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� Vibrations of current-carrying nano-
wires in a 3D magnetic field are of
interest.

� Via surface elasticity theory and Lor-
entz's law, governing equations are
developed.

� Explicit expressions of longitudinal
and transverse displacements are
obtained.

� Roles of influential factors on the
stability of the nanostructure are
discussed.

� Effects of the components of 3D
magnetic field on maximum dis-
placements are studied.
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Longitudinal and transverse vibrations of a pretensioned current-carrying nanowire subjected to a
suddenly exerted three-dimensional magnetic field are of concern. Using an elastic string model by
considering the surface effect, the equations of motion of the nanostructure are established. By
employing admissible mode shapes and Laplace transform approach, an analytical solution is proposed
to determine the nanowire's elastic field. The explicit expressions of the longitudinal and transverse
displacements of the nanowire are derived. The conditions that lead to the dynamic instability of the
nanostructure are also discussed. The influences of the initial tensile force, electric current, and the
components of the magnetic field on the dynamic displacements are comprehensively addressed.

© 2015 Elsevier B.V. All rights reserved.
1. Introduction

In 1965, Moore [1,2] predicted that the number of transistors on
an integrated circuit doubles approximately every two years. The
so-called Moore's law is more of a self-fulfilling insight about the
processors manufacturing. In order to equip a chip with more
yahoo.com.
transistors, scientists must design and fabricate smaller transistors.
One way to reach such a marvelous goal may be the use of
appropriate ensembles of nanowires [3e5]. A nanowire is an
extremely thin structure with a very high length to width ratio. It is
possible to create a nanowire with a diameter of just one nano-
meter, although scientists commonly work with nanowires which
are in the range of 30e60 nm wide. In the past two decades, there
have been many interests in using carbon nanotubes as electrical
carriers [6e8]. These explorations have revealed substantial
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characteristics of current-carrying nanotubes such as Luttinger
liquid behavior, ballistic conduction at room temperature, and
long-extended coherent state in which potentially provide them as
field effect transistors [9e11]. Due to crucial limitations of nano-
tubes as explained by cui et al. [12], nanowires have been proposed
as a more suitable structure for carrying electrical current. In the
near future, it is hoped that the vertically aligned nanowires could
be exploited for fabrication of the smallest transistors, however,
there are some major difficulties in the way.

When a piezoelectric-nanowire is deflected by a conductive
atomic force microscopy (AFM) at the tip, the mechanical energy of
deformation is converted into electricity. The performance of such
an AFM-based nanogenerator will be successfully improved if an
effective way can be developed that all points of the nanowire are
continuously and simultaneously actuated. By applying ultrasonic
waves, Wang et al. [13] tested vertically aligned ZnO nanowires to
produce continuous direct-current. Such ensembles of nanowires
can be used for harvesting energy and may have potential appli-
cations in powering nanodevices. Generally, such nanostructures
become more dynamically unstable when they are acted upon by a
magnetic field. As another example, nowadays, developing minia-
ture magnetometers has been also increased due to their vast po-
tential applications in oceanographic, biomedical, industrial,
environmental purposes, and extraterrestrial. In magnetic gradi-
ometers, a one-dimensional structure carries an AC current is used
to measure the magnetic gradient. To study vibration of such de-
vices, beam models or even string models can be employed ac-
cording to the ratio of the flexural strain energy to the strain energy
resulted from the initial tensile force. The idea of using micro-
magnetometers was initiated by Wickenden et al. [14]. In
thermo-vibro-mechanical analysis of these microsystems, variation
of the magnetic field across the length of the string is also taken
into account. With regard to many similarities between the gov-
erning equations of the problem at hand and those of micro-scaled
magnetic gradiometers, the present study will be also helpful to
those researchers who are interested in exploring mechanical vi-
brations of such tiny magnetically affected structures. For such
applications, from applied mechanics point of view, the dynamic
response and stability conditions of a nanowire carries an electric
current in the presence of a magnetic field should be methodically
realized. This paper is aimed to establish an inclusive mathematical
model to answer some queries that may arise regarding the vi-
brations and possible instabilities of such nanoscale systems.

By passing an electric current through a nanowire, a magnetic
field would produce around the nanowire that can be explained by
the Biot-Savart law. On the other hand, when the current-carrying
nanowire is subjected to an external magnetic field, a magnetic
force (the so-called Lorentz force) is exerted on each element of the
nanowire. This force is a function of the direction and amplitudes of
the electric current in the deformed nanowire as well as those of
the applied magnetic field. Through using the Lorentz formula, the
magnetically exerted force per unit length of the current-carrying
nanowire can be readily calculated. According to this formulation,
not only the magnitudes of magnetic field and the electric current,
but also their directions are among the major factors that influence
on the vibrations of the magnetically affected current-carrying
nanowires. It should be noted that controlling the direction of the
electric current (which is along the tangential direction of the
deformed nanowire) would not be a trouble-free job. In other
words, control of the exerted magnetic force on the deformed
nanowire is not as easy as it may be thought. As it will be shown,
such a force also corresponds to the initiation of dynamic instability
within the nanostructure under particular conditions. As a result,
realizing the factors affecting instability and vibrations of the
nanowire is of great importance. This information would help
scientists and engineers to design and construct more stable
nanowires’ systems to undertake the considered tasks more
efficiently.

Experiments show that the effective elastic properties of
nanowires are size-dependent [15e18]. Additionally, other theo-
retical evidences support this fact that the mechanical behaviors of
nanowires are basically size-dependent [19e22]. Such a size-
dependency plays a vital role in overall performance of nano-
wires and cannot be explained by the classical continuum theory
(CCT) at all. On the other hand, for atomic modeling of such
nanostructures, many atoms should be taken into account since the
lengths of nanowires are generally in the order of micrometer. It
indicates that application of atomistic-based approaches for dy-
namic analysis of nanowires takes a lot of labor and time costs, and
therefore, it would not be a reasonable way. To overcome the
drawbacks of the CCT and to reduce the costs of the atomic ap-
proaches, several size-dependent theories have been developed
since the past century. The surface elasticity theory of Gurtin-
Murdoch [23,24] is one of the most popular size-dependent the-
ories that the surface energy of the nanostructure is incorporated
into its total energy. This advanced theory of elasticity explains that
when the surface-to-volume ratio of the nanostructure increases,
the effect of the surface energy on deformation becomes high-
lighted. To this end, the surface's atoms are modeled by a layer with
negligible thickness whose elastic properties and residual surface
stress should be appropriately determined. The constitutive re-
lations of this layer are also completely different from those of the
bulk matter. Since the past decade, the surface elasticity theory of
Gurtin-Murdoch [23,24] has received increasing attentions to
examine mechanical problems associated with nanostructures
[25e32].

To date, nonlocal continuum theory of Eringen [33e35], surface
elasticity theory of Gurtin-Murdoch [23,24] or a combination of
them has been employed for analyzing a wide range of the prob-
lems in applied mechanics that the nanostructure can be simulated
by a rod, beam, plate, or shell. We focus more specifically on the
problems pertinent to the nanowires and nanotubes. A brief review
of the literature shows that bending and resonance behavior of
nanowires [36e38], free vibrations of nanowires [39e42] and
nanotubes [26,43e45], forced vibrations of nanowires [46,47] and
nanotubes [48e50], wave propagation within nanowires [51e53]
and nanotubes [54e56], nanofluidicenanotube interactions
[57e60], moving nanoparticleenanotube interactions [61e65],
various buckling aspects of nanotubes [66e69] and axial buckling
of nanowires [70e73], vibrations of magnetically affected nano-
tubes [74e76] and nanowires [77,78] have been examined in some
detail. Recently, free and forced vibrations of a single nanowire as
well as free vibrations of double current-carrying nanowires in the
presence of a longitudinal magnetic field have been explored
[79e81]. Nevertheless, vibrations and instabilities of current-
carrying nanowires immersed in a three-dimensional magnetic
field have not been studied carefully. To bridge this scientific gap,
herein, we implement the surface elasticity theory for dynamic
analysis of the magnetically affected current-carrying nanowires.
Since such nanostructures are generally so long and their lateral
vibrations are of interest, therefore, their flexural rigidity can be
ignored and an appropriate string model would be satisfactory for
our purpose. Surely, when the length to diameter ratio of the
nanostructure is lower than a specific level, beam models would
provide more reasonable results with respect to the present string
model. The study of vibrations of current-carrying short nanowires
subjected to a general magnetic field could be considered as a hot
topic for future works.

In this study, longitudinal and transverse vibrations of a current-
carrying nanowire subjected to a three-dimensional magnetic field
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are aimed to be examined explicitly. Using Hamilton's principle,
equations of motion of the nanostructure accounting for the surface
energy are constructed in the context of small deformations. An
analytical solution is then proposed to determine the elastic field of
the nanostructure. The explicit expressions of the longitudinal and
transverse displacements are derived for general initial boundary
conditions. The effects of the initial tensile force and the strength of
the magnetic field components on the maximum dynamic dis-
placements are displayed. The conditions in which lead to the dy-
namic instability of the nanowire are also addressed and the roles
of the influential factors on such an extreme phenomenon are
explained in some detail.

2. Basic definitions and assumptions

Consider an elastic straight nanowire of length, lb, in which
carrying a constant electric current I as shown in Fig. 1. The effect of
the mass weight of the nanowire on its deformation field is
neglected and it is acted upon by an initial tensile force with
magnitude T0. It is assumed that the length of the nanowire is large
enough such that the bending rigidity of the nanowire can be
neglected (i.e., as nanowire becomes larger, the ratio of the flexural
strain energy to the strain energy resulted from T0 would decrease).
The density, cross-sectional area, Young's modulus, and radius of
the nanowire are rb, Ab, Eb, and rb, respectively. By exertion of a
three-dimensional magnetic field, B, the nanowire can be deformed
whose applied force can be explained by: fm ¼ I � B. For small
deformations, I ¼ I0ð1þ vu=vxÞ ex þ I0vv=vx ey þ I0vw=vx ez is the
electric current vector with magnitude I0, u ¼ u(x,t), v ¼ v(x,t), and
w ¼ w(x,t) represent the nanowire's displacements along the x, y,
and z axes, respectively, and ex, ey, and ez in order denote the unite
base vectors associated with the x, y, and z axes,
B(t) ¼ (Bx0ex þ By0ey þ Bz0ez)H(t) is the suddenly applied magnetic
flux and H(t) is the Heaviside step function. It is assumed that the
exerted Lorentz's force on the nanowire's matter would be negli-
gible in compare to fm. Therefore, the applied magnetic force per
unit length of the current-carrying nanowire could be evaluated as:

fm ¼B0 I0

��
zz
vv

vx
� zy

vw
vx

�
ex þ

�
zx
vw
vx

� zz

�
ey

þ
�
zy � zx

vv

vx

�
ez

�
HðtÞ;

(1)

where

zx ¼
Bx0
B0

; zy ¼ By0
B0

; zz ¼
Bz0
B0

: (2)
Fig. 1. Schematic representation of a current-carrying nano
In the following part, the equations of motion of the current-
carrying nanowire subjected to a three-dimensional magnetic
field accounting for surface effect are derived. Subsequently, by
proposing an analytical approach, the elastic fields of the nanowire
are obtained. The stability condition of the nanostructure in the
presence of a three-dimensional magnetic field will be then
discussed.
3. Governing equations

In the framework of the small deformations, the kinetic energy,
T, the elastic strain energy, U, and the work done by a combination
of surface effect and fm on the current-carrying nanowire, W, are
expressed by:

T ¼ 1
2

Zlb
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vt
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dx; (3a)

U ¼ 1
2

Zlb
0

EbAb

"
vu
vx

þ 1
2

�
vu
vx

�2

þ 1
2

�
vw
vx

�2

þ T0
EbAb

#2
dx; (3b)

W ¼
Zlb
0

ðfs þ fmÞ$
�
u ex þ v ey þw ez

�
dx: (3c)

where fs denotes the surface effect and given by
fs ¼ H0v

2v=vx2 ey þ H0v
2w=vx2 ez such that H0 ¼ p rbt0 in which t0

is the residual surface tension of the nanowire under unconstrained
conditions [39,82,83]. By employing the Hamilton's principle, the
equations of motion of current-carrying nanowires in the presence
of a three-dimensional magnetic field are obtained:

rbAb
v2u
vt2

� EbAb
v2u
vx2

� B0I0

�
zy
vw
vx

� zz
vv

vx

�
HðtÞ ¼ 0; (4a)

rbAb
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v2v

vx2
� B0I0zx

vw
vx

HðtÞ ¼ �B0I0zz HðtÞ; (4b)

rbAb
v2w
vt2

� ðT0 þ H0Þ
v2w
vx2

þ B0I0zx
vv

vx
HðtÞ ¼ B0I0zy HðtÞ: (4c)

At all times, both ends of the nanowire are kept fixed. Therefore,
the boundary conditions of the problem read:
wire subjected to a three-dimensional magnetic field.
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uð0; tÞ ¼ uðlb; tÞ ¼ 0; vð0; tÞ ¼ vðlb; tÞ ¼ 0; wð0; tÞ ¼ wðlb; tÞ
¼ 0:

(5)

The initial boundary conditions of the current-carrying nano-
wire can be taken into account in the following general form:

uðx;0Þ ¼ u0ðxÞ; vðx;0Þ ¼ v0ðxÞ; wðx;0Þ ¼ w0ðxÞ;
vu0
vt

ðx;0Þ ¼ _u0ðxÞ;
vv0
vt

ðx;0Þ ¼ _v0ðxÞ;
vw0

vt
ðx;0Þ ¼ _w0ðxÞ:

(6)

For more rational investigation of the problem, the following
dimensionless quantities are considered:
x ¼ x
lb
; t ¼ 1

lb

ffiffiffiffiffi
Eb
rb

s
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EbAb
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; v ¼ v

lb
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EbAb
;

u0 ¼ u0
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r
; v0
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ffiffiffiffiffi
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r
;w0
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ffiffiffiffiffi
rb
Eb

r
;

(7)
by introducing Eq. (7) to Eqs. (4a)e(4c), the dimensionless equa-
tions of motion of the magnetically affected current-carrying
nanowire are displayed by:

v2u
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�
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vw
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� zz
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�
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HðtÞ ¼ f 0zy HðtÞ; (8c)

where the boundary conditions of the nanowire are as:

uð0; tÞ ¼ uð1; tÞ ¼ 0; vð0; tÞ ¼ vð1; tÞ ¼ 0; wð0; tÞ ¼ wð1; tÞ
¼ 0;

(9)

and its dimensionless initial conditions read:

uðx;0Þ ¼ u0ðxÞ; vðx;0Þ ¼ v0ðxÞ; wðx;0Þ ¼ w0ðxÞ;
vu0
vt

ðx;0Þ ¼ u_ 0ðxÞ;
vv0
vt

ðx;0Þ ¼ v_ 0ðxÞ;
vw0

vt
ðx;0Þ ¼ w_ 0ðxÞ:

(10)

4. Solving procedure

4.1. Reduction from PDEs to ODEs

The dimensionless deformation vector of the current-carrying
nanowire is considered as:

dðx; tÞ ¼
8<
:

uðx; tÞ
vðx; tÞ
wðx; tÞ

9=
;; (11)

by introducing Eq. (11) to Eqs. (8a)e(8c), the dimensionless
governing equations of the problem at hand can be expressed in the
following compact form:

v2d
vt2

� N
v2d
vx2

þ F
vd
vx

HðtÞ ¼ p HðtÞ; (12)

where

N ¼
2
41 0 0
0 Ts 0
0 0 Ts

3
5; F ¼ f 0

2
40 �zz zy
0 0 �zx
0 zx 0

3
5; p ¼ f 0

8<
:

0
�zz
zy

9=
;:

(13)
By introducing Eq. (11) to Eqs. (9) and (10), the initial and
boundary conditions are stated by:

dð0; tÞ ¼ 0; dð1; tÞ ¼ 0; (14a)

dðx;0Þ ¼ d0ðxÞ;
vd
vt

ðx;0Þ ¼ _d0ðxÞ; (14b)

where

d0ðxÞ ¼
8<
:

u0ðxÞ
v0ðxÞ
w0ðxÞ

9=
;; _d0ðxÞ ¼

8<
:

u_0ðxÞ
v_0ðxÞ
w_

0ðxÞ

9=
;: (15)

In order to solve Eq. (12) for d, we use the following helpful
relation:

dðx; tÞ ¼ eAx xðx; tÞ; (16)

where

A ¼ 1
2
N�1 F; x ¼

8<
:

x1ðx; tÞ
x2ðx; tÞ
x3ðx; tÞ

9=
;; (17)

by substituting Eq. (17) into Eqs. (12) and (14),

v2x
vt2

�N
v2x
vx2

þ NA2x HðtÞ ¼ e�Axp HðtÞ; (18)

where

xð0; tÞ ¼ 0; xð1; tÞ ¼ 0; (19a)

xðx;0Þ ¼ e�Ax d0ðxÞ;
vx
vt

ðx;0Þ ¼ e�Ax _d0ðxÞ: (19b)

Now we discretize the vectors x and e�Axp as follows:
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xðx; tÞ ¼
n¼1

xnðtÞ sinðnpxÞ;

P∞

e�Ax pðxÞ ¼
X∞
n¼1

pn sinðnpxÞ; pn ¼ 2
Z1
0

e�Ax p sinðnpxÞ dx;

(20)

by substituting Eq. (20) into Eqs. (18) and (19b), one can arrive at
the following second-order set of ordinary differential equations
(ODEs) with its initial conditions:

v2xn
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þ
h
ðnpÞ2Nþ NA2 HðtÞ

i
xn ¼ pn HðtÞ; (21a)
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(21b)
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where
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4.2. Application of Laplace transform for solving ODEs

In order to solve Eq. (21) for xn ¼ xn(t), Laplace
transform approach is adopted. By recalling
L fv2½:�=vt2g ¼ s2L ½:� � s½:�ðt ¼ 0Þ � v½:�=vtðt ¼ 0Þ,
L fHðtÞ ½:�ðtÞg ¼ L ½:�, and taking the Laplace transform of both sides
of Eq. (21a), one can arrive at:

L fx1nðtÞg ¼ A11n

s
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L fx2nðtÞg ¼ A21n

s
þ A22nsþ A23n

s2 þ l22n

;
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s
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;

(24)

where
By taking the inverse Laplace of the relations in Eq. (24) and
substituting the resulting expressions into Eq. (16), the dimen-
sionless displacements of the current-carrying nanowire acted
upon by a three-dimensional magnetic field would be obtained as:
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vðx; tÞ ¼
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5. Results and discussion

In this section, we compare the obtained results by the proposed
model with those of another work in a special case. Thereafter, it is
explained that under what circumstances the magnetically affected
nanowire carrying electric current becomes dynamically unstable.
Finally, the effects of the initial tensile force, magnetic field
strength, and electric current on the dynamic displacements and
their maximum values are investigated in some detail.

5.1. A comparison study

In the absence of experimentally observed data for the problem
at hand, the verification study is limited to existing data in the
literature. Sloss et al. [84] studied transverse vibrations of a wire
carrying electric current in the presence of a longitudinal magnetic
field via classical continuum mechanics. Now consider a magneti-
cally affected structure with the following data: lb ¼ 1 m, f 0 ¼ �2p,
and T0 ¼ 1 and the initial conditions: u0 ¼ 0, v0 ¼ 0, and
w0 ¼ xð1� xÞ. To control vibrations of such a system, Sloss et al. [84]
proposed to apply an axial tensile force (C) on the wire. Let define
the dimensionless total transverse displacement by d ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þw2

p
.

For four levels of the control force (i.e., C ¼ 0.0001, 0.01, 0.05, and
0.1 such that C ¼ C=EbAb) the dimensionless total transverse dis-
placements of three points of the wire (i.e., x ¼ 0.1, 0.2, and 0.3)
predicted by the proposed model and those of Sloss et al. [84] are
provided in Table 1 at the time t¼ 5. To this end, we have set zx ¼ 1,
Table 1
Comparison of the predicted total transverse displacements by the proposed model
for different points of a current-carrying wire subjected to a longitudinal magnetic
field and those of another work.

C ¼ 0.0001 C ¼ 0.01 C ¼ 0.05 C ¼ 0.1

x ¼ 0.1
Present study 0.05534 0.07835 0.07365 0.08519
Ref. [84] 0.05461 0.07843 0.07348 0.08517
x ¼ 0.2
Present study 0.1110 0.1358 0.1236 0.1492
Ref. [84] 0.1103 0.1359 0.1234 0.1490
x ¼ 0.3
Present study 0.1725 0.1435 0.1307 0.1752
Ref. [84] 0.1724 0.1427 0.1301 0.1755
zy ¼ zz ¼ 0, Ts ¼ T0 þ C, and H0 ¼ 0. To evaluate the dynamic dis-
placements, the first thirty modes has been taken into account.
According to Table 1, there exists a reasonably good agreement
between the results of the proposed model and those of Sloss et al.
[84].
5.2. Frequency analysis and stability study

Understanding the circumferences lead to the instability of the
nanostructure is of great importance for design purposes. Without
knowledge regarding this matter, safe transmitting of electric cur-
rent through the pretensioned nanowire would be risky. Therefore,
we initially perform an instability study to determine the roles of
the influential factors on the stability of the current-carrying
nanowire in the presence of a three-dimensional magnetic field.
To this end, let introduce xn ¼ x0 ei6t to Eq. (21) in the case of free
vibration (i.e., pn ¼ 0). By setting the determinant of the coefficient
matrix equal to zero, the following dimensionless natural fre-
quencies are obtained:

61n ¼ np; 62n ¼ 63n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnpÞ2Ts �

	
f 0zx


2
4Ts

vuuut
: (27)

Using Eq. (7), the natural frequencies of the current-carrying
nanowire subjected to a three-dimensional magnetic field are
evaluated as follows:

u1n ¼ np
lb

ffiffiffiffiffi
Eb
rb

s
; u2n ¼ u3n

¼ 1
lb

ffiffiffiffiffiffiffiffiffiffi
rbAb

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnpÞ2ðT0 þ H0Þ �

ðzx B0I0lbÞ2
4ðT0 þ H0Þ

s
: (28)

where u1n and u2n represent the longitudinal and transverse fre-
quencies of the magnetically affected nanostructure. As it is seen in
Eq. (28), the longitudinal frequency does not affected by the
strength of the magnetic field and the electric current. It is mainly
related to this fact that the exerted longitudinal force on the
nanowire does not rely on the longitudinal displacement. Based on
Eq. (28), the transverse frequencies can be influenced by the length,
density, cross-sectional area of the nanowire, surface effect, initial
tensile force, magnetic field strength, and electric current. By an
increase of initial tensile force or the residual surface tension, such
frequencies would increase. Furthermore, by an increase of the
length, density, or cross-sectional area of the nanowire or strength
of the applied magnetic field or electric current, the natural fre-
quencies corresponding to the transverse motion of the nanowire
would decrease.

This fact guides us to investigate the situations where the
fundamental transverse frequencies would be zero, thereby,
instability would generate within the nanostructure. For a given
initial tensile force of a particular nanowire, the magnetically
affected current-carrying nanowire would be stable if and only if
the longitudinal magnetic field strength and electric current satisfy
the following relation:

Bx0I0 <
2pðT0 þ H0Þ

lb
: (29)

Again, for a magnetically affected nanowire subjected to speci-
fied levels of magnetic field and electric current, the nanowire
would be stable if and only if the initial tensile force satisfy the
following relation:
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T0 >
Bx0I0lb
2p

� H0: (30)

As it is seen in Eqs. (29) and (30), the residual surface stress with
positive value would assist the nanowire for further stability.

5.3. Parametric studies

In this part, the effects of pretensioning and strength of the
components of the magnetic field on the dynamic displacements
and their maximum values are examined. For this purpose,
consider an Aluminum nanowire with the following mechanical
and geometry properties: rb ¼ 2700 kg/m3, Eb ¼ 90�109 Pa,
t0 ¼ 0.5689 N/m, lb ¼ 200 nm, and rb ¼ 5 nm. In all numerical
studies, the aluminum nanowire is initially at rest (i.e.,
u0 ¼ v0 ¼w0 ¼ 0) and it starts to vibrate by application of the three-
dimensional magnetic field.

5.3.1. The role of initial tensile force on dynamic displacements
As explained earlier, initial tensile force is an important

parameter in stabilizing the nanostructure. Therefore, its role on
dynamic displacements and their maximum values should be
studied carefully. In Fig. 2, the time history plots of longitudinal and
transverse displacements of the midspan point of the nanowire are
provided for three levels of the initial tensile force. As it is seen in
Fig. 2, the maximum values of both longitudinal and transverse
displacements would decrease as the initial tensile force increases.
The main reason of this fact is that the transverse stiffness of the
nanowire increases as the initial tensile force within the nanowire
increases. It implies that the initial tensile force is a crucial
parameter in controlling dynamic displacements of the magneti-
cally affected current-carrying nanowire. Further, by an increase of
the initial tensile force, the period of both longitudinal and trans-
verse dynamic displacements would reduce. The main reason of
this fact could be displayed via Eqs. (26) and (28). By an increase of
the initial tensile force, the transverse frequency as well as l2n
would magnify. As a result, the period of the displacements of the
nanowire would decrease. In Fig. 3, the maximum values of dis-
placements as a function of the initial tensile force within the
nanowire are demonstrated for three levels of the strength of the
magnetic field. For each plot, two distinct branches could be
detectable. In the first branch, the magnitudes of maximum
Fig. 2. Time history plots of displacements of the midspan point of the nanowire for differen
f 0 ¼ 0:5; zx ¼ 0.005, zy ¼ 0.0002, zz ¼ 0.0004).
displacements drastically decrease as the initial tensile force in-
creases. Such a fact is more obvious for current-carrying nanowires
exposed to higher levels of strength of magnetic fields. In other
words, the rate of reduction of maximum displacements in terms of
initial tensile force is more apparent for higher strength of mag-
netic fields. In the second branch, the maximum displacements
would mildly decrease by an increase of the initial tensile force. For
such a branch, the influence of the strength of magnetic field on the
variation of maximum displacements is lesser with respect to the
first branch of the plot. Irrespective of the level of the initial tensile
force of the nanowire, by increasing the strength of the magnetic
field or electric current, the maximum dynamic displacements
would increase. Such a fact is also more obvious for those nano-
wires with lower levels of initial tensile force. The main reason of
this fact could be explained by Eq. (28). By increasing the magnetic
field strength or electric current, the transverse frequencies of the
nanowire would decrease. Since the variation of the magnetic field
or electric current has no effect on the inertia of the nanostructure,
therefore, the transverse stiffness of the nanowire would decrease
as the magnetic field strength or electric current magnifies.

5.3.2. The role of magnetic field strength on dynamic displacements
We are also interested in the effect of strength of the magnetic

field on the generated displacements of the nanowire. To this end,
the time history plots of the dynamic displacements of the midspan
point of the nanowire for different levels of the strength of the
magnetic field are provided in Fig. 4. According to the plotted re-
sults in Fig. 4, the dynamic displacements generally increase as the
strength of the three-dimensional magnetic field increases. Such a
fact could be interpreted by two reasons: firstly, the magnitude of
the exertedmagnetic force on the nanowire is linearly proportional
with the strength of the magnetic field. Secondly, by an increase of
the strength of the three-dimensional magnetic field, the stiffness
of the nanostructure would reduce (see Eqs. (26) and (28)). A close
scrutiny of the demonstrated results in Fig. 4 also displays that the
periods of both longitudinal and transverse dynamic displacements
would slightly increase with the strength of the magnetic field.
Such a phenomenon can be readily realized based on Eqs. (26) and
(28). Eq. (28) shows that by an increase of the strength of the three-
dimensional magnetic field, the frequency associated with the
transverse motion as well as l2n would decrease. In a supplemen-
tary study, the plots of maximum dynamic displacements as a
t levels of the initial tensile force: ((…) Ts ¼ 0.001, (� �) Ts ¼ 0.0013, (d) Ts ¼ 0.0015;



Fig. 3. Effect of the initial tensile force on the maximum displacements of the nanowire for different strengths of the magnetic field: ((…) f 0 ¼ 0.4, (� �) f 0 ¼ 0.7, (d) f 0 ¼ 1;
zx ¼ 0.0005, zy ¼ 0.00001, zz ¼ 0.00001).
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function of f 0 are given in Fig. 5. Such plots are demonstrated for
three levels of the initial tensile force within the nanowire. As it is
seen in Fig. 5, the maximum values of both longitudinal and
transverse displacement magnify nonlinearly as the strength of the
three-dimensional magnetic field increases. By an increase of the
magnetic field strength, not only themagnitude of the applied force
increases, but also the longitudinal and transverse stiffness of the
nanowire would lessen. Thereby, it can be anticipated that the
magnitudes of both longitudinal and transverse displacements
would increase with the strength of the magnetic field. The plotted
results in Fig. 5 also show that the influence of the strength of the
magnetic field on the maximum displacements of the nanowire
with lower levels of the initial tensile force is more obvious.
Additionally, for higher levels of the strength of the three-
dimensional magnetic field, the effect of initial tensile force on
the maximum values of displacements is more obvious.
Fig. 4. Time history plots of displacements of the midspan point of the nanowire for differen
Ts ¼ 0:001; zx ¼ 0.005, zy ¼ 0.0002, zz ¼ 0.0004).
5.3.3. The roles of the components of magnetic field on dynamic
displacements

Another important study has been conducted to explain the
influences of various components of the magnetic field on both
longitudinal and transverse displacements. In Fig. 6, variations of
maximum displacements as a function of various components of
the three-dimensional magnetic field have been provided. The
plotted results are demonstrated for three levels of the initial ten-
sile force. According to the plotted results in Fig. 6, both longitu-
dinal and transverse displacements increase as the longitudinal
component of the magnetic field (i.e., zx) increases. Furthermore,
the influence of zx on maximum displacements of the nanowire
with lower levels of initial tensile force is more obvious. Concerning
the effect of the transverse component of the three-dimensional
magnetic field along the y-axis (namely zy) on displacements, the
results show that the variation of zy has fairly no effect on the
t levels of the strength of the magnetic field: ((…) f 0 ¼ 0.1, (� �) f 0 ¼ 0.2, (d) f 0 ¼ 0.4;



Fig. 5. Effect of the magnetic field strength on the maximum displacements of the nanowire for different levels of the tensile force: ((…) Ts ¼ 0.001, (� �) Ts ¼ 0.0013, (d)
Ts ¼ 0.0015; f 0 ¼ 0.5; zx ¼ 0.005, zy ¼ 0.0001, zz ¼ 0.0001).

Fig. 6. Variations of the dimensionless maximum displacements of the nanowire in terms of the components of the magnetic field for various levels of the initial tensile force: ((…)
Ts ¼ 0.001, (� �) Ts ¼ 0.0013, (d) Ts ¼ 0.0015; f 0 ¼ 0.5; zx ¼ 0.005, zy ¼ 0.0001, zz ¼ 0.0001).
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variation of themaximum transverse displacement of the nanowire
along the y-axis. Further, the influence of zy on the transverse
displacement of the nanowire along the z-axis is more obvious with
respect to other components of the displacement field. Regarding
the effect of the component of the magnetic field along the z di-
rection (i.e., zz) on displacements, it can be observed that the
variation of zz has the lowest effect on the variation of the
maximum displacement of the nanowire along the y-axis. How-
ever, the displacement of the nanowire along the z-axis is highly
affected by zz. Such facts can be readily interpreted via Eqs. (13) and
(26).

In another interesting scrutiny, the influences of combined
longitudinal and transverse components of the magnetic field on
maximum values of longitudinal and transverse displacements of
the nanowire are aimed to be explored. In Figs. 7 and 8, such effects
on longitudinal and transverse displacements of the nanowire in
order have been plotted for three levels of the initial tensile force. In
all plotted results, the transverse components of the magnetic field
are identical (namely zy ¼ zz). The depicted results in Figs. 7 and 8
display that in the absence of the transverse magnetic field, no
deformation within the nanowire could be observed, even in the
presence of the longitudinal magnetic field. Based on the plotted
results in Fig. 7, the maximum longitudinal displacement of the
nanowire grows nonlinearly as zx or zy increases. Furthermore, the
influence of the transverse magnetic field on the maximum longi-
tudinal displacement is more apparent for higher levels of longi-
tudinal magnetic field. Conversely, the effect of longitudinal
magnetic field on the longitudinal displacement of current-
carrying nanowire is more obvious for higher levels of transverse
magnetic field. Fig. 8 shows that the transverse displacement of the
nanowire increases linearly with zy; however, for a given value of zy,
the maximum transverse displacement increases nonlinearly in



Fig. 7. Variation of the maximum dimensionless longitudinal displacement as a function of the longitudinal and transverse components of the magnetic field: (a) Ts ¼ 0:0008, (b)
Ts ¼ 0:0013, (c) Ts ¼ 0:0015; (f 0 ¼ 1; zz ¼ zy).

Fig. 8. Variation of the maximum dimensionless transverse displacement as a function of the longitudinal and transverse components of the magnetic field: (a) Ts ¼ 0:0008, (b)
Ts ¼ 0:0013, (c) Ts ¼ 0:0015; (f 0 ¼ 1; zz ¼ zy).
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terms of zx. Themain reason of this fact is that the appliedmagnetic
force on the nanowire is linearly proportional with the transverse
magnetic field. Further, the frequency of the current-carrying
nanowire does not alter by application of the transverse magnetic
field. However, the longitudinal magnetic field decreases the
transverse frequencies of the nanowire. In other words, the
maximum transverse stiffness of the nanowire would somehow
decrease with power two of the longitudinal magnetic field (see Eq.
(28)). Thereby, it can be expected that the maximum transverse
displacement of the current-carrying nanowire would nonlinearly
reduce in terms of the longitudinal magnetic field.

6. Concluding remarks

Vibrations of current-carrying nanowires subjected to suddenly
applied three-dimensional magnetic fields are investigated. Using
Hamilton's principle and a surface elasticity theory, the governing
equations that describe longitudinal and transverse vibrations of
magnetically affected current-carrying nanowires are obtained.
Based on the Laplace transformmethodology, an analytical solution
is developed to determine the dynamic displacements of the
nanowire. The explicit expressions of natural frequencies, longitu-
dinal and transverse displacements are derived. The stability of the
current-carrying nanowire in the presence of a three-dimensional
magnetic field is discussed. The roles of the initial tensile force,
electric current, and strength of the magnetic field on the
maximumdynamic displacements of the nanowire are examined in
some detail. The crucially obtained results are as follows:

1. The stability of the nanostructure is enhanced by the initial
tensile force as well as the residual surface stress with positive
sign, however, an increasing of the longitudinal magnetic field
or electric current would endanger its stability. The minimum
tensile force corresponding to the initiation of dynamic insta-
bility within the nanostructure is determined.

2. The displacements of the current-carrying nanowire would
reduce as the initial tensile force within the nanowire increases.
However, themaximumdisplacements of the nanowiremagnify
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with the strength of the magnetic field or electric current.
Additionally, the influence of the magnetic field strength or
electric current on the generated displacements is more obvious
for those nanowires with lower levels of the initial tensile force.

3. The maximum longitudinal displacement of the nanowire
would increase nonlinearly with each component of the three-
dimensional magnetic field. However, the maximum trans-
verse component would linearly increase with the transverse
components of the magnetic field whereas its value would
nonlinearly increase as the longitudinal component of the
magnetic field increases.
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