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PREFACE

 

The purpose of 

 

The Handbook of Formulas and Tables for Signal Processing

 

 is to include in a single volume
the most important and most useful tables and formulas that are used by engineers and students involved
in signal processing. This includes deterministic as well as statistical signal processing applications. The
handbook contains a large number of standard mathematical tables, so it can also be used as a mathe-
matical formulas handbook.

The handbook is organized into 45 chapters. Each contains tables, formulas, definitions, and other
information needed for the topic at hand. Each chapter also contains numerous examples to explain how
to use the tables and formulas. Some of the figures were created using MATLAB and MATHEMATICA.

The editor and CRC Press would be grateful if readers would send their opinions about the handbook,
any error they may detect, suggestions for additional material for future editions, and suggestions for
deleting material.

The handbook is testimony to the efforts of colleagues whose contributions were invaluable, Nora
Konopka, Associate Editor at CRC Press, the commitment of the Editor-in-Chief of the series, Dr. Richard
Dorf, and others. Special thanks go to Dr. Yunlong Sheng for contributing Chapter 42.

 

Alexander D. Poularikas

 

Huntsville, Alabama
July 1998
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1.1 Definitions and Series Formulas

 

1.1.1 A function is 

 

periodic

 

 if 

 

f

 

(

 

t

 

) = 

 

f

 

(

 

t

 

 + 

 

nT

 

), where 

 

n

 

 is an integer and 

 

T

 

 is the period of the function.

1.1.2 The function 

 

f

 

(

 

t

 

) is 

 

absolutely integrable

 

 if 

1.1.3 An 

 

infinite series

 

 of function

 

converges

 

 at a given value of 

 

t

 

 if its 

 

partial sums

 

 

have a finite limit 

1.1.4 The series in 1.1.3 is 

 

uniformly convergent

 

 in [a,b] if, for any positive number 

 

ε

 

, there exists

a number 

 

N

 

 such that the inequality holds for all 

 

n

 

 

 

≥

 

 

 

N

 

 and for all 

 

t

 

 in the interval

[a,b].
1.1.5

 

Complex form

 

 of the series:

f t dt

a

b

( ) .< ∞∫

  
f t f t f t f tk k

k

1 2

1

( ) ( ) ( ) ( )+ + + + =
=

∞

∑� �

  
s t f t nn k

k

( ) ( ) , ( , , , )= =
=

∞

∑ 1 2 3
1

�

s t s t
n n( ) lim ( ).=

→∞

s t s tn( ) ( )− ≤ ε

f t e e t t t Tn
jn t

n

n
j n t

o o

n

o o n( ) ,( )= = ≤ ≤ +
=−∞

∞
+

=−∞

∞

∑ ∑α αω ω ϕ
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1.1.6

 

Trigonometric form

 

 of the series

1.1.7

 

Parseval’s

 

 formula

1.1.8

 

Sum

 

 of cosines

1.1.9

 

Truncated

 

 Fourier series

1.1.10

 

Sum 

 

and

 

 difference

 

 functions

,

 

C

 

1

 

 = constant, 

 

C

 

2

 

 = constant, 

 

β

 

n

 

 = Fourier expansion coefficients of 

 

f

 

(

 

t

 

), 

 

γ

 

n

 

 = Fourier expansion
coefficients of 

 

h

 

(

 

t

 

), 

 

α

 

n

 

 = 

 

C

 

1

 

β

 

n

 

 ± 

 

C

 

2

 

γ

 

n

 

, 

 

f

 

(

 

t

 

) and 

 

h

 

(

 

t

 

) are periodic with same period.

1.1.11

 

Product

 

 of two functions

α ω πω
n

jn t
o

t

t T

T
f t e dt

T
To

o

o

= = =−

+

∫1 2
( ) , , period

α α α ϕ α ϕ α αϕ
n n

j
n n n n n n oe j tn= = + = =−

∗cos sin , , any real value.

f t
A

A n t B n t A
T

f t dt

A
T

f t n t dt B j
T

f t n t dt

o
n o n o o o

n t

t T

n n n o n n n

t

t T

o

t

t T

o

o

o

o

o

o

( ) ( cos sin ), ( )

( ) ( )cos , ( ) ( )sin

= + + = =

= + = = − =

=

∞ +

∗ ∗

+ +

∑ ∫

∫ ∫

2
2

2

2 2

1

ω ω α

α α ω α α ω

ff t
A

C n t C A B B Ao
n o n n n n n n n

n

( ) cos( ), ( ) , tan ( / )/= + + = + = − −

=

∞

∑2
2 2 1 2 1

1

ω ϕ ϕ

1
4 2 2 4 2

2 2
2 2 2 2

1

2

1
T

f t dt
A A B A C

t

t T

n

n

o n n o

n

n

n
o

o

( )

+

=−∞

∞

=

∞

=

∞

∫ ∑ ∑ ∑= = + +






= +α

  

1
2

2
2

1
2

2

+ + + + = +
cos cos cos

sin( )

sin
t t nt

n t
t

�

f t
A

A n t B n t

T
f v

N
t v

t v
dv

N
o

n o n o

n

N

o

oT

T

( ) ( cos sin )

( )
sin ( )

sin/

/

= + +

=
+ −
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

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
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∑

∫

2

1
2 1 2

2

1
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β

 

n

 

 = Fourier expansion coefficients of 

 

f

 

(

 

t

 

), 

 

γ

 

n

 

 = Fourier expansion coefficients of 

 

h

 

(

 

t

 

), 

 

f

 

(

 

t

 

) and

 

h

 

(

 

t

 

) are periodic with same period.
1.1.12

 

Convolution

 

 of two functions

 

α

 

n

 

 = 

 

β

 

n

 

γ

 

n

 

. 

 

β

 

n

 

 = Fourier expansion coefficients of 

 

f

 

(

 

t

 

), 

 

γ

 

n

 

 = Fourier expansion coefficients of 

 

h

 

(

 

t

 

),

 

f

 

(

 

t

 

), and 

 

h

 

(

 

t

 

) are periodic with same period.
1.1.13 If 

 

H

 

(

 

ω

 

) (

 

transfer function

 

) is the Fourier transform of the 

 

impulse response

 

 

 

h

 

(

 

t

 

) of a linear
time invariant system (LTI), then its output due to a periodic input function 

 

f

 

(

 

t

 

) is

 

H

 

r

 

(·) and 

 

H

 

i

 

(·) are real functions.
1.1.14 Lanczos 

 

smoothing

 

 factor

where 

 

A

 

0

 

, 

 

A

 

n

 

, and 

 

B

 

n

 

 are the trigonometric expansion Fourier series coefficients (see 1.1.6).
1.1.15 Fejé 

 

smoothing

 

 series

where 

 

A0, An, and Bn are the trigonometric expansion Fourier series coefficients (see 1.1.6).
1.1.16 Transformation from 2� to 2π 

If the period is 2�, then the Fourier series of f(t) is

If we set πt/� = x or t = x�/π, we obtain the equivalent series

p t f t h t e en m m
jn t

mn

n
jn t

n

o o( ) ( ) ( ) ( )= = =−
=−∞

∞

=−∞

∞

=−∞

∞

∑∑ ∑β γ αω ω

α β γω
n

jn t

T

T

n m m

m
T

f t h t e dto= =−

−

−
=−∞

∞

∫ ∑1

2

2

( ) ( ) ( )
/

/

g t
T

f h t d e e

T

T

n
jn t

n

n n
jn t

n

o o( ) ( ) ( )
/

/

= − = =
− =−∞

∞

=−∞

∞

∫ ∑ ∑1

2

2

τ τ τ α β γω ω

y t
A

H H n A n t n B n t no
o n o o

n

n o o( ) ( ) ( ) [ cos[ ( )] sin[ ( )]]= + + + +
=

∞

∑2
0

1

ω ω ϕ ω ω ϕ ω

H n H n jH n H n H n eo r o i o r o i o
j n o( ) ( ) ( ) [ ( ) ( )] / ( )ω ω ω ω ω ϕ ω= + = +2 2 1 2

ϕ ω ω ω( ) tan [ ( ) / ( )]n H n H no i o r o= −1

f t
A n N

n N
A n t B n tN

o

n

N

n o n o( )
sin( / )

/
[ cos sin ]= + +

=
∑2

1

π
π

ω ω

f t
A N n

N
A n t B n tN

o

n

N

n o n o( ) [ cos sin ]= + − +
=

∑2
1

ω ω

f t
A

A
kt

B
kto

k

N

k k( ) cos sin= + +



=

∑2
1

π π
� �
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The above means: If f(t) has period 2�, then ϕ(x) = f(x�/π) has a period 2π.

1.1.17 Table of Fourier Series Expansions

1.

2.

3.

4.

  
ϕ

π
( ) [ cos sin ]x f

x a
a kx b kxo

k

k k= 



 = + +

=

∞

∑�
2

1

  

a f x kx dx k

b f x kx dx k

k

k

= =

= =

−

−

∫

∫

1
0 1 2

1
1 2

π

π

π

π

π

π

( )cos , , ,

( )sin , ,

�

�

f t
n

n t

L
n

( ) sin
, ,

=
=
∑1 1

1 3 5
π

π

�

1

0

-1

f(t)

L t2L

f t
n

n c

L

n t

L

n

n

( )
( )

cos sin= − −





=

∞

∑2 1
1

1
π

π π

1

0

-1

f(t)

L t2L

c

c

f t
c

L n

n c

L

n t

L

n

n

( )
( )

sin cos= + −

=

∞

∑2 1

1
π

π π

1

0

f(t)

L t2L

2c

f t
L

n n c L

n c L

n t

L
n

( ) sin
sin /

/
sin=

=

∞

∑2
2

1
2

1
21

π π
π

π

1/c

f(t)

L t2L

c

c

L/2

3L/2
0
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5.

6.

7.

8.

9.

f t
n

n t

L

n

n

( )
( )

sin= − +

=

∞

∑2 1 1

1
π

π

f(t)

L t2L

1

0

-1

  

f t
n

n t
L

n

( ) cos
, ,

= −
=
∑1

2
4 1

2

1 3 5

2π
π

�

f(t)

L t2L

1

0

f t
n

n a
n a

n t

L
a

c

L

n

n

n

( )
( )

( )
( )

sin sin ;

= − −

+ + −
−









 =

=

∞

∑2 1

1
1 1

1 2 2

1
π

π
π π

1

0

-1

f(t)

L t2L

c/2

c/2

c/2

2L - c/2

f t
n

n
n a

n t

L
a

c

L
n

( ) sin sin sin ;= =
=

∞

∑4 1
4 2

1
π

π π π

1

0

-1

f(t)

L t2L

c

L/4

7L  /4

c

f t
n

n n t

L
n

( ) sin sin=
=

∞

∑9 1
32 2

1
π

π π

1

0

-1

f(t)

L t

2L

L/3

5L  /3
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1-6 The Handbook of Formulas and Tables for Signal Processing

10.

11.

12.

13.

1.2 Orthogonal Systems and Fourier Series

1.2.1 An infinite system of real functions ϕo(t),ϕ1(t),ϕ2(t),…,ϕn(t),… is said to be orthogonal on an

interval [a,b] if  for n ≠ m and n,m = 0,1,2,… . It is assumed that

.

1.2.2 The expansion of a function f(t) in [a,b] is given by

f t
n

n n t

L
n

( ) sin sin=
=

∞

∑32
3

1
42 2

1
π

π π

1

0

-1

f(t)

L t

2L

L/4

7L / 4

  

f t t
n

n t
n

( ) sin cos
, ,

= + −
−

=
∑1 1

2
2 1

1
2 4 6

2π
ω

π
ω

�

1

0

f(t)

π/ω t

sin ωt T = 2π/ω

2π/ω

f t
L L

n t

L
n

( ) cos= +
=

∞

∑1
2

1

1

π

f(t)

t2L 4L 6L

• • •
1

f t
A A

n
nt

n

( ) cos= −
−

=

∞

∑2 4 1
4 1

22

1
π π

t

A

π 2ππ
2

a

b

n mt t dt∫ =ϕ ϕ( ) ( ) 0

ϕ n

a

b

t dt n2 0 0 1 2( ) , , ,≠ =∫ for �

  f t c t c t c to o n n( ) ( ) ( ) ( )= + + + +ϕ ϕ ϕ1 1 � �
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1.2.3 Bessel’s inequality

1.2.4 Completeness of the system (1.2.1): A necessary and sufficient condition for the system (1.2.1)
to be complete is that the Fourier series of any square integrable function f(t) converges to f(t)
in the mean.
If the system (1.2.1) is complete, then every square integrable function f(t) is completely deter-
mined (except for its values at a finite number of points) by its Fourier series.

1.2.5 The limits as n → ∞ of the trigonometric integrals

1.2.6 Convergence in discontinuity: If f(t) is the absolutely integrable function of period T, then at
every point of discontinuity where f(t) has a right-hand and left-hand derivative, the Fourier series
of f(t) converges to the value [f(t + 0) + f(t – 0)]/2.

1.3 Decreasing Coefficients of Trigonometric Series

1.3.1 Abel lemma: Let uo + u1 + u2 + … + un + … be a numerical series whose partial sums σn satisfy

the condition  where M is a constant. Then, if the positive numbers αo, α1, α2, …, αn,

… approach zero monotonically, the series αouo + α1u1 + … + αnun + … converges, and the sum

S satisfies the inequality 

1.3.2 The sum of sines

c

f t t dt

t dt

f t t dt

nn
a

b

n

a

b

n

a

b

n

n

= = =
∫

∫

∫( ) ( )

( )

( ) ( )

, , ,

ϕ

ϕ

ϕ

ϕ2
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1-8 The Handbook of Formulas and Tables for Signal Processing

1.4 Operations on Fourier Series

1.4.1 Integration of Fourier series: If the absolutely integrable function f(t) of period T is specified
by its Fourier series (1.1.6) then

can be found by term-by-term integration of the series.
1.4.2 Differentiation of Fourier series: If f(t) is a continuous function of period T with absolutely

integrable derivative, which may not exist at certain points, then the Fourier series of df(t)/dt can
be obtained from the Fourier series of f(t) by term-by-term differentiation.

1.5 Two-Dimensional Fourier Series

1.5.1 Complex form

1.5.2 Trigonometric form
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Fourier Series 1-9

1.5.3 Trigonometric form with limits –π ≤ x ≤ π, –π ≤ y ≤ π

1.5.4 Parseval’s formula

Appendix 1

Examples

Example 1

Expand the function shown in Figure 1.1 in Fourier series and plot the results.
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1-10 The Handbook of Formulas and Tables for Signal Processing

Figure 1.2 shows f(t) for the cases 1 ≤ n ≤ 3 (curve 1) and 1 ≤ n ≤ 10 (curve 2). Figure 1.3 shows
f(t) for 10 ≤ n ≤ 50, and Figure 1.4 shows f(t) for 1 ≤ n ≤ 60. Observe the Gibbs phenomenon in Figures
1.2 and 1.4.
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