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1 Proofs

1.1 Proof of Lemma 1

The proof of this lemma uses an argument similar to Epstein and Zin (1991) and Angeletos (2007).
Since the idiosyncratic shocks, 6;;, are i.i.d. across individuals and across periods, the utility

maximization problem of each individual can be expressed as:
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Vi(z) = max {<1 ~ B+ 8 (Bt[Viga (") 7)) = }1_

C,Th
s.t. a' = (z—¢) [Reg+1(1 = m) + Rp410'mp] > 0,
cc [O,JL'], h € [0?1]

Here, Vi(x) is the value function for the utility maximization problem of an individual whose total
wealth is x at the beginning of period t. We conjecture that there exists a (deterministic) sequence

{ve}220, with v, € Ry for all ¢, such that
Vi(z) = v

Using this conjecture and the budget constraint, we obtain

(Et[%+1(x/)1—"q)ﬁ =vp1(x —¢) {Et [(Rk,t—i-l(l —np) + Rh,t—l—l@’nh)l_W] }ﬁ

It follows that in the above maximization problem the individual chooses the portfolio 7 so as to

solve the following maximization problem:
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1— i
Np, = arg max {Et [(Rk,t+1(1 — ) + Rp10'n),) 7} } o
n,€[0,1]

Let ps41 denote the maximized value in this problem. Note that neither 7, nor pry; depends on
the initial state x. That is, under the conjectured value function, all individuals would choose the
same portfolio and the same certainty-equivalent rate of return.

Given the certainty-equivalent rate of return, p;41, the level of consumption is chosen so as to

solve
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The first-order condition for this problem is
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On the other hand, the Bellman equation implies

which leads to
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where 7. = 7.
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This equation and the above first-order condition for ¢ imply that
-1 -1 -1
v =(1-8)" + 5w”2p+1 Pipﬂ

The bounded solution to this difference equation is

1

o s v—-1
v= (=7 g1+ ST (8%00L)

s=0 j=0

Also, the consumption rate 7, is
Mt = (1= 8)% "

It is straightforward to verify that, constructed in this way, {V;(z), ., nn} indeed characterizes the

solution to the utility maximization problem. The rest of the lemma follows immediately.

1.2 Proof of Proposition 3

Totally differentiating constraint (36) of problem (35), we obtain
(F — Fp+ Fp, —w)dnp, — (1 — np) di — np dw = 0.

Evaluating this expression at the benchmark equilibrium, where Gy = B, =0, 74 = ﬁ’k and w; = Fh,
for all ¢, yields
(1 — Ay dF + 7y, dib = 0.

Thus, to satisfy the balanced budget, 7 and @ must satisfy the following relationship around (7, @) =
(ﬁ%,ﬁ%%

dw — 1—1p
dr Nh '



Hence the effect of a marginal change in 7, taking into account the induced change in w via the

government budget constraint, is given by % — 1%;“ 8% and will be denoted by %. Since the lifetime

utility is increasing in p; for each ¢, it suffices to show that % > 0.

The envelope theorem implies that aanh = 0 at the benchmark equilibrium. It follows that

dp

dr

e | o {a-m+ondr}].

FTE [ Re(8) (1= 0)] (1= ),

where R, (0) = (1 — 6, + F3.)(1 — i) + (1 — 0y + F},)0y,. Since E(#) = 1, we have
E [Rx(e)—m - 9)] — Cov(Ra(8)"7,1—0) >0,

where the inequality follows from the fact that both Rm(Q)*V and 1 — 0 are decreasing functions of
0. Given that 7, < 1, this proves that % > 0.
It remains to show that the after-tax rental rate of capital, 7, and the tax rate on capital income,

Tk, move in the opposite directions around the benchmark equilibrium. Since 7, = 1 — FLk, we have

dr,  —Fp+ (—Fpp + Fyn) B2

~ 4
dr F? (43)
k
Differentiating the individual first order conditions (15) yields
15
{cbf - ”h%} di + @,y dpp, = 0,
Mh
so that s
P — P
d77h _ ﬁhhq)w i (44)
dr ) '

Th
Thus we obtain

dry, 1 _qu’nh + (=B + szh) (?;?h by — (I);) .
= — =5 < ,
- F @y,

since by Assumption 1 we have ®; > 0, ®7z < 0, while ®,, < 0 follows from the strict concavity of
p(7,w,ny) and Fip, = (1 — a)ak® h™® > 0. This completes the proof.

1.3 Proof of Proposition 4

We are interested in the welfare effect of a marginal variation of by, 1 evaluated at by, ; = 0, that

is the sign of dvy/ dETH‘ETH: Denote the variables solving the Ramsey problem under (37) as

o
ve(bry1), pe(bry1), etc.. It is immediate to see that its solution is the same as under (34) for all
periods except two,

pe(bry1) = p° Vt#T+1,T+2 (45)



Hence from (12) we get v¢(bri1) =v°, Vt >T +2, and dvg/dvr > 0, so that

duvg dvr

AIV
)

—

AV
o

de_H de+1

bry1=0 br1=0

We have 027 pria(bry1) = p®(bry1,0, 77c,T+1(BT+1))- Recalling again (12), we obtain

vri(bran) = {(1 = 8) + 8¥prsalbrin)’oraa(Bren) '~} (46)

Here, note that (45) implies vy o2/0bry1 = 0. In addition, 9p’(0,0,7.)/0n. = 0.2 Differentiating

then vy 1(bry1) with respect to by and evaluating it at byyq = 0 yields

d
L = BV (p")" 2 0, (47)

dbr 11 bry1=0

where pfo = 9pft(b, 1/, 12)/0b, evaluated at b= b' = 0.2

Next, consider the expression analogous to (46) for date T

or(bri1) = {(1 —B)* + 8% (pra1(bra1)) ™ UT+1(bT+1)¢_1}w11 : (48)

Its derivative with respect to by, 1, evaluated at bry; = 0, using (47) and again the fact that

apR/anC’T}BTH:bT:O = 07 equa‘ls

dUT

= BY(p°)¥ %" [pr?@ + B (p°) pfel

dbr41 15, ,—0

where pfe = 9pft(b,1/,12)/0b evaluated at b= b = 0.

Let us denote then by A(b,b’,7.) the Lagrange multiplier on the flow budget constraint for the
government in problem (32) and by 7y (b,¥,n.), 7(b,b', 1), w(b, ', 1), and Ry (b, V', n.) its solution.
Using the envelope property and the fact that b,d’ only appear in constraint (31) of the problem,

2THere and in what follows we omit the dependence of p® on g whenever g; is constant across periods.

280 see this, recall from the definition of pf(b, ¥, n.) in (32) that 7. affects p™ only through the government budget

constraint (31). Consider the associated function:

f(bv b/ancﬂlfuﬁ w, RT)
=g+ (1= +Mb— (1 —ne)Rub’ = F[(1=ne)(1 = nn) — b, (1 = ne)n]
+7[(1 = ne)(1 —nn) = b] + (1 = ne)nn

We have E?Tf L= 0 and so, by the envelope theorem we get the claimed property.
e lp=b'=0

29The superscript ° indicates, as in the main text, variables evaluated at a solution of the Ramsey problem under

the constraint by = g = 0 for all ¢.



we obtain, when b; = g; = 0 for all :3°

e = =X(1 = 8+ FY),
o= XB¥ (") T R,

since
n=1- B0
Therefore,
o = €RS = (1= 8+ F), (19)
where

5 = 62¢(p0)21/1—3)\0,uo
and £ > 0 since A\° > 0, as we show next. As argued in Section 3.1, when b, = g, = 0 for all ¢,
problem (32) reduces to (35).

Let us write the solution to (10) as n,(7,w). Then the first order conditions for 7 and w in

problem (35) are given by

dp op onp
0=——(1-—n7)A° — + XN(=F? + FY —
or - N | (R R - )] G
dp dp Onp,
0= = — A+ | =— + \(—F¢ + FY —
8 TIh |:877h + ( k + h + 77 ):| aw
From the second equation, recalling that under Assumption 1 we have "’L >0 and 2 < 0, we
obtain 5
IS — 55 4o
N(—F¢ + Fp +7° —a°) = 31"%%
w

Substituting then this equation into the first equation above, and solving for A\°, we get

o) op O
o (1 N (o gmN
77h 877}1 8"7;/ % b

ow ow

w

where the sign of the inequality follows from the fact that 7}, € (0, 1) F=>0 and £ >0.

39To better understand the form of these expressions, notice that, as we see from (31), a marginal increase of br1
relaxes this constraint at 7'+ 1 yielding a gain of A° (1 — 7?) R3, while tightening this constraint at 7'+ 2 with a loss
of XBY(p°)¥"1(1 — 6k + FY) (recall that pff° is multiplied by 8% (p°)¥~! in the expression of dvr/dbri1). Since
(1 —n2) = % (p°)¥*, the comparison of these two reduce to the comparison between RS and (1 — 6 + F).



1.4 Proof of Proposition 5

The Lagrangean for problem (33), using (12) and (14) to substitute for p;41 and 7, is

o

1—tpyp—1_ h—1 -1
v+ Y N {(1 — B)Y + BY R by, b, (1= B) Yo V) ol — o) } :

t=0

The first-order condition with respect to b;1 is then
-2 R -1 -2 R -1
/\fﬂzppfﬂ P2,t+1“§p+1 + Afﬂﬂwﬂﬁrz Pl,t+2”?+2 =0, (50)

where py 1 = pP(by, bey1,1e), P31 = OpR (b bry1, M) /Obis, and pfy 5 = Op™(byyr, beya, Ne+1)/Obesa

The first-order condition for vy is
—1 -2 -2 R - -1 -2
Afﬁ%iﬁl UZ”H + >\§’+1Bwpf+2 Pretr2(1 = B)¥ (1—) Utﬁ”ﬁrz - At”ﬂvéﬂl =0, (51)

where pft ) = 0p"(bir1,bev2, e 1)/ OMe i1

In a steady-state equilibrium, equation (50) reduces to

AU
ol + 20— &
t
and equation (51) to
AV pR ,Ulfw -1
=0 (1 — 80 T A= B (L - ) P — ) , (53)
t

where the term in parenthesis captures the effect on p of the change in the savings rate, given by
the second term in (51), which only arises (as we saw in foonote 30) when debt is nonzero.
By a similar argument to the one in the proof of Proposition 4 above, at a steady state equilib-

rium the derivative of p® with respect to b and b satisfies

_i_ 1— 9, + F},
p (L—nc)Re
_ 1— 6k + Fy,

== °F 54
TR, oY

where, for the second equality, we used again (14), n. = (1 — 5)¢ v'~%, and constraint (12), v¥~! =
(1—B)% + BYp¥~1v¥~1 of problem (33).
Combining (52)-(54) and using again (14), yields the claimed result:

-1
Ry = (1 -0k + Fg) [1 — (L=9)BYp" 2 piine



2 Sufficient conditions for Assumption 1
Let us rewrite problem (9) more compactly as

max E [u (r (1 —np) + 6wny,)],
Nh=>0

where, with a slight abuse of notation, r denotes 1 — é; + 7, w denotes 1 — d;, + w, and the function

u(.) is increasing, concave and with a constant coefficient of relative risk aversion 7. Letting 7; be
an;;

an interior solution of (9), the properties stated in Assumption 1 are equivalent to 52 < 0 and
%ﬁl > 0, as already noticed in the main text. Setting R = 6w — «, problem (9) may also be written
as
max F [u (r + Rnp)], (55)
np2>0

when o = r. Problem (55) is often referred to as the standard portfolio choice problem. Hereafter,
we shall use some results on such problem reported in Gollier (2004).3!

From Proposition 9 in Gollier (2004) it follows that, when the coefficient of relative risk aversion
v is not larger than one, any first order stochastic improvement in R increases the optimal value of
Np. Since an increase in w induces such an improvement, we conclude that %Lj >0if v < 1.

Note that an increase in r, keeping R (that is, «) constant, constitutes an increase in wealth
and so from Proposition 8 in Gollier (2004) it follows that this change induces a decrease in 7 if
u exhibits decreasing absolute risk aversion. With constant relative risk aversion, v indeed exhibits
decreasing absolute risk aversion. There is then a second effect of the increase in r, given by the
change in R : an increase in « induces a first order worsening on R and so reduces n; if v < 1.
Hence we conclude that aaif <0ify< 1.

Having established that the stated properties always hold when v < 1, we show next that,
when ~ > 1, they hold for some family of distributions of #. Assuming that 6 is a continuous
random variable with density function g(t) differentiable almost everywhere, we shall show below

g'(t) @

that the stated comparative statics properties hold if both == and

n are non-increasing in t.

The condition hold for example when 6 is a uniform distribution over some interval, or a Pareto
distribution (i.e., the density function is a power function).

To establish the result we build on Proposition 17 in Gollier (2004), stating that, if u(.) is strictly
increasing, then any improvement in R in monotone likelihood ratio (MLR) increases the optimal
value 0} of problem (55). That is, if R and R’ are distinct continuous random variables with density
fr and fp respectively, the optimal value n; under R’ is larger than that under R if fp (t) /fr (¢)
is non decreasing in t.

Since R = 0w — o, Pr[R< z] = Pr[f < (z+7r) /w] and so the density function f(z) of R is

31Gollier, C. (2004), “The Economics of Risk and Time,” MIT Press.



given by

f(z) g)dt =—g

(z41)/w
_d 1<Z+ﬁ. (56)
dz Jo w

w

So in order to use the above proposition to establish the property

%:’j’} > 0, it suffices to show

that for any w > w %g (=) / %g (££) is non decreasing in z. Taking a monotone (logarithmic)

transformation and differentiating with respect to z, this condition obtains when

lg
Bg(E) we(=) -
that is, when
I (ztr
lw is non-decreasing in w,
w g (33F)

at any w > 0, for given z and r. Since the map w + (z + r) /w is monotonic and decreasing, setting
t = (r + z) /w, the condition above can be equivalently stated as

g (1)
g(t)

t is non-increasing in ¢.

Next, we use the same proposition to derive a condition guaranteeing that %Lﬁ < 0. Recalling
the argument above regarding the effect of increasing r keeping R constant, when wu(.) exhibits
decreasing absolute risk aversion, it suffices to show that the optimal value of n; decreases as «
in R = wh — « increases, keeping r fixed. Hence we derive next a condition on ¢(t) such that a

. . . . . ~ 1 A 1 .
decrease in « induces a MLR improvement: that is, for any & < a ;g (”Ta) /w9 (Z*Ta) is non
decreasing in z. Arguing analogously as in the previous case, we can show that this property holds
if ¢ (”T“) /g (Z*TO‘) is non increasing in « at any o > 0, where z and w are fixed. So changing

variables we conclude that % < 0 holds if

g (t)
g(t)

is non-increasing in .

3 Exogenous government purchases

Here we extend our analysis to the case where the public expenditure policy is specified in terms
of an exogenous sequence of absolute levels of expenditure {G;};2, (rather than per unit of total
wealth). We will obtain conditions characterizing the Ramsey steady state which are analogous
to those obtained in Proposition 5 and Corollary 6. Hence, also in the case of exogenous Gy, the
capital income tax rate must be positive in the long run, as long as the effect on the saving rate is
small enough.

When the sequence {G¢}2, is exogenously given, we can no longer use the recursive approach

followed in the paper to solve the Ramsey problem in the case where {g;}72, is exogenously given.



We solve instead the problem in a more direct way. Given Xy and by, the Ramsey problem consists

in the maximization of vy with respect to {bi11, X¢t1, Vet1, Te41, Wit 172, subject to

of = (1= )Y+ Yo ol

-+
Gyt - B _ _
X + (1 =6k +741)b = (1 — net) Ry p+1be1 + F(ke, hy) — T ke — Wi e
¢
X1

X, = (1 - nc,t)Rx,t+la
where 1y, ¢, Nets Pt+1, Rai+1, b, and hy are the following functions of 741, Wiy1, by, and vy:

Nht = Ma(Tte1, Wer1) = argmax p(Te41, Wet1, Mh),
o

pr+1 = p(Tr41, Wit1) = max P(Tt+1, Wet1,Mh),
Ryit1 = Ro(Ti1, W) = (1 — 0 + 7To41) (1 — 9a(Teg1, Wig1)) + (1 = 0 + Wit )01 (Tig1, Wen )
New = Ne(ve) = (1= B)¥ (v)' 7,
ki = k(Fiq1, Wer1, by, ve) = (1 = ne(ve)) (1 = np (g1, Weg1)) — by,
hy = h(Ft+17@t+17Ut) = (1 - nc(vt))nh(?t-i-la@t—f—l)a

The Lagrangean for this problem is then:
o0

v+ Y [Am{(l — B + BY p(Frpr, Wen) 0l — v;ﬂ—l}
t=0

o+ X { [ = o)) Ro (P, e + FIRFrin, @egn, b vr), h(Fosr, G, 00)]
Git1

t

- ?t+1k(?t+1, @tﬂy by, Ut) - @t—&-lh(?ﬂ—l, 15t+17 Ut) - - (1 — O + ?t-l-l)bt}

+ )\z,t{[l — Ne(vt)| R (41, Wet1) — Xetr }} :

The first order conditions for vy, b, and ;41 are so, respectively,3?
-2
0= —Aw:fl + A,,,,t_lfwl P (57)
+ )\b,tné(vt){_Rx,t-&-lbt-i-l — (1= nnyt) — Franng +Tep1(1 = npye) + ’wt+177h,t}
— Aoa(ve) Ry p 41,
0=MX—1(1 =nei—1)Rat — Mot (1 — 0n + Frp), (58)
0= (¢ — DAt BYp}  pras1vy 1
+ )\b,t{(l — Neyt) R r+10i41 + Frikrg + Fpthey — ki — Tep1 ke — Weprheg — bt}

+ )\x,t(l - nc,t)R:p,r,t—O—la (59)

32To derive the steady state condition determining the tax rate on capital we do not have to use the first-order

conditions with respect to w41 or X¢y1. But, of course, we would need those conditions to derive all the steady state
equilibrium variables.



where 1.(v;) = dne(vy)/dve, Fip = OF (ke, hy) /Oky, Fpy = OF (ky, he)/Ohe, pris1 = Op(Tig1, Weg1) /0T 41,
Ry rtr1 = ORg(Tey1, Wey1)/OTe41, kg = OK(Tir1, Wer1, be, v¢) /OTey1, and hy g = O(Tyy1, Wey1,ve)/OT 41
Assuming that G; grows at an exogenous, constant rate g > 0, we focus again our attention
on a steady state (balanced growth path) where all the variables in equations (57)-(59) remain

constant, except for the Lagrange multipliers, A, s, A\p¢, and A, ; that grow at the same rate:

>\U,t o )\b,t o )\r,t
Avg—1  Api—1  Azi—1

Since p is constant we have v = (1 — 8)¥/(1 — B¥p¥~1). Also, 7. = (1 — B)¥v'~%, and so
B =1~

It then follows from equation (57) that, along a balanced growth path,

Ay
T = (L) + Adf(v),
v,t—1
where A is the term
=11 Ayt - _ Azt
A= ’ {—Rb—F‘l— _F 1— }— t R,
e . k(1 —nn) — Frpnp +7(1 — np) + wnp Ny 1 e

a constant given the fact that all Lagrange multipliers grow at the same rate.
We can then use equation (58) to derive the following steady-state condition which is the coun-

terpart of the one in Proposition 5:

Re=(1— 6+ ) [HA”@(”)]. (60)
L=

Just as in the case of a constant, exogenously given level of g, this condition implies that at a
Ramsey steady state the average rate of return on consumers’ portfolios, R, is equal to the before
tax return on physical capital (or equivalently the cost of government debt), 1 — dx + F, augmented
with the effect of public debt on the saving rate, An./(1 —n.). As long as the latter effect is small,
we get again R, ~ 1 — é; + F}, which implies that the optimal capital tax rate is positive in the
long run: 7, > 0.

When ¢ = 1, again the effect on the saving rate valishes, so that condition (60) reduces to
R, =1— 0y + Fy,

which is identical to the condition derived in Corollary 6.

4 Algorithm to solve the model numerically

The Ramsey equilibrium for our model can be computed in a straightforward way. The function
p(b,b',n.) is computed as the solution to the maximization problem defined in (32). Then the
steady state value of b is obtained by solving equation (39).

10



The transitional dynamics is computed for the calibrated economy where 1) = 1. In this case 7,

is constant, so the function above can be written simply as pf*(b,4’) and (30) simplifies to

(o) = »_ B In(pri1).

t=0

In the dynamic programming formulation, the Ramsey problem (33) can be written as
Inv(b) = max B1n pf (b, ) + BInw (V).

This problem is solved by discretizing the state space and by the value function iteration.

5 Transitional dynamics

The Ramsey equilibrium converges to the steady state only in one period. Figure 1 in this ap-
pendix illustrates the transitional dynamics of the Ramsey equilibrium, starting from the “baseline

equilibrium” in Table 2 in the main text.

11



Figure 1: Transitional dynamics of the Ramsey equilibrium starting from the baseline equilibrium.
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