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ARCHIMEDES' DETERMINATION OF CIRCULAR AREA 

by Patricia Gnadt 

"It is not possible to find in all geometry more difficult and intricate questions, or 
more simple and lucid explanations. Some ascribe this to his genius; while others 
think that incredible effort and toil produced these, to all appearances, easy and 
unlaboured results."1 

In terms such as these, Archimedes has long been hailed as one of the greatest of all 
mathematicians, Greek or otherwise. His achievement of relating the circumference of a 
circle with circular area is one of the prime examples of Archimedes' genius for simple 
results to intricate questions. While it is only one of the many accomplishments for 
which Archimedes is famous, the mathematics of this paper will be limited to his 
developments which relate directly to the determination of this relationship, as well as to 
the determination of the value of the constant of proportionality which we now call 1t. 

Born about 287 B.C. in Syracuse, Sicily, the son of Pheidias, an astronomer who is 
otherwise unknown, Archimedes most likely studied at the Great Library in Alexandria, 
Egypt.2 From his writings, it is apparent that he was trained in the Euclidean tradition3 
which had, in its turn, been influenced by the philosophical beliefs of Aristotle and 
Plato.4 Throughout his life, Archimedes' genius exhibited an extraordinary duality of 
nature: "he could concern himself with practical, down-to-earth matters, or could delve 
into the most abstract, ethereal realms." 5 Noted for his ability to concentrate intensely 
on whatever problem he was considering at the moment, Archimedes was described by 
Plutarch as one who would 

... Forget his food and neglect his person, to that degree that when he was 
occasionally carried by absolute violence to bathe or have his body anointed, he 
used to trace geometrical figures in the ashes of the fire, and diagrams in the oil on 
his body, being in a state of entire preoccupation, and, in the truest sense, divine 
possession with his love and delight in science.6 

It is obvious from the records of his accomplishments that this ability to concentrate 
on a problem or situation until he had solved it was extremely helpful. Archimedes is 
credited with inventing a water-lifting device which is still used today. He was known to 
have assisted the defense of his hometown of Syracuse against the Roman invaders 
through the use of such mechanical inventions as grappling devices (used to grab and lift 
the front end of warships, thus sinking them), burning mirrors (parabolic mirrors which 
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focussed the rays of the sun onto a ship causing it to burn), lever and pulley devices 
(enabling him to maneuver and drop large weights onto the Roman ships in the 
harbor), catapulting devices (which sent masses of stone over the city walls onto the 
attackers), and various other devices which so frightened the Roman soldiers that, 
according to Plutarch, 

if they did but see a little rope or a piece of wood from the wall, instantly crying 
out, that there it was again, Archimedes was about to let fly some engine at 
them, [and] they turned their backs and fled. 7 

Archimedes' ability to concentrate was also exhibited through the enormity and 
depth of the discoveries detailed in his many published works. The concepts 
addressed in this paper are from his treatises, Measurement of a Circle and On the 
Sphere and the Cylinder. His SandReckoner was a treatise on how one could write and 
compute with large numbers, "such as would give the number of grains of sand in the 
universe." 8 On the other hand, whether the story of his running sans toga shouting 
"Eureka" through the streets after having solved the problem of the dishonest 
goldsmith and the king's crown is true or not, it is known that Archimedes discovered 
many fundamental principles of hydrostatics and wrote about them in a treatise 
entitled On Floating Bodies. 9 

Sadly, Archimedes' ability to concentrate deeply was also the cause of his demise. 
The story is told by Plutarch that 

As fate would have it, intent upon working out some problem by a diagram, and 
having fixed his mind alike and his eyes upon the subject of his speculation, 
[Archimedes] never noticed the incursion of the Romans, nor that the city was 
taken. In this transport of study and contemplation, a soldier, unexpectedly 
coming up to him, commanded him to follow to Marcellus; which he declining 
to do before he had worked out his problem to a demonstration, the soldier, 
enraged, drew his sword and ran him through.IO 

There are other versions of this story, but all include Archimedes' complete 
involvement with his thoughts, be they deeply theoretical or intensely practical in 
nature. I am sure that it was this commitment to understanding the nature of the 
world around him that led Archimedes to consider the knowledge of the Greek 
mathematicians who preceded him and which enabled his extraordinary genius to 
make the incredible connection of circular area and the circumference of a circle. 
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The ancient Greeks knew that the relationship of the circumference of a circle to its 
diameter was a constant one. Given any number of circles, with circumference, Cn, and 

c c 
diameter, Dn, the ratio of circumference to diameter is always the same, i.e. - 1 = - 2 = 
C D1 D2 
-

3 = ki. Also, Euclid had proven in Proposition XII.2 of his Elements that "Circles are 
D3 

to one another as the squares on their diameters."11 That is, the ratio of the area, An, of a 

circle to the square of its diameter, Dn2, is also constant: A1
2 = ~2 = ~2 = kz. In 

D1 D2 D3 
spite of having proven these relationships, however, Euclid developed neither a value for 
these constants nor a relationship between the one-dimensional constant relating 
circumference to diameter, ki, and the two-dimensional constant relating area to 
diameter, kz. It was not until Archimedes that such a connection was wonderfully and 
cleverly made. 

To effect his discovery, Archimedes relied upon two types of proof and two 
preliminary pieces of geometric information. The two types of proof which he used 
quite skillfully are Eudoxus' Method of Exhaustion and the "rather sophisticated logical 
strategy called double reductio ad absurdum." 12 In Eudoxus' Method of Exhaustion, the 

general strategy was to approach an irregular figure by means of a 
succession of known elementary ones, each providing a better approximation than 
its predecessor ... these relatively simple polygons ever more closely 
approximating the circle itself. In Eudoxian terms, the polygons are "exhausting" 
the circle from within.13 

In the proof method of double reductio ad absurdum, Archimedes, knowing that two 
numbers can be related in only one of three ways, eliminates two of the possibilities, 
leaving the third choice as the only logical alternative. 

As a prelude to his discovery, Archimedes also relied upon the results of two 
theorems which were well known in his day. The first is that the area of the regular 
polygon is 1/2 (apothem X perimeter), the apothem being the perpendicular distance 
between the center of an inscribed polygon and one of its sides and the perimeter being 
the sum of the lengths of the sides. The second theorem he used is that if we are given a 
circle, we can inscribe within it a square.14 It is to this latter theorem that Archimedes 
applied the method of exhaustion. He began with an inscribed square, bisected the sides 
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thereof, and formed a regular octagon. He continued this process, certainly having 
already proved that the area of an inscribed polygon never equals that of the 
circle, that is, 

there will always be an excess of circle over inscribed polygon .... But-and this 
was the key to the method of exhaustion-if we have any preassign,ed area, no 
matter how small, we can construct an inscribed regular polygon for which the 
difference between the circle's area and the polygon's is less than this preassigned 
amount.IS 

The first proposition from his book, Measurement of a Circle, is the key in 
Archimedes' connection between the circumference of a circle and its area. In 
William Dunham's book Journey Through Genius: The Great Theorems of Mathematics, 
Proposition 1 reads, 

The area of any circle is equal to a right-angled triangle in which one of the 
sides about the right angle is equal to the radius, and the other to the 
circumference, of the circle. 16 (The complete proof from Dunham's book is set 
forth in Appendix A) 

Archimedes began his proof with the idea that any two numbers, A & B, relate to 
one another in only one of three ways: either A > B, or A < B, or A = B. Because 
he wanted to prove that the area of the circle, A, equals the area of the specified 
triangle, T, Archimedes first made the assumption that A< T. From this assumption, 
he derived a logical contradiction and eliminated this case as a possibility. Next, he 
made the assumption that A> T and followed a similar process until he again 
reached a logical contradiction. Having eliminated both of these alternatives, this 
would leave one choice, namely that the area of the given circle, A, equalled the area 
of the specified triangle, T. 

It was a common device for Archimedes to relate the area of an unknown figure 
with that of a known one. Archimedes was not limited by the fact that he could not 
construct with straight edge and compass (a well-known limitation to Greek 
geometric constructions) a triangle with a base equal in length to a circle's 
circumference. In fact, it may very well have been the Platonic philosophy that 
mathematics was apart from the imperfect physical world that freed Archimedes to 



make the choice of triangle measurements that he did. As represented in this 
statement from a dialogue in Plato's Republic, 

Although mathematicians use visible figures and argue about them, they are not 
thinking of these figures but of those things which the figures represent; thus it 
is the [circle] itself and the [triangle] itself which are the matter of their 
arguments, not that which they draw. 17 

It is because the length of the base of his proof's triangle equalled the measure of the 
circle's circumference that Archimedes was able to relate the circle's area, not to 
another circle like Euclid did, but rather to the circle's own circumference. 

Having shown that the area of the circle with radius r and circumference C 
equalled the area of the right triangle with leg r and base C, he could then assert 
that the area of the circle is 

A= T = 1/z (base X height)= 1/z r C. 

Because of this, Archimedes had provided the link between the one-dimensional 
concept of circumference and the two-dimensional concept of area. Recalling that 
C = kiD and that D = 2 r, we can finally derive the familiar 

A= lfz r C = lfz r (k1D) = lfz r (k1 2 r) = ki r2 

It was a masterful approach, and in retrospect, powerfully simple. 

Archimedes did not end his efforts to relate geometric figures with this 
outstanding success in the measurement of a circle. On the contrary, he considered 
his highest achievements to be those discoveries set forth in his two-volume book, 
On the Sphere and the Cylinder, wherein "he determined volumes and surface areas of 
spheres and related bodies, thereby achieving for three-dimensional solids what 
Measurement of a Circle had done for two-dimensional figures."18 In this work, he 
used the information known to Euclid, namely that "the volumes of two spheres are 
to each other as the cubes of their diameters; in other words, there exists a 'volume 
constant' m so that 

Volume (sphere) = m D 3 (see endnote 19) 
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Employing his knowledge of the volumes and relationships of simpler figures to 
determine the volume and surface areas of the complex ones, Archimedes was able to 
relate the surface area of any right circular cylinder to its height and the area of its 
base. He was then able to show that the volume of the sphere is equal to that of the 
cylinder circumscribed around the sphere minus the volume of the cone inscribed in 
the cylinder. From here, he proceeded through very sophisticated reasoning and the 
use of the method of exhaustion to reach the conclusion of Proposition 3 3, that is 
that the surface of any sphere is equal to four times the greatest circle in it. Naturally, 
he also used his favorite logical tactic of double reductio ad absurdum 20 to help him 
reach this conclusion. We now recognize his verbal description of the surface area of 
the sphere as the modern formula, 

Suiface area (sphere) = 4 n r 2 

There is nothing intuitive about this relationship, especially the fact that 

the surface of a sphere is exactly four times as large as the area of its greatest 
cross section .... Archimedes himself addressed this peculiar, intrinsic property 
of the sphere in his introduction to On the Sphere and the Cylinder. Archimedes 
noted that " ... certain theorems not hitherto demonstrated have occurred to 
me, and I have worked out the proofs of them." ... he went on to observe that 
such properties were "all along naturally inherent in the figures referred to, but 
remained unknown to those who were before my time engaged in the study of 
geometry. "21 

Archimedes felt fortunate that he was the human whose efforts had been successful at 
glimpsing these inherent relationships. He did not feel that he had developed or 
invented them but merely discovered that which already was. Needless to say, we are 
deeply in debt to the work of Archimedes in relating the constants of proportionality 
of circles and spheres to their radii. 

Today we use the symbol 7t to represent this constant of proportionality. It is 
interesting to note that, although we refer to Archimedes' derivations of a range 
within which falls the value for n, 
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The symbol 7t was not used in antiquity in our modern sense (in ancient Greece, 7t 

meant 80). It was first used in that sense by William Jones (1706), a friend of Newton ... , 
but was generally adopted after Euler had used it in his Introductio of 1748. 22 



7t has most likely become the most famous mathematical or scientific constant in all of 
history, although I am sure that it is not thoroughly understood by many of those who so 
flippantly throw out its value as being 2217 or 3 .14. Though the value of 7t had been 
contemplated for centuries by other civilizations, as summarized in Appendix B, 
Archimedes was again instrumental in the monumental leap of our understanding of this 
constant with his work to establish a precise value for 7t. Specifically, he was able, using 
inscribed and circumscribed regular polygons, to frame the value of 7t as follows: "the 
ratio of the circumference of any circle to its diameter is less than 3 I/ 7 but greater than 3 
I0/71." 23 This result was pivotal for the mathematicians who followed Archimedes. As 
also summarized in Appendix B, there are many mathematicians who, to this very day, 
have pursued the precise value of 7t, and their work was made easier because of 
Archimedes' astuteness. 

As fascinating and mysterious as it is, 7t has nonetheless proven to be an extremely 
practical and important number in the history and applications of mathematics. The 
need for the constant we call 7t has existed since man first discovered the circle and began 
to apply it in his work, in his constructions, and in his arts. From the very pragmatic 
Hebrews and Egyptians, who anciently realized that 3 was a sufficiently close value for 7t 
in their constructions, we've seen the development of a much greater accuracy in 7t's 
value determined by the Greeks who sought less for the practical and more for the 
absolutes of truth and beauty in the world around them. Later, Leibnitz and Newton 
radically changed future mathematicians' approach to finding the value of 7t from a 
geometric exploration to an arithmetic exercise by introducing a determination of 7t in 
terms of the then-infant field of calculus. Now, in modem times, the value of 7t has been 
pursued more as a demonstration of computational muscle than of practical necessity. 
Yet 7t has continued to tease man's complete understanding of its subtle identity, while 
still today it continues as one of the most helpful and readily recognized of all 
mathematical constants. 

Even today, with all of our knowledge, experience and sophistication, the work of 
Archimedes evokes comments of praise and awe that someone who lived so long ago, in 
the infancy of mathematical thought, was creative, diligent, and astute enough to develop 
the non-intuitive relationships between the linear measurement of circumference and 
the two-dimensional measurement of area of a circle that we take for granted. The world 
would have been a far darker place had not the genius of minds like Archimedes been 
there to light our way. It is easy to comprehend the sadness of Marcellus upon the news 
of the death of Archimedes at the hands of a Roman soldier, and one can but wonder 
what monumental ideas of Archimedes were lost in that single, fateful action. 
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Appendix A: Proof of Proposition 1 

In William Dunham's book, Journey Through Genius: The Great Theorems of Mathematics, 
Proposition 1 reads, "The area of any circle is equal to a right-angled triangle in which one of the 
sides about the right angle is equal to the radius, and the other to the circumference, of the circle." 
The proof from pages 92 - 9 5 is as follows: 

c 
Figure 1. Figure 2. 

Proof: 

Let us begin with two figures: 
a circle having center 0, radius r, and circumference C (Figure 1.) and 
a right triangle having base of length C and height of length r. (Figure 2 .) 

Let us denote the area of the circle by A and the area of the triangle by T. 
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We know that the area of the triangle is: T = 1/2 (b * h) = 1/2 (r * C ). 

The area of the circle is what we are seeking to determine. 

Since Proposition 1 simply claimed that A = T, this is the point at which Archimedes applied the 
double reductio ad absurdum strategy of proof. Seeking to eliminate both A > T and A < T, let us 
begin with: 

Case I: Suppose A > T 

Here we are asserting that the circular area exceeds triangular area by some positive amount 
which we can denote A - T. "Archimedes knew that by inscribing a square within his circle and 
repeatedly bisecting its sides, he could arrive at a regular polygon inscribed within the circle whose 
area differs from the area of the circle by less than this positive amount A - T. That is, 

A - Area(inscribed polygon) < A - T 

Adding the quantity "Area(inscribed polygon) + T - A " to both sides of this inequality yields 

T < Area(inscribed polygon) 

But this is an inscribed polygon. Thus its perimeter Q is less than the circle's circumference C, 
and its apothem h is certainly less than the circle's radius r. We conclude that 

Area(inscribed polygon) = 1/ 2 h Q < 1/ 2 r C = T 

Here Archimedes had reached the desired contradiction, for he had found both that T < Area 
(inscribed polygon) and that Area(inscribed polygon) < T. There is no logical recourse other 
than to conclude that Case 1 is impossible; the circle's area cannot be more than the triangle's. 
(Bold emphasis added) 

Case 2. Suppose A < T 

This time Archimedes assumed that the circle's area fell short of the triangle's, so that T - A 
represented the excess area of the triangle over the circle. Archimedes knew that he could 
circumscribe about the circle a regular polygon whose area exceeds the circle's area by less than 
this amount T - A. In other words, 

Area (circumscribed polygon) - A < T - A 

If we simply add A to both sides of the inequality, we conclude that 

Area( circumscribed polygon) < T 
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But the circumscribed polygon has its apothem h equal to the circle's radius r, while the polygon's 
perimeter Q obviously exceeds the circle's circumference C. Thus 

Area (circumscribed polygon) = 1/ 2 h Q > 1/ 2 r C = T 
Again, this is a contradiction, since the circumscribed polygon cannot be both less than and 
greater than the triangle in area. Archimedes concluded that Case 2 was likewise impossible; the 
circle's area cannot be less than the triangle's. 

As a consequence, Archimedes could write: "Since then the area of the circle is neither greater nor 
less than [the area of the triangle], it is equal to it." Q.E.D. 

Appendix B: Other historical explorations and 
approximations of 7t (Dunham, pgs. 106 - 111) 

ROUGH APPROXIMATIONS (without decimal numerical system using a "rule of thumb" 
approach) 

I. Hebrew approximation of n: 

A. 1 Kings 7 :2 3 "Then He made the molten sea, ten cubits from brim to brim, while a line 
of 30 cubits measured it around." 

B. n = C/n = 30/10 = 3.00 

II. Egyptian approximations: 

A. Rhind papyrus: 

1. Egyptian math was results - based. They did not seem interested in developing a 
consistent mathematical system, rather just in knowing what they had to do to accomplish the 
building or surveying task at hand. 

2. 1t = (4/3)4 = 256/31 = 3.1604938 ... 

B. Archimedes (287 - 212 B.C.E.) approximated 7t using inscribed and circumscribed 
polygons. 

C. Ptolemy ( 15 0 C.E.) 

1. Developed his Table of Chords to assist with his astronomical observations. 

2. The chord of 1° is l.0472p (i.e. The perimeter of a regular 360-gon inscribed in this 
circle is 360 times as great, namely 376.992 p. 
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3. Ptolemy's estimate of 7t 

1t = C/n 
::::::: perimeter of 360-gon/ diameter of circle 

= 376.992p ; 120P 

= 3.1416 
III. Ancient non-Western approximations 

A. China 
1. Tsu Ch'ung-chih (430 - 501 C. E.) 

2. around 480 C.E.: 7t = 355/113 = 3.14159292 ... 

B. India 
1. Bhaskara (1114 - ca. 1185) 

2. 1150 C. E.: n = 3927/1250 = 3.1416 

Approximations with decimal numerical system 

Iv. Western approximations 

A. Simon Stevin (1548 - 1620) helped to establish the modern decimal system of numerical 
representation. 

B. Francois Viete (1540 - 1603) (French) used Archimedes's technique of approximation 
using the perimeters of regular inscribed polygons of 393,216 sides and achieved the value of 7t 

accurate to nine places. 

C. Ludolph van Ceulen (?) (Dutch) 

1. found 7t correct to 3 5 places. 

2. started with a square instead of a hexagon and worked up to a polygon with 262 
roughly 4,610,000,000,000,000,000 sides. 

Estimations using calculus 

V. The approximation of 7t changes from a geometric to an arithmetic problem. 

A. Isaac Newton in late 1660's used his newly invented method of fluxions (i.e. Calculus). 
By the way, the constant which we call n was not originally designated thusly. In Ancient Greece 7t 
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represents the number 80. It was not until the 1700's that William Jones (1706) used n, being the 
first letter of the word meaning to go around, in the capacity of this constant. n was generally 
adopted after Euler had used it in his lntroductio of 1748. 

B. Gottfried Wilhelm Leibniz realized that the series 

1 - l/3 + l/5 - l/7 + l/9 - l/u + l/13 - l/15 + · · · -> 7t/4 

(very slowly approaches 7t/4: after 150 terms: n = 3.1349 ... ) 

C. Abraham Sharp (1651 - 1742) and John Machin (1680 - 1751) generated much more 
rapidly converging series. (Sharp to 71 places in 1699 and Machin to 100 places in 1706) 

D. Investigations into the nature of n 

1. Johann Heinrich Lambert (1728 - 1777) proved that n is an irrational number and 
cannot be expressed as simply the ratio between two integers. 

a. Rational => a definite number of decimal places in the decimal representation or 
else a repeating pattern of digits in the decimal representation. 

b. n exhibits neither of these qualities. 

2. Ferdinand Lindemann proved in 1882 that n is actually transcendental, i.e. that n 
can never be the root of a polynomial with integer coefficients. 

Modern approximations 

VI. Indian mathematician Srinivasa Ramanujan (1887 - 1920) developed some 
very efficient methods of approximating n. 

VIL Englishman William Shanks (1812 - 1882) determined n to 707 places in 1873 
using the series approach of Machin (but erred in the 527th place computation as discovered by 
Englishman D. F. Ferguson who then went on to compute n to 710 places). 

VIII. American J. W Wrench, in 194 7, published n to 808 places. 

IX. Eniac, the Army's computer, found n to 2,037 places. 

X. 1959 - 16,000 places 
1966 - 250,000 places 
late 1980's - over half a billion places 
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