, 1Pgx. ad 1pgy SALC-
AOs. The Hamiltonian matrices (Fock matrices) are given. Each of these can be
diagonalized to give the following MO energies:

3sg; -15.52, -1.45, and -0.54 (hartrees)
3sy; -15.52, -0.72, and 1.13
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1pyy; -0.58
1pyy; -0.58
1pgx; 0.28
1pgy; 0.28
It can be seen that the 3s g orbitals are bonding, the 3s, orbitals are antibonding, the 1pux

and 1pyy orbitals are bonding, and the 1pgx and 1pgy orbitals are antibonding. The
eigenvectors one obtains are in the orthogonal basis and therefore pretty meaningless.

Back transformation into the original basiswill generate the expected results for the 1e
MOs (expected combinations of SALC-AOs).
2. Using these approximate energies we can draw the following MO diagram:

e T e e N — -

// 2b2 ’
’/’ ’/¢‘4a1 \\ ,1b2 1SU
- pd ~ -
- o, 7 ~ -
P Vs \\ P
<l — /] 1by >
N T
7 Voot 1 -~ T~ o
1bl 1b2 ,/ 3@1” = S~o ~.
ot N 1b, RO
i ~>_
— \ -
> \ -1 1s
2s 2a~ \ -7 1a g
~ \ -
SO \ _-
SS \ e
S _-7
\\_,
28
1s 1y 1a
C c H>

ThisMO diagram is not an orbital correlation diagram but can be used to help generate one.
The energy levels on each side (C and Hy) can be "superimposed” to generate the left side
of the orbital correlation diagram and the center CH» levels can be used to form the right
side. Ignoring the core levels this generates the following orbital correlation diagram.



Orbital-correlation diagram for thereaction C + H, ----- > CH,, (bent)

e e e e e e e . - -

sy(by) b,(antibonding)
PP ‘ay(antibonding)
R e R o)
Th~~l_ ______._y
ey T ~~~___ @&(non-bonding)
\b;Z bonding)

-------------------- a(bonding)

Sq(a)

C+H, CH, (bent)

1 2

Using Dop, symmetry and labeling the orbitals (f1-f12) as shown above proceed by using
the orbitals to define a reducibl e representation.which may be subsequently reduced to its
irreducible components. Use projectorsto find the SALC-AOsfor theseirreps.
3. a. The 2P orbitals on each carbon form the following reducible representation:

Don E Cx(2) Cafy) Co(x) i s(xy) s(xz) s(yz)

Gp2 2 0 000 2 -2
The number of irreducible representations may be found by using the following formula:

1 o
nirrep = aa Craj(R)Cirrep(R) ,

R
where g = the order of the point group (8 for Dop).



18
nAg = ga GQpX(R)'Ag(R)
R
= % {(2)(2)+(-2)(1)+(0)(1)*+(0)(1)+

. O)(D)+O)(D+((D+(-2)(1)} =0
Similarly,

Projectors using the formula:

o)
Pirrep= a C|rrep(R)R y

R
may be used to find the SALC-AOs for these irreducible representations.

[}
PBZg = a CBZg(R) R '

R
PBog f1= (DEf1 + (-1)C2(2) f1 + (1)Ca(y) f1 + (-1)Ca(x) f1 +
(Vi f1 + (-1)s(xy) f1 + (Ds(x2) f1 + (-Ds(yz) f1
=) fr+ (-1 f1+ () -f2+(-D)fo+
(D f2+(-Dfa+ (D fr+(-1)-f1
=f1+f1-fop-fo-fo-fo+f1+1f;
= 4fq - 4fo

Normalization of this SALC-AO (and representing the SALC-AOswith f) yields:

BN(f1 - f2)N(f1 - fo)dt =1

NZBfifit - Bfafadt - Bfofydt + éfzfgdtg =1

N2(1 + 1) =1
2N2=1

N ==

V2
1
f 109y = \/_—Z(fl -f2) .

The B3y SALC-AO may befound in asimilar fashion:
Peg, f1=(1) f1 + (-1) -f1 + (-1) -f2 + (1) f2 +
(-1)-f2+ (1) f2+ (1) f1+(-1) -f1
=f1+f1+fo+fo+fo+fo+f1+1q
= 4f1 + 4fo
Normalization of this SALC-AO yields:

92



1
fibg, = \/_—Z(fl +f2) .

Since there are only two SALC-AOs and both are of different symmetry types these SALC-
AQOs are MOs and the 2x2 Hamiltonian matrix reducesto 2 1x1 matrices.

5 1 1
Hibog 102 = 8\/—_2(f1 - f2)H\/—_2(f1 - fo)dt

:%gélefldt - 28f4Hfodt + BfaHTo0tO

1 .
=5 - 2b + a
28 20p 2pp-2pp 2pp8

~2omp b2pp-2pp
=-11.4- (-1.2) =-10.2
1

\2
=%g§f1Hf1dt + 28f1Hfodt + BfoHfp0t0

1 .
=5 + 2Db + a
28 2pp 2pp-2pp 2pp3

=a +b
2pp 2pp-2pp
=-11.4+(-1.2)=-12.6
Thisresultsinap -> p* splitting of 2.4 eV.
3. b. The sp2 orbitals forming the C-C bond generate the following reducible
representation:
Don E Cx(2) Caly) Cax) i s(xy) s(xz) s(y2)
G222 2 0 000 2 2
This reducible representation reduces to 1Ag and 1B1y
irreducible representations.
Projectors are used to find the SALC-AOs for these irreducible representations.
Pagfa= (DEf3+ (1)C2(2) f3 + (1)Ca(y) f3 + (1)C2A(x) f3 +
(Di f3+ (1)s(xy) f3 + (1)s(x2) f3 + (1)s(y2) f3
=(D)fz3+ @) f3+ (1) fa+(1)fs+
(D) fa+ (1) fa+ (1) f3+(1)f3
= Af3 + 4fy
Normalization of this SALC-AQ yields:

1
EEY =\/——2(f3+ fa) .

The By SALC-AO may befound in asimilar fashion:
Py, fa= (D) fa+ (1) fa+(-1)fa+(-1)fa+
(1) fa+(-1)fa+ (1) f3+(2)f3
= 4f3 - 4Afy
Normalization of this SALC-AQ yields:

1
f1bg, = \/__2(f3 -fa) .

0Lt + fo)H

Hlb3u,lb3u = 6\/_2 (fl + fZ)dt
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Again since there are only two SALC-AOs and both are of different symmetry types these
SALC-AOs are MOs and the 2x2 Hamiltonian matrix reducesto 2 1x1 matrices.

Hiag,1ag = \/-(f3 + f4)H\/—(f3 + fa)dt
:igéngfgdt + 28f3Hfdt + éf4Hf4dt2

1 .
= 5 + 2 +

52 T 2bgp 0+ a0l
= +

a2 Tho2 o2
:-147+(-50) =.19.7

Hibgy1b1y = ~\/—(f3 - f4)HT(f3 - fg)dt
= 3BfaHfadt - 26faHTadt + BfaH 4t

_1 )
_§§a$2 - 2bSp2-Sp2 + asp28
=ag2 bep o0
=-14.7- (-5.0) =-9.7
3. c. The C sp? orbitals and the H s orbitals forming the C-H bonds generate the
following reducible representation:
Don E Cx(2) Caly) Cax) i s(xy) s(x2) s(yz)
Gpes8 0 0 000 0 8

This reducible representation reduces to 2Ag, 2B 3g, 2B 1y and 2By
irreducible representations.
Projectors are used to find the SALC-AOs for these irreducible representations.

Pagfe = (DEfs + (1)C2(2) fe + (1)Ca(y) f6 + (1)C2(x) fo +
(Di fe + (Ds(xy) fe + (1)s(x2) fe + (L)s(y2) f6
=(Dfe+ (D) fs+()f7+ (1) fg+
D fg+()f7+ (1) fs5+(1)fs
= 2fg + 2fg + 2f7 + 2fg
Normalization yields: fZQg = %(f5 +fg+fz+fg) .
Pag f10 = (DE f10 + (1)C2(2) f10 + (1)Ca(y) f10 + ()C2(x) f10 +
(Di f10 + (Vs (xy) f10 + (1)s(x2) f10 + (Vs (y2) f10
=(1) f10+ (1) fo+ (1) f11 + (1) fa2 +
(D) fi2+ (1) faa+ (1) fo+ (1) f10
=2fg+ 2f10 + 2f11 + 2f12
Normalization yields: f3ag = %(fg +f10+f11+f10) .

Peggfe= (D) fe+ (-1)fs+(-1) f7+ (1) fg+

(1) fg+ (-1 f7+(-1) f5+ (1) fe
= -2fg + 2fg - 2f7 + 2fg

Normalization yields. f 1bgg = %(-f5 +fg-f7+fg) .
PBag f10 = (1) f10+ (-1) fo + (-1) 11 + (1) fa2 +
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(1) fa2+ (-1) f11 + (-1) fo + (2) f10
=-2fg+ 2f10- 2f11 + 2f12

Normalization yields: f abgy = 5(-fo + f10- f11 +f12) -

Peyyfe=(1D) fe+ (1) fs+ (-1) f7+ (-1) fg +

(-)fg+(-)fz+ (1) fs+ (DT
= 2f5 + 2fg - 2f7 - 2fg

Normalizationyields: f op,, = %(f5 +fg-f7-fg) .

Py, f10=(2) fio + (1) fo + (-1) f11 + (-1) 12 +

(-1) f12 + (-1) f11 + (1) fo + (1) f10
=2fg + 2f10 - 2f11 - 2f12

Normalizationyields: f3p,, = %(fg +f10-f11-112) .
Pey,fe= (D) fe+ (-1) fs + (1) f7+ (-1) fa +

(-Dfs+ () f7+(-1)fs5+(2)fe
= -2fg + 2fg + 2f7 - 2fg

Normalizationyields: f 1p,, = %(-f5 +fg+f7-fg) .

Py, f10=(2) fio + (-1) fo + (1) f11 + (-1) 12 +

(-1) fa2 +(2) f11 + (-1) fo + (2) f10
=-2fg+ 2f10 + 2f11 - 2f12

Normalization yields: f aby, = 5(-fo + f10 + f11 - 12) -

Each of these four 2x2 symmetry blocks generate identical Hamiltonian matrices. Thiswill
be demonstrated for the B3g symmetry, the others proceed analogously:

51 1
Hibgyibsg = g5(-f5 + f6 - T7 + f)H5(-fs + fg - f7 + fg)dt
=1 {Btohtact - BfgHfedt +BfsHfrct - BfsHfact -
BfgHfsdt + BfgHfedt - BfgHf7dt + BfgHfgdt +
Bf Hfsdt - Bf/Hfgdt + Bf/Hf7dt - Bf/Hfgdt -
BfgHfsdt + BfgHfedt - BfgHf7dt + BfgHfedt }
1
:Z{aS|02 -0+0-0-
0O+a_,-0+0+
sp
0-0+a_, -0-
sp
0+0-0+a_p} =a y
=0t o+ faHE(fo+ fig- f1g + f
Hibzg2b3g = 55(-f5 + f6 - f7 + fg)H5(-fg + f10 - f11 + f1o)dt

=zll{éf5Hf9dt - BfsHf10dt + BfsHf1qdt - BfsHf1o0t -
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éfGHfgdt + éferlodt - éferlldt + észflzdt +
Bf7Hfodt - Bf7Hf1odt + Bf/Hf1adt - Bf7Hf1odt -
éngfgdt + éngflodt - észflldt + éngflzdt }
1
‘Z{bspZ-s -0+0-0-
O+b_, -0+0+
sp4-s
0-0+b_o» -0-
$%-s
0+0-0+b o }=b s
_01 1
H2nzg,2039 = 55(-fo + f10 - f11 + f12)H5(-fg + f10 - 11 + Fro)alt
= 7{ BfoHfodt - BfoHfioct + BfgHfiadt - BfgHfipdt -
éfj_ongdt + éflonj_Odt - éflon]_]_dt + éflonlzdt +
éfllegdt - éfllelodt + éfllelldt - éfllelzdt -
éfj_szgdt + éflefj_Odt - éf]_sz]_]_dt + éfleflzdt }
1
=7{a_-0+0-0-
0+ a - 0+0+
0-0+a_-0-
s

0+0-0+a_} =a_
This matrix eigenvalue problem then becomes:

:l: aspz- e bsp2-s 1

" . =0

| bsp2-s a_-e 1

; 147 - e -40

i -4.0 -136-e
Solving this yields eigenvalues of:

| -18.19 -10.11 |

and corresponding eigenvectors:
i -0.7537 -0.6572
i i
i -0.6572 0.7537 i
Thisresultsin an orbital energy diagram:
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-9.70 — C-C (antibonding)
-10.12 . C-H (antibonding)
-10.20 — %

P
-12.60 —
-18.19 . C-H (bonding)
-19.70 — C-C (bonding)

For the ground state of ethylene you would fill the bottom 3 levels (the C-C, C-H, and p
bonding orbitals), with 12 electrons.

4,

1
Using the hybrid atomic orbitals as |abeled above (functions f1-f7) and the D3, point group
symmetry it is easiest to construct three sets of reducible representations:
i. the B 2p; orbital (labeled function 1)

ii. the 3 B sp2 hybrids (labeled functions 2 - 4)
iii. the 3 H 1sorbitals (labeled functions 5 - 7).
i. The B 2p; orbital generates the following irreducible representation:

D3n  E 2C3 3C2 sp 2S3 3sy
Gp, 1 1 -1 -1-11
Thisirreducible representation is A" and isitsown SALC-AOQ.



ii. The B sp? orbitals generate the following reducible representation:
D3y E 2C3 3Co sp 253 3sy
> 30 1 3 0 1

This reducible representation reducesto 1A' and 1E'
irreducible representations.
Projectors are used to find the SALC-AOs for these irreducible representations.
Define:C3 = 120 degree rotation, C3' = 240 degree rotation,
Co =rotation around f4, C2' = rotation around f», and
Co =rotation around f3. Sz and Sg' are defined analogous
to C3z and C3' with accompanying horizonta reflection.

sy = areflection plane through 4, s' = areflection plane
through fo, and s\" = areflection plane through f3

Pag fo= (DEf2+ (DC3zfr+ (1)C3' f2 +
(DCafa+ (DC2 f2+ (C2" fo+
(Dsnf2+ (1)S3f2+(1)S3 f2
(Dsyfo+(D)sy' f2+(Dsy" f2

= (Df2+ (Dfz+ (Dfg +
(Dfs+ (D2 + (Dfa +
(Df2+ (Dfs+ (Dfs+
(Dfz + (Df2 + (D)sfa
= Afo + Af 3 + 4fy
Normalization yields: f 1" = v—lé(fz Fi3+fy) .

Pg fo= (QEfy+ (-1)C3fo+ (-1)C3' fo +
(0)Caf2+ (0)C2 f2 + (0)C2" f2o +
(Dshf2+(-1)Szf2+(-1)S3" f2
(Q)sy f2+ (0)sy' f2 + (0)sy" 2

= (f2+ (-Dfz+ (-Dfa +
(Af2+ (-Dfz+ (-Dfg +
= 4f5 - 2f3- 2f4

_— . 1

Normalizationyidds. f1g = —=(2f2-f3-14) .
y 1€ \/6( 2-f3-1y)

To find the second €' (orthogonal to the first), projection on f3 yields (2f3 - f2 - f4) and
projection on f4 yields (2f4 - f2 - f3). Neither of these functions are orthogonal to the first,
but a combination of thetwo (2f3 - f2 - f4) - (2f4 - f2 - f3) yields afunction which is
orthogonal to thefirst.

Normalization yields: f2e-=\/—1_2(f3-f4) .

iii. The H 1sorbitals generate the following reducible representation:
D3n E 2C3 3Cy sp 2S3 3sy
2 30 1 3 0 1

This reducible representation reducesto 1A' and 1E'
irreducible representations.exactly like part ii. and in addition the projectors used to find the
SALC-AOsfor theseirreducible representations.is exactly analogous to part ii.
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1
foy' = \/_é(fS +fg+17)

1
—(2f5-fg-17) .

fae=
3¢e \/_6
1
fae=—(fg-7) .
4¢ \/—2(6 7)

So, there are 1A5", 2A 1" and 2E' orbitals. Solving the Hamiltonian matrix for each
symmetry block yields:

A>" Block:

Hiay 1ap = élefldt

=a =-85
2pp
A1 Block:

iag tay = §=lfo + 3+ TaH (2 + 15 + f4a
=5{BfaHfadt +BfoHfadt +BfoHfact +
BfsHfodt + BfgHfadt + BfgHfdt +
Bf4Hf o0t + BfqHfadt +Bf4Hf4dt }
:%{a$2+0+0+
O+a_p +0+
O+0+asp2} :aspz
Haay 2oy = §(f2 + T3 + TH(ls + o + Tt

NE
= %{ éfZHdet + észfedt + észf7dt +

BfsHfsdt + BfsHfedt + BfsHfdt +
BfsHfsot + BfgHfedt + Bf4HT7dt }

_1
—§{bsp2_s+0+0+
O+b 2 +0+
p4-s
0+0+ bspz_s} :bspZ-s
H =0t + g+ fr)H-(fs + g + fp)t
2a1-,2a1-—6\/_§(5 6+ f7) \/_3(5 6+ f7)
:%{Q%Hkﬂ + BfsHfgdt + BfsHf7dt +

BfgHfsdt + BfgHfedt + BfgHf7dt +



Bf/Hfsdt +BfHfedt + Bf7Hf7dt }
:%{aS +0+0+
0+ as +0+

0+0+ as} =ag
This matrix eigenval ue problem then becomes:

:|: ag2- e bspz_s 1

. . =0

| bopy .- e 1

i -10.7 - e -35

i -35 -136-e 1
Solving thisyields eigenvalues of :

| -15.94 -8.36 |

and corresponding eigenvectors:
i -0.5555 -0.8315 j
: :
T -0.8315 0.5555 7
E' Block:

This 4x4 symmetry block factors to two 2x2 blocks: where one 2x2 block includes the

SALC-AOs

fe':

1
—(2f>-f3-f
\/E;( 2-f3-fg)

1
fe=—(2f5-fg-f7),
e \/6( 5-fe-7)
and the other includes the SALC-AOs

fo= \/—1_2(f3 - f4)
i(fes -f7).

V2

fe':

Both of these 2x2 matrices areidentical to the A1’ 2x2 array and therefore yield identical

energies and MO coefficients.
Thisresultsin an orbital energy diagram:
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-8.36 a;',e'

-8.5

-15.94 a,'e'

For the ground state of BHz you would fill the bottom level (B-H bonding), a1' and €'
orbitals, with 6 electrons.

5.

5. a Thetwo F p orbitals (top and bottom) generate the following reducible
representation:

D3n E 2C3 3C2 sp 2S3 3sy
2 2 0 0 0 2

This reducible representation reducesto 1A1" and 1A "'
irreducibl e representations.
Projectors may be used to find the SALC-AQOs for these irreducible representations.

1
fag = —2(f1 -f2)

,\/_

1
foor = E(fl +12)

5. b. The threetrigona F p orbitals generate the following reducible representation:

D3n  E 2C3 3C2 sh 2S3 3sy
30 1 3 0 1

This reducible representation reducesto 1A1' and 1E'
irreducible representations.
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Projectors may be used to find the SALC-AOs for these irreducibl e representations (but
they are exactly analogous to the previous few problems):

1
fo = \/—é(fs +f4+f5)

1
foe=—(2f3-fg-f
e \/6( 3-f4-15)

1
fe=—(fs-f1s5).

5. c. The 3 P sp? orbitals generate the following reducible representation:
D3y E 2C3 3Co sp 2S3 3sy
2 30 1 3 0 1

This reducible representation reducesto 1A' and 1E'
irreducible representations. Again, projectors may be used to find the SALC-AOs for these
irreducible representations.(but again they are exactly analogous to the previous few
problems):
1
fa=—=(fe+tf7+f
a \/é( 6+ f7+fg)

1
fe= —6(2f6 -f7-1g)

NG
fo=—=(f7-fo)
(S} \/—2 .
The leftover P p; orbital generate the following irreducible representation:
D3y E 2C3 3Co sp 2S3 3sy
, 111111
Thisirreducible representationisan A"’

f o = fo.
Drawing an energy level diagram using these SALC-AOswould result in the following:
& 1*

Al 1l e
ain a',
1 ay

Section 3 Exercises, Problems, and Solutions



