Classics in Mathematics

Tonny A.Springer  Jordan Algebras and Algebraic Groups



A

Born on February 13,1926 at the Hague, Holland,
Tonny A. Springer studied mathematics at the
University of Leiden, obtaining his Ph. D. in 1951.
He has been at the University of Utrecht since 1955,
from 1959-1991 as a full professor, and since 1991-
as an emeritus professor.

He has held visiting positions at numerous
prestigious institutions all over the globe, inclu-
ding the Institute for Advanced Study (Princeton),
the Institut des Hautes Etudes Scientifiques -
(Bures-sur-Yvette) and the Tata Institute of
Fundamental Research (Bombay).

Throughout his career T. A. Springer has been
involved in research on various aspects of the
theory of linear algebraic groups (conjugacy
classes, Galois cohomology, Weyl groups).



Tonny A.Springer
Jordan Algebras
and Algebraic Groups

Reprint of the 1973 Edition

Springer




Tonny A.Springer
University of Utrecht
Mathematics Department
P.0.Box 80010

3508 Utrecht

The Netherlands

Originally published as Vol. 75 of the
Ergebnisse der Mathematik und ihrer Grenzgebiete

Mathematics Subject Classification (1991): 17C99,20G05

CIP data applied for

Die Deutsche Bibliothek - CIP-Einheitsaufnahme

Springer, Tonny A.:

Jordan algebras and algebraic groups / Tonny A. Springer.- Reprint of the 1973 ed.- Berlin; Heidelberg;
New York; Barcelona; Budapest; Hong Kong; London; Milan; Paris; Santa Clara; Singapore; Tokyo:
Springer, 1998

(Classics in mathematics)

ISBN 3-540-63632-3

ISSN 1431-0821
ISBN 3-540-63632-3 Springer-Verlag Berlin Heidelberg New York

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication or
parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 1965, in its
current version, and permission for use must always be obtained from Springer-Verlag. Violations are liable

for prosecution under the German Copyright Law.

© Springer-Verlag Berlin Heidelberg 1998
Printed in Germany

The use of general descriptive names, registered names, trademarks etc. in this publication does not imply,
even in the absence of a specific statement, that such names are exempt from the relevant protective laws and

regulations and therefore free for general use.

SPIN 10651007 41/3143-543210 - Printed on acid-free paper



T. A. Springer

Jordan Algebras
and Algebraic Groups

Springer-Verlag Berlin Heidelberg New York
1973



Tonny Albert Springer

Mathematisch Instituut der Rijksuniversiteit te Utrecht,
De Uithof, Utrecht/Netherlands

AMS Subject Classifications (1970): 17 C 99, 20 G 05

ISBN 3-540-06104-5 Springer-Verlag Berlin Heidelberg New York
ISBN 0-387-06104-5 Springer-Verlag New York Heidelberg Berlin

This work is subject to copyright. All rights are reserved, whether the whole or part of the material
is concerned, specifically those of translation, reprinting, re-use of illustrations, broadcasting, repro-
duction by photocopying machine or similar means, and storage in data banks. Under § 54 of the
German Copyright Law where copies are made for other than private use, a fee is payable to the publisher,
the amount of the fee to be determined by agreement with the publisher. © by Springer-Verlag Ber-
lin Heidelberg 1973. Library of Congress Catalog Card Number 72-96718. Printed in Germany.
Typesetting, printing and binding: Universitdtsdruckerei H. Stirtz AG, Wirzburg.



Preface

The aim of this book is to give an exposition of a part of the theory of
Jordan algebras, using linear algebraic groups. That such groups play a
role in Jordan algebra theory is a well-established fact, pointed out,
for example, by H. Braun and M. Koecher in their book ‘“Jordan
Algebren”. We have tried to exploit that fact as much as possible. In
particular, the classification of simple Jordan algebras is derived here
from the Cartan-Chevalley theory of semi-simple linear algebraic groups
and their irreducible representations.

The first part of the book (until §11) is, in the main, of an elementary
character. It contains part of the basic theory of finite dimensional
Jordan algebras with identity. But these appear in disguise: instead of
Jordan algebras we use the “J-structures”, introduced in §1. The notion
of a J-structure contains an axiomatization of the notion of inverse.
The algebraic group which is central in the theory, the so-called structure
group (introduced by Koecher), enters already in the definition of J-
structures.

If the characteristic is not 2, a J-structure is essentially the same thing
as a Jordan algebra (as is established in §6). One of the advantages of
J-structures is that the characteristic 2 case needs no special care, at
least in the elementary theory. This is not so in Jordan algebra theory,
where in characteristic 2 the so-called quadratic Jordan algebras come
in. The relations between these and J-structures are discussed in §7.
Examples of J-structures are discussed in §2 and §5. The ““quadratic
map”, which is familiar from Jordan algebra theory, is introduced in
§3. It plays an important role. In particular, we use it in §10 for a group-
theoretical version of the Peirce decomposition with respect to an
idempotent element.

In §11 a classification problem for semisimple groups is solved. This
solution leads quickly to the classification of simple J-structures over
algebraically closed fields of characteristic not 2 in §12. The more
troublesome characteristic 2 case is dealt with in §13. In §14 we then
discuss the explicit determination of the structure group of the various
simple J-structures, as well as the related Lie algebras (which are in-
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troduced in §4). §15 deals with the classification of J-structures over
fields which are not algebraically closed. §0 contains some preliminary
material, for example about polynomial and rational maps of a vector
space.

The notes at the end of the sections contain various remarks and
references to the literature. In the latter we have not attempted to
achieve completeness. Nor does the bibliography at the end of the book
claim to be comprehensive (more complete references are given in the
books of Braun-Koecher and Jacobson, quoted in the bibliography).

References to the bibliography are given in square brackets. Formulas
are numbered consecutively in the sections, §x, () means formula ()
of §x.

I am grateful to F. D. Veldkamp for a number of critical remarks
and to Miss J. van der Mars for the preparation of the manuscript.

Utrecht, December 1972
T. A. Springer
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