MATH 578: SOLUTION MANUAL FOR ASSIGNMENT 5

1. Exercise 3.5: Suppose that an v-stage ERK method of order v is applied to the linear scalar
equation iy’ = \y. Prove that

14 1 .
Yn = [Z E(h‘)\)k] Yo, n:0717"' .

k=0
Y =Ny
Y(tn) = Yn

. - . . 2 _ v
Y(tny1) =yt +h) = y(tn) + hY (tn) + %y”(tn) 4o+ %@”(tn) + O(h" )

Proof. Assume the exact solution of

is y = y(t). Then, we have

— ta) + RG] + B D20 + -+ (1)) + O(h )

14

=12 (NG (tn) + O(h 1),
To make local truncation error to be O(h**1), we need the scheme to be
1
ynir = [ 15 (0N Jyn.
k=0

Hence, we can obtain

2. Exercise 3.6: Determine all choices of b, ¢ and A such that the two-stage IRK method

cl A
bT
is of order p > 3.
Solution: Consider equation
y' = f(t,y)-

Suppose
& =yn + hlan K1 + a12K2], & = yn + hlaa1 K1 + a Ko, (1)

Yn+1 = Yn + h(b1 K1 + b2 K3), (2)
1
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where K1 = f(t, + c1h,&§1), Ko = f(tn + c2h,&2).
Doing Taylor expansion of K and Ks at (¢, y,), and substituting the result into equations (1), we
have

Ki = f+hlficr + fyer f1 + B2 fy(arier + arac2) (fe + fu f) + il + O(h?)

ftt + fyyf2 + 2ftyf
2

ftt + fyyf2 + 2ftyf
2

Ko = [+ hlfica + fycaf] + W*[fy(anicr + anaca) (fr + fuf) + 3] + O(h?)

Substituting the above K; and K» equations into equation (2) and comparing the coefficients with

2 3
Wtnsr) = 9tn) + 0]+ ot Sl |+ Fy it () 20 F () + OUR%),

we have the following equations:

ain+apz=c

a21 + a2 = C2

bi+by=1

bici + bocy = 1/2

bic? + bac3 = 1/3

bi(a1c1 + arzca) + ba(azicr + agecy) = 1/6

3. Exercise 3.7: Write the theta method (1.13) as a Runge-Kutta method.
Solution: The theta method is
Ynt1 = Yn +h - [0f (tn,yn) + (1= 0) f(tns1, Ynt1)]-
The Runge-Kutta method is

Yn+1 = Yn + R [b1f(tn + c1h, &) + b f(tn + 2R, &2)].
Comparing the two schemes, we have
bi=0, bp=1-0, c1=0, co=1, & =Yn, & =Ynt1-
And since
&1 = yn + hlan f(tn + c1h, 1) + ar2f (tn + c2h, &2)]
and
§2 = yn + hlaga1 f(tn + c1h, &1) + aga f(tn + c2h, &2)],

substituting &1 = yn, €2 = Yn+1,¢1 = 0,c2 = 1 into the above two equations, we have
a1 =0, a;2=0, ax =40, axp=1-6.

Therefore, the RK table is
00 0
11606 1-6
0 1—90
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4. Exercise 3.8: Derive the three-stage Runge-Kutta method that corresponds to the collocation

points ¢y = %, co = %, c3 = % and determine its order.

Solution: From the lemma 3.5, we have

aj,i = / ’ li(T)ClT,
0
1

bj = / Lj(r)dr,
0

where I;(t) = [ (£=%%). Hence, the RK table is

C;—Ck
k=1,k+#i

1123 _1 5

4148 3 48

17 _1 1

2| 12 6 12

319 ¢ 3

4116 16

2 1 2

3 3 3

To determine its order, define

1 1 3
H=0t—)t—=)t—->
g(t) = (L= )t = )= ),

then it is easy to check that g is orthogonal to IIy. In fact,

/01 g(T)dr =0,

1
7
dr = —— #0.
| ot = g5 #

Hence, from Theorem 3.7, the collocation method is of order

v+m=3+1=4.

5. (computer project) Consider the ODE

1y
/:7_7_2
Yy 2 / Y

y(1) = -1
Solve the IVP of the ODE for t in [1,5], using the two-stage, fourth-order Gauss-Legendre IRK
method (p. 47 of the textbook) and Newton’s method for solving the nonlinear equation. Could
you verify numerically that the order of the method is four?
Solution: The two-stage, fourth-order Gauss-Legendre method is
Ynt1 = Yn + - [blf(tn + c1h, 51) + be(tn + coh, 52)]
with
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V3

1_
7! 6

1
4
31 3
T |17 6
‘ 1
2
To get the value of &1, &, we use Newton’s method to solve equations

§&1 = yn + hlar f(tn + c1h, &) + a12f(tn + c2h, )]
§2 = Yn + hlao1 f(tn + c1h, §1) + aga f(tn + c2h, &2)],

D= D[ =

DO | =

We can define

§2 — yn — hlao1 f(tn + c1h, &1) + aa f(tn + c2h, &2)]
Then the Jacobian matrix becomes
. (allfy<tn +ec1h,§1)  aafy(tn + c2h, §2)>
ag1 fy(tn +c1h, &) agafy(tn + c2h, &2)

&1 — yn — hlar f(tn + c1h, &) + araf(tn + c2h, &2)]
f(&1,&) = .

where f, = —% — 2y.

To verify the order of this method, we use formula
_ log(el/e2)
"7 log(h1/h2)’
Hence, computing by Matlab, we get the order of this method is

3.99317916 ~ 4.

APPENDIXES

% Solving initial value problem
% dy/dt= 1/t°2 — y/t — y 2 y(1)=—1;
% two—stage , fourth—order Gauss—Legendre IRK method

% RK table :
A=[1/4 1/4-sqrt(3)/6:1/4+sqre(3)/6 1/4]:
b=[1/2 ; 1/2];

c=[1/2-sqrt(3)/6 ; 1/2+sart (3)/6];

f=Q(t,y) 1/t 2—y/t—y"2; %right hand side of the ODE
fy=0(t,y) —1/t—2xy;

h=[0.1 0.01 0.001]; Jstep size
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for j=1:3

tt=1:h(j):5;
yy=zeros (size(tt));
yy(1)=—1; %initial value

% parameters in newton ’s method
M=100;
Tol=10"(—-11);

for i=1:length(tt)—1
% Newton’s method for finding the roots of nonlinear function

xi_l=yy(i);xi_2=yy(i); %initial guess
FF=[1,1];
for k=1:M

if mnorm(FF)>Tol
F= [xi 1l 5 xi2] —[yy(i); yy(i)] —...

h(j).«Ax[f(tt(i)+c(1)xh(j), xi-1); f(tt(i)+c(2)xh(j), xi-2)];
J=diag(ones (2,1)) — h(j).*Ax[fy(tt(i)+c(1l)xh(j), xi_-1) 0;
0 fy(tt(i)+c(2)xh(j), xi_-2)];

delta_ Xi:—J\F'

xi_1 = xi_1 4+ delta_xi(1);

xi_2 = xi.2 + delta_xi(2);
); yy(i)] =
h(j), xii1); F(66(i)te(2)xh(i), xi-2)];

FF=[xi_1 ; xi 2] —[yy(i
h(j).«Ax[f(tt(i)+c(1)x
else
yy (i+1)=yy (1)+h(j)*(b(1)«f(tt(i)+...
c(1)«h(j), xi_1)+b(2)«xf(tt(i)+c(2)xh(j), xi_-2));
break
end

end
end
1(j)=yy(length(tt));

end
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plot (tt ,yy,’'b"’)

xlabel ('t 7);

ylabel(’y’)

title ([ ’Solution_when._step._size_is_h=", num2str(h(j))]);

%compute order of the method

errorl=abs(1(1)—1(3));

error2=abs(1(2)—1(3));

p= log(errorl/error2)/log(h(1)/h(2));

fprintf( 'The_order _of_Gauss—Legendra.is_p=_%12.8f\n’, p )



