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In previous work on concurrent game semantics [7], the second author has de-
scribed a general construction which takes as input a pseudo double category [2, 3,
5, 6, 10, 4] D with extra structure – there called a playground, and outputs a notion
of concurrent strategy. When fed with adequate pseudo double categories, DCCS

and Dπ, the construction produces meaningful notions of concurrent strategy for
CCS [7] and the π-calculus [1]. The pseudo double categories DCCS and Dπ are
constructed in very similar ways, which raises the question of how to generalise the
process.

Furthermore, from the beginning, the construction was hoped to be expressive
enough to recover known results on deterministic, functional languages such as
PCF [8], albeit in a new manner, part of a general framework for game semantics.
However, one particular point of functional languages cast some doubt on this
issue, namely multiple use of variables. It may not be immediately clear why
this point would not cause any trouble in CCS or π, in particular since λ-calculus
translates into π. This may be due to the fact that λ is much tamer than π, and
hence provides less tests to discriminate subtly different strategies. Anyway, issues
naturally arise when trying to model, e.g., the simply-typed λ-calculus, Λ→, using
the same approach.

In this work, we propose a generalisation of the construction, which encompasses
both DCCS and Dπ, but in fact also works for Λ→. This particular example and its
adequacy will be studied in more detail in a follow-up paper, where we will show
that Ong and Tsukada’s sheaf model [11] naturally arises as an instance; instead
we here focus on the most difficult part of the construction.

In a first part, starting with rather basic data, namely what we call a signature S,
we construct a pseudo double category D(S), which, when instantiated adequately,
produces DCCS and Dπ. Our main contribution is then, in a second part, to prove
that under suitable hypotheses, D(S) satisfies a certain fibredness property. This
property is necessary for proving that D(S) is a playground, so the present work is
only a first step in that direction. Fibredness demands that plays in the game gener-
ated by S, when viewed as indexed over their initial positions, form a Grothendieck
fibration. Intuitively, this says that given any play P with initial position X and
any subposition Y of X, there is a canonical way of restricting P to Y .

The technical development mainly rests on a combination of cofibrantly gener-
ated (strong) factorisation systems, adhesivity [9], and limits w.r.t. a coreflective
subcategory.
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