
August 10, 2017 Problem Set 2 Galois Theory, MTH410

Submit problems 3, 9, 10 by Thursday, August 17. Concepts covered: Irreducible polynomi-
als, Field extensions, Characteristic of a field. Reading: Rotman section on Prime and Maximal ideals.

1. Let R be an integral domain then associated to it is a field called its field of fractions Q(R). As a
set

Q(R) = {(a, b) ∈ R×R | b 6= 0} / ∼
where (a, b) ∼ (c, d) if ad = bc. We denote the equivalence classes by

a

b
.

(a) Show that under the operations a/b+ c/d = (ad+ bc)/(bd) and (a/b) · (c/d) = (ac)/(bd) Q(R)
is a field. What are the additive and multiplicative identities?

(b) Show that the map ı : R→ Q(r) given by ı(a) = a/1 is an injective ring homomorphism. Hence
we can consider R as a subring of Q(R) under this homomorphism.

(c) Let φ : R→ F be a ring homomorphism where F is a field then show that φ extends to a ring
homomorphism φ̄ : Q(R)→ F if and only if φ is injective. Infer that Q(Z) = Q.

(d) If R is a field what is Q(R).

2. If F is a field we denote Q(F [x]) be F (x). This is the field of rational functions in over F in one
variable. Describe F (x). If E ⊃ F is a field extension and a ∈ E, there is a ring homomorphism
φa : F [x]→ E given by φa(p) = p(a). When does φa extend to F (x)?

3. Let F be a field and G ⊂ F× a finite multiplicative sub-group of the group of units.

(a) Show that G can not be isomorphic to Z/pZ× Z/pZ for any p ∈ Z prime.

(b) (Bonus) Show that G is cyclic.

4. Problem 52, page 37 Rotman.

5. Problem 55, page 38 Rotman.

6. Problem 56, Rotman.

7. Problem 57, Rotman.

8. Problem 58, Rotman.

9. Problem 59.

10. Find irreducible polynomials of degree 2 and 3 over Z/2Z[x]. Construct fields F4 and F8 of order
4 and 8 respectively.

(a) Write down the multiplication table of F4.

(b) Show that in F4 all elements are roots of x4 − x and in F8 all elements elements are roots of
x8 − x.

(c) Show that F4 does not embed in F8.
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