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If the weight w is displaced by amount, y, the beam and the springs will exert a total force

on the mass of
3E]
P = <? + Zk) u

The beam and springs act in parallel. The equivalent stiffness is:

P 3EI
k== +2)

Natural frequency:

Natural period:

T—Zn—ZL W( L )
“w g BEr+ 2kL®

Stiffness:

3EI 3 x 108 _
k, = (— + Zk) = S +2 X 1000 = 4,300 th/in

|k 4300><386_2352 p
W= = 3000 - 2352ra /sec

Free vibration response of undamped oscillator:

Natural frequency:

u
u(t) = ugcoswt + Zosina)t



u(t) = —ugwsinwt + uycoswt
Displacement and velocity at t = 1sec with the initial values

Uy, = 1in.,u, = 20 in./sec:

20
u(l) =1-cos(23.5-1) + msm(ZS 5-1) =—-0.89 in.

u(1) = —1-23.55in(23.5-1) + 20c0s(23.5- 1) = 22.66 in./sec

13

The stiffness of the beam is

12E1, 3E(2I 12-(30-10%)-170.9 3-(30-10°)-82.5
:< Ly ( 2)>: ( ) ( ) = 25,577 lb/in.

L3 L3 1443 * 1443

Natural frequency:

25577386 _
f =5 [m~ 2z 50000 ps

1.4
a) Infinitely rigid horizontal member

Stiffness:

e (12E1) _12-(30-10%)-171

5 az 157 - 2L100b/in

Natural frequency:



|k 21,100><386_1805 J
w= = 35000 -~ 1© rad/sec

== =287
f_ﬂ_ .87 cps

b) Flexible horizontal member consisting of W18X30

Compute the stiffness by moment distribution method. Displace the frame horizontally by
one inch and determine the stiffness of the frame as the sum of the shear forces in both
columns. Take advantage of the symmetry by modifying the stiffness of horizontal member
by factor 3/2.

Distribution factors

Fixed end moments:

AE] AE
kpa=——=—171> 171> 0.1244

k AET3 _4E 3 802 - 1203 - 0.8756
= = —— - b
BCT=T1 271 2

| 0.1244 | 0.8756 |

B C
6EI 6-(30 106) 170.9 o
. . : . -118
My, = My, = . . . -832
L (12-15) 832 -832
=950 (k —in.)
Shear force:
_832+891 5 = 1914 kip /i
= 80 = 19. ip/in. 950 |A D
-59
Natural frequency: 891

19,140%386 _
f =5 [m~ 2z | 25000 ps

Note:

1. Assuming a flexible girder decreases the natural frequency by only



1 2'74—005—50/
287 o777

2. Adding the weight of the girder and half of the weight of the two columns decrease the
natural frequency by:

15
W =25,000+50-15+2-33 5= 26,2456 lb

19,140 %386 _  _
f = m ™ T 26245 ps

_ — 0
1 274 0.05 = 2.5%

1.5

Stiffness coefficient:

12E1 192 - EI
((Z/L)S) (L)3

|k [192-Elg
= mT TEw
_w 4 [3-Elg
f_Zn_n (LH3w

_ |k _ foza00sss
©= Im= (1205 5000  Jx61rad/sec

u
u(t = 2) = upcoswt + Eosinwt = 0.5c0s(92.61-2) +

Natural frequency:

1.6

92.61 sin(92.61-2)

u(t =2) =-0474in.



u(t) = —ugwsinwt + tgcoswt = —92.61- 0.5 - sin(92.61 - 2) + 15c0s(92.61 - 2)
u(t =2) =—-21.05in./sec
i(t) = —w?ugcoswt — Uywsinwt = —w?u(t)
ii(t = 2) = 4,665 in./sec?

1.7

ZMozl-a

a = avg.acc.

-m-g-L-sinf=m-1L*>-6

For 8 small, sinf = @

0=0+=-0

0 .
0 = 0,coswt + Esmwt

Where w = \/% is the natural frequency.



1.8

ZMozl-a .
ka sinf

<
. <

—k-a-tanf-a+m-g-L-sinf =m-L*-0

For 8 small, sin@ =60 tanf =6

m-1>0+(k-a*—m-g-L)0 =0

1 [kra?—m-g-L
f_Zn m - L?

Note:If m-g-L > k-a?, theinverted pendulum is unstable.




1.13
The deflection curve may be assumed to have the shape shown in Fig. 1.13 (a), which is bend
due to a force at the top of the pole.

In this case the slope 8 at the tip is given as

9= PL?
~ 2EI
and the displacement § as
5= PL3
~ 3EI
o
P ﬁ—»y
ky
Fool b e
a a
al o3 R,
0]
(0] Ry
0 Fig. 1.13 (b) Fig. 1.13 (¢)
Fig. 1.13 (a)
The distance a is
6 2 L
a= 5=

and is independent of 6. Go a first approximation: therefore, it may be assumed that the
system is essentially equivalent to that of Fig. 1.13 (b) in which the stiffness is given by

P 3EI

5 I3

From Fig. 1.13 (c) taking moments about O,



ZMozl-a

—k-a-cosh-a+m-g-L-sind=m-a*-6

Forsmall@ cos8@ =1 sinB=6 y=al

Then
m-a?-0+(k-a*—m-g-a)d=0
1 [k g 1 (3EI 3g
f_Zn m a 2w |ml® 2L
1.15
Case a)

The spring constant k,, for the beam is

3EI
=T

Springs are in series, therefore the equivalent stiffness is

1_1+1_1+L3_3E1+kL3
k, k k, k 3EI 3EIxk
_ 3EI X k
¢ 3El+ kI3

Natural frequency:

1 ke 1 3El-k-g
f_2n m  2m |(BEI + kL)W

The spring constant of the beam is

Case b)



48E1

Springs are in series, therefore the equivalent stiffness is

L3 _ 48El+ kL3

= -+ —1+
- Tk

k, k k, 48-EI  48El-k

Natural frequency:

1 ke 1 48El k- g
f_2n m 2w |(48El + k- L3W

Case c)

Deflection of simply supported beam with load P is

5= P -a? - b?
~ 3EI-L
So
_ P _ 3EI
5§ a?b?
and
1 [3EI'L-g
2w a?b?-W
Case d)
Stiffness of the beam, from case c)
_ 3EIL

b= q2]2



Spring in series:

1 1 1 1 a?b? _3El+k- a’b?

k. kVk, kVY3EILT 3EIkL

Natural frequency:

1 ke 1 3El-k-g
f_Zn m  2m |(3EI-L+k-a2b>)W



1.16

N—> 1 —ue
— }— «—] —
mqu miu

171 k(u, —uy) 12

Newton’s Law gives: ), F = 0

mlﬁl - k(uz - ul) == O Eq.l

mzﬁz + k(uz - ul) = O Eq.2

Multiplying Eq. 1 by m, and Eq. 2 by m;, and subtract Eq. 1 from Eq. 2

Lety = u, —uy

Natural frequency:

mym, (il — i) — k(my + my)(uy; —uy) =0

11



2.1

The following numerical values are given

L =100 in. EI = 108 [b.m? W = 3,000 1b
k = 2,000 lb/in. uy = 1.0 in. Uy, = 20 in./sec & =0.15
Stiffness:
3EI 3-108 )
+2-2,000 = 4,300 [lb/in.

ke =73+ 2k = 7403

4,300 - 386_23 52 rad
3.000 rad/sec

Wp =W 1—62 = 23.524/1 —0.152 = 23.25 rad/sec

Displacement and velocity after t = 1 sec.
u(t) = Ce$®tcos (wpt — a)

Natural frequency:

u(t) = —Ce%“[¢w cos(wpt — a) + wpsin (wpt — a)]
where
(g + UgEw)? (20 + 0.15 - 23.52)2 ,
C = \[uoz + (A)—DZ = 2 53572 = 1.423in.

12



2.2
From problem 1.6

_ |k _ 2100386
©= Im= [(1207 5000  Cx61rad/sec

Natural frequency:

wp = wy/1—E&2=92.61/1—-0.10%2 = 92.15 rad/sec

u(t) = Ce%®tcos (wpt — a)
u(t) = —Ce % [Ew cos(wpt — a) + wpsin (wpt — a)]
ii(t) = Ce~%*[2¢w wpsin(wpt — a) + (E2w? — wp?)cos (wpt — a)]

For initial conditions (t = 0 sec)

uy = 0.5 in. u, = 15 in./sec

(g + upéw)? (154+0.5-0.1-92.61)2
— 2 S 2 = [
C \[uo + wp? 0.5% + 92152 0.5435 in.

oo tufe 15405:01:9261
= o, 05-9215

a = arctan(0.4261) = 23.08

Final conditions (t = 2 sec)

e—fa)t = 0192612 — 9 0364 - 102
cos(wpt — a) = cos (92.15-2 — 23.077) = —0.9468
sin(wpt — a) = cos (92.15-2 — 23.077) = 0.3219

u(t = 2) = 0.5435 -9.0364 - 107°- —0.9468

u(t =2) = —0.5435 -9.0364-107°[—0.1-92.61- 0.9468 + 92.15 - 0.3219]
= —4.084-10"8in./sec

ii(t = 2) = 0.5435 -9.0364
+107°[2-0.1-92.61-92.15-0.3219 — (0.1%2-92.612 — 92.152) - 0.9468]
= 4.18-107%in./sec?

13



2.3

The following numerical values are given:

k = 200 lb/in.
m = 10 lb - sec?/in.

¢,y = 2Vkm = 23200 - 10 = 89.443

u; = 1.0in.
u, = 0.95 in.

Uy 1
0 =In—=In——=0.0513

U, 0.95
1) 0.0513
=— = = 0.00816
2T 2T

c=¢& ¢, =0.00816-89.443 [b - sec/in.
24

Ratio between first amplitude u, and amplitude after k cycles:

In-2 = ks
Uy
s=tm® -t 1 009163
"k w10 toa
Damping:
§ 009163
= =27 0.01458
T T
$=3 2
£ =1.5%

14



2.5

a) foré=1
Cer
u = (C, + Cyt)e zm'
Cer = 2Mmw
u=(C, + Cyt)e
U= —w(C, + Ct)e ™ + Ce™t
Att =0
u, =G Uy = —wC; +C,
u = [uy(1 + wt) + ugt]e*t
b) foré>1
u = Cefrt + Cef2t
P, c c\? k
=——+ [(—) ==

Using & = CL Cor = 2Vkm w= \/%

P
ooty oo

u = e $9t[C,e® Pt + C,e~@'Dt]

U= —e $9Ew[C,e®' Dt + C,e~ '] + e~$@ @' C,e®' Pt —

att = 0;
u, =0 + G,
iy = —¢w(Cy + C,) + 0'p (€ — Cy)

Solving for C; and C,

Ug | Ug+iwug Uy Up+wug

€ = 2 2wip ; €, = 2 2wip
Uy Uy + Ewuyg Uy +
u=eowt [(?O + %) (cosh(w'pt) + sinh (w'pt)) + ( 0 f
D
= g~%wt [uocosh(w’Dt) + f, % sinh (o’ Dt)]

I —winpt
Cow'pe™ Pt

) (cosh(w'pt) — sinh (w'pt))

15



2.6

The following values are given:

b
k= 30,0005 w = 25rad/sec
Damping force:
FD = Cu
F, 1000 b - sec
c=—=——=1000—
u 1.0 in.
, kK k30,000 b - sec?
T Em M=z~ 252 ~ ™ in.
Ib - sec?
Cor = 2Vkm = 2,/30,000 - 48.0 = 2,400 P
a)
= ¢ 100 4167
5_%_2400_ '
b)
T, on on 0.2765
= = =0. sec.
P wfi—¢ 25V1— 041672
c)
6 = EwTp = 04167 -25-0.2767 = 2.8801
d)
u
In—=§
Uz
ZL = ¢8 = 28501 = 17,8161
Uz

16



2.7
The peaks occur whenever . = 0.
u(t) = Ce~%®tcos (wpt — a)
u(t) = —Ce % [¢w cos(wpt — a) + wpsin (wpt — a)]
uy, =0 saytimet,
0 = [¢w cos(wpty — @) + wpsin (wpty — a)]
Then attimet =ty + Tp

u (t I ’1D) Ce fw(tot D)[ wCOS(O)DtO I wD]D (l) O)DSiIl (‘)DtO
0
wD’ID C()]

(UDTD == 27T

Therefore, the bracket in 1(t, + Tp) to equal to zero and there is a peak at this time. So peals
occurs at 2m interval in wpt

17



2.8

Ui

The ratio may be written as

i+k

U; Ui Uipg Uiy

Ujtg-1

Uirk  Ui+1 U2 Uiys
Taken log on both sides

Ui Uipg Uipz Uigg—1

ln( ) = ln[
Uitk Uiyr Uitz Ujgz Uitk

Ui
ln( ) — ks
Uitk

Uitk

u U; u;
=ln< l)+ln< L+1)+ln< l+2)+---+ln<—
Ujte Uiy u

i+3

18



2.10

a) The damping force is
FD == Cll
u 100 b - sec

=— =— =833
‘TF T 12 in,

lb - sec?

cer = 2Vkm = 2,/3,000- 1 = 109.54
¢ 833
§= c., 109.54

in.
= 0.076

b) The damping frequency is

wp = w1 —E&2=57.77/1—-0.076% = 54.61 rad/sec

3000 rad
w = —_— —_—
1 sec
_Wp 54.61 _ 869
DT on T Tog OPPPS
c) dis
2§ 2m-0.076
J1-§8 v1-10.0762
d) s
Uz

19



2.11

From Problem 2.10

a)

a) The damping force is

Ib - sec?
cer = 2Vkm = 24/3,000 - 1 = 109.54 —
mn.
L =0.018
§= ¢, 10954

b) The damping frequency is

wp = w1 —E&2=57.77/1—-0.018% = 57.76 rad /sec

_wp 5776 9.19
fD_Zn_ om0 P
c) dis
2mé 2m-0.018
J1-8 V1-0.0182
d) s
Uz

u

In (—1) —§=0113
U,

Do g8 = 0113 = 112

U,

20



2.14
Letu=y; —y,

SIN SHE-

—> ku <+—
“— -—
my, p—» cu «— M)

Newton’slaw . F = 0

myy, +cu+ku=20 (Eq.1)
my, —cu—ku=20 (Eq.2)
Multiply eq. (1) by m4, eq. (2) by m, and subtract

mym,i + (my + my)ctt + (my + my)ku =0

where it = y; — y,

2.15

Let in Problem 2.14 divide by (m; + m,) and let

. mm,
(my +my)
Then, Mii+cu+ku=20
Also,
k
w= |—
M
Wp = w41 — &2
£ = c
CCT'

Substituting,
i+ 2éwu + w?u =0

3.2



Stiffness:
_ 48E] _ 48-30-10°-110

k., = = = 27,160 lb/in.
b= T3 (15 - 12)3 ’ /in
Natural frequency:
|k |27,160-386 102.4 rad
w= = 1000 = 4 rad/sec
Force frequency:
__900-271_9425 4
W=—ps—=94257a /sec
Frequency ratio:
@ 9425 0.9204
TTw 1024
Amplitude of force:
_ 1
F,=m'e,0 = ﬁ94'252 = 23.011b
Amplitude of vertical motion:
E, /k 23.01/27,160

= 0.0037 in.

- JA —r2)2 + (28r)2 B V(1 —0.922)2 4+ (2-0.1-0.92)2

Note the high dynamic amplification factor R 4.375; the frequency ratio is close to the point

Vst
of resonance, thatisr = 1.

22



3.3
From Problem 3.2:

F, =23.0110b
k = 27,160 lb/in.
&E=01
r =0.9204
Transmissibility

= 4.45

T, =

Ar 1+ @2 14 (2-0.1-0.92)2
E | -r)2+ (&2 [(1-0922)2+(2-0.1-0.92)2

Force transmitted to the supports (per support):

1 1
Ap = EFOTT = 523.01 445 =51.21b
In addition, each support carries one-half of the total motor weight of W = 1000 [bs.
3.4

Stiffness:

12E1  23-30- 10%-170

k=2 =2 = 20,990 lb/in.
I3 (15 - 12)3 /in
Natural frequency:
B k _[29,990-386 1423 rad
w = = 200020 — 1% rad/sec
_e_ 1z _ 0.843
T T 1423

Dynamic magnification factor:

1 1
= = 3.456

D=
1—7r2 1-0.8432

Steady-state amplitude:

23



5,000

F
Y =y,D = fD -3.456 = 0.823 in.

20,990
3.5
& =10.08
From problem 3.4:
F, = 5,000 b
k = 20,990 lb/in.
r = 0.843

Dynamic amplification factor:

1 1

D= - =3.132
JA =122+ (282 /(1 -0.8432)% + (2-0.08 - 0.843)?

Steady-state amplitude:

5,000
"~ 20,990

F
Y =y,D = fD +3.132 = 0.746 in.

Note: Structural damping of 8 percent of critical damping reduced in this case. The dynamic
magnification factor from 3.456 to 3.132.

3.6
a)
e F 1+ (2¢&r)2 5000 14 (2:0.1-0.843)2 158031
Tl =r2)2 4+ (28r)2 7 (1-0.8432)24+(2-0.1-0.843)2
b)
Ar
T, = 7 3.16

24



3.7
Harmonic motion

yo = 0.1

w=10-2r = 62.83rad/sec

T Y =0.01m

From equation for transmissibility: k %

T Yst) = Yo sin wt

Y 1+ (2¢r)2 7

Retain negative root

k=931b/in.
3.8
Effective force acting on the tower:

" w o
Fopp = —my, = —50.1 - g " sinwt

_R__ 10 _ o,
Yst =% T3000/12 "

Natural Frequency:

300012 _
100/386 rad/sec

Wp = w41 —EZ = 30.9 rad/sec

25



w=10-2r = 62.83rad/sec

Tower relative to foundation motion by the following equation:

~ Vet ~ 0.04
CJA -7+ @in? - 202392 + (2 2.023 - 0.1)2

= 0.013 in.

3.9

Transmissibility is given by

B 1+Q@ér? 14 (2-2.023:0.1)2 _ 034
= (1-7r2)2+4 (2ér)2 (1 —2.0232)2 +(2-2.023-0.1)2

3.10

First find the equivalent spring constant, that is the force to produce a unit deflection on the
beam at the location of the motor.

. = f |
A pS g

Mol2 L pL3
6 = = =
3EI ~ 3EI  12EI

L 3
5 PL? L+P(Z) _ 5PL?
" 12EI 4 3EI  192EI

P 192EI 192-30-10°
§ 5PIL3  5-1203

= 66,670 Ib/in.

26



W 3330

g 386

lb - sec?

in.

k rad
w= |—=87.89— =839 RPM
m sec

Mathematical model is the damped oscillator:

Amplitude of motion:
W'e

!

w

,e —2 . p—
Fosinwt = ——w*slnwt

»

w/k w
_ g @
Y = J_ u
JA =12)7 + (28r)2 ; %k
_ 800-2m
Wy =0 = 83.77 rad/sec
_1000- 2%
w, =——— = 104.72 rad/sec
60
_1200-2m
w3 =——— = 125.66 rad/sec
60
@ @ @
Hn=—=09571r=—=119 r, = — = 1.43
w w w
W -e-w> W -er? W -e-r?
g -mlm g .?
yse  W'e 50 4 v@in)
Y = 1 _ — = =
=D = =W ~3300.2.01 008
= 0.076 in. 0.06
Y, = 0.064 in. 0.04
0.02
Y, = 0.0446 in. |
800 |
Y; = 0.0302 in.

839

1000 1200

RPM

27



3.14

Let the stiffness of the floor be k. Then the resonant frequency is

1|k
ﬁl__Zn m+ mg

And the natural frequency

1 |k
f‘_'Zn m
Dividing
[ m+mg
fa m
Then

.

28



3.15

p=—_ !
Vst JA—1D? + (28r)2

The peak will occurs when z—l: =0

dD 21, (1 — 1,2) — 4%,

ar ((1-52)" + @en)’]” ]

w.
— __p
sz—l—Zfz—F

wy is the peak frequency.

1
w,? = wy1—2&2foré v
Y. = Vst

N

The corresponding phase angel is given by the following equation.

1 H tan‘l—zf“ 1- 28 _ tan™? 1 :‘ i

1-7,2 282

And

0,, = tan~

Note: These results are, of course, only valid for 262 < 1 or & < \% = 0.707.

Since the amount of damping in structures @ usually small (§ < 0.1) the peak frequency, w,
may be considered to be the same as the natural frequency w, that is, the resonant frequency.

29



3.16

a)
89,000-386 .
S = m ™ T 2520 ps

b)

c 112

f=—= = 0.0735

Cor 24/89,000 - 2520/386

c)

From solution of Problem 3.15

Y. = Vst
Pooe/1-¢2

Fy

Vst = ?

Fo = 28Ypky1—¢2=2-0.0735-0.37-89,000y/1 — 0.0735% = 4825 b

d)

At resonance
Y 1

ySt_E

Fo =2&8Yk =2-0.0735-0.37-89,000 = 4840 lb

30



3.17
From Eq. in illustrative Example 3.1

mil + ¢t + ku = m'e,0%sinwt
Using eq. 3.20
m'e m'e
52 rZ
k m

Y = -
VA =12+ (282 (1 -12)? + (26r)?

At resonancer = 1:

!

_m'e
T 2mé
or
m'e
2=
at
r = T'1
Yl =
\/(1 —12)%2 4+ (26ry)?
Solve for &

zfyrrlz = Y1\/(1 —112)%2 + (2811)?
482Y,%r* = Y2[(1 — 1 ®)? + (26m)?]

Y;(1- 7'12)

ZT‘lv YrZT'lZ - le

Force at resonance:
k

E =m'ew” = m’eE
E. = 28Y.k
F = Ylyr(l _rlz)k

T
T'l’\[ errlz - le

31



3.18
Letu=y; —y,

S S

—> ku +— o
- — — [ysinw t

my; p—» ci «— M)>

m,y, + cu + ku = Fysinw t (Eq.1)
my, —cu—ku=0 (Eq.2)

Multiply eq. (1) by m4, eq. (2) by m, and subtract
mym,it + (my + my)ctt + (m; + my)ku = myFysinw t

divide by (m; + m,) and let

. mmy
(m; +my)
a)
. . myFy .
Mii+cu+ ku=———sinwt
m; +m,
Steady-state solution:
b)
myF, e
~ KGn, +my) sin(wt —0)
\/(1 —12)2 4 (2ér)?
2¢ér
tan 0 =
an =2
where
& jZ
r=—; w= |—
W m
Cor = 2Vkm
£ = c
CCT'

32



4.3

F(7)
Columns are massless and girder are rigid. Neglect Fo = 5kips
damping >
| t, = 0.6 sec "
e+ ke = 12EI+3EI
1 2= L13 L23

_12-30-106-82.8+3-30-106-82
B (15-12)3 (20-12)3

_ |k _ [ses02-386 _ .
©= m= 20000 - 1044rad/sec

. b
=5111.1 + 539.1 = 5650.2 P

Then, fort < t :

(a)

(©) = F a 0 + F, (sinwt t)
u = k COoSwW ktd o
att = 0.5 sec.
oy _ 5000 o4t 05 4 B000  (sin(10.44-05)
u(t) = 5,650.2( cos(1044-0.5)) 5,650.2- 0.6 10.44

= —0.4072 in.

(b) Maximum Horizontal Deflection using Chart Fig. 4.5

L

T w1044 CPUesec
ta _ 06 = 0.9972
T 0.602

t
for ?‘i = 0.997 > (DLF),,4 = 1.55

s Amax _ 55
Ust
5,000 )
Umax = 1.55-ug = 1.55- Te502 - 1.37 in.

33



4.5

Determine DLF.
First interval for t < t;:

T
F(T) ES FO_;uO == O; uo = 0
tq
Duhamel’s integral

u(t) = m—lwftF(T) sinw(t —1)dt

(t) = ! ftF ' i t d
ut) = — i Otdsmw( T)dt

where
t

t T 1
fTsina)(t—r)drz—cosw(t—r)——f cosw(t —1)drt
0 w W Jo

T 1
=—cosw(t—17)+—=sinw(t—1
—cosw(t = 1) + —sinw(t — 1)

Then:

t

F, 1
u(t) = mwgtd [T ~cosw(t—1) + asin w(t — T)]O

F, sin wt
o _smaty gy
kt, W
Fo
7 = Ugt

u(t 1 sin wt
DLF = ()=—<t— )

Ugt tq w

First interval for t > t;:
F(7) = Fo; ug =ug; g =1yq

FromEg.latt =t,

F, sinwty F sin wty
=gl ) = (1)

Uug =—9|¢t ;o Ug =—
47 ke, w d wty

Derivate Eq. 1
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u(t) = (1 —coswt); Uy = (1 — coswty)

kt,
The governing equation for the second interval is Eq. 4.4

Uy 1 (¢
u(t) = uycoswt + —sinwt +— | F(r)sinw(t —1)drt
() = ug x | P@sinwe -0

Uq Fo [*.
u(t) = ugcoswt + —sinwt + — | sinw(t —1)dr
w mw J,

u(t) = uy cos wt

Plugging values of u,; and u,:

F sinwty F, F
u(t) = —(1 - )cos wt + (1 — coswt,) sin wt +—(1 — cos wt)
k wt, k ty
sinwt, cos wtg\ .
u(t) = ug <1 - )cos wt + ( ) sin wt + ug (1 — cos wt)
d

u(t) sin wty 1/1 coswty) .
DLF = =<1— )coswt+—<———)smwt+(1—cosa)t)
Uy wtg w \tg tq

1
=1+ o (— sin wt, cos wt + sin wt — cos wt, sin wt)
wig

1
DLF =1+ —(sinwt —sinw(t + ty))
wty
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4.6

The model of the system is the free body diagram.

Ys

k(y —ys)

where
umyT s
y=u+ys
m(ii+y,) +ku=0
miu + ku = —my;
U+ wu = —yq

In this case, the acceleration is a constant, y, = 0.5g
il +wu =—0.5g
The solution of this equation is:

u = Acoswt + Bsinwt + u,
The particular solution is:

—0.5g
C = 2 ;
—0.5g
Up =2

Then,
. 0.5g
u = Acoswt + Bsinwt ——
)
From initial conditionsatt = 0; uy,=0; 1, =0
0.5g 0.5g
Uy =A4- 2 =0, A= 2

/.
i
T

my




U = —wA sin wt + B w cos wt

Finally
0.5 0.5
U =——7—coswt — Zg
W
Find gy
. 05g
u=——-sinwt = 0
t=0; upy =0,

umaxzvcosw—— = — -

Maximum Shear forces in columns:

Left column V.0 = k1max = 5,111.1 (3.54) = 18,093 Ib

Right column V.0 = kaUmax = 539.1 (3.54) = 1,908 [b
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4.7
Repeat problem 4.6 for 10% of critical damping.

§=0.1 w=1044rad/sec; k,=5650Ilb/sec; Ferr=10,0001Ib

Wp = wy/1—E&2=10.44/1—-0.12 = 10.39 rad/sec

t
u(t) = — fo F(t) et Dsinw, (t — 1) dr
10,000 e-§w@-o _ ‘
= mon |G T (Ewsinwp(t — 1) + wp cos wp (t — T))L
10,000 1 e—Swt _
= —— {(fw)z . 0+ wp) — m [wsinwpt + wp cos th]} =
10,000 - 386 10.39 1044t _
~ 20,000 10.39 {1.0442 710397 10447 1 10397 | 1044sin1039¢ +10.39 cos 10'3%]}

= 0.17035{10.39 — e‘1'°4‘”[1.044 sin 10.39t + 10.39 cos 10.39t]}
For Up,qx = 0;

du

i e~ 1044t[1,044 - (1.044 sin 10.39¢ + 10.39 cos 10.39t)

—(10.39 - 1.044 cos 10.39t — 10.39%sin 10.39¢t)] = 0

sin(10.39t) =0; 1039t =km; k=0,1,2,..

tm = 0.302 sec
Upmax = 0.17035[10.39 — e7093157(1.044 sinm + 10.39 cos )] = 0.17035 - 10.39 - 1.729
= 3.06 in.
_ 12EI _12-30-10°-825

Left column V., = 3 Umax = 3.06 = 15,640 lb

(15-12)3

Right column V,,, ., = kyupq = 1,648 1b
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4.19

The stiffness of the frame is

12-30-10%-2-69.2

3E(2I)
t F(t)
0 0
0.25 7208.75
0.5 0
1.0 0
_ >
— y

Ys

/s
i

1203
mii+k(u—u,) =0

mii + ku = kug = F(t)

20,000 1814 lb.sec?
386 in.

F(t) = 7208.75 - u,(t)

= 7208.75 lb/in.

k(y — ys)
my
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4.20

From Problem 4.19

k = 7208.75 Ib/in.

b - sec?
in.
lb - sec
Cor = 2Vkm = 1222.21 —;
in.

c=¢&c, =0.1-1222.21 =122.23
Equation of Motion:

miit+c(t—1u,)+k(u—ug) =0

mi + cu + ku = cug + kug = F(t)

1
Us = 025 = 4 in. > Assuming uniform speed of support in motion

(®) !
é 4291:0 2_' uk(t) 2—» u

0.25 7697.5
0.5 489.0 @) rS m
1.0 489.0 L

— k(u—uy)

> c(i—1)

40



4.25

1000 233.44 b - sec?
386 ' in.

m =

3EI N 12E1 _3-30-10°-1892.5 N 12-30-10°-1892.5
L3 L (20-12)3 (30-12)3

k = = 26,924 (Ib/in.)

lb - sec
¢ =&cy = 2EVkm = 490.55

/k
T =2m |—=0.5724 sec
m

_—10—15724 d
w=-—=1 rad/sec

in.

T
AT = 10 ~ 0.05 sec

tmax = 2.5 sec

10t
F(t) = 0.1sin (—)
21



4.26
Maximum shear forces:

v 3EI 3-30-10°-1892.5 0.342 = 4214 Ib
1 = _u = . =
max L:i max (20 - 12)3
12E1 12-30-10°-1892.5
VZmax = ?umax = (30 ) 12)3 0.342 = 4994 |b

The bending moments:
Mimax = Vimax " L1 = 4214 -240 = 1,011,360 [b - in.
Mmax = Vomax - L, = 4994 - 360 = 1,797,840 [b - in.

And the max. stress:
_ M max _ 1,011,360

O1max = T~ 2632 = 3842 psi
M 1,797,840
Cymax = 2;"“’“ =5, = 6831psi

where S = 263.2 in.3 is the section modulus.

To check the calculations using the response in terms of the maximum absolute acceleration,
we consider the differential equation for relative motion,

my +cu+ku=0 Eq.(a)
where

u=y-—>yYs ECI. (b)
Ys = support displacement
Solving Eq.(a) for the total force in the column V = ku yields

V:_mj}_ys

and replacing values from the response obtained in Problem 3.15 at time t = 1 sec. which is
the time for maximum displacement:

Vimax = 41.308 in./sec? = —0.036 in./sec
gives

Vonax = 9212 1b
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This last value checks closely with the total shear force calculated using the relative

displacements in the columns, that is,

Voax = Vimax + Vomax = 4214 + 4994 = 9208 Ib

v 3EI 3-30-10%-1892.5 3.845 — 47376 Ib
1 =—UuU = . = ,
max L:i max (20 . 12)3
12E1 12-30-10°-1892.5
VZmax = ?umax = (30 ) 12)3 3.845 = 56,146 lb

The bending moments:
Mimax = Vimax - L1 = 47,376 - 240 = 11,370,240 b - in.
Msmax = Vomax " Lz = 56,146 - 360 = 20,212,560 (b - in.
And the max. stress:

. _ Mg 11,370,240
lmax = ¢ 7 2632

= 43,200 psi

_ Mjmax 20,212,560 )
Ozmax = ¢ = oeas = 76,795 psi

where S = 263.2 in.3 is the section modulus.
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4.27

The deflection 6 produced by a force P applied at the center of a fixed beam is given by

PL3

0 = 19281

Therefore, the equivalent spring constant K for the beam is

o _P_192E1 _192:30-10°-348
STST 13 (20-12)8 Y /in.

Since the coil spring and the beam are in series, the combined spring constant K for the system
is:

1 1 1 1 1

K.~ K. K, 18000 ' 145000

or
K, = 16,012 Ib/in.
Problem Data:

3000 7779 Ib - sec?
386 in.

k = 16,012 (Ib/in.)

F
=0 (e)

! T
f= o | = 7.224 cps m,
Mk.%
T =0.138

T
AT = 10 =~ 0.01 sec
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4.28

Pmax = keumax
k, = 16,012 lb

Umax = 0.71
Proax = KeUmax = 16,012+ 0.71 = 11,368 Ib

The maximum moment on fixed beam resulting from a concentrated force P, applied at its
center is given by,

Praxl 11,3685 - 240

Mmax = 8 8

= 341,055 1b - in.

And the maximum dynamic stress g,,4, by

M,,.c  341055-5 ,
Omax = T i =+ 348 = +4900 pst

The static moment M, and the static stress g, resulting from the weight of the motor are then
calculated as

1 1
Mg = gWL = 2~ 3000 - 240 = 90,000 lb - in.

and

_Mgc_ 900005
st T 348 p

The total maximum stresses are then

Orons = 4900 + 1293 = 6193 psi
Teompr = 4900 + 1293 = 6193 psi

Maximum displacement of the beam:

Poox 11,3685
_ Dmax _ = 0.0784 in.
YBmax = T T = 745 000 n

Maximum stretch of the coil spring:
Uemax = 0.71 — 0.0784 = 0.632 in.
Maximum force F_ ;.4 in the coil spring:

F.max = Kot max = 18000 - 0.632 = 11,376 Lb.
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5.1

pul

£ {1000 sin 10t (t < %/10) 12 Kips
0 (t>/10)
1000sin10¢ (¢ < 1)
F= — 10
- 0 (t > l) W6 x 20
10
@ =10 cps 7/;'
3E(2I) 3-30-10%-2-82.8 ,
k= T 120 = 4.3125 k/in.
4.3125- 386 rad
w= [———=11.78——
12 sec
_e_17m_
f= 27 2m ps
T = L = L = 0.5333
T F T 1875 YU see
t, = — = 031416
4710
K,
Ust =9 = 33125 0232
Using Fig. 5.3
ty u
—=0589»>—=x=1.6
T Ugt
Upae = 16U, = 1.6(0.232) = 0.374 in.
5.2
From Problem 5.1,
Umax = 0.374 in.
k = 4.3125 k/in.
E =30-103ksi
_ Myax¢  Vimaxlc  3EIymaxlc  3Elymeec  3-30-10°-0.374-3.1 7946
Omax = =" T 3y  ~ T [z 1202 -

Omax = 7.246 ksi
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5.3

Mathematical model:

Effective force

Feff = ma(t) =

_12E(21)

3EI,

5
386 -200sin 10t = 2.5907 sin 10t

w = 10rad/sec
O_Jtd =T

T T
=017

L=%=710

W

12-30-103-2- 828 3-30-103-2-170

L3 L3

Using Fig. 5.3

TR TR = 7.4338 k/in.

74338386 _
I = m™ -0 eps

= 0.260 sec

385

0.1m
0.260

Q\n

=1.2

fa _ 1,5 % 16
—=12->—=1.
T

Ugt
2.5907

74338 = 0.348 in.

uSt:k:

Umar = 1.6ug; = 1.6(0.348) = 0.557 in.



5.4

O-max - I I

Umax = 0.557 in.

12Elu

Vinax = L—3W (External column)
3Elu

Vinax = % (Internal column)

External columns:

12Ely,0Lc 1230103 - 0.557 - 3.965
Omax =3 = 2162

= 17.0409 ksi

Internal columns:

3Ely,.Lc  3-30-10%-0.557 - 4.875
Omax =3 = 2162

= 5.2380 ksi
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5.5

From problem 5.1:

f =1875cps
From Fig. 5.8 with £ = 0.1
Sp =19 in.
Sy =224 in./sec
S, = 0.68g
5.6
From Fig. 5.9 with
f =1575cps
And for ¢ = 0.1
Sp =4.0-0.32 =1.28in.
Sy =48-0.32 = 15.36 in./sec
S, =15-0.32=0.48g
5.7
w = \/E = 8386 = 2.778 rad/sec
m ’ 400
f=£=@=0.442cps
2m 21
From Fig. 5.8
Sp = 11.0 in.
(F9)max = K+Sp = 8-11.0 = 88.0 kips
5.8

From Fig. 5.8, with f = 0.442 cps and § = 0.1
SD == 4’.5 in.
(F9)max = K +Sp = 8-4.5 = 36.0 kips
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5.9
Force transmits to Foundation:

my+cu+ku=20

Fr =cu+ku=my

(Fr)max = MYmax = MS,
Froom Fig. 5.8 for f = 0.442 cps and & = 0.1:
S, =0.119
(Fr)max = 400-0.11 = 44.0 kips

5.10

From Problem 5.7: Max. Force in spring (Fs)qax = 88.0 kips

88.0 ]
Ry = — = 44 kips
R, = —44 kips
From Fig. 5.14 with u = 2.0,
N S 2.26 sec:
FToaaz " % sec:
Sp = 6.0in.
yield point:
Ry 44
6.0
U= ﬁ =1.1
From Fig. 5.14 with u = 1.25, T = 2.26 sec,
Sp=10in
10
U= ﬁ =1.8
From Fig. 5.14 with u = 1.5, T = 2.26 sec,
SD = 8 ln
8
U= % = 1.45
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5.11
From Problem 5.10 T = 2.26 sec
From Fig. 5.15 with T = 2.26 sec
u=20 Sp=3in
From Problem 5.8  (F5)max = 36.00

36
Rr = - = 18 kips

Ry 18

Yyield = 5~ =5 = 225
S, 3.0

= =——=1.33
Vyiela  2.25

From Fig. 5.15 with T = 2.26 sec
u=150 S,=45in.

S, 40

u= =——=1.8
Vyiela  2.25

5.12
a) From Fig. 5.8 with

1 1
f= TT05 2.0cps, w=12.566rad/sec
Sp =4.0in.
Sy = 50.3 in./sec
S, =1.63g
a) From Fig. 5.9 with
11 2.0 =0
f_T_O.S_ Oeps, &=

Sp =16.0-0.3 =48 in.
Sy =200-0.3 =60.0 in./sec
S, =6.54g-0.3 =1.96g

51



5.13

a)T = 0.5 sec

From Fig. 5.12 foru =4

b) From Fig. 5.18

Sp =048in.x4 =192 in.
Sy = 6.0 in./sec
S, =0.2g

f=20cps, pu=+4
Sp=5-4-03=6.0in.
Sy =60-0.3 =18.0 in./sec
Se=2g-03=0.6g
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6.7

Ductility factor u is defined as the ratio of maximum displacement to the yield displacement
From Problem 6.2

Max. displacements:

Yield displacements:

R 30k 15§
YW =% T 20k in. - 0
Ductility ratio:
Unax 2.56
= =—=17
K Uy 1.5
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7.1

12E  12-5-10°

ko = I3~ (12-15)°
12EI  12-2.5-108
27T T Az 12)3
3860 Ib - sec?

= =10
™ = 386 in.
_ 1930 c Ib - sec?

M2 = 386 n.

=1028.81 Ib/in.

= 1004.69 [b/in.

For free vibration:

[k1 + ky — myw? —k, ] (01) _ (0)
—k, k, —myw?l\a2/ — \0
Non-trivial solution:
2033.50 — 10w? —1004.69
—1004.69 1004.69 — 5w?

50w* —20214.4w? + 1033.63 = 0
w? =60.05, w; ="7.75rad/sec
w3 =344.23, w, =18.55rad/sec
Set w? = 60.05
1433a,, — 1004.69a,, = 0
ay; = 1.000
ay, = 1.426
Set w? = 344.24
1433a,, — 1004.69a,, = 0
ay, = 1.000
tyy = —1.402

/2 mya? = 4.491
/2 m;a?, = 4.453

1.000 1.000

1172491
1.426 —1.402

=——=0.3175 =
$21 2491 , $22

Normalize first modes by factor:

_[0.2227 0.2246
(@] = [0.3175 —0.3148]
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7.2

50 k/in 40 k/in 30 k/in
10% }—/W—{ 6% }—N\»—{ 4k
(@R8] £ 0 ) [0 I 79

k, = 50,000 Ib/in.
k, = 40,000 Ib/in.
ks = 30,000 Ib/in.

W1 = 10k, WZ = 6k, W3 = 4k

Ib - sec? b - sec? b - sec?
M, = 2591 ————, M, =1554 ————, M3 = 10.36 ————
m m m
90000 — 25.91w? —40000 0
[K] = —40000 70000 — 15.54w>2 —30000
0 —30000 30000 — 10.36w2

IK| = (90000 — 25.91w2)[(70000 — 15.54w?)(30000 — 10.36w2) — (—30000)(—30000)]
+ 40000[—40000(30000 — 10.36w2)] = 0
—4169.6410° + 45346360w* — 1.2173 - 10%w? + 6.0 - 1013 = 0

w? =633.78, w, = 25.17 rad/sec
w3 = 3244, w, =56.96rad/sec
w3 = 6996, w3 = 83.64rad/sec

(90000 — 25.91w?)a,; — 40000a,, = 0

a1 = 1, ap1 = 18396,
—30000a,, + (30000 — 10.36w?)as; = 0

a31 = 23551
1.0 1.0 1.0

[a] =1.8396 0.1490 —2.2804
2.3551 -—-1.2362 1.6102

ji =+/(25.91)(1)? + (15.52)(1.8396)2 + (10.36)(2.3551)% = 11.6602
J» = /(25.91)(1)% + (15.52)(0.1490)2 + (10.36)(1.2362)? = 6.4875
js = /(25.91)(1)% + (15.52)(2.2804)2 + (10.36)(1.6102)? = 11.5604

aij

bij =—
Yo

0.0858 0.1541 0.0865

[®] =10.1578 0.0230 —0.1973

0.2020 -—-0.1906 0.1393
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7.3

_3E(20) 12EI _18-1-10°

= + = = 6.028 k/in.
1 L3 L3 (144)3 /
12E(21) 24- 10° 13.889 k/i
= = =13. in.
2 L3 (120)3 /
y _2-40_02073lb-sec2 y _3-40_011541b-sec2
17 386 in 27 386 in
For free vibration:
k1 + k2 - mlwz _kz ] al _ 0
[ _k2 kz - mz(ﬂ)z (az) - (0)
Non-trivial solution:
19.917 — 0.2073w? —13.889 _
—13.889 13.889 — 0.1554w?

0.03221w* — 5.9743w? + 83.7229 = 0
w? =1527, w;=3.91rad/sec
w3 =170.21, w, = 13.046 rad/sec

Set w? = 15.27
16.7515a,, — 13.889a,, = 0
a;; = 1.000
a; = 1.206
Set w? = 170.31
—15.3675a,, — 13.889a,, = 0
a;, = 1.000
a,, = —1.1065

/2 m;a? = 0.6583
/2 m;a?, = 0.6306

[®] = [1.5191 1.5858 ]
1.8321 -—-1.7547

Normalize first modes by factor:
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7.5

F>(t) F3(t)
my AN m, ——/\\—— mj
kz k3
(a)
uq u;
Fi(t) —lf- F(t) [ Fa®)
—> myily —P» 21y —>
kyu, — = > € —5
ka(u; — uy) ki(uz — u,)

In general using matrices:

Where

(K]

mu

[ 2

-1

o O

mll'l + 2k‘u1 - kuz = O

.Z_Zkul +2ku2 _ku3 == 0

mll'3 - kuz + ku3 = 0

[M]{i} + [K{u} =0

[M] = m[l]yxn

-1 0 0 07
2 -1 0 0 O

-1 2 -1 0 0 O
-1 2 -1 0 0 O

0 0 -1 2 -1
0 0 0 -1 1
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7.6

[K] =| —ka ky+ks —20000 30000 —10000

0 —k; —10000 10000

ki +ky, —k 0 50000 —20000 0
ks

150 0 0
[M] = [ 0 100 o]
0 0 50

w? =59.824, w?=260.84, w3=512.67,

[®] =10.06490 0.02952 —0.07012

0.09259 -0.09703  0.4485

0.03164 0.05429 0.05213 ]

wy, = 7.73radse
w, = 16.15radse
w3 = 22.64rad/sec

u1 = C1¢11 sin (Ult
+ Cy¢p11 cos wit + C3¢15 Sin w,t + C4¢p15 cos wot + C5¢h13 Sin wzt + Cop13 cOS w3t

uz = Cld)Zl sin (Ult
+ Cy¢h21 cOs w1t + C3¢; sSin wyt + C45 cOS Wyt + Cso3 Sin wst + C4haz €OS wat

u3 = Cl¢31 sin (Ult
+ Cy¢p31 cos w1t + C3¢3; sin wyt + C435 cOS Wyt + Cs33 Sin wat + Cxp33 cOS wat
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8.1

Mathematical model:
% uy 2 u;

ky k;

) ) ) ()
%

_2-12EI_2-12-30-106-248.6

ky B (12-15)7 30700 Ib/in.
2-12EI 2-12-30-10°-106.3 )
2 = I = (12-10)7 = 44300 [b/in.
52500 Ib - sec?
M= 2ge — 136 T
_ 25500 Ib - sec?

= = 66
™2 = 7386 in.
From illustrative example 7.1 and 7.2

w; = 11.83 rad/sec
w, = 32.9rad/sec

(@] = 0.06437 0.0567
0.0813 —0.0924
Modal equations:
G, + 140q; = 0.0813 - 5000 = 406.5

G, +1082g, = —0.0924 - 5000 = —462.0

Solution for constant force with zero initial conditions is:

406.5
q1 = q15:(1 — cos 11.83¢), qist = a0 = 2.90
—462.0
q2 = q25¢(1 — cos 32.9¢t), qrst = 082 = —0.427

Transforming coordinate, {u} = [®]{q}

{u1} _ [0.06437  0.0567 { 2.90(1 — cos 11.83t) }
Uz 0.0813 —0.09241(—0.427(1 — cos 32.9t)

u, = 0.2109 — 0.1867 cos 11.83t — 0.0242 cos 32.9t
u, = 0.1250 — 0.1645 cos 11.83t + 0.0394 cos 32.9t

C v M | —> [, =5000 b
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8.2
Use data from Problem 8.1:

P, = —myiiy = =136 - 0.5 - 386 = —26248
P, = —myii; = —66- 0.5 - 386 = —12738

Modal equations:

G, + 140q, = ¢y, P, + o P, = —0.6437 - 26248 — 0.0813 - 12738
i, + 140q, = 17931

G, +1082q, = ¢1,P, + PpypyPy = —0.0567 - 26248 + 0.0924 - 12738
i, + 1082q, = —311.3

17931

%= a0 (1 —cos11.83t) =128.1(1 — cos 11.83¢)
_ 33 32.9t) = —0.2874(1 32.9¢

g, = 1087 ( cos 32.9t) = —0. ( cos 32.9¢t)

Transforming coordinates

{u} = [l{q}

where

Urp = U — Ug
Uy = Uy — Ug

{um} _ [0.06437 0.0567 { 128.1(1 — cos 11.83t) }

Ur2) 7 10.0813  —0.0924/(-0.2874(1 — cos 32.9¢1)
Uy = 8.23 —8.25c0s11.83t — 0.0163 cos 32.9t

Uy, = 10.44 — 10.41 cos 11.83¢ — 0.0266 cos 32.9¢
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8.3

F3—> m —>Us
\k/
Fp —> m )
\k/
F3 —>| m >t
\k/r
7 V /4
Stiffness matrix:
[ 3000 —1500 0
[K]=]-1500 3000 —1500
0 —1500 1500 |
0.3886 0 0
M]=| o© 0.3886 0
0 0 0.3886.

Solve Eigenproblem

w,? = 764.52 rad/sec
w,?% = 6002.2 rad/sec
w3% = 12533 rad/sec

0.52614
0.94808
1.1822

[®] = 0.52614 —1.1822

—0.94808 0.52614

1.1822 0.94808]

Modal Equations:

F, = 1000 (1 _ ﬁ) (ib)

7 @
t
7 @

?1 + w1%qy = P11F1 + PoaFr + P31 F5
G2 + W22qz = P12F1 + P22Fs + P32Fs
Gz + w3%q3 = P13F1 + P23F, + P33Fs

7
0.2

7

t
t
F, = 2000 (1 -

F; = 3000 (1 -

or

i, + 764.52q; = 5969 (1 -

i, +6002.2q, = —610 (1 -
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For maximum values use spectral chart Fig. 4.5

t
G, + 1253305 = 162 (1 — —
q3 + s ( 0.2)

t; = 0.2 sec.

V764.52 = 27.65 rad/sec

W, =
w, =V6002.2 = 77.46 rad/sec
w3 =V12533 = 111.95 rad/sec

T, = 0.2272

T, = 0.0811

T; = 0.0561

tq/T; = 0.88

tq/T, = 2.466

tq/Ts = 3.565

(DLF)1max = 1.5
(DLF)ymax = 1.8
(DLF)3max = 1.85

Qroe = g = 7811
—610 _ 51016
2st = g002.2 :
162 001292
Qsst =72533 ~

Qimax = 7.811-1.5 = 11.7165
Qomax = —0.1829
Gzmax = 0.0239

Estimate maximum response using square root sum of the squares of modal contributions:

Uimax = \[Z(gbij-qlmax)z i=1,23

J

Uimax = +/(0.52614 - 11.71)2 + (1.1822 - 0.1829)2 + (0.94808 - 0.0239)? = 6.16 in.
Upmax = +/(0.9408 - 11.71)% + (0.52614 - 0.1829)2 + (1.1822 - 0.0239)2 = 11.02 in.
Usmax = +/(1.1822 - 11.71)% + (0.94808 - 0.1829)2 + (0.52614 - 0.0239)? = 13.84 in.
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8.4

The maximum shear force V;; at story i corresponding to mode j is given by

Vii = Zimax (1) — Pi-1,j )k

From 8.3
Qimax = 7-811-1.5 =11.7165
Gomax = —0.1829
q3max = 0.0239

0.52614  1.1822 0.94808
[®] =]0.94808 0.52614 —1.1822
1.1822 —0.94808 0.52614

V,1 = 11.7165(0.94808 — 0.52614)1500 = 7415.5 Ib
V,, = —0.1839(0.52614 — 1.1822)1500 = 180.0 Ib
V33 = 0.0239(—1.1822 — 0.94808)1500 = —76.4 [b

V, = 4/7415.52 + 1802 + 76.42 = 7418 Ib
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8.8

12EI  12-10- 108

o = 2~ (12-15)°
12EI  12-5-10° Ib
b=~ =71y = 20 4
12EI  12-5-10°

ks = 3~ (10-12)°

= 2058 Ib/in.

= 3472 Ib/in.

3860 b - sec?
=210 ——

M= 386 in.
1930 Ib - sec?

M =386 0 i
1930 Ib - sec?

M= 386 -0 T in

(a)
u; = 2.218sint
u, = 3.981sint
us = 4.419sint

(b)
u; =4.436cost
u, = 7.963cost
u; = 9.128 cost

(c)

u; = 4.436cost + 2.218sint
U, = 7.963cost + 3.981sint
uz = 9.128 cost + 4.419sint
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9.1

(a)

N OO O

0.3571

10 -2 -1 O 0 0 O
_|-2 6 -3 -2 _10 0 O
KI=17 53 12 —1|f MI=]g ¢ 3
0 -2 -1 8 0 0 O
Apply Gauss-Jordan elimination to two-first rows:
1 -02 —-01 O
0 56 -—-32 -2
0 -32 119 -1
0 -2 -1 8
1 -0.2 -0.1 0
0 56 —-05714 -0.3591
0 —-3.2 11.9 -1
0 -2 —2.1428 7.2858
1 0 —-0.2193 —-0.07142
0 1 -05714 —-0.3591
0 0 10.0715 -—2.1428
0 0 —2.1428 7.2858
By Eqg. 9.11
0.2193 0.07142
= _ [0.2193 0.07142 _10.5714
M=[)5712 c3871 7] = 10
0 1

Check [K] = [T]T[K][T]

10 -2 -1 01770.2193 0.07142
7 _[02193 05714 1 01(-2 6 -3 -2[[0.5714 0.3571

(K] = 0.07142 0.3571 0 1l]-1 -3 12 -1

0 -2 -1 8

K] = 10.0715 —2.1425
—2.1428 7.2858

Check [M] = [(3) (2)]
(b)
[K — Mw?]{a} ={0} (Eq.1)

Set determinant equal to zero:
10.0715 — 3w? —2.1425 _
—2.1428 7.2858 — 3w?

w* — 7w? +11.4645 =0
w? =26137, w,; =1.6167 rad/sec
w3 =4.386, w,=2.094rad/sec

1 0
0 1
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From Eq. (1)
For w? = 2.6137
Set

or

For w3 = 4.386

Set

or

For the first mode:

[10.0715 — 3(2.6137)]a,; — 2.1428a,, = 0

a31 = 10
a4, = 1.0409
hsy = ! — 0.4399
T J3-1.02 +2-1.04092
1.0409
b = 0.4579

T V3-1.02 +2-1.04092

[10.0715 — 3(4.386)]as, — 2.1428a,, = 0

a31 = 10
a41 = _1.4'4'09
bsy = ! = 0.3739
27 J3-1.02 + 2-1.44092
buy = — 14409 = —0.5388
23 1.02 +qb2-1.44092 '
 [$s1] _ [0.4399
{@lp1 = [4’41] - [0.4-579
_ ¢32]_ 0.3739
@l = [¢42 ~1-0.5388
0.2193 0.07142
_los714 03571
0 1
0.1270 0.0416

0.4148 0.0212

0.4579 —0.5388
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9.2

S O O

From Prblem 9.1

Check [M] = [T]"[M][T]

1

[M]=[0'2193 0.5714 1 01]0
0.07142 0.3571 0 1/(0

0

— [ 3.372
[M] = [—0.2193
— _ 110.0715
(K] = —2.1428

S Wo o
N OO O

0.07142

0.3571
0

1

0770.2193 0.07142

0]]0.5714 0.3571
0 1 0

2 0 1

S OoORr O
S WO O

—0.2193
2.133

—2.1425
7.2858

[K — Mw?l{a} = {0} (Eq.1)

Set determinant equal to zero:

10.0715 — 3.372w?  —2.1425—0.2193w?| _ 0
—2.1428 — 0.2193w?  7.2858 — 2.133w?

w* — 6.5767w? +9.6281 = 0
w? =21997, w,; = 1.4831rad/sec
w3 =4.377, w,=2.0921rad/sec
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From Eq. (1)
For w? = 2.1997
[10.0715 — 3.372(2.1997)]as; — [2.1428 + 0.2193(2.1997)]a,, =0
Set
az;; = 1.0
as; = 1.011
or

1
P31 = 57z = 04082

1
a1 = o = 04126

For w? = 4.377
[10.0715 — 3.372(2.1997)]as, — [2.1428 + 0.2193(2.1997)]a,, = 0
Set
as, = 1.0
4y = —1.5126
or

1
$31 = 5oz = 03630

1.011
¢41 _— - = 0.54’90

To normalize compute:

Trig _ 3.372 0.2193
(QT[Ml{a}; = [1.0 1.011] g%%gg 022_%3%][1011 = 2.45
Trv7 _ _ . . _
tao[Mltal, =[1.0 ~1.5126]{; 5193 2.133”—1 5126/ = 27
{a} = [Tl{a},
From Problem 9.1:
0.2193 0.07142
_lo5714 03571
0 1
¢31] 0.4082
{@kp1 = [¢41 0.4126
¢sz] 0.3630
(@2 = qbz —0.5490
0.2143 0.07142 0.1170 0.1170
_ 05714 03571 0.4082 0.3808 _10.3808
ldh = loa12e) = [02082| = @3 = |0.2082
0.4126 0.4126
0.2143 0.07142 0.0386 0.0386
_lo5714 03571 |1 0.3630 1 _ | 0.0113 1 0.0113
{a}; = 10 —0.5490]— 03630 | = 2= 03630
0 1 —0.5490 —0.5490
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9.5
From Problem 9.4: Natural frequencies

w; = V164 =12.81
w, = V1748 = 41.81

From Fig. 5.10: Spectral displacements:

Spy = 6.274
Spy = 0.6119

[} = Z m;j;

I, = 1(0.1691) + 1(0.3397) + 1(0.5697) + 1(0.5697) = 2.103

Participation factors:

Also,
I, =0.606
Max. displacement

Uimax = Z (FiSDf ¢fi)2

Uimax = 2.246 in.
Uymax = 4492 in.
Uzmax = 6.001 in.
Ugmax = 7.520 in.
Usmax = 7.520 in.

9.6
The modal shear force V;;at story i due to mode j is:

Vij = FLSD]Ad)l]kl
Where Ag;; = ¢ij — ¢pi_q,j with pg; =0

AndV; = /Zi Vi

V= \/(2.104 ©6.274-0.1699)2 + (0.6063 - 0.6119 - 0.3755)2 - 1949

V, = 43711b
V, = 4002 lb
V, = 3327 lb
V, = 2345 Ib
Ve = 1410 lb
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9.7

From Problem 9.5:

w? =23131
w§=4.1622
From Problem 9.1 and 9.4:
10 -2 -1 O 1 0 0 O
_1-2 6 -3 =2 101 0 O
K1=121 3 12 -1 MI=|g o 3 o
0 -2 -1 8 0 0 0 2
7.6868 -2 -1 0
_ 21| —2 3.6868 -3 =2
K=Moil=| 21 2377 50604 -1
0o -2 -1 3.3736
Apply Gauss-Jordan elimination to two-first rows:
1 0 —-0.3980 -—-0.1643
0 1 -1.0297 -0.6316
0 0 1.5129 -3.0593
0 0 3.0593 2.1104
0.3980 0.1643
_ T_E _11.0297 0.6316
[TE]_[I]_ 1 0
0 1
The imporved modal shapes are:
{a} = [T]{a},
_ ¢31]_ 0.1858
{¢}P1‘[¢41 =o.1592
_ ¢32]_ 0.1565
{¢}P2_[¢42 ~ 1-0.2029
0.3980 0.1643 0.1001 0.2004
_11.0297 0.6316][0.185871 _ |0.2910 ~10.5844
lah = 10 l0.1592) = [0.1858] = %1 = [0:3720
0 1 0.1592 0.3187
0.3980 0.1643 —0.0085 —0.0085
_11.0297 0.6316]([ 0.1565 1 _ |—0.0470 _|—0.0470
la}, = 10 o2050] = [ 0.1565 | = @2 ={ 01565
0 1 —0.2029 —0.2029

Normalizing factor = 0.6142
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9.9

From Problem 9.4

a)
w? = 164.56
w? = 1473
0.1697 0.3466
_)0.3394 _ ) 0.6932
0l =105286(" 1#)2=9_01360
0.6231 —0.5506

Modal response:
Praticipation factors:

[} = Z m;j;

I = —[1(0.1697) + 1(0.3394) + 1(0.4340) + 1(0.5256) + 1(0.6331)] = —2.0945
Also,
I, =0.6318
Spectral response

21 21
T, =—=10.500, T, =— =0.1637

wq W
tqg 025 0125 H_ 025 1527
T, 050 "7 T, 01637
Zlmax — 0 39 ZZmax — 1 7
Z1st ' Zyst
_ Pl 400-2.0948 5 09
Ast T2 T 16456
_ Pyl 400-0.6318
Bt =77 T T 14734

Zimax = 0.39-5.09 = 1.99
Zymax = 1.7-0.17 = 0.29
b)

urin “wn
l

and “j” mode relative to base displacement

uj; = ,Z((pijzjmax)z
j

u, = +/(0.1697 - 1.99)% + (0.3466 - 0.29) = 0.3523 in.
u, =/(0.3394 - 1.99)% + (0.6932 - 0.29)? = 0.7172 in.
u; = /(04340 - 1.99)% + (0.2786 - 0.29)? = 0.8674 in.
u, =/(0.5280 - 1.99)% + (0.1360 - 0.29)? = 1.0526 in.
us = /(0.6231-1.99)% + (0.5506 - 0.29)? = 1.2502 in.

u;; = max. displacement at floor

ij
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<)

F;; = max. inertial force at floor i in mode j:

— 2
Fij = M0} Zjmax
Ib - sec?
m=1——
in.

Fi; =1-0.1697 - 164.56 - 1.99 = 55.57
Fy; =1-0.3394-164.56-1.99 = 111.14

Fyy = 142.12
F,, = 173.10
Fyy = 204.05

F,, = 1-0.3466-1473.4-0.29 = 148.10
F,, = 269.19
Fy, = 119.04
F,, = —58.11
Fsp = —235.26

Vij = Max. shear force at story i in mode j

N
Vij = Z Fyj
k=i

Ve, = 204.05
V,, = 377.15
Vs, = 519.27
V,, = 630.41
V,, = 685.98
Ve, = —235.26
Vyy = —293.37
Vyy = —174.33
V,, = 97.83
V,, = 245.93

V; = Max. shear force at story i

V, =728731b, V,=637.961b, V,=0547.501b, V, =477.81Ib,

Ve =311.421b
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10.2

sec?
m, =0.01-100=1{1b P

ms =1

0 0 00O
_ 0 0 00O
[M]=l0 0 0 0 ©

0 0010

0 00 0 1

10.8

From Eq. 10.45

36 3L -36 3L
N | 3L 42 3L -I
T30L|-36 3L 36 -3L
3L - -3L 4I

P o N B !
SR

36 300 —36 300
R = 10000 f 300 40000 —300 —10000
G617 30.100 [-36 —300 36 —300

300 —10000 —300 40000

System geometric matrix:

80000 —10000 0 0 —300
_ 10|-10000 80000 —10000 300 o0
[Kel=—| 0 —-10000 O 0 300
0 300 0 72 —36
—-300 0 300 -36 72
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11.8

=
—>
+/

101 (t)
Q0

U
A P, \
Y4 |4—p AN S
»/@'
\\9‘\
10£(£)0.707

Q1

% 77 P, QT‘_ 2 ‘y QS' \

%Y

For member 1
2 P(t)L?

P _POp(dx = —P(®) | Lx(l—%) dx =" = ~6333P(1)

P(t)1?

= 833.3P(t
13 )

Py =

For member 2
P, = P, = —=3.533f(t)

P, = P, = 3.533£(f)
P, = 3.533f(t) |x (1- JL—C)2

L

2

P, = 3.533f(t)% = 44.18f(t)

Py = —3.533f(t)g = —44.18f (1)

11.9

F, = 833.3P(t) — 44.18f(¢)
F, = —833.3P(¢)
Fy = =5f()
F, = —=50P(t)
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12.10 / y

P, Ps
2 T / P(t) = Pof (©)

AR R
_

Py

< L >
P P

Equivalent forces = fixed-end reaction with opposite sign.

P,=0

1 2
Pzz_ﬁpof(t)L
Pof ()L
P; = >
P,=0
P = 1 P f(t)L?
5 = T3 Pof (©)

_Pof(®)L
Pe=———

12.11
2 F) 5

———>—> P, —»

1—>—>] ————>—> 4

P,=0

F(t)ab?
2= Lz

_F)b?

P3 —T(3a+b)

P,=0

F(t)a?b
PS = L2

F(t)a?
LZ

Py = (3a+b)



114.2

Using results from Problem 14.1

Modal shapes:

1st mode

Set

or

2nd mode

Set

or

|I[K] = [M]w?| =0

1563 — 7.2w? 902 _
902 4688 — 7.2w?

51.84w* — 45,007w? + 6,513,740 = 0

w? =1835, f, =216cps
w3 =6844, f,=4.16cps

[1563 — 7.2(183.5)]a;; — 902a,, = 0

a;; =10
a,; = —0.268
1
b11 2778 = 0.35996
1.011
21 2778 = —0.09647

[1563 — 7.2(684.4)]a,, — 902a,, = 0

a12 = 10
a22 = 373
by = 03655 = 0.09649
_ 378 0.35994
P22 = 10.3627
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14.5
From Problem 14.2

Natural frequencies:

w? =1835, f, =216cps
w3 =684.4, f,=4.16cps

$11 = 0.35996
$a1 = —0.09647
$1, = 0.09649
Py, = 0.35994
1
T, = 216 = 0.463 sec, T, =0.240, t; = 0.1sec
zZ max
2 = 0216, DLFyp =—2%=12
d Zystat
Z max
2 = 0417, DLF,p =—2% =19
d Zystat

41 + w12qs = ¢11Fy + P21 F,
G2 + w22qz = P12F1 + P22F,

or
i, + 183.4q; = 10(0.35998) = 3.6, t < 0.1 sec
i, + 6002.2¢, = 10(0.09646) = 0.9646, t < 0.1 sec
_Fo_36 _ .o _Fy 09646
Ast =9 T 1g34 . 0> P2t T T o846
Z1 max = 1.2(0.196) = 0.235, Zmax = 1.9(0.0014) = 0.0026
Use SSS rule

= 0.0014

Vimax = \/(ZLmaxd)ll)z +(Zzmax®y,)” = J (0.235 - 0.36)* +(0.0026 - 0.09646)* = 0.0846 in.

Vomax = \/(zllmaxqbu)z+(Zz'max¢22)2 = J(—O.ZSS-0.09646)2+(0.0026-0.36)2 = 0.0227 in.
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17.1
El =35-10°1b-in2

W =150 b
= e

El

w, = nim? —

_ 150 0.0868 b

EVE in.3

0.0868 - 24 - 10 Ib - sec?
= 0.054

mn 386 ins

W1
w, =13.4638, f, = o= 2.14 cps

W3
w, =53.8552, f,=-==857cps

2n
w3
w; =121.1742, f3 = o = 19.28 cps
17.2
From Table 17.3
EI
On = |

C, = 223733, C, =61.6828, (;=120.9034

From Problem 17.1
13.4638

w, =
n n 2

= 1.3642C,

w, =30.52, f; =4.85cps
w, =84.13, f, =13.39cps
w; =164.93, f; =26.25cps

78



17.3

From Table 17.5

—c, El
a mL*
13.4638
Wy, = CnT = 1.3642 Cn

C; = 154188, C, =49.9648, (; =140.2477

From Problem 17.1
13.4638
Wy, = CnT = 1.3642 Cn
w, =21.02, f, =335cps
w, = 68.16, f, =10.85cps
w; = 14221, f; =22.63cps

17.4

nmx,
y(x,t) = Z—sm (1 — coswy, t) sin I
Load
P, = —2000, atx,; =9(12) =108 in.
Deflection at centers
(36)(12)

= 2161
> in

For max. deflection

_ Ib - sec?
(1—-cosw,t)=2, m=0.054 in—3,from problem 17.1

—2(2000) 2 . nm(108)

nm
—_ —— — _342. 932— 0.7854 nre
Ymazxcenter = 0.054(36)(12) Lu w2 - (36-12) sin( n)sin—

First 3 modes: w; = 13.46 rad/sec, From Problem 17.1

0.707
121.172

1
Ymaxconter = —342.93 [W 0.707 + (0) + (-1) ]

53.852

= —342.93[0.0039 — 0.000048]

= —-1.321in.
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17.5

b - sec?

3|
[

in3
EI = 10°1b - in.?
L =150 in.

Modal differential equation:
ann(t) + a)rZLMnZn(t) = Fn(t)

where

L
M, = | m?
. j m 2 () dx
L
F, = j $2COP(x, ) dx
0

or
F(O) _ Py J pn(x)dx
Mn [ g2 (x)dx

7y + w2z, =

[ $n(x)dx
f i 2 (x)dx

=
Modal response:

OIn

z,(t) = 2 (1 — cos wyt)
n

Total response:
nix
u(t,x) = 2 @, (x)z, (1), o, = sinT modal shape

n
_ ZPOIH 1 . nmx
= ” (1 — cos wyt) sin I

n

o |EL
w
L mLt 0.3 (150)

=—ﬂ—013cps

First mode

4

I, =

X
(1 = cos0.13¢) smm = 75.34P; (1 — cos 0.13¢) sin

X
y(6x) = 47.75

0. 132
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17.6

b - sec?

3|
[

in3
EI = 10°1b - in.?

L =150in.

¢, 2L _¢ 10° C,0.081
a)n = _— —_—_— = .
JmLt o o3 @asot "

w, = m2(0.081) = 0.8 rad/sec
w, = 41%(0.081) = 3.2 rad/sec

Modal differential equation:
ann(t) + (UrlenZn(t) = Fn(t)

where

L
n (2) .
E, = (j)n(x)P(x t) dx = sin———== L 1000 sin 500t

Forn =1, F;(t)=1000sin500t
Forn=2, F,(t)=0

L
— | & 42
M, —Jom(,bn(x)dx

L X 0.3 2mx
M, = J 0.3sin? —dx = — (1 — cosT> dx = 0.15L = 0.15(150) = 22.5
0 0

. 5 1000 _
Zn w7y, = 225 sin 500t = 44.44 sin 500t

44.44

061 =500z $n(5000) = 0.00018sin(500¢)

ZI=

y(t) = d1(0)z1(t) + o (x)z, () + ---.

z,(t) =0, So consider only first mode

y(t) = WO .00018sin(500t) = 0.0000038 sin(500¢t)
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17.7

) . E,(t)
Zn(t) + anwnzn(t) + wrzlzn(t) = 11:/1—

n
L
M, = j m 2 () dx
0
M, =225

L
E, =J mae(x)P(x,t) dx
0

First mode

F;(t) = 1000 sin 500t
w, = 0.8rad/sec

Z1(t) +2-0.1-0.82,(t) + (0.8)%z,(t) = F}l\;t)
1

Solution

2(t) = zg sin(wt — 0)

VA —r9)7 + (28r)?

2er 2(0.1)(625)

tan6 = = = —0.00032
MY = T2 T 16252

5
2,(6) = 55522 sin(500¢ +0.0003) = 0.004 sin(500¢ + 0.0003)

y(t) = d1(0)z1(t) + o (x)z, () + ---.

sinm x
y(t) = 0.004

sin(500t — 0.003)



17.8

(a) (b)

P(t) P(t)
5000 Ib.

0.05

b - sec?
in3
EI =30-10°1b - in.?
L =100 in.
I =120in*

m = 0.5

El 30-106(120
w, =3.516 |—; =3.516 —(4) = 24.83 rad/sec
mL 0.5 (100)

Fi(t)
M,

L
Fu() = j 1 (OP(x, D) dx
0

® (x)=cosha x+cosa x—o,(sinha x+sina, x)

Z(0) + wiz (t) =

where
_cosha,L—cosa,L

o =
" sinha,L-sina,L

(a,L)?> = C,, Eq.(17.51)and Table 17.4

V35160 0019
=00

¢1(L) = coshv3.516 — cos V3.516 — 0.734(sinh v3.516 — sinvV3.516)

cosh+v3.516 + cosv3.516
o4 =
' sinhv3.516 + sinV3.516

$,(L) = 0.0248
F,(t) = 0.0248 P(t)

=0.734

L
M, =J m P2 (x)dx
0

> tsec
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Jy #1(0)dx

I =
! f0]“¢f(x)dx

= 0.7830

L L
J ¢, (x)dx = J [cosha;x — cosa;x — g;(sinh a;x — sin a;x)]dx
0 0

_cosha L +cosa;L

T Sinha L +sina L 0.507

(a,L)? = C; = 3.5160

a;L =+v3.5160 = 1.875

t Lo : 100 100
¢ (x)dx = a—{lsmh a;x —sinaqx|g ° — 0.507|cosha;x + cosa x|y "}
0 1

_ 1875 _ 0.01875
=00 T

L
J ¢, (x)dx = 53.3{(3.1837 — 0.9541) — 0.507(3.3371 — 0.2995 — 1 — 1)} = 90.80
0

L [Fd(x)dx  90.80
JO $1()dx == I, 0783

= 115.96

F,(t) = ¢,(L)P(t) = 0.0248P(¢)

. ’ 0.0248P(t)
Z1(t) +29.83%z.(t) = W = Pyf(t), t<0.05
0.0249(5000)
Py = ~ {1596 = 1.073f(t)
ty 0.05 .
T_1 =021" 0.24, (DLF)mqx = 0.7 (From Fig. 4.5)

_ 21 2T

T,="—= =0.21
17w, 2983

Z.
(DLF)max = maxd
Zst,l

P, 1073 1

Zst1 = 17T 99832 829

1
Zmax,1 = (DLF)mastt,l =0.7" @ = 0.00084

Zmax1 = $1 (X = L)Zmax1 = 0.0248-0.00084 = 2.1- 1075 in.
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17.9

(a) Pty P) (b) P
| l l | 3000 Ib
\
I< 60 |n—>‘<15m 15|n—>‘ > tsec

_ Ib - sec?

m=05——

in.
EI =107 lb - in?
L =90 in.
. % Z 1 . nmx, tsi nmnx,
y(x,t) = [ ( COS w,, )(sm T tsin— )]

El 107
= T — = 2 ———— =5.45rad/sec
L 0.5 (90)

2P0 nmx, . NNX,
y(x,t) = Z [—sm (1 —=coswy,t) (sm I +sin I )]

0.5(90) 5.432 (1~ cosSA> D) singg{sin g +sin 55

= —4.49(1 — cos 5.45 t) sin 0.035x(1.366) = —6.13 (1 — cos 5.45 t) sin(0.035x)

—-6000 1 X w60 w75
Y1) = ( )

At mid section:
sin(0.035-45) = 1.0
y(45,t) = —6.13(1 — cos 5.45¢t)

17.10
A0+ 0fn(©) = 5
L
Fu(t) = j 31 (OP(x, 0) dx
0
First mode:

w, = 5.45rad/sec From Problem 17.9

T, = 2m = 1.15
1 =z = 115 sec
L nm
M, = J meZ(x)dx, ¢(x)= sinT
0

85



0(1-cosTx) 05
M, = o.sj — L gx=-".90=1225
. 2 2

225 "7

Z1(t) + 5.45%z,(t) = t <0.1sec

71 (t) +5.45%z,(t) =0, t>0.1sec

ta 00.1 — 0.086
T 115
Max. response from Fig. 4.4:
3000
Zl,max = O.SZSt, Zgt = m =45

Zimax = 0.5(4.5) = 2.25

X
ymax,l(x: t) = d)l(x)zmax,l =225 Sin%
atx = 60"
Zmax1(x = 60") = 1.95in.
atx = 75"
Zmax1(x =75") = 1.125in
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17.11

_ Ib - sec?
m=1——;
in.
EI =30-10%1b - in.2
L =180 in.

P(x,t) = 2000 sin 400t

/A
tg = msec

Modal differential equation for first modes:

F@) _ J PG )¢ (x)dx
M, fOLrT'L¢)f(x)dx

El 30-106
wy = 22.3733 |=— = 22.3733 |——— = 3.78 rad/sec
mL 1(180)

21 + (4)1221 =

.. 2 P011 L=
Z1 +3.78%z; = 751n wt, t<ty [,=0.8308 (Table17.3)

7 +3.78%22, =0, t>t,

. 2000(0.8308) . )
Z1 +14.292z, = Tsm 400t = 1662 sin 400t

T, = 2n = 1.66
1=375- 1 sec

fa___ T _ 0047
T 400-1.66

Z
(_) =0.025 (From Fig. 5.3)

Zst max,1

Zmaxa = 0.025 (116.3) = 2.91
Ymax1 = ¢1(x)zmax,1
¢1(x) = cosha,x — cos a;x — o,(sinh a;x — sina, x)

_coshayL+cosa;L
%= Sinha,L + sina; L

(a,L)? = C, = 22.3733
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a,L =+v22.3733 =4.72 (C; from Table 17.3)

alL 427
g, = 0983, T = 900,1 = T = 2.36

¢1(x =90°) = 1.586
Ymax1 = 1.586(2.91) = 4.61 in.
17.12

Solve for second mode:

El
wy = 61.6728 |[— = 10.42 rad/sec
2 mL*

(azL)? = C,
a,L =v61.6728 = 7.85 (C, from Table 20.3)

Ymax2 = ¢2 (x)Zmax,Z

T, =—2" 030
2% 7042 OV eC
fa __ T _ 026
T  400-03

Zmax,Z == 01
¢,(x) = cosha,x — cosa,x — o,(sinh a,x — sina,x)

_coshayL + cosa,L

% = Sinha,L + sinagL 1.014

$,(x = 90°) = —0.35

Ymax,2 = 0.35(0.1) = 0.035 in.

VYmax = \/yfnax,l + Y2axs = V4612 +0.0352 = 4.16 in.



19.1
Fourier series is given by Eq. 19.2

F(t) =ay+ Z(an cosnwt + b, sinnwt)

n=1

g = %J;TF(t)dt
F(t) = 30 0<t<
F(t) = -30

a, = 0 (area under F(t) between 0 and T=1 sec).

2 T
a, = Tf F(t) cosnwt dt
0

1.0

0.5
a, = 2f 30 cosnwt dt+2f —30 cosnwt dt
0 05

601 . nw 60r. _ )

a, = ﬁ SIDT - % sSiInnw — SIHT

0 0 _ 2m
an=ﬁ<251n7—smnw), (1):?:271:

n =5 (2 sintn — sin 21tn)

a,=0 foralln.

2 T
b, = —f F(t) sinnot dt
T Jo

1.0

05
b, = Zf 30 sinnwt dt+2f —30sinnwt dt
0 0

.5

60 nw 60 nw _
bn=% 1- cos7 Y COST—COSTL(JL)
60 nw _ _2m
bn=ﬁ<1—2c057+cosnm), u)=?=21'r
60
b, =E(1—2cosnr:+c052nn)

—1357b—60(1 2(-1)+1) b—240
forn—,,,..n—ml , n=_

60
for n=2,4,68.b,=—(1-2)+1),  b=0

5\ 1 3 T
120 /sin2mt  sin6mt  sin 10mt
or F(t)=—n ( 1 + 3 + z )

240 /sinwt  sin3wt  sin 5wt
2 F(E) = —( + )




19.2
From eq. 19.10, the steady-state response of a damped single degree-of-freedom system is:

[e5)

(t) _ ag + 1 anzrnf + bn(l - rnz) . ot + an(l - rnz) - anT'nf . ot
U TR R N 23 e G R CR R 7%

n=1

where a, a,, b, are the Fourier series coefficients of the function F(t)

In our case,
a, =0, a, =0
b_240 : —135<b—120)
n = orn=1,3, n =
n =0, forn = 2,4,6.
_no _ k
=, R
Then,

_ 1 bp(1 —1,2) L bn21,§ R
O = {(1 R EE ¥ A (e i ¥ o Eh "‘”t}

_ [120-386 _ . rad o0
©= |Togee 18I =0

_ nw
W = 2m, r, =—=0.3311n
L 1)
u(t) = 120,000 (42.6642 sin 2mt — 3.1731 cos 2mt + 4.2892 sin 67t
— 63.8030 cos 6mt — 4.2355 sin 107t — 0.8057 cos 107t ...)
or in terms of
)
= - = 0.3311,and w = 2m.
1 2 . —_— —_—
(1 —1,2)? +0.04(ry)? ((1 —r*)sinwt — 0.2r1 cos wt) +
1
u(t) = 120 P~ ((1 — 9r,®)sin 3wt — 0.2 - 31, cos 3wt)
120,000 (1-91%)" +0.04(97,2)

1

+ 3 ((1 — 257,%)sin 5wt — 0.2 - 574 cos 5wt) + -
(1-251%)" +0.04(251,2)




19.12
a) The Fourier coefficients for the load are found by applying eq. 19.3 with T = 2 sec.

L P,
=—JP sinmt dt = —
o =75 . 0 T
2 1 0 n = odd
an=—J Posinrrtcosrrtdt={Po 2
2 ), — 5 n=even
ml—-m
2 ! . . & n=1
bn=EJ Pysinmtsinmt dt =1 2
0 0 n>1

The substitution into eq. 19.1 leads to following expression for the Fourier series expansion of the

loading:
P(t) =P, (1 + 1sin Wt — —cos 2mwt — icos 4ot — icos 6Tt ... ... )
T2 3n 15m 35m
or
P(t) = Py(0.3183 + 0.5 sinwt — 0.2122 cos 2nwt — 0.04244 cos 4wt
—0.01819 cos 6wt ... ....) kips
where

27
W= T =  (rad/sec)

b) The steady state response is found applying eq. 19.6.

(t)—P0<1+ in &t — — 2t — — Aot + ) j
u = % \x 7Sln(1) 157‘[COS TwW 607‘[C0S Tw mn.

or

u(t) = Py(0.01814 + 0.06513 sin wt + 0.009675 cos 2nwt + 0.0000302 cos 4wt + -+ ....)

20.1

) e

[©] = [0.96571 —097'?)71]

K] =|

in.
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wq = 7.65rad/sec
w, = 18.48 rad/sec

Co = {BYIM] )" (M1 KD ($hn = ) i3y = 2600 My

L

[o:1]

51] _ 1[‘01
$2l 2w,

_11765
2118.48

7
w3 [al]
w3 [laz

fo ][]

3.825a, + 223.849a, = 0.2
9.24a, + 3155.556a, = 0.1
a, = 0.0608627
a, = —0.0001465

1
(MK =3[

2 a;([M]~1[K])! = 0.0608627 [

i _ [ 3.38254

—0.45254 3.38254

2 OH 3.38254

[c] = [o 11104

200
—200

i =gl; 3
01[ 400 —200] _[200 —100
A 5500 20017 2200 200
2 oy |~ 0.0001465
~0.22627)
~0.22627] _[ 6765  ~0453
5254 3.38254 |~ 1-0.453 3.383

]

—100
200

]z
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20.2

400 —200 2 0
[K]=[—200 200] [M]z[o 1]
[ 05 0.5
[q)]_[o.7071 —0.7071]
2§01 My 0 0 -
Al=folcle)=| o et g T

(2 i {¢}n{¢}£) ()

[C] = Damping Matrix
M,, = 1.0 if normalized

& =20%=0.2
& =10% = 0.10
Forn=1
28,0,  2(0.2)(7.65)
M, 1 B
El 1 0.5 0.765 1.081863
{¢}1{¢}T [0 707] [0.5 0.707](3.06) = [10 o s T ]
Forn =2
28,0, _ 2(0.1)(18.48) _ 2696
M, 1 '
fz 2 r _[ 05 0.924 —1.3067208
@L18) = |_g70,] 05 ~07071G690) = | 0706 T Tgag )
N
2 _[ 0.765 1.081863] +[ 0.924 —1.3067208] :[ 1.689 —0.2248578]
10.081863  1.530 —1.3067208 1.848 —0.2248578 3.378

n=1

<o Beonon)on -} ok, 2w
o 3.378 —0.44972112 01 _ [ 6.756 —0.450
_[—0.2248578 3.378 Ho 1]_[—0.450 3.378]
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20.3

7000 —3000 0
[K] = |-3000 5000 —2000]
0 —2000 2000

15 0 0

M] = [O 10 O

0 0 5
0.1114 -0.1968 —0.1245
[®] =]0.2117 -0.0277 0.2333 ]
0.2703 0.2868 —0.2114

wq =9.31rad/sec
w, = 2094 rad/sec
w3 = 29.00 rad/sec

& =10% = 0.10
> 28,0

(€] = M] (2 %{mn{cp}%) M)
n=1 n

28,0, _ 2(0.1)(9.31) _
T n = 1.862

Forn=1

0.114 0.023 0.043 0.056

210 1{<¢>}1{¢>}T—[02117][0114 0.2117 02703](1862)—[0044 0.084 0.107
0.2703 0.056 0.107 0.136

Forn=2
2, wy, 2 0.1)(29.00

M, 1
52 , 0.1968 0.162  0.022 —0.236
{¢}2{¢}2—[0.0277][—0.1968 0.0277 0.2868](4.188)=[0.023 0.003 —0.033]
0.2868 —0.236 —0.033 0.3444
Forn =3

28,0, 2(0.1)(29.00)

M, 1 B
53 5 0.1245 —0.090 —0.168 0.153
{¢}3{¢}3—[0.2333][—0.1245 0.2333 —0.2114](5.8)=[—0.168 0.316 —0.286]
0.2114 0.153 —0.286 0.259

—-0.102 0.402 -0.213
—-0.028 -0.213 0.740

n=1

[0.275 —0.102 —0.028]

N 28 15 0 0][ 0275 —0.102 —0.028][15 0 ©
[C]=[M]<Z 1\7; "{qb}n{qb}z;)[M]:[o 10 0] [—0.102 0.402 —0.213”0 10 0]
=1 0 0 5J0-0.028 —-0213 o07401ll0 0 5
4128 —1.017 —0.138][15 0 O0 6192 —15.26 —2.080
=[—1.526 4.024 —1.064”0 10 0]=[—15.26 40.24 —10.64]
—-0415 -2.128 3.699/lo 0 5 —2.080 —10.64 18.50
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21.1

2500 (¢)
\ T mi
B L4
3,
EY *C T

3k-Y

The figure shows the forces acting in the system for a displaced position of the generalized coordinates,

Y(0)

Give virtual displacement &Y to generalized coord. Y (t) and apply principle of virtual work:

pooy LY O 3, 3 k-v-357 — 2500 o -0
m 24-12 20 2 5=
Since 6Y # 0

! + ]Y 2 Y 9kY—2500 ®)

288 " ' T %€ =/
Generalized Parameters:

ool oy 1 1800 ., 80 _ . Ib - sec?
288 m_28812386( ) 386 in.
lb - sec

¢ =2c=2100 = 225
= 4C = 2 =
K* = 9k = 9(5000) = 45000 b /in.

2500
F*(t) = Tf(t) = 625f(t) lb.
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21.2

The figure shows the system in displaced position and corresponding forces:

Ip-Y/a
»/_>‘:‘
] Q \ m-Y
N = M(t)
— VIS TIAY N
v \
kY
7 T Yc

Give virtual displacement &Y and apply principle of virtual work:

m-Y-8Y Iz-Y-6Y Ve 8Y — k- 8Y ID-Y-6Y+Mt 6Y_0
2 2 L1 ¢ a-a O =
Since 6Y # 0
m Iz Ip\.. M(t)
—_ —_— —_— Y .Y k-Y:—
(2+L2+a2) to i L

Generalized parameters:

M*_m+IB+ID_m+12mL2+ma2_7
TR T2 Tz T e

C'=c
K=k
F*(t)=@

L



213

The figure shows the system in displaced position for the generalized coordinate 6(t):

k -L-6 o(t)
Give virtual displacement §6 and apply Principle of virtual work:

m-1?-6-56L . . Py-L-f(t) L
2|—————|-2(1-6-660)—cOH-L-L-80 —k-0-L60 —————-=80 =0
2 2 2 3
Since 66 + 0
m-L2 I\ . . Py-L-f(t)
< > +Z>49+c-L-49—k-L-49_T
Generalized parameters:
M*_rﬁ-L2+1m-L-L2_7_L2
“T2 T2 1 T12™
C*"=cL
K* =kL
Py L-f(t)

F*(t) = c



21.4

Generalized mass:

M*_m+fL(T)¢ (x) dx
_m+—f 1—cos— dx

X
—m+—f 1—2cos—+cos —)dx

R 4, nx+x+L x1*
=m [x stL 5 2nsmLO

Generalized stiffness:
L
K* =f El¢"2(x) dx
0

T N\2 X

¢"(x) = (ﬁ) cos—

1 X
¢(x) = cos—, oL

2L

4

o= g1 [ZL( )+2L(T[X) _mx)"  Eln*
tol* |7 \ar) T \ar) ¥ T ), T 3212

Generalized force:
L
F© = [ p09 dx
0

F*(t) = Fof (9 (5)

F*(t) = F, (1 — cos )f(t)
F*(t) = 0.2929 - Fyf(£)
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215

The generalized geometric stiffness:

p(x)=1- COSE,

L d 2
K; = Nf (—¢) dx
o \dx

dp m X

2L dx  20°%°21
X

L 2
K; = —Nf (—) sin? —dx, (negative sign becuase N is tension)
0

2L

K =N () ) -tan D] = -w(F)E=

2L

*

2L

4L

T 4> L], 2L/ 4
K; =K' —K;
Elm*

=30 from Problem 21.4

K = Elm* N N2
¢ 73213 8L

Nm?
8L
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21.6

The generalized mass:

The generalized stiffness:

K* =

The generalized force is

d
F(©) = 7p,(®

M*

_ymd®[L?

g 4L% |3

M* = fLm(x)gbz(x) dx

md?
m(x)dx = szdx _Y

Eﬁxzdx
X
=1- —_
¢?)L cos o7
,_ymd 5 X\ 2
M —Em . X (I—COSZ) dx

() () -

K* = fLECI(x)d)”z(x) dx, I(x)

nd?

L?>  4l?

T2

ECW(%)Z fOL x* cos%dﬁa P"(x) = (%)2 =

_ E.nd?
"~ 12812

*

F(t) = j p(x, () dx

(g_l)]zpo(f)_L'd[g_

2mAL

e+ ——)=01237—
2 T[+7T3 1'[2) g

-5

yd

md? x*
416 L*

Cos ﬁ

i Lxd X
F*(t) =JO Tpo(t) (1—cosz)dx

4mr] = —0.1807p, (¢)L -

100



21.7

The deflection occurred corresponding to the left half a simply supported beam with a concentrated

load at its center is
= % (3L%x — 4x3)

Where y, is the deflection at the center.
The maximum potential energy is calculated as

1
Vinax = EFyO

24E1 ) FI3
Vnax = yO ,  Since yg = 48E]

and the maximum Kinetic Energy

Lz 1
Thax = ZJ E(ﬂ dx) ((1)3’)2 + _m(wyo)z
0

Thax = "lllb( yO) J (3L2 4x3)dx + = Tn(ﬂ)yO)

5
o _m(@y)’ e +_<£)“_24L2 () ]+
max-opL® 2 7 5

2

2
1
Ty = % [105 + 5 — 42] + Em(a)yo)z

V - Tmax

(myo) (Z+—=m,)

48E1

22 (m + 35m.)

24EI

w =

101



21.8

The beam loaded as shown in Fig. (a), between supports is equivalent to beam shown in Fig. (b)

A p
El, my, P El, my, ¥ . _PL
Ay s < 7
| u e l I |
P 3
7 -

() (b)

Moment a section x in Fig (b):
_ Px dy Px dy Px?

;. —==—: —=—4C
2 dx? ~ 2EI dx  2EI 1

- PL? dy
Y7 12Er’  dxl,., 6EI
_Px* P2 P % — 2]
Y=1281  12E1° T 12E1% X

Deflection of overhang:

at

x=0 —=—=(3 x=0, y=0, C,=0

P
T (3Lx?% — 2x3 + 21%x), in overhang

Max. potential:
_ %

max >
P IR A L
Yo = ﬁ<3LZ—2§ +2L E)
P2L? PL?
Viax = Tepr Yo = g7
Max. Kinetic Energy:

[0.076 + 0.3615]

T = S0 fL N WAL ok f”z 2y = MW P
max =530 ) 144EDZ S T ¥ XTI T3L Y X = 36 144(ED)?
2 2

Tmax = Vmax
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m,w?P2L7  PL?
987(EN?  8EI

w = 7.854

L*m,
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21.9

The deflection at section x is:

. T[x .
y = Ysstm wt
Maximum velocity is:
) X
Vimax = YW smT

and Max kinetic Energy:

1 Liz1m, o omx 1 1m, 2y2
Tmax = Emy2w2 +J(; ETYZ(DZSII’ITCZX = EmYzwz +§T 2 (Zm + mb) = 5w?Y?
Maximum Potential Energy:
EI (M2 (d?y\*
Vmax = 7 o (W) dx
max
dy YT[ X , d?y Yirz ) o
= = Y —(os—sinwt, —= = —Y — sin — sinw
I Lcos I sin Tx? Iz sin I sin
EI (L/2 ,mt o mx El  n*L 10%Y’m* )
Vmax:7 S Y L—451n de:7 FE__ :2435Y
Tmax = Vmax

5w?Y? = 2435Y?2

w? =487
w = 22.07 rad/sec
2207 351
f= o = cps
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21.10

Use Eq. 21.83:

w = g X w;y;
X wiy;?
story.

In this equation the deflection y; at the floor levels is due the static load W applied horizontally at each

The shear force in the first story is:

12E1
Vi = 13 V1
And in the second story:
12E1
V, = I3 (y2 —y1)
SinceV; =2WandV, =W
_owl?
M= E12E1
wl®  wl?® 3wl
V2 =

= 21281 Y1261 T 12E1

2 _ulo wl3 +3wL3 _ Sw2L?
Wir =W e T 1261 T 12E1
2 2 g WP WAL 13wALS
wiyi" = w (12E1)2 (12E1)2 _(12E1)2
5w?L3
, 97127 _9(2ED5 4.62EI
T BwiLe T 13wlE | wiB
(12ED)?

gEI
=215 |—
@ ’WL3
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21.11

As in problem 21.6 load the frame with horizontal force W at each story.

For fixed column the shear force is

Then

For the first story: V = 2W, A=y,

_2WL
V1= G
_ +WL_3‘>WL
V2=21 G~ AG

w = g X w;y;
X wiy;?

2 3 [ZWL+3WL]_5W2L
Wi =WIeae T a6 1 T 4G

2 , A w22 N ow2]2 3 13w312
Ve = WITae? T a6z T 46)?

S5w2L
, 974G _ 599AG
T 13w3l2 T 13wl
(AG)?

’ AG
w = 0.62 Chlied
wL

106



21.12

The deflection shape of a cantilever beam with a concentrated load at its end is:

_ Ymax 2 3
y(x) = 2% (3Lx? - x°)

where Y, ., is the maximum deflection at the free end

dy Ymax

2 6Lx — 3x2

dx 2 olx—3x%)
dzy _ Yinax

3Ymax
E— VB (6L—6X): I3 (L—X)
Maximum Potential Energy:

L/2 EI19Y,
f (L% = 2Lx + x?) dx = ———=
. 2 I°

EI (L2 <d2y>2 El
0

1
— _ 2
hoax =~ 3 =T (1 -1+ 3) 5581.65Y,,4,

Maximum Potential Energy:

T — Ll—'Zd m . 2 . 2 . 2
max = | 5y X+5[y1 +9,° + 957
0

1002 Y2 [ 1000w2L3
Taw = Tmaxf (9L12x* — 6Lx5 + x°) dx + ————— [27 5t 2] Y,
10w?Y,, .. 2L [9 1000a)2L3
Tmax - = [ 3 33Ymaxz
T G 7 T 8If

= 509.14w2Y,,,. 2 + 41.67w?Y, 02 = 505.81w2%Y,,,,>

Tmax Vmax

550.81w%Y,,,,2 = 5581.65Y,,,,>
w? =10.13
w = 3.18 rad/sec
f = 0.507 cps
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213

The deflection shape of a cantilever beam with a concentrated load at its end is:

and the deflection at a section x by:

Y(x) = Vg (x) sin wt

dy 1/4x3 12 12

a: max§ F_L_3 +ﬁx sin wt
dzy 1/12x? 24 12

W = Ymax § _L4' - L LZ sin wt

Maximum Potential Energy:

T L* T L5

2 2 L 4 3
_ d?y\? 1 = Y Elf l44xt 576 , 144 576x° 288 , 576x\
max = 5" | \dx? 18 J,

max

144Y, . 2El 4 2 4] 144EIY,,.>
hax =~ g g 1= g g = g = 595374
3107 11
L3 ~(36-127° '

Max. Kinetic Energy:

L 1 — .92 m . 2 . 2 . 2
Tmax=f SMy?dx + =" + 3" +95°]
0
1Oa)2Ymax2fL<x8 16x6 36x* 8x7 12x® 48x5>d 100w?
—_— X

— 2
Tmax = —g76 Tt T Tt T g 12803Y10

. 10w2LY,,, %1 16 (36 8 12 48 o o
= P — _ — _——— w
max 18L° 9 7 5 8 7 6 max

Trax = (240 + 71.13)0%Y, 0y

Prepared by Mario Paz and Young Hoon Kim
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