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Abstract

Particle Dynamics in Anti-de Sitter Space by EIH Method

by

Jiusi Lei

Advisor: Professor V. Parameswaran Nair

Following the work of Einstein, Infeld and Hoffmann, we show that particle dynamics in

Anti-de Sitter spacetime can be built up by regarding singularities in spacetime manifold as

the source of particles.

Since gauge fields play a foundational role in the action, the singularities are chosen to

be point-like instantons. Their winding number, defined by an integration on the spheres

surrounding those singularities, will turn out to be related to their masses. And their action,

derived from the Chern-Simons forms, will be a co-adjoint orbit action, with group element

g ∈ SO(4, 2) describing the collective coordinates of the particle.

We also consider bringing the more standard gravitational interactions into the system,

which is achieved by combining Chern-Simons action with Einstein-Hilbert action. Interac-

tions are proposed to be small perturbations in gauge fields as well as in metric tensors. The

equation of motion for perturbed field is obtained and solved. The action, with the solution

of perturbed field inserted, approaches Newtonian gravity in non-relativistic limit.
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Chapter 1

Introduction

Particle is one of the most basic objects and ideas in physics. In classical mechanics, particles

are considered as the most fundamental blocks of all matter. Even with the acknowledgement

that fields are playing a more fundamental role in modern physics, we still prefer to use

particle as a nice approach when the internal effect of an object is negligible in many cases

nowadays. Many decades ago, Einstein, Infeld and Hoffmann made the observation that

particles could be treated as singularities of the spacetime manifold and their dynamics

would then be determined by the gravitational field equations in vacuum. Beyond being a

matter of principle, this has led to equations of motion in a formalism which can be applied

to practical calculations in astrophysics. Recently, more general theories of gravity have

generated a lot research interest. Among them, Lovelock theories, and theories where the

action is in the form of Chern-Simons forms, form a special class. Inspired by the EIH work,

in this thesis, we analyze a similar approach to these more general theories, focusing on

particle dynamics in AdS5 spacetime. This thesis is organized as follows.

Sec. II of this thesis will provide some background knowledge as the building blocks of

our theory. EIH method will be briefly explained. It shows that particles can be regarded as

singularities in spacetime manifold. And by wisely choosing boundary conditions surround-

1



CHAPTER 1. INTRODUCTION 2

ing those singularities, single particle dynamics as well as interactions can be successfully

recovered from field equations. Then we have a basic introduction about instantons. They

are self-dual or self-antidual configurations of the gauge field. They serve to characterize

different sectors of the configuration space and naturally, being a solution to field equations,

they minimize the Yang-Mills action. At last, the coadjoint orbit method will be introduced.

It is used to describe particle actions in AdS5 spacetime.

Sec. III will first discuss how coadjoint orbit method could be used to construct particle

action in AdS5 as well as its twistor form, and even string actions. Then a brief introduction

about the most general gravity theory, Lovelock action, will be given. Based on the topolog-

ical nature of Chern-Simons action, it is most likely that a similar trick as EIH method can

help to derive particle actions in Anti-de Sitter space. Then we will give a detailed descrip-

tion about how single particle dynamics is constructed in AdS5 spacetime by considering

particles as singularities. In our case, point-like gauge instantons will serve as the sources.

Their winding numbers, the most characteristic property of instantons, will be related to

particle masses. The particle action is shown to be in the right form for the use of the

coadjoint orbit method.

Sec. IV is devoted to exploring particle interactions in our model. Although the CS action

could generate particle dynamics, interaction between particles is absent essentially because

CS action is topological. Thus an extra term in the action is needed to introduce non-trivial

interaction between particles. We select Einstein-Hilbert action because it shares the same

vacuum solution as CS action and preserves parity invariance. Interactions are proposed to

be fluctuations in metric tensor and the corresponding gauge fields. By expanding the actions

up to the second order, the equation of motion of perturbation is solved. Now behaving as

source terms, the perturbation term successfully generates non-trivial interactions between

particles. In the non-relativisitc limit, we show that these terms reduce to Coulomb potential

as expected.
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There is a short summary of all the results in the last section, with discussions about

current difficulties in the model. These difficulties require careful further investigations and

hopefully receive attention from researchers in this area.



Chapter 2

Background

This chapter will give a brief review on the tools and ideas that are the fundamentals of

this thesis: the Einstein-Infeld-Hoffmann method, Gauge Instantons and the coadjoint orbit

method. They are not a very detailed review, but the most important idea of each topic,

which play a crucial role in later development, will be discussed.

2.1 Einstein-Infeld-Hoffmann (EIH) Method

The starting point of the EIH idea is a simple question: Can the motion of particles be

determined by equations for the fields which they generate? The reason why one might

expect this is the following. Consider, for example, the electromagnetic field. If we have

charge particle sources, the field configuration at a given time t is a solution of the field

equations. If we remove the points corresponding to the locations of the charges from the

manifold under consideration, then we have a solution of the free field equations. Now

consider the same situation at a later time t′ when the sources may have moved to new

locations. This field configuration at t′ is also a solution of the free field equations. Can we

describe this new configuration as the time-evolved version of the earlier one, with evolution

4



CHAPTER 2. BACKGROUND 5

just controlled by the free field equations? The answer in general is no, because the energy

and momentum of the particles are not just what is contained in the energy-momentum of

the fields they carry, so additional dynamics is needed to complete the time-evolution. The

only possible exception would be gravity, because energy and momentum are themselves

defined by the asymptotic behavior of the gravitational fields or spacetime curvatures. So

one would expect that in a theory of gravity the vacuum field equations on a manifold

with a number of points removed, corresponding to locations of the particles viewed as

singularities of the fields, should be describing particle dynamics. The work of Einstein,

Infeld and Hoffmann demonstrates that this is indeed the case. They showed that the

motion of particles, even including gravitational interactions, can be derived from the field

equations of General Relativity in empty space. Around each singularity, a small region of

spacetime (say, denoted by Ck for the k-th singularity) has to be removed and appropriate

boundary conditions have to be imposed, with the vacuum field equations holding everywhere

else, i.e. on spacetime M minus the regions {Ck}. The boundary conditions define the key

characteristics of particles, e.g., their masses, very similar to what is done in the ADM

(Arnowitt-Deser-Misner) formalism (which came much later). EIH were able to construct a

systematic expansion starting with the Newtonian limit and including relativistic corrections.

Beyond the theoretical interest, EIH method is even useful practically and has been applied

to astrophysical cases such as binary and multiple star systems [11] [28], where relativistic

corrections (at least to the post-Newtonian approximation) are important.

Here a very brief review of EIH method will be given. For the detailed calculation and

discussion, one can consult their original paper [14] and a later review by Infeld [17]. Starting

with vacuum, we expand the metric around its flat background as

gµν = ηµν + hµν (2.1)
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Introduce the following tensor constructed from hµν ,

γµν = hµν −
1

2
ηµνh (2.2)

Then the vacuum Einstein equation can be written as the following set of equations:

∂2i γ00 = 2 Λ00, ∂2i γ0n = 2 Λ0n, ∂2i γmn = 2Λmn (2.3)

The Latin indices refer to the spatial components. Λ’s are quantities constructed from non-

linear terms in the Einstein equation. Instead of the harmonic coordinate condition, EIH

have used the following conditions to reduce extra degrees of freedom due to coordinate

transformations:

∂iγ0i − γ00,0 = 0, ∂iγmi = 0 (2.4)

From these we construct the following two relations:

∂i(∂iγ0n − ∂nγ0i) = 2Λ0n − ∂0∂nγ00, ∂i(∂iγmn − ∂nγmi) = 2Λmn (2.5)

Notice that the quantities on the left hand side can be written as curls of 3-vectors.

(∇×B)n = ∂i(∂iγ0n − ∂nγ0i), ∂iγ0n − ∂nγ0i = εnsaBa

(∇× B̃m)n = ∂i(∂iγmn − ∂nγmi), ∂iγmn − ∂nγmi = εnsaB̃ma (2.6)

We can integrate these on small spheres surrounding the singularities, with the fields not

singular on the surfaces, to get

∮
dSn [Λ0n − ∂n∂0γ00] = 0, 2

∮
dSn Λmn = 0 (2.7)
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These integral conditions will be the key ingredient for the EIH analysis in addition to the

vacuum field equations in (2.3). By virtue of the identity ∇ · (∇×A) = 0, (2.5) also lead to

∂i(∂i∂0γ00 − 2Λ0n) = 2∂0Λ00 − 2∂iΛ0i = 0, 2∂iΛmi = 0 (2.8)

These may be viewed as the reduced version of the Bianchi identity for the Einstein field

equations.

The strategy used by EIH is then the following. Consider solving the field equations (2.3)

in a series expansion, starting with the nonrelativistic limit. The energy-momentum tensor

for a point-particle is of the form T µν ∼ dxµ

ds
dxν

ds
, and so, for small velocities, we have the

hierarchy,

|T 00| � |T 0i| � |T ij| (2.9)

Based on this, and since the field equations have T µν as the source, EIH proposed to solve

the field equations, in the vacuum on M−{Ck}, by a series expansion

γ00 = λ2 γ
(2)
00 + λ4 γ

(4)
00 + · · ·

γ0n = λ3 γ
(3)
0n + λ5 γ

(5)
0n + · · · (2.10)

γmn = λ4 γ(4)mn + λ6 γ(6)mn + · · ·

(The parameter λ is just to keep track of different orders in solving the field equations, it

can be set to 1 at the end.) In the lowest order, the field equations (2.3) give γ00,ss ≈ 0

(Laplace equation), so that we can take

γ00 = 2ϕ, ϕ = −
∑
k

mk

|x− xk|
(2.11)

where mk can be identified as the masses and xk are the positions of the singularities. If Λ0n
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is evaluated using this approximation, the integral conditions (2.7) will not hold, i.e.,

∮
k

dSn [Λ0n − ∂n∂0γ00] 6= 0 (2.12)

for surfaces around each singularity labeled by k. EIH then take an ansatz of the form

∮
k

dSn [Λ0n − ∂n∂0γ00] = (c0)k, 2

∮
k

dSn Λmn = (cm)k (2.13)

where (c0)k, (cm)k are taken to be functions of the positions xk (which are functions of time)

and their derivatives. By using the Dirac δ-function, this is equivalent to the ansatz

∂i(∂i∂0γ00 − 2Λ0) =4π
∑
k

(c0)kδ
(3)(x− xk) (2.14)

2∂iΛmi =4π
∑
k

(cm)kδ
(3)(x− xk) (2.15)

According to (2.3), this may be expressed in terms of the γ’s as

∂0γ00 − ∂iγ0i = −
∑
k

(c0)k
|x− xk|

(2.16)

∂iγmi = −
∑
k

(cm)k
|x− xk|

(2.17)

There is some freedom in these ansatze. Notice that extra terms can be added to γ00 and

γ0n without affecting the first two equations in (2.3), again related to the freedom of coordi-

nate transformations. These equations are expected to be true everywhere on the manifold.

Since a small region around the singularities are removed, additional terms proportional to

δ-function at singularities will not break this relation outside singularities. Then by choosing

terms appropriately, we can eliminate (c0)k/|x− xk| terms. In summary, the field equations
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are reduced to the following set:

∂2i γµν = 2Λµν , ∂µγ0µ = 0, ∂iγmi = −
∑
k

(cm)k
|x− xk|

(2.18)

These reduced field equations can be solved in a series using (2.10). Once a solution

is obtained, one can then impose the integral conditions (2.7) (which must hold true as an

identity) to obtain constraints on the coefficients (cm)k. Explicitly, this amounts to requiring

(cm)k =
∑
l

λl(cm)
(l)
k = 0 (2.19)

This becomes the equation of motion for the positions of the particles. There are exactly

three equations for each particle as expected. Starting with (2.11) and eliminating (c0)k and

solving to the next order, EIH show that one gets the integral

(cm)
(4)
1 =

1

4π

∮
Sn 2Λ(4)

mn = 4m1

(
ẍm1 − ∂m

(
m2

r2

))
(2.20)

(We consider a two-particle case for simplicity.) Setting this to zero as required by (2.7), we

get

m1~̈x1 = ∇
(m1m2

r

)
(2.21)

which is recognized as the Newtonian law of gravitation. As mentioned in the beginning, a

systematic expansion to higher orders can be generated, but we will not go into the details.

It is also useful to think about this with the benefit of hindsight from the ADM formalism

[2]. Consider the metric in the ADM splitting,

ds2 = N2 dt2 − σij(dxi +N idt)(dxj +N jdt) (2.22)

where σij is the metric for the spatial slice and N , N i are the lapse and shift functions,
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respectively. The phase space version of the Einstein-Hilbert action is

S =
1

16πG

∫
ddx

[
Πijσ̇ij −

√
σ
(
N H +N iHi

)]
+ SADM

SADM =

∫
dt

[∮
dSiN(∂jσij − ∂iσjj) + 2

∮
dSiNmσmnΠn

i

]
(2.23)

where

H = −R(d−1) +
1

σ

(
ΠijΠij −

1

2
Π2

)
Hi = −2σimDj

(
Πjm

√
σ

)
(2.24)

Here R(d−1) is the Ricci scalar for the spatial slice and Dj denotes the covariant derivative.

The bulk equations of motion will reduce the bulk terms in the action (2.23) to zero.

Consider evaluating the boundary terms for a single particle. N , N i can be viewed as arising

from a coordinate transformation. For a point-particle solution of the field equations, if we

take the values of N , N i at spatial infinity as functions of time, independent of angular

coordinates, then we find

SADM = dZµ Pµ Nµ =
dZµ

dt

P0 =

∮
dSi (∂jσij − ∂iσjj) (2.25)

Pi = 2

∮
dSi σmn Πn

i

We see that we get the correct point-particle action with the ADM energy and momentum

for the particle. This suggest that we can directly work with the action rather than the

equations of motion as EIH did. The ADM energies are picked up at the surface at spatial

infinity, but if we have sufficiently localized curvatures, we should be able to do this for

small surfaces surrounding the singularities of the curvatures. This is what we will do for
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the Chern-Simons gravity with the inclusion of the EH action.

2.2 Instanton

For our purpose, instantons for a nonabelian gauge field will play an important role. As an

example, let us consider the Euclidean action of a gauge field in SU(2) group. The action is

given by

S =
1

4g2

∫
d4xF a

µνF
a
µν (2.26)

where g is the coupling constant. Define the dual field strength as

F̃ a
µν =

1

2
εµνρλF

a
ρλ (2.27)

Then the action can be rewritten as

g2 S =

∫
d4x

[
±1

4
F a
µνF̃

a
µν +

1

8
(F a

µν ∓ F̃ a
µν)

2

]
≥ ±

∫
d4x

1

4
F a
µνF̃

a
µν (2.28)

We notice that the action has a lower bound given by the integral of FF̃ , which is saturated

only when the field strength is self-dual or antiself-dual, i.e., F a
µν = ±F̃ a

µν . It is also worth

mentioning that, the self-dual/antiself-dual field actually is a solution of the field equation,

by the virtue of Bianchi identity:

DµF
a
µν = ±DµF̃

a
µν = ±1

2
εµναβDµF

a
αβ = 0 (2.29)

Such self-dual solutions are then called instantons, the antiself-dual solutions being anti-

instantons. The instanton number is defined to be

Q =
1

32π2

∫
d4x F a

µνF̃
a
µν (2.30)
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And in terms of this the bound on the action (2.28) is

S ≥ 8π2

g2
Q (2.31)

The instanton number Q is a topological quantity, i.e., invariant under small deformations

of the field A. The statement is clearer if we notice the quantity is actually a surface integral:

F a
µνF̃

a
µν = ∂µ

[
εµνρλ

(
2Aaν∂ρA

a
λ +

2

3
gεabcAaνA

b
ρA

c
λ

)]
(2.32)

In terms of differential forms, the gauge fields are

A = (−ita)Aaµdxµ, F = (−ita)
1

2
F a
µν dx

µ ∧ dxν (2.33)

where ta are 2× 2 matrices which are generators of SU(2), with Tr(tatb) = 1
2
δab. (ta = 1

2
σa,

where σa are the Pauli matrices.) In terms of differential forms, (2.32) can be written as

Tr(F ∧ F ) = dTr

(
AdA+

2

3
A3

)
= d CS(A) (2.34)

The right hand side is the famous Chern-Simos forms in three dimensions. To show the

invariance of Q, take a small variation A→ A+ a, and keep only first order terms to get

CS(A+ a) = CS(A) + Tr(adA+ dAa+ 2aA3)

= CS(A) + Tr
[
2a(dA+ A2)

] (2.35)

If F = dA+A2 = 0, which must be satisfied by our instanton configuration at the boundary

of spatial infinity (otherwise the integration will not be finite), the instanton number is

proven to be invariant. Later in this thesis, we will use instantons as the source of particles.

These instantons are taken to be in their point-like limit, i.e., we will eventually shrink the
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size of instantons to zero. To be more specific, it is useful to consider the form of the exact

instanton solutions. One way to display the SU(2) one-instanton solution is given by the

so-called singular gauge [26] [27]:

Aaµ = −1

g
η̄aµν∂ν ln

[
1 +

ρ2

(x− x0)2

]
=

2

g
η̄aµν(x− x0)ν

ρ2

(x− x0)2[(x− x0)2 + ρ2]

(2.36)

where η̄aµν = −η̄aνµ is the ’t Hooft symbol given by

η̄aij = εaij, ηai0 = δai (2.37)

The parameter ρ in (2.36) is called the instanton size. The field A behaves singularly at

point x0 but the integral of F a
µνF̃

a
µν over the whole space is finite, which is the instanton

number. Equivalently, according to (2.32), the integral is actually on the boundary surface,

so the singularity behavior at point x0 is avoided. Another convenient form, which is a gauge

transformation of (2.36), is given by

Āaµ =
2

g
ηaµν

(x− x0)ν
(x− x0)2 + ρ2

(2.38)

In this parametrization, the bad behavior of gauge field A at point x0 no longer appears,

because the transformation matrix is singular at x0, or we could say that the singularity has

been tranferred to infinity:

Ā = UAU−1 − dUU−1, U =
i(~σ · ~X) +X4√

X2
, Xµ = (x− x0)µ (2.39)

To show why the parameter ρ is referred to as instanton size, it is useful to consider the field

strenth F or the instanton density Tr(F ∧ F ), because the density is gauge-invariant. From



CHAPTER 2. BACKGROUND 14

(2.38) or (2.36), the instanton density is easily calculated:

Tr(F ∧ F ) = F a
µνF̃

a
µν ∼

ρ4

[(x− x0)2 + ρ2]4
(2.40)

In zero-size approach, using the following relation:

δ(x− x0) =
1

π
lim
ε→0

ε

(x− x0)2 + ε2
(2.41)

we see that the instanton density is replaced by δ(4)(x−x0). More rigorously, we can carry out

the integral
∫

Tr(F ∧ F ) over a small ball containing the point x0, or equivalently integrate

the Chern-Simons form on the sphere of the ball. In the limit ρ → 0, the result will be

indepentend of the radius of the small ball and gives us the instanton number as expected.

So no matter what kind of gauge is chosen, in the point-like limit, we can always say that the

instanton behaves like a Dirac-δ function, and the integration over any surface surrounding

the instanton will give us the instanton number, or the winding number.

Besides gauge instanton, there are also gravitational instantons. They are defined in a

similar manner. Analogous to the case in Yang-Mills theory, the curvature 2-form is self-dual

or antiself-dual, and again by using the Bianchi identity, one can show that the vacuum field

equation (Einstein equation) is automatically satisfied, i.e.,

Rab = ±R̃ab = ±1

2
εabcdRcd (2.42)

In the case of gravity, the above condition can be reduced to the self-duality or antiself-duality

of connection 1-form:

Rab = ±R̃ab ⇔ ωab = ±ω̃ab = ±1

2
εabcdωcd (2.43)
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with the following definition of curvature 2-form in terms of connection 1-form:

Rab = dωab + ωacωcb (2.44)

An example of the gravitational instanton solution is the one given by Eguchi and Hanson

[13]:

ds2 =
dr2

1−
(
a
r

)4 + r2
{
σ2
x + σ2

y +

[
1−

(a
r

)4]
σ2
z

}
(2.45)

where σi’s are defined in terms of the polar coordinates as

σx =
1

2
(sinψdθ − sin θ cosψdφ), σy = −1

2
(cosψdθ + sin θ sinψdφ), σz =

1

2
(dψ + cos θdφ)

(2.46)

It is easily checked that the curvature is self-dual. For a list of other gravitational instanton

solutions, one can refer to [12].

This brief discussion about instantons should suffice for this thesis, especially the argu-

ment about zero-size limit. The general solution of any SU(N) instanton is discussed in [9].

More detailed discussion about gravitational instantons is given by Gibbons and Hawking

[15].

2.3 Coadjoint Orbit Method

The coadjoint orbit method gives a process for constructing unitary irreducible representa-

tions of a Lie group. This has its origin in the works of Borel and Weil and Bott in the

1950s and in the geometric quantization work of Kostant, Souriau and Kirillov [20]. The

key question, from a physics point of view, is the following: Is there a classical action which

upon quantization leads to exactly one unitary irreducible representation of a Lie group?

A physical system such as a rigid rotor does lead to representations of the rotation group,
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but it gives all representations, not just one specified irreducible representation. The focus

here is on getting exactly one irreducible representation. For example, asking for a classical

theory which, upon quantization, describes the spin states of a particle is a clear case of

such a problem. In quantum mechanics, more generally, particle states can be considered,

actually defined, by a unitary irreducible representation of the spacetime group, such as the

Poincaré group. So naturally the quantization of coadjoint orbits can be utilized to describe

particle dynamics.

To state the key theorem behind this approach, we start with a few preliminary results.

Consider a semisimple Lie group G, with T as its maximal torus. Thus if g denotes an

element of G, in a matrix realization, we can use {Ta} as a basis for the generators of G.

The set of diagonal generators {tα}, α = 1, 2, · · · , r, where r is the rank of the group, forms

the Cartan subalgebra and group elements of the form h = exp (itαϕ
α) form the maximal

torus of G. The space G/T is defined by identifying elements of G which differ by the

action of the diagonal elements, i.e., g ∼ g h. This space admits a symplectic structure, the

symplectic potential is of the form

A = i
∑
α

wα Tr(tαg
−1dg) (2.47)

Here wα are a set of real numbers. The action is then taken as the integral of A along a

trajectory,

S =

∫
A dτ = i

∑
α

wα

∫
dτ Tr

(
tα g

−1 dg

dτ

)
(2.48)

The key theorem then states that, upon quantization, the theory defined by this action gives

a Hilbert space of states which is the carrier space for a unitary irreducible representation

(UIR) ofG characterized by (w1, w2, · · · , wr) as the highest weight state of the representation.

Notice that, under the transformation g → g exp(−itαϕα), A → A + df , f =
∑

αwαϕ
α.

(We use the normalization Tr(tαtβ) = δαβ.) This shows that Ω = dA is actually defined on
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G/T , although A by itself is not. The transformation A → A+ df also shows that the wave

functions should transform as ψ(g) → eif ψ(g). The periodicity conditions of the angular

parameters ϕα will impose quantization conditions on the weights {wα}. This will be in

accordance with what is expected for the UIRs of the group G.

As an example, one can apply this method to the Poincaré group to obtain free particle

states in relativistic quantum mechanics. This has been discussed by many authors, including

the recent paper [19] where applications to fluids were also considered. The Poincaré group

does not have a well defined finite dimensional matrix representation. To bypass the difficulty

of defining traces, one has to either do a regularization on infinite dimensional representation,

or choose to obtain Poincaré group as a contraction over de Sitter group, which has a finite-

dimensional representation. We will follow the latter one. The generators of de Sitter group

are given by:

Pµ = γµ/r0

Jµν = γµν = (i/4)[γµ, γν ]

(2.49)

where γµ’s are the standard 4 × 4 Dirac matrices and the parameter r0 is the curvature of

de Sitter space. In the end, we will take r0 →∞ to recover the Poincaré group. The group

element g can be parametrized as:

g = eiPµxµΛ (2.50)

where Λ is generated by Jµν , corresponding to Lorentz transformation. The de Sitter group

has rank equal to 2, so we choose P0 and J12 to be the elements of its Cartan subgroup.
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Their corresponding weights will be mass and spin. Λ can be furtherly parametrized as:

Λ = B(p)R

B(p) =
1√

2m(p0 +m)

p0 +m ~σ · ~p

~σ · ~p p0 +m

 (2.51)

B(p) is the boost matrix and R is purely spatial rotations and m denotes
√
p2. Then we

can write down the canonical one-form:

A = ir20
√
p2 Tr

(
γ0
r0
g−1dg

)
+ isTr(J12g

−1dg) (2.52)

In the limit r0 →∞ this leads to

A = −pµdxµ + i
s

2
Tr(Σ3Λ

−1dΛ), Σa =

σa 0

0 σa

 (2.53)

The Poincaré limit has been successfully recovered.



Chapter 3

Single Particle Action

In this chapter, we will utilize the idea of the EIH method, treating particles as singularities

on the spacetime manifold. By a proper reduction from the gravitational Chern-Simons

action, we show that the point-particle action for single particles can be constructed. The

action will be of the coadjoint orbit form in AdS5 space. So we will start by writing down

the specific form of the action for AdS5 before turning to the Chern-Simons gravity.

3.1 Coadjoint Orbit Action in AdS5

We want to specialize the general discussion of the coadjoint orbit method from the intro-

duction to the case of AdS5 and write down the symplectic one-form of a point particle.

Towards this, we start with the observation that anti-de Sitter spacetime (in 4+1 dimen-

sions) can be realized as the coset space of SO(4, 2)/SO(4, 1). A parametrization of the Lie

group SO(4, 2), for a group element g, which is particularly convenient for us, is given by

g =

√z iX̃/
√
z

0 1/
√
z

Λ, X̃ = x0 − ~x · ~σ (3.1)

19
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where Λ ∈ SO(4, 1). We will be using the 4 × 4 spinorial representation of these groups,

so SO(4, 1) is generated by the commutators Σµν = i
4
[γµ, γν ]. Here we have selected the

following representation for the 4× 4 Dirac matrices,

γ =

0 1

1 0

 , γi =

 0 −σi

σi 0

 , γ5 = −i

1 0

0 −1

 (3.2)

They are normalized as Tr(γµγν) = 4 ηµν , ηµν = Diag{1,−1,−1,−1,−1}. The parametriza-

tion of the group element in (3.1) leads to the following coset space metric:

ds2 = −R
2

4
ηµν Tr(γµg

−1dg) Tr(γνg
−1dg) =

R2

z2
(dx2 − dz2) (3.3)

This is the well known Poincaré patch metric of AdS5.

To write down an orbit action in AdS5, we will need three elements in the Cartan subgroup

of SO(4, 2), which will be mutually commuting. One of them will correspond to a constraint

on momentum while the other two will describe spin. We need two for the latter since

the spin part of the isotropy group SO(4, 1) is SO(4), which has rank equal to 2. The

Cartan elements of the algebra will be chosen to be (γ0, γ1γ2, γ3γ5) or (γ0,Σ12,Σ35). The

corresponding weights will give the mass and spins. So the symplectic one-form of the particle

action in AdS5 is obtained as:

A = −imR
2

Tr(γ0g
−1dg) +

s1
2

Tr(γ1γ2g
−1dg) +

s2
2

Tr(γ3γ5g
−1dg) (3.4)

As for now, we will mainly focus on the part without spins, so we can consider the simpler

version,

A = −imR
2

Tr(γ0g
−1dg) = mRηµν Λµ

0

dxν

z
(3.5)

where, for the second expression, we have used the vector representation of the Lorentz group
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defined by ΛγµΛ−1 = γνΛ
ν
µ. This shows that the particle momentum can be identified as

pµ = mRηµν
Λν

0

z
(3.6)

Using the property of Lorentz transformations, namely that ηµνΛ
µ
0Λ

ν
0 = η00 = 1, we can

verify that this momentum pµ obeys the correct mass shell condition in AdS5 spacetime,

namely,

gµνpµpν = m2 (3.7)

It is also possible to write the action in terms of a set of twistor variables. Although

this is not directly relevant to our analysis using the EIH method, it does provide another

perspective, and we note that twistors in AdS space have been of some research interest

recently [3] . For this, we consider another set of Dirac matrices given by

Γ0 =

1 0

0 −1

 , Γi =

 0 σi

−σi 0

 , Γ5 = −i

0 1

1 0

 (3.8)

These are related to γ-matrices by the following similarity transformation:

Γµ = SγµS
−1, S =

1√
2

1 1

1 −1

 (3.9)

We also define the transformed group element N = SgS−1. It is easy to verify that

N †Γ0N = Γ0. From the form of Γ0, we see that transformations which preserve it are

elements of SU(2, 2). Thus N ∈ SU(2, 2). This representation shows explicitly the realiza-

tion of SO(4, 2) as SU(2, 2) for the spinorial representation. Using this version of the group
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element, as in (3.5), the symplectic one-form is:

A = −imR
2

Tr(Γ0N
−1dN)

= −imR
2

Tr[(1 + Γ0)N
−1dN ]

= −imRN †ar(Γ0)rsdNsa (3.10)

= −imR
[
N †abdNba −N †ab̃dNb̃a

]

where a, b run from 1 to 2 and b̃ = 1, 2 corresponds to r, s = 3, 4. We now define the following

2× 2 matrices:

ξba =
√

2mRNba, ζba =
√

2mRNb̃a (3.11)

The symplectic potential can now be written as

A = − i
2

Tr(ξ†dξ − ζ†dζ) (3.12)

with the constraint

ξ†ξ − ζ†ζ = 2mR (3.13)

This constraint is just the statement N †Γ0N = Γ0 expressed in terms of ξba, ζba; it is again

the statement that ξba, ζba describe an element of SU(2, 2). Further, in order to write the

action in a more recognizable twistor form, we define U and W by

ξ =
U − iW√

2
, ζ =

W − iU√
2

(3.14)

Then the action written in terms of these new variables is

S =
1

2

∫
dτ Tr(W †U̇ − U †Ẇ ) (3.15)
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and the constraint becomes:

U †W −W †U = i(2mR) (3.16)

The action (3.15) is in agreement with the twistor description of massive particles in AdS5

proposed in [3].

The action for a string in AdS5 can also be derived using the orbit method. String action,

as is well known, can be viewed as the area of a world surface tracing out a two-dimensional

surface in spacetime. Therefore a timelike one-form and a spacelike one-form are needed to

construct the area element of string world-sheet. We can choose the timelike one-form as in

(3.5), and choose the following spacelike one-form:

B = −im̃R
2

Tr(γ3g
−1dg) = mRηµν Λµ

3

dxν

z
(3.17)

The action is then defined as the integral of the two-form:

S =

∫
A ∧ B =

∫
Vαβdx

α ∧ dxβ

Vαβ =M2R
2

z2
ηµαηνβ(Λµ

0Λ
ν
3 − Λµ

3Λ
ν
0)

(3.18)

with M2 = mm̃/2. Vαβ obeys the following constraints:

V αβVαβ = −2M4, εαβµνVαβVµν = 0 (3.19)

Alternatively, we could treat Vαβ as free variables in the action at first, and then impose the

above constraints via Lagrange multipliers. This leads to the action:

S =

∫
Vαβ∂aξ

α∂bξ
βdξa ∧ dξb − 1

2

∫
d2ξ
√
−σ(VαβV

αβ + 2M4) (3.20)

where we have written xµ as a function of world sheet coordinate ξi(i = 1, 2). σ is the
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determinant of world sheet metric. Variation with respect to σ will give the constraint and

by putting the solution back to the action, we get the Nambu-Goto action:

S = −2M2

∫
d2ξ
√
− det ρ (3.21)

where ρab = ηαβ∂ax
α∂bx

β is the induced metric on the world sheet.

3.2 Gravity Models in AdS Space

Since we will be focusing on Chern-Simons gravity along with the Einstein-Hilbert action,

here we give a brief review of gravity models in anti-de Sitter spacetime. The most general

gravity model in d dimensions that gives equations of motion which are at most of the second

order in time-derivatives is described by the Lovelock action [32]:

I = κ

∫ [d/2]∑
p=0

αpL
(p) (3.22)

Here αp’s are arbitrary constants and L(p) are differential forms constructed as products of

the vielbein and curvature,

L(p) = εa1a2···adR
a1a2 · · ·Ra2p−1a2pea2p+1 · · · ead (3.23)

As usual, the curvature 2-form is defined in terms of the spin connection ωab as

Rab = dωab + ωac ∧ ωcb (3.24)

Different choices of the coefficients αp in (3.22) will lead to different theories. The equa-

tions of motion are derived via independent variations with respect to frame fields and spin
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connection. The variation of Rab with respect to ωab is:

δRab = dδωab + δωacω
cb + ωacδω

cb = D(δωab) (3.25)

Thus by integration by parts and noticing T a = Dea = dea +ωabe
b is the torsion 2-form, the

variation of the action (3.22) takes the form

δI =

∫
(δeaEa + δωabEab) (3.26)

Ea =

[ d−1
2

]∑
p=0

ap(d− 2p)E (p)a (3.27)

Eab =

[ d−1
2

]∑
p=0

ap(d− 2p) p E (p)ab (3.28)

where

E (p)a = εab2···bdR
b2b3 · · ·Rb2pb2p+1eb2p+2 · · · ed (3.29)

E (p)ab = εabb3···bdR
b3b4 · · ·Rb2p−1b2pT b2p+1ea2p+2 · · · ebd (3.30)

The equations of motion for Lovelock gravity are thus given by

Ea = 0, Eab = 0 (3.31)

These equations do not necessarily imply the vanishing of the torsion T a, except in 2+1

dimensions. But T a = 0 is obviously a solution automatically satisfying the second equation,

and in many cases this choice is made. When the choice of zero torsion (T = 0) is made,

i.e., for a Riemannian manifold, ea and ωab are no longer independent but are related as

ωabµ = eaλ ∂µe
λb + eaλ Γλµρ e

ρb (3.32)



CHAPTER 3. SINGLE PARTICLE ACTION 26

Here Γλµρ is the standard Christoffel symbol given by

Γλµρ =
1

2
gλσ
[
−∂gµρ
∂xσ

+
∂gσµ
∂xρ

+
∂gρσ
∂xµ

]
(3.33)

To understand the equation of motion better, we group all terms in (3.27) into polyno-

mials involving powers of the curvature 2-form and write them as

εab1···bd−1

(
Rb1b2 + β1e

b1eb2
)
· · · (Rb2k−1b2k + βke

b2k−1ebk)eb2k+1 · · · ebd−1 = 0 (3.34)

where the βi are given in terms of the αp’s. This equation can have several different solutions,

characterized by the coefficients βi. They are all spaces with constant curvatures. So for

the general equation, there could be different asymptotic behaviors along different spatial

directions, which could make the theory rather involved. In many cases, one makes a simple

choice setting all β’s equal, βi = 1/R2. This is equivalent to making specific choices for the

coefficients αp in (3.22) given by

αp =


R2(p−k)

d−2p C
k
p , p ≤ k

0, p > k
(3.35)

Here 1 ≤ k ≤ [d− 1]/2. The Einstein-Hilbert action with negative cosmological constant is

given by k = 1 and Chern-Simons gravity is given by k = [(d− 2)/2]. These theories admit

the same vacuum solution, with the cosmological constant related to the scale factor as

Λ = −(d− 1)(d− 2)

R2
(3.36)

Later in this thesis, we will consider the Chern-Simons action with the addition of the

Einstein-Hilbert action. To avoid conflict between the vacuum solutions allowed by the two
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theories, we will choose the cosmological constant to be the same for both.

3.3 Single Particle Dynamics from the EIH Method

In this section, we will construct the single particle action for AdS5 by following the idea of

Einstein-Infeld-Hoffmann. Particles will be treated as singularities in spacetime, considered

as the point-particle limit of instantons in four dimensions, relating the boundary integral

surrounding these singularities to their masses.

We shall start with Chern-Simons theory. The Chern-Simons action in 5d spacetime M

is given by:

CS(A) = − ik

24π2

∫
M

Tr

(
AF 2 − 1

2
A3F +

1

10
A5

)
= − ik

24π2

∫
M

Tr

(
AdAdA+

3

2
A3dA+

3

5
A5

) (3.37)

Under variation of A, the change in the action is given by

δS = − ik

8π2

∫
Tr(δAFF ) + boundary term (3.38)

So the bulk equation of motion is FF = 0. Clearly F = 0 is a solution of this equation,

although it may not be the most general solution. In the case of Chern-Simons gravity, the

gauge field can be related to frame fields and spin connection as

A = − i
2
eaγa −

i

2
ωabΣab (3.39)

The field strength is thus given by

F = dA+ A2 = (Rab + eaeb)

(
− i

2
Σab

)
+ T a

(
− i

2
γa

)
(3.40)
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The solution F = 0 is equivalent to R = −e2, T = 0. With the scaling of ea →
√

12/R2 ea,

this corresponds to the AdS vacuum as expected.

Following Einstein-Infeld-Hoffmann, we now consider field configurations with a number

of singularities. These will be a number of points on a spatial slice, i.e., a number of

lines in spacetime. We consider the manifold after removing a small neighborhood of each

singularity, thus a small sphere for the spatial slice M , or a small tubular neighborhood for

the spacetime. The vacuum field equations are imposed on this manifold. Since this implies

zero curvature, the gauge field is effectively a pure gauge. The Chern-Simons form for a pure

gauge, reduced to one dimension, will be of the coadjoint orbit form. So we expect that the

point-particle action can be easily obtained for Chern-Simons gravity by reducing it to the

vacuum manifold with the singularities removed. This is also in line with the fact that the

Chern-Simons terms and the coadjoint orbit actions are essentially topological in nature.

Since we are discussing gauge fields in five dimensions, the natural candidate for a con-

figuration which can have point-like properties and nontrivial integrals on the surfaces sur-

rounding the singular points is the instanton. So we will consider instantons, taking the

scale size to be infinitesimal, effectively shrinking them to zero size. The field strength will

be localized to a point in this limit. This can be viewed as the point-like singularity in the

EIH language.

Specifically for SO(4, 2), we will consider the instantons in the SO(4) subgroup. It will

represented as the field configuration A = a. This is a static, time-independent configuration

in 5 dimensions. (Essentially, the instanton is a soliton from the 5d point of view.) Collective

coordinates for the motion of this “particle” can be introduced by an SO(4, 2) transforma-

tion since the latter will correspond to Lorentz transformations and translations. Thus the

configuration of interest should be the gauge transformation of the singular solution a, i.e.,

A = g−1ag + g−1dg (3.41)
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The group element g will be taken to be time-dependent and this captures the dynamics of

the particle.

We will actually consider a number of singular points, not just one, corresponding to in-

stantons localized at several spatial points {xα}. We remove small spheres {Cα} surrounding

these points from the manifold, so that the spatial slice is M − {Cα}. Again, away from

these points, the field strength is well approximated by the vacuum configuration F = 0, so

we can take F = 0 on M − {Cα}.

The Chern-Simons action can now be written in terms of singular gauge field a and the

group element g as

CS(A) = CS(a)− ik

240π2

∫
Tr(dgg−1)5

+
ik

48π2

∮
∂M

Tr

(
dgg−1(ada+ daa+ a3) + a(dgg−1)3 − 1

2
(dgg−1a)2

)
− ik

48π2

∮
Cα

Tr

(
dgg−1(ada+ daa+ a3) + a(dgg−1)3 − 1

2
(dgg−1a)2

) (3.42)

This equation reveals a certain difficulty with using the Chern-Simons action. It is not

gauge-invariant if the manifold has a boundary. The starting action, before we introduce the

instantons, can be made gauge-invariant by adding a boundary term Sb(A,ψ) (which may

depend on the gauge fields and on some matter-type fields ψ) for the boundary of the whole

manifold. We refer to this as the outer boundary term to distinguish it from the boundaries

around each singularity when we consider point-like instantons. The particular form of

this outer boundary term is not important, except that it should be taken to transform

nontrivially under a gauge transformation in such a way as to cancel the outer boundary

gauge anomaly as well as the term (dgg−1)5 in (3.42). Thus we postulate that there is a

boundary term, defined on ∂M × R, with the property

Sb(A,ψ
g) = Sb(a, ψ) +

ik

240π2

∫
Tr(dgg−1)5
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− ik

48π2

∮
∂M

Tr

(
dgg−1(ada+ daa+ a3) + a(dgg−1)3 − 1

2
(dgg−1a)2

)
(3.43)

Examples of such terms are provided by the effective actions for field theories with anomalies

in four dimensions. We may even replace Sb(A,ψ) by an effective action

eiSeff(A) =

∫
[Dψ] eiSb(A,ψ) (3.44)

defined by a field theory with action Sb(A,ψ).

Based on the arguments given above, we modify the starting point of our analysis to be

given by the action

S = CS(A) + Sb(A,ψ) (3.45)

This ensures gauge invariance of the action in general, before we introduce the instantons.

It should be emphasized that this gauge invariance is the sole reason for the term Sb(A,ψ).

Evaluating this action on the configurations A = g−1ag + g−1dg, we find

S(A,ψg) = S(a, ψ)− ik

48π2

∮
Cα

Tr

(
dgg−1(ada+ daa+ a3) + a(dgg−1)3 − 1

2
(dgg−1a)2

)
(3.46)

The contribution of the Chern-Simons term in (3.42) is proportional to Tr(a)5 because a is a

pure gauge outside the singularities, with da = −a2. And by our assumption, a is a spatial

instanton solution at fixed time t, thus a5 must vanish since at = 0. The only nonvanishing

relevant term is the last one in (3.42), or (3.46), which simplifies as

S = − ik

48π2

∮
Cα

Tr

(
−dgg−1a3 + a(dgg−1)3 − 1

2
(dgg−1a)2

)
(3.47)

Since g describes collective coordinates and so does not change the instanton number, g

should contain no singularity (or it should be topologically trivial). This requirement elimi-
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nates the last two terms because the angular derivatives will vanish while we shrink the size

of instantons to zero to ensure regularity. So finally the action is reduced to

S = − ik

48π2

∑
α

∮
Cα

Tr
(
−∂0gg−1a3

)
(3.48)

We now need the more specific form of the instanton configuration. In the spinorial

representation, SO(4) splits into two SU(2)’s corresponding to the upper and lower 2 × 2

blocks. We thus have SU(2) × SU(2) instantons, for which we can choose the following

parametrization, which is valid on M − {Cα},

a = t1U
−1dU, U = φ0 + iσiφ

i, φ2
0 + φ2

i = 1 (3.49)

σi are the Pauli matrices. The matrix t1 is a projection operator which identifies the SU(2)

subgroup for the instantons; i.e.,

t1 =

1 0

0 0

 or

0 0

0 1

 (3.50)

With this choice of the field configuration, a3 is worked out to be:

a3 = t1εµναβφ
µdφνdφαdφβ (3.51)

Note this expression is proportional to the standard winding number definition of a S3 →

SU(2) map so its integration will lead to the instanton number Qα.

S =− ik

4

∑
α

∮
Cα

Tr(−t1∂0gg−1dt
1

12π2
εµναβφ

µdφνdφαdφβ)

=− ik

4

∑
α

∫
dtTr(t1g

−1∂0g) ·Qα

(3.52)
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In the second line we also made a change g → g−1 for easy comparison with the actions

quoted earlier in this chapter.

For the two different possibilities of t1 (of course there are various ways of embedding

SU(2) in SO(4) but the simplest ways are sufficient for our purposes now), we can take

different instanton solutions but we would like them to reside on the same set of {xα} only

with differences in winding numbers {Q1
α, Q

2
α}. In this case, combining the two solutions,

we get

S =− ik

4

∑
α

∫
dtTr

(
1 + Γ0

2
Q1
α +

1− Γ0

2
Q2
α

)
g−1∂0g

=− ik

8

∑
α

(Q1
α −Q2

α)

∫
dtTr(Γ0g

−1dg)

(3.53)

Γ matrices are given in (3.8). Then we can obsorb the matrix S which relates Γ matrices to

γ matrics into the group element g:

Γµ = SγµS
−1 (3.54)

Then choosing g as in (3.1), we get the multi-particle action, from the reduction of the CS

action to instantons, as

S =
∑
α

∫
k

4
(Q1

α −Q2
α)ηµνΛ

µ
0

dxν

z
(3.55)

So far we have focused on the Chern-Simons form for gauge fields, which have the form

(3.39) in terms of the vielbein and the spin connection. But for the case of parity-preserving

AdS gravity, two copies of Chern-Simons action are required, and the action is given by

S = CS(AL)− CS(AR) + Sb(AL, ψ)− Sb(AR, ψ′) (3.56)
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where AL and AR are related to vielbein and spin connection as:

AL = − i
2

(
ωabΣab + eaγa

)
AR = − i

2

(
ωabΣab − eaγa

) (3.57)

In this case, the second gauge field AR can be parametrized as follows:

Ã = g̃−1ag̃ + g̃−1dg̃,

g̃ =

 1/
√
z 0

−iX̃/
√
z
√
z

Λ, X̃ = x0 + ~x · ~σ
(3.58)

Although g and g̃ have different parametrizations, it can be proved that e and ω in AL and

AR are the same. One could follow the same path as before and get a coadjoint orbit action

for AR part as

S̃ = −
∑
α

∫
k

4
(Q1

α −Q2
α)ηµνΛ

µ
0

dxν

z
(3.59)

Here we require the two copies of gauge field to have the same instanton positions and

instanton numbers. The combination of CS(AL) and CS(AR) then leads to the action

S =
∑
α

∫
k

2
(Q1

α −Q2
α)ηµνΛ

µ
0

dxν

z
(3.60)

which is the correct particle action for the coadjoint orbit in AdS5 (for the translational

degrees of freedom) if we make the following identification:

mR =
k

2
(Q1

α −Q2
α) (3.61)

In summary, we have shown that the action (3.56) for gravity in five dimensions leads to

the coadjoint orbit action for the dynamics of particles defined as field configurations which
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are point-like singularities. At this stage, the particles are noninteracting. We expect this is

tied to the topological nature of the Chern-Simons form. Clearly a key question of interest

would be to add to the action other terms, such as the Einstein-Hilbert action, and see if that

would lead to an interacting multi-particle system. This is the subject of the next chapter.



Chapter 4

Particle Interaction

Chern-Simons gravity when reduced to point-particle configurations along the lines of the

EIH method led to the coadjoint orbit action for particles. But as mentioned at the end of

the last chapter, the particles were noninteracting. We may envisage a modification of the

background due to the point-particles or instantons, in other words, the back reaction of the

instantons. But, at least to the lowest (i.e., second) order in perturbation theory, the Chern-

Simons action does not lead to propagating fields in the bulk away from the singularities.

This is the reason for the absence of the interactions. The addition of other terms to the

action can presumably change this. In this chapter, we will modify the starting action by

the addition of the standard Einstein-Hilbert term. The most important reason for choosing

this particular modification is that both CS and EH actions admit vacuum AdS5 space as

the solution to their field equations. This requirement makes EH action rather special.

Besides the possibility of a common vacuum solution, parity is another reason why

Einstein-Hilbert action is preferred in combination with Chern-Simons action to generate

particle interactions. When we construct particle dynamics in last chapter, even if we do not

add the CS(AR) piece, the theory still makes sense. However, it is not parity-preserving.

Once we have the parity-preserving combination CS(AL)−CS(AR), the EH action is natural

35
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if we want to modify the theory. We will see that the addition of Einstein-Hilbert action

can successfully generate interactions, by treating the interaction as a perturbation in the

metric tensor. In the non-relativistic limit, not surprisingly, we will see that the interaction

will reduce to the usual Coulomb potential between particles.

4.1 Parity Operation

The parity operation will play a crucial role in what follows, so we will start by defining the

parity properties carefully.

The group SO(4, 2) has two chiral components obeying the same Lie algebra relations.

Denote one set of generators by ta with the Lie algebra commutation rules,

[ta, tb] = ifabctc (4.1)

Its chiral conjugate (Lie algebra conjugate) is given by −tTa , where the superscript T denotes

the matrix-transpose. We then define the parity conjugation matrix as

C =

σ2 0

0 σ2

 (4.2)

In terms of this matrix C, the parity conjugation operation is defined by

P (ta) = tPa = C(−tTa )C (4.3)

For our choice of γa matrices, and the corresponding Σab = [γa, γb]/4i, they behave under

parity operation as:

P (γa) = −γa, P (Σab) = Σab (4.4)
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The parity operation acting on the gauge fields is therefore given by

P (AL) = − i
2

(
ωabP (Σab) + eaP (γa)

)
= − i

2

(
ωabΣab − eaγa

)
= AR

(4.5)

The parity conjugation of the Chern-Simons action is then obtained as

P (CS(AL)) = (−1)

[
− ik

24π2

]
Tr

[
APLdA

P
LdA

P
L +

3

2
(APL)3dAPL +

3

5
(APL)5

]
=

ik

24π2
Tr

[
ARdARdAR +

3

2
A3
RdAR +

3

5
A5
R

]
= −CS(AR)

(4.6)

The Chern-Simons action defined in the previous chapter, namely, equation (3.37) has an

overall minus sign. Using that expression for AL and carrying out a parity transformation,

we get the transformations of the Lie algebra elements and an overall sign change (explicitly

indicated in the first line) due to the change of orientation for the volume element. This

is how P (CS(AL)) is obtained above. Equation (4.6) tells us that the parity-even Chern-

Simons action should have a minus sign between left- and right-handed parts,

S = CS(AL) + CS(APL) = CS(AL)− CS(AR) (4.7)

This is exactly the form we used in the last chapter. Now we will show that Einstein-Hilbert

action is also parity even under this conjugation. From (3.57) we can solve for e and ω in

terms of gauge fields AL, AR as

ea =
i

4
ηac Tr [γc(AL − AR)] , ωab =

i

2
ηacηbd Tr [Σcd(AL + AR)] (4.8)
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Correspondingly, the curvature and torsion 2-forms are given in terms of field strengths as

T a =
i

4
ηac Tr [γc(FL + FR)] (4.9)

(R− e2)ab =
i

2
ηacηbd Tr [Σcd(FL − FR)] (4.10)

With these expressions, the Einstein-Hilbert action can be written using the gauge fields and

the field strengths as

SEH =
i

192πG

∫
Tr(FL + FR)(AL − AR)3 (4.11)

It is then straightforward to see that SEH is invariant under parity transformation as we

have defined above,

P (SEH) = − i

192πG

∫
Tr(F P

L + F P
R )(APL − APR)3

= − i

192πG

∫
Tr(FR + FL)(AR − AL)3

= SEH

(4.12)

The parity operation and the transformation of various fields and actions will be useful

in working out the perturbation expansions. We can work out results for the one chiral

component and obtain the results for the other by the parity transformation. This will

simplify the calculations significantly.

4.2 Perturbative Expansion

We expect to see interactions between particles. When interactions are present, assuming

they are small, there will be small deviations in the metric from the AdS-flat background.
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Thus we propose to consider the following modification to the field, A→ A′ with

A′ = g−1(a+ δa)g + g−1dg (4.13)

The corresponding deviation in the metric tensor and its inverse are defined by

g′µν = gµν + hµν , g′µν = gµν − hµν (4.14)

δa is written in term of δe and δω, and the relation between the change in the frame field

and the change in metric is given by:

e′aµ = eaµ + faµ , hµν = ηab(e
a
µf

b
ν + eaνf

b
µ + faµf

b
ν) (4.15)

In the perturbative expansion up to quadratic order in hµν , we can safely use the first order

relation of hµν , which is approximated by:

eaµf
a
ν = eaνf

a
µ =

1

2
hµν (4.16)

With this preliminary items, we are ready to write down the perturbative expansion of

the Einstein-Hilbert action and the Chern-Simons action. The EH action expanded up to

2nd order in hµν is given by (see Appendix for detailed calculation),

S(g + h) = S(0) + S(1) + S(2) + · · · (4.17)

S
(0)
EH =

∫
(R− 2Λ)

√
−g d5x (4.18)

S
(1)
EH = −

∫
hµν

(
Rµν −

1

2
gµνR + gµνΛ

)√
−g d5x (4.19)
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S
(2)
EH =

∫ {
1

4
hµν(∇2 + 2Λ)hµν −

1

8
h(∇2 + 2Λ)h+

1

2

(
∇αhαµ −

1

2
∇µh

)2

+
1

2
hµλhνσRµνλσ +

1

2

(
hµλhνλ − hhµν

)
Rµν +

1

8

(
h2 − 2hµνhµν

)
R

}√
−g d5x

(4.20)

The first order term actually gives the field equation. If we choose our background as AdS

flat, its bulk contribution is zero, so that we can reduce the above equations to

SEH = S
(0)
EH + S

(2)
EH (4.21)

Boundary terms have been omitted. First order boundary term can be regulated by adding

the Gibbons-Hawking-York term,

Sb =

∮
K
√
γdD−1x (4.22)

Second order boundary terms actually will be of higher order for the interactions, because

they will involve two bulk propagators, so we will not consider them for now. (See comments

later.) So we will only focus on the bulk terms in the expansion of EH action. The expansion

of Chern-Simons action is straightforward, and the result is:

CS(A+ δA) = CS(0)(A) + CS(1)(δA,A) + CS(2)(δA,A) (4.23)

CS(0)(A) = − ik

24π2

∫
Tr

(
AdAdA+

3

2
A3dA+

3

5
A5

)
(4.24)

CS(1)(δA,A) = − ik

8π2

∫
Tr(δAFF )− ik

24π2

∮
Tr

[
δA

(
dAA+ AdA+

3

2
A3

)]
(4.25)

CS(2)(δA,A) = −
∫

ik

24π2
Tr
[
3DδAδAF − δA2(AF + FA)

]
−
∮

ik

24π2
Tr

(
δAFDδA− δA2F +

1

2
δA2A2 − 1

4
δAAδAA

) (4.26)

where D is the gauge covariant derivative. Again, we will take the AdS vacuum (with the
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same cosmological constant as for the EH part) as the background, so F = 0. With this

choice, the bulk terms in the first and second order expansions both vanish. (The vanishing

of the bulk second order term is the reason for there being no bulk propagator just from the

CS action, and hence no interactions to this order just from the CS action, as mentioned

at the beginning of this chapter.) And the boundary term of 2nd order will be dropped for

reasons similar to the case of the EH action, namely, it will involve two bulk propagators

and so will be of higher order than the lowest corrections we are interested in. So only

the boundary term from the 1st order expansion contributes, so that to the order we are

interested in,

CS(A+ δA) = − ik

24π2

∫
Tr

(
AdAdA+

3

2
A3dA+

3

5
A5

)
− ik

24π2

∮
Tr

[
δA

(
dAA+ AdA+

3

2
A3

)] (4.27)

When the background gauge field A is a pure gauge dA = −A2, the above result reduces to:

CS(A+ δA) = − ik

240π2

∫
Tr(A5) +

ik

48π2

∮
Tr(δAA3) (4.28)

4.3 Equation of Motion

By perturbative expansion, we have an action up to quadratic order in the metric variation

hµν . Treating hµν as dynamic variables, we can solve for it via its equations of motion,

obtained by taking a variation of S with respect to hµν :

δS

δhµν
= 0 ⇒ solution of hµν ⇒ interaction (4.29)

One has to keep in mind that in deriving (4.20), the second order expansion of Einstein-

Hilbert action, zero torsion condition is always implicitly kept. This assumption has to be
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obeyed by δA, meaning that δe and δω are not independent perturbations. With the relation

between ω and e given in (3.32), we can solve for δω in terms of δe as

δωabµ = −eρaeλb∇ρhλµ (4.30)

Notice that our construction of SEH involves both left- and right-handed gauge fields. So we

need to be careful to ensure the perturbations do not break parity. To take account of this,

the parametrization of gauge fields will be slightly altered to

AL = g−1(aL + δaL)g + g−1dg

AR = g−1(aR + δaR)g + g−1dg

(4.31)

Unlike in last chapter, here the same group element g is used for parametrization of AL and

AR. And the explicit form of g is also altered:

g = S−1ΛV, V =

√z iX̃√
z

0 1√
z

 (4.32)

With this parametrization, the gauge field A can be written as

A = g−1ag + g−1dg

= V −1
[
Λ−1SaS−1Λ + (Λ−1S)d(S−1Λ)

]
V + V −1dV

= V −1ãV + V −1dV

(4.33)



CHAPTER 4. PARTICLE INTERACTION 43

We have absorbed the S−1Λ factor into the instanton part, now named as ã. The Chern-

Simons action is similar to (3.42):

CS(A) = CS(ã)− ik

48π2

∮
Cα

Tr

(
dV V −1(ãdã+ dãã+ ã) + ã(dV V −1)3 − 1

2
(dV V −1ã)2

)
(4.34)

Upon using the new parametrization, we can show that the result obtained in last section

does not change. Starting from (3.55),

S = − ik

48π2

∮
Cα

Tr
(
−dV V −1ã3

)
(4.35)

The instanton part will be simplified similarly:

Tr(ã3) = Tr
[
Λ−1SaS−1Λ + (Λ−1S)d(S−1Λ)

]3
= Tr

[
a+ d(S−1Λ)(Λ−1S)

]3
(4.36)

The winding number is a topological quantity. Any two gauge fields related by continuous

and regular gauge transformations will give the same result. According to our assumption,

the group element g is regular, so is its Lorentz transformation part Λ. Therefore, we

conclude that ∫
S3

Tr
[
a+ d(S−1Λ)(Λ−1S)

]3
=

∫
S3

Tr(a3) (4.37)

Using the same argument as in last chapter, we conclude that a3 is the instanton density,

which gives the instanton numbers upon integration over the spatial S3 spheres. For ã3,

before taking the trace, we have to keep track of the S−1Λ factors. This gives

ã3 = 12π2Λ−1S

[
1

2
(1 + Γ0)Q

1
α +

1

2
(1− Γ0)Q

2
α

]
S−1Λ

= 12π2Λ−1
[

1

2
(1 + γ0)Q

1
α +

1

2
(1− γ0)Q2

α

]
Λ

(4.38)
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Consequently, the instanton part remains the same as in (3.53):

ik

48π2

∮
(V −1dV ã3) =

k

4

(
Q1
α −Q2

α

)
Λµ

0ηµν
dxν

z
(4.39)

The right-handed part can be obtained without explicit calculation by using the parity

transformation. In Tr(V −1dV ã3), we need odd numbers of γ-matrices to ensure non-zero

trace. The γ matrix will flip sign after parity transformation, while Σ’s stay the same.

Keeping in mind that there is an overall sign change in volume element, the final result is

parity-even and reads

ik

48π2

∮
(V −1dV ãL

3) =
ik

48π2

∮
(V −1dV ãR

3) =
k

4

(
Q1
α −Q2

α

)
Λµ

0ηµν
dxν

z
(4.40)

This just reproduces (3.60).

When the perturbation δã enters the Chern-Simons action, CS(ã) is no longer zero. From

the second line in (4.27), it acquires a boundary term propotional to the variation:

CS(1) = − ik

24π2

∮
Tr

[
δã

(
dãã+ ãdã+

3

2
ã3
)]

=
ik

48π2

∮
Tr
(
δãã3

)
=
ik

8
(Q1

α −Q2
α) Tr(δaΛ−1γ0Λ)

=
ik

8
(Q1

α −Q2
α) Tr

[
− i

2
(δecγc + δcdΣcd)Λ

a
0γa

]
=
k

4
(Q1

α −Q2
α)Λa

0ηacδe
c

(4.41)

We must also include the parity transform of above result. Again, We need odd numbers

of γ-matrices in total so that the trace product does not vanish. Taking into account the

overall sign change from the volume element, we conclude that the parity transform of CS(1)
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is the same:

CS(1)(aL) + CS(1)(aR) =
k

2
(Q1

α −Q2
α)Λa

0ηacδe
c = mRΛa

0ηacδe
c (4.42)

This result can be further simplified as follows. Consider the usual action for a single particle

given by

S = −m
∫
ds = −m

∫ √
−gµνdxµdxν (4.43)

The energy-momentum tensor corresponding to this is obtained by varying S with respect

to the metric tensor and gives

T µν =
2√
−g

δS

δgµν
= m

∫
dτ
δ(5)(x− x(τ))√

−g
dxµ

ds

dxν

dτ
(4.44)

Multiplying this by eνaδe
a
µ and integrating we find

∫ √
−g T µνeνaδeaµ = m

∫
dxν

ds
eνaδe

a
µdx

µ (4.45)

Notice that dxν

ds
eνa behaves as a Lorentz group element since

ηab
dxν

ds
eaν
dxµ

ds
ebµ = 1 ⇒ dxν

ds
eaν = Λa

0 (4.46)

Using this result, ∫ √
−g T µνeνaδeaµ = m

∫
Λa

0ηabδe
b (4.47)

We now see that the correction term (4.42) can be viewed as an integral involving the

energy-momentum tensor for a free particle, with the identification of Λa
0 from g as the
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quantity dxν

ds
eaν . Thus we can write

CS(1)(aL) + CS(1)(aR) = R

∫ √
−g T µνeνaδeaµ =

1

2

∫ √
−g T µνhµν (4.48)

Here we shall notice that the vieblein we write down before actually has absorbed a factor

of 1/R. After restoring the factor, there’s no R dependence in the integral. In addition to

this, there will be more terms in CS(ã) involving both V −1dV and δa. Setting these aside

for the moment, we turn to the EH action. Schematically, we can write the second order

perturbation of the EH action as

S
(2)
EH =

1

2

∫ √
−g hµν Lµναβ hαβ (4.49)

The operator Lµναβ is what is known as the Lichnerowicz operator. The variation of S
(2)
EH

with respect to hµν is:

δhS
(2)
EH =

∫ √
−g δhµν Lµναβhαβ (4.50)

To the order we are calculating, we can solve for the perturbation hµν using its equation

from this variation, obtained as

δhS =
1

2

∫ √
−g T µνδhµν +

∫ √
−g δhµν Lµναβhαβ = 0

or Lµναβhαβ +
1

2
T µν = 0 (4.51)

We now define the Green’s function for the Lichnerowicz operator by

LµνρλGρλαβ(x, x′) =
δ(5)(x− x′)√

−g
1

2

(
δµαδ

ν
β + δµβδ

ν
α

)
(4.52)

Indeed there’re extra gauge degrees of freedom and they must be addressed before defining
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the Green’s function otherwise there’ll be zero modes which are not invertible. This will

be taken care of later, for example, by choosing the harmonic coordinate condition. The

solution of this equation for hµν and the action evaluated on this solution are given by

hµν(x) = −1

2

∫
dy
√
−g Gµνρλ(x, y)T ρλ(y) (4.53)

S(2)(h) = − 1

16

∫
dx
√
−g
∫
dy
√
−g Gµναβ(x, y)T µν(x)Tαβ(y) (4.54)

This term of the action should contain the gravitational interaction between the particles to

the order we are calculating. To simplify things further, we will need an explicit formula for

the Green’s function. An explicit expression has been derived in [10], but for our purpose

an approximation to the complete formula will suffice.

4.4 Particle Interaction

For the AdS vacuum background we have the relations

Rµναβ = − 1

R2
(gµαgνβ − gµβgνα), Rµν = −d− 1

R2
gµν

R = − 1

R2
d(d− 1), Λ = − 1

R2
(d− 1)(d− 2)

(4.55)

Thus S
(2)
EH reduces to

S
(2)
EH =

∫ √
−g
{

1

2R2
(hµνhµν + h2) +

1

4
hµν∇2hµν −

1

8
h∇2h

+
1

2

(
∇νhνµ −

1

2
∇µh

)2
} (4.56)

Further, there still exist extra redundant (gauge) degrees of freedom in the system, which

will allow us to choose a gauge condition to simplify the action. One such condition, which
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is commonly used and is convenient for our purpose, is harmonic coordinate condition or de

Donder gauge condition given by

∇νhνµ −
1

2
∇µh = 0 (4.57)

To simplify things further and bring out easily recognizable formulae, we consider a cluster

of particles. The scale of the cluster is assumed to be relatively small compared to the scale

of AdS background, or equivalently, we take R to be large. Thus, within the cluster, the

1/R2 factor in the equation can be neglected. The gauge condition and this approximation

will help us reduce the action to

S
(2)
EH =

1

8

∫ √
−g (2hµν∇2hµν − h∇2h)

=
1

8

∫ √
−g hµν (2gµαgνβ − gµνgαβ)∇2hαβ

Lµναβ =
1

4
(2gµαgνβ − gµνgαβ)∇2

(4.58)

So within the approximation mentioned, the Green’s function (4.52) for the Lichenrowicz

operator is easily obtained as

Gαβρλ(x, x
′) = −δ(t− r)

4π2r2

(
2gαρgβλ −

2

3
gαβgρλ

)
(4.59)

where the quantity r is the spatial distance between two particles r = |~x−~y| and t = x0−y0,

and we have chosen the retarded function as usual. Using the solution of hµν and Gαβµν in

(4.54) we get

S = −1

8

∫
dx
√
−g
∫
dy
√
−g Gµναβ(x, y)T µν(x)Tαβ(y)

=
1

12

∫
dx
√
−g
∫
dy
√
−g δ (x0 − y0 − |~x− ~y|)

4π2|~x− ~y|2
[
3T µν(x)Tµν(y)− T µµ(x)Tαα(y)

] (4.60)
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Since we are considering a cluster of particles, there should be a summation over individual

particles in the expression of energy-momentum tensor, i.e.,

T µν =
∑
i

mi

∫
dτ
δ(5)(xi − xi(τ))√

−g
dxµ

ds

dxν

dτ
(4.61)

The trace of T µν which is needed for (4.60) is given by

T µµ =
∑
i

mi

∫
dτ
δ(5)(xi − xi(τ))√

−g
dxµ

ds

dxµ
dτ

=
∑
i

mi

∫
ds

δ(5)(xi − xi(τ))√
−g

(4.62)

So the perturbed action, after solving the equation of motion of hµν and using its value back

in the action, is given by

S =
1

12

∫
d5xd5y

δ(x0 − y0 − |~x− ~y|)
4π2|~x− ~y|2

∫
dτdξ

∑
i,j

mimj

δ(5)(xi − xi(τ))δ(5)(xj − xj(ξ))
(

3
dxµ

ds

dxν

dτ

dyµ
ds

dyν
dξ
− 1

)
=

1

12

∑
i,j

mimj

∫
dτdξ

δ(x0i − x0j − |~xi − ~xj|)
4π2|~xi − ~xj|2

(
3
dxµi
ds

dxνi
dτ

dxjµ
ds

dxjν
dξ
− ds

dτ

ds

dξ

) (4.63)

In non-relativistic limit, at zeroth order, only the time-components will be important in the

4-velocities. The coordinate time t can be taken as equal to the proper time τ , so that

3
dxµi
ds

dxνi
dτ

dxjµ
ds

dxjν
dξ
− ds

dτ

ds

dξ
≈ 3

dx0i
dτi

dx0i
dτi

dx0j
dτj

dx0j
dτj
− dsi
dτi

dsj
dτj

= 2 (4.64)

And finally, in this limit, the perturbation to the action becomes

S =
1

6

∑
i 6=j

∫
dx0i

mimj

4π2r2ij
, x0j = x0i + |~xi − ~xj| (4.65)
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This corresponds to an attractive Coulomb potential between two particles, if the retardation

condition is also neglected.

In above discussion, we have ignored terms involving both dgg−1 and δa. Such terms

emerge from the boundary action we used to derive single particle action:

S(dgg−1, δa) = − ik

48π2

∫
Tr
{
dgg−1

[
(a+ δa)d(a+ δa) + d(a+ δa)(a+ δa) + (a+ δa)3

]}
= orbit action− ik

48π2

∫
Tr
[
dgg−1(daδa+ δada+ aδaa)

]
(4.66)

These terms in general do not vanish. In analyzing non-vanishing trace products, we note

that there are two possibilities. We can have a term where δe must be coupled with Σ part

in dgg−1. This will contain spin-orbit effects since the trace of dgg−1 with Σ refers to the

spin. We can also have δω coupled with γ part in dgg−1. Since δω involves the derivatives

of ea, this will correspond to multipole interactions, which can occur even in the absence

of spin. When particles are moving, the Coulomb field is Lorentz-contracted leading to an

effect which is not spherically symmetric and, along with retardation effects, generally gives

rise to velocity- and acceleration-dependent forces between particles. Such terms should be

the GR analog of the Darwin Lagrangian for particles interactions in electrodynamics.



Chapter 5

Summary

As a summary, in this thesis, I used the basic idea from Einstein-Infeld-Hoffmann that a

particle in spacetime manifold can be regarded as a singularity. A small region containing

the singularity has to be removed to ensure non-singular behavior of physical fields every-

where. The boundary condition on the spheres enclosing singularities will give the physical

characteristics of the singularities.

Following this philosophy, the particle action written in coadjoint orbit form in AdS5

was successfully constructed from Chern-Simons gravity. But this model lacks particle in-

teractions, due to the topological nature of Chern-Simons actions. To bypass the difficulty,

we propose the addition of Einstein-Hilbert action to the Chern-Simons action. To avoid

ambiguity, the cosmological constant in the two models should match.

Then we have shown that, by expanding the action around its vacuum background up to

the second order in perturbations, we can obtain interactions between the particles. The bulk

terms in the second order perturbation of the Einstein-Hilbert action leads to the propagator

for the gravitational field and this connects in the right way to the perturbations generated

by the Chern-Simons term, the latter being proportional to the single point-particle energy-

momentum tensor. This is what leads to the interactions. In non-relativistic limit, the classic
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Coulomb potential between particles is recovered.

However, there are also emerging spin-orbit couplings and multipole interactions between

the particles. We have not investigated these in any detail, these are topics for future work.

Also, the expansion beyond 2nd order has not been investigated. Additional nonlinear effects

in interactions may be found from higher order terms.



Appendix A

Perturbative Expansion of EH Action

The Einstein-Hilbert action is written as (we are working in 5d spacetime):

S =

∫ √
−g R d5x (A.1)

Variation with respect to the metric gµν gives the vacuum Einstein equation:

δS =

∫
δ(
√
−g)R d5x+

∫ √
−gδR d5x

=

∫ (
−1

2

√
−ggµνδgµν

)
Rd5x+

∫ √
−gRµνδg

µνd5x

=

∫ (
Rµν −

1

2
gµνR

)√
−gδgµνd5x

δS = 0 =⇒ Rµν −
1

2
gµνR = 0

(A.2)

Now we write the action using first order formalism:

S =
1

6

∫
εabcdeR

ab ∧ ec ∧ ed ∧ ed =
1

12

∫
εabcdeR

ab
αβe

c
µe
d
νe
e
ρε
αβµνρd5x

=
1

12

∫
εabcdeR

ab
αβe

α
me

β
nε
mncde det(e)d5x =

∫
Rab
αβe

α
ae

β
b det(e)d5x =

∫
R
√
−gd5x

(A.3)
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The variarion with respect to frame field ea is:

δeS =
1

2

∫
εabcdeR

ab ∧ ec ∧ ed ∧ δee =⇒ εabcdeR
abeced = 0 (A.4)

The variation with respect to connection ωab (thus Rab) is:

δωS =
1

6

∫
εabcdeδR

abecedee =
1

6

∫
εabcde(Dδω

ab)ecedee

=
1

6

∫
εabcdeD(δωabecedee) +

1

2

∫
εabcdeδω

ab(Dec)edee

=
1

6

∮
εabcdeδω

abecedee +
1

2

∫
εabcdeδω

abT cedee

(A.5)

If there’s no boundary, then the second part gives another equation of motion, which means

torsion is zero. When boundary is present, we must have a counter part to cancel the first

term. This is the well known Gibbons-Hawking-York boundary term: the trace of extrinsic

curvature.

Sb = −1

6

∮
εabcdeθ

abecedee, θab = ωab − ω̄ab, δθab = δωab (A.6)

here ω̄ is the connection one-form from the cobordant manifold [21]. In local Gaussian

coordinate, near the boundary, metric has the following form:

ds2 = dz2 + hij(z, x)dxidxj (A.7)

Then the cobordant manifold is defined to be a product manifold at the boundary with its

metric given as:

ds̄2 = dz2 + hij(z = 0, x)dxidxj (A.8)

The explicit form of θab on the boundary, by its definition, is written as follows in Gaussian

coordinate (we use e1 = dz):

θ1a = −Kα
β e

a
αdx

β (A.9)
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with all other components vanished. Here i refers to local Lorentz indices, while α, β are

coordinates on the boundary.

A.1 First Order Perturbation

Now we want to study how the action behaves under perturbation. Instead of writing

g̃µν = gµν + δgµν , we use the frame field:

ẽaµ = eaµ + faµ (A.10)

Define its inverse field as:

ẽµa = eµa − fµa (A.11)

We have the following relation

(eaµ + faµ)(eνa − f νa ) = δνµ =⇒ faµe
ν
a − eaµf νa = 0, f va = eµaf

b
µe
ν
b (A.12)

In most cases, changes in metric are defined as:

g̃µν = gµν + hµν , g̃µν = gµν − hµν , hµν = gµαgνβhαβ (A.13)

The relations between h and f are:

hµν = δgµν = ηab(e
a
µf

b
ν + ebµf

a
ν ) = faν eaµ + faµeaν , h

µν = −δgµν = eaµf νa + eaνfµa (A.14)

It is useful to mention that, there’s hidden local symmetry in the above relation. If we look

at the term ηabe
a
µf

b
ν , generally it is possible to split it into symmetric and antisymmetric
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part:

eaµf
a
ν =

1

2
(eaµf

a
ν + eaνf

a
µ) +

1

2
(eaµf

a
ν − eaνfaµ) =

1

2
(hµν + tµν) (A.15)

The antisymmetric part is redundant. We can use the local symmetry to eliminate it. The

extra freedom comes from local Lorentz invariance:

ds2 = ηab(S
a
ce
c)(Sbde

d) = ηcde
ced (A.16)

S is the local Lorentz boost matrix. Infinitesimally, we can write Sab = δab + θab. Apply it

to the perturbed frame fields:

Sabe
′b
µ = (δab + θab)(e

b
µ + f bµ) = eaµ + θabf

b
µ + θabe

b
µ + f bµ

= eaµ + θabf
b
µ + eaαg

αλ(θλµ + fλµ)

(A.17)

Then we can appropriately choose θλµ to cancel the antisymmetric part in fλµ. Consequently,

up to first order, the change in metric is related to change in frame fields as:

eaµf
a
ν = eaνf

a
µ =

1

2
hµν (A.18)

The perturbed Einstein-Hilbert action is:

S̃ =

∫
R̃ab
αβ ẽ

α
a ẽ

β
b det(ẽ)d5x =

∫
(R + δR)abαβ(e− f)αa (e− f)βb det(e+ f)d5x (A.19)

The determinant can be expanded in powers of f :

det(e+ f) = det(e) · det
(
1 + e−1f

)
= det(e) · exp

[
tr
(
log
(
1 + e−1f

))]
≈ det(e) · exp

[
tr
(
e−1f

)]
≈ det(e) · [1 + tr

(
e−1f

)
]

= det(e) · (1 + eµaf
a
µ) = det(e) · (1 + eaµf

µ
a )

(A.20)
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So up to first order, the perturbed EH action is:

S̃ =

∫ (
Rab
αβe

α
ae

β
b − 2Rab

αβe
α
af

β
b +Rab

αβe
α
ae

β
b e

c
µf

µ
c

)
det(e)d5x (A.21)

Variation with respect to f gives:

δf S̃ = −
∫ (

2Rab
αβe

α
a −Rmn

µν e
µ
me

ν
ne
b
β

)
δfβb det(e)d5x (A.22)

By requiring it to vanish, we get the equation of motion, which is the vacuum Einstein

equaiton as expected:

δf S̃ = 0 =⇒ Rab
αβe

α
a −

1

2
Rmn
µν e

µ
me

ν
ne
b
β = 0 (A.23)

We have not included the boundary term contained in δR:

δfR
ab = Dδfω

ab + δfω
a
c ∧ δfωcb (A.24)

The second term is second order which will be discussed later. The first term gives the

boundary action:

Sb =
1

6

∮
εabcdeδω

abecedee = −2

∮
δωabµ e

µ
ae
σ
b det(e)dSσ (A.25)

The change in spin-connection, by requiring compatibility with zero-torsion condition, is:

δωabµ =
1

2

[
eαb(∇αf

a
µ −∇µf

a
α) + eαa(∇µf

b
α −∇αf

b
µ)− eαaeβb(∇αf

k
β −∇βf

k
α)eµk

]
(A.26)
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The fully covariant derivative is defined as:

∇αξ
a
µ = ∂αξ

a
µ − Γλαµξ

a
λ + ωaαbξ

b
µ, ∇αξ

µ
a = ∂αξ

µ
a + Γµαλξ

λ
a − ωbαaξ

µ
b (A.27)

Its action on both metric and frame fields (and their inverse) should vanish, because of zero

torsion:

∇µg
αβ = ∇µgαβ = ∇µe

a
α = ∇µe

α
a = 0 (A.28)

Put (A.26) back into the boundary term (A.25):

Sb =−
∮ [

gασ(∇αf
a
µ −∇µf

a
α)eµa + gαµ(∇µf

b
α −∇αf

b
µ)eσb

−gαµgβσ(∇αf
k
β −∇βf

k
α)eµk

]
· det(e)dSσ

=− 2

∮ [
gασ∇α(faµe

µ
a)− gασ∇µ(faαe

µ
a)
]
· det(e)dSσ

(A.29)

The second term vanishes because the tangential derivative of δgµν on the boundary must

vanish: ∮
gασgµν∇µδgανdSσ = −

∮
∇µδg

µσdSσ = 0 (A.30)

The first term is the same as we vary the trace of extrinsic curvature:

Sb = −2

∮
∇α(faµe

µ
a) det(e)dSα = −2

∮
∇α(gµνfaµeaν) det(e)dSα

= −
∮
gµν∇αδgµν det(e)dSα

(A.31)

So up to first order, this reproduces what we’ve known: the bulk equation is vacuum Einstein

equation and the boundary term is the trace of extrinsic curvature.
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A.2 Second Order Perturbation

Up to second order, the perturbation in metric is:

δgµν =ηab(e+ f)aµ(e+ f)bν − ηabeaµebν = (faµeνa + faν eµa) + ηabf
a
µf

b
ν

δgµν =ηab(e− f)µa(e− f)νb − ηabeµaeνb = −(eaµf νb + eaνfµa ) + ηabfµa f
ν
b

hµν =(faµeνa + faν eµa) + ηabf
a
µf

b
ν = h(1)µν + h(2)µν

hµν =(eaµf νb + eaνfµa )− ηabfµa f νb = (h(1))µν + (h(2))µν

(A.32)

The perturbed action, up to second order, is:

S̃ =
1

6

∫
εabcdeR̃

abẽcẽdẽe

=
1

6

∫
εabcde(R

ab +Dδωab + δωakδω
kb)(e+ f)c(e+ f)d(e+ f)e

=
1

6

∫
εabcde

[
Rabẽcẽdẽe + δωakδω

kbecedee + (Dδωab)(ecedee + 3f cedee)
]

=
1

6

∫
εabcde

[
Rabẽcẽdẽe + δωakδω

kbecedee + 3δωab(Df)cedee
]

+
1

6

∮
εabcde

[
δωabecedee + 3δωabf cedee

]
=M1 +M2 +M3 +M4 +M5

(A.33)

We will calculate them seperately. In fact, because M4 and M5 represent boundary inter-

actions involving 2 propagators, by the argument in chapter 4, we shall ignore them for

now.
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Calculate M1

M1 =
1

6

∫
εabcdeR

abẽcẽdẽe =
1

12

∫
εabcdeR

ab
µν ẽ

c
αẽ

d
β ẽ

e
ρε
µναβρd5x

=
1

12

∫
εabcdeR

ab
µν ẽ

µ
mẽ

ν
nε
mncde det(ẽ)d5x

=

∫
Rab
µν ẽ

µ
a ẽ
ν
b det(ẽ)d5x =

∫
Rab
µν(e− f)µa(e− f)νb det(ẽ)d5x

(A.34)

Now, we need the expansion of determinant up to second order:

det(ẽ) = det(e+ f) = det(e) · det
(
1 + e−1f

)
= det(e) · exp

[
tr log

(
1 + e−1f

)]
≈ det(e) · exp tr

[
e−1f − 1

2
(e−1f)2

]
≈ det(e) ·

[
1 + tr(e−1f)− 1

2
tr(e−1f)2 +

1

2
tr2(e−1f)

]
(A.35)

So:

M1 =

∫
Rab
µνe

µ
ae
ν
b

[
1 + tr(e−1f)− 1

2
tr(e−1f)2 +

1

2
tr2(e−1f)

]
det(e)d5x

−
∫

2Rab
µνe

µ
af

ν
b [1 + tr(e−1f)] det(e)d5x+

∫
Rab
µνf

µ
a f

ν
b det(e)d5x

(A.36)

At second order, the trace tr(e−1f) gets a correction:

tr(e−1f) = eµaf
a
µ = gµνfaµeaν =

1

2
gµν(hµν − h(2)µν ) =

1

2
h− 1

2
gµνh(2)µν (A.37)

Since h(2) is already second order, we can use the first order relation (A.12):

h(2)µν =eabf
a
µf

b
ν ≈ eabe

a
ρf

ρ
k e

k
µf

b
ν

=f bνebρe
kαfρk gµα ≈

1

4
gµαh

αρhνρ

(A.38)
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Terms higher than second order have been ignored. So the trace now is:

tr(e−1f) =
1

2
h− 1

2
gµνf (2)

µν =
1

2
h− 1

8
hµνh

µν (A.39)

There are two more trace terms in the expansion of determinant:

tr2(e−1f) ≈ 1

4
h2

tr(e−1f)2 = eµaf
a
ν e

ν
bf

b
µ = gµαgνβfaν eaαf

b
µebβ

≈ 1

4
gµαgνβhναhµβ =

1

4
hµνh

µν

(A.40)

Then the determinant expanded in hµν is:

det(ẽ) = det(e) ·
[
1 + tr(e−1f)− 1

2
tr(e−1f)2 +

1

2
tr2(e−1f)

]
= det(e) ·

(
1 +

1

2
h− 1

4
hµνhµν +

1

8
h2
) (A.41)

The second term in M1 is:

2Rab
µνe

µ
af

ν
b [1 + tr(e−1f)] = 2Rρ

σµνe
a
ρe
bσeµaf

v
b [1 + tr(e−1f)]

≈ 2Rσνe
bσf νb (1 +

1

2
h)

= Rσν(h
σν + ηabfσa f

ν
b )(1 +

1

2
h)

≈ Rσνh
σν(1 +

1

2
h) +Rσνη

abfσa f
ν
b

(A.42)

Again, use the relation (A.12):

Rσνη
abfσa f

ν
b = Rσνη

abeµaf
k
µe

σ
kf

ν
b = Rσνe

bµf νb g
σαfkµekα

≈ 1

4
Rσνh

µνgσαhµα =
1

4
Rσνh

µνh σ
µ

(A.43)
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So:

2Rab
µνe

µ
af

ν
b [1 + tr(e−1f)] ≈ Rσν

[
hσν(1 +

1

2
h) +

1

4
hµνh σ

µ

]
(A.44)

The last term in M1 is:

Rab
µνf

µ
a f

ν
b = Rρσµνe

aρfµa e
bσf νb ≈

1

4
Rρσµνh

ρµhσν (A.45)

Collect all terms:

M1 =

∫ {
R

(
1 +

1

2
h− 1

4
hµνhµν +

1

8
h2
)
−Rσν

[
hσν(1 +

1

2
h)

+
1

4
hµνh σ

µ

]
+

1

4
Rρσµνh

ρµhσν
}
· det(e)d5x

(A.46)

Calculate M2 and M3

The second term is:

M2 =
1

6

∫
εabcdeδω

a
kδω

kbecedee

=
1

6

∫
ηklεabcdeδω

al
[µδω

kb
ν] e

c
αe

d
βe

e
ρε
µναβρd5x

=

∫
ηklεabcde

(
δωalµ δω

kb
ν − δωalν δωkbµ

)
eµae

ν
b det(e)d5x

(A.47)

Using the expression of δω in (A.26), we have:

ηklδωalµ δω
kb
ν e

µ
ae
ν
b =2gαρ

(
∇αh

µ
µ∇νh

ν
ρ −∇αh

µ
µ∇ρh

ν
ν −∇µh

µ
α∇νh

ν
ρ

)
ηklδωalν δω

kb
µ e

µ
ae
ν
b =gαρ

(
−1

2
∇αh

µ
ν∇ρh

ν
µ +∇αh

µ
ν∇µh

ν
ρ −

1

2
∇νh

µ
α∇µh

ν
ρ

)
+

1

2
gαρgβµgσλ∇αh

λ
β(∇µh

σ
ρ −∇ρh

σ
µ)

(A.48)
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The third term is:

M3 =
1

2

∫
εabcdeδω

ab(Df c)edee

=
1

2

∫
εabcdeδω

ab
µ D[αf

c
β]e

d
ρe
e
σε
µαβρσd5x

= 2

∫
δωabµ ∇[αf

c
β](e

µ
ae
α
b e

β
c + eµb e

α
c e

β
a + eµc e

α
ae

β
b ) det(e)d5x

(A.49)

After a bit calculation, each term is:

2δωabeµae
α
b∇[αf

c
β]e

β
c =gαρ(−2∇ρh

µ
µ∇βh

β
α +∇ρh

µ
µ∇αh

β
β +∇µh

µ
ρ∇βh

β
α)

2δωabµ e
µ
b e
β
a∇[αf

c
β]e

α
c =gαρ(−2∇µh

µ
ρ∇αh

β
β +∇µh

µ
ρ∇βh

β
α +∇ρh

µ
µ∇αh

β
β)

2δωabeαae
β
b∇[αf

c
β]e

µ
c =gαρ(2∇ρh

β
µ∇βh

µ
α −∇ρh

β
µ∇αh

µ
β −∇µh

β
ρ∇βh

µ
α)

− 1

2
gαρgβσgµλ(∇ρh

λ
σ −∇σh

λ
ρ)(∇αh

µ
β −∇βh

µ
α)

(A.50)

We can add up the second and third terms, and it gives:

M2 +M3 =

∫ {
gαρ(∇ρh

µ
µ∇αh

β
β − 2∇ρh

µ
µ∇βh

β
α +∇µh

µ
ρ∇βh

β
α

+∇ρh
β
µ∇βh

µ
α −

1

2
∇ρh

β
µ∇αh

µ
β −

1

2
∇µh

β
ρ∇βh

µ
α)

−gαρgβσgµλ∇[ρh
λ
σ]∇[αh

µ
β]

}
· det(e)d5x

(A.51)

The last term can be simplified as:

gαρgβσgµλ∇[ρh
λ
σ]∇[αh

µ
β] =

1

2
gαρgβσgµλ∇ρh

λ
σ(∇αh

µ
β −∇βh

µ
α)

=
1

8
∇ρhσµ∇ρhσµ − 1

8
∇ρhσµ∇σhρµ

(A.52)
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The Bulk Action

Now we are ready to write down the bulk action by gathering all terms calculated above:

M2 +M3 =
1

4
∇αh∇αh−

1

2
∇ρh∇βh

ρβ +
1

4
∇µh

αµ∇βh
β
α +

1

4
∇αhµβ∇βhαµ

− 1

8
∇αhµβ∇αhβµ −

1

8
∇µhαβ∇βhαµ −

1

8
∇ρhσµ∇ρhσµ +

1

8
∇ρhσµ∇σhρµ

=
1

4
∇αh∇αh−

1

4
∇αhµν∇αhµν −

1

2
∇µh∇νhνµ +

1

4
∇νhνµ∇αh

αµ

+
1

4
∇αh

µν∇νh
α
µ

(A.53)

The last term is:

∇αh
µν∇νh

α
µ =∇α(hµν∇νh

α
µ)− hµν∇α∇νh

α
µ

=∇α(hµν∇νh
α
µ)− hµν [∇α,∇ν ]h

α
µ − hµν∇ν∇αh

α
µ

=∇α(hµν∇νh
α
µ)− hµν [∇α,∇ν ]h

α
µ −∇ν(h

µν∇αh
α
µ) +∇νh

µν∇αh
α
µ

=∇α(hµν∇νh
α
µ − hµα∇νh

ν
α) +∇νhνµ∇αh

αµ − hµν [∇α,∇ν ]h
α
µ

(A.54)

The commutator will give terms involving curvature tensor:

hµν [∇α,∇ν ]h
α
µ = hµν(Rα

λανh
λ
µ −Rλ

µανh
α
λ) = hµνhλµRλν − hµνhαλRλµαν (A.55)

Put it back into (A.53) and carry out integration by parts:

M2 +M3 =
1

4
∇α(h∇αh+ hµν∇νhαµ − hµα∇νh

ν
µ − hµν∇αhµν)

− 1

4
h∇2h− 1

2
∇µh∇νhνµ +

1

4
hµν∇2hµν +

1

2
∇νhνµ∇αh

αµ

− 1

4
hµνhλµRλν +

1

4
hµνhαλRλµαν

(A.56)
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Combined with terms in (A.46), we have the bulk action up to second order in hµν :

SEH(g + h) =S(0) + S(1) + S(2) (A.57)

S(0) =

∫
R det(e)d5x (A.58)

S(1) =−
∫ (

Rµν −
1

2
gµνR

)
hµν det(e)d5x (A.59)

S(2) =

∫
d5x det(e)

{
1

4
hµν∇2hµν −

1

4
h∇2h− 1

2
∇µh∇νhνµ +

1

2
∇νhνµ∇αh

αµ

+
1

2
hµλhνσRµνλσ +

1

2

(
hµλhνλ − hhµν

)
Rµν +

1

8

(
h2 − 2hµνhµν

)
R

} (A.60)

These are in agreement with the result obtained in [6]. Since boundary terms will involve

two propagtors, and can be neglected for now, we will omit the calculation here.
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