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Abstract
PARTICLE DYNAMICS IN ANTI-DE SITTER SPACE BY EIH METHOD
by

J1ust LEI

Advisor: Professor V. Parameswaran Nair

Following the work of Einstein, Infeld and Hoffmann, we show that particle dynamics in
Anti-de Sitter spacetime can be built up by regarding singularities in spacetime manifold as
the source of particles.

Since gauge fields play a foundational role in the action, the singularities are chosen to
be point-like instantons. Their winding number, defined by an integration on the spheres
surrounding those singularities, will turn out to be related to their masses. And their action,
derived from the Chern-Simons forms, will be a co-adjoint orbit action, with group element
g € SO(4,2) describing the collective coordinates of the particle.

We also consider bringing the more standard gravitational interactions into the system,
which is achieved by combining Chern-Simons action with Einstein-Hilbert action. Interac-
tions are proposed to be small perturbations in gauge fields as well as in metric tensors. The
equation of motion for perturbed field is obtained and solved. The action, with the solution

of perturbed field inserted, approaches Newtonian gravity in non-relativistic limit.
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Chapter 1

Introduction

Particle is one of the most basic objects and ideas in physics. In classical mechanics, particles
are considered as the most fundamental blocks of all matter. Even with the acknowledgement
that fields are playing a more fundamental role in modern physics, we still prefer to use
particle as a nice approach when the internal effect of an object is negligible in many cases
nowadays. Many decades ago, Einstein, Infeld and Hoffmann made the observation that
particles could be treated as singularities of the spacetime manifold and their dynamics
would then be determined by the gravitational field equations in vacuum. Beyond being a
matter of principle, this has led to equations of motion in a formalism which can be applied
to practical calculations in astrophysics. Recently, more general theories of gravity have
generated a lot research interest. Among them, Lovelock theories, and theories where the
action is in the form of Chern-Simons forms, form a special class. Inspired by the EIH work,
in this thesis, we analyze a similar approach to these more general theories, focusing on
particle dynamics in AdS; spacetime. This thesis is organized as follows.

Sec. II of this thesis will provide some background knowledge as the building blocks of
our theory. EIH method will be briefly explained. It shows that particles can be regarded as

singularities in spacetime manifold. And by wisely choosing boundary conditions surround-
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ing those singularities, single particle dynamics as well as interactions can be successfully
recovered from field equations. Then we have a basic introduction about instantons. They
are self-dual or self-antidual configurations of the gauge field. They serve to characterize
different sectors of the configuration space and naturally, being a solution to field equations,
they minimize the Yang-Mills action. At last, the coadjoint orbit method will be introduced.
It is used to describe particle actions in AdSs5 spacetime.

Sec. III will first discuss how coadjoint orbit method could be used to construct particle
action in AdSs5 as well as its twistor form, and even string actions. Then a brief introduction
about the most general gravity theory, Lovelock action, will be given. Based on the topolog-
ical nature of Chern-Simons action, it is most likely that a similar trick as EIH method can
help to derive particle actions in Anti-de Sitter space. Then we will give a detailed descrip-
tion about how single particle dynamics is constructed in AdS; spacetime by considering
particles as singularities. In our case, point-like gauge instantons will serve as the sources.
Their winding numbers, the most characteristic property of instantons, will be related to
particle masses. The particle action is shown to be in the right form for the use of the
coadjoint orbit method.

Sec. IV is devoted to exploring particle interactions in our model. Although the CS action
could generate particle dynamics, interaction between particles is absent essentially because
CS action is topological. Thus an extra term in the action is needed to introduce non-trivial
interaction between particles. We select Einstein-Hilbert action because it shares the same
vacuum solution as CS action and preserves parity invariance. Interactions are proposed to
be fluctuations in metric tensor and the corresponding gauge fields. By expanding the actions
up to the second order, the equation of motion of perturbation is solved. Now behaving as
source terms, the perturbation term successfully generates non-trivial interactions between
particles. In the non-relativisitc limit, we show that these terms reduce to Coulomb potential

as expected.
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There is a short summary of all the results in the last section, with discussions about
current difficulties in the model. These difficulties require careful further investigations and

hopefully receive attention from researchers in this area.



Chapter 2

Background

This chapter will give a brief review on the tools and ideas that are the fundamentals of
this thesis: the Einstein-Infeld-Hoffmann method, Gauge Instantons and the coadjoint orbit
method. They are not a very detailed review, but the most important idea of each topic,

which play a crucial role in later development, will be discussed.

2.1 Einstein-Infeld-Hoffmann (EIH) Method

The starting point of the EIH idea is a simple question: Can the motion of particles be
determined by equations for the fields which they generate? The reason why one might
expect this is the following. Consider, for example, the electromagnetic field. If we have
charge particle sources, the field configuration at a given time t is a solution of the field
equations. If we remove the points corresponding to the locations of the charges from the
manifold under consideration, then we have a solution of the free field equations. Now
consider the same situation at a later time ¢ when the sources may have moved to new
locations. This field configuration at ' is also a solution of the free field equations. Can we

describe this new configuration as the time-evolved version of the earlier one, with evolution
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just controlled by the free field equations? The answer in general is no, because the energy
and momentum of the particles are not just what is contained in the energy-momentum of
the fields they carry, so additional dynamics is needed to complete the time-evolution. The
only possible exception would be gravity, because energy and momentum are themselves
defined by the asymptotic behavior of the gravitational fields or spacetime curvatures. So
one would expect that in a theory of gravity the vacuum field equations on a manifold
with a number of points removed, corresponding to locations of the particles viewed as
singularities of the fields, should be describing particle dynamics. The work of Einstein,
Infeld and Hoffmann demonstrates that this is indeed the case. They showed that the
motion of particles, even including gravitational interactions, can be derived from the field
equations of General Relativity in empty space. Around each singularity, a small region of
spacetime (say, denoted by C} for the k-th singularity) has to be removed and appropriate
boundary conditions have to be imposed, with the vacuum field equations holding everywhere
else, i.e. on spacetime M minus the regions {Cy}. The boundary conditions define the key
characteristics of particles, e.g., their masses, very similar to what is done in the ADM
(Arnowitt-Deser-Misner) formalism (which came much later). EIH were able to construct a
systematic expansion starting with the Newtonian limit and including relativistic corrections.
Beyond the theoretical interest, EIH method is even useful practically and has been applied
to astrophysical cases such as binary and multiple star systems [11] [28], where relativistic
corrections (at least to the post-Newtonian approximation) are important.

Here a very brief review of EIH method will be given. For the detailed calculation and
discussion, one can consult their original paper [14] and a later review by Infeld [17]. Starting

with vacuum, we expand the metric around its flat background as

Guv = Nuw + hp,l/ (21)
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Introduce the following tensor constructed from h,,,

1
Y = h,uzl - énuuh (22)

Then the vacuum Einstein equation can be written as the following set of equations:
81‘2700 =2 A007 812")/071 =2 A0n7 8127mn - 2Amn (23)

The Latin indices refer to the spatial components. A’s are quantities constructed from non-
linear terms in the Einstein equation. Instead of the harmonic coordinate condition, ETH
have used the following conditions to reduce extra degrees of freedom due to coordinate

transformations:

0iv0i — Y00 =0,  O0iYmi =0 (2.4)

From these we construct the following two relations:

81(817071 - an’)/Oz) = 2A0n - aOan’.)/OOa az(az’}/mn - aanz) = 2Amn (25)
Notice that the quantities on the left hand side can be written as curls of 3-vectors.

(V X B)n = 82(617011 - an")/Oi); az’}/On - an'.)/Oz = 6nsaBa

(v X Bm)n = az(afymn - an’ymz)a az’}/mn - anq/mz - EnsaBma (26)

We can integrate these on small spheres surrounding the singularities, with the fields not

singular on the surfaces, to get
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These integral conditions will be the key ingredient for the EIH analysis in addition to the

vacuum field equations in (2.3). By virtue of the identity V- (V x A) = 0, (2.5) also lead to

81‘(8@‘80’700 — 2A0n) = 280A00 — 28ZA0Z = O, 261/\,7” =0 (28)

These may be viewed as the reduced version of the Bianchi identity for the Einstein field
equations.
The strategy used by EIH is then the following. Consider solving the field equations (2.3)

in a series expansion, starting with the nonrelativistic limit. The energy-momentum tensor

for a point-particle is of the form T+ ~ %%, and so, for small velocities, we have the
hierarchy,
7% > |T%| > |1 (2.9)

Based on this, and since the field equations have T*" as the source, EIH proposed to solve

the field equations, in the vacuum on M — {Cy}, by a series expansion

Yoo = N ’Voo )t ’Yoo
Yon = )‘3 fYOn )‘5 rYOn (21())

Tmn = /\477(3%"'_)‘677(2%"’_”'

(The parameter A is just to keep track of different orders in solving the field equations, it
can be set to 1 at the end.) In the lowest order, the field equations (2.3) give Yposs ~ 0

(Laplace equation), so that we can take

m
Yoo =2, @ =— Z - (2.11)

where m;, can be identified as the masses and z; are the positions of the singularities. If Ag,
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is evaluated using this approximation, the integral conditions (2.7) will not hold, i.e.,

k

for surfaces around each singularity labeled by k. EIH then take an ansatz of the form

J(I{dS" [AOn — anao"}/oo] = (Co)k, Qfdsn Amn = (Cm)k (213)
k k

where (co)g, (¢m)x are taken to be functions of the positions xj (which are functions of time)

and their derivatives. By using the Dirac d-function, this is equivalent to the ansatz

0:(0:0000 — 280) =47 Y (co)rd® (x — 1) (2.14)
k

20\ i =47 Y ()P (x — a1 (2.15)
k

According to (2.3), this may be expressed in terms of the 7’s as

dovoo — Oivoi = Z |93 — !Bk| (2.16)

i Ymi — 2.17
Ory Z ’x_xk| (2.17)

There is some freedom in these ansatze. Notice that extra terms can be added to 79 and
Yo, Without affecting the first two equations in (2.3), again related to the freedom of coordi-
nate transformations. These equations are expected to be true everywhere on the manifold.
Since a small region around the singularities are removed, additional terms proportional to
o-function at singularities will not break this relation outside singularities. Then by choosing

terms appropriately, we can eliminate (¢g)x/|z — xx| terms. In summary, the field equations
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are reduced to the following set:

(Cm)

k
|z — @

81'27;11/ = 2Alwa auﬁyﬂu =0, OiVmi=— Z (2'18)
k

These reduced field equations can be solved in a series using (2.10). Once a solution
is obtained, one can then impose the integral conditions (2.7) (which must hold true as an

identity) to obtain constraints on the coefficients (¢, ). Explicitly, this amounts to requiring

()i = N(em)y) =0 (2.19)

This becomes the equation of motion for the positions of the particles. There are exactly
three equations for each particle as expected. Starting with (2.11) and eliminating (cg)x and
solving to the next order, EIH show that one gets the integral

1 i m
(em)i” = E]{S" 20(), = 4my <x1 — O (—2>) (2.20)

g

(We consider a two-particle case for simplicity.) Setting this to zero as required by (2.7), we

get

(2.21)

- mime
mixry = \V4 ( )

r

which is recognized as the Newtonian law of gravitation. As mentioned in the beginning, a
systematic expansion to higher orders can be generated, but we will not go into the details.
It is also useful to think about this with the benefit of hindsight from the ADM formalism

[2]. Consider the metric in the ADM splitting,
ds® = N*dt* — o;;(dx’ + N'dt)(dz’ + N7dt) (2.22)

where o;; is the metric for the spatial slice and N, N* are the lapse and shift functions,
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respectively. The phase space version of the Einstein-Hilbert action is

1 ij - i
S = qoug [t [, V3 (VH X))+ S
Swu = [t | fas' N@ay - 00 +2 fas N 22
where
@1 1 ij -
o 2
[m

Here R is the Ricci scalar for the spatial slice and D; denotes the covariant derivative.

The bulk equations of motion will reduce the bulk terms in the action (2.23) to zero.
Consider evaluating the boundary terms for a single particle. N, N’ can be viewed as arising
from a coordinate transformation. For a point-particle solution of the field equations, if we
take the values of N, N at spatial infinity as functions of time, independent of angular

coordinates, then we find

M
Sapy = dZ"P, NF= dd—t
PO = %dsl (@Uij - &ajj) (225)

P = Q%dSiamnH?

We see that we get the correct point-particle action with the ADM energy and momentum
for the particle. This suggest that we can directly work with the action rather than the
equations of motion as EIH did. The ADM energies are picked up at the surface at spatial
infinity, but if we have sufficiently localized curvatures, we should be able to do this for

small surfaces surrounding the singularities of the curvatures. This is what we will do for
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the Chern-Simons gravity with the inclusion of the EH action.

2.2 Instanton

For our purpose, instantons for a nonabelian gauge field will play an important role. As an
example, let us consider the Euclidean action of a gauge field in SU(2) group. The action is
given by

1
S=— [ daFFe (2.26)

- g2 pv

where g is the coupling constant. Define the dual field strength as

1

Fy = SemnFp (2.27)
Then the action can be rewritten as
2 4 1 a 1a 1 a ra \2 4 1 a 1a
g S=|[| dzx iZlF;wF;w + §<F;w F Fw> >4 [ d leprFuv (2.28)

We notice that the action has a lower bound given by the integral of F'F', which is saturated
only when the field strength is self-dual or antiselt-dual, i.e., Fjj, = +F 1 1t 1s also worth
mentioning that, the self-dual/antiself-dual field actually is a solution of the field equation,

by the virtue of Bianchi identity:
a ra 1 a
D#F,ul/ = :l:DuF/w = :l:§5,uuaBD,uFa5 =0 (229)

Such self-dual solutions are then called instantons, the antiself-dual solutions being anti-

instantons. The instanton number is defined to be

1 4 a 1a
Q= / d'z FC Fe (2.30)
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And in terms of this the bound on the action (2.28) is
s> 0 (2.31)
9

The instanton number () is a topological quantity, i.e., invariant under small deformations

of the field A. The statement is clearer if we notice the quantity is actually a surface integral:

uv= uv

a 1a a a 2 abc Aa c
F*F =9, {eum (2AyapAA +39¢ b AVA’;AA)} (2.32)
In terms of differential forms, the gauge fields are

1
A= (=it A%z, F = (—it,) F% dab A da (2.33)

2

1
50a,

where ¢, are 2 x 2 matrices which are generators of SU(2), with Tr(t.t,) = %5,11,. (ta = 3

where o, are the Pauli matrices.) In terms of differential forms, (2.32) can be written as
2
Tr(FAF)=dTr (AdA + §A3) =d CS(A) (2.34)

The right hand side is the famous Chern-Simos forms in three dimensions. To show the

invariance of (), take a small variation A — A + a, and keep only first order terms to get

CS(A+a) = CS(A) + Tr(adA + dAa + 2aA?) (2.35)
2.35

= CS(A) + Tr [2a(dA + A?)]

If F =dA+ A? = 0, which must be satisfied by our instanton configuration at the boundary
of spatial infinity (otherwise the integration will not be finite), the instanton number is
proven to be invariant. Later in this thesis, we will use instantons as the source of particles.

These instantons are taken to be in their point-like limit, i.e., we will eventually shrink the
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size of instantons to zero. To be more specific, it is useful to consider the form of the exact
instanton solutions. One way to display the SU(2) one-instanton solution is given by the

so-called singular gauge [26] [27]:

2

1
A2 = —Zj0,0,In {1 + p—]
9

K (x — x0)?
9 p (2.36)
= —ﬁzy(fﬁ — ZEO)V B p 5 5
g (x — 20)*[(x — 0)? + p?]
where 77, = —ij;,, is the 't Hooft symbol given by
ﬁ?j = €aij, 77?0 = 6(17; (237)

The parameter p in (2.36) is called the instanton size. The field A behaves singularly at
point xy but the integral of F [LF ., over the whole space is finite, which is the instanton
number. Equivalently, according to (2.32), the integral is actually on the boundary surface,

so the singularity behavior at point x is avoided. Another convenient form, which is a gauge

transformation of (2.36), is given by
- 2 (x — x0),

Ae — Zpa
K gnMV (l’ _ 370)2 + :02

(2.38)

In this parametrization, the bad behavior of gauge field A at point xy no longer appears,
because the transformation matrix is singular at xy, or we could say that the singularity has
been tranferred to infinity:

i(6- X)+ X4

A:UAUil—dUUil, U:T, X”:(SC—‘T())‘LL (239)

To show why the parameter p is referred to as instanton size, it is useful to consider the field

strenth F' or the instanton density Tr(F A F'), because the density is gauge-invariant. From
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(2.38) or (2.36), the instanton density is easily calculated:

4
a 1ha p
TF A ) = B~ o B (2.40)

In zero-size approach, using the following relation:

€

d(z — xp) = — lim (2.41)

7 e—0 (x — x9)2 + €2

we see that the instanton density is replaced by 6™ (z—x,). More rigorously, we can carry out
the integral [ Tr(F A F) over a small ball containing the point o, or equivalently integrate
the Chern-Simons form on the sphere of the ball. In the limit p — 0, the result will be
indepentend of the radius of the small ball and gives us the instanton number as expected.
So no matter what kind of gauge is chosen, in the point-like limit, we can always say that the
instanton behaves like a Dirac-0 function, and the integration over any surface surrounding
the instanton will give us the instanton number, or the winding number.

Besides gauge instanton, there are also gravitational instantons. They are defined in a
similar manner. Analogous to the case in Yang-Mills theory, the curvature 2-form is self-dual
or antiself-dual, and again by using the Bianchi identity, one can show that the vacuum field

equation (Einstein equation) is automatically satisfied, i.e.,
~ 1
Rab = j:Rab - iﬁgabcdRcd (242>

In the case of gravity, the above condition can be reduced to the self-duality or antiself-duality

of connection 1-form:

- 1
Rab = ﬂ:Rab = Wabp = :l:(;)ab = :|:§€abcdwcd (243)
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with the following definition of curvature 2-form in terms of connection 1-form:
Rab = dwab + WaeWeb (244)

An example of the gravitational instanton solution is the one given by Eguchi and Hanson
[13]:

2
ds? = 1d_2a>4 g {Ug + o2+ {1 . (gﬂ af} (2.45)

where o;’s are defined in terms of the polar coordinates as

Op = %(sin Ydf — sin cospdo), o, = —%(COS »df + sin O sinde), o, = %(d@/} + cos 0do)
(2.46)
It is easily checked that the curvature is self-dual. For a list of other gravitational instanton
solutions, one can refer to [12].
This brief discussion about instantons should suffice for this thesis, especially the argu-
ment about zero-size limit. The general solution of any SU(XN) instanton is discussed in [9].

More detailed discussion about gravitational instantons is given by Gibbons and Hawking

[15].

2.3 Coadjoint Orbit Method

The coadjoint orbit method gives a process for constructing unitary irreducible representa-
tions of a Lie group. This has its origin in the works of Borel and Weil and Bott in the
1950s and in the geometric quantization work of Kostant, Souriau and Kirillov [20]. The
key question, from a physics point of view, is the following: Is there a classical action which
upon quantization leads to exactly one unitary irreducible representation of a Lie group?

A physical system such as a rigid rotor does lead to representations of the rotation group,
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but it gives all representations, not just one specified irreducible representation. The focus
here is on getting exactly one irreducible representation. For example, asking for a classical
theory which, upon quantization, describes the spin states of a particle is a clear case of
such a problem. In quantum mechanics, more generally, particle states can be considered,
actually defined, by a unitary irreducible representation of the spacetime group, such as the
Poincaré group. So naturally the quantization of coadjoint orbits can be utilized to describe
particle dynamics.

To state the key theorem behind this approach, we start with a few preliminary results.
Consider a semisimple Lie group G, with T as its maximal torus. Thus if g denotes an
element of G, in a matrix realization, we can use {7,} as a basis for the generators of G.
The set of diagonal generators {t,}, « = 1,2,--- ,r, where r is the rank of the group, forms
the Cartan subalgebra and group elements of the form h = exp (it,p®) form the maximal
torus of G. The space G/T is defined by identifying elements of G which differ by the
action of the diagonal elements, i.e., g ~ g h. This space admits a symplectic structure, the

symplectic potential is of the form

A= iZwa Tr(tag 'dg) (2.47)

Here w, are a set of real numbers. The action is then taken as the integral of A along a

trajectory,
‘ _1dg
S = dr=i» wa [ dr Tr(tag™ 2.48
/.A T=1 d w / T r( g d7_> (2.48)

The key theorem then states that, upon quantization, the theory defined by this action gives
a Hilbert space of states which is the carrier space for a unitary irreducible representation
(UIR) of G characterized by (wy, ws, - - - ,w,) as the highest weight state of the representation.
Notice that, under the transformation g — g exp(—itap®), A — A+ df, f = >, wap®.

(We use the normalization Tr(t,t3) = dap.) This shows that 2 = dA is actually defined on
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G/T, although A by itself is not. The transformation A — A+ df also shows that the wave
functions should transform as ¥(g) — €/ 9(g). The periodicity conditions of the angular
parameters ¢ will impose quantization conditions on the weights {w,}. This will be in
accordance with what is expected for the UIRs of the group G.

As an example, one can apply this method to the Poincaré group to obtain free particle
states in relativistic quantum mechanics. This has been discussed by many authors, including
the recent paper [19] where applications to fluids were also considered. The Poincaré group
does not have a well defined finite dimensional matrix representation. To bypass the difficulty
of defining traces, one has to either do a regularization on infinite dimensional representation,
or choose to obtain Poincaré group as a contraction over de Sitter group, which has a finite-
dimensional representation. We will follow the latter one. The generators of de Sitter group
are given by:

Py = /0 (2.49)

Jw/ = Y = (Z/4) [7}“ 71/]

where v,’s are the standard 4 x 4 Dirac matrices and the parameter ry is the curvature of
de Sitter space. In the end, we will take ry — oo to recover the Poincaré group. The group

element g can be parametrized as:

g = efmon (2.50)

where A is generated by J,,, corresponding to Lorentz transformation. The de Sitter group

has rank equal to 2, so we choose Fy and Jis to be the elements of its Cartan subgroup.
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Their corresponding weights will be mass and spin. A can be furtherly parametrized as:

(2.51)

B(p) is the boost matrix and R is purely spatial rotations and m denotes /p?. Then we

can write down the canonical one-form:
A =irg\/p?Tr (?gldg) +is Tr(J109 ' dg) (2.52)
0
In the limit ry — oo this leads to

S o, 0
A = —p,da" + z'§ Tr(EgA’ldA), Yo = (2.53)

0 o,

The Poincaré limit has been successfully recovered.



Chapter 3

Single Particle Action

In this chapter, we will utilize the idea of the EIH method, treating particles as singularities
on the spacetime manifold. By a proper reduction from the gravitational Chern-Simons
action, we show that the point-particle action for single particles can be constructed. The
action will be of the coadjoint orbit form in AdS; space. So we will start by writing down

the specific form of the action for AdS5 before turning to the Chern-Simons gravity.

3.1 Coadjoint Orbit Action in AdS;

We want to specialize the general discussion of the coadjoint orbit method from the intro-
duction to the case of AdS; and write down the symplectic one-form of a point particle.
Towards this, we start with the observation that anti-de Sitter spacetime (in 4+1 dimen-
sions) can be realized as the coset space of SO(4,2)/SO(4,1). A parametrization of the Lie
group SO(4,2), for a group element g, which is particularly convenient for us, is given by

2 iX/\/z -
g= \/_ /\/_ A, X=2"-72-¢ (3-1)

0 1/vz

19
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where A € SO(4,1). We will be using the 4 x 4 spinorial representation of these groups,
so SO(4,1) is generated by the commutators X, = £[y,,7,]. Here we have selected the

following representation for the 4 x 4 Dirac matrices,

v = , Vi = , V5= —1 (3.2)

They are normalized as Tr(v,7,) = 41, N = Diag{l, =1, =1, =1, —1}. The parametriza-

tion of the group element in (3.1) leads to the following coset space metric:

2 2

R . . R
ds* = =" Tr(yug ' dg) Tr(yug~'dg) = — (da” — d=%) (3.3)

This is the well known Poincaré patch metric of AdSs.

To write down an orbit action in AdSs, we will need three elements in the Cartan subgroup
of SO(4,2), which will be mutually commuting. One of them will correspond to a constraint
on momentum while the other two will describe spin. We need two for the latter since
the spin part of the isotropy group SO(4,1) is SO(4), which has rank equal to 2. The
Cartan elements of the algebra will be chosen to be (Yo, 7172, 7375) or (Yo, X12, 235). The
corresponding weights will give the mass and spins. So the symplectic one-form of the particle

action in AdSs is obtained as:

mR _ S _ s _
A = —i—=Tr(yg " 'dg) + 51 Tr(y1729~ ' dg) + 52 Tr(y3759 'dg) (3.4)

As for now, we will mainly focus on the part without spins, so we can consider the simpler

version,

dz?

R
A=t Tr(y09~'dg) = mRn,, Al

- (3.5)

where, for the second expression, we have used the vector representation of the Lorentz group
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defined by Ay, A™! = YwA¥,. This shows that the particle momentum can be identified as

AV
Pu = mR nuu70 (36)
Using the property of Lorentz transformations, namely that 7,,A{jAY = 1y = 1, we can
verify that this momentum p, obeys the correct mass shell condition in AdS; spacetime,

namely,

g'uupupu = m2 (37)

It is also possible to write the action in terms of a set of twistor variables. Although
this is not directly relevant to our analysis using the EIH method, it does provide another
perspective, and we note that twistors in AdS space have been of some research interest

recently [3] . For this, we consider another set of Dirac matrices given by

These are related to y-matrices by the following similarity transformation:

11
[,=5v5" &S= 1 (3.9)
V211 g

We also define the transformed group element N = Sg¢gS~!. It is easy to verify that
NiTyN = T'y. From the form of Iy, we see that transformations which preserve it are

elements of SU(2,2). Thus N € SU(2,2). This representation shows explicitly the realiza-

tion of SO(4,2) as SU(2,2) for the spinorial representation. Using this version of the group



CHAPTER 3. SINGLE PARTICLE ACTION 22

element, as in (3.5), the symplectic one-form is:

A = —imTRTr(FON‘ldN)

= —z‘mTR Tr[(1 + To)N'dN]
= —imRN] (I'¢)rsdNyq (3.10)

= —imR | N}, dNy, — NIdN,

where a,brun from 1 to 2 and b = 1,2 corresponds to r, s = 3,4. We now define the following

2 X 2 matrices:

&a = V2mR Ny, Gu = V2mR Ny, (3.11)

The symplectic potential can now be written as
A= —% Tr(etde — ¢tde) (3.12)

with the constraint

e — (¢ =2mR (3.13)

This constraint is just the statement NTTyN = I'y expressed in terms of &, (pe; it is again
the statement that &, (e describe an element of SU(2,2). Further, in order to write the
action in a more recognizable twistor form, we define U and W by

U—W W —iU

% (=% (3.14)

5 =
Then the action written in terms of these new variables is

1 : .
§=3 /dT Te(WTU — UTW) (3.15)
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and the constraint becomes:

U'W — WU =i(2mR) (3.16)

The action (3.15) is in agreement with the twistor description of massive particles in AdSs
proposed in [3].

The action for a string in AdS; can also be derived using the orbit method. String action,
as is well known, can be viewed as the area of a world surface tracing out a two-dimensional
surface in spacetime. Therefore a timelike one-form and a spacelike one-form are needed to
construct the area element of string world-sheet. We can choose the timelike one-form as in

(3.5), and choose the following spacelike one-form:

"R dx
B = —im— Tr(vgg_ldg) = mRn,, A <

- (3.17)

The action is then defined as the integral of the two-form:

S:/A/\B:/Vagdl'a/\dl"g
e (3.18)

Vas :M2?7lm7)uﬁ (AN — A'5A%)
with M? = mm/2. V,z obeys the following constraints:
VPV, g = —2M* PV 5V, =0 (3.19)

Alternatively, we could treat V,z as free variables in the action at first, and then impose the

above constraints via Lagrange multipliers. This leads to the action:
1
S = / Vap0a£ 0,87 dg" N dE” — 3 / 26/ —o (Vg VP 4 2M7) (3.20)

where we have written 2 as a function of world sheet coordinate (i = 1,2). o is the
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determinant of world sheet metric. Variation with respect to o will give the constraint and

by putting the solution back to the action, we get the Nambu-Goto action:

S = —2M2/d2§\/—detp (3.21)

where pg = nagﬁaxaabmﬁ is the induced metric on the world sheet.

3.2 Gravity Models in AdS Space

Since we will be focusing on Chern-Simons gravity along with the Einstein-Hilbert action,
here we give a brief review of gravity models in anti-de Sitter spacetime. The most general
gravity model in d dimensions that gives equations of motion which are at most of the second

order in time-derivatives is described by the Lovelock action [32]:

I:H/

Here a,’s are arbitrary constants and L®) are differential forms constructed as products of

[4/2]
o, L) (3.22)

p=0

the vielbein and curvature,

L(p) == 6(11(12...(1(1}%@1(12 e Ra2p71a2p€a2p+1 Tt ead (323)

As usual, the curvature 2-form is defined in terms of the spin connection w® as

R® = dw® 4 w® A w® (3.24)

Different choices of the coefficients «, in (3.22) will lead to different theories. The equa-

tions of motion are derived via independent variations with respect to frame fields and spin



CHAPTER 3. SINGLE PARTICLE ACTION

connection. The variation of R* with respect to w? is:

SR™ = dow™ + 0w w? + W sw® = D(sw™)

25

(3.25)

Thus by integration by parts and noticing 7% = De® = de® + w%e’ is the torsion 2-form, the

variation of the action (3.22) takes the form

ol = /(5e“€a + 5w“b€ab)
[451]

&= a,(d — 2p)EP
p=0

where

g(gp) - Eab2~--bde2b3 .. Rb2pbapt1pbopra | o

g%’) = €abbs bde3b4 oo RY2p—1b2pb2pi pazpe
B

The equations of motion for Lovelock gravity are thus given by

&, =0, Ewn =0

baq

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

These equations do not necessarily imply the vanishing of the torsion 7%, except in 2+1

dimensions. But T = 0 is obviously a solution automatically satisfying the second equation,

and in many cases this choice is made. When the choice of zero torsion (7" = 0) is made,

i.e., for a Riemannian manifold, e* and w® are no longer independent but are related as

ab __ _a Ab a A _pb
wy =eyoe” +eyl e

(3.32)
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Here Ff; , 1s the standard Christoffel symbol given by

1 dg dg dg
F)\ _ Ao | Hp ol Po 333
He 29 0x° + oxr + oxH ( )

To understand the equation of motion better, we group all terms in (3.27) into polyno-

mials involving powers of the curvature 2-form and write them as
€aby by (Rb1b2 + /Blebleb2) . (Rka—lek + ﬁkeka—lebk)eb2k+l R | (3‘34)

where the 3; are given in terms of the o,,’s. This equation can have several different solutions,
characterized by the coefficients ;. They are all spaces with constant curvatures. So for
the general equation, there could be different asymptotic behaviors along different spatial
directions, which could make the theory rather involved. In many cases, one makes a simple
choice setting all 3’s equal, 8; = 1/R?. This is equivalent to making specific choices for the

coeflicients «, in (3.22) given by

R2(P—F) ~
Cp, p<k
ap=1{ TP (3.35)

0, p>k

Here 1 < k < [d — 1]/2. The Einstein-Hilbert action with negative cosmological constant is
given by £ = 1 and Chern-Simons gravity is given by k = [(d — 2)/2]. These theories admit
the same vacuum solution, with the cosmological constant related to the scale factor as

(d-1)(d—2)

A=y

(3.36)

Later in this thesis, we will consider the Chern-Simons action with the addition of the

Einstein-Hilbert action. To avoid conflict between the vacuum solutions allowed by the two
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theories, we will choose the cosmological constant to be the same for both.

3.3 Single Particle Dynamics from the EIH Method

In this section, we will construct the single particle action for AdSs by following the idea of
Einstein-Infeld-Hoffmann. Particles will be treated as singularities in spacetime, considered
as the point-particle limit of instantons in four dimensions, relating the boundary integral
surrounding these singularities to their masses.

We shall start with Chern-Simons theory. The Chern-Simons action in 5d spacetime M

is given by:
) 1 1
cs(A) = —* / Tr (AF? — ABF 4+ — AP
2472 |, 2 10 (337)
= o /M Tr (AdAdA+ 2A dA + 5A )
Under variation of A, the change in the action is given by
ik
4S = ~ %2 Tr(JAFF) + boundary term (3.38)
T

So the bulk equation of motion is F'/F' = 0. Clearly F' = 0 is a solution of this equation,
although it may not be the most general solution. In the case of Chern-Simons gravity, the
gauge field can be related to frame fields and spin connection as

i

A= =5, - %wabzab (3.39)

The field strength is thus given by

F =dA+ A? = (R™ + %) (—%%) +T° (—%%) (3.40)
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The solution F' = 0 is equivalent to R = —e?, T' = 0. With the scaling of e* — \/W e?,
this corresponds to the AdS vacuum as expected.

Following Einstein-Infeld-Hoffmann, we now consider field configurations with a number
of singularities. These will be a number of points on a spatial slice, i.e., a number of
lines in spacetime. We consider the manifold after removing a small neighborhood of each
singularity, thus a small sphere for the spatial slice M, or a small tubular neighborhood for
the spacetime. The vacuum field equations are imposed on this manifold. Since this implies
zero curvature, the gauge field is effectively a pure gauge. The Chern-Simons form for a pure
gauge, reduced to one dimension, will be of the coadjoint orbit form. So we expect that the
point-particle action can be easily obtained for Chern-Simons gravity by reducing it to the
vacuum manifold with the singularities removed. This is also in line with the fact that the
Chern-Simons terms and the coadjoint orbit actions are essentially topological in nature.

Since we are discussing gauge fields in five dimensions, the natural candidate for a con-
figuration which can have point-like properties and nontrivial integrals on the surfaces sur-
rounding the singular points is the instanton. So we will consider instantons, taking the
scale size to be infinitesimal, effectively shrinking them to zero size. The field strength will
be localized to a point in this limit. This can be viewed as the point-like singularity in the
EIH language.

Specifically for SO(4,2), we will consider the instantons in the SO(4) subgroup. It will
represented as the field configuration A = a. This is a static, time-independent configuration
in 5 dimensions. (Essentially, the instanton is a soliton from the 5d point of view.) Collective
coordinates for the motion of this “particle” can be introduced by an SO(4,2) transforma-
tion since the latter will correspond to Lorentz transformations and translations. Thus the

configuration of interest should be the gauge transformation of the singular solution a, i.e.,

A=glag+ g tdg (3.41)
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The group element g will be taken to be time-dependent and this captures the dynamics of
the particle.

We will actually consider a number of singular points, not just one, corresponding to in-
stantons localized at several spatial points {z,}. We remove small spheres {C,,} surrounding
these points from the manifold, so that the spatial slice is M — {C,}. Again, away from
these points, the field strength is well approximated by the vacuum configuration F' = 0, so
we can take FF'=0on M — {C,}.

The Chern-Simons action can now be written in terms of singular gauge field a and the

group element g as

CS(4) = CS(a) - 5 Z(?ﬂ / Tr(dgg™)°

) 1
ik 7{ Tr ( dgg '(ada + daa + a®) + a(dgg™")* — =(dgg'a)? (3.42)
487T2 oM 2

' 1
ik 7{ Tr ( dgg ' (ada + daa + a®) + a(dgg™")* — =(dgg™'a)?
4872 o 2

This equation reveals a certain difficulty with using the Chern-Simons action. It is not
gauge-invariant if the manifold has a boundary. The starting action, before we introduce the
instantons, can be made gauge-invariant by adding a boundary term Sy(A, ) (which may
depend on the gauge fields and on some matter-type fields ) for the boundary of the whole
manifold. We refer to this as the outer boundary term to distinguish it from the boundaries
around each singularity when we consider point-like instantons. The particular form of
this outer boundary term is not important, except that it should be taken to transform
nontrivially under a gauge transformation in such a way as to cancel the outer boundary
gauge anomaly as well as the term (dgg—')° in (3.42). Thus we postulate that there is a

boundary term, defined on M x R, with the property

k
SADY) = Sulav)+ 5i [ Teldeg ™)
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ik 1
- ]4 Tr { dgg™'(ada + daa + a*) + a(dgg™)* — =(dgg~"a)* 3.43)
487T2 oM 2

Examples of such terms are provided by the effective actions for field theories with anomalies

in four dimensions. We may even replace Sy(A, 1) by an effective action
etSeft (A) — /[DM etS(AY) (3.44)

defined by a field theory with action Sy(A, ).
Based on the arguments given above, we modify the starting point of our analysis to be

given by the action

S = CS(A) + Sy(A, ) (3.45)

This ensures gauge invariance of the action in general, before we introduce the instantons.
It should be emphasized that this gauge invariance is the sole reason for the term S,(A, ).
Evaluating this action on the configurations A = g~‘ag + ¢g~'dg, we find

ik

S(A’l/}g) = S(aﬂ?) - 4872

j{ Tr <dgg_1(ada + daa + a®) + a(dgg™')? — %(dgg_la)2>

- (3.46)
The contribution of the Chern-Simons term in (3.42) is proportional to Tr(a)® because a is a
pure gauge outside the singularities, with da = —a?. And by our assumption, a is a spatial
instanton solution at fixed time ¢, thus a® must vanish since a; = 0. The only nonvanishing
relevant term is the last one in (3.42), or (3.46), which simplifies as

1k

5= 4872

1
]{ Tr (—dgg‘1a3 +a(dgg™)’ - §(d99‘1a)2> (3.47)
Ca

Since g describes collective coordinates and so does not change the instanton number, g

should contain no singularity (or it should be topologically trivial). This requirement elimi-
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nates the last two terms because the angular derivatives will vanish while we shrink the size

of instantons to zero to ensure regularity. So finally the action is reduced to

ik -
S = ~182 za: jia Tr (—dogg~'a®) (3.48)

We now need the more specific form of the instanton configuration. In the spinorial
representation, SO(4) splits into two SU(2)’s corresponding to the upper and lower 2 x 2
blocks. We thus have SU(2) x SU(2) instantons, for which we can choose the following

parametrization, which is valid on M — {C,},
a=tU1dU, U= ¢°+io;d", ¢+ ¢7 =1 (3.49)

o; are the Pauli matrices. The matrix ¢; is a projection operator which identifies the SU(2)

subgroup for the instantons; i.e.,
t, = or (3.50)

With this choice of the field configuration, a® is worked out to be:
a® =t apdtde’ dg*de’ (3.51)

Note this expression is proportional to the standard winding number definition of a S® —

SU(2) map so its integration will lead to the instanton number @,
g * Z% Tr(—t100gg 'dt S P'de¥ dg®de”)
4o, o 1272 1P

| (3.52)
- _ %Z / dt Tr(tlg_laog) Qo
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In the second line we also made a change g — ¢~! for easy comparison with the actions
quoted earlier in this chapter.

For the two different possibilities of ¢; (of course there are various ways of embedding
SU(2) in SO(4) but the simplest ways are sufficient for our purposes now), we can take
different instanton solutions but we would like them to reside on the same set of {z,} only
with differences in winding numbers {Q!,Q%}. In this case, combining the two solutions,

we get

ik 14T, 1-To ,\
S——Z;/dtTr( 9 QQ+TQQ g 809

| (3.53)
S (L - @) [t ety ag)

" matrices are given in (3.8). Then we can obsorb the matrix S which relates I" matrices to

~ matrics into the group element g:
I, =57.5" (3.54)

Then choosing g as in (3.1), we get the multi-particle action, from the reduction of the CS

action to instantons, as
dx”
z

k
5= [ 5@k - Qs (3.59)

So far we have focused on the Chern-Simons form for gauge fields, which have the form
(3.39) in terms of the vielbein and the spin connection. But for the case of parity-preserving

AdS gravity, two copies of Chern-Simons action are required, and the action is given by

S =CS(AL) — CS(AR) + Sp(AL,¥) — Sp(Ar, ) (3.56)
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where Ay, and Ag are related to vielbein and spin connection as:

Ap = —% (W™ S0 + €7a)

p (3.57)
Ar = —5 (w“bEab — e“*ya)
In this case, the second gauge field Ag can be parametrized as follows:
A=glag+g'dg,
1/vVz 0 3 (3.58)
g= /~\/— A, X=a2"+7-7
—iX/Vz V7

Although ¢ and g have different parametrizations, it can be proved that e and w in Ay, and
Apg are the same. One could follow the same path as before and get a coadjoint orbit action

for A part as
. k dz”
§=-3 [ 50— @muny (359)

Here we require the two copies of gauge field to have the same instanton positions and

instanton numbers. The combination of C'S(Ay) and C'S(Ag) then leads to the action

k d
S=2. / 5(Qh — Qma (3.60)

v
z
which is the correct particle action for the coadjoint orbit in AdSs (for the translational

degrees of freedom) if we make the following identification:

mR = S(QL—Q2) (3.61)

In summary, we have shown that the action (3.56) for gravity in five dimensions leads to

the coadjoint orbit action for the dynamics of particles defined as field configurations which
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are point-like singularities. At this stage, the particles are noninteracting. We expect this is
tied to the topological nature of the Chern-Simons form. Clearly a key question of interest
would be to add to the action other terms, such as the Einstein-Hilbert action, and see if that

would lead to an interacting multi-particle system. This is the subject of the next chapter.



Chapter 4

Particle Interaction

Chern-Simons gravity when reduced to point-particle configurations along the lines of the
ETH method led to the coadjoint orbit action for particles. But as mentioned at the end of
the last chapter, the particles were noninteracting. We may envisage a modification of the
background due to the point-particles or instantons, in other words, the back reaction of the
instantons. But, at least to the lowest (i.e., second) order in perturbation theory, the Chern-
Simons action does not lead to propagating fields in the bulk away from the singularities.
This is the reason for the absence of the interactions. The addition of other terms to the
action can presumably change this. In this chapter, we will modify the starting action by
the addition of the standard Einstein-Hilbert term. The most important reason for choosing
this particular modification is that both CS and EH actions admit vacuum AdSy space as
the solution to their field equations. This requirement makes EH action rather special.
Besides the possibility of a common vacuum solution, parity is another reason why
Einstein-Hilbert action is preferred in combination with Chern-Simons action to generate
particle interactions. When we construct particle dynamics in last chapter, even if we do not
add the C'S(Ag) piece, the theory still makes sense. However, it is not parity-preserving.

Once we have the parity-preserving combination C'S(Ay)—CS(Ag), the EH action is natural

35
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if we want to modify the theory. We will see that the addition of Einstein-Hilbert action
can successfully generate interactions, by treating the interaction as a perturbation in the
metric tensor. In the non-relativistic limit, not surprisingly, we will see that the interaction

will reduce to the usual Coulomb potential between particles.

4.1 Parity Operation

The parity operation will play a crucial role in what follows, so we will start by defining the
parity properties carefully.
The group SO(4,2) has two chiral components obeying the same Lie algebra relations.

Denote one set of generators by ¢, with the Lie algebra commutation rules,

[taa tb] = Z.fabctc (41)

Its chiral conjugate (Lie algebra conjugate) is given by —t1 where the superscript 7' denotes
the matrix-transpose. We then define the parity conjugation matrix as

09 0

C = (4.2)

0 09

In terms of this matrix C', the parity conjugation operation is defined by

P(t,) =t =C(—th)C (4.3)

a

For our choice of 7, matrices, and the corresponding ¥, = [va,V]/4%, they behave under
parity operation as:

P(’}/a) = —Ya, P(Zab) - 2ab (44)



CHAPTER 4. PARTICLE INTERACTION 37

The parity operation acting on the gauge fields is therefore given by

P(A;) = —% (WP P(Sa) + €*P(7a))

p (4.5)
=3 (w“bEab — e“fya) = Ag
The parity conjugation of the Chern-Simons action is then obtained as
ik
P(CS(Ar)) = (1) {_ ij} T [Af;dAfdAf +2appaag + gmf)ﬁ}
ik 3 3
=5 I [ARdARdAR + 5 ApdAg + 5,4;] (4.6)

The Chern-Simons action defined in the previous chapter, namely, equation (3.37) has an
overall minus sign. Using that expression for Ay and carrying out a parity transformation,
we get the transformations of the Lie algebra elements and an overall sign change (explicitly
indicated in the first line) due to the change of orientation for the volume element. This
is how P(CS(ApL)) is obtained above. Equation (4.6) tells us that the parity-even Chern-

Simons action should have a minus sign between left- and right-handed parts,
S =CS(AL) +CS(AT) = CS(AL) — CS(AR) (4.7)

This is exactly the form we used in the last chapter. Now we will show that Einstein-Hilbert
action is also parity even under this conjugation. From (3.57) we can solve for e and w in
terms of gauge fields Ay, Ar as

1 1
et = 177“C Tr [ve(Ap — AR)], w® = énacnbd Tr [Yea(AL + Ag)] (4.8)
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Correspondingly, the curvature and torsion 2-forms are given in terms of field strengths as

i
T = ZUQC Tr [ve(FL + Fr)] (4.9)

i
(R—eH)™ = én“nbd Tr [Seq(Fr, — Fg)] (4.10)

With these expressions, the Einstein-Hilbert action can be written using the gauge fields and
the field strengths as

l

Sen = Toora

/TI(FL+FR)<AL _AR)3 (411)

It is then straightforward to see that Sgy is invariant under parity transformation as we

have defined above,

P(Sen) = ~ g3 | WL + FRY(AL - 4f)
7
~1927G /TT(FR + F1)(Ag — Ap)” (4.12)
- SE'H

The parity operation and the transformation of various fields and actions will be useful
in working out the perturbation expansions. We can work out results for the one chiral
component and obtain the results for the other by the parity transformation. This will

simplify the calculations significantly.

4.2 Perturbative Expansion

We expect to see interactions between particles. When interactions are present, assuming

they are small, there will be small deviations in the metric from the AdS-flat background.
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Thus we propose to consider the following modification to the field, A — A’ with
A =g Y a+da)g+ g 'dg (4.13)
The corresponding deviation in the metric tensor and its inverse are defined by
G = G + Py, g™ = g™ — (4.14)

da is written in term of de and dw, and the relation between the change in the frame field

and the change in metric is given by:
e =ep+fin hw =nwlelfy +ebfy+ fif)) (4.15)

In the perturbative expansion up to quadratic order in h,,, we can safely use the first order

relation of h,,,, which is approximated by:

1
Canfy = eanfl = §h’“’ (4.16)

With this preliminary items, we are ready to write down the perturbative expansion of
the Einstein-Hilbert action and the Chern-Simons action. The EH action expanded up to

2nd order in Ay, is given by (see Appendix for detailed calculation),

S(g+h) =59 480 4+ 5@ 4 ... (4.17)
S0 = /(R —20)V—gd’z (4.18)

1
sh) = — / Y (R,W — 5wl + g,WA) V=g dz (4.19)
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1 1 1 1 2
S92 — / {L—lhw/(v2 + 20y — Sh(V + 20)h + 5 (vahw - §Vuh)
(4.20)
1 1 1
FS N R + 5 (WS = W) Ry + < (W* = 20 D) R} V—gd'z

The first order term actually gives the field equation. If we choose our background as AdS

flat, its bulk contribution is zero, so that we can reduce the above equations to
Sp = SW, + 5% (4.21)

Boundary terms have been omitted. First order boundary term can be regulated by adding

the Gibbons-Hawking-York term,

Sy = 74 K\/yd” 'z (4.22)

Second order boundary terms actually will be of higher order for the interactions, because
they will involve two bulk propagators, so we will not consider them for now. (See comments
later.) So we will only focus on the bulk terms in the expansion of EH action. The expansion

of Chern-Simons action is straightforward, and the result is:

CS(A+6A) = CSO(A) + CSD(SA, A) + CSP(5A, A) (4.23)
gy~ K 3 BdA + S
CSO(A) = - / Tr (AdAdA+ SAMA+ A (4.24)
(1) _ ik ik % 3
CSVOAA) = —— | Te(BAFF) — o ¢ Tr |0A ( dAA + AdA + A (4.25)
CSP(5A,A) = — / 21’“ = Tr [3DSASAF — §A’(AF + FA)]
v

ik 1 1 (4.26)
_ f{ Tr (5AFD5A — DA 4 SAPA - ZéAA(SAA)

2472

where D is the gauge covariant derivative. Again, we will take the AdS vacuum (with the
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same cosmological constant as for the EH part) as the background, so F' = 0. With this
choice, the bulk terms in the first and second order expansions both vanish. (The vanishing
of the bulk second order term is the reason for there being no bulk propagator just from the
CS action, and hence no interactions to this order just from the CS action, as mentioned
at the beginning of this chapter.) And the boundary term of 2nd order will be dropped for
reasons similar to the case of the EH action, namely, it will involve two bulk propagators
and so will be of higher order than the lowest corrections we are interested in. So only
the boundary term from the 1st order expansion contributes, so that to the order we are

interested in,

CS(A+6A) = —%Q / Tr (AdAdA + ;A?’dA + §A5)

" ; (4.27)
‘ f Tr [M (dAA 1 AdA + §A3>}

242
When the background gauge field A is a pure gauge dA = — A2, the above result reduces to:

ik ik

OS(A+54) =~ / TH(A) + 1o 7{ Tr(5AA%) (4.28)

4.3 Equation of Motion

By perturbative expansion, we have an action up to quadratic order in the metric variation
hyw. Treating h,, as dynamic variables, we can solve for it via its equations of motion,

obtained by taking a variation of S with respect to h,,:

58
STy

=0 = solution of h,, = interaction (4.29)

One has to keep in mind that in deriving (4.20), the second order expansion of Einstein-

Hilbert action, zero torsion condition is always implicitly kept. This assumption has to be
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obeyed by § A, meaning that de and dw are not independent perturbations. With the relation

between w and e given in (3.32), we can solve for dw in terms of de as
5wzb = —e"eMV hy, (4.30)

Notice that our construction of Sgy involves both left- and right-handed gauge fields. So we
need to be careful to ensure the perturbations do not break parity. To take account of this,
the parametrization of gauge fields will be slightly altered to

Ap = g_l(aL + (5aL)g + g_ldg
(4.31)

Ap = g_l(CLR + (5@3)9 + g_ldg

Unlike in last chapter, here the same group element ¢ is used for parametrization of Ay and

Apr. And the explicit form of ¢ is also altered:

> X
g=S"TAV, V= Ve (4.32)
1
0 =
With this parametrization, the gauge field A can be written as
A=glag+g 'dg
=V [ATSaS A + (ATIS)d(STIA)] V + ViV (4.33)

=V3av+vtav
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We have absorbed the S~!A factor into the instanton part, now named as a. The Chern-

Simons action is similar to (3.42):

) 1
CS(A) = CS(a) — 4;% f[c Tr (dvv—l(ada 4 daii + @) + a(dvv) — é(dVV‘ldf)

@

(4.34)
Upon using the new parametrization, we can show that the result obtained in last section
does not change. Starting from (3.55),

vk

5= 4872

7{ Tr (—dVV~'a?) (4.35)
Ca
The instanton part will be simplified similarly:

Tr(@*) = Tr [A"'SaS ™ A + (A'9)d(S7'A)]* = Tr [a + d(ST'A)(A'S)]° (4.36)

The winding number is a topological quantity. Any two gauge fields related by continuous
and regular gauge transformations will give the same result. According to our assumption,
the group element ¢ is regular, so is its Lorentz transformation part A. Therefore, we

conclude that

/ Tr [a+d(ST'A)(A'S)]° = / Tr(a®) (4.37)
93

SS
Using the same argument as in last chapter, we conclude that a® is the instanton density,
which gives the instanton numbers upon integration over the spatial S* spheres. For a3,

before taking the trace, we have to keep track of the S™'A factors. This gives

a® = 121m°A7tS B(l +To)QL + %(1 - FO)Qi} STIA
(4.38)

— 1222 | 304200k + 5102 A
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Consequently, the instanton part remains the same as in (3.53):

dx¥
z

1k
4872

Fovavan) = 5 (@4 - @2) A (4.39)

The right-handed part can be obtained without explicit calculation by using the parity
transformation. In Tr(V~'dVa?), we need odd numbers of v-matrices to ensure non-zero
trace. The v matrix will flip sign after parity transformation, while ¥’s stay the same.
Keeping in mind that there is an overall sign change in volume element, the final result is
parity-even and reads

1k v

ik - e k dx
]4 (VdVar?) = Y f{ (V1dVagp®) = 1 (Q) — Q%) Agnw7 (4.40)

4872

This just reproduces (3.60).
When the perturbation da enters the Chern-Simons action, C'S(a) is no longer zero. From

the second line in (4.27), it acquires a boundary term propotional to the variation:

w_ ik VS TN 7{ .
CS 57 ]{Tr {(5@ (daa + ada + 50 ﬂ 87 Tr (6aa’)
= Q) ~ @) Tr(daA"00)

-S|

4.41
v c cd a ( )
_5(56 Ve + 5 ch)AO’)/a

k
= Z(Q; - QZ)ASUQC(SQC
We must also include the parity transform of above result. Again, We need odd numbers

of y-matrices in total so that the trace product does not vanish. Taking into account the

overall sign change from the volume element, we conclude that the parity transform of C'S™)
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is the same:
k
S (ar) + CSV(ag) = 2 (Qh — QAN yude” = mRAocde”  (442)

This result can be further simplified as follows. Consider the usual action for a single particle

given by

S = —m/ds = —m/ V —gudarrdz” (4.43)

The energy-momentum tensor corresponding to this is obtained by varying S with respect

to the metric tensor and gives

™

G — ©o
2 68 /d7'6 (x — x(7)) det dx (4.44)

= ———— =M
V=g 5g,uu vV —4g ds dt

Multiplying this by e,qdej; and integrating we find
1% a dx” a g0
V—=gT" e, e, =m %eycﬁeudx (4.45)

Notice that ddise,,a behaves as a Lorentz group element since

dz¥ ,dx* dz”

ds

er = A% (4.46)
Using this result,
/\/—gT’“’e,,a(SeZ = m/Aaonabéeb (4.47)

We now see that the correction term (4.42) can be viewed as an integral involving the

energy-momentum tensor for a free particle, with the identification of A from g as the
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quantity ddiseﬁ. Thus we can write

CSD(ay) +CSW(ag) = R / V=g T"eyade, = % / V=g T" hy (4.48)

Here we shall notice that the vieblein we write down before actually has absorbed a factor
of 1/R. After restoring the factor, there’s no R dependence in the integral. In addition to
this, there will be more terms in C'S(a) involving both V"'dV and da. Setting these aside
for the moment, we turn to the EH action. Schematically, we can write the second order

perturbation of the EH action as

1
S8 = 5 / V=9 hu L% hog (4.49)

The operator L#*% is what is known as the Lichnerowicz operator. The variation of Sgl)q

with respect to hy,, is:

5pS2) = / V=3 6h, L h (4.50)

To the order we are calculating, we can solve for the perturbation h,, using its equation

from this variation, obtained as

1
08 = 5 / V=g T"6h,, + / V=g 6l TP hos = 0

1
or L“”o‘ﬁha5+§T‘“’ =0 (4.51)

We now define the Green’s function for the Lichnerowicz operator by

5O (g — 2!
Llwp/\Gp)\a,B (27, ZL’I> _ (ZL’ x )
-9

Ner (8465 + 950 (4.52)

N | —

Indeed there’re extra gauge degrees of freedom and they must be addressed before defining
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the Green’s function otherwise there’ll be zero modes which are not invertible. This will
be taken care of later, for example, by choosing the harmonic coordinate condition. The
solution of this equation for h,, and the action evaluated on this solution are given by
1
h,ul/(‘r) = _i/dy\/ —9g G,uz/p)\<x7y) TP/\(y) (453>
1
SO(h) = =45 [ drv/=g / dy/=9 Guap(w,y) T () T*(y) (4.54)

This term of the action should contain the gravitational interaction between the particles to
the order we are calculating. To simplify things further, we will need an explicit formula for
the Green’s function. An explicit expression has been derived in [10], but for our purpose

an approximation to the complete formula will suffice.

4.4 Particle Interaction

For the AdS vacuum background we have the relations

1 d—1

Ryvap = __Q(QWQVﬂ — Gusdva)s R = ~ oy 9w
R X X R (4.55)

R:—ﬁd(d—l), A:—ﬁ(d—l)(d—Q)

(2)
Thus Sy j; reduces to
s@ = [ =g d L n, + 02+ vz, — Lnoen
EH — -9 Z_RQ( #V+ )"‘Z ,uz/_g

(4.56)

1 1 2
+5 <vvhw - 5v,m) }

Further, there still exist extra redundant (gauge) degrees of freedom in the system, which

will allow us to choose a gauge condition to simplify the action. One such condition, which
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is commonly used and is convenient for our purpose, is harmonic coordinate condition or de

Donder gauge condition given by
1
VY, — §Vuh =0 (4.57)

To simplify things further and bring out easily recognizable formulae, we consider a cluster
of particles. The scale of the cluster is assumed to be relatively small compared to the scale
of AdS background, or equivalently, we take R to be large. Thus, within the cluster, the
1/R? factor in the equation can be neglected. The gauge condition and this approximation

will help us reduce the action to

1
S =+ / V=G (W2 hy, — hV2h)
1
N §/ V=9 (26"°9" = g §*°)V2hag (4.58)
1
Lp,uozﬁ — Z(2guaguﬂ o guuga,6’>v2

So within the approximation mentioned, the Green’s function (4.52) for the Lichenrowicz

operator is easily obtained as

ot —r) 2
Gappr(2,7") = — R (zgaprA - ggaggpg (4.59)

where the quantity r is the spatial distance between two particles r = | —¢] and t = 20—/,
and we have chosen the retarded function as usual. Using the solution of h,, and G,g., in

(4.54) we get

5= _é / /=g / Y=g Guas(, y) T ()T (y)

— 15 [ dov=a [ N e D @) - T T )]

(4.60)
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Since we are considering a cluster of particles, there should be a summation over individual

particles in the expression of energy-momentum tensor, i.e.,

G)(g, — 2. "
- Zmi/de (z: — (1)) do” dz (4.61)
- V=g ds drt
The trace of 7" which is needed for (4.60) is given by

(5) iz
™ —Zmz/dTé z;(7)) dat dx,,

V=9 ds dr

:zi:mi/ds \z’/:_gz’(T))

(4.62)

So the perturbed action, after solving the equation of motion of h,, and using its value back

in the action, is given by

1 0z —¢° = |7 — 7))
drdy drd m;
ST Am2|7 — 2 /Tf;mzmﬂ

det dz” dy, dy,
T WY 1) (4.63)

Oz, — ()6 (z; — dr ds df
0 e = ()0 — ) (3 - o

1 620 — 2% — |7, — 75|) (_dat da¥ dx;, dr;,  dsds
_ - M drd ‘ J J i i JH v
meﬂ/ [ e <3 ds dr ds de drdg)

In non-relativistic limit, at zeroth order, only the time-components will be important in the

4-velocities. The coordinate time ¢ can be taken as equal to the proper time 7, so that

Hdx? dx. . 0 7,0 dz9 dz0 ds.
3dml dz dwj, dxj,  dsds ~ 3dx drj dvjdr; —dsids; ) (4.64)
ds dr ds d§ dr d& dr; dTl dT] dT] dr; dr;

And finally, in this limit, the perturbation to the action becomes

mym; L
Z/d ?47T2 2], x) = x) + T — T (4.65)
i#£]
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This corresponds to an attractive Coulomb potential between two particles, if the retardation

condition is also neglected.

1

In above discussion, we have ignored terms involving both dgg™ and da. Such terms

emerge from the boundary action we used to derive single particle action:

1k
4872

S(dgg™*,da) = /Tr {dgg~" [(a + da)d(a + da) + d(a + da)(a + da) + (a + da)’] }

Tr [dgg ™" (dada + dada + adaa)] (4.66)

— orbit action — —

82
These terms in general do not vanish. In analyzing non-vanishing trace products, we note
that there are two possibilities. We can have a term where de must be coupled with ¥ part
in dgg—'. This will contain spin-orbit effects since the trace of dgg=! with ¥ refers to the
spin. We can also have dw coupled with v part in dgg~!. Since dw involves the derivatives
of e, this will correspond to multipole interactions, which can occur even in the absence
of spin. When particles are moving, the Coulomb field is Lorentz-contracted leading to an
effect which is not spherically symmetric and, along with retardation effects, generally gives

rise to velocity- and acceleration-dependent forces between particles. Such terms should be

the GR analog of the Darwin Lagrangian for particles interactions in electrodynamics.



Chapter 5

Summary

As a summary, in this thesis, I used the basic idea from Einstein-Infeld-Hoffmann that a
particle in spacetime manifold can be regarded as a singularity. A small region containing
the singularity has to be removed to ensure non-singular behavior of physical fields every-
where. The boundary condition on the spheres enclosing singularities will give the physical
characteristics of the singularities.

Following this philosophy, the particle action written in coadjoint orbit form in AdSs
was successfully constructed from Chern-Simons gravity. But this model lacks particle in-
teractions, due to the topological nature of Chern-Simons actions. To bypass the difficulty,
we propose the addition of Einstein-Hilbert action to the Chern-Simons action. To avoid
ambiguity, the cosmological constant in the two models should match.

Then we have shown that, by expanding the action around its vacuum background up to
the second order in perturbations, we can obtain interactions between the particles. The bulk
terms in the second order perturbation of the Einstein-Hilbert action leads to the propagator
for the gravitational field and this connects in the right way to the perturbations generated
by the Chern-Simons term, the latter being proportional to the single point-particle energy-

momentum tensor. This is what leads to the interactions. In non-relativistic limit, the classic

o1
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Coulomb potential between particles is recovered.

However, there are also emerging spin-orbit couplings and multipole interactions between
the particles. We have not investigated these in any detail, these are topics for future work.
Also, the expansion beyond 2nd order has not been investigated. Additional nonlinear effects

in interactions may be found from higher order terms.



Appendix A

Perturbative Expansion of EH Action

The Einstein-Hilbert action is written as (we are working in 5d spacetime):
= / V=g R &’z
Variation with respect to the metric g,, gives the vacuum Einstein equation:

08 = /5(\/—9)}% d5x+/\/—g<5R dx
1
5 \% gguuégwj> Rd5$ + / AV R‘uyag#ljd5

/(-
[ (50~ L) v
0

1
= Ry —zgull=0

08 = 5

Now we write the action using first order formalism:

1
S = 6 / EabcdeRab ANef Aed A et = 12 EabcdeRaﬁe ;Eaﬁlwpd5x
1
=33 /eabcdeRaﬁe“ eﬂ mnede det(e)d®x = /Raﬁe ef det(e)d® /R\/ gd’x

93
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The variarion with respect to frame field e is:

1
(SeS - 5 / 6abcdeRab A €N €d A de° - 6abcdeRabeced =0 (A4)

The variation with respect to connection w® (thus R) is:
1 ab_c_d_e 1 aby c d e
0,5 = 8 €abede O R e = g €abede (DI )e‘ee

1 1
— 6/eadeeD(5@)“176065166) + §/eabcd65w“b(DeC)edee (A.5)

1 1
= G ]{ EabedeOwleCede” + 5 / €apedeOw T e’

If there’s no boundary, then the second part gives another equation of motion, which means
torsion is zero. When boundary is present, we must have a counter part to cancel the first
term. This is the well known Gibbons-Hawking-York boundary term: the trace of extrinsic

curvature.

1
Sy = 6 7{ €apeacf?eCedet, 0% = w® — % 5% = s (A.6)
here w is the connection one-form from the cobordant manifold [21]. In local Gaussian

coordinate, near the boundary, metric has the following form:
ds® = d2* + hij(z, v)dz'dz’ (A.7)

Then the cobordant manifold is defined to be a product manifold at the boundary with its

metric given as:

ds® = d2* + hij(z = 0, z)dx"d2’ (A.8)

The explicit form of #%° on the boundary, by its definition, is written as follows in Gaussian

coordinate (we use e! = dz):

' = —Kgelda’ (A.9)
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with all other components vanished. Here i refers to local Lorentz indices, while a, 8 are

coordinates on the boundary.

A.1 First Order Perturbation

Now we want to study how the action behaves under perturbation. Instead of writing

Gy = v + 69, we use the frame field:

éz = eZ + ffj (A.10)
Define its inverse field as:
el =eb— f (A.11)
We have the following relation
a a v v v a v a fv v b v
(e,u+f,u>(ea_fa>:5,u = ,uea_e,ufa :07 fa :ea#f,ueb <A12>

In most cases, changes in metric are defined as:
Guw = Guv + s G = g =W WY = ¢G hag (A.13)
The relations between h and f are:
M = 00 = N (€S + €0 f3) = [ €ap + [, W =—0g"" = e[y + ™[Il (A.14)

It is useful to mention that, there’s hidden local symmetry in the above relation. If we look

at the term 7€, fb, generally it is possible to split it into symmetric and antisymmetric
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part:

1 1 1
Capnlfy = §(€auf3 + 6aufff) + §(eauf;/l - eavf,f) = é(huv + tw) (A.15)

The antisymmetric part is redundant. We can use the local symmetry to eliminate it. The

extra freedom comes from local Lorentz invariance:
ds® = nab(Sacec)(deed) = ncdeced (A.16)

S is the local Lorentz boost matrix. Infinitesimally, we can write S9 = % + 6%. Apply it

to the perturbed frame fields:

S = (0% +0%) (€' + 1)) = €y + 0% + 0%, + £, (A.17)

— 0% L0 4 e g™ (Ore + frg)

Then we can appropriately choose 8, to cancel the antisymmetric part in fy,. Consequently,

up to first order, the change in metric is related to change in frame fields as:

1
€a;¢ff - eal/f;j = §h,u1/ <A18)

The perturbed Einstein-Hilbert action is:
S = / Rebecs) det(8)dx = / (R+6R)%(e — f)2(e — f); det(e + f)d°x (A.19)
The determinant can be expanded in powers of f:

det(e + f) = det(e) - det (1 + e~ f) = det(e) - exp[tr(log(1 + e f))]
~ det(e) - exp [tr(e’lf)] ~ det(e) - [1 + tr(e’lf)] (A.20)

= det(e) - (1 + el f2) = det(e) - (1 + e%f")
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So up to first order, the perturbed EH action is:

& / ( b ecey) — 2R e f) + R eley e fé‘) det(e)d’x (A.21)
Variation with respect to f gives:
5.5 — - / (2B%eo — Rmmet evet) 57 det(e)dx (A.22)

By requiring it to vanish, we get the equation of motion, which is the vacuum Einstein

equaiton as expected:

1
0S5 =0 = Rg%eg — —R"el e”e% =0 (A.23)

2 HY ommen

We have not included the boundary term contained in d R:
51 R™ = DS pw™ + S A dpw® (A.24)

The second term is second order which will be discussed later. The first term gives the

boundary action:

1
Sy = 6 ]{ EapedcdweCede® = —ngéwzbefjeg det(e)dS, (A.25)

The change in spin-connection, by requiring compatibility with zero-torsion condition, is:

1
Sl = 2 [ (Vafi = Vife) + € (Vufl = Vafl) = e (Vafh = Vaflew]  (A.26)
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The fully covariant derivative is defined as:

V&) = 0a = T8 + wanly, Vbl = 0a8ll + Thn8a — wWaull (A.27)

Its action on both metric and frame fields (and their inverse) should vanish, because of zero

torsion:

Vugaﬁ = Vigap = Vueq = Vyueg =0 (A.28)

Put (A.26) back into the boundary term (A.25):

Su=— [ (Vag = Vul2)el+ 9™ (Vuft — Vul)ef
— "GP (Vo fk — Vs fF)eu] - det(e)dsS, (A.29)

== 2]{ (9% Va(fiel) — g*7V u(fael)] - det(e)dS,

The second term vanishes because the tangential derivative of dg,, on the boundary must

vanish:

%gaagMVvuggaudsa = —fvu(sguo’dsa =0 (A30)

The first term is the same as we vary the trace of extrinsic curvature:

= —va (fueh) det(e)dS™ = —vaa(g“”fﬁea,,) det(e)d S
(A.31)

= — j{g“l’vaéguy det(e)dS”

So up to first order, this reproduces what we’ve known: the bulk equation is vacuum Einstein

equation and the boundary term is the trace of extrinsic curvature.
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A.2 Second Order Perturbation

Up to second order, the perturbation in metric is:

5g;w :nab(e + f)Z(e + f) nabeuey - (faeua + f eua) + nabfafb

59" =n"(e = f)ile = f)y —neliel = —(e fy + e f) +  fLFy

hul/ :<f,361/a + fyaeua) + Uabfﬁff = h;(}y) + h’;(fy)

R = (e fY 4 e fr) — n fhfr = (B 4 (B3
The perturbed action, up to second order, is:

EabcdeR becédée

U
I

€abede(R™ + D6w™ + dwiow*) (e + f)¢(e + f)U e+ f)°

€apede | RVEEIE + Swidweele” + (DSw™)(eee” + 3f%e

D= | = @IH D~

Capede [RVEEE 4 Suwfdwteceles + 35w™ (D f) ele’]

= T T T T

+

6
=M, + My + M3 + M, + M;

%eabcde [dw™eele” + 36w fee’e?]

29

(A.32)

dee)}

(A.33)

We will calculate them seperately. In fact, because M, and M5 represent boundary inter-

actions involving 2 propagators, by the argument in chapter 4, we shall ignore them for

now.
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Calculate M,

1 e 1 e ~d ~
M, = = | epeqe R?PE%° = D Cabede R E° eZef)e"”aﬁ Pddx

6 ny - o
1
= Cabede R el &2 €™ det(€)d x (A.34)

= / R éhey det(e)d’r = / R (e — f)l(e — f)y det(e)d’x

Now, we need the expansion of determinant up to second order:

det(€) = det(e + f) = det(e) - det (1 + e~ ' f)

= det(e) - exp [trlog(1 + e " )]

1 (A.35)
~ det(e) - exp tr [elf — §(elf)2]
—1 1 -1 p£\2 1 2/ -1
~ det(e) - [14+tr(e " f) — Etr(e e+ §tr (e f)
So:
ab v -1 1 —1 £\2 1 2(,—1 5
M, = | Rjehey |[L+tr(e f) — str(e” f)" + s tr°(e f)| det(e)d’x
2 2
(A.36)
- / 2R el fr[1 + tr(e™" f)] det(e)d’x + / RS [ fy det(e)d’x
At second order, the trace tr(e™!f) gets a correction:
t -1 _ _Mpa __ _uvra _1 H (py h(2) _1h 1 ,ul/h(Q) <A37)
r(e f)_eafu_g fueaV_ﬁg ( py o MV)_E _§g uv ’
Since h(? is already second order, we can use the first order relation (A.12):
WE) —ewfoft ~ cuctfLh !
1 u P kEp (A.39)

a 1 o
:fzfebpek f]fguoz ~ Zguah phup
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Terms higher than second order have been ignored. So the trace now is:

) 1.1, 1.1 3}
tr(e 1f) = 5}?, — 59” /(i) = §h — ghuyh“

There are two more trace terms in the expansion of determinant:

1
tr¥(e”f) ~ ~h?

4
tr(e™f)? = ehfiel i = 9"°9" feaa fuers
1 a v 1 v
~ Zg“ g ’Bhvahuﬁ = Zhwh“

Then the determinant expanded in h,, is:

det(é) = det(e) - [1 +tr(e ' f) — %tr(elf)2 + %trZ(elf)l

1

1
— det(e) - (1+ 53

1
h* By + éhQ)

The second term in M is:

2R e fy (1 +te(e™ )] = 2R, ee™ el [ [1 + tr(e ™ f)]
1
~ 2R, fY (1 + 5h)
1
= R (W7 + 0™ F1 1) (1 + 51)

1
~ R,,h7"(1 + §h) + Roun™ f0 fY

Again, use the relation (A.12):

Raunabfaafg/ = Raunabegfﬁeg b = Rouebufbygaaffeka

1 VvV _oQ 1 174 g
~ Roh" g7 o = TR hh,
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(A.39)

(A.40)

(A.41)

(A.42)

(A.43)
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So:
ab v -1 ov 1 1 vy o
2R e [ +tr(e™ f)] = Ry [h7(1 + §h) + Zh” h, (A.44)
The last term in M is:
1
Rgﬁﬁ:RMM%mWﬁzzawmwmy (A.45)

Collect all terms:

11 1 1
Aﬂ:/{R(L%%——M%W+—W>—Rw%”ﬂ+—m

2 4 8 2
) 1 (A.46)
—i—zh’”’hu"] + ZRpUuyhp“h””} -det(e)d’x
Calculate M, and Mj;
The second term is:
1 a kb _c _d_e
My = 6 €abede OWR 0w e“e%e
1
— 6/nkleabcdeéwﬁféwﬁ]”egedﬁe;e””aﬁpds’x (A.4T)
— /nkleabcde (&uzléwfl’ — &uﬁl&uﬁb) eley det(e)d’x
Using the expression of dw in (A.26), we have:
P owdswibelel =2¢°° (V htN , hY — VN b — YV ,,hEV h”)
w2 v Yatb atby VY vitp atfy Y ptty u'a VUi
1 1
nkldwgléwﬁbefjeg =g (_Evahgvph; + Vo)V, by — §Vyhgvuh2) (A.48)

1 (6% ag ag
+ 5979 goAVah3 (Vb = Vb))
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The third term is:

1

M, = 5 / €apededw™ (D f€)ee’

1
— §/eabcde(5wsz[a éeieie“aﬁpad%

c

=2 / 5waV[af§](egel?eﬂ +el'eel + etetel) det(e)d s
After a bit calculation, each term is:

20w ety Viafgel =g (—2V WiV ghl) + V hiN GBS + VWV g1
20wl el eV o fes =g (—2V AV R + VWiV ghlS + Y 1V o)
20w eley Via foel =g (2V Wi ghtt — VWiV o Bl — Y, hEV sh)

1
— 59797 9 (Vohy = Voli) (Vahis = Vi)

We can add up the second and third terms, and it gives:

My + Mz = / { 9 (VN o hly = 2V BN ghl) + VWi g bl
1 1
+ Vo Vahty = 5V N ahy = SV bV hi)

_gapgﬁagu,\v[phé]V[ahg]} -det(e)d’x
The last term can be simplified as:

1
gapgﬁaguAV[phﬁ]thg] :égaprUgMAvphg\-(vahg o vﬂhg)

1 1
=3 Vohou VPR = 2V o, Vb
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(A.49)

(A.50)

(A.51)

(A.52)
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The Bulk Action

Now we are ready to write down the bulk action by gathering all terms calculated above:

1 1 1 1
My + My = VhVoh — 5vphvﬁmﬁ - Zvuha“vﬁhj + Zvahﬂﬁvﬁhw
1

(0% 1 o ]' g ]' e
N RPN Whg, — SVih OV by — S Volon VIR 4+ 2V o VT H

1 1 1 ] (A.53)
:ZVO‘hVQh - ZV”‘h““VQhW - §V"hV”hW + ZV”hWVah““

1 v (e}
+ Zvah“ V., h "
The last term is:

VN h%, =V o (WY, h%) — BNV, 0,

=V (' V,h,) — W[V, V%, — WV, Vo he
! ! ! (A.54)
=V (BN, h) — W[V o, V0%, — V, (BN h) + YV, hV b,

=V (W%, — BN, h7) + V2 hy, Vo b — W[V o, V,]h°,

The commutator will give terms involving curvature tensor:

W [V, Vo0, = W (R0 1Y, — R0, h%) = W™ R, Ry, — B B Ryuan (A.55)
Put it back into (A.53) and carry out integration by parts:

1
My + M; :Zva(hvah + BN by — W NV RY, — BN G hy)
1 1 1 1
— Zhv2h — §V“hV”hW + Zhﬂ”vzhw + §V”hwvah‘”‘ (A.56)

1 1
= W R B R
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Combined with terms in (A.46), we have the bulk action up to second order in h,,:

Spu(g+h) =50 4 5V 4 53 (A.57)
SO :/Rdet(e)d5x (A.58)

1
s — _ / (R;w — §gWR> R det(e)d’x (A.59)

1 1 1 1

S@ = / d’z det(e) § —~h**V?h,, — ~hV?h — =V*hV"h,, + =V"h,, Vb
4 4 2 2

. (A.60)

3

PR Rure + % (W*hY\ — hh"™) Ry, + é (h* — 21" hy,) R}

These are in agreement with the result obtained in [6]. Since boundary terms will involve

two propagtors, and can be neglected for now, we will omit the calculation here.
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