
of �22n×2n divides an. We do not know when equality holds, and we have not yet answered

Irena Swanson’s question.

On the other hand, further experimentation using the mathematical software Sage

led us to a more fundamental connection between the sandpile group and domino tilings

of the grid graph. The connection is due to a property that is a notable feature of the

elements of the subgroup generated by the all-2s configuration—symmetry with respect to

the central horizontal and vertical axes. The recurrent identity element for the sandpile

grid graph, as exhibited in Figure 1, also has this symmetry.3
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Figure 1: Identity element for the sandpile group of the 400× 400 sandpile grid graph.

If Γ is any graph equipped with an action of a finite group G, it is natural to consider

the collection of G-invariant configurations. Proposition 6 establishes that the symmetric

recurrent configurations form a subgroup of the sandpile group for Γ. The central purpose

of this paper is to explain how symmetry links the sandpile group of the grid graph to

domino tilings.

We now describe our main results. We study the recurrent configurations on the

sandpile grid graph having Z/2 × Z/2 symmetry with respect to the central horizontal

and vertical axes. The cases of even×even-, even×odd-, and odd×odd-dimensional grids

each have their own particularities, and so we divide their analysis into separate cases,

resulting in Theorems 15, 18, and 23, respectively. In each case, we compute the number

of symmetric recurrents as (i) the number of domino tilings of corresponding (weighted)

rectangular checkerboards; (ii) a product of special values of Chebyshev polynomials;

and (iii) a double-product whose factors are sums of squares of values of trigonometric

functions.

3For square grids, the identity is symmetric with respect to the dihedral group of order 8, but this
phenomenon is of course not present in the rectangular grids that we also consider.
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