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ABSTRACT 

The robotics literature of the last two decades contains many im-
portant advances in the control of flexible joint robots. This is a sur-
vey of these advances and an assessment for future developments, 
concentrated mostly on the control issues of flexible joint robots. 

KeyWords: Robot control, flexible joint robot, survey paper,  
modeling, singular perturbation. 

I. INTRODUCTION 

The problem of position control for rigid robots is a 
well known and completely understood issue, and rigid 
manipulators are extensively used in industries [1]. The 
desire for higher performance from the structure and me-
chanical specifications of robot manipulators has spurred 
designers to come up with flexible joint robots (FJR)[2]. 
Most robots have been designed to be mechanically stiff 
because of the difficulty of controlling flexible members, 
not since rigidity, itself, is inherently attractive [3-5]. On 
the other hand, several new applications such as space ma-
nipulators [6] and articulated hands [7] necessitate using 
FJRs. In addition, as recently robots and humans have in-
creasingly shared common spaces (especially in the fields 
of medicine and home automation), it has become neces-
sary to consider the frequent physical contact between ro-
bots and humans [8]. This also necessitates considering 
flexibility in manipulators. Out of these necessities have 
emerged new control strategies, while traditional control-
lers used directly for FJRs have had limited performance 
[9,10]. Since the 1980’s many attempts have been made to 
counter this problem, and, now, several methods have been 
developed. Hundreds of papers have been published on the 
subject of this survey paper. Among those papers, only 
three of them were found to be survey papers, of which two 
of them are specialized in two narrow categories [11,12] 
and only one wide survey [13] was published in 1990. Af-
ter more than a decade of advancement in this area, this 
paper intends to summarize the new advancements and to 
provide an assessment for future developments. The current 
paper would be a complement of the mentioned survey 

paper [13] and its stress would be mostly on the new papers 
that are not covered in [13]. Besides, there are some useful 
insights in that paper which are not repeated here, and a 
new researcher is emphatically recommended to refer to 
that paper. 

This paper is organized as follows: The next two sec-
tions (Sections 2 and 3) make the reader more familiar with 
the literature and concepts which are used in the following 
sections. Section 2 presents the modeling related issues for 
an FJR and section 3 describes the details of the Composite 
Control Method; Section 4 is devoted to the main purpose 
of this paper, classification of the proposed methods; and 
finally, a short summary and conclusions are presented in 
Section 5. 

II. FJR MODELING 

To model an FJR the link positions are assumed to 
form the state vector as is the case with solid robots. Ac-
tuator positions must be also considered in the state vector, 
because, in contrast to solid robots, these quantities are 
related to the link positions through the dynamics of the 
flexile element. Suppose that the position of the i’th link is 
depicted with θi : i = 1, 2, …, n and the position of the i’th 
actuator with θi+n : i = 1, 2, …, n. It is usual in the FJR 
literature to arrange these angles in a vector as follows: 

1 2 1 2 2 1 2[ , , , | , , , ] [ , ]T T T T
n n n nQ q q+ += θ θ θ θ θ θ =… …  

  (1) 

Using this notation and taking into account some simplify-
ing assumptions, Spong has proposed a model for FJRs as 
follows [14]: 

1 1 1 1 1 2( ) ( , ) ( ) 0I q q C q q K q q+ + − =  

2 1 2( ) 0J q K q q u− − − =  (2) 

where I is the matrix of the link inertias and J is that of the 
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motors, C  is the vector of all gravitational, centrifugal 
and coriolis forces and torques and u  is the input vector. 
Without loss of generality, it is assumed that all flexible 
elements are modeled by linear springs with the same 
spring constant k [15] and the matrix K = k Inxn . 

The inertia matrices are non-singular, so the model 
can be changed to the following singular perturbation 
standard form: 

( )

( ) ( ,  )

( ) ( ,  )

q A q z G q q

z A q B z G q q Bu

⎧ = − −⎪
⎨

ε = − + − −⎪⎩

 (3) 

in which 1q q= , 1 2( )z K q q= − , and ε = 1/k. 
As seen from the model, FJRs show a two-time-scale 

behavior due to the presence of the small parameter ε as a 
multiplier on the derivative term in the second differential 
equation. This means that the system will have fast and 
slow variables. In the sequel, the authors will use the con-
cept of integral manifold and composite control to design a 
suitable controller to encounter this type of special behav-
ior [3]. 

III. COMPOSITE CONTROL 

It is shown in [3] that for FJRs for any given input us 
there exists an integral manifold in the (q, z) space, de-
scribed as follows (for simplicity the vector mark will be 
dropped out hereafter): 

( ,  ,  ,  )s sz h q q u= ε   (4) 

When the fast dynamics are asymptotically stable, the 
above condition, if initially violated, will be nearly satisfied 
after the decay of the fast transients, i.e. z will approach to 
the z s. The unknown function h can be found by solving 
the following partial differential equation which is obtained 
by substitution of h and its derivatives in Eq. (3): 

( )( ) ( ,  ) sh A q B h G q q Buε = − + − −  (5) 

This equation referred to as the manifold condition is 
hard to solve analytically. Spong et al. have proposed a 
method to solve this equation approximately to any order 
of ε by expansion of terms as will be done in Eqs. (8) and 
(9)[3]. Using the concept of composite control a fast term 
could be added to the control input to make the fast dy-
namics asymptotically stable: 

( ,  )s f f fu u u z z= +   (6) 

where, zf = z − zs represents the deviation of the fast vari-
ables from the manifold. The fast control is designed such 
that uf (0, 0) = 0. So, on the manifold, u = us and no modi-
fication needs to be applied on the manifold condition (5) 
after the addition of uf . By subtracting (5) from (3) the fast 
dynamics can be shown to be: 

( )( )f f fz A q B z Buε =− + −  (7) 

Hence, a PD controller can be used to stabilize the fast 
dynamics. In order to solve the manifold condition and 
simultaneously design a corrective term to modify control 
performance, expansion of h and us with respect to ε can be 
used as follows: 

2
0 1 2su u u u= + ε + ε +…  (8) 

2
0 1 2h h h h= + ε + ε +…  (9) 

Substituting these equations into the manifold condi-
tion and equating the terms with the same order will result 
in: 

0 1
0

( ) ,
( ) ( )

i i
i

G q Bu h Buh h
A q B A q B

−+ += − = −
+ +

 (10) 

By substitution of these results in the differential equation 
of q one will reach to: 

 
0

1

( ) ( ) ( )  
( ) ( )

i
i

i

BG q A q Bq u A q h
A q B A q B

∞

=
= − + − ε

+ +
∑  (11) 

Now, if one chooses: 

0
1

hu
B

= −  

0 ,   2,  3,  iu i= = …  (12) 

then, hi s will vanish except for h0 and Eq. (11) will reduce 
to the solid model. Therefore, using the corrective term u1 
has enabled us to design the u0 as usual as that for solid 
robots. Keeping these modeling and control concepts in 
mind, in the next section the surveyed papers are described 
and classified. 

IV. THE SURVEY  

4.1 Primary research 

During the first years of considering FJRs (beginning 
of the 80’s) several papers were published. Most of them 
considered the following items: 1) The necessity of consid-
ering flexibility, 2) FJR modeling, 3) Simple controller 
design, 4) Analysis of the FJR specifications such as con-
trollability. 

In [9,16-18] it has been shown, theoretically and em-
pirically, that ignoring the flexibility of FJRs in controller 
design will result in performance degradation and band-
width limitation. References [19,20] have ignored the cori-
olis and centrifugal forces, coming up with a linear model 
and proposing some controllers for that model, but the re-
sponses are not perfect for high velocities. In [10,21] con-
trollability for FJRs was considered. In [22,23] a precise 
modeling of the joints was developed and for each joint a 
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feedforward compensator was proposed. Reference [24] 
has accomplished the same task of controlling an industrial 
manipulator with flexibility in both joints and links. An 
adaptive controller based on an approximate linear model 
was proposed in 1986 [25]. By this time, most of the effort 
of researchers was focused on linear methods. For the first 
time, in 1986, nonlinear control methods were considered 
in [26]. In this paper, the authors proved that a single link 
FJR under static nonlinear state feedback acts like a con-
trollable linear system, and the next year, in [27], the com-
puted torque method, the well-known method for rigid 
robots, was used for a cylindrical planar FJR. 

Flexibility makes an FJR act with a two time scale 
behavior. This leads researchers to employ the singular 
perturbation concept to model FJRs [16]. As said, in 1987 
Spong used this concept under some simplifying assump-
tions to propose a feedback linearizable model for multi-    
link FJRs [14]. He also proposed a controller using flexible 
feedback linearization. This method is robust for paramet-
ric uncertainty but requires both velocity and acceleration 
measurements (more precisely, full state feedback). More-
over, the proposed method is computationally more com-
plex than the same method for rigid robots. (A comparison 
of the feedback linearization method and the singular per-
turbation method has been provided in [28]). To overcome 
the mentioned problems, researchers have changed the 
principal model to a simpler model using the concept of 
integral manifold and they have tried to solve the resulted 
(manifold) condition by expansion of terms in the powers 

of ε and ignoring higher order terms as explained in the 
previous section [3,29,30]. The model shown in this way is 
linearizable via simple feedback, does not need rate meas-
urements and shows a good response in simulations. After 
the few first years of research, more and more papers were 
published which will be categorized in the coming subsec-
tions. 

4.2 Continuing the initial path 
By “initial path” we mean all methods having all or 

several of the following specifications: 
• Using a Spong model (and accepting his assump-

tions). 
• Using the Singular Perturbation Method for modeling. 
• Using the Composite Control Strategy with a fast 

control term to stabilize the fast variable. 
• Using the concept of integral manifold and expansion 

in powers of ε to solve the manifold condition. 
In Table 1, several papers of this category are briefly listed. 
For example, the reference [31] (see ninth row) is a paper 
which used feedback linearization for the slow term us and 
a PD term as the fast control uf. The terms q, q , and z 
must be fed back to implement the controller. A single 
degree of freedom manipulator with friction in both Motor 
and Link (M, L) bearings is used for simulations. This ma-
nipulator is modeled by a degree one ODE, in absence of 
gravity. The numerical values for simulation are obtained 
to match a real robot. 

Table 1. Papers continuing the initial path. 

Case Study & Simulation 
Code Publication 

Year Authors Method Control Terms Terms to 
feedback DOFFrictionO.D.E. 

DegreeGravity Numerical 
Values 

ε 
Order

Reference 
Input Tracking

33 1986 Khorasani Rig FBL+ IMEE+ PD (FBL) u0 + εu1 + uf q, dq, z a degree n general model is considered with no simulation 
Rigid FBL 1 u0 q Instable
Rigid FBL 2 u0 q2 Bad 

Flexible FBL uflex 
q, dq, ddq, 

dddq Good14 1987 Spong 

Rig FBL + IMEE + PD (FBL) u0 + εu1 + uf q, dq, z 

1 − 1 Y Normal  Sin(8t) 

Best 
3 1987 Spong Rigid FBL + IMEE u0 + εu1 q, dq 1 M, L 2 Y SimReal −2 Sin(8t) Good

116 1989 Zeman, Patel, 
Khorasani neural network u q, dq, ddq 1 M, L 2 Y SimReal −3 Sin(30t) Good

159, 
111 1989 Ghorbel, Hung, 

Spong Rigid Adaptive + D(z) urig + uf q, dq, dz 1 M 2 Y Real −2 Smoothed Step Good

110 1990 
Al Ashoor,  
Khorasani,  

Patel, Al-Khalili 

Rig FBL (Adaptive) + IMEE 

(Adaptive) + Lyap(Adaptive) 
+ PD(z) 

u0 + εu1 
+ urobust + uf

q, dq, ? 1 M 2 Y Normal −2 Smoothed Step Good

34 1993 Al Ashoor, Patel, 
Khorasani // // // 2 − 2 Y Normal −2 Smoothed Step, 

Sin(t) Good

35 1992 Ghorbel, Spong Rig (Adaptive) + D(z) + 
IMEE (Adaptive) 

u0+ uf 
+ εu1 + ε2 u2

q, dq, dz 1 M 2 Y SimReal −1 Smoothed 
Step Good

31 1993 Wilson, Irwin FBL + PD us + uf q, dq, z 1 M, L 1 N SimReal  Trapezoid Good

36 1995 Ghorbel, Altpeter, 
Longchamp Stability of IM + D(z) PD(q)uff + uf q, z 1 − 2 N No Simulation 

37 2000 Ghorbel, Spong Rig FBL + PD + IMEE u0+uf+εu1+ε2u2 q, dq, z a degree n general model is considered with no simulation 

38 2001 Amjadi, Khadem, 
Khaloozadeh fuzzy us ? 1 M 1 Y Real −4 Sin(t) Good

 
Abbreviations: 
FBL: Feedback Linearization, IMEE: Integral Manifold Epsilon Expansion, Lyap: Lyaponov Based, IM: Integral Manifold. 
Normal : Simulated with normalized values, SimReal: Simulated on the model of a real robot, Real: Implemented on a real robot. 
M: Motor, L: Link, Y: Yes, N: No. 
dq: q , ddq: q , . . .
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The concepts of the Singular Perturbation Approach 
have also been employed with substantially different nota-
tion in [32] which originated from Russian sources. (This 
paper is not listed in the table due to this different nota-
tion). 

In addition to the papers listed in Table 1, some other 
papers have continued the initial path considering robust, 
adaptive and some other ideas which will be categorized in 
the proceeding subsections appropriate to their topics (so 
they are not given in Table 1). The initial path has still been 
continued, but each of the above mentioned specifications 
can be disproved and removed. Spong, himself, in a joint 
paper with Ghorbel [35], has showed reluctance with sin-
gular perturbation because of mathematical complexity, 
difficulties in formation of slow control term, and bulky 
calculation requirements for implementation. Then, he has 
admired using integral manifold. Beyond this, there are 
some more important criticisms which will be explained in 
the following subsection. 

4.3 Model promotion 

In 1988 Nicosia and Tomei showed that Spong’s as-
sumption about the kinetic energy of the FJR is not satis-
fied in some operating conditions [39]. Two years later, the 
authors of [40] provided a precise model based on La-
grange dynamics without simplifying assumptions. At the 
same time, [41] employed Newtonian dynamics to generate 
a dynamical model. In this method, consideration of any 
coupling between link and motor, including backlash, hys-
teresis, nonlinear flexibility, etc. is possible, and modeling 
of nonsymmetrical dynamics of motors in order to correctly 
consider robot vibrations is simpler. In 1995, some other 
modeling points such that friction, nonlinear flexibility, 
kinematical errors, etc. were taken into consideration, and a 
more precise model than Spong’s model was developed 
and proved to be stable [42]. In 1997, the authors of [43] 
disputed the assumption of weak flexibility (or large spring 
factor), and they showed that, for a highly flexible FJR, the 
proposed method of backstepping would have better results 
than Spong’s method which causes instability for low 
stiffness. However, the control of highly flexible manipu-
lators, especially with unknown varying load is still an 
open trend [44,45].  

A precise model for Harmonic drives as the main 
flexible element in FJR has been considered by several 
researchers. Tuttle and Seering in [46] provided a rather 
complete nonlinear model for harmonic drive, considering 
kinematics error, nonlinear stiffness and friction for the 
system. Seyfferth, et al., also provides a nonlinear model 
for harmonic drive, mostly concentrating on the hysteresis 
behavior of the compliance [47]. Taghirad and Belanger 
have re-examined the nonlinear dynamical models for 
harmonic drives in [48], and proposed a considerably sim-
pler model for the system, in which the stiffness is found to 
be linear but the structural damping of the system is 

nonlinear. Using a frequency domain identification method, 
they proposed a completely linear model for the system in 
[49], encapsulating the nonlinear behavior of the structural 
damping and friction of the system into a multiplicative 
uncertainty model. Hence, with this approach, a linear ro-
bust controller is designed for the system, which is proven 
to be very effective in experiments [50,51]. Some other 
authors, in [52], have provided a precise model for a two 
link manipulator taking into account the stick-slip friction, 
coriolis and centrifugal forces, nonlinear flexibility, un-
modeled dynamics and measurement noise. They have also 
provided an LQG/LTR controller for the system with fa-
vorable results in simulation [53]. Recently, the virtual 
work method was used to provide a dynamic model for 
mixed-loop planar FJR in [54]. Modeling and mode analy-
sis of robots with simultaneous flexibility in joints and 
links was presented in [55]. A model that includes electri-
cal and mechanical parts of actuator dynamics was consid-
ered in [56] and a novel nonlinear coordinate transforma-
tion has been introduced in order to exactly linearize this 
model. Another model including electrical dynamics of 
actuators (motors) and considering uncertainty was pro-
vided in [57]. A more complete version with unknown pay-
load was provided in [58]. Reference [59] also considered 
actuator dynamics and proposed a disturbance-rejection 
control method. The key feature of this method is to trans-
form nonlinear effects (disturbances) acting on the system 
to where they can be estimated and statistically compen-
sated for. Reference [60] developed a model including a 
more complete model for motor dynamics including corio-
lis and centripetal effects. 

For large gear ratios, the cross inertial effects could be 
ignored and Spong’s model is valid. This is not the case 
with small gear ratios. In [61] a stabilizing controller based 
on a backstepping method is proposed to control a more 
complete model of FJR considering small gear ratios.  

Precise modeling of FJRs is an open problem for re-
searchers. The precision of a model depends on the case 
and conditions. A badly selected (or developed) model 
would impose large uncertainties which would result in 
poor performance or a conservative controller. 

4.4 Various proposed controllers 

During the past two decades, various methods have 
been proposed in order to control FJRs. In [62] an H2 opti-
mal controller based on a quadratic performance index in 
frequency domain was proposed. Reference [63] provided a 
closed form formula for optimal control of a single link 
FJR. The authors of [4] used feedback linearization to de-
sign a controller, and, in order to stabilize nonlinear modes 
of the system, they used LQR for the fast term. Feedback 
linearization was used in [64], too. 

A method named “Pseudo Sliding Mode”, with no 
need for rate measurements, was provided in [65]. In [66], 
a variable structure controller was used. Tomei has pro-
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posed using a simple PD controller [67]. In [68] it was 
shown that, under some limitations on the robot parameters 
(such as moments of inertia, etc.), there should be a con-
stant controller with velocity feedback in order to stabilize 
fast modes. In several other papers, such as [69], state feed-
back has been used as well. Energy approach and min-max 
algorithms for controller design were developed in [70]. An 
extension of the energy-shaping methodology for rigid 
robot manipulators to the global regulator design for flexi-
ble joint manipulators (FJM) can be found in [71]. 

The Inverse Dynamics (or Computed Torque) Method 
is a well-known design method for rigid robots. Reference 
[72] provided an extension of the Computed Torque tech-
nique to a robot with flexible joints and electrochemical 
actuators. The controller was realized in continuous time. 
Due to drawbacks of the continuous time inverse dynamics, 
which were discussed in the paper, a new control strategy 
in discrete-time was developed in Part II of the paper [73]. 
This method has also been used in [74] and [75] for trajec-
tory tracking. In [76], the same method was employed by 
the same author for simultaneous trajectory tracking and 
contact force control in a 3R spatial constrained FJR. It has 
been shown that, in an FJR, the acceleration level inverse 
dynamics equations are singular because the control 
torques do not have an instantaneous effect on the end-   
effecter contact forces and accelerations, due to the elastic 
media. Simultaneous position and force control was devel-
oped in [77] considering uncertainty in the model. 

Intelligent controllers have been also developed for 
the FJRs as for other applications. Reference [78] em-
ployed a fuzzy PID controller while in [79] a Fuzzy PI 
controller was used. The objective in [80] is to apply a 
two-way fuzzy adaptive system that makes use of fuzzy 
sets for the identification and model-based control of an 
FJR. Uncertainty and inconsistency are modeled in the 
proposed system. In 1989 Khorasani, et al., claimed that 
using a neural network could improve the responses of 
FJRs [81]. References [82-84] used the benefits of neural 
networks to design a controller. Reference [85] provided a 
neural network approach which requires no off-line learn-
ing phase and no lengthy and tedious preliminary analysis 
to find the regression matrices. Most importantly, the uni-
formly ultimately bounded (UUB) stability of tracking 
errors and NN weights has been guaranteed. In [86], a neu-
ral network for a slow control and a linear-quadratic fast 
control was proposed for the control problem of a robot 
manipulator with flexibility both in the links and in the 
joints. A simple iterative learning control scheme for   
flexible-joint manipulators was proposed in [87] and [88] 
to improve tracking accuracy. Insufficient knowledge of 
robot dynamics and joint flexibility for precise tracking 
control can be overcome by using this iterative learning 
law as the manipulation task is repeated. This iterative 
learning control has been computed off-line using the link 
position, velocity and acceleration tracking errors. Another 
iterative scheme for set point regulation on a model with 

uncertainty was proposed in [89]. 
At a glance, it seems that every control method has 

been considered. However, from a practical point of view, 
a controller would be applicable only when it could cover 
practical requirements. Above everything else, it should be 
stable. Then, the uncertainties which need adaptive or ro-
bust controllers to overcome should be considered. Besides, 
when a practical controller is finally implemented, meas-
urements should be feasible. In order to satisfy the afore-
mentioned requirements, many papers have been published 
providing the observer based and/or adaptive and/or robust 
controllers that will be considered in the following subsec-
tions, respectively. 

4.5 Measurement reduction 

Reduction in the number of feedback quantities has 
been always a goal in controller design, especially for in-
dustrial robots including the industrial FJRs (such as 
PUMA 560). This is a serious problem because there are 
only position sensors on the link, so measurement of motor 
position, link velocity or motor velocity would impose 
extra cost. Moreover, velocity measurement would be af-
fected by measurement noise which may not be removed 
by filtering [90]. The simplest approach is to use the filter 
s/(s + a) instead of rate measurement. This was proposed in 
a PD configuration in [67]. It was proven in [91] that using 
this filter would preserve the global asymptotic stability 
which is one of the required specifications. The same idea 
(using a filter instead of rate measurement) was employed 
in an adaptive controller in [90,92]. In [90], to estimate link 
velocity from link position, a filter was used and, in order 
to estimate motor velocity from other states (which are 
motor position, link position and applied torque), an adap-
tive estimator was employed. Several other output feedback 
controllers were also proposed in [93-95]. 

Papers considering the number of measurements could 
be classified into two classes. First, some researchers have 
preferred to avoid rate measurement by changing the con-
trol strategy in such a way that rates would not be required 
essentially. For example, [96] proposed a Lyaponov based 
controller which needs only link position to be measured. 
In [97], a switching control scheme was introduced which 
does not uses link jerk or acceleration feedback. This 
scheme does not require the numerical differentiation of the 
velocity signal or the inversion of the inertial matrices. In 
[98], by mathematical manipulation of dynamics equations, 
the need for motor position and velocity was overcome and, 
instead of them, two parameters were introduced which 
could be estimated simply for implementation purposes. In 
a newer version of this paper, a simulation study with good 
tracking results was also provided [99]. On the other hand, 
some researchers [60,100,101] preferred to use observers 
instead of changing the control strategy, in order to reduce 
the number of measurements. In [102], a state feedback 
controller combined with an observer was proposed. Ref-
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erences [103,104] employed the same idea using a sliding 
mode observer. In [105], a globally convergent observer 
was used assuming that position and velocity are measured. 
Reference [106] measured only position, but the conver-
gence has been proven to be local. The authors then suc-
ceeded in proving pseudo local convergence, which means 
the convergence is local while the region of convergence 
could be made arbitrarily large [107]. In [108], a compari-
son of reduced state and full state passive control laws was 
made coming to the conclusion that, although reduced state 
feedback guarantees global asymptotic stability, it does not 
have good dynamic performance because it excites natural 
modes of the mechanical structure, contrary to the full state 
feedback which could impose damping to the system dy-
namics.  

4.6 Adaptive controllers  

The most important deficiency of the integral mani-
fold approach is lack of robustness of parametric uncer-
tainty [109], thus adaptive controllers have been considered 
since the early years in the FJR literature [110]. Ghorbel 
and Spong in [111] analyzed the stability of adaptive con-
trollers for FJRs and, in [35], they implemented an adaptive 
version of the integral manifold method. 

Adaptive methods in the FJR literature could be cate-
gorized into two major branches: the first approach, called 
the Inverse Dynamics Adaptive Approach, is a generaliza-
tion of the Computed Torque or Inverse Dynamics Method. 
In this approach, the closed loop system is linearized by 
feedback. In the second approach, called the Slotine and Li 
Approach, the passivity of rigid robots is preserved by 
adaptive configuration for flexible robots [112-114]. In 
[115], a composite adaptive controller was developed for 
flexible joint robots with inertia parameter uncertainty. 
Previously published results based on the fourth-order 
model require at least joint jerk feedback and derivatives of 
the manipulator regressor (up to the second-order). In con-
trast, the proposed adaptive controller requires, at most, 
joint acceleration feedback. Its adaptive law is of the same 
complexity as the well-known Slotine and Li’s algorithm 
for rigid-body robots. It should be considered that in gen-
eral, FJRs are neither feedback linearizable nor passive, so 
the adaptive methods used for rigid robots can not be used 
directly for FJRs. Khorasani, in [81,5], provided the as-
sumptions needed to change the adaptive method of rigid 
robots for FJRs. In this work, he provided an adaptive con-
troller which requires velocity and acceleration measure-
ment, then, he used a filter to overcome acceleration meas-
urement. Another drawback for adaptive controllers for 
FJRs can be stated as follows: using high gain feedback in 
order to reduce the nonlinear effects and to accomplish fast 
adaptation may excite unmodeled dynamics leading the 
system to instability. This was considered in [116,5]. 

In [109], a passivity based adaptive method was pro-
posed which requires only position and velocity feedback. 

The scheme presented in [117] requires augmented meas-
urements of torque which has been done using strain 
gauges mounted on the joint transmission shafts. In [118] 
an adaptive control with arbitrary stiffness was proposed. 
Reference [119] provided an adaptive controller in order to 
generate asymptotic tracking of the link without needing a 
priori knowledge about flexibility. In [120], an adaptive 
sliding mode controller was proposed. Another adaptive 
sliding controller was proposed for a single-link flexible-  
joint robot with mismatched uncertainties in [121]. In this 
paper a backstepping-like design was used to deal with the 
mismatched problem, and the function approximation tech-
nique was employed to transform the uncertainties into 
finite combinations of orthonormal basis functions. In 
[122], an adaptive neural network controller was proposed. 
Another adaptive controller was developed in [123]. A 
stability-guaranteed adaptive controller was proposed in 
[124] which is an adaptive extension of the proposed con-
troller in [125]. 

Spong presented the first robust adaptive control result 
for flexible joint robot manipulators [126]. Under the as-
sumption of weak joint elasticity, he used a singular per-
turbation argument to show that adaptive control results for 
rigid robots may be used to control flexible joint robots 
provided a simple correction term is added to the control 
law to damp out the elastic oscillations at the joints. In this 
way, fundamental properties of rigid robot dynamics, such 
as passivity, may be exploited to design robust adaptive 
control laws for FJRs. An analysis of the robustness of an 
adaptive computed torque control for robotic manipulators, 
against high-frequency modes arising from flexibility, was 
done in [127] and another robust adaptive controller was 
proposed in [128]. 

4.7 Robust control and stability 

Using the singular perturbation and integral manifold 
concepts for modeling, combined with the composite con-
trol approach, or, as stated before “the initial path”, is sim-
ple. Besides, intuitively, the use of two distinct terms for 
slow and fast variables seems to be very effective. These 
are true; however, since the global stability is not guaran-
teed in this method, a great deal of effort has gone into 
stability analysis from the beginning. Robustness of stabil-
ity had been also a problem in the minds of researchers. 
Even, in some papers, robustness means “robust stability” 
and not “robust performance”. Based on this prologue, the 
authors of this paper have combined in this subsection all 
papers discussing stability, robustness of stability and/or 
robustness of performance. It should be also considered 
that in this literature stability means Uniformly Ultimately 
Bounded (UUB) stability [2]. 

In [119], an adaptive controller with proven global sta-
bility was proposed, assuming that a parametric model can 
be found. In [124], the stability of an adaptive controller 
was solved theoretically and verified by simulation and 
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experiment. Reference [110] used composite control with a 
term to satisfy a Lyaponov condition for stability (see Ta-
ble 1). Several controllers based on a Lyaponov stability 
analysis were developed in [57,77,96]. In [129], the same 
idea (to add a term to control) was used in a sliding mode 
configuration such that the added term would continuously 
retain state on stable trajectories. In this paper, it has been 
shown that, under some assumptions, the radius of the sta-
bility ball can be reduced arbitrarily. A nonlinear controller- 
observer scheme for the output tracking for FJRs based on 
a two-time-scale sliding-mode technique and a high gain 
estimator was presented in [130]. In this paper, a stability 
analysis of the resultant closed-loop system was also given. 
Reference [131] considered some structural properties of 
an n-degree-of-freedom uncertain FJR with a simple stabi-
lizing output controller based on position measurements 
only for set-point regulation (in the global sense). It is well 
known that, in a nonlinear system, global asymptotic sta-
bility does not necessarily imply local exponential stability. 
This study has shown that, for the model under considera-
tion, global asymptotic stability implies local exponential 
stability. Qu proposed a robust controller with local stabil-
ity in [132], where he stated that is a generalization of his 
previous ideas about rigid robots [133,134]. Later, in [135], 
a robust controller was proposed with global UUB tracking 
in the presence of small disturbances and parametric un-
certainty. Bridge and Dawson, in [136,137,42], provided 
robust controllers. Taghirad and Khosravi, in [138,139], 
stated some boundaries on the gains of a PID controller 
which would guarantee robustness in a composite control-
ler structure and, based on these, proposed a PID robust 
composite controller [139,140]. Two more advanced ver-
sions of these works can be found in [141,142]. The au-
thors have recently published a simpler version in which 
the integral manifold term has been skipped over and a new 
analysis and stability proof on it has been presented 
[143,144]. Moreover, a composite controller structure, us-
ing a linear H∞ controller for the rigid part in the presence 
of actuator saturation was proposed in [15]. It has been 
shown how actuator limitation imposes performance deg-
radation in this framework. This work was continued in 
[145] where the authors added an H2 performance index to 
the cost function to minimize the amplitude of control ef-
fort. In this manner, they designed a mixed H2/H∞ control-
ler which is not only robust but also needs low amplitudes 
of control effort. This method also shows good results in 
practice [2], but, as a rule of thumb, we can state that the 
linear robust methods will not work well and there would 
be a very large amount of conservativeness. This is due to 
the resonant behavior of the FJRs which causes large peaks 
in the bode plot of the linearized model of them [see the 
Bode plots in 15 and 145]. More recently, other robust con-
trollers, such as a QFT controller in a composite structure 
[146], and a nonlinear H∞ controller [147] have been pro-
posed by the authors. In [147], a novel idea for uncertainty 

description of the FJR in a norm-bounded nonlinear struc-
ture was proposed, and moreover, the tracking performance 
of the system is improved via a nonlinear penalty function 
weighting scheme which proves to be very effective in 
simulations. The proposed nonlinear H∞ controller possess 
a promising structure, which can be used for an n-link FJR, 
is considered a more complete nonlinear model than 
Spong’s. 

References [119,132,135,148,149] proposed robust 
stable controllers with full state feedback. Qu, in [133], 
proposed a global robust stable controller with output 
feedback (position and velocity) for the first time. In [150], 
it was shown that the nonlinear FJR model can be changed 
to a linear parameter varying model and a µ-synthesized 
controller for this model was developed. In [151], robust 
stability was proven for a class of time-delayed FJRs. In 
[152], a nonlinear H∞ controller was proposed. Some com-
binations of robust and adaptive approaches were proposed 
in [153,148,149]. A paper providing robust controller based 
on a neural network was also published in [82]. A simple 
method with PD action on the rotor position and an integral 
control action on the link position was shown to provide 
semiglobal asymptotic stability of the desired link position 
in [154] 

4.8 Implementation issues 

Several industrial robots have flexible joint(s) due to 
the use of a harmonic drive in their power transmission 
system. Among them, PUMA 560 and KUKA IR 160/161 
could be named. The dynamics of PUMA 560 can be found 
in [155,156]. References [4,68] simulated their proposed 
methods of these dynamics. In [157], two improvements 
were made to the conventional rigid controller of the 
KUKA robot which has three flexible joints. 1) The first 
joint controller was redesigned, taking flexibility into ac-
count. 2) The desired trajectory was smoothed from a 
trapezoid shape into a ninth degree polynomial. At the end, 
the authors concluded that trajectory correction is more 
important at low speeds. Of course, this result is not gen-
eral, and it must be considered that, for industrial FJRs, the 
spring factor is very large (of the order of 106) so the robot 
could be said to be almost rigid; thus, only for fast motions 
and high performance maneuvers consideration of flexibil-
ity is essential.  

In [52,53,77], a laboratory FJR was modeled and con-
trolled. It should be considered that these results were ob-
tained for horizontal FJRs. In horizontal FJRs, the gravity 
term which is the most important nonlinear, configuration 
variant term vanishes. So, the results on horizontal FJRs 
could not be extended for practical FJRs. 

In [158], a PID controller was implemented on a two 
link FJR. References [159,109] provided the results of im-
plementation of an adaptive controller with corrective fast 
term, and, in [62], an H2 optimal controller was imple-
mented on a single link FJR. Results of implementing a 
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fuzzy supervised composite controller and an H2/H∞ con-
troller were published in [2]. Another implementation re-
sult was provided in [160]. In [124], an adaptive controller 
with guaranteed stability was proposed and the effective-
ness of the proposed controller was tested experimentally. 

It should be noted that many of the proposed methods 
which seem to be practical in the sense that they are simple, 
they are robust or adaptive, and they need less feedback 
parameters, cannot be used practically. For example, it 
seems that the simple controller proposed in [99] or the 
robust PID controller by Taghirad and Khosravi in [139] or 
the Qu method in [133] is practical. Qu, himself, states in 
[133] that, “the proposed control design is not only more 
attractive in practice since it requires less feedback infor-
mation, but also allows the presence of significant but 
bounded nonlinear uncertainties”. However, the size of 
control action is ignored in these papers. In Qu’s paper we 
could find the control torque amplitude in a figure to be of 
the order of 109. Taghirad considered this deficiency in his 
next work by Bakhshi in [15] and has used the mixed sen-
sitivity concept to overcome it. Besides, the authors of the 
current paper have proposed using a fuzzy supervisory loop 
to remedy actuator saturation drawback for FJRs [161,162], 
which is a continuation to their general work on actuator 
saturation [163,164]. Besides these, a thorough robust sta-
bility proof of the proposed method can be found in 
[165,166], and results of implementation of this method 
can be found in [167]. In addition, it has also been shown 
by the authors that the mixed H2/H∞ optimization for con-
troller design would show attractive results for implemen-
tation [145] in presence of actuator saturation and the re-
sults of implementation for this method were published in 
[2]. 

As a conclusion, it could be said that there are some 
important practical aspects which are covered in the litera-
ture: stability, reduction of measurements, and considering 
uncertainties (by means of using adaptive or robust con-
trollers). In addition, there are some other practical limita-
tions which are less considered. Among them, the limita-
tion on the control action and considering saturation 
nonlinearity could be named. 

4.9 Other issues 

There are some other papers about FJR control whose 
problem is somehow different from the problem which we 
have discussed so far. In [168-170], single object coordina-
tion by cooperative FJRs was considered. Reference [137] 
considered an FJR with two actuators in each joint, a re-
dundancy resolution problem. Modeling and mode analysis 
of robots with simultaneous flexibility in joint and link was 
presented in [55]. References [171] and [172] also consid-
ered the same problem. A closed chain FJR was considered 
in [173]. The problem in [168] is the force control for FJRs. 
Simultaneous trajectory tracking and contact force control 
in a 3R spatial constrained FJR was considered in [76]. 

Force control could be stated to be a less considered prob-
lem. 

V. CONCLUSIONS  

In this paper, the problem of modeling and control of 
flexible joint robots is considered and a complete survey on 
this problem is given. Because of space limitations, all 
related papers are not covered; however, all important ideas 
and issues related to the research path are considered and 
classified. It should be noted that there is an elder survey in 
this area [13] that this survey is a complement of and the 
authors of this study emphatically refer the reader to that 
paper. The singularly perturbed model of the system is first 
introduced and the composite control strategy and the con-
cept of integral manifold are then explained briefly in order 
to introduce these concepts to the reader. These concepts 
should be known to track the remainder of the paper. Then 
we have tried to provide a rather complete classification of 
the related papers in order to make the reader familiar with 
the accomplished tasks in this area and the future possible 
developments. It is clear from the number of developments 
made in each topic related to FJR, that much theoretical 
advancement has been made in different directions, how-
ever, the technological advancement of real flexible joint 
manipulator and extensive use of it is still opening its path 
slowly into application. The existing flexible robots pos-
sessing harmonic drives in their joints are less compliant 
than those considered in most of the related literature. In 
addition, the problem of force control has also been less 
considered. Furthermore, design of a simple and practical 
position controller, considering modeling uncertainties, in 
the presence of practical limitations such as number of 
feasible measurements, actuator saturation, and online pos-
sible computations is an open area for further investigation 
and development. 
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