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Introduction to Nanophotonics

Nanophotonics is where photonics merges with nanoscience and nanotechnology, and where
spatial confinement considerably modifies light propagation and light–matter interaction.
Describing the basic phenomena, principles, experimental advances and potential impact
of nanophotonics, this graduate-level textbook is ideal for students in physics, optical and
electronic engineering and materials science.

The textbook highlights practical issues, material properties and device feasibility, and
includes the basic optical properties of metals, semiconductors and dielectrics. Mathematics
is kept to a minimum and theoretical issues are reduced to a conceptual level. Each chapter
ends in problems so readers can monitor their understanding of the material presented.

The introductory quantum theory of solids and size effects in semiconductors is consid-
ered to give a parallel discussion of wave optics and wave mechanics of nanostructures.
The physical and historical interplay of wave optics and quantum mechanics is traced.
Nanoplasmonics, an essential part of modern photonics, is also included.

Sergey V. Gaponenko is Head of the Laboratory for Nano-optics at the Stepanov Insti-
tute of Physics, National Academy of Sciences of Belarus. He is also Chairman of the
Association of Lasers and Optics and Vice-president of the Laser Association.
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Preface

It is an extraordinary paradox of Nature that, being seemingly the only creatures capable
of understanding its harmony, we naively attempt to chase its very essence through our
daily experience based on mass-point mechanics and ray optics, while its elusive structure
is mainly contained in wave phenomena. It may be nanophotonics where many pathways
happily merge that promises not only mental satisfaction in our scientific quest but also an
extra bonus in the form of new technologies and devices.

In this book I have tried to give a consistent description of the basic physical phenomena,
principles, experimental advances and potential impact of light propagation, emission,
absorption, and scattering in complex nanostructures. Introductory quantum theory of
solids and quantum confinement effects are considered to give a parallel discussion of wave
optics and wave mechanics of complex structures as well as to outline the beneficial result
of combined electron wave and light wave confinements in a single device. Properties of
metal nanostructures with unprecedented capability to concentrate light and enhance its
emission and scattering are discussed in detail.

Keeping mathematics to a reasonable minimum and reducing theoretical issues to a
conceptual level, the book is aimed at assisting diploma and senior students in physics,
optical and electronic engineering and material science. The contents include a vast diversity
of phenomena from guiding and localization of light in complex dielectrics to single
molecule detection by surface enhanced spectroscopy. The physical and historical interplay
of wave optics and quantum mechanics is traced whenever possible to highlight the internal
concordance inherent in physics and nature. Nanophotonics is presented as an open field
of science and technology which has been conceived as an organic junction of quantum
mechanics, quantum electrodynamics, optical physics, material science and engineering to
offer an impressive impact on information and communication technology.

The book is principally based upon scientific experience the author gained while working
at the Institute of Molecular and Atomic Physics in Minsk, Belarus, in the decade from 1997
to 2007. I am indebted to many colleagues from this institute for the creative atmosphere
and high research grade. I gratefully acknowledge the fruitful cooperation and ongoing
discussions with many colleagues in Belarus, Russia and other countries with special
thanks to the European network of excellence “PHOREMOST” (Nanophotonics to realize
molecular scale technologies) which has been organized and successfully driven for several
years by Clivia Sotomayor Torres within the 6th Framework Programme of the European
Union. Many of my PhD students have made their theses in nanophotonics and their results
have been included in this book. I would specially acknowledge that Chapter 3 has been
seriously influenced by cooperation with Sergey Zhukovsky and Chapter 16 has been written



xiv Preface

based on continuous discussions with Dmitry Guzatov. I am grateful to these colleagues
as well as to Dmitry Mogilevtsev, Maxim Ermolenko, Andrey Lutich, Maxim Gaponenko,
and Andrey Nemilentsau for reading selected chapters and critical comments on their style
and content. My colleague and friend Andrey Lavrinenko made a strong influence on my
understanding of wave phenomena in complex structures and kindly provided the cover
image for this book based on his calculations of light propagation in a photonic crystal
with guiding defects. Great efforts by Tamara Chystaya for arranging the compuscript of
the book are deeply appreciated.

This book would never have been accomplished without fruitful cooperation with Cam-
bridge University Press, mainly with John Fowler, Lindsay Barnes and Caroline Brown. I
am also indebted to the referees for encouraging comments and helpful advice in the early
stages of this book project.

S. V. Gaponenko
Minsk, 2009



Notations and acronyms

A amplitude
a length, radius, width
a0 = 5.292 . . . · 10−11 m, atomic length unit
aB Bohr radius of a hydrogen atom, aB ≈ a0 holds
a∗

B Bohr radius of an exciton
a acceleration
ai elementary translation vectors
aL crystal lattice constant
bi elementary translation vectors in reciprocal space
bi reciprocal lattice constants
B magnetic induction vector
C cross-section
Cabs absorption cross-section
Cext extinction cross-section
Cscat scattering cross-section
c = 299 792 458 ms−1, speed of light in vacuum
D density of modes, density of states
D diffusion coefficient
D electric displacement vector
d thickness
d dimensionality
e = 1.6021892 . . . · 10−19 C, elementary electric charge
E a particle energy
Ec energy at the bottom of the conduction band
EF Fermi energy
Eg band gap energy
Ev energy at the top of the valence band
E, E electric field vector, amplitude
F distribution function
F force
f volume fraction
G generator of a fractal structure
H magnetic field vector, Hamiltonian operator
h = 6.626069 · 10−34 J · s, Planck constant
h̄ = h/2π

I intensity
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J electric current density
k wave number
k, K wave vector
kB = 1.380662 . . . · 10−23 J/K, Boltzman constant
� mean free path
L angular momentum
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m mass
m0 = 9.109534 . . . · 10−31 kg, an electron’s rest mass
m∗ effective mass
M exciton mass
M magnetic polarization vector
n the principal quantum number
n refractive index
n1 real part of refractive index
n2 imaginary part of refractive index
p,p momentum
P electric polarization vector
Q efficiency factor
R reflection coefficient for intensity
R, r radius
r reflection coefficient for amplitude
r radius vector
Ry ≈ 13.60 eV, Rydberg constant, Rydberg energy
Ry∗ exciton Rydberg energy
S Poynting vector
t transmission coefficient for amplitude
t time
T period of oscillations
T temperature
T transmission coefficient for intensity
T translation vector
U, u potential energy
v, v velocity
vg, vg group velocity
V volume
W light energy
Wabs light energy absorption rate
Wext light energy extinction rate
Wscat light energy scattering rate
W (r) spontaneous emission rate at point r
W0 spontaneous emission rate in vacuum
Ylm spherical Bessel functions
x, y, z Cartesian coordinates
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1 Introduction

1.1 Light and matter on a nanometer scale

The notion of “photonics” implies the science and technology related to generation, ab-
sorption, emission, harvesting, processing of light and their applications in various devices.
Light is electromagnetic radiation available for direct human perception, in the wavelength
range from approximately 400 to approximately 700 nanometers. Typically, adjacent far
ultraviolet and near infrared ranges are also involved to give the approximate range of
electromagnetic radiation from 100 nanometers to 1–2 micrometers as the subject of pho-
tonics. If the space has certain inhomogeneities on a similar scale to the wavelength of the
light, then multiple scattering and interference phenomena arise modifying the propagation
of light waves. Light scattering is the necessary prerequisite for vision. Shining colors in
soap bubbles and thin films of gasoline on a wet road after rain are primary experiences
of light-wave interference everybody gains in early childhood. To modifiy the conditions
for light propagation, inhomogeneities in space which are not negligible as compared to
the wavelength of the light, i.e. starting from the size range 10–100 nm to a few microm-
eters, become important. Space inhomogeneity for light waves implies inhomogeneity in
dielectric permittivity.

Matter is formed from atoms which in turn can be subdivided into nuclei and electrons. An
elementary atom of hydrogen has a radius for the first electron orbital of 0.053 nm. Atoms
may form molecules and solids. Many typical organic molecules have sizes of the order of
1 nm. Typical crystalline solids feature a lattice period of approximately 0.5 nm. Interaction
of light with matter actually reduces to the processes involved in the electron subsystem of
molecules and solids. Therefore to understand light–matter interactions, electron properties
must be examined in detail. Electrons are viewed as objects possessing wave properties in
terms of wavelength, and corpuscular properties in terms of mass and charge. If an electron
has gained kinetic energy as a result of acceleration in an electric field between a couple
of plates with voltage 1 V (e.g. generated in a silicon photocell), then its kinetic energy
of 1 eV results in an electron de Broglie wavelength close to 1 nm. For kinetic energies
corresponding to a characteristic value of kBT = 27 meV at room temperature, the electron
de Broglie wavelength in solids is of the order of 10 nm. Here kB is the Boltzman constant
and T is temperature. When space inhomogeneities present which are not negligible as
compared to the electron wavelength then scattering and interference of electrons develop
modifying in many instances the interaction of light with matter. Space inhomogeneities
for electrons means inhomogeneity in charge or mass displacement, electric or magnetic
field variations.
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1.2 What is nanophotonics?

Nanophotonics is the recently emerged, but already well defined, field of science and
technology aimed at establishing and using the peculiar properties of light and light–matter
interaction in various nanostructures. Since it is the spatial confinement of light waves in
complex media and electron waves in various nanostructured solids that determine multiple
physical phenomena in nanophotonics, it is possible to characterize nanophotonics as the
science and technology of confined light waves and electron waves. It can be tentatively
divided into four sections.

The first section of nanophotonics is electron confinement effects on the optical properties
of matter; mainly semiconductor and dielectric materials. These phenomena are typically
referred to as quantum confinement effects since manifestations of wavy properties of
electrons are typically labeled as quantum phenomena. The net optical manifestations of
these effects are size-dependent optical absorption spectra, emission spectra and transition
probabilities for solid matter purposefully structured on the scale of a few nanometers. Their
potential applications are the variety of optical components with size-controlled, tuned and
adjustable parameters including emitters, filters, lasers and components, optical switches,
electro-optical modulators etc. This sub-field of nanophotonics has become the subject
of systematic research since the 1970s. Different issues related to electron confinement
phenomena and their optical manifestations have already been the subject of several books
[1–3].

The second section of nanophotonics constitutes light wave confinement phenomena in
structured dielectrics, including the fine concept of photonic solids in which light wave
propagation is controlled in a similar manner to electron waves in solids. This subfield of
nanophotonics is principally classical in its essence, i.e. it is based entirely on wave optics
and does not imply any notion beyond classical Maxwell equations. It actually dates back
to early identification of light interference phenomena by Isaac Newton in the eighteenth
century and to genuine prediction by Lord Rayleigh of the remarkable reflective properties
of periodic media in the 1880s. The main practical outcome for this field is ingenious
photonic circuitry development, from ultrasmall but high-quality cavities to ultracompact
waveguides. Different issues of light confinement phenomena and near-field optics have
already been included in several books [4–8].

The third section of nanophotonics is essentially the quantum optics of nanostructures.
It deals with modified light–matter interaction in nanostructures with confined light waves.
Spontaneous emission and scattering of light essentially modifies and becomes controllable
since spontaneous photon emission and spontaneous photon scattering can be promoted or
inhibited by engineering photon density of states often referred to as electromagnetic mode
density. The ultimate case of this modified light–matter interaction is the development
of confined light–matter states in microcavities and photonic crystals. This section of
nanophotonics is relatively new. It has its root in the seminal paper by E. Purcell in 1946
predicting the modified spontaneous decay rate of a quantum sytem (e.g. an atom) in a
cavity. In the 1970s V. P. Bykov suggested freezing spontaneous decay of excited atoms
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in a periodic structure where no means is available to carry off the emitted radiation.
Eventually these ideas evolved into the concept of photonic crystals and photonic solids
through seminal papers in the 1980s by E. Yablonovitch who suggested thresholdless lasing
in a device with inhibited spontaneous emission of radiation, and by S. John who indicated
possible light wave localization in disordered structures. Modified light–matter interaction
in microcavities and photonics crystals is the subject of a few books [9–11].

The fourth section of nanophotonics is optics and optical engineering based on metal-
dielectric nanostructures. Typically metals are not considered an important subject in
optical research and engineering. Our experience mainly reduces to everyday observation of
ourselves in aluminium mirrors. However metal-dielectric nanostructures feature a number
of amazing properties resulting from the development of electron excitations at metal–
dielectric interfaces called surface plasmons. Structuring of metal-dielectric composites on
the nanoscale (10–100 nm) makes surface effects dominant. Actually, the optical properties
of metal nanoparticles have been used for many centuries in stained glass but nowadays
the study of metal-dielectric composites in optics has evolved into the well-defined field
of nanoplasmonics. High concentrations of electromagnetic radiation and modification
of the rates of quantum transitions in the near vicinity of metallic singularities result in
novel light emitting devices and ultrasensitive spectral analysis with ultimate detection of a
single molecule by means of Raman scattering. A few issues of nanoplasmonics have been
considered in books [12,13].

1.3 Where are the photons in nanophotonics and in this book?

The author takes the approach whereby temptation to use the term “photon” is purposefully
avoided unless the concept of light quanta is essential in order to understand the phenomenon
in question. It is anticipated by many scientists and has been clearly outlined by W. Lamb in
his seminal paper entitled “Anti-photon” [14]. In nanophotonics photons become necessary
when trying to understand the emission of light by an excited quantum system and the
scattering of light when light frequencies change (Raman scattering). Then, eventually,
quantum electrodynamics comes to the stage. Not all phenomena of light propagation
need the involvement of photons and the vast majority of light absorption phenomena
can be treated in a semiclassical way when the matter is described in terms of quantum
mechanics (more accurately speaking, wave mechanics), but light is understood as classical
electromagnetic waves.

The rest of the book is organized as follows. Fifteen chapters, from Chapter 2 to
Chapter 16, are organized in the form of two large parts.

Part I is entitled “Electrons and electromagnetic waves in nanostructures” and contains
Chapters 2 to 12. It considers electrons in complex media and nanostructures in terms of
wave mechanics, and electromagnetic radiation in complex media and nanostructures in
terms of wave optics. Parallel consideration of wave phenomena in the theory of matter and
in the theory of light in complex structures is pursued purposefully to highlight the con-
formity of wave phenomena in nature, both for electrons in matter and for classical waves
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in complex media. This harmony did result in amazing interactions between wave optics
and wave mechanics in the past century. At first, in the 1920s, wave optics stimulated basic
ideas of wave mechanics to conform mechanics with optics, not only in the classical parts
(geometrical ray optics versus classical mass-point mechanics), but also in the other part,
i.e. wave mechanics versus wave optics. Furthermore, dedicated advances in wave mechan-
ics in explaining electron properties of solids stimulated, in the 1980s, a systematic transfer
of its results to wave optics to provide a fine concept of photonic solids. Part I includes
basic properties of quantum particles and light waves (Chapter 2), systematic analysis of
textbook problems from quantum mechanics and wave optics revealing conformity of the
main laws and formulas in these two seemingly unlinked fields of physics (Chapter 3),
introduction to electron theory and optics of solids and quantum confinement phenomena
in nanostructures (Chapter 4), consideration of semiconductor (Chapter 5) and metal
(Chapter 6) nanoparticles, properties of light in periodic (Chapter 7) and non-periodic
(Chapter 8) dielectric media, brief description of optical nano-circuitry (Chapter 9), tun-
neling of light (Chapter 10) and principal properties of metal-dielectric nanostructures
(Chapter 11). Chapter 12 summarizes parallelism in electronic and optical phenomena
based on wave properties of electrons and light.

Part II is entitled “Light–matter interaction in nanostructures” and contains four Chap-
ters, from Chapter 13 to 16. It gives a brief introduction to quantum electrodynamics
(Chapter 13), discussion of modification of spontaneous decay rates and spontaneous scat-
tering rates resulting from modified density of photon states in nanostructures (Chapter 14),
as well as brief consideration of light–matter states beyond the perturbational approach in
microcavities and photonic crystals (Chapter 15). Finally, in Chapter 16, plasmonic en-
hancement of luminescence and Raman scattering is considered as the bright example of
light–matter interaction engineered on a nanoscale.

The author hopes the reader will be successfully introduced into the amazing world of
nanophotonics by going through this book. The book is written in a style appropriate to
senior students at university, the more advanced reader being referred to original and review
articles cited therein. The reader is expected to enjoy the beauty of the photonic nanoworld
and to be capable of contributing properly to the “bright future” outlined in the Strategic
Research Agenda [15] with the nanophotonic roadmap of how to get there, highlighted
recently by the European network of excellence “Nanophotonics to realize molecular scale
technologies” (PhoREMOST) [16].
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ELECTRONS AND
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WAVES IN
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2 Basic properties of electromagnetic waves
and quantum particles

It seemed as if Nature had realized one and the same law twice by entirely different
means.

Erwin Schrödinger (Nobel lecture, 1933)

2.1 Wavelengths and dispersion laws

A classical wave is described in terms of its frequency ν, amplitude A and wave vector k.
Along with ν, circular frequency ω =2πν is often used. Frequencies ν and ω are related to
the period T of oscillations

T = 1

ν
= 2π

ω
. (2.1)

The wavelength λ can be defined as a distance over which the wave travels during a single
period T or as a distance between two points obeying the same phase of oscillations. It is
related to the wave vector k as,

k = |k| = 2π

λ
, (2.2)

where k is referred to as the wave number. The wave vector direction coincides with the
direction of the phase motion. The propagation speed of the wave v can be considered in
terms of phase velocity and group velocity. Phase velocity decribes the speed of motion of
a plane with constant phase:

v = λ

T
= λν = ω

k
. (2.3)

Group velocity vg describes the speed and direction of energy transfer in the course of a
wave process. It reads as a vector in a 2- and 3-dimensional case,

vg = dω

dk
(2.4)

and reduces to a scalar value in a one-dimensional problem, i.e.

vg = dω

dk
. (2.5)

In the particular case of a linear ω(k) relation, phase and group velocities coincide.
In isotropic media the group velocity has direction, coinciding with the wave vector.
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For electromagnetic waves in a vacuum the group and phase velocities are equal to
c = 299 792 458 ms−1.

Within the scale of electromagnetic waves the visible part occupies a rather narrow
band of wavelengths from 400 nm (violet light) to 700 nm (red light). Typically adjacent
near-ultraviolet (UV) and near-infrared (IR) bands are also considered as the subject of
optical science to form the optical range of electromagnetic waves from 100-200 nm
to several micrometers. For example, the most efficient conversion of electrical energy
into light occurs in a gas of mercury atoms at 253 nm, which is the basic light source
in luminescent lamps (finally converted into the visible by means of luminophores, for
example Na vapor in street lamps). Similar or even shorter light wavelengths are used
in modern microelectronics technology to get the image of desirable microchip circuitry
onto a silicon wafer with submicron resolution. From the IR side, 1550 nm is probably
the most representative electromagnetic wavelength since it is the principal wavelength of
optical communication, falling within the transparency of commercial silica waveguides
and the erbium amplifiers band to provide low-loss propagation over long distances and
amplification options to compensate for losses. It is due to this favorable combination of
silica and erbium properties that everyone can enjoy worldwide PC-networking.

Quantum particles, e.g. electrons, are believed to exhibit wave properties with wave
vector and wavelength being related to their momentum p in accordance with the relations
first proposed by de Broglie in 1923 [1]

p = h̄k, λ = h

p
(2.6)

Here h = 6.626069 × 10−34 Js is the Planck constant and h̄ ≡ h/2π. Kinetic energy E
is related to wave number as

E = p2

2m
= h̄2k2

2m
. (2.7)

In terms of kinetic energy E , the particle de Broglie wavelength, using Eq. (2.6), is

λ = h√
2m E

. (2.8)

The last relation is instructive in obtaining an immediate intuitive idea about the typical
wavelength scale inherent in the electron world. For example, if an electron with rest mass
m0 = 9.109534 × 10−31 kg has gained kinetic energy E = 10 eV while being accelerated
in a vacuum between a couple of electrodes with potential difference 10 V, its de Broglie
wavelength equals 3.88 × 10−10 m = 0.388 nm.

We arrive at the following important conclusion. When considering spatial structuring
of matter on the nanometer scale, one has electron confinement phenomena at the very
short end of the scale (of the order of 1 nm) and confinement of light waves at the very
long end of the scale (of the order of 1000 nm). Accordingly, the whole variety of optical
manifestations of electron and light wave spatial confinement in nanostructured materials,
composites, devices constitute the field of nanophotonics.

Relations ω(k) between frequency ω and wave number k for classical waves and E(p)
between kinetic energy E and momentum p for a particle are called the dispersion laws.
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When considering electromagnetic waves in a vacuum, in accordance with Eq. (2.3) one
has the linear dispersion law,

ω = ck. (2.9)

By adding the h̄ factor in both parts of Eq. (2.9) the ω(k) function readily transforms
into E(p) recalling Eq. (2.6) along with the other cornerstone relation proposed by Max
Planck in 1900 [2],

E = h̄ω (2.10)

where E now stands for the energy quantum of electromagnetic radiation, the photon
energy. Then we can replace the dispersion law, Eq. (2.9), by

E = pc (2.11)

referring to this as “the photon dispersion law”.
Using electronvolts as convenient energy units, one has a typical range of photon en-

ergies from approximately 1 eV to 10 eV to be considered in optics, with 1.770 eV and
3.097 eV corresponding to the visible limits of 700 and 400 nm, respectively. The photon
wavelength – photon energy relation in a vacuum reads,

E = hc

λ
, E[electronvolts] = 1239.85 . . .

λ[nanometers]
(2.12)

which is a consequence of Eqs. (2.11) and (2.6). To compare electronvolts to joules,
1 eV =1.602 189 × 10−19 J where the coefficient equals the electron charge value in
coulombs.

In a medium other than a vacuum c should be replaced by c/n(ω) with n(ω) being the
index of refraction and Eqs. (2.10) and (2.12) read,

ω = ck/n(ω), E = pc/n(ω). (2.13)

Figure 2.1 represents the dispersion laws for electromagnetic waves (photons) and for
electrons. A straight line inherent in electromagnetic waves in a vacuum changes slope
in a given homogeneous medium in accordance with the refractive index n. A parabolic
E(p) function for a particle with mass m, in accordance with Eq. (2.7), exhibits different
steepness depending on the mass of the particle under consideration.

In a complex medium, refractive index n becomes wavelength dependent (typically
reducing with increasing wavelength) and the dispersion law becomes non-linear. Then
absolute values of phase and group velocities diverge. In anisotropic media, not only
absolute v and vg values but also directions of phase and energy transfer do not coincide.
Notably, the refractive index for electromagnetic waves in a large variety of continuous
dielectric media is a quite stable material parameter within the optical range. For all known
dielectric and semiconductor materials, refractive index ranges from n = 1 for a vacuum
to n = 4 for germanium monocrystals (in the near IR). For a given material, relative n
variation typically measures about 10% within the optical range. Under conditions of
high powered optical excitation, when a considerable portion of the electrons experience
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Fig. 2.1 Dispersion curves (energy versus wave number) for (a) electrons and (b) electromagnetic waves
(photons)

upward transitions to higher states, refractive index can hardly be modified by a few percent
as compared to its original value. Even �n/n = 0.01 is considered to be distinguished
nonlinear-optical behavior. Under the same conditions, the absorption coefficient may
exhibit a ten-fold decrease (optical absorption saturation). Under the condition of an external
electric field of the order of 105 V/cm, 0.1% variation in n is considered as pronounced
electro-optical performance.

In complex media, quantum particle motion does not necessarily reduce to a simple
parabolic E(p) function, i.e. a particle sometimes cannot be ascribed a constant mass. This
results in a generalized definition of particle mass,

m−1 = d2 E

dp2
, (2.14)

which for parabolic law coincides with the usual constant mass. An electron in a periodic
lattice features multiple extrema in E(p) dependence. Since every continuous function can
be expanded in a series like,

E(p) = E(p0) + (p − p0)
dE

dp

∣∣∣∣
p=p0

+1

2
(p − p0)2 d2 E

dp2

∣∣∣∣
p=p0

+ · · · , (2.15)

one can count energy and momentum from a given extremum point to get the parabolic
E(p) relation provided that the first derivative at the extremum point equals zero, and
cutting off the terms with derivatives higher than two. In a periodic anisotropic medium the
tensor of effective mass is used with components determined as,

1

mi j∗ = ∂2 E

∂pi∂p j
. (2.16)

The tensor feature of effective mass means the acceleration the particle experiences under
the action of an external force may not coincide with the direction of the force.
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2.2 Density of states

Every type of wave features an important property that can be considered in terms of
certain conservation laws. Every type of wave obeys a finite number of modes within
a finite volume and a finite range of either of the values of frequency, wave number,
wavelength. Accordingly, since quantum particles are considered as waves, within a given
finite volume a particle can exist in a finite number of states, characterized by the defined
values of parameters such as energy, momentum, wavelength, wave number.

To prove the above statements and to derive specific expressions for density of modes
and density of states we have to recall the consideration first advanced by Rayleigh in 1900.
Consider plane waves (normal modes) within a cube with side length L . We shall count
how many modes lie within an interval k, k + dk. A portion of these modes with longer
wavelengths is shown in Fig. 2.2. These are modes having nodes on the cube borders.
Wavelengths obey a raw L/2, 2L/2, . . . , nL/2 where n = 1, 2, 3, . . .. Accordingly, wave
numbers will constitute a series,

kx = nx
π

L
, ky = ny

π

L
, kz = nz

π

L
. (2.17)

One can see the modes under consideration form a discrete set in k-space, every couple of
neighboring modes having spacing,

�kx = �ky = �kz = π

L
. (2.18)

This means every mode occupies in k-space the volume,

Vk =
(π

L

)3
. (2.19)

Let us count the number of modes for all directions within the interval [k, k + dk], i.e.
the number of modes contained in a spherical shell between a sphere with radius k, and a
sphere with radius k + dk. Taking the volume of such a layer,

dV k = 4πk2dk (2.20)
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and keeping only positive ks (i.e. 1/8 of the whole layer volume) by dividing the volume
into the volume of a single mode Eq. (2.19) we arrive at the number of modes in the interval
[k, k + dk],

dVk

Vk
= L3

2π2
k2dk. (2.21)

To get the number of modes per unit volume, one has to divide Eq. (2.21) by L3. Then we
can introduce density of modes D(k) as,

D(k)dk ≡ dVk

Vk L3
= k2

2π2
dk. (2.22)

Applying a similar consideration to 2- and 1-dimensional problems we can finally write:

D3(k) = k2

2π2
, D2(k) = k

2π
, D1(k) = 1

π
. (2.23)

Note our consideration does not imply any specific type of wave and therefore is general for
all types of waves. Using the D(k) function one can readily derive density of modes (states)
with respect to other wave parameters, e.g. energy, momentum, wavelength, frequency,
using the following relationships:

D(ω) = D(k)
dk

dω
, D(E) = D(k)

dk

dE
, D(p) = D(k)

dk

dp
, D(λ) = D(k)

dk

dλ
.

(2.24)

One can see that unlike D(k), the functions D(ω), D(E), and D(p) are different for different
waves because of the specific dispersion law in each case. For electromagnetic waves the
D(ω) relation is often considered in various optical problems. According to Eqs. (2.23)
and (2.24) with coefficient 2 to account for the transverse nature of electromagnetic waves
allowing two possible polarizations, it reads for 3-dimensional space,

Dγ

3 (ω) = ω2

π2c3
. (2.25)

Density of modes for electromagnetic waves is often referred to as the photon density of
states.

For quantum particles with a finite mass m Eqs. (2.23) and (2.24) with Eqs. (2.6) and (2.7)
give:

De
3(E) = 8πm3/2 E1/2

21/2h3
, D3(p) = 4πp2

h3
. (2.26)
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These expressions are valid for all particles with mass m. For electrons two possible spin
orientations additionally increase the number of states by a factor of two. Plots of density
of modes for electromagnetic waves and density of states for electrons are presented in
Fig. 2.3.

The very concept of density of states belongs to a few basic concepts of quantum physics
and plays an important role in nanophotonics. Therefore it is reasonable to recall a few
major steps in the formulation and application of this concept in quantum physics.

At the very dawn of quantum physics in 1900, when considering the problem of black
body radiation, J. W. Strutt (Lord Rayleigh) proposed counting normal modes in a box to
arrive at a reasonable wavelength dependence of the radiation spectrum for longer wave-
lengths [3]. This formula has later been referred to as the Rayleigh–Jeans law. Rayleigh’s
approach had not gained relevant attention at that time. In the same period, Max Planck
proposed the complete formula for the full spectral range with no counting modes in-
volved [2]. He considered electromagnetic energy radiated by a cavity to obtain the term
ω2/π2c3, formally coinciding with the density of modes (see Eq. (2.21)). Simultaneously
Planck introduced E = h̄ω for an electromagnetic energy portion thus announcing the
beginning of the quantum era in physics. Untill 1924 counting modes has not been sys-
tematically used in theoretical physics by other authors. It was S. N. Bose who understood
that Rayleigh’s idea should be considered among the basic concepts of the emerging theory
[4]. Bose considered the equilibrium electromagnetic radiation as an equilibrium gas of
electromagnetic quanta (later on called photons [5]). Then energy density contained in the
interval dω can be calculated as,

U (ω)dω = E(ω)D(ω)F(ω)dω, (2.27)

where E = h̄ω is the energy carried by a single quantum, D(ω) is the density of available
states, and F(ω) is the distribution function which describes how these states are populated.
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Using an expression like Eq. (2.25) for D(ω) Bose derived the distribution function,

F(ω) =
(

exp
h̄ω

kBT
− 1

)−1

, (2.28)

and arrived at the basic formula proposed in 1900 by Planck [2]:

U (ω) = h̄ω
ω2

π2c3

1

exp
h̄ω

kBT
− 1

, (2.29)

where kB is the Boltzman constant, and T is temperature. The Bose distribution function
(2.28) was derived based on the assumption that every state can be populated by an unlimited
number of quanta. Bose’s approach immediately ascribed to Rayleigh’s modes the meaning
of quantum states thus announcing the beginning of quantum statistical physics.

Remarkably, the young and unknown (at that time) Bose did send his manuscript entitled
“Planck’s Gesetz und Lichtquantenhypothese” [4], not to a scientific magazine, but to
A. Einstein, as a highly reputed expert. Einstein recognized the solid value of the approach
proposed. Not only did he recommend the paper to Zeitschrift für Physik, but he provided
comments on its distinguished scientific value. Very soon Einstein applied this approach to
gaseous atoms [6], i.e. assigning the concept of quantum states and distribution function to
particles of matter.

Note that density of modes expressions Eq. (2.23) does not depend on the specific
box shape used to count the standing waves. This statement has been rigorously proved
mathematically by H. Weyl [7]. For acoustic waves it means nobody can hear the shape of
a drum [7]. The number of modes within a given frequency range is defined by the volume
and the dimensionality of space only.

2.3 Maxwell and Helmholtz equations

An electromagnetic field is described by a set of four vectors: electric field vector E,
magnetic field vector H, electric displacement vector D, and magnetic induction vector B.
Vectors E and H are independent whereas the other two, vectors, D and B, are related to
the first two vectors via material equations (in the MKS system)

D = εε0E = ε0E + P, (2.30)

B = µµ0H = µ0H + M. (2.31)

Here ε is the dimensionless relative dielectric permittivity of the medium under considera-
tion, µ is the dimensionless relative magnetic permeability of the medium, ε0 and µ0 are the
permittivity and the permeability of the vacuum, P and M are the electric and the magnetic
polarizations, respectively. In the general case of an anisotropic medium, permittivity and
permeability are tensors. For isotropic media these tensors reduce to scalars. Vectors E, H,
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D and B satisfy Maxwell’s equations:

∇ × E = −∂B

∂t
, (2.32)

∇ × H = ∂D

∂t
+ J, (2.33)

∇ · D = ρ, (2.34)

∇ · B = 0, (2.35)

where J is the electric current density (in amperes per square meter), ρ is the electric charge
density (in coulombs per cubic meter). In a medium without charges and currents (J = 0,
ρ = 0) the set of Maxwell’s equations leads to a pair of wave equations for E and H (see,
e.g. Ref. [8])

∇2E − µεµ0ε0
∂2E

∂t2
= 0, ∇2H − µεµ0ε0

∂2H

∂t2
= 0, (2.36)

with the known solutions in the form of plane waves,

ψ = ei(ωt−k·r), (2.37)

with the wave number expressed as,

k = |k| = ω
√

εε0µµ0. (2.38)

The phase velocity of a wave (2.3) then reads,

v = ω

k
= 1√

εε0µµ0
. (2.39)

For a vacuum ε = 1, µ = 1 hold and the phase velocity is,

vvacuum = c = 1√
ε0µ0

. (2.40)

For media other than a vacuum we can write,

v = c/n, (2.41)

with index of refraction n,

n = √
εµ. (2.42)

Finally, for non-magnetic media with µ = 1 one simply has n = √
ε.

Using c and n notations, the wave equations (2.36) obey a compact form,

∇2E − n2

c2

∂2E

∂t2
= 0, ∇2H − n2

c2

∂2H

∂t2
= 0. (2.43)

For further consideration it is convenient to introduce the scalar E(r) and H (r) functions
using relations,

E(r, t) = p1 E(r, t), H(r, t) = p2 H (r, t), (2.44)
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with p1 and p2 being the unit vectors. Consider the case of a plane monochromatic wave
with frequency ω. The time-dependent part is well defined as (tracing electric field only for
convenience),

E(r, t) = E(r)eiωt . (2.45)

Therefore Eq. (2.43) can be simplified to get a scalar equation for the time-independent
function,

∇2 E(r) + n2(r)

c2
ω2 E(r) = 0, (2.46)

or

∇2 E(r) + k2 E(r) = 0, k = n(r)

c
ω. (2.47)

This equation is called the scalar Helmholtz equation. It describes the space distribution of
an electric field when an electromagnetic wave with frequency ω propagates in a medium
with index of refraction n(r). It is clear that a similar consideration holds for the H(r, t)
counterpart.

2.4 Phase space, density of states and uncertainty relation

We have to ascribe to the phase space the certain physical structure that is
completely extraneous to classical dynamics.

Max Planck, 1916 [9]

In fact, counting modes as proposed by Rayleigh for radiation did not gain serious ac-
knowledgement among his contemporaries. Nevertheless, the idea of a finite number of
states for a quantum particle within a finite phase space (coordinate–momentum) volume
�x�y�z�px�py�pz was proposed by Planck in 1906 [10]. It did, however, play an im-
portant role in formulation of the foundations of quantum mechanics and became readily
adopted by many physicists in the beginning of the twentieth century. Unlike classical
mechanics where a particle state in phase space is unambiguously represented by a point
with coordinates (x, p), in wave mechanics relevant to the atomic world every state of a
particle gains in the phase space a cell whose volume equals hs where s is the geometrical
dimensionality of space. This very profound idea was advanced by Plank based on intuition
prior to the clear formulation of the wave properties of quantum particles. In this section, we
shall show how Planck’s idea of cellular phase space structure in the atomic world merges
in conformity with Rayleigh’s consideration of modes in a cavity.

Have a look at the denominator of Eq. (2.26). The h3 factor there indicates the measure
of an elementary h3 cell in the phase space for 3-dimensional space. To count the number
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of states for a quantum particle within a region of phase space dpdV we need to count the
number of h3cells in a spherical layer with radius p and thickness dp with volume dV,

dN = 4πp2

h3
dpdV ≡ D3(p)dpdV . (2.48)

Thus we immediately arrive at an expression for D3(p) coinciding with Eq. (2.26). Two
further aspects should be mentioned in the context of our consideration. First, when counting
modes in a cavity we considered standing waves only with positive coordinates and wave
numbers, whereas in Eq. (2.48) we used momenta within the full solid angle to get 4πp2

for the square of the sphere with radius p. This peculiar circumstance is typically omitted
in handbooks on quantum mechanics and statistical physics. Second, we note once again,
that Eq. (2.48) has been derived based on a postulate of an elementary h3 cell, whereas Eq.
(2.26) was obtained by accurate counting modes combined with a postulate of p = h̄k for
a quantum particle.

Once we adopt the concept of an elementary cell in phase space, the Heisenberg uncer-
tainty relation becomes obvious. No knowledge can be gained about particle parameters,
momentum and coordinates, with any accuracy better than a single cell. Heisenberg himself
recognized that the uncertainty relation merges reasonably with the idea of the elementary
phase space cell. In 1927, in his paper “Über den anschaulichen Inhalt der quantentheoretis-
chen Kinematik und Mekhanik”1 he wrote the uncertainty relation “accurately expresses
the facts which earlier were attempted to be described by means of decomposition of the
phase space into cells with size h3” [11]. Later, in 1932, he considered in detail the density
of states in terms of the number of elementary phase space cells [12].

We now show how Rayleigh’s counting modes evolves to the Heisenberg uncertainty
relation. Consider the cavity size L to be a measure of the coordinate uncertainty, i.e.
�x = L . Consider the spacing between neighboring modes in k-space as a measure of the
wave number uncertainty, i.e. �k = π/L = �k = π/�x . We arrive at the relation,

�x�k = π. (2.49)

Now using p = h̄k (Eq. 2.6) and multiplying both parts by the factor h̄ we get,

�p�x = π h̄, (2.50)

which coincides with the Heisenberg uncertainty relation,

�p�x ≥ h (2.51)

with an accuracy of factor 2.
To summarise, we have seen in this section that Rayleigh’s approach of counting modes in

a finite cavity combined with the idea of wave properties of material particles, p = h̄k, leads
to the Heisenberg uncertainty relation and to Plank’s idea of a discrete cellular structure of
the phase space on a microscale.

1 “On the descriptive nature of quantum-theoretical kinematics and mechanics”.
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2.5 Wave function and the Schrödinger equation

In wave mechanics, a single-particle or a many-particle state is described by a wave function
�, which depends on the number of degrees of freedom available for a particle or a system
of particles. For a single particle � depends on time and three coordinates (x, y, z), whereas
for a couple of particles, � depends on time and six coordinates (x1, y1, z1, x2, y2, z2). A
wave function is believed to give the probability of a system to be found in certain places
in space. The value

|�(ξ )|2dξ = �∗(ξ )�(ξ )dξ (2.52)

is proportional to the probability of finding, in measurements, coordinates of the particle
or the system of particles in the range [ξ , ξ + dξ ], ξ being the set of all coordinates of the
particles in the system, i.e.

dξ = dx1dy1dz1dx2dy2, dz2 . . . dxndyndzn, (2.53)

where n is the number of particles in the system. The probabilistic interpretation of a wave
function dates back to 1926 when it was proposed by Max Born [13]. It constitutes the
major postulate of wave mechanics.

The wave function can be normalized in such a way as to have,∫
|�(ξ )|2 dξ = 1. (2.54)

Then |�|2dξ equals the probability dW(ξ ) that ξ belongs to the interval [ξ , ξ + dξ ]. A
normalized wave function is always determined with the accuracy of the factor eiα, where
α is an arbitrary real number. This ambiguity has no effect on physical results since all
physical values are determined by a product ��∗.

The second basic postulate of wave mechanics is the superposition principle. This states
that if a quantum system can be in states described by the functions �1 and �2, then it can
be in any state described by a linear combination of �1 and �2, i.e.

� = a1�1 + a2�2, (2.55)

where a1 and a2 are arbitrary complex numbers.
To know the wave function of a particle or a system one needs to solve the Schrödinger

equation. This equation constitutes the third postulate of wave mechanics. It states,

H� = i h̄
∂�

∂t
, (2.56)

where H is the system Hamiltonian. The time-independent Hamiltonian coincides with the
energy operator. For a single particle it becomes,

H = − h̄2

2m
∇2 + U (r), (2.57)
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where − -h2

2m ∇2 is the kinetic energy operator and U (r) is the potential energy of a particle.
For an n-particle system the Hamiltonian is given by,

H = −
n∑

i=1

h̄2

2m i
∇2

i + U (r1, r2, . . . , rn). (2.58)

If the Hamiltionian does not depend on time, the time and space variables can be
separated, i.e.

�(ξ, t) = ψ(ξ )ϕ(t). (2.59)

In this case the time-dependent equation (2.56) reduces to the steady-state equation,

Hψ(ξ ) = Eψ(ξ ), (2.60)

where E is a constant value. The steady-state Schrödinger equation is a problem for eigen-
functions and eigenvalues of the Hamiltonian operator H. Values of E are the energy values
of a system in state ψ(ξ ). States with a defined energy Eare called steady states. Equation
(2.56) was proposed in 1926 by Erwin Schrödinger [14].

Consider a particle in a one-dimensional space with a constant potential energy U0.
Equation (2.60) takes the form,

− h̄2

2m

d2ψ(x)

dx2
+ U0ψ(x) = Eψ(x), (2.61)

or, in a more convenient form,

d2ψ(x)

dx2
+ 2m

h̄2
(E − U0)ψ(x) = 0. (2.62)

Introducing the notation of a wave number,

k2 = 2m(E − U0)

h̄2
, (2.63)

we arrive at a compact form,

d2ψ(x)

dx2
+ k2ψ(x) = 0. (2.64)

The latter equation resembles that known for a pendulum, for harmonic motion and for an
LC-circuit. It has the general solution,

ψ(x) = A exp(ikx) + B exp(−ikx), (2.65)

where A, B are constants to be derived based on the problem conditions. Equation (2.65)
can be written in the other form inherent in a plane harmonic wave,

ψ = A′ sin kx + B ′ cos kx . (2.66)

Equation (2.63) gives,

E − U0 = h̄2k2

2m
= p2

2m
. (2.67)
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The difference E − U0 is the particle kinetic energy, whereas E is the particle full energy.
The de Broglie wavelength of a particle is,

λ = 2π

k
= 2π h̄√

2m(E − U0)
. (2.68)

2.6 Quantum particle in complex potentials

In this section we consider how spatial confinements modify the motion and the wave
function of a quantum particle. The reader is referred to Refs. [15–18] for more detail.

A rectangular well with infinite walls

The steady-state Shrödinger equation for a particle in a rectangular potential well with
infinite walls (Fig. 2.4a) has the form,

− h̄2

2m

d2ψ(x)

dx2
+ U (x)ψ(x) = Eψ(x), (2.69)

where U (x) is a potential box with width a, i.e.

U (x) =
{

0 for |x | < a/2
∞ for |x | > a/2

. (2.70)

Based on the symmetry of the problem one can foresee odd and even solutions. The
symmetry of the potential,

U (x) = U (−x)

results in a symmetry of the probability density,

|ψ(x)|2 = |ψ(−x)|2,
whence,

ψ(x) = ±ψ(−x),

and so we arrive at two independent solutions with different parity. The odd and even types
of solutions are,

ψ− =
√

2

a
cos

πn

a
x (n = 1, 3, 5, . . .), (2.71)

ψ+ =
√

2

a
sin

πn

a
x (n = 2, 4, 6, . . .). (2.72)

The energy spectrum consists of a set of discrete levels,

En = π2 h̄2

2ma2
n2, (n = 1, 2, 3, . . .). (2.73)
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Fig. 2.4 One-dimensional potential well with infinite (left) and finite (middle) walls, the first three states,
corresponding to n = 1, 2 and 3, and the dispersion law in the case of the finite well (right). In the
case of infinite walls, the energy states obey a series En ∼ n2 and the wave functions vanish at
the walls. The total number of states is infinite. The probability of finding a particle inside the
well is exactly equal to unity. In the case of finite walls, the states with energy higher than U0

correspond to infinite motion and form a continuum. At least one state always exists within the
well.

We can ignore the case of n = 0 since this means there is no particle inside the well. The
first three levels and corresponding wave functions are shown in Fig. 2.4 (left). Spacing
between neighboring levels,

�En = En+1 − En = π2 h̄2

2ma2
(2n + 1), (2.74)

grows monotonically with n. For every state the wave function equals zero at the walls. The
total probability of finding a particle inside the well equals 1.

Note, Eq. (2.73) gives the values of kinetic energy. Using Eqs. (2.6) and (2.7) we can
write expressions for particle momentum, wave number and wavelength:

pn = π h̄

a
n, kn = π

a
n, λn = 2a

n
. (2.75)

Note that wavelengths correspond to integer numbers of λ/2 inside the well.
The minimal particle energy,

E1 = π2 h̄2

2ma2
(2.76)
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is referred to as the particle zero energy. The zero energy can be estimated based on the
uncertainty relation Eq. (2.50). Consider the well width a to be coordinate uncertainty �x ,
and the momentum corresponding to n = 1 to be momentum uncertainty �p. According
to Eq. (2.50) �p = π h̄/a. Then the energy uncertainty,

�E = (�p)2

2m
= π2 h̄2

2ma2
≡ E1. (2.77)

To get an idea about absolute values of energies, consider an electron with mass m0 =
9.109534 × 10−31 kg in a well with width 2 nm and infinite walls. Then for energy levels
we get E1 = 0.094 eV, E2 = 0.376 eV, . . . , and the minimal energy spacing E2 − E1 =
0.282 eV. The latter is one order of magnitude higher than the kBT = 0.027 eV value at
room temperature. If a transition from the state with E1 to the state with E2 is promoted by
means absorption of a photon, the corresponding wavelength of electromagnetic radiation,
λ = 4394 nm, belongs to the middle infrared range.

The results of this subsection can be generalized to the 3-dimensional case. If a well has
sizes a, b, c in 3 directions a particle energy will be defined by a set of 3 quantum numbers:

En1n2n3 = π2 h̄2

2m

(
n2

1

a2
+ n2

2

b2
+ n2

3

c2

)
, n1, n2, n3 = 1, 2, 3, . . . . (2.78)

One can see that different sets of quantum numbers (and accordingly, different wave
functions) may give the same value of energy. Such states are called degenerate states.

A rectangular well with finite barriers

In the case of finite walls (Fig. 2.4 (middle)), the states with energy higher than U0 corre-
spond to infinite motion and form a continuum. At least one state always exists within the
well. The total number of discrete states is determined by the well width and height. The
parameters in the figure correspond to the three states inside the well. Unlike the case of in-
finite walls, the wave functions extend to the classically forbidden regions |x | > a/2. Wave
functions are no longer equal to zero at the walls but extend outside the walls exponentially.
This means a probability arises of finding a particle outside the well. Extension of wave
functions outside the well grows with n value. The probability of finding a particle inside
the well is always less than unity and decreases with increasing En . A relation between E
and k (dispersion law) in the case of a free particle has the form E = h̄2k2/2m (dashed
curve in Fig. 2.4 (right)). In the case of the finite potential well, a part of the dispersion
curve relevant to confined states is replaced by discrete points (solid, line and points in the
figure).

Particle wavelength, in the case of finite walls, gets longer as compared to the well with
the same width but with infinite walls. Accordingly, the energy levels are lower than in
the case of infinite walls. The total number of states inside the well is controlled by the
relation,

a
√

2mU0 > π h̄(n − 1). (2.79)
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Fig. 2.5 Quantum harmonic oscillator: the shape of the potential, the first three energy levels
E0 = 1/2-hω, E1 = 3/2-hω, E2 = 5/2-hω and the corresponding wave functions.

This holds for n = 1 for any combination of a, m, U0, i.e. at least one state always exists
inside the well. The maximal number of levels is equal to maximal n for which Eq. (2.79) still
holds. For deeper levels (smaller n) Eq. (2.73) can be used as a reasonable approximation.

In the case of an asymmetric potential well with different walls (U0 at the left side and
U1 at the right side) the number of states inside the well is controlled by the relation,

a
√

2mU0 > π h̄(n − 1
2 ) − h̄ arcsin

√
U0/U1. (2.80)

This relation does not necessarily hold for n = 1. For a combination of a, m, U0 that give
a small a

√
2mU0 value there might be no state inside the well.

The latter conclusion is valid in a more general formulation. In the case of a one-
dimensional problem, a symmetric potential of any shape gives rise to at least a single
localized state, provided that U (∞) = U (−∞) holds and there is a minimum between
U (∞), U (−∞). In the case that U (∞) �= U (−∞), a localized state may not occur.

In the case of 2- and 3-dimensional problems, a localized state may not occur even for
symmetric potential wells. In other words, a particle is not necessarily “captured” by a
2- and 3-dimensional well. This is the case for narrow (smaller a) and shallow (lower U0)
wells.

Quantum harmonic oscillator

A harmonic oscillator is a quantum particle moving in a field with potential being a square
function of coordinate. In a one-dimensional problem this means (Fig. 2.5),

U (x) = 1/2mω2x2. (2.81)

The steady-state Schrödinger equation has the form,

∇2ψ (x) + (k2 − λ2x2
)
ψ (x) = 0, (2.82)
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где k2 = 2m E/ h̄2, λ = mω/ h̄. As in a rectangular well with infinite walls, the energy
spectrum of a particle resembles an infinite number of discrete states with energy values
En . The symmetry of potential gives rise to odd and even solutions. The general solution
reads,

ψn (x) = un (x) exp
(−λx2/2

)
, (2.83)

where un(x) stands for complex polynomials. The first three solutions have the form:

ψ0 (x) = exp
(−λx2/2

)
,

ψ1 (x) =
√

2λ · x exp

(
−1

2
λx2

)
, (2.84)

ψ2 (x) = 1√
2

(
1 − 2λx2

)
exp

(
−1

2
λx2

)
.

These are shown in Figure 2.5. The number of nodes in the wave function equals n. The
energy values are,

En = h̄ω(n + 1/2), where n = 0, 1, 2, . . . . (2.85)

The zero energy of a quantum harmonic oscillator corresponds to n = 0 and is,

E0 = h̄ω/2. (2.86)

The principal feature of a quantum harmonic oscillator is the same spacing, �E = h̄ω,
between all pairs of neighboring energy levels.

The model of a quantum harmonic oscillator is very instructive for many problems in
quantum physics. It provides an approximate energy spectrum for many complex potentials
near local minima. Since every continuous function U (x) in the vicinity of an extremum
point x0 can be expanded in a series,

U (x) = U (x0) + 1

2

d2U

dx2
(x − x0)2 + · · · , (2.87)

every physical system features harmonic oscillator properties near the potential minimum.
At moderate temperatures, the harmonic approximation works for oscillations of nuclei and
atomic cores in molecules and solids. Therefore the multitude of crystal lattice oscillations is
treated as a set of harmonic oscillators with the quanta of these oscillations called phonons.
In this case the finite zero-energy phenomenon has a very profound physical meaning. It
means that lattice oscillations never stop, even at absolute zero temperature. These zero
oscillations have been detected experimentally and provide explanations as to why light
atoms e.g. He, never form a solid phase.

In Chapter 12 we shall see that quantum electrodynamics treats an electromagnetic
field as a set of harmonic oscillators to justify the concept of light quanta – photons.
Zero oscillations in this case mean the energy of an electromagnetic field never goes to
zero.
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Fig. 2.6 Spherical coordinates.

Particle in a spherically symmetric potential

Spherically symmetric potentials arise in many problems of quantum physics where inter-
actions occur that depend on interparticle distance. A non-exhaustive list includes electrons
in atoms, impurity centers in solids, excitons in crystals. The model of a spherical potential
box in spite of its seeming abstractiveness is crucially important for electrons in quantum
dots.

In the case of a spherically symmetric potential U (r ) we deal with a Hamiltonian,

H = − h̄2

2m
∇2 + U (r ), (2.88)

where r =
√

x2 + y2 + z2. Taking into account the symmetry of the problem, it is reason-
able to consider it in spherical coordinates, r , ϑ , and ϕ (Fig. 2.6):

x = r sin ϑ cos ϕ, y = r sin ϑ sin ϕ, z = r cos ϑ. (2.89)

In spherical coordinates Hamiltonian (2.88) reads,

H = − h̄2

2mr2

∂

∂r

(
r2 ∂

∂r

)
− h̄2�

2mr2
+ U (r ), (2.90)

where the � operator is,

� = 1

sin ϑ

[
∂

∂ϑ

(
sin ϑ

∂

∂ϑ

)
+ 1

sin ϑ

∂2

∂ϕ2

]
. (2.91)

We shall skip mathematical details and highlight only the principal results that arise from
the spherical symmetry of the potential. In this case, the wave function can be separated
into functions of r , ϑ , and ϕ:

ψ = R (r ) � (ϑ) �(ϕ), (2.92)

and can be written in the form,

�n,l,m(r, ϑ, ϕ) = un,l (r )

r
Ylm(ϑ, ϕ), (2.93)

where Ylm are the spherical Bessel functions, and U (r ) satisfies an equation

− h̄2

2m

d2u

dr2
+
[

U (r ) + h̄2

2mr2
l(l + 1)

]
u = Eu. (2.94)
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To obtain the energy values, it is now possible to consider the one-dimensional Eq. (2.94)
instead of the equation with the Hamiltonian (2.90). The state of the system is characterized
by the three quantum numbers, namely, the principal quantum number n, the orbital
number l, and the magnetic number m. The orbital quantum number determines the angular
momentum value L:

L2 = h̄2l(l + 1), l = 0, 1, 2, 3, . . . (2.95)

The magnetic quantum number determines the L component parallel to the z-axis,

Lz = h̄m, m = 0,±1,±2, . . . ± l. (2.96)

Every state with a certain l value is (2l + 1) - degenerate according to 2l + 1 values of
m. The states corresponding to different l values are usually denoted as s-, p-, d-, f - and
g-states, and further in alphabetical order. States with zero angular momentum (l = 0) are
referred to as s-states, states with l = 1 are denoted as p-states and so on. The parity of
states corresponds to the parity of the l value, because the radial function is not sensitive
to inversion (r remains the same after inversion) and the spherical function after inversion
transforms as follows:

Ylm(ϑ, ϕ) → (−1)lYlm(ϑ, ϕ).

The specific values of energy are determined by a U (r ) function. Consider a simplest
case, corresponding to a spherically symmetric potential well with an infinite barrier, i.e.,

U (r ) =
{

0 for r ≤ a
∞ for r > a

. (2.97)

In this case energy values are expressed as follows:

Enl = h̄2χ2
nl

2ma2
, (2.98)

where χnl are roots of the spherical Bessel functions with n being the number of the root
and l being the order of the function. Table 1.1 lists xnl values for several n, l values.
Note that for l = 0 these values are equal to πn (n = 1, 2, 3, . . .) and Eq. (2.98) converges
with the relevant expression in the case of a one-dimensional box (Eq. (2.73)). This results
from the fact that for l = 0, Eq. (2.94) for the radial function u(r ) reduces to Eq. (2.69)
with the potential (2.70). To summarize, a particle in a spherical well possesses the set of
energy levels 1s, 2s, 3s, . . . , coinciding with energies of a particle in a rectangular one-
dimensional well, and additional levels 1p, 1d, 1 f, . . . , 2p, 2d, 2 f, . . . , that arise due to
spherical symmetry of the well (Fig. 2.7).

In the case of the spherical well with finite potential, U0, Eq. (2.98) can be consid-
ered as a good approximation only if U0 is large enough, namely for U0 � h̄2/8ma2.
The right side of this inequality is a consequence of the uncertainly relation. In the
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Table 2.1. Roots of the Bessel functions χ nl

l n = 1 n = 2 n = 3

0 3.142 (π) 6.283 (2π) 9.425 (3π)
1 4.493 7.725 10.904
2 5.764 9.095 12.323
3 6.988 10.417
4 8.183 11.705
5 9.356
6 10.513
7 11.657

n = 1

0

l = 0

l = 1

l = 2

l = 3

l = 4
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Fig. 2.7 Energy levels of a particle in a spherical well with infinite barriers. Energy is scaled in the
dimensionless units of χ2

nl = Enl ( h̄2/2ma2)−1, where χnl values are the roots of the Bessel
functions listed in Table 2.1. The states are classified by the principal quantum number, n, and by
the orbital quantum number, l. Every state is (2l + 1) - degenerate. For l = 0 (so-called s-states)
xn0 = πn holds, and corresponding energies obey a series derived for a particle in a rectangular
well.

case when,

U0 = U0 min = π2 h̄2

8ma2
,

exactly one state exists within the well. For U0 < U0 min no state exists in the well at all. This
is an important difference of the three-dimensional case as compared to the one-dimensional
problem.
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Electron in Coulomb potential

For an electron with charge e interacting with another particle with the same charge,2

U (r ) = −e2

r
, (2.99)

the equation for the radial part of the wave function can be written as[
d2

dρ
+ ε + 2

ρ
− l(l + 1)

ρ2

]
u(ρ) = 0. (2.100)

The dimensionless argument and energy,

ρ = r

a0
, ε = E

E0

are expressed in terms of the so-called atomic length unit a0 and atomic energy unit E0

given by (in SI units),

a0 = 4πε0
h̄2

m0e2
≈ 5.292 · 10−2 nm (2.101)

and

E0 = e2

2a0
≈ 13.60 eV, (2.102)

with m0 being the electron mass. The solution of Eq. (2.100) leads to the following result.
Energy levels obey a series,

ε = − 1

(nr + l + 1)2
≡ − 1

n2
, (2.103)

which is shown in Figure 2.8. The principal quantum number is n = nr + l + 1. It takes
positive integer values beginning with 1. The energy is unambiguously defined by a given n
value. The radial quantum number nr determines the quantity of nodes of the corresponding
wave function. For every n value, exactly n states exist differing in l which runs from 0 to
(n − 1). Additionally, for every given l value, (2l + 1) - degeneracy occurs with respect to
m = 0,±1,±2, . . . Therefore the total degeneracy is,

n−1∑
l=0

(2l + 1) = n2.

For n = 1, l = 0 (1s-state), the wave function obeys a spherical symmetry with a0

corresponding to the most probable distance where an electron can be found. Therefore,
the relevant value in real atom-like structures is called the “Bohr radius”.

So far, idealized elementary problems have been examined. Now we are in a position to
deal with the simplest real quantum mechanical object, i.e., the hydrogen atom, consisting

2 It is assumed that the particle interacting with the electron is fixed in space forming the origin of coordinates,
or that it is so heavy compared with an electron that an electron can not disturb this particle by its charge.
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Fig. 2.8 The Coulomb potential −e2/r (left) and energy levels of an electron. For E < 0 the energy
spectrum consists of discrete levels En = −E0/n2, E0 = 13.60 eV, each level being
n2- degenerate. For E > 0 a particle exhibits an infinite motion with a continuous energy
spectrum.

of a proton with mass M0 and an electron. The relevant Schrödinger equation is the two-
particle equation with the Hamiltonian,

H = − h̄2

2M0
∇2

p − h̄2

2m0
∇2

e − e2

|rp − re| , (2.104)

where rp and re are the radius-vectors of the proton and electron, and p and e indices in
the ∇2 operator denote differentiation with respect to the proton and electron coordinates,
respectively. We introduce a relative radius-vector r and a radius-vector of the center of
mass as follows:

r = rp − re, R = m0re + M0rp

m0 + M0
, (2.105)

and use the full mass and the reduced mass of the system, M and µ,

M = m0 + M0, µ = m0 M0

m0 + M0
. (2.106)

The Hamiltonian (2.104) then reads,

H = − h̄2

2M
∇2

R − h̄2

2µ
∇2

r − e2

r
. (2.107)

One can see Eq. (2.107) diverges into the Hamiltonian of a free particle with mass M
and the Hamiltonian of a particle with mass µ in the potential −e2/r . The former describes
an infinite center-of-mass motion of the two-particle atom, whereas the latter gives rise to
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internal states. According to Eq. (2.103), the energy of these states can be written as,

En = −Ry

n2
for E < 0 (2.108)

with,

Ry = e2

2aB
, aB = h̄2

µe2
. (2.109)

Here Ry is called the Rydberg constant and corresponds to the ionization energy of
the lowest state, and aB is the Bohr radius of a hydrogen atom. The distance between the
neighboring levels decreases with n, and for E > 0 both electron and proton experience an
infinite motion.

One can see that the energy spectrum and Bohr radius for a hydrogen atom differ from
the relevant values of a single-particle problem by the µ/me coefficient. In the case under
consideration this coefficient is 0.9995. For this reason expressions (2.101) and (2.102) are
widely used instead of the exact values (2.109). This is reasonable in the case of a proton
and an electron but should be used with care for other hydrogen-like systems. For example,
in a positronium atom, consisting of an electron and a positron with equal masses, the
explicit values (2.109) should be used.

The problems of a particle in a spherical potential well and of the hydrogen atom are very
important for further consideration. The former is used to model an electron and a hole in
a nanocrystal, and the latter is essential for excitons in a bulk crystal and in nanocrystals
as well. Furthermore, the example of a two-particle problem is a precursor to the general
approach used for many-body systems. It contains a transition from the many-particle
problem (proton and electron) to the one-particle problem by means of renormalization of
mass (reduced mass µ instead of M0 and m0 ) and a differentiation between the collective
behavior (center-of-mass translational motion) and the single-particle motion in some
effective field. This approach has far-reaching consequences resulting in the concepts of
effective mass and of quasiparticles, to be presented in Chapter 4.

Problems

1. Find the wavelength where the energy of an electron and a photon coincide, i.e. the
crossover point for corresponding dispersion laws. Consider the electromagnetic wave
range to which this crossover point corresponds (optical, radio, microwave etc.). Discuss
which physical processes occur at this point.

2. Derive 1- and 2-dimensional density of states for a particle with mass m. Evaluate the
correlation between the space dimensionality and density of modes dependence on particle
energy and momentum.
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coordinate

Energy

Fig. 2.9 V-like potential well.

3. The Bose–Einstein distribution function for molecules and atoms is,

F(E) =
(

exp
E − µ

kBT
− 1

)−1

(2.110)

where E is the kinetic energy and µ is the chemical potential. Consider and explain the
difference between this distribution and Eq. (2.28).

4. Compare the Helmholtz (Eq. (2.47)) and the steady-state Schrödinger (Eq. (2.62))
equations. Examine the similarities and differences.

5. Find the wavelength dependence U (λ) for the energy density contained in equilibrium
electromagnetic radiation. Use Eq. (2.29) and the relation,

U (λ) = U (ω)
dω

dλ
. (2.111)

Observe the difference in U (ω) and U (λ) functions and explain why the relation (2.111)
should be used in this consideration.

6. Compare the wavelengths a particle has in free space and in a potential U (x) = const.
Compare particle wavelengths for U = 0 and U �= 0 with an electromagnetic wavelength
for n = 1 and n > 1.

7. Compare Figure 2.2 and Figure 2.4 (left), find and discuss the similarities in these figures
as well as in Eqs. (2.17) and (2.75).

8. Plot the dispersion law E(p) or E(k) for a particle in a rectangular well with infinite
barriers.

9. Compare spacing between energy levels with growing quantum numbers for a particle
in a rectangular box, harmonic oscillator and Coulomb potential, and outline the difference.

10. Using results for a finite rectangular well, a harmonic oscillator and Coulomb potential
try to guess the energy spectrum of a V-like potential well shown in Figure 2.9.

11. Calculate the electromagnetic wavelength corresponding to the ionization energy of a
hydrogen atom.
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3 Wave optics versus wave mechanics I

Let us return from optics to mechanics and explore the analogy to its fullest extent.
In optics the old system of mechanics corresponds to intellectually operating
with isolated mutually independent light rays. The new undulatory mechanics
corresponds to the wave theory of light.

Erwin Schrödinger, Nobel lecture, 1933

In this chapter we shall see that electromagnetic waves and electrons feature a number of
common properties under conditions of spatial confinement. Simple and familiar problems
from introductory quantum mechanics and textbook wave optics are recalled in this chapter
to emphasize the basic features of waves in spatially inhomogeneous media. Herewith
we make a first step towards understanding the properties of electrons and electromagnetic
waves in nanostructures and notice that these properties in many instances are counterparts.
Different formulas and statements of this chapter can be found in handbooks on quantum
mechanics [1–9] and wave optics [10–13]. A few textbooks on quantum mechanics do
consider analogies of propagation and reflection phenomena in wave optics with those in
wave mechanics [6–9].

3.1 Isomorphism of the Schrödinger and Helmholtz equations

In Chapter 2 we discussed that an electron in quantum mechanics is described by the wave
function, the square of its absolute value giving the probability of finding an electron at
a specific point in space. This function satisfies the Schrödinger equation (2.56) which is
the second-order differential equation with respect to space and the first-order differential
equation with respect to time. Electromagnetic waves are described by space- and time-
dependent electric and magnetic fields which are, unlike electron wave function, directly
observable and measurable. Electric and magnetic fields satisfy a couple of identical wave
equations (both given in Eq. 2.36), each of which is the second-order differential equation
with respect to space and time. Although time dependence in these equations differs, in the
steady state when time dependence is eliminated, both equations reduce to a mathematically
identical form, namely to the second-order differential equation with respect to coordinates.
The similarity of quantum particles and electromagnetic waves was the subject of Problem 4
in Chapter 2. Recalling Eqs. (2.46), (2.56) and (2.57), restricting ourselves to the electric
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field only when examining electromagnetic waves, for simplicity1 and using notation A for
the amplitude of the electric field to discriminate it from particle energy E,we arrive at the
pair of equations:

∇2 A(r) + n2(r)

c2
ω2 A(r) = 0 (3.1)

and

h̄2

2m
∇2ψ(r) + [E − U (r)]ψ(r) = 0 (3.2)

which are mathematically identical. This statement is usually referred to as isomorphism of
the Helmholtz (3.1) and Schrödinger (3.2) equations. From a mathematical point of view, a
more strict statement is “the steady-state Schrödinger equation is the differential equation
known as the Helmholtz equation”. However, typically the notation “Helmholtz equation”
is applied to classical waves (not only to electromagnetic waves but, e.g. to acoustic waves
as well), whereas the notation “Schrödinger equation” always belongs to the wealth of
quantum physics. Indeed, physically Eqs. (3.1) and (3.2) describe different entities and
contain different parameters of the matter and the field.

The purpose of further consideration is to trace the physical counterparts resulting
from the mathematical isomorphism of the Schrödinger and Helmholtz equations. In the
forthcoming sections, we shall consider a number of one-dimensional problems. In the
one-dimensional case Eqs. (3.1) and (3.2) take the form,

d2 A(x)

dx2
+ n2(x)

c2
ω2 A(x) = 0 (3.3)

and

d2ψ(x)

dx2
+ 2m

h̄2
[E − U (x)]ψ(x) = 0. (3.4)

Now the formal substitution,

n2(x)

c2
ω2 ↔ 2m

h̄2
[E − U (x)] (3.5)

merges Eqs. (3.3) and (3.4). In the case of space-independent refractive index, n(x) =
n0 ≡ const and constant potential, U (x) = U0 ≡ const, one can completely merge the
Schrödinger and the Helmholtz equations to become,

d2 A(x)

dx2
+ k2

EM A(x) = 0 (3.6)

and

d2ψ(x)

dx2
+ k2

QMψ(x) = 0, (3.7)

1 Keeping the electric field rather than the magnetic field in equations has another reason beyond simplicity.
Most inhomogeneous media and structures to be considered hereafter in this book possess dielectric rather than
magnetic inhomogeneity, therefore spatial confinement of the electric field is the primary physical issue under
consideration.
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where kEM and kQM stand for the electromagnetic and quantum mechanical wave numbers,
respectively, and are expressed as,

kEM = n0ω

c
and kQM = 1

h̄

√
2m(E − U0), (3.8)

for the classical and the quantum counterparts. Note, expressions (3.5) and (3.8) provide
an instructive hint that space variation in refractive index may result in a similar effect to
space variation in potential, more strictly in E − U (x). Note that both values determine the
speed of waves. In the case of classical waves we have v = c/n . In the case of a quantum
particle the speed can be derived from,

Kinetic energy ≡ E − U0 ≡ p2

2m
, (3.9)

whence,

p ≡ mv =
√

2m(E − U0) ⇒ v =
√

2(E − U0)

m
. (3.10)

We shall see in the following sections a variety of counterparting of optical and quantum
phenomena which are the consequences of (i) the wave nature of light and electrons, (ii) the
existence of evanescent waves in so-called “classically forbidden” areas, and (iii) the
interference of waves scattered over barriers/wells. Unlike traditional considerations in
many textbooks on quantum mechanics our purpose is to emphasize the similarities between
light and electrons, rather than to outline the differences between an electron compared to
a solid ball in classical mechanics.

3.2 Propagation over wells and barriers

Potential and refraction steps

Consider a particle with energy E performing a motion over a potential semi-infinite step at
the point x = 0 of height U0 (Fig. 3.1, left panel). We assume the particle has met a barrier
when moving from left to right along the x-direction. We expect that particle motion will
be disturbed by the barrier so that at x < 0 we have to consider forward, and backward
propagation, whereas for x > 0 only forward propagation remains, since there is no reason
to expect backward propagation behind the barrier. We can then write the wave function as,

ψI (x) = A exp(ik1x) + B exp(−ik1x) for x < 0 (3.11)

ψI I (x) = C exp(ik2x) for x > 0, (3.12)

where

k1 =
√

2m E

h̄
, k2 =

√
2m(E − U0)

h̄
, (3.13)
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Fig. 3.1 Propagation of a quantum particle (left) and an electromagnetic wave (right) over a potential
step and refraction index step, respectively. In both cases partial reflection occurs with
simultaneous change in wavelength at the step. An upward potential step in quantum mechanics
corresponds to a downward refraction step in optics. Graphs for wave function and electric field
amplitude do not account for the partial decrease in amplitude of transmitted waves.

k1 and k2 are particle wave numbers in front of and behind the barrier, respectively. One
notices immediately that Eqs. (3.13) mean that a particle de Broglie wavelength has been
changed at the potential step from λ0 to λ1 as follows:

λ1 = 2π

k1
= h√

2m E
, λ2 = 2π

k2
= h√

2m(E − U0)
. (3.14)

Let us now look for reflection, r and transmission, t coefficients for the wave function
amplitudes, i.e.

r = B/A, t = C/A, (3.15)

which determine the ratio of backward and transmitted wave amplitudes. We start from
Eqs. (3.11), (3.12) and apply the continuity condition to the wave functions and to their
first derivatives at point x = 0,

ψI (0) = ψI I (0) ⇒ A + B = C ,

ψ ′
I (0) = ψ ′

I I (0) ⇒ A − B = k2

k1
C .

Then after some simple arithmetic we arrive at,

r = k1 − k2

k1 + k2
, t = 2k1

k1 + k2
. (3.16)

Using Eqs. (3.13) we can express r , t in terms of the two parameters of the problem, namely
the particle full energy E , and the potential step U0,

r =
√

E − √
E − U0√

E + √
E − U0

, t = 2
√

E√
E + √

E − U0

. (3.17)
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To obtain the full probabilities that can provide the relative flux portion of particles reflected
from and transmitted over the potential step, one should recall that we need to know
|ψ(x)|2 = ψ(x)ψ∗(x). Then we arrive at,

R = r2 = (
√

E − √
E − U0)2

(
√

E + √
E − U0)2

, T = 1 − R = 4
√

E(E − U0)

(
√

E + √
E − U0)2

. (3.18)

To summarize, taking into account the probabilistic interpretation of wave function, a flux
of particles moving with the same energy (wave number, wavelength) over a potential step
experiences partial reflection and partial transmission with simultaneous modification in
wavelength (wave number). The particle full energy E remains the same but the particle
kinetic energy becomes smaller by the amount of the step. This consideration remains valid
in the case where the particle moves from the right to the left. The reflection and trans-
mission remain the same and the wavelength, wave number and energy will be modified in
the reverse way.

Let us in the same manner consider a classical, say electromagnetic, wave with frequency
ω, wave number k1, wavelength λ1, meeting a refraction index step from n1 to n2 < n1 at
the border of the two media.2 Because of the mathematical identity of Eqs. (3.3) and (3.4),
similar to Eqs. (3.11) – (3.16) we arrive at change in wave number, change in wavelength,
partial transmission and reflection with the frequency remaining unperturbed at the border.
Namely,

k1 = ω

c
n1 transforms to k2 = ω

c
n2,

λ1 = 2π

k1
transforms to λ2 = 2π

k2
= λ1

n1

n2
,

(3.19)

and the amplitude transmission and reflection coefficients are expressed as in Eq. (3.16),

r = k1 − k2

k1 + k2
, t = 2k1

k1 + k2
. (3.20)

In optics, Eqs. (3.20) are usually used in terms of refraction indexes rather than wave
numbers,

r = n1 − n2

n1 + n2
, t = 2n1

n1 + n2
. (3.21)

Equations (3.21) give the amplitude reflection and transmission coefficients. To obtain the
intensity reflection coefficient, R and intensity transmission coefficient, T we need,

R = r2 = (n1 − n2)2

(n1 + n2)2
, T = 1 − R = 4n1n2

(n1 + n2)2
. (3.22)

These expressions are symmetrical with respect to changes n1 ↔ n2. One can see that
although Eqs. (3.16) directly replicate their optical counterparts Eq. (3.20), Eqs. (3.18)
yet differ from Eqs. (3.21) in a sense that Eq. (3.18) contain energies whereas Eqs. (3.22)

2 For acoustic waves the description remains the same, with relative material density which determines the speed
of sound instead of index of refraction determining the speed of light in optics.
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Fig. 3.2 (a) Reflection and transmission coefficients at the potential step according to Eqs. (3.25), (3.26)
and (b) reflection coefficient for 0.25 < n < 4, which is relevant to electromagnetic waves within
the optical range. Note the symmetry of the R and T functions for n > 1 and n < 1.

contain only dimensionless indexes. This difference has no physical meaning and can be
cancelled by introducing the relative refraction index indicating how many times the speed
changes at the step. Recalling,

nEM = v2

v1
= n1

n2
= k1

k2
(3.23)

used in optics, we introduce its quantum mechanical counterpart,

nQM = v2

v1
= k2

k1
=
√

E − U0

E
, (3.24)

which represents the dimensionless ratio of particle speed values in the two regions of
space (in front of and over the potential step) in complete concordance with the relative
refraction index notation in optics. Note that the upward potential step in quantum mechanics
corresponds to the downward refraction step in optics. This asymmetry arises from the linear
speed versus wave number relation in quantum mechnics and reciprocal speed versus wave
number relation in optics. Notably, this asymmetry has no effect on formulas for R and
T because these contain functions of n which are invariant with respect to substitution
n → 1/n.

With these notations the quantum mechanical reflection coefficient and the transmission
coefficient become,

RQM = (1 − nQM)2

(1 + nQM)2
, TQM = 4nQM

(1 + nQM)2
, (3.25)

merging completely with the optical counterparts,

REM = (1 − nEM)2

(1 + nEM)2
, TEM = 4nEM

(1 + nEM)2
. (3.26)

For very high n � 1 as well as for very low n � 1 the reflection coefficient tends to unity
(Fig. 3.2(a)) whereas the transmission coefficient tends to zero. On a logarithmic scale with
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Table 3.1. Index of refraction for selected solids. Wavelength is 0.632 µm if not specified.
Note that materials with specified wavelengths absorb light in the visible. Materials are

ordered according to growing n. Source: Yariv and Yeh [11]

Material n Material n

Na3AlF6[14] 1.34 CuI 2.32
MgF2 1.37 ZnS 2.35
LiF 1.39 Diamond 2.41
CaF2 1.43 CdS 2.47
Fused silica (SiO2) 1.46 ZnSe 2.50
BaF2 1.47 CdSe 1 µm 2.55
KCl 1.49 As-S glass 2.61
NaCl 1.54 SiC 2.64
KBr 1.56 CdTe 10.6 µm 2.69
Mica 1.58 TiO2 rutile 2.80
Polystyrene 1.59 ZnTe 2.98
MgO 1.74 GaP 3.31
Al2O3 1.77 GaAs 1.15 µm 3.37
Flint glass 1.90 InAs 10.6 µm 3.42
CuCl 1.96 Si 10.6 µm 3.42
AgCl 2.05 GaSb 10.6 µm 3.84
CuBr 2.10 InSb 10.6 µm 3.95
LiNbO3 2.20 Ge 10.6 µm 4.00
TiO2 polycrystalline 2.22 Te 10.6 µm 4.08

respect to n the functions R(n) and T (n) are symmetrical. This means the transmission
and reflection coefficients are the same for n12 = n1/n2 and n21 = n2/n1, i.e. results for a
barrier and a well of the same height/depth coincide.

For a quantum particle carrying electric charge, e.g. an electron, potential barriers and,
accordingly, relative refraction indexes, may arise from other charged particles, e.g. ions
in a vacuum, charged impurities in dielectrics. Then the potential barrier can actually rise
to large values. This is not the case for electromagnetic waves. In the microwave range,
artificial materials with n reaching 100 (sometimes in a rather narrow spectral window) are
feasible. In the optical range, superior n values do not exceed 4 (Table 3.1). Furthermore,
the highest refraction index values are inherent in materials which are not transparent in
the visible. Accordingly, the reflection coefficient obeys the range from 0.04 (air/glass) to
0.35 (air/germanium).

Rectangular barriers and wells

In this subsection we consider the motion of a quantum particle over a finite rectangular
barrier and well (Fig. 3.3) and compare the results with propagation of electromagnetic
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Table 3.2. Index of refraction for selected liquids in the visible [12,15]

Material n Material n

Methanol 1.328 CCl4 1.461
Water 1.330 Toluene 1.499
Ethanol 1.361 Benzene 1.501
Cyclohexane 1.426 H2S 1.629
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Fig. 3.3 A rectangular potential barrier (left) and well (right).
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Fig. 3.4 Refraction index profiles for a medium with a dielectric slab.

waves through a dielectric slab which has a different refraction index n2 as compared to the
ambient medium n1 (Fig. 3.4.).

We start from the Schrödinger equation (3.4) with the potential barrier U (x),

U (x) = U0 for 0 < x < a,

U (x) = 0 for x > a, x < a.

Similar to Eqs. (3.11) and (3.12) we write the wave function ψ I in front of the barrier, ψ I I

over the barrier, and ψ I I I behind the barrier in the form,

ψI (x) = A exp(ik1x) + B exp(−ik1x) for x < 0,

ψI I (x) = C exp(ik2x) + D exp(−ik2x) for 0 < x < a, (3.27)

ψI I I (x) = G exp(ik1x) for x > a.
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Unlike a potential step, in the case of a barrier we consider that there are two waves in two
different directions over the barrier between points 0 and a. As in the previous subsection,
we apply the conditions of continuity for the wave function and its first derivative at the
points of the potential steps x = 0, x = a, i.e.

ψI (0) = ψI I (0), ψ ′
I (0) = ψ ′

I I (0),

ψI I (a) = ψI I I (a), ψ ′
I I (a) = ψ ′

I I I (a),
(3.28)

and arrive at four equations for coefficients A,B,C ,D,G. We may assume A = 1 and
then evaluate four variables from four equations, with special attention to r = B, which
determines the amplitude of the reflected wave and t = G which determines the amplitude
of the transmitted wave. Alternatively we may look for r = B/A and t = G/A with no
assumption on the A value. Then we go to R = r2, and T = 1 − R to get the probability
density for the reflected and transmitted portions of a flux of quantum particles. The final
results are,

R =
(
k2

1 − k2
2

)
sin2(ak2)(

k2
1 − k2

2

)2
sin2(ak2) + 4k2

1k2
2

, T = 4k2
1k2

2(
k2

1 − k2
2

)2
sin2(ak2) + 4k2

1k2
2

. (3.29)

Recalling the notations in Eq. (3.13) we can rewrite these expressions in terms of the barrier
parameters U0 and a:

R =
U 2

0 sin2

(
a

h̄

√
m(E − U0)

)

U 2
0 sin2

(
a

h̄

√
m(E − U0)

)
+ 4E(E − U0)

,

T = 4E(E − U0)

U 2
0 sin2

(
a

h̄

√
m(E − U0)

)
+ 4E(E − U0)

.

(3.30)

Finally, using the relative refraction index introduced by Eq. (3.24) and Eqs. (3.30) take the
form,

R =
(
1 − n2

QM

)2
sin2

(
a

h̄

√
m EnQM

)
(
1 − n2

QM

)2
sin2

(
a

h̄

√
m EnQM

)
+ 4n2

QM

,

T = 4n2
QM(

1 − n2
QM

)2
sin2

(
a

h̄

√
m EnQM

)
+ 4n2

QM

.

(3.31)

The transmission coefficient T (E) is plotted in Fig. 3.5 superimposed with the barrier. The
dimensionless argument of the sine function in Eqs. (3.29) – (3.31),

ak2 = a

h̄

√
m(E − U0) = a

h̄

√
m EnQM, (3.32)

has rather transparent physical meaning if we express it in terms of a particle de Broglie
wavelength. It is 2π times the ratio of the barrier width and the de Broglie wavelength
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Fig. 3.5 Electron motion over a potential barrier with height U0 = 1 eV and width a = 2 nm. A particle
with energy E higher than U0 possesses finite probabilities of passing over, T as well as to be
reflected back, R = 1 − T . Transmittance is the oscillating function of E (Eq. (3.30)). A particle
does not “see” the barrier if its de Broglie wavelength over the barrier satisfies the condition
λN = 2a/N , N = 1, 2, 3, . . . The first five energies of the reflectionless propagation are presented
along with the wave functions of a particle over the barrier. Note that transmittance tends to
unity for E → ∞ and drops to a small but finite value at E → U0. Note there are different
wavelengths and different amplitudes within and outside the barrier (not plotted in the figure).

of a particle over the barrier, i.e. 2πa/λ2 = 2πanQM/λ1. We arrive at the effect which is
normally discussed as non-trivial in many quantum mechanical textbooks. When the sine
argument Eq. (3.32) equals an integer number of π, then the transmission coefficient T
equals 1 and, accordingly, the reflection coefficient R equals zero (Eqs. 3.29, 3.30). For a
particle wavelength over the barrier,

λ
(N )
2

2
N = a, N = 1, 2, 3, . . . (3.33)

i.e., for the particle wavelength outside the barrier,

λ
(N )
1

2
N = anQM, N = 1, 2, 3, . . . , (3.33′)

particles travel over the barrier without reflection! Equation (3.33) means there should be
an integer number of particle half-wavelength within the barrier width. The EN set satisfies
the condition (based on Eq. 3.33),

EN − U0 = π2 h̄2

2ma2
N 2, N = 1, 2, 3, . . . . (3.34)

One can recognize the right-hand part of Eq. (3.34) represents a set of energy levels for a
particle in as an infinite well with width a. This is because this set also satisfies Eq. (3.33),
forming standing waves in the well. The first five energy levels and the corresponding wave
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functions relevant to resonance propagation over a barrier are plotted in Figure 3.5. Note,
the wavelength modified over the barrier is referred to rather than the original wavelength
in front of the barrier. The reader familiar with wave optics will possibly recall this simple
and evident condition of resonant Fabry–Perot modes for light passing through a dielectric
film or thin plate. This means reflectionless propagation has resonant origin and arises from
constructive interference of waves reflected at the potential steps. The interference increases
the amplitude so that the output amplitude behind the barrier equals the input amplitude in
front of it. “Local” reflection r and transmission t coefficients at the output step are given
by Eq. (3.17) and therefore increase within the barrier 1/t times. The wave function for
certain En values accumulates over the barrier as a light wave does inside a cavity. When
speaking about a single particle, we can make the following statement: a particle travelling
over a potential barrier can be found with higher probability within the barrier than outside
if its energy belongs to the set En . The probability rises with the relative barrier height
(E − U0)/E, which is n2

QMin our notation (3.24).
It is reasonable to evaluate which wavelength λ0

N a particle should originally possess
to travel over the barrier without reflection. Simple arithmetic using Eqs. (3.33) and (2.8)
gives,

λ0
N = aλ(U0)√

λ2(U0)N 2/4 + a2
. (3.35)

In the limit E → U0 the transmission coefficient tends to the constant value [1],

T0 =
(

1 + mU0a2

2 h̄2

)−1

, (3.36)

rather than to zero. In the forthcoming sections we shall see it tends to zero in the limit
E → 0. In the range 0 < E < U0 the transmittance is small, but finite, by means of
tunneling underneath the barrier.

Based on the above consideration for a potential barrier we can immediately write
transmission and reflection coefficients for a potential well. It is clear that Eqs. (3.27) –
(3.29) hold equally for a barrier and a well. Equations (3.30) modify by formal substitutions,

E → E − U0, E − U0 → E

and read,

R =
U 2

0 sin2

(
a

h̄

√
m E

)

U 2
0 sin2

(
a

h̄

√
m E

)
+ 4E(E − U0)

,

T = 4E(E − U0)

U 2
0 sin2

(
a

h̄

√
m E

)
+ 4E(E − U0)

.

(3.37)

A set of resonant particle energies providing reflectionless travel over a well strictly reduces
to the energy spectrum of a particle in an infinite well with the same width,

EN = π2 h̄2

2ma2
N 2, N = 1, 2, 3, . . . (3.38)
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Fig. 3.6 Electron motion over a potential well with finite depth U0 = 1 eV and width a = 2 nm. A particle
with energy higher than 1 eV possesses the finite probability of passing over the well, T
(Eq. 3.35) and the finite probability of being reflected by the well, R = 1 − T . A particle does not
“see” the barrier if its de Broglie wavelength over the well satisfies the condition
λN = 2a/N , N = 1, 2, 3, . . . The first six energy levels EN satisfying this condition are shown
along with superimposed wavefunctions. The first 3 of them lie below the potential threshold U0

and only for N > 3 does resonant propagation occur. Note different wavelengths and different
amplitudes within and outside the barrier.

completely coinciding with Eq. (2.73) from Chapter 2. However, unlike a potential barrier,
for a potential well condition (3.38) is necessary but not sufficient. Only those energies given
by Eq. (3.38) correspond to resonant propagation for which EN > U0 holds, otherwise, the
states possess energies inside the well. For the parameters used in Figure 3.6 resonant
propagation occurs for N > 3. Because of this energetic cutoff, the spectrum of resonant
propagation over a well will always be more rare than the spectrum for the barrier with the
same width a and potential drop U0.

For a complex shape of barrier or well, expressions (3.30) and (3.37) modify. Instead
of the parameters a

√
m(E − U0)/ h̄ for the barrier and a

√
m E/ h̄ for the well, now the

functions,

1

h̄

∫ a

0

√
m(E − U (x)dx (3.39)

should be used as the sine arguments. The latter expression can be presented in the form
a
√

m(E − U (x0)/ h̄ where x0 lies in the interval 0 < x0 < a. Though the basic physical
results remain the same, the straightforward discussion of interference of waves reflected
at x = 0 and x = a is not valid in this case.
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Fig. 3.7 Propagation of electromagnetic waves in a dielectric slab with refractive index n2 and thickness a
embedded in ambient medium with refractive index n1. The right panel represents the
transmission spectrum according to Eq. (3.41). The left panel shows the slab and spatial
distribution of wave amplitude A(x) at frequencies corresponding to the first four maxima in
transmission. Note, transmission maxima equal unity and occur for wavelengths λN satisfying the
condition λN /2N = n2a. Notable is the higher amplitude for those wavelengths inside the slab
compared with waves in the ambient medium. This demonstrates energy accumulation to
provide reflectionless transmission. The refraction index ratio n2/n1 is requested for evaluation in
Problem 4.

In accordance with the title of this chapter, the optical counterparts of potential barriers
and wells are to be identified.

We consider a plane-parallel dielectric plate (Fig. 3.7, left) with thickness a and refraction
index n2 �= n1 differing from that of the ambient medium. Every step in the refraction
index gives rise to partial reflection of the incident electromagnetic wave; reflection r
and transmission t coefficients for electric field amplitude are given by Eq. (3.21). For an
incoming wave with amplitude A0, the amplitude A of the outgoing wave can be written
as,

A = A0t2eiδ/2(1 + r2eiδ + r4e2iδ + · · · + r2N ei Nδ + · · ·), (3.40)

where δ = 2k2a is the phase shift gained after a single roundtrip of the wave inside the
plate. The infinite row in brackets accounts for multiple roundtrips of the wave inside the
plate, each roundtrip resulting in the q = r2eiδ factor for the amplitude. Note the series
in brackets forms a decreasing geometrical sequence whose sum equals 1/(1 − q). Taking
into account also that t2 = 1 − r2 (see Eq. (3.21)) Eq. (3.40) reduces to,

A = A0
(1 − r2)

1 − r2eiδ
eiδ/2. (3.41)
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Fig. 3.8 Transmission spectra of a dielectric slab defined by Eq. (3.40) for different finesse values.

Now we can get the intensity transmission coefficient T,

T =
∣∣∣∣ A

A0

∣∣∣∣
2

= (1 − r2)2

|1 − r2eiδ|2 = (1 − r2)2

(1 − r2)2 + 4r2 sin2

(
δ

2

) =
[

1 + 4r2

(1 − r2)2
sin2(k2a)

]−1

.

(3.42)

In Eq. (3.40) the relationships exp(iδ) = cos δ + i sin δ and sin2(δ/2) = (1 − cos δ)/2 have
been applied.

The maximal transmission value is 1. This means transmission losses because of reflec-
tion are cancelled in resonances where sin(k2a) = 1, i.e. k2a = πN and,

λN

2
N = n2a, N = 1, 2, 3, . . .

The latter condition coincides with Eq. (3.33′). The product of refractive index and ge-
ometrical length in optics is commonly referred to as the “optical thickness”. Therefore
the optical condition of reflectionless propagation sounds as though “the integer number
of the original half-wavelength should fit the optical thickness of the slab”. The minimal
transmission value reads,

Tmin =
[

1 + 4r2

(1 − r2)2

]−1

= (1 − r2)2

(1 + r2)2
=
(

1 − R

1 + R

)2

.

The sin2 prefactor in Eq. (3.42),

F = 4r2

(1 − r2)2

is referred to as finesse. It defines the sharpness of the transmission spectrum (Fig. 3.8).
Finesse infinitely increases when R = r2 → 1.
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Using an expression for r in terms of relative refraction index n = n2/n1 (see Eqs. (3.21)
and (3.23)),

r = n − 1

n + 1
,

Eq. (3.42) reads,

TEM =
[

1 +
(

n2 − 1

2n

)2

sin2(k2a)

]−1

, k2 = ω

c
n2. (3.43)

The subscript “EM” is attached to T to remind us we are considering electromagnetic
waves. Compare this result with the quantum mechanical counterpart,

TQM =
[

1 + U 2
0

4E(E − U0)
sin2 (k2a)

]−1

, k2 = 1

h̄

√
m(E − U0), (3.44)

which is taken from Eq. (3.30) but transformed to emphasize structural similarity to (3.43).
Indeed one can see comparing (3.44) with (3.43) that both transmissions are given by the
expression [1 + (. . .) sin2(k2a)]−1and therefore in both cases we have unit transmission
(and accordingly, reflectionless propagation) when an integer number of half-wavelengths
inside the plate (barrier, well) fits its thickness (width) as expressed by Eq. (3.33). The
sine prefactor in the case of the optical problem at first glance looks like a constant term.
However, in fact n = n(ω) should be considered to account for the spectral dependence of
refraction index for the materials under consideration. In the case of a quantum particle, the
quadratic dependence of energy versus wave number does manifest itself via the specific
form of the sine prefactor. Remarkably, that substitution of the “quantum mechanical relative
refraction index” nQM according to Eq. (3.24) transforms Eq. (3.44) into the expression,

TQM =
[

1 +
(
1 − n2

QM

)2
4n2

QM

sin2(k2a)

]−1

, where n2
QM = (E − U0)/E, (3.45)

which completely resembles the optical counterpart (3.43). The same isomorphism can be
demonstrated for reflection coefficients (see Problem 1).

Note the different approach we have used to calculate transmission in the optical problem
compared with the quantum mechanical case. In the quantum mechanical problem the
conditions of continuity of wave function and its first derivative have been used, whereas
in the optical problem summation of amplitudes for every transmitted wave has been
performed. In every case we have followed the traditional routes proposed in the relevant
textbooks. The reader is asked to prove for themselves that in both cases both approaches
lead to the same results (Problem 2).

The resonant conditions of the reflectionless propagation of classical waves and quantum
particles reveal an important physical issue that is worth emphasizing. Total transmittance
of a barrier or well occurs in spite of, and even as a result of, finite reflection at each of
the two potential/refraction steps. And if, in spite of the finite reflection at the rear step,
we find the initial incident amplitude of the wave and wave function recovered behind
the rear step, this means the wave and wave function “accumulates” within a barrier or
well. This phenomenon is clearly seen in Figures 3.5 to 3.7. Barriers and wells exhibit the
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property of a cavity in storing energy due to the non-zero Q-factor. The latter is a common
property of every oscillating system in mechanics, electricity and optics. It is inherent for
pendulums, LC-circuits, and resonators. It can be defined as the ratio of the energy stored
in a system to that portion of energy the system loses in every period of oscillation. This
notation will be recalled many times in the rest of the book. Here we just note the important
time-related issue. Storing energy needs a certain period of time (namely, Q-times periods
of oscillation) in terms of roundtrips of, say, a light wave between a planar cavity formed
by a pair of mirrors (the refraction step is also a mirror). Therefore the “pictorial gallery”
of wave functions and electromagnetic waves plotted in this section corresponds to the
situation established after a certain period of time. Note that only steady-state equations
and solutions have been examined. In this context recalling different time derivatives in the
Schrödinger and Maxwell equations (first time derivative in quantum mechanics and second
time derivative in electrodynamics) we may expect certain differences in non-steady-state
optics versus non-steady-state quantum mechanics. Examining these differences may form
a defined field of research in the near future, driven by progress in nanophotonics.

In this section, the refraction index in quantum mechanics Eq. (3.24) was introduced
based on kinetic energy and particle velocity drop/rise at the upward/downward potential
step, respectively. Because of the different dispersion laws for a particle and for a classic
wave, a potential barrier appears to resemble a refraction drop rather than a step, and vice
versa, a potential drop resembles a refraction upward step. Notably, the transmission and
reflection formulas appear to be invariant with respect to substitution n → 1/n. The ques-
tion arises: is it more reasonable to redefine nQM as inverse with respect to that defined by
Eq. (3.24)? The potential upward step will correspond then to the upward refraction step and
the potential drop will correspond to the refraction downward step. Wavelength modifica-
tion at step/drop of potential/refraction will be completely alike, the transmission/reflection
expression will remain unchanged since those are seen to conserve at n ↔ 1/n substitution.
However this seemingly more reasonable consideration in fact appears to be rather mislead-
ing as we move from one-dimensional geometry to at least two-dimensional space. Then
Snell’s refraction law must be recalled, which says it is the relative refraction index which
controls the refraction angle, which in turn, is determined exclusively by the velocity change
rather than wavelength change. The refraction angle β versus incident angle α in optics is,

sin α

sin β
= nEM, (3.46)

and remains similar in quantum mechanics,

sin α

sin β
= nQM, (3.47)

provided that the nQM notation defined by Eq. (3.24) is used. This issue has been
outlined by A. Sommerfeld [8]. The notation of Eq. (3.24) has also been used by D. I.
Blokhintsev [9].

Potential and refraction barriers/steps compared

Strictly tracing the mathematical identity of Equations (3.3) and (3.4) in the very beginning
of this chapter, one can see that it is the value E − U (x) for a quantum particle that
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should be superimposed with n2(x) = ε(x) for electromagnetic waves. Plotting these values
instead of the more conventional presentation given in Figures 3.3 and 3.4 results in a
complete merging of electromagnetic and quantum mechanical representations of potential
and refraction barriers and wells. Notably, in this case precise coincidence occurs for an
upward step in refraction and a potential barrier, on one hand, and for a downward step in
refraction and a downward step in potential, on the other hand.

In summary, propagation over potential steps, wells and barriers in quantum mechanics
replicates the features and the laws of propagation of light in dielectric media with step-like
profiles of refractive index. Specific features of particles and light waves are accounted for
through the refractive index which includes a certain dependence of frequency versus wave
number ω(k) for light waves and quadratic dependence E(k) for particles. The upward
potential step in quantum mechanics corresponds to a downward refraction step in optics,
and a potential barrier (well) corresponds to a refraction well (barrier). This asymmetry
arises from the linear speed versus wave number relation in quantum mechanics and the
reciprocal speed versus wave number relation in optics. This asymmetry has no effect on the
formulas for R and T because these contain functions of n which are invariant with respect
to substitution n → 1/n. The principal analogies and relevant formulas of electromagnetic
versus quantum phenomena are listed in Table. 3.3.

3.3 Dielectric function of free electron gas and optical
properties of metals

In this section, we digress to overview the basic electromagnetic response of a gas of
charged particles to an oscillating electric field. The outcome of this will be to help in
understanding where the optical analog to propagation beneath a potential barrier should
be searched for.

An electric field E gives rise to polarization described by the P vector, and D vector in a
medium. This can be written as (see Eq. 2.30),

D = ε0E + P = ε0εE, (3.48)

in terms of the relative dielectric permittivity of the medium ε. Our purpose is to evaluate
the dielectric permittivity for a free gas of charged particles, say, electrons, with respect to
as oscillating electric field,

E(t) = E0 exp(iωt).

This field causes the electron to experience an external force F = −eE, which in turn
results in acceleration (hereafter one-dimensional consideration is used for simplicity),

d2x(t)

dt2
= − e

m
E(t). (3.49)

Deviation of a single charge in space gives rise to polarization p = −ex which for particle
density N forms the total polarization of the medium (per unit volume),

P = −ex N . (3.50)
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Fig. 3.9 Properties of a gas of charged particles. (a) Dielectric function. (b) Dispersion law.

Then the dielectric permittivity ε can be found from Eqs. (3.48) and (3.49) as,

ε = D

ε0 E
= 1 + P

ε0 E
= 1 − ex N

ε0 E
. (3.51)

Therefore we need to solve Eq. (3.49) and then substitute the x value into Eq. (3.51). The
solution of Eq. (3.49) has the form of a function with the same time dependence as E(t):

x(t) = x0 exp(iωt). (3.52)

Taking its second derivative and substituting into Eq. (3.50) the solution reads,

x = 1

ω2

e

m
E(t), (3.53)

whence,

ε(ω) = 1 − ω2
p

ω2
, ω2

p = Ne2

mε0
, (3.54)

where ωp has the dimension of [time]−1 and is called the plasma frequency.
The plot of function (3.54) is presented in Figure 3.9a. Note, the dielectric function

ε(ω) < 1 everywhere and it takes negative values ε(ω) < 0 for ω < ωp. This means that
there is no plane electromagnetic wave in the electron gas for ω < ωp. For ω > ωp there
are electromagnetic waves. The principal peculiarity is propagation of electromagnetic
waves under the condition ε(ω) < 1. Recalling relations for phase velocity v = ω/k and
v = c/n, and n = √

ε, one may expect it not to be possible since the superluminal speed
v = c/

√
ε > c seems to become feasible. However this is not the case. To reveal the

properties of electromagnetic waves in a plasma one should thoroughly account for the
specific ε(ω) function in the range 0 < ε(ω) < 1. Indeed, the known relation,

ω = ck/
√

ε, (3.55)

with substitution of expression (3.54) for ε, gives ω(k) in the form,

ω2 = c2k2 + ω2
p. (3.56)
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Table 3.4. Reflection coefficient (per cent) for a number of common metals at various
wavelengths [13]

Wavelength (nm)

Metal 251 305 357 500 600 700 1000 5000

Aluminium 80 – 84 88 89 87 93 94
Copper 26 25 27 44 72 83 90 98
Steel 38 44 50 56 57 58 63 90
Silver 34 9 75 91 93 95 97 99
Nickel 38 44 49 61 65 69 72 94

This function is plotted in Fig. 3.9b along with the dispersion law in a vacuum ω = ck and
dispersion law in a medium with frequency-independent refraction index ω = ck/n. In the
high frequency limit ω > ωp, the dispersion law (3.56) tends to the vacuum one, whereas
in the low frequency limit ω → ωp, the dispersion law obeys a quadratic dependence,

ω = ωp + 1

2

c2

ωp
k2. (3.57)

One can see that the phase velocity, v = ω/k as well as the group velocity, vg = dω/dk
always remain less than c everywhere in spite of

√
ε < 1.

Note, for ω < ωp an electromagnetic wave propagating in a dielectric medium, when
meeting the border with a charged particle gas will be reflected back almost completely.

In metals, the free electron concentration is of the order of N = 1022 cm−3 and the
plasma frequency falls into the optical range. This is the principal reason for wide-band
omnidirectional optical reflection of metal surfaces. The absolute values for a number of
common metals are given in Table 3.4.

3.4 Propagation through a potential barrier: evanescent
waves and tunneling

The peculiarity of this differential equation of Schrödinger consists in the fact
that coefficient (E – U) can also become negative in some circumstances.

Max Planck , 1927

A potential step: evanescent waves and the skin effect

Consider a potential step with finite height U0 and a particle energy E < U0 (Fig. 3.10(a)).
The wave function can now be written as,

ψ1(x) = A exp(ikx) + B exp(−ikx) for x < 0, k = 1

h̄

√
2m E

and

ψ2(x) = C exp(−κx) for x > 0, κ = 1

h̄

√
2m(U0 − E),

(3.58)
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Fig. 3.10 (a) A finite and (b) infinite potential steps. In case (a) the wave function of a particle whose
energy is lower than U0 exponentially decreases inside the barrier. The probability density
oscillates in front of the step because of interference of the incident and reflected waves.
There is a finite probability of finding a particle underneath the barrier behind the step. In
case (b) the wave function ψ(x) and the probability density |ψ(x)|2 equal zero behind the
step. In front of the step, interference of the incident and reflected waves give rise to oscillating
|ψ(x)|2.

where ψ1(x) remains the same as in Section 3.2 whereas ψ2(x) now takes another
form, since E − U0 < 0 and the κ value unlike k is not wave number. There are in-
coming and reflected waves in front of the step described by the ψ1(x) function. We
can take the numerical coefficient A to be unity for simplicity, since we are inter-
ested in the reflection coefficient r for amplitudes of wave functions which is r = B/A.

The absolute values of all coefficients are defined by a normalization procedure. Un-
like the case of E > U0 (Fig. 3.1) there is no transmitted wave. Instead we have an
evanescent wave described by an exponentially decreasing wave function underneath the
step.

Using conditions of continuity of ψ(x) and ψ ′(x) in x = 0 we arrive at,

1 + B = C, 1 − B = iκ

k
C,
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whence,

B = k − iκ

k + iκ
and C = 2k

k + iκ
.

The reflection coefficient R is,

R = |B|2 =
∣∣∣∣k − iκ

k + iκ

∣∣∣∣
2

= 1. (3.59)

The evanescent wave has the amplitude,

|C |2 = 4k2

k2 + κ2
= E

U0
, (3.60)

i.e. the amplitude tends to 1 for E → U0 and tends to zero for E/U0 → 0. In the case of an
infinite step, the wave function and probability density completely vanish behind the step
(Fig. 3.10(b)). Thus we have 100% reflection of particle flux from the finite potential step
along with the finite probability of finding a part of the flux beneath the step (Fig. 3.10(a)).
The probability of finding a particle beneath the barrier is,

|ψ(x)|2 = |C |2 exp(−2κx) = E

U0
exp

[
− 2

h̄

√
2m(U0 − E)x

]
. (3.61)

To get an idea about characteristic decay of probability beneath the barrier consider an
electron with mass m0 and energy E = 1 eV entering a potential step U0 = 2 eV. Then,

|ψ(x)|2 = 0.5 exp(−1010x) where x is in meters,

which means a 2.2 × 10−5 decrease in probability at a distance x = 1 nm beneath the step.
Note that regardless of the fact that κ in Eq. (3.58) has no meaning of wave number as

it was in the case E > U0, our definition Eq. (3.24) of the quantum mechanical relative
refraction index formally still works. Indeed, now we have imaginary nQM,

nQM =
√

E − U0

E
= i

√
U0 − E

E
= iκ

k
, (3.62)

and negative n2
QM = −κ/k. The reflection coefficient (3.59) can be written in the form,

RQM =
(
1 − nQM

)2
(
1 + nQM

)2 ,

coinciding with Eq. (3.25).
Based on the considerations in Section 3.2 one can see that negative refraction index

in quantum mechanics has an optical counterpart when electromagnetic wave propagation
is considered at the dielectric–metal border under the condition ω < ωp. The negative
dielectric permittivity of a metal ε2 determined by Eq. (3.54) gives rise to an evanescent
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Fig. 3.11 Dielectric permittivity profile (top) and electric field amplitude (bottom) at a dielectric–metal
interface. There are incident and reflected electromagnetic waves in front of the interface and an
evanescent field inside the metal.

electromagnetic wave inside the metal in complete accordance with the above consideration
of a quantum particle beneath a potential step (Fig. 3.11). The reader is requested to
reproduce electromagnetic consideration themselves using functions like Eq. (3.58) for the
electric field and notations,

kEM = ω

c

√
ε1, κEM = ω

c

√−ε2. (3.63)

By analogy with Eqs. (3.22) and (3.26) the reflection coefficient reads,

R =
∣∣∣∣
√

ε1 − √
ε2√

ε1 + √
ε2

∣∣∣∣
2

=
∣∣∣∣1 − √

ε2/ε1

1 + √
ε2/ε1

∣∣∣∣
2

=
∣∣∣∣1 − inm/nd

1 + inm/nd

∣∣∣∣
2

= 1, (3.64)

where ε1 = n2
d is the permittivity of a dielectric medium whose index of refraction is nd

and the notation
√

ε2 = inm is used to emphasize the imaginary refractive index of a metal.
The electric field decays inside the metal according to the formula,

A(x) = ε1

ε1 − ε2
exp

(
−ω

c

√−ε2x
)

, ε1 > 0, ε2 < 0,

or, with other notations,

A(x) = 1

1 + (nm/nd)2
exp(−κx), κ = ω

c
nm. (3.65)

The values of κ and nm for a number of common metals are listed in Table 3.5. The rapid
exponential decay of the electromagnetic field amplitude inside a conductive medium is
referred to as the skin effect. The surface layer where the field amplitude drops by a factor
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Table 3.5. The values of nm and κ for a
number of common metals

experimentally determined for wavelength
589.3 nm (adapted from Sivukhin [12])

Metal nm κ, µm−1

Aluminium 5.23 55.4
Copper 2.62 27.7
Gold 2.82 29.9
Magnesium 4.42 46.9
Mercury 4.41 46.7
Nickel 3.48 36.9
Silver 3.64 38.5
Sodium 2.61 24.6

of 1/e is called the skin layer. Its thickness equals hskin = 1/κ . One can see from the values
of κ in Table 3.5 that, in the visible typical κ values are of the order of 20 – 50 µm−1. This
means one order of magnitude decrease in field amplitude per 100 nm on average.

Finite barriers: tunneling

Gold, silver, and platinum are good conductors, and, yet, when formed into very
thin plates, they allow light to pass through them. From the experiments which
I have made on a piece of gold leaf, the resistance of which was determined
by Mr. Hockin, it appears that its transparency is very much greater than is
consistent with our theory.

James Clerk Maxwell, Treatise on Electricity and Magnetism
(Oxford, 1873, sect. 800)

In the case of a rectangular potential barrier with height U0 and electron energy E, lower
than U0, the solution of the steady-state Schrödinger equation can be found in the form,

ψ1(x) = A exp(ikx) + B exp(−ikx) for x < 0, k =
√

2m E/ h̄

ψ2(x) = C1 exp(−κx) + C2 exp(κx) for 0 < x < a, κ =
√

2m(U0 − E)/ h̄

ψ3(x) = D exp(ikx) for x > a,

(3.66)

where A is defined from normalization and can be put as A = 1, and coefficients B, C, D
are found from the continuity of the wave function and its first derivative in the points
x = 0, x = a. There are incident and reflected waves in front of the barrier, an expo-
nentially decaying function within the barrier and a transmitted wave behind the barrier
(Fig. 3.12). The probability density oscillates in front of the barrier because of interference
of the incident and reflected waves and takes a constant value outside the barrier. Omitting
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Fig. 3.12 A rectangular potential barrier (top), a particle wave function (middle) and probability density
(bottom) for the case when the electron energy E is lower than the potential height U0.

cumbersome calculations we write the final formula for the transmittance in terms of k and
κ (see, e.g. [5]),

TQM =
∣∣∣∣D

A

∣∣∣∣
2

= 4k2κ2

4k2κ2 + (k2 + κ2)2 sinh2(κa)
. (3.67)

Here sinh (x) = (ex + e−x )/2 is the hyperbolic sine function. Recovering expressions for k
and κ transmittance then reads,

TQM =
∣∣∣∣D

A

∣∣∣∣
2

=
[

1 + U 2
0

4E(U0 − E)
sinh2 (κa)

]−1

> 0, (3.68)

and for reflectance,

RQM = 1 − TQM =
[

1 + 4E(U0 − E)

U 2
0

sinh−2(κa)

]−1

< 1 (3.69)

for the particle flux. Penetration of a quantum particle through a barrier with finite height
and width is called tunneling. The transmittance function for an electron versus its energy
E and barrier width a is plotted for the barrier height U0 = 1 eV to give an idea of the
absolute transmittance values (Fig. 3.13). Transmittance grows almost linearly versus E
and rapidly, almost exponentially, drops versus a. For κa � 1, sinh−1(x) reduces to ex/2
and Eq. (3.68) can be written in a simpler form,

TQM ≈ U 2
0

4E(U0 − E)
exp

[
− a

h̄

√
2m(U0 − E)

]
for κa � 1. (3.70)

For example, when U0 − E = 1 eV and a = 1 nm the value of κa ≈ 10. Note, formally
κ = √2m(U0 − E)/ h̄ resembles the wave number of a particle with kinetic energy U0 − E ,
or in other words, κ = 2π/λ where λ is the de Broglie wavelength of a particle with kinetic
energy U0 − E . This presentation helps to estimate the absolute value of κa as the ratio of



60 Wave optics versus wave mechanics I

0.15

0.075

(a) (b)

m = m0

a = 1 nm

a

U0 = 1 eV

U0 

E

a

E = 0.5 eV
m = m0

U0 

T T

0.050

0.025

0.000
0.2 0.4 0.6 0.8 1.0

0.05

0.20

0.10

0.00
0 21

a (nm)E (eV)

U0 =1eV

Fig. 3.13 Probability of an electron tunneling through a rectangular barrier with height U0 = 1 eV as a
function of (a) electron energy E and (b) barrier width a.

the barrier width and a fictitious particle wavelength with the same mass but with kinetic
energy U0 − E .

In the case where the barrier is not rectangular but has a complex shape, κa is replaced
by the integral,

κa →
a∫

0

κ(x)dx,

and Eq. (3.70) reads,

TQM ≈ U 2
0

4E(U0 − E)
exp


−

√
2m

h̄

a∫
0

√
U (x) − Edx


 . (3.71)

Recalling the notation of the quantum mechanical refraction index nQM, defined by
Eq. (3.24), we can formally use this notation as shown by Eq. (3.62),

n2
QM = (E − U0)/E < 0, (3.72)

and represent the transmittance given by Eq. (3.68) as,

TQM =
[

1 − 1

4

(
1 − n2

QM

) (
1 − 1

n2
QM

)
sinh2(κa)

]−1

, κ = 1

h̄

√
2m(U0 − E).

(3.73)

Let us now use the results of Section 3.3 to look for an optical counterpart of tunneling.
Notably, Eq. (3.72),

n2
QM = E − U0

E
= 1 − U0

E
,



61 3.4 Propagation through a potential barrier: evanescent waves and tunneling

0

incident and 
reflected wave

transmitted
wave

n1 > 0 n2 ≤ 0 n3 > 0

e =
 n

2

1.0

0.5

0.0

−0.5

−1.0

Coordinate x

R
e 

[A
(x

)]

2

Fig. 3.14 Propagation of an electromagnetic wave through a rectangular well of dielectric permittivity ε,

reaching negative values in the finite interval of x . Such a well develops if a metal film is
embedded in a dielectric environment. Evanescent waves give rise to the transmitted plane wave
behind the film.

has the same form as Eq. (3.54) for the dielectric permittivity of a gas of charged particles, if
we consider

√
E and

√
U0 as the quantum mechanical counterparts of the wave frequency ω

(property of an electromagnetic wave) and plasma frequency ωp (property of the barrier). It
is not surprising that tunneling of a quantum particle through a potential barrier resembles
the principal features of light propagation through a metal film (Fig. 3.14). An electric
field obeys the same dependencies in dielectric and in metal as a particle wave function in
Eq. (3.66) but with substituted kEM, κEM according to Eq. (3.63). Instead of cumbersome
calculations we can write the transmittance directly based on the quantum mechanical
formula (3.67) using the above mentioned substitutions kEM, κEM and arrive at,

TEM =
[

1 +
(
k2

EM + κ2
EM

)2
4k2

EMκ2
EM

sinh2 (κEMa)

]−1

=
[

1 −
(
ε2

1 − ε2
2

)2
4ε2

1ε
2
2

sinh2 (κEMa)

]−1

.

(3.74)

Using the notation of the relative refractive index nEM electromagnetic transmittance is,

TEM =
[

1 − 1

4

(
1 − n2

EM

) (
1 − 1

n2
EM

)
sinh2 (κEMa)

]−1

, (3.75)

where,

κEM = ω

c

√−ε2, n2
EM = ε1

ε2
, ε2 < 0 < ε1.
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Fig. 3.15 Calculated transmittance at normal incidence of 78 nm, 92 nm and 114 nm thick Ag films on glass
with the realistic frequency-dependent real and imaginary part of the Ag dielectric function. Note
the low absolute values of transmittance, its strong thickness dependence and its increase with
decreasing wavelength. Reprinted with permission from [16]. Copyright 1998 AIP.

Similar to quantum mechanics, for κEMa � 1 (i.e. for common metals in the visible range
for a > 100 nm as is seen from Table 3.5) Eq. (3.75) reduces to the exponential law,

TEM ≈ 1

4

(
1 − n2

EM

) (
1 − 1

n2
EM

)
exp (−κEMa) , for κEMa � 1. (3.76)

Therefore, propagation of an electromagnetic wave through a metal film resembles the
principal features of quantum mechanical tunneling. Because of the negative dielectric
function for frequencies lower than the plasma frequency, the index of refraction becomes
imaginary. This corresponds to the imaginary wave number inherent in quantum mechanics
for a particle energy lower than the potential barrier height. Note that, at the same time, for
frequencies higher than the plasma frequency the refractive index is real, though less than 1.
For ω > ωp, metals support propagation of electromagnetic waves. At ω = ωp the dielectric
permittivity and refraction index are equal to zero. This is the case of E = U0. There is finite
transmittance in these cases, both for the quantum and the optical problem. Interestingly,
wave function and electric field exhibit in these cases neither oscillating (found for E > U0

and its optical counterpart), nor evanescing (inherent in the tunneling case). Instead, both
wave function and electric field exhibit a linear dependence on coordinate. Indeed, for these
cases the Helmholtz and Schrödinger equations reduce to,

∇2ψ(x) = 0, ∇2 A(x) = 0,

with the solutions ψ(x) = α1x + α2, A(x) = β1x + β2 (Problem 7).
In Figure 3.15 the calculated transmittance spectra of silver films are presented, obtained

with the real and imaginary parts of the refraction index taken into account. The figure
represents basic features evaluated on the basis of a very simple model of an electron gas in
a metal. It is clearly seen that there are small but finite transmittance values for the films with
thickness of the order of 100 nm, strong dependence of transmittance on thickness, as well as
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Fig. 3.16 Frustrated total reflection in optics. Evanescent wave behind the high-refraction slab generates
the transmitted plane wave provided that the thin (as compared to wavelength) low-refraction
layer is followed by the high refraction medium.

a pronounced tendency for higher transparency for shorter wavelengths. The latter is because
of close proximity to the plasma frequency (from the negative range of permittivity). For
silver the plasma frequency corresponds to 320 nm. In alkali metals, high transmission for
ω > ωp is well documented and corresponds to the ultraviolet spectral range.

Table 3.6 summarizes the principal notations, formulas and phenomena typical for tun-
neling in quantum physics and in optics.

There is yet another familiar case in wave optics where an evanescent wave develops and
optical tunneling occurs. This is the case of frustrated total reflection. If an electromagnetic
wave propagates in a medium with refractive index n1 bordering another medium with
lower refraction index n2 < n1, then total reflection occurs when the angle of incidence
(with respect to the normal to the border) exceeds the critical value defined by the relation,

sin αcrit = n2

n1
. (3.77)

In this case the electromagnetic field evanesces inside the low-refraction medium similar
to the case of a metal (Fig. 3.16). Figure 3.17 shows an experimental visualization of
evanescent wave first proposed by L. I. Mandelstam in 1914. If the low-refraction medium
offers a short enough path and then is followed by a high-refraction medium, then the
evanescent wave recovers into a plane electromagnetic wave resembling another optical
analog of tunneling.

If we compare this optical case with a quantum potential barrier in more detail, one can
see that instead of a particle energy versus a potential barrier height we should consider the
angle of incidence. In fact, for α < αcrit we have normal propagation of a wave throughout a
triple “sandwich” of three media as it holds for a quantum particle in the case that its energy
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c

b e d a

Fig. 3.17 The elegant performance providing visualization of an evanescent wave under the condition of
frustrated total reflection. A glass prism borders a solution of fluorescent dye (L. Mandelstam,
1914 [17])

exceeds the potential barrier height. For α > αcrit, evanescence and tunneling occur as in
quantum mechanics when a particle energy is lower than the potential barrier height. The
intermediate case α = αcrit versus E = U0 is not so straightforward and remains for detailed
consideration elsewhere. In quantum mechanics the case E = U0 gives finite transmittance
(see Fig. 3.5 and Eq. 3.36). In the optical case, at α = αcrit the surface wave develops at the
interface. Here polarization of incident light has to be thoroughly accounted for, contrary
to the one-dimensional problem where polarization is not important.

Potential and refraction barriers/steps compared

Again, as have been already discussed in Section 3.2, we highlight that pictorial represen-
tation of quantum particles and electromagnetic waves traveling in a tunneling regime can
be made to look alike. Strictly tracing the mathematical identity of Eqs. (3.3) and (3.4)
in the very beginning of this chapter one can see it is the value E − U (x) for a quantum
particle to be superimposed with n2(x) = ε(x) for electromagnetic waves. Plotting these
values instead of the more conventional presentation given in Figures 3.10 and 3.12 re-
sults in complete merging with the electromagnetic counterparts presented in Figures 3.11
and 3.14.

3.5 Resonant tunneling in quantum mechanics
and in optics

In this section we consider tunneling of a quantum particle in a potential with two barriers
(Fig. 3.18) and its optical counterpart. We restrict consideration to the case of a symmetrical
potential with identical barriers, for simplicity and clarity. Based on the previous analogies
evaluated for quantum particles and electromagnetic waves an evident optical counterpart is
nothing else but a well-known Fabry–Perot interferometer consisting of a couple of parallel
identical mirrors (Fig 3.19). Mirrors can be made as elementary metal films or composite
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Fig. 3.18 Accurate numerical solution for a quantum particle whose full energy outside the barriers, E is
lower than the height of the two potential barriers, U0 with thickness d2 and spacing d0.
Parameter values are d0 = 2 nm, d2 = 0.4 nm, U0 = 4 eV. The left panel shows the particle wave
function corresponding to reflectionless propagation. The right panel shows the transmittance on
the same energy axis [18]. The particle mass is equal to the electron mass.

periodic multilayer dielectric structures. The latter offer superior reflection with negligible
losses. These so-called Bragg reflectors, more fashionably known as “one-dimensional
photonic crystals” will be the subject for close consideration in Chapter 7. Keeping ourselves
within the framework of barriers, layers, slabs and wells considered to this point, we imply
that ideal reflecting layers are hypothetical lossless metal mirrors with reflection coefficient
r close to 1 and transmission coefficent t close to 0, arranged parallel to each other
(Fig. 3.22).

When a quantum particle moves in the vicinity of a couple of potential barriers there
is a non-trivial effect referred to as resonant tunneling. For certain energies a particle
gains unit probability to pass through the two barriers without reflection. The key notion
in understanding this phenomenon is to correctly account for all reflected and transmitted
waves, as was done for the more simple geometries of barriers in Sections 3.2 and 3.4.
This is solvable but rather cumbersome. The following intuitive consideration appears
to be instructive. Recalling propagation of a particle over a barrier or well (Figures 3.5
and 3.6 in Section 3.2) along with its optical counterpart (Figure 3.7 and Eqs. (3.40) –
(3.42) in Section 3.2) we can use partial reflection and transmission coefficients r, t (Eqs.
(3.20) and (3.21)) derived for each of the two barriers and count the total particle flux
as we did for electromagnetic waves when deriving expressions (3.40) and (3.41). This
simplified approach is used in many textbooks on wave optics to get the formula for an
optical interferometer. It is physically correct for the electromagnetic problem and based
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Fig. 3.19 Accurate numerical solutions for the electric field amplitude (left) and transmission spectrum
(right) of a Fabry–Perot resonator consisting of two metal films with thickness d2, refraction index
iχ2, separated by a dielectric spacer of thickness d0 and refraction index n0, coinciding with that of
the ambient environment. Parameters used in calculations are, d0 = 200 nm, n0 = 1, d2 = 40 nm,

χ2 = 2 [18].

on elaborate quantum mechanical and electromagnetic wave analogies, we are in a position
to apply the same approach to a quantum mechanical problem.

The net result of such a consideration is the formula coinciding with Eq. (3.45) which
unambiguously predicts resonant propagation for a quantum particle if the integer number
of its de Broglie half-wavelength fits the well width between the barriers. In Figure 3.18
correct numerical solutions are presented for a particle wave function and transmittance.

Several physically meaningful features are clearly observed in Figure 3.18. First, for
resonant energies the wave function amplitude is noticeably higher between the barriers
than outside. Second, the difference is bigger for lower particle energies (deeper states
in the well). Third, resonance transmission peaks widen with growing energies. All these
features can be consistently discussed in terms of a certain Q-factor to be ascribed to a
pair of potential barriers separated by a well. A finite Q-factor results in “accumulation”
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of a particle within the well, i.e. the probability of finding a particle in the well is higher
than of finding it outside. Deeper states gain higher Q-factors because of the more perfect
confinement (higher barriers with higher reflection and lower transmission coefficient for a
barrier). Accordingly, higher Qs manifest themselves in sharper transmission spectra. Thus
transmission peak width correlates perfectly with the degree of “accumulation” of a particle
inside the space between the barriers. A reader familiar with radiophysics is expected to
recall an analogy with storing energy in an LC-circuit and correlation between its Q-factor
and the corresponding resonant curve of oscillation amplitude versus frequency.

Further qualitative consideration can be extended towards discussion of the finite particle
lifetime in the space between the barriers. This results from the known energy–time relation
�E�t ≈ h̄ where �E should be treated as the transmission peak width, whereas �t
gives rise to a finite particle “lifetime” inside the well. The above Q-factor consideration
appears instructive in understanding the basics of resonant tunneling although it is not
comprehensively adopted and elaborated in textbooks.

Resonant tunneling of electrons in complex potential barriers constitutes a solid field in
modern semiconductor physics forming an essential conceptual contribution to nanoelec-
tronics [19].

Figure 3.19 presents the results of an accurate solution showing electric field amplitude
(left panel) and transmission (right panel) on a single frequency axis. A clear analogy is
seen between electric field amplitude distribution and particle wavefunction (Fig. 3.18),
as well as analogy between the resonant optical transmission spectrum and that for res-
onance quantum tunneling in Figure 3.18. The resonant condition remains the same, i.e.
an integer number of electromagnetic half-wavelengths should fit the optical thickness of
the spacer between the mirrors. In Figure 3.19 the refractive index of spacing equals 1
(vacuum or air spacer) and the optical thickness strictly coincides with the geometrical
thickness of the spacer d0. Experimental performance of Fabry–Perot interferometers is
used commercially to produce narrow-band optical transmission filters. However because
of the inevitable losses in metal films a typical transmission maximum does not exceed 50%
(Fig. 3.20).

There is also a difference seen in Figure 3.19 as compared to Figure 3.18. In quan-
tum mechanics rising particle energy (shortening of its de Broglie wavelength) results in
smoother (wider) transmission peaks, whereas in optics rising frequency (shortening of
electromagnetic wavelength) results in sharper (narrower) transmission peaks. This differ-
ence results from dependence of the tunneling probability for an individual barrier on its
relative width and height. In the quantum mechanical problem, barrier width remains con-
stant with energy whereas relative barrier height (U0 − E)/E reduces when particle energy
rises. Therefore a barrier becomes more and more transparent. In optics, barrier height in
terms of χ2 and n0 values remains constant, whereas relative barrier width d2/λ infinitely
increases for shorter λ. In the opposite limit for λ � d2 the relative thickness of the barrier
goes down and transmission approaches 1 for ω → 0. Thus in quantum mechanics Figure
3.18 gives transmissions for different barrier heights, whereas in optics Figure 3.19 gives
transmissions for different barrier widths.

To complete the consideration of resonant tunneling in quantum mechanics and optics
there now follows a rigorous mathematical justification for the above qualitative discussion.
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Fig. 3.20 Experimentally observed resonant transmission spectrum for a commercial Fabry–Perot
interferometer with metal mirrors. Maximal transmission is noticeably less than 1 because of
losses in the metal films.

Amplitude reflection and transmission coefficients for a step formed by medium 1 and 2
in optics (EM) and in quantum mechanics (QM) are given by,

r (EM)
12 = k(EM)

1 − k(EM)
2

k(E M)
1 + k(E M)

2

, t (EM)
12 = 2k(EM)

1

k(EM)
1 + k(EM)

2

,

r (QM)
12 = k(QM)

1 − k(QM)
2

k(QM)
1 + k(QM)

2

, t (QM)
12 = 2k(QM)

1

k(QM)
1 + k(QM)

2

.

(3.78)

If layer 2 is embedded in an ambient dielectric environment whose parameters are denoted
by subscript “0” amplitude reflection and transmission coefficients in optics are,

tdiel
020 = t02t20 exp[ik2d2]

1 − r2
20 exp[2ik2d2]

, rdiel
020 = r02 + t02r20t20 exp[2ik2d2]

1 − r2
20 exp[2ik2d2]

, (3.79)

if layer 2 is dielectric (denoted by superscript “diel”) and,

tmet
020 = t02t20 exp[−κ2d2]

1 − r2
20 exp[−2κ2d2]

, rmet
020 = r02 + t02r20t20 exp[−2κ2d2]

1 − r2
20 exp[−2κ2d2]

(3.80)

if layer 2 is metal (denoted by superscript “met”). Based on the identity of expressions (3.78)
for electromagnetic and quantum mechanical problems, expressions (3.79) and (3.80) are
valid for quantum mechanical problems as well. These formulas can be extensively used
in recurrent and matrix-based calculation schemes to calculate transmission and reflection
for complex structures both in electromagnetism and in quantum mechanics. In particular
they have been applied to the examination of electromagnetic wave propagation in fractal
multilayer structures with the number of individual layers approaching 1000 [20, 21].
Symmetrical double-barrier structures in Figures 3.18 and 3.19 are characterized by the
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Fig. 3.21 Evolution of symmetrical ψ (+) and antisymmetrical ψ (−) wave functions of a particle in a
double-well potential consisting of two identical wells each of width a. As the distance between
the wells tends to zero (from (a) to (c)) the two wells merge into a single well of double width 2a
and the ψ (+) and ψ (−) functions transform into two functions ψ1 and ψ2, corresponding to the two
different states of a particle in a well with width 2a.

coefficients,

t02020 = t2
020 exp[ik0d0]

1 − r2
020 exp[2ik0d0]

,

r02020 = r020 + t020r020t020 exp[2ik0d0]

1 − r2
020 exp[2ik0d0]

.

(3.81)

These expressions can be further simplified and in particular for transmission, one can
finally arrive at a formula coinciding with Eq. (3.42).

3.6 Multiple wells and barriers: spectral splitting

Consider a pair of identical wells of width a separated by a barrier with finite height and
thickness (Fig. 3.21). We shall trace evolution of a particle energy spectrum and wave
function when the barrier height and width both tend to zero.

If the distance between wells is large compared to the well width (R � a), a particle
wave function is close to zero between the wells. Solution of the Schröedinger equation
in this case nearly coincides with the wave function for an isolated well ψ1, the only
difference being that |ψ1|2 is halved because of normalization (a particle with equal prob-
ability can be found in either of the two wells). This is shown in the upper panel of
Figure 3.21a. However, one more solution of the Schrödinger equation exists, for which
ψ has a different sign in one of the two wells (lower panel in Figure 3.21(a)). Energy
values for the two wave functions coincide. The function ψ (+) is symmetric whereas the
function ψ (−) is referred to as an asymmetric wave function. When the interwell distance
gets smaller ψ (+) and ψ (−) change (Fig. 3.21(b)). At close distance, the ψ (+)-state has
lower energy compared with the ψ (−)-state. In the limit, functions ψ (+) and ψ (−)convert
into functions ψ1 and ψ2 of the ground and the first excited states, respectively of a
particle in a well with width equal to 2a (Fig. 3.21(c)). For sufficiently high potential
walls, particle lower states can be approximated by the formula derived for a well with
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Fig. 3.22 Splitting of the lower state in a pair of rectangular wells.
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Fig. 3.23 Splitting of energy levels in a multiwell potential consisting of identical wells/barriers.

infinite barriers (see Eq. (2.73)), i.e. En = E1n2, n = 1, 2, 3, . . . , E1 = π2 h̄2/(2ma2).
Comparing the energy set for a well width a (E1, 4E1, 9E1, . . .) with that for a well
width 2a (E1/4, E1, 9E1/4, 4E1, 25E1/4, 9E1, . . .) one can see that the double-width
well has the same set of energies as the original well along with additional levels lying
lower than the original ones. Exact solutions show that every level (twice degenerate) in
individual wells splits into two non-degenerate levels continuously upon R → a. For the
lowest states this is shown in Figure 3.22. Such splitting occurs in any double-well potential,
not only in rectangular wells.

In a set of N identical multiple wells separated by finite barriers N -fold splitting of every
energy level occurs (Figure 3.23). For very large N one can speak about evolution of a
discrete set of energy levels into energy bands. This consideration offers a reasonable hint
to the evolution of electron states in solids as compared to isolated atoms.

All the above splitting phenomena do have direct optical counterparts. Multiple splitting
of an optical transmission spectrum is inherent in coupled optical cavities, i.e. in multi-
cavity interferometers. These may be constructed as a set of dielectric spacers coupled via
semi-transparent metal mirrors. However inevitable losses in metal films inhibit efficient
multiple interference (i.e. make the Q-factor of the system lower) and resonant peaks smear
readily. Purely dielectric structures are much more efficient in every case where multiple
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Table 3.7. Analogies in the properties of electrons and electromagnetic waves propagating
in complex media

Potential profile Electron Electromagnetic wave

Semi-infinite barrier Transmission/reflection Transmission/reflection
Well with finite width Transmission/reflection over

the well
Transmission, reflection and

Fabry–Perot modes in an air
slit between the dielectric
plates

Barrier with finite height Transmission/reflection over
the barrier

Transmission, reflection and
Fabry–Perot modes of a
dielectric plate or film in air

Tunneling under the barrier Transparency of thin metal
films

Frustrated total reflection
Well between two barriers Resonant tunneling under

barriers
Transparency of a

Fabry–Perot interferometer
A sequence of identical

barriers/wells
Multiple splitting of the

steady-state energy levels
Multiple splitting of the

resonant transmission bands
in coupled microcavities
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Fig. 3.24 A three-cavity dielectric structure and its transmission spectrum [22]. (a) Refraction index profile
of an experimentally developed multilayer film. Wider portions form cavities whereas alternating
thinner layers form dielectric reflectors. (b) Calculated and measured central part of a
transmission spectrum.

interference is important. Coupled optical cavities are organized as complex multilayer
structures where several subwavelength films form Bragg reflectors (propagation of light
in periodic structures will be discussed in detail in Chapter 7). In Figure 3.24 a three-
cavity structure is presented along with calculated and experimentally observed three-fold
transmission bands.

It is reasonable to summarize the whole set of optical and quantum phenomena that can
be considered as counterparts (Table 3.7).
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Louis de Broglie (1892–1987) Erwin Schrödinger (1897–1961)

3.7 Historical comments

The laws of the new mechanics are found simply by retaining throughout the
analogy of mechanics with optics.

Max Planck, 1927 [23]

In conclusion to this chapter we recount a few reminiscences from the history of physics
indicating the role of optics in the elaboration of quantum principles as well as evaluation
of early optical counterparts among newly discovered quantum phenomena.

There are many indications pointing at wave optics as the basic contribution to the
formulation of the principal ideas of wave mechanics. The Max Planck quotation in the
epigraph of this section is clear confirmation of this statement. By the beginning of the
dawn of wave mechanics, an analogy between classical mechanics and geometrical optics
had already been thoroughly established. The Hamilton principle in mechanics correlates
with the Fermat’s principle in optics as well as the eikonal equation in optics remarkably
correlating with the Hamilton–Yakobi equation in mechanics. Thus optics contained two
parts, geometrical optics and wave optics, the former correlating with classical mechanics,
whereas the latter had as yet no mechanical counterpart. Louis de Broglie and Erwin
Schrödinger recognized a way to search for an adequate mechanical counterpart with respect
to wave optics, as a way towards new mechanics capable of explaining atomic phenomena.
De Broglie wrote that the new dynamics of material particles relates to the former dynamics
as wave optics relates to geometrical optics [24]. Schrödinger wrote specifically about this
route in lectures on wave mechanics and in his Nobel lecture [25]. He pointed out that, since
the Fermat principle in geometrical optics represents the consequences of wave optics, it is
reasonable to suggest that the Hamilton principle in classical mechanics possibly points to
more general wave-like mechanical laws. Schrödinger did emphasize that the original hint,
at a wave origin for the Hamilton principle had been suggested by Hamilton himself, but that
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this had been neglected for many decades. Schrödinger believed it was necessary to reveal
that hint, and to build self-consistent wave mechanics as optics had been developed with
the wave nature of mass-points and with the Hamilton principle in action as the ultimate
short-wave limit. To emphasize this symmetry in mechanics and in optics, Schrödinger
called classical mass-point mechanics “geometrical mechanics” by analogy to geometrical
optics.

Max Planck (1858–1947) William Hamilton (1805–1865)

Surprisingly enough, this organic consistency of optics and mechanics at the very begin-
ning of the quantum era in physics, as well as the guiding role of optics in the elaboration
of its mechanical counterpart, seem to have been forgotten and are regretfully not included
in modern textbooks on quantum mechanics.

It was reasonable that the first results and the first predictions of the newborn wave
mechanics were subjected to a thorough analysis in terms of possible optical counterparts.
For example, the smooth decay of a particle wave function inside a potential step had been
studied by Max Planck in 1929 as the wave mechanical analog of electromagnetic wave
propagation under conditions of total reflection when the field evanesces smoothly behind
the border of the two media [26]. The tunneling effect, first predicted by L. Mandelstam
and M. Leontovich in 1928 [27], was used by W. Heisenberg in 1932 as the quantum
mechanical counterpart to electromagnetic wave propagation through a metal film [28].
Much later, in 1949, A. Sommerfeld considered frustrated total reflection as a further
analog to the quantum tunneling effect [29] and introduced the quantum mechanical analog
of the optical refractive index [8].

In this connection, the curious situation in the history of physics related to the tunneling
effect and frustrated total reflection as its optical counterpart is noteworthy. As was men-
tioned, the very first hint of the quantum tunneling effect was published by Mandelstam
and Leontovich in 1928 [27]. In this paper, the possibility of a particle wave function
percolating through a classically forbidden area had been predicted (Figure 3.25). Remark-
ably, approximately a decade before L. I. Mandelstam extensively examined frustrated total
reflection in optics ([17] and Figure 3.17) as well as the propagation of evanescent waves
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Arnold Sommerfeld (1868–1951) L. I. Mandelstam (1879–1944)

x

Fig. 3.25 The wave function of a quantum particle in a double-barrier structure representing a precursor to
the quantum tunneling effect in 1928 by L. Mandelstam and M. Leontovich [27].

in radiophysics for the purpose of applications in signal transfer. Based on his experience
and taking into account the general route to wave mechanics through wave optics, it looks
plausible that the pioneering paper [27] had been inspired by the optical analogy. However
no documented reference has been found so far to prove this and it remains open for further
investigation in the history of quantum mechanics.

Quantum tunneling phenomena have found wide application in electronics. Leo Esaki,
the inventor of the tunnel diode [30] received the Nobel Prize in 1973 for this achievement.
Remarkably in his Nobel lecture he highlighted resonant tunneling through a double-barrier
potential as an intriguing effect, and mentioned that a Fabry–Perot interferometer probably
constituted the optical analog to this effect. He said:

“This effect is quite intriguing because the transmission coefficient (or the attenuation factor) for two
barriers is usually thought of as the product of two transmission coefficients, one for each barrier,
resulting in a very small value for overall transmission. The situation, however, is somewhat analogous
to the Fabry–Perot-type interference filter in optics. The high transmissivity arises because, for certain
wavelengths, the reflected waves from inside interfere destructively with the incident waves, so that
only a transmitted wave remains.” [31].

Different issues related to optical analogs to quantum mechanical phenomena were later
discussed by several authors [9, 11, 32, 33, 34]. Many further analogs will be discussed
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in the forthcoming chapters in this book. In the context of the history of science, it is
noteworthy that not only quantum mechanics consumed certain ideas and concepts from
wave optics. A few decades later, in the late twentieth century, many results of quantum
theory of complex structures have been transferred to wave optics. In the dawn of quantum
theory the laws of new mechanics were searched to a large extent by the transfer of wave
-optical concepts to mechanics. Nowadays, the reverse process is noticeably pronounced.
Nanophotonics has been developed to a large extent by the systematic transfer of quantum
mechanical results to wave optics. The very field of so-called photonic crystals and photonic
solids has been elaborated by means of the direct transfer of results and conclusions from
the electron theory of solids to electromagnetism, and the search for optical counterparts to
a number of quantum phenomena in complex structures exhibiting light confinement and
multiple interference events. These optical phenomena today form a significant contribution
to the constitution of nanophotonics as a well-defined field in science and technology.

Problems

1. Calculate the optical reflection coefficient of a plane slab and demonstrate coincidence
with the quantum mechanical counterpart.

2. In quantum mechanical problems typically continuity of the wave function and its
derivative at the borders are exploited to solve the wave equation, whereas in wave optics
sequential addition of amplitudes is widely used. Using a couple of simple problems show
that both techniques give the same result.

3. Consider transmission of light by a plane dielectric lossless slab, with reflection at the
boundaries in terms of additive calculation of light intensities of multiply reflected beams
rather than amplitudes. Compare the results with the case where amplitudes are additively
calculated with respect to the resulting transmission coefficient and intensity of light inside
the slab. Explain the difference.

4. Evaluate the refractive index ratio for the case presented in Figure 3.7.

5. A higher layer of atmosphere consists of ions with rather low concentration. Its plasma
frequency falls into the radiofrequency range. Reflection of radiowaves from this layer
enables distant radio communication in the short-wave range (λ = 101 − 102 m). Estimate
the concentration of ions taking into account that efficient reflection occurs for radiowaves
with wavelength of the order of 10 m, and assuming the average charge of ions Z = 10 and
their average mass m = 104m0.

6. Evaluate the tunneling probability through the same barrier for a proton in comparison
with an electron.

7. Evaluate the wave function and electric field profile for the cases E − U0 = 0, ε = 0 in
the tunneling problem.

8. Based on the complete numerical solutions presented in Figure 3.7 for an optical problem
try to restore the wave functions for its quantum counterparts, given in Figures 3.5 and 3.6.
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9. Try to formulate a definition for the Q-factor of a double-barrier potential in wave
mechanics.

10. Try to draw a sketch of the transmission spectrum for an electron in the case of a
multi-well potential shown in Figure 3.23.

11. Metal film offers a possibility of tunneling for electromagnetic waves along with energy
losses. Tunneling in optics was shown to resemble the quantum mechanical counterpart.
Find out a quantum mechanical counterpart for electromagnetic energy losses.

12. Try to recall and analyze resonant splitting phenomena in mechanics (pendulums) and
in radiophysics (LC-circuits).
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4 Electrons in periodic structures and quantum
confinement effects

The optical properties of matter result from the quantum transitions electrons perform in
the course of light–matter interactions. This chapter contains a brief introduction to the
electron theory of solids in terms of quantum particle properties in a periodic potential,
the concept of quasiparticles and band structure. Therefore, this chapter is important for the
understanding of the basic optical properties of crystals including crystalline semiconduc-
tors and dielectrics. It is also important to understand the essence of quantum confinement
phenomena in crystalline solids. Moreover, it forms a precursor to the concept of photonic
crystals, the subject of Chapter 7. Basic notions of the electron theory of solids along with
an introduction to the realm of quantum confinement phenomena in low-dimensional sys-
tems will be considered. All issues are discussed in terms of key problem formulations and
principal results overview. For more detail on the electron theory of solids and the optical
properties of semiconductors the reader is referred to topical textbooks [1–7]. Quantum
confinement in semiconductor nanostructures is discussed in textbooks [5–7]. For close
consideration of quantum confinement effects on the electronic and optical properties of
quantum wells, quantum wires and quantum dots the books [8–13] are recommended.

4.1 Bloch waves

Consider a one-dimensional Schrödinger equation for a particle with mass m,

− h̄2

2m

d2

dx2
ψ(x) + U (x)ψ(x) = Eψ(x), (4.1)

with a periodic potential,

U (x) = U (x + a). (4.2)

Note, Eq. (4.2) leads to a condition,

U (x) = U (x + na), (4.3)

where n is an integer number. Thus we have translational symmetry of potential, i.e.
invariance of U with respect to coordinate shift over an integer number of periods. To give
a primary insight into the properties of wave functions satisfying the Schrödinger equation
with a periodic potential, consider the replacement, x → x + a. Then we arrive at equation,

− h̄2

2m

d2

dx2
ψ(x + a) + U (x)ψ(x + a) = Eψ(x + a), (4.4)
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coordinate X
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a (a)

(b)

U(x)

ψ(x)

Fig. 4.1 (a) A periodic potential and (b) typical wave function resembling a plane wave with amplitude
modulated periodically in accordance with the periodicity of the potential.

where periodicity of the potential (4.2) has been implied. One can see that ψ(x) and
ψ(x + a) do satisfy the same second-order differential equation. This means that either
ψ(x) is periodic, or at least it differs from a periodic function by a complex coefficient
whose square of modulus equals 1. In fact, the Floquet theorem derived in 1883 [14] states
that the solution of Eq. (4.1) with a periodic potential reads,

ψ(x) = eikx uk(x), uk(x) = uk(x + a), (4.5)

i.e. the wave function is a plane wave (eikx ) with amplitude modulated in accordance with
the periodicity of the potential U (x). The “k” subscript for uk means the function uk is
different for different wavenumbers.

An important property of the wave function (4.5) is its periodicity with respect to wave
number. In fact, substituting x → x + a and k → k + 2π/a returns ψ(x) to its original
value.

In a three-dimensional case the periodic potential reads,

U (r) = U (r + T), (4.6)

where,

T = n1a1 + n2a2 + n3a3 (4.7)

is a translation vector, and ai are elementary translation vectors defined as,

a1 = a1i , a2 = a2j , a3 = a3l, (4.8)

with a1, a2, a3 being the periods and i, j, l the unit vectors in the x, y, z directions, respec-
tively. The solution of a three-dimensional Schrödinger equation,

− h̄2

2m
∇2ψ(r) + U (r)ψ(r) = Eψ(r) (4.9)
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Energy

Wave number Wavenumber Coordinate

Energy Energy

−2π/a 2π/a−π/a −π/aπ/a π/a0 0
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Fig. 4.2 Original (a) and reduced (b) presentation of the dispersion law of a particle in a one-dimensional
periodic potential, and the corresponding energy bands in space (c). The dashed line in (a) is the
parabolic dispersion law for a particle in free space.

in the case of a periodic potential has the form,

ψ(r) = eik•ruk(r), uk(r) = uk(r + T). (4.10)

This statement is known as the Bloch theorem since the three-dimensional version of the
Floquet theorem was first considered by F. Bloch [15]. His paper was published at an
early period in quantum mechanics and systematically addressed the properties of the
Schrödinger equation for electrons in a crystal lattice. Therefore solutions of Eq. (4.9) (and
(4.1)) in solid-state physics are referred to as Bloch waves.

In what follows we restrict consideration to a one-dimensional case only; the three-
dimensional case will be discussed in Section 4.2. Periodicity of uk(x) in the Bloch function
(4.5) along with the periodicity of the phase coefficient eikx with respect to kx with period
2π gives rise to an important property of particles in a periodic potential, namely that
wavenumbers differing in integer number of 2π/a, i.e.

k1 − k2 = 2π

a
n, n = ±1,±2,±3, . . . ,

appear to be equivalent. This is a direct consequence of the translational symmetry of the
space. Therefore, the whole multitude of k values consists of equivalent intervals each with
width 2π/a. Every interval contains the full set of nonequivalent k values and is called the
Brillouin zone to acknowledge the principal contribution to this notion by L. Brillouin. The
energy spectrum and the dispersion curve differ from those of a free particle (Fig. 4.2(a)).
The dispersion curve has discontinuities at points

kn = π

a
n; n = ±1,±2,±3, . . . . (4.11)
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At these k values the wave function is a standing wave which arises due to multiple
reflections from the periodic structure. For every kn satisfying Eqs. (4.12), two standing
waves exist with different potential energies. This leads to the emergence of forbidden
energy intervals for which no propagating wave exists. Because of these discontinuities it
is convenient to consider Brillouin zones starting from the first one around k = 0, i.e.

−π

a
< k <

π

a
,

then considering the second zone consisting of the two symmetrical equal intervals,

−2π

a
< k < −π

a
,

π

a
< k <

2π

a
,

and so on. Because of the equivalence of wave numbers differing in integer number of 2π/a
it is possible to move all branches of the dispersion curve towards the first Brillouin zone
by means of a shift along the k-axis by the integer number 2π/a. Therefore, the original
dispersion curve (Fig. 4.2(a)) can be modified to yield the reduced zone scheme (Fig. 4.2b).
The whole wealth of particle dynamics in a periodic potential can be treated in terms of
events within the first Brillouin zone, the energy being a multivalue function of the wave
number. Presentation of the dispersion law in Fig. 4.2(b) is referred to as the band structure.

The value,

p = h̄k, (4.12)

is called the “quasi-momentum”. It differs from the momentum by a specific conservation
law. It conserves with an accuracy of 2π h̄/a, which is, again, a direct consequence of the
translational symmetry of space. The quasi-momentum conservation law is to be considered
in line with the known conservation laws, namely momentum conservation (resulting from
space homogeneity), energy conservation (resulting from time homogeneity) and circular
momentum conservation (resulting from space isotropy), and all these conservation laws
agree with the Noether theorem. This states that every type of space and time symmetry
generates a certain conservation law.

The relation (4.12) gives rise to Brillouin zones for momentum. For Figure 4.2(b) the
first Brillouin zone for momentum is the interval,

− h̄
π

a
< p < h̄

π

a
.

Standing waves at points in Eq. (4.11) result in zero values of the derivative,

dE(p)

dp(k)

∣∣∣∣
kn

= 0, (4.13)

i.e. in the center and at the edges of the first Brillouin zone. Therefore the expansion of the
E(k) function near a given extremum point E0(k0),

E(k) = E0 + (k − k0)
dE

dk

∣∣∣∣
k=k0

+ 1

2
(k − k0)2 d2 E

dk2

∣∣∣∣
k=k0

+ · · · , (4.14)
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can be reduced to a parabolic E(k) law,

E(k) = 1

2
k2 d2 E

dk2

∣∣∣∣
k=0

, (4.15)

by putting E0 = 0, k0 = 0 and omitting the higher-order derivatives in the raw. In turn, the
parabolic dispersion law means that the effective mass of the particle under consideration
can formally be introduced in the vicinity of every extremum of E(k) as,

1

m∗ = 1

h̄2

d2 E

dk2
≡ d2 E

dp2
= const. (4.16)

Note, from the relation E = p2/2m = h̄2k2/2m, for a free particle we have everywhere,

1

h̄2

d2 E

dk2
= d2 E

dp2
≡ m−1.

The effective mass (4.16) determines the reaction of a particle to the external force, F,
via a relation,

m∗a = F, (4.17)

where a is the acceleration. Equation (4.17) coincides formally with Newton’s second
law.

Comparing Figures 4.2(a) and (b), one can see that, for example, in the vicinity of the
k = 0 point, the effective mass is noticeably smaller than the intrinsic inertial mass of a
particle. This is evident, because the curvature of the E(k) function, which is equal to the
second derivative, is larger in case (b) near the k = 0 point than in case (a), shown by a
dashed line. Therefore, a particle in a periodic potential can sometimes be “lighter” than in
free space. Sometimes, however, it can be “heavier”. Moreover, it can even possess a negative
mass. This corresponds to the positive curvature of the E(k) dependence in the vicinity
of the maximum. The negative effective mass is not an artifact but an important property
peculiar to a particle which interacts simultaneously with a background periodic potential
and with an additional perturbative potential. The negative mass means the momentum
of a particle decreases in the presence of an extra potential. This results from reflection
from the periodic potential steps/wells. The difference in momentum does not vanish but
is transferred to the material system responsible for the periodic potential, for example, the
ion lattice of the crystal.

In the vicinity of every extremum, the Schrödinger equation with periodic potential
(4.10) reduces to the equation,

− h̄2

2m∗
d2ψ(x)

dx2
= Eψ(x), (4.18)

which describes the free motion of a particle with effective rather than original mass.
To summarize the properties of a particle in a periodic potential, we outline a few

principal results. First, a particle is described by a plane wave modulated by a period of the
potential. Second, the particle state is characterized by the quasi-momentum. The latter has
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a set of equivalent intervals, the Brillouin zones, each containing the complete multitude
of non-equivalent values. Third, the energy spectrum consists of wide continuous bands
separated from each other by forbidden gaps. As a plane wave, a particle in a periodic
potential exhibits quasi-free motion without an acceleration. With respect to the external
force, the particle’s behavior is described in terms of the effective mass. The latter is,
basically, a complicated function of energy, but can be considered a constant in the vicinity
of a given extremum of the E(k) curve. Generally, the renormalization of mass is nothing
else but a result of the interaction of a particle with a given type of periodic potential.

For a step-wise periodic potential the one-dimensional Schrödinger equation can be
solved explicitly. This problem was considered for the first time in 1931 by R. de Kronig
and W. G. Penney [16] and is referred to as the Kronig–Penney model.

4.2 Reciprocal space and Brillouin zones

For Brillouin zones to be discussed in the three-dimensional case, one more important con-
cept is to be introduced. It is the reciprocal crystal lattice. The primitive vectors b1, b2, b3

of the reciprocal lattice for a given original lattice with primitive vectors a1, a2, a3 are
defined as follows:

b1 = 2π

V0
[a2 × a3], b2 = 2π

V0
[a1 × a3], b3 = 2π

V0
[a2 × a1], (4.19)

where V0 = a1 · [a2 × a3] is the volume of the elementary cell of the original lattice. A
parallelepiped formed by the three vectors b1, b2, b3 defines the elementary cell of the
reciprocal lattice. Its volume is,

Vb = b1 · [b2 × b3] = 8π3/V0. (4.20)

According to the definition (4.19) every primitive vector of the reciprocal lattice is normal
to each of the couple of original basic vectors whose number differs from the number of the
reciprocal lattice vector, i.e. bi ⊥ a j , al , where i, j, l = 1, 2, 3. For cubic and hexagonal
lattices the primitive vectors are all orthogonal. Therefore the relevant reciprocal lattices
also have orthogonal primitive vectors. For a cubic lattice a1 = a2 = a3 = a and b1 = b2 =
b3 = 2π/a hold.

In the previous section we saw that, in a one-dimensional periodic potential, wave
numbers differing by the value 2nπ/a are equivalent. In a three-dimensional periodic
potential those wave vectors are equivalent whose difference equals a reciprocal lattice
vector. That is translational symmetry of the original lattice gives rise to the translational
symmetry of wave vectors in the space of the reciprocal lattice. Unlike the one-dimensional
case, Brillouin zones in two- and three-dimensional space are no longer segments, but
rather polygons and polyhedrons, respectively.

Brillouin zones for two and three dimensions are composed as follows. The origin of
the coordinates is to be chosen at a node of the reciprocal lattice. Then the origin point
is connected with segments to the nearest nodes. The first Brillouin zone will then be
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Fig. 4.3 The first three Brillouin zones (BZ) of a simple two-dimensional square lattice. The first BZ is a
square with the side equal to 2π/a. The second BZ consists of four triangles. The third BZ consists
of eight triangles. Every BZ has a square equal to (2π/a)2.

Fig. 4.4 Elementary cells of cubic lattices (from left to right): simple, body-centered, and face-centered.

confined by the planes orthogonal to these segments and crossing their centers. Further,
segments to the next-nearest nodes are the next to be drawn. Orthogonal planes are built
through their centers. The second Brillouin zone will be confined from the outside by these
planes and from the inside by the first zone. Figure 4.3 represents the first three Brillouin
zones of a two-dimensional square lattice. Figure 4.4 shows elementary cells of the simple
cubic, body-centered cubic, and face-centered cubic lattices. The first Brillouin zone for
the simple cubic lattice has cubic shape, whereas the other lattices have the first Brillouin
zones in the form of complex polyhedrons.

Electron states in crystals are characterized using points and lines in the first Brillouin
zone for which non-reducible representation groups occur. These points and lines are labeled
using Latin and Greek capitals (Fig. 4.5). The center of the first Brillouin zone (k = 0) is
labeled as �-point.

In a 3-dimensional periodic potential, the effective mass defined as,

m∗−1
i j = 1

h̄2

∂2 E

∂ki∂k j
, (4.21)

is the second-order tensor. Note that since,

m∗
i j = m∗

j i
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Fig. 4.5 The first Brillouin zone for the face-centered cubic lattice.

holds, this tensor can be diagonalized and characterized by three components only, namely
m∗

xx , m∗
yy, m∗

zz . The tensor feature of effective mass means that, in accordance with New-
ton’s second law,

m∗
i j a = F, (4.22)

the acceleration direction may not coincide with the external force direction. The expla-
nation of this effect can be found recalling that a particle experiences the impacts of the
periodic potential and external force simultaneously.

4.3 Electron band structure in solids

The dispersion law for the first Brillouin zone of a particle in a periodic potential shown in
Figure 4.2 provides an idea of the band structure for a hypothetical one-dimensional crystal.
In a crystal the periodic potential for an electron arises from periodic displacement of ions
which in turn can be understood, for example, in terms of close-packed balls comprising
cubic lattices, shown in Figure 4.4. This is the case for elementary solids, like, e.g. Si,
C, Ge and others. For binary solids, not only cubic, but more complex lattices occur. In
particular for certain binary semiconductors, e.g. CdS, CdSe, a hexagonal lattice forms
with anisotropic displacement of atoms along one axis (usually labeled as the c-axis).

The electronic properties of solids are determined by occupation of the bands and by
the absolute values of the forbidden gap between the completely occupied and the partly
unoccupied, or free bands. If a crystal has a partly occupied band, it exhibits metallic
properties, because electrons in this band provide electrical conductivity. If all the bands
at T = 0 are either occupied or completely free, material will show dielectric properties.
Electrons within the occupied band cannot provide any conductivity because of Pauli’s
exclusion principle: only one electron may occupy any given state. Therefore, under an
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Fig. 4.6 Band structures of two representative semiconductors, CdS and Si. Adapted from [1]. In CdS the
top of the valence band and the bottom of the conduction band correspond to the same wave
number, i.e., CdS is a “direct-gap” semiconductor. In Si the extrema of the conduction and the
valence band correspond to the different wave numbers, i.e. Si is an “indirect-gap”
semiconductor.

external field an electron in the completely occupied band cannot change its energy because
all neighboring states are already filled. The highest occupied band is usually referred to as
the “valence band” and the lowest unoccupied band is called the “conduction band”. The
difference between the top of the valence band, Ev, and the bottom of the conduction band,
Ec, is called the band gap energy, Eg:

Eg = Ec − Ev. (4.23)

Depending on the absolute Eg value, solids that show dielectric properties (i.e., zero
conductivity) at T = 0, are classified into dielectrics and semiconductors. If Eg is less than
3–4 eV, the conduction band has a non-negligible population at elevated temperatures, and
these types of solids are called “semiconductors.”

The dispersion curve E(k) and the band structure for real crystals is rather complicated.
The effective mass cannot be considered as a constant and in a number of cases can be
described as a second-rank tensor. However, in a lot of practically important cases, the
events within the close vicinity of Ec and Ev are most important and can be described using
an approximation of the constant effective mass, but are sometimes different for different
directions. The band structures of the two representative semiconductors, cadmium sulfide
and silicon, are given in Figure 4.6. For CdS crystals the minimal gap between Ec and Ev

occurs at the same k value. Crystals of this type are called “direct-gap semiconductors.”
For the Si crystal, the minimal energy gap corresponds to the different k values for Ec and
Ev. These types of crystals are usually referred to as “indirect-gap semiconductors.” The
band gap energies of the most common semiconductors are given in Table 4.1.
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Table 4.1. Band gap energy and relevant wavelength for semiconductor and
dielectric crystals [17]

Crystals of group IV elements Crystals of III–V compounds

Crystal
Band gap
energy Eg

Light wavelength
corresponding to Eg Crystal

Band gap
energy Eg

Light wavelength
corresponding to Eg

Si∗ 1.14 eV 1.1 µm GaN 3.50 eV 354 nm
Ge∗ 0.67 eV 1.85 µm GaP∗ 2.26 eV 550 nm

GaAs 1.43 eV 870 nm
InAs 0.42 eV 2.95 µm
InSb 0.18 eV 6.9 µm

Crystals of II–VI compounds Crystals of I–VII compounds

Crystal
Band gap
energy Eg

Light wavelength
corresponding to Eg Crystal

Band gap
energy Eg

Light wavelength
corresponding to Eg

ZnS 3.68 eV 337 nm LiF 12 eV 100 nm
ZnSe 2.80 eV 440 nm NaCl >4 eV <300 nm
ZnTe 2.25 eV 550 nm CuCl 3.2 eV 390 nm
CdS 2.58 eV 480 nm CuBr 2.9 eV 420 nm

CdSe 1.84 eV 670 nm Crystals of IV–VI compounds

CdTe 1.6 eV 770 nm PbS 0.41 eV 3.0 µm
HgTe 0.15 eV 8.2 µm PbSe 0.28 eV 4.4 µm

∗ Indirect-gap materials

At zero temperature semiconductor and dielectric materials may have the higher occu-
pied band (valence band) completely filled with electrons and the lower unoccupied band
(conduction band) with no electrons at all. For the conduction band to contain no electrons
the material should consist either of group IV elements (carbon, germanium, silicon) or of
a pair of elements I–VII, II–VI, and III–V groups to complete eight electrons in the valence
band. These types of solids are presented as separate groups in Table 4.1 in accordance
with the decreasing band gap within each group. Note that the band gap decreases within
every group with increasing element numbers, i.e. the number of electronic shells. Consider
for example band gaps in the rows CdS→CdSe→CdTe or ZnTe→CdTe→HgTe. This is
because a higher number of electron shells results in screening of the Coulomb potential
in the lattice. There is also a regularity with respect to the horizontal position of elements
in the Periodic table. For the same total number of shells, the band gap typically rises in
the rows III–V→II–VI→I–VII. The reason is stronger polarity of the lattice structure with
growing charge difference. For a smaller charge difference bonding is close to covalent,
whereas for a larger charge difference it is strongly ionic. The reader is encouraged to trace
this regularity for themselves (Problem 1). Note, the whole range of the band gap value is
two orders of magnitude.



89 4.4 Quasiparticles: holes, excitons, polaritons

E
ne

rg
y

Eg

ke, −kh

hw

Ee kin

Eh kin

Fig. 4.7 A process of photon absorption resulting in creation of one electron-hole pair. In a diagram
including dispersion curves for conduction and valence bands this event can be shown as a
vertical transition exhibiting simultaneous energy and momentum conservation.

4.4 Quasiparticles: holes, excitons, polaritons

An electron in the conduction band of a crystal, as we have seen in previous sections,
can be described as a particle with charge −e, spin 1/2, mass m∗

e (basically variable rather
than constant), and quasi-momentum h̄k, with a specific conservation law. One can see
that among the above mentioned parameters, only charge and spin remain the same for
an electron in a vacuum and in a crystal. Therefore, when speaking about an electron in
the conduction band, one implies a particle whose properties result from interactions in a
many-body system consisting of a large number of positive nuclei and negative electrons. It
is the standard approach in the theory of many-body systems to replace consideration of the
large number of interacting particles by the small number of non-interacting quasiparticles.
These quasiparticles are described as elementary excitations of the system consisting of
a number of real particles. Within the framework of this consideration, an electron in
the conduction band is the primary elementary excitation of the electron subsystem of a
crystal. The further elementary excitation is a “hole”, which is a quasiparticle relevant to
an ensemble of electrons in the valence band from which one electron is removed (e.g., to
the conduction band). This excitation is characterized by the positive charge +e, spin 1/2,
effective mass m∗

h, and the quasi-momentum. In this presentation, the kinetic energy of the
hole has an opposite sign compared to that of the electron kinetic energy.

Using concepts of elementary excitation, we can consider the ground state of a crystal as
a vacuum state (neither an electron in the conduction band nor a hole in the valence band
exists), and the first excited state (one electron in the conduction band and one hole in the
valence band) in terms of creation of one electron–hole-pair (e–h-pair). A transition from
the ground to the first excited state occurs due to photon absorption (Fig. 4.7) with energy
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and momentum conservation,

h̄ω = Eg + Ee kin + Eh kin

h̄kphot = h̄ke + h̄kh. (4.24)

Here Ee kin (Eh kin) and ke(kh) are electron (hole) kinetic energy and wave vector, respec-
tively. As the photon momentum is negligibly small, we simply have the vertical transition
in the diagram shown in Figure 4.7. The reverse process, i.e., a downward radiative transi-
tion which is equivalent to annihilation of an e–h-pair and creation of a photon is possible
as well. These events and concepts have a lot in common with real vacuum, electrons and
positrons. The only difference is that the positron mass is exactly equal to the electron mass
m0, whereas in a crystal the hole effective mass m∗

h is usually larger than the electron mass
m∗

e (see Table 4.2).
The band gap energy corresponds to the minimal energy which is sufficient for the

creation of one pair of free charge carriers, i.e., electron and hole. This statement can serve
as the definition of Eg.

A description based on non-interacting electrons and holes as the only elementary ex-
citations corresponds to the so-called single-particle presentation. In reality, electrons and
holes as charged particles do interact via Coulomb potential and form an extra quasiparticle,
which corresponds to the hydrogen-like bound state of an electron–hole pair and denoted
as “exciton.” Interacting holes and electrons can be described by a Hamiltonian,

H = − h̄2

2m∗
e

∇2
e − h̄2

2m∗
h

∇2
h + e2

ε |re − rh| . (4.25)

This is the same as the Hamiltonian (2.104) of the hydrogen atom with m∗
e and m∗

h instead of a
free electron mass m0 and a proton mass mp = 1836 m0, respectively and with the dielectric
constant of the crystal ε > 1. Therefore, similarly to the hydrogen atom (Eq. (2.109)), an
exciton is characterized by the exciton Bohr radius (in SI units),

a∗
B = 4πε0

ε h̄2

µehe2
= ε

µH

µeh
× 0.053 nm ≈ ε

m0

µeh
× 0.053 nm (4.26)

where µH is the electron–proton reduced mass defined as,

µ−1
H = m−1

0 + m−1
proton ≈ m−1

0 , (4.27)

which to great accuracy equals the electron mass m0 because m0 � mproton, and µeh is the
electron–hole reduced mass,

µ−1
eh = m∗−1

e + m∗−1
h . (4.28)

Also, similarly to a hydrogen atom, the exciton Rydberg energy can be written as,

Ry∗ = e2

2εa∗
B

= 1

4πε0

µehe4

2ε2 h̄2
= µeh

µH

1

ε2
× 13.60 eV ≈ µeh

m0

1

ε2
× 13.60 eV. (4.29)
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Table 4.2. Electron, hole and exciton parameters [17]

Exciton Rydberg
Ry∗ (meV)

Electron effective mass
me/m0

Hole effective mass
mh/m0

Exciton Bohr radius
a∗

B (nm)

Ge 4.1 ⊥0.19
||0.92

0.54 (hh)
0.15 (lh)

24.3

Si 15 ⊥0.081
||1.6

0.3 (hh)
0.043 (lh)

4.3

GaAs 4.6 0.066 0.47 (hh)
0.07 (lh)

12.5

CdTe 10 0.1 0.4 7.5

CdSe 16 0.13 ⊥0.45
||1.1

4.9

CdS 29 0.14 ⊥0.7
||2.5

2.8

ZnSe 19 0.15 0.8 (hh)
0.145 (lh)

3.8

CuBr 108 0.25 1.4 (hh) 1.2

CuCl 190 0.4 2.4 (hh) 0.7

GaN 28 0.17 0.3 (lh)
1.4 (hh)

2.1

PbS 2.3 ⊥0.080
||0.105

⊥0.075
||0.105

18

PbSe 2.05 ⊥0.040
||0.070

⊥0.034
||0.068

46

hh and lh stand for heavy and light hole, respectively;
⊥(||) means transverse (longitudinal) values.

The reduced electron–hole mass is smaller than the electron mass m0, and the dielectric
constant ε is several times larger than that of a vacuum. This is why the exciton Bohr radius is
significantly larger and the exciton Rydberg energy is significantly smaller than the relevant
values for the hydrogen atom. Absolute values of a∗

B for the common semiconductors range
between 10–100 Å, and the exciton Rydberg energy takes values approximately from
1 meV to 100 meV (Table 4.2).

An exciton exhibits the translational center-of-mass motion as a single uncharged particle
with mass M = m∗

e + m∗
h. The dispersion relation can be expressed as,

En(K) = Eg − Ry∗

n2
+ h̄2K2

2M
, n = 1, 2, 3, . . . , (4.30)

where K is the exciton wave vector. Equation (4.30) includes the hydrogen-like set of energy
levels, the kinetic energy of the translational motion and the band gap energy. The exciton
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Fig. 4.8 Dispersion curves of an exciton and the optical transition corresponding to photon absorption and
exciton creation. Dispersion curves correspond to the hydrogen-like set of energies
En = Eg − Ry∗/n2 at k = 0 and a parabolic E(k) dependence for every En , describing the
translational center-of mass motion. For E > Eg, the exciton spectrum overlaps with the
continuum of unbound electron–hole states. Exciton creation can be presented as intercrossing of
the exciton and the photon dispersion curves corresponding to simultaneous energy and
momentum conservation. The photon dispersion curve is a straight line in agreement with the
formula E = pc.

energy spectrum consists of subbands (Fig. 4.8) which converge to the dissociation edge
corresponding to the free electron–hole-pair. Similarly to the free e–h-pair, an exciton can
be created by photon absorption. Taking into account that a photon has a negligibly small
momentum, exciton creation corresponds to a discrete set of energies,

En = Eg − Ry∗

n2
, n = 1, 2, 3, . . . . (4.31)

An exciton gas can be described as a gas of bosons with an energy distribution function
obeying the Bose–Einstein statistics, i.e. there is no limit to the number of excitons occupy-
ing a single state. For a given temperature T , the concentration of excitons nexc and of the
free electrons and holes n = ne = nh, are related via the ionization equilibrium equation
known as the Saha equation:

nexc = n2

(
2π h̄2

kBT

1

µeh

)3/2

exp
Ry∗

kBT
. (4.32)

For kBT � Ry∗ most of the excitons are ionized and the properties of the electron subsystem
of the crystal are determined by the gas of free electrons and holes. At kBT ≤ Ry∗ a
significant number of electron – hole-pairs exist in the bound state.

As a result of creation of excitons and free electron – hole-pairs, the absorption spectrum
of direct-gap semiconductor monocrystals contains a pronounced resonance peak at energy
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Fig. 4.9 Absorption spectrum of a ZnSe single crystal near the fundamental absorption edge at a
temperature equal to 88 K (a) and 300 K (b) [18]. In panel (a) −ln T = − ln(Iout/Iin) where T is
the optical transmission coefficient, Iout(Iin) is output (input) light intensity.

h̄ω = Eg − Ry∗, a set of smaller peaks at energies En (Eq. 4.31), and a smooth continuous
absorption for h̄ω ≥ Eg. For h̄ω ≥ Eg the absorption coefficient increases monotonically,
the dependence of absorption coefficient versus frequency following the density of states
dependence D(E) = const

√
E − Eg as a first approximation. In reality, absorption is en-

hanced because of the electron–hole Coulomb interaction. In Figure 4.9 an experimentally
observed absorption spectrum for a ZnSe single crystal film is presented. Zinc selenide
possesses band-gap energy Eg = 2.809 eV at T = 80 K and 2.67 eV at T = 300 K, the ex-
citon Rydberg energy, Ry∗ = 18 meV. At kBT � Ry∗ the spectrum contains a pronounced
peak for exciton absorption corresponding to n = 1, whereas the higher sub-bands are
smeared due to thermal broadening. At kBT > Ry∗ the exciton band is not pronounced,
however enhancement of absorption at h̄ω < Eg due to electron–hole Coulomb interaction
occurs. The long-wave absorption tail shows exponential dependence of the absorption
coefficient on the photon energy (the Urbach rule) and corresponds to a straight line on a
semilogarithmic scale.

4.5 Defect states and Anderson localization

In semiconductors and dielectrics substitution of intrinsic atoms by impurity atoms results
in substitution of the corresponding intrinsic states of electrons by impurity states. These
states may have energy inside the band gap. Doping of semiconductors is systematically
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used in electronics to increase conductivity as well as to form electron and hole types of
conductivity. Multiple defect states of an electron (or a hole) evolve to defect bands or
even tails and give rise to a localization–delocalization transition which has an analog for
electromagnetic waves. In this section disorder effects on quantum particle behavior will
be briefly overviewed.

Consider, for example, a semiconductor crystal of a group IV element, say Si. Every atom
forms four covalent bonds with its nearest neighbors. If one atom is replaced by an atom of a
group V element, e.g. As, P, Sb, then the fifth valent electron can enter the conduction band
by means of thermal ionization of the impurity atom. The impurity atom then becomes
a single charged positive ion. Similarly, when an atom of a group III element (e.g., Ga
or In) is inserted into the lattice instead of the original Si atom, bonds with four nearest
neighbors form at the expense of “borrowing” an electron from the valence band. Then a
hole appears in the valence band an the impurity atom becomes a single charged negative
ion. Impurity atoms which give rise to higher free electron concentrations are referred to
as donors whereas the impurity atoms which give rise to higher free hole concentrations
are referred to as acceptors. In binary semiconductors, two types of donors and two types
of acceptors exist. For example, in III–V compounds (GaAs, InP, GaN, InSb) elements of
groups IV and VI are donors and elements of groups II and IV are acceptors. One can
see the same impurity atom may be either a donor or an acceptor depending on which
element it substitutes. For example, Si atoms in GaAs are donors when they substitute Ga
and acceptors when they substitute As.

Simple quantitative consideration of impurity electron states can be performed within
the approximations of isotropic electron effective mass m∗

e , dielectric permittivity ε and
the Coulomb potential of a single charged donor atom. Since an impurity atom mass is
3–4 orders of magnitude higher than an electron effective mass, an impurity center can
be considered as immobile. Then the Schrödinger equation for an electron in a Coulomb
potential of an impurity ion formally coincides with the equation for an electron in a
Coulomb potential, considered in Section 2.6, with replacements m → m∗

e and e2/r →
e2/εr . Therefore we can write an expression for the energy spectrum,

E = − Ed

n2
, n = 1, 2, 3, . . . (4.33)

where donor ionization energy Ed reads (in SI units),

Ed = 1

2πε0

e4m∗
e

2ε2 h̄2
. (4.34)

The donor Bohr radius, by analogy with Eq. (2.101), reads (in SI units),

ad = 4πε0
ε h̄2

m∗
ee2

. (4.35)

Perturbation of the intrinsic electron energy spectrum in a periodic lattice by a single donor
impurity is presented in Figure 4.10. For an acceptor impurity similar consideration can be
applied to give the acceptor ionization energy Ea and acceptor Bohr radius,

Ea = 1

2πε0

e4m∗
h

2ε2 h̄2
, ah = 4πε0

ε h̄2

m∗
he2

. (4.36)
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Fig. 4.10 The Coulomb potential of a donor impurity superimposed with conduction and valence bands,
showing the electron energy spectrum and wave function of the lowest impurity state.
Ec − Ed � Eg, ad > aL.

Consider the evolution of impurity states with increasing impurity concentration N .
Based on general quantum mechanical considerations one can foresee the impurity states
will modify as the average distance between impurity atoms is no longer negligible as
compared with the impurity Bohr radius. Along with the impurity Bohr radius another
length parameter, namely the concentration-dependent Debye screening radius rD becomes
important. This depends on the free charge carrier concentration ne and reads,

rD =
(

ε0εκB T

4πe2ne

)1/2

. (4.37)

Provided that the following two inequalities hold,

N−1/3 � rD, (4.38)

N−1/3 � ad, (4.39)

the above consideration of impurity states in terms of isolated hydrogen-like ones is justified.
Hereafter we consider electrons and donor impurities for clarity. When donors are the only
source of free electrons, the inequality rD(N ) > ad holds. Therefore with increasing N ,

first the inequality (4.38) becomes invalid and then, at higher N , the inequality (4.39) also
becomes invalid. Consider modification of the electron states (Fig. 4.11). First, when the
average distance between impurity sites N−1/3 becomes comparable to rD, the energy level
of every impurity atom will be perturbed by the neighbor atoms. Chaotic displacement of
impurities will give rise to random deviation of every state with respect to that given by
Eq. (4.34). Therefore the electron density of states D(E) can be described in terms of the
Gaussian distribution function,

D(E) = D0 exp

[
− (E − E0)2

(�E)2

]
, (4.40)
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Fig. 4.11 Gradual modification of the density of electron states with growing density N of a donor
impurity. (a) Low doping level, no broadening of impurity states. (b) Intermediate doping.
Formation of the impurity band due to classic broadening. (c) High doping level. Formation of
delocalized states due to quantum broadening. (d) Very high doping. Impurity band merges with
conduction band to form a continuous range of electron states far below Ec. Mobility edge E∗

c

separates localized and delocalized states.

where parameter D0 can be found from the condition of conservation of the total density
of impurity states, ∫

D(E)dE = N .

Therefore, identical impurity energy levels (Fig. 4.11a) evolve to the impurity band with
width �E (Fig. 4.11b). The above broadening resulting from chaotic displacement of
impurity atoms rather than from wave properties of electrons is referred to as classical
broadening.

At higher concentrations when the inequality (4.39) becomes invalid the electron energy
states split because of the wave properties of electrons, as was discussed for a quantum
particle in a double-well potential in Section 3.6. In the case of regular displacement of
impurity atoms in the lattice every electron energy level will split into N levels and electrons
will delocalize, with the electron wave function extended over the whole crystal. Because of
the random displacement of impurities even at higher concentration there are still localized
electron states coexisting with delocalized ones (Fig. 4.11(c)). Finally the impurity band
merges with the conduction band with the threshold energy referred to as the mobility
edge E∗

c .
An electron with energy higher than the mobility edge is completely delocalized. The

density of states function obeys a form of exponential tail (Fig. 4.11(d)). In Figure 4.12 this
case is considered in an energy–coordinate presentation superimposed with the density of
states function. There are two cases possible for the relation between the mobility edge and
the Fermi level EF. If EF < E∗

c (Fig. 4.12(a)) then at T = 0 all electrons will be in localized
states. If EF > E∗

c then delocalized electrons exist even at zero temperature. The first case
corresponds to zero conductivity whereas the second case corresponds to high conductivity.
A transition from isolating to conductive properties of electrons in random potentials is



97 4.6 Quantum confinement effects in solids

Coordinate

(a) Energy Energy
(b)

Density
of states

E*
C

E*
C

Coordinate Density
of states

m

m < E*
C m > E*

C 

m

Fig. 4.12 A sketch of electron energy and density of states in a random potential for the case (a) of the
Anderson dielectric and (b) of metallic conductivity.

called an Anderson transition, after P. Anderson who was the first to outline the absence of
electron diffusion in certain random potentials in 1958 [19]. Localization of an electron in
a random potential can be intuitively understood in terms of the Ioffe–Regel criterion which
considers electron mean free path � versus its de Broglie wavelength λ, namely,

k� < 1, or � < λ/2π. (4.41)

The Ioffe–Regel criterion states that an electron becomes localized when its mean free path
is less than its de Broglie wavelength by a factor of 2π. The Anderson transition is a subject
of extensive theoretical modeling with respect to space dimensionality and randomness
type. Importantly, for the one-dimensional problem, a random potential always results in
localized states and only for two- and three-dimensional problems does space delocalization
occur.

4.6 Quantum confinement effects in solids

Consider an electron’s de Broglie wavelength λe (Eq. 2.8), assuming the effective mass
inherent in real crystals and using the room temperature kBT = 26.7 meV value as a
measure for the electron kinetic energy, i.e.

λe = h√
2m∗

ekBT
. (4.42)

Note that the kBT value gives the mean energy of a particle per one degree of freedom. For
an electron in a vacuum Eq. 4.42 gives λe = 7.3 nm. For an electron in various materials
the λe values are given in Table 4.3, along with the lattice constants aL for the same crystals.
One can see λe is more than one order of magnitude bigger than aL.

Therefore it is possible to perform spatial confinement of an electron (as well as hole and
exciton) motion in one, two or all three directions while keeping the crystal lattice structure
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Table 4.3. Lattice constants and electron de Broglie wavelengths at room temperature for
different semiconductor crystals

Electron de Broglie wavelength Lattice constant
Material Electron mass λe (nm) aL (nm)

SiC 0.41 m0 11 0.308
Si 0.08 m0 26 0.543
GaAs 0.067 m0 28 0.564
Ge 0.19 m0 16 0.564
ZnSe 0.15 m0 19 0.567
InSb 0.014 m0 62 0.647
CdTe 0.1 m0 23 0.647
In vacuum m0 7.3

non-perturbed or rather slightly perturbed. In a thin film whose thickness is less than the
electron de Broglie wavelength the electron motion will be confined in the direction normal
to the film plane, remaining infinite in the other two dimensions. Therefore, in a thin film
two-dimensional electron motion and a two-dimensional electron gas can be performed.
Thin film is hard to grow free standing, typically it is grown on a crystalline substrate or
between the two crystalline layers of different material to provide potential barriers for the
electrons. Such a film is referred to as a quantum well.

The motion of quasiparticles can also be confined in two directions if a crystal has a
needle-like or rod-like shape with cross-sectional size smaller than λe. Such structures can
be grown as isolated species or again, can be developed on top of different materials. These
are usually referred to as quantum wires.

Finally, crystalline nanoparticles (nanocrystals) can offer confinement for electron motion
in all three directions provided that their size is no more than a few nanometers. These are
referred to as quantum dots. Nanocrystals can be grown in solutions and polymers, in
glasses and on top of a crystalline substrate.

For an electron in a quantum well with thickness Lz and infinite potential barriers the
wave function can be written as,

ψ(r) =
√

2

Lx L y Lz
sin(knz) exp(ikxy · r), (4.43)

where the wave number,

kn = π

Lz
n, n = 1, 2, 3, . . . (4.44)

takes a discrete value determined by the well width, whereas kxy takes continuous values
and corresponds to infinite in-plane motion of an electron. Accordingly, the electron energy
is the sum of the kinetic energy relevant to infinite motion E = h̄2k2

xy/2m∗
e and the discrete

set of energy values En = h̄2k2
n/2m∗

e relevant to quantized states of an electron, i.e.

E = h̄2k2
xy

2m∗
e

+ π2 h̄2

2m∗
e L2

z

n2, n = 1, 2, 3, . . . . (4.45)
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For a quantum wire with a rectangular cross-section which allows infinite motion in the
x-direction, with infinite potential barriers in the y- and z-directions, the wave function can
be written as,

ψ(r) = 2

√
1

Lx L y Lz
sin
(
k(z)

n z
)

sin
(
k(y)

m y
)

exp(ikx x), (4.46)

where the wave number kx takes continuous values whereas k(z)
n , k(y)

m are discrete:

k(z)
n = π

Lz
n, n = 1, 2, 3, . . . , k(y)

m = π

L y
m, m = 1, 2, 3, . . . . (4.47)

The energy spectrum consists of a continuous term for motion along the x-axis and the two
discrete sets resulting from confinement in the y- and z-directions,

E = h̄2k2
x

2m∗
e

+ π2 h̄2

2m∗
e L2

z

n2 + π2 h̄2

2m∗
e L2

y

m2, n = 1, 2, 3, . . . , m = 1, 2, 3, . . . . (4.48)

For a cubic quantum dot with infinite potential barriers only a discrete set of completely
localized states is allowed. The wave function reads,

ψ(r) = 2

√
2

Lx L y Lz
sin
(
k(z)

n z
)

sin
(
k(y)

m y
)

sin
(
k(x)
� x
)
, n, m, � = 1, 2, 3, . . . (4.49)

The energy spectrum of an electron in a cubic box with Lx = L y = Lz = L reads,

E = π2 h̄2

2m∗
e L2

(n2 + m2 + �2), n, m, � = 1, 2, 3, . . . . (4.50)

The energy spectrum of an electron in a spherical box will be considered in detail in
Chapter 5.

4.7 Density of states for different dimensionalities

We need now to recall Section 2.2 and count standing waves (normal) modes in 1- and
2-dimensional boxes with size L . We shall use notations 1d and 2d, respectively. For a
1d-box there is space between neighboring k values equal to π/L . To count the number of
modes in the range from k to k + dk in unit volume one has to divide dx by π/L and by L .

This gives a mode number dk/π and mode density,

D1(k) = 1/π. (4.51)

In the 2d-case, an elementary “cell” per one mode will become (π/L)2. Now instead of dk
we need to take the square of the elementary positive layer segment in k-space confined
between the two circumferences with radii k, k + dk (Fig. 4.13). Its square reads πkdk/2.
Dividing this value by the size of a unit cell (π/L)2 and the volume L2 we count the number
of modes (k/π)dk, whence the mode density per unit k interval reads,

D2(k) = k

2π
. (4.52)
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Fig. 4.13 An elementary layer in 2d k-space.

Now mode densities (4.51) and (4.52) are ascribed to electron state densities. Using
known relations (2.24) we arrive at the densities of electron states on the energy scale as
follows,

D1(E) = D1(k)
dk

dE
=

√
2m1/2 E−1/2

h

D2(E) = D2(k)
dk

dE
= 2πm

h2
.

(4.53)

One can see a clear correlation between the density of states functions and the dimensionality
of space d . Based on Eqs. (4.53) combined with their 3d analog Eq. (2.26), one can see the
general relation holds,

Dd (E) = const
m

d
2 E

d
2 −1

hd
. (4.54)

Formulas (4.51) and (4.52) are general and valid for all waves. Formulas (4.53) and (4.54)
are valid for all types of quantum particles with non-zero rest mass m.When electrons (or
holes in solids) are considered, a factor of 2 is added to account for different possible spin
orientations.

4.8 Quantum wells, quantum wires and quantum dots

In Figure 4.14 the density of states functions are compared for spaces with dimensionalities
d = 3, 2, 1. In Figure 4.15 the density of states functions are plotted for a quantum well
(left) and a quantum wire (center). For wells and wires the densities of states are determined
by energy quantization and by functions (4.54). For quantum dots an expression like
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Fig. 4.14 Density of states functions for a quantum particle with non-zero rest mass in spaces with different
dimensionalities.
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Fig. 4.15 Electron density of states in a quantum well, in a quantum wire and calculated probabilities for
optical transitions in a realistic GaAs quantum dot with size 10 nm. Data for GaAs dots are taken
from Ref. [20].

Eq. (4.54) can not be derived. The density of states function in a quantum dot condenses
into a delta-like sharp peak for every energy state allowed in a quantum box. To give an idea
of the optical properties of quantum dots, an example is given of oscillator strengths for
optical transitions in a GaAs quantum dot in Fig. 4.15 (right). Relative oscillator strength is
influenced by the wave functions of quantized electrons and holes, as well as their overlap
within the dot.

Quantum wells and quantum well superlattices

Quantum wells can be fabricated by means of epitaxial growth of a multilayer semiconductor
structure in which a material with a narrower band gap is “buried” into another material
with wider band gap. Notably, this technique is essentially based upon the heterostructure
concept, i.e. the structure which exhibits a continuous crystal lattice but discontinuous
chemical composition. It is possible only provided that the crystal lattices of the adjacent
materials feature equal or very close crystal lattices, the same lattice symmetry and chemical
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Fig. 4.16 A heterostructure containing a narrow-band quantum well between two crystalline materials
with wider band gaps (left) and the corresponding potential profile for an electron.

compatibility. The idea of heterostructures fabrication was advanced in connection with
semiconductor lasers improvement by Zh. Alferov and H. Kroemer in the 1960s, and many
decades afterwards in 2000 this was acknowledged with a Nobel Prize [21, 22]. A sketch of a
triple heterostructure with a thin quantum well along with the potential profile is presented in
Figure 4.16. Optimal performance of semiconductor and dielectric quantum well structures
is severely restricted by the mandatory requirement of perfect lattice fit at the heterostructure
interface. The representative pairs of materials meeting this requirement are e.g. GaAs–
GaAlx As1-x , ZnS–ZnSx Se1-x , Ge–Gex Si1-x , CdSe–CdSex Te1-x . Not only single quantum
wells but also sequential equally spaced multiple quantum wells can be developed with
discrete electron and hole energy levels evolving to minibands. These types of structures
are referred to as quantum well superlattices. Formation of minibands occurs similarly to
energy level splitting in multiple potential wells (Fig. 3.23) and similarly to band structure
formation for a quantum particle in a one-dimensional periodic potential.

Quantum wells feature a number of amazing properties as compared to the parent three-
dimensional bulk crystals. The Schrödinger equation with Coulomb potential for two-
dimensional space gives rise to a different solution compared to the 3d-case. Instead of an
energy spectrum given by Eq. (2.108), another expression comes up,

En = − Ry(
n + 1

2

)2 with n = 0, 1, 2, 3, . . . , (4.55)

and the lowest exciton state now gains energy E∗
g − 4Ry∗ where E∗

g stands for the band gap
energy modified by electron and hole confinement. A four-fold increase in exciton binding
energy offers a strong manifestation of excitonic effects for higher temperatures.

Figure 4.17 shows the behavior of exciton binding energy from the 3d- to 2d-value as
a quantum well width tends to a negligibly small value. It corresponds to infinite barriers,
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Fig. 4.17 Evolution of the exciton binding energy for a quantum well width tending to zero. For the case of
unrealistic infinite potential barriers confining electron and hole motion, exciton binding energy
tends to 4Ry∗, predicted for the pure two-dimensional Schrödinger problem with Coulomb
potential. For realistic finite barriers inherent in heterostructures, the exciton binding energy
increases with decreasing well width, but eventually drops back to the Ry∗ value at vanishing
well width.

which is impossible to perform experimentally. In the more realistic case of finite barriers
at the interfaces, the binding energy at first rises up but then falls down. It happens because
for finite barriers the limiting case of zero width corresponds to 3d-excitons in the ambient
material. A notable increase in exciton binding energy for two-dimensional semiconductors
was predicted for the first time in 1966 by M. Shinada and S. Sugano when considering
exciton properties in extremely anisotropic crystals [23].

Another amazing property of quantum wells is the strong sensitivity of the absorption
spectrum to an external electric field. This was discovered in the 1980s by D. A. B. Miller
and co-workers for GaAs–GaAlx As1-x quantum well structures [24]. Recently it has been
demonstrated for the Ge–Si quantum well structure [25], (Fig. 4.18). Noteworthy is the
challenging issue of making use of advanced Si–Ge based technology for optical commu-
nication and optical processing circuitry. This technology offers easy and cheap integration
of newly developed components because of technological compatibility with CMOS elec-
tronic circuitry as well as with commercial technological equipment. The Si–Ge paradigm
keeps CMOS compatibility but allows us to go from electro-optically inefficient silicon to
Ge, whose direct gap transitions much more readily fall in the vicinity of 1.5 µm photon
wavelength. Germanium quantum wells look to be a very promising candidate for such an
application.

A breakthrough in the problem has been proposed based on exploitation of the direct gap
optical transitions in Ge in the spectral range close to the desirable optical communication
domain. Strong modulation of Ge absorption in quantum wells has been reported [25, 26]
and the first evidence of a feasible optical modulator based on electric field control of optical
cavity finesse has been demonstrated [27]. The electric field effect on intrinsic band-to-band
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Fig. 4.18 (a) Electro-absorptive multiple quantum well structure and (b) its absorption spectra at various
applied voltages. Reprinted with permission from [25]. Copyright 2005 Nature Publ. Group.

transitions in Ge quantum wells far from the indirect absorption onset (0.7 eV) changes
absorption significantly in the spectral range 1340–1460 nm (Fig. 4.18). This pioneering
observation means Ge multiple quantum well structures are considered to be a promising
active material for compact CMOS-compatible electro-optical modulators.

For spectral shift of the response towards the desirable 1550 nm (1540–1560 nm is the
operating range of Er amplifiers in optical communication networks), modified quantum
well stoichiometry has been proposed, namely Ge0.9925Si0.0075 [26]. However, change in
stoichiometry gives rise to strain which is not desirable. Pure Ge wells, even if combined
with a Fabry–Perot cavity exhibit an electro-optical response somewhat outside the de-
sirable range, namely 1440–1460 nm [27]. Most probably, electro-refractive rather than
electro-absorptive properties will be exploited. A change in absorption edge will always
be accompanied by a change in refraction index at the red-side with respect to absorption
onset in accordance with the Kramers–Kronig relations. Therefore long-wave operation
becames feasible. Modulation of the refraction index can be transformed into transmission
modulation by means of interferometers or more complex photonic circuitry solutions like
those to be described in Chapter 9.

Semiconductor quantum wells have found extensive application in injection lasers.
Electron-hole gases of lower dimensionalities feature a narrow spread in velocities at
finite temperatures because of the specific density of states functions (Fig. 4.14). This in
turn lifts the threshold current dependence on temperature. The latter is the crucial injection
laser parameter. Heating of the active layer upon operation gives rise to a higher threshold
current, i.e. undesirable decrease in efficiency of laser operation. It comes from a higher
spread of charge carriers over energy. For lower dimensionality this spread is inhibited be-
cause of the lower number of states available for higher energies. Applications of quantum
wells in lasers are discussed in more detail in [21, 28, 29].
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In past decades, in addition to traditional semiconductor lasers, multiple quantum wells
have been suggested as active media for cascade lasers capable of generating terahertz
radiation (wavelengths of the order of 0.1–1 mm). This frequency range does not have
reliable, efficient and compact coherent sources as optical and infrared ranges do. However
the range is rather demanding for the purpose of security issues (terahertz tomography
can readily replace x-ray scanning of luggage and personal belongings at airports etc.) as
well as for multiple applications in spectral analysis of gases and atmospheric pollution,
where traditional infrared spectroscopy is not efficient because of spectral overlapping of
characteristic absorption lines. The very idea of using a semiconductor superlattice for
terahertz generation dates back to the pioneering work by R. Kazarinov and R. Suris in
1971 [30]. Since the first demonstration of quantum cascade laser operation in 2001 [31],
milliwatt power at an operating temperature of about 150 K in the spectral range of 1–5
THz have been developed [32].

Quantum wires and nanorods

An ideal one-dimensional conductor, a quantum wire, exhibits a remarkable property. In
the case of purely ballistic electron propagation, i.e. in the absence of electron scatterers,
its conductivity G is defined by two fundamental constants, namely,

G = e2

π h̄
. (4.56)

The origin of this amazing relation is as follows. Conductivity is proportional to electron
velocity but an electron with higher velocity has lower density of states available, in inverse
proportion to the velocity, as follows from Eq. (4.54). The product of velocity and density
of states obeys therefore a constant value resulting in constant conductivity. The proof
of this universal law was proposed by Landauer in 1970 [33] and can be found in many
books related to nanoelectronics [34–36]. The G value defined by Eq. (4.56) is called the
conductivity quantum. Its inverse value has the dimensions of resistance and is equal to
G−1 ≈ 13 kOhm.

Quantum wires are of prime importance in nanoelectronics. Quantum wires have not
found extensive applications in optical engineering. A few examples of needle-like crystal
structures with a high aspect ratio can be found among minerals. For example, asbestos
consists of needle-like nanometer-sized crystals.

In very recent years reliable chemical routes for synthesis of elongated semiconductor
nanocrystals with high aspect ratio have been developed [37–41]. These nanocrystals
are known as “nanorods.” Nanorods of II–VI (e.g. CdSe) compounds can be chemically
synthesized with pronounced match- or needle-like geometry and size-dependent optical
properties (Figs. 4.19 and 4.20).
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Fig. 4.19 Images of semiconductor nanorods obtained by means of electron microscopy. Courtesy of
L. Manna.
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Fig. 4.20 Optical properties of CdSe nanorods with length 25 nm and diameter 4 nm in a polymer matrix.
Left: Absorption spectrum with and without an external electric field applied. Right:
Photoluminescence emission spectra of nanorods for various applied voltages.

Quantum dots

Quantum dots in the form of semiconductor nanocrystals in various matrices, or semicon-
ductor pyramids and islands on crystalline substrates have become the subject of extensive
theoretical and experimental investigations and a number of applications. Lasers, light-
emitting devices and other photonic components have been proposed. The properties of
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quantum dots have been reviewed in a number of papers and books [11, 12, 42–44].
Quantum dots will be the subject of extensive discussion in Chapter 5.

Problems

1. Consider modification of the band gap energy for a number of semiconductor and dielec-
tric compounds (Table 4.1.) within the series: CdTe→CdSe→CdS; ZnTe→ZnSe→ZnS;
HgTe→CdTe→ZnTe; InSb→InAs; InAs →GaAs.

Try to predict band gaps for HgS, HgSe, PbTe and CuI based on evaluated correlations.

2. Consider and summarize similarities and differences between excitons and a hydrogen
atom.

3. Consider expressions for the Bohr radius and the ionization energy for an impurity atom
versus those for excitons and explain similarities and differences. Evaluate and compare
absolute values.

4. Find the factor of h−d (where h is the Planck constant and d is the space dimensionality)
in the expression for the electron density of states for various dimensionalities and explain,
based on Planck’s ideas on an elementary cell in phase space. See Section 2.4 for detail.

5. Try to solve the one-dimensional Schrödinger equation with Coulomb-like potential
U = −e2/x and evaluate the 1d-exciton spectrum.

6. Evaluate the dimensions of the conductivity quantum (Eq. (4.56)) and show that it is
actually Ohm−1.

7. Estimate the quantum confinement effect on the optical absorption spectrum of
CdSe nanorods in Figure 4.20, comparing with the band gap energy of the parent bulk
crystal.

8. Compare the electric field effect on absorption spectra of quantum wells and nanorods.
Evaluate the difference.
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5 Semiconductor nanocrystals (quantum dots)

From the standpoint of a solid-state physicist, nanocrystals are nothing else but a kind of
low-dimensional structure complementary to quantum wells (two-dimensional structures)
and quantum wires (one-dimensional structures). However, nanocrystals have a number of
specific features that are not inherent in the two- and one-dimensional structures. Quantum
wells and quantum wires still possess a translational symmetry in two or one dimensions,
and a statistically large number of electronic excitations can be created. In nanocrystals,
the translational symmetry is totally broken and only a finite number of electrons and holes
can be created within the same nanocrystal. Therefore, the concepts of the electron–hole
gas and quasi-momentum fail in nanocrystals.

From the viewpoint of molecular physics, nanocrystals can be considered as a kind of
large molecule. Similar to molecular ensembles, nanocrystals dispersed in a transparent host
environment (liquid or solid) exhibit a variety of guest–host phenomena known for molec-
ular structures. Moreover, every nanocrystal ensemble has inhomogeneously broadened
absorption and emission spectra due to distribution of sizes, defect concentration, shape
fluctuations, environmental inhomogeneities and other features. Therefore, the most effi-
cient way to examine the properties of a single nanocrystal which are smeared by inhomoge-
neous broadening is to use selective techniques, including single nanoparticle luminescence
spectroscopy. The present chapter summarizes the principal quantum confinement effects
on absorption and emission of light, recombination dynamics and many-body phenomena
in semiconductor nanocrystals, as well as primary application issues. Since pioneering
papers on quantum confinement effects in semiconductor nanocrystals by Ekimov, and co-
workers [1, 2], Efros and Efros [3], and Brus [4, 5], great progress has been achieved in the
field due to extensive studies performed by thousands of researchers across the world. The
theory and photophysics of semiconductor nanocrystals have been described thoroughly in
a number of books [6–12] and reviews [13–20]. In addition to these publications, we shall
consider a number of possible applications based on the most recent advances.

5.1 From atom to crystal

Let us discuss the size ranges for semiconductor nanocrystals related to different models
and approaches which provide an adequate description of their optical properties (Fig. 5.1).
The characteristic length parameters involved in such a classification are the crystal lattice
constant, aL, the exciton Bohr radius, a∗

B, and the photon wavelength λ corresponding to
the lowest optical transition.
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Fig. 5.1 Evolution of matter from a single atom to bulk solid.

First of all, if the size a of a nanocrystal is comparable to aL, i.e. close to 1 nanometer, an
adequate description can be provided only in terms of the quantum-chemical (molecular)
approach with the specific number of atoms and configuration taken into account. This
size interval can be classified as a cluster range. The number of atoms in a cluster ranges
from several to a few hundreds. The main distinctive feature of clusters is the absence of
a monotonic dependence of the optical transition energies and probabilities versus number
of atoms. The size as a characteristic of clusters is by no means justified. A subrange can
be outlined corresponding to surface clusters in which every atom belongs to the surface.
This type of cluster features enhanced chemical activity.

In the case when aL � a � λ (the signs � and � imply here at least a few times), a
nanocrystal can be treated as a quantum box for electron excitations. The solid-state ap-
proach in terms of the effective mass approximation predicts a monotonic evolution of the
optical properties of nanocrystals with size towards the properties of the parent bulk single
crystals. The exciton Bohr radius value, a∗

B, divides this range into two subranges, a � a∗
B

and a � a∗
B, providing an interpretation of size-dependent properties in terms of either

electron and hole, or a hydrogen-like exciton confined motion. A number of analytical
relations describing size-dependent properties of nanocrystals have been derived for
these cases. Generally, throughout this range, the concept of an exciton as an interacting
electron–hole pair is relevant, and numerical calculations provide evidence of monotonic
optical transition energies and probabilities behavior without any discontinuity around
a = a∗

B. Remarkable is the fact that for smaller sizes the results provided by the solid-state
and the molecular approaches do converge. This range can be classified as the quantum
dot range. The very notation “quantum dot” implies modeling and interpretation of elec-
tronic and optical properties of nanocrystals in terms of electron confinement phenomena.
The number of atoms for this range is approximately from a couple of hundreds to one
million. A subrange can be identified within this range for smaller sizes where shell-like
structure can be assigned to a nanocrystal in terms that every additional atomic shell dis-
cretely shifts optical spectra and electron energies. Pronounced crystallographic structures
can be identified for particles as small as 3 nm (Fig. 5.2) whose size counts 5–6 lattice
periods.

As the size of a nanocrystal reaches a value of the order of 100 nm, it becomes comparable
to the photon wavelength relevant to resonant optical transitions. This circumstance brings
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3 nm

Fig. 5.2 Scanning electron microscope image of a single CdTe nanocrystal [21].

about a number of important aspects. First of all, light scattering should be explicitly
considered. Second, a concept of photon confinement should be introduced. A nanocrystal in
this case should be treated as a microcavity possessing a definite number of electromagnetic
modes. Light absorption and emission in this case will be strongly influenced by exciton–
photon coupling. In the bulk crystal exciton–photon coupling is described in terms of
the new quasiparticle, a polariton. The concept of a polariton leads to a description of
light propagation in terms of polariton creation and annihilation at the front and the rear
boundary of the sample, respectively, whereas photon absorption is interpreted in terms
of polariton scattering by lattice imperfections (phonons and impurities). This size range of
nanocrystals is less investigated. It can be referred to as the polaritonic range. A number of
interesting phenomena can be foreseen for this range due to exciton–photon coupling under
the conditions of photon confinement.

5.2 Particle-in-a-box theory of electron–hole states

The principal quantum confinement effects on electron and hole states in semiconductor
nanocrystals and relevant optical transitions can be revealed within the framework of
the effective-mass consideration, using the “particle-in-a-box” approach. For a spherical
potential box with infinite potential, and electrons and holes with isotropic effective masses,
clear physical results and elegant analytical expressions can be derived for the two limiting
cases, the so-called “weak confinement” and “strong confinement” limits, proposed by
Efros and Efros [3].

Weak confinement regime

In larger quantum dots, when the dot radius, a, is small but still a few times larger than the
exciton Bohr radius, a∗

B, quantization of the exciton center-of-mass motion occurs. Starting
from the dispersion law of an exciton in a crystal (Chapter 4, Eq. (4.30)), we have to
replace the kinetic energy of a free exciton by a solution relevant to a particle in a spherical
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box (see Chapter 2, Eq. (2.98)). The energy of an exciton is then expressed in the form,

Enml = Eg − Ry∗

n2
+ h̄2χ2

ml

2Ma2
, n, m, l = 1, 2, 3, . . . (5.1)

with the roots of the Bessel function χml (Table 2.1 and Fig. 2.7). Here M = m∗
e + m∗

h is
the exciton mass which equals the sum of the electron m∗

e and hole m∗
h effective masses.

The reader is requested to reveal the generic relation between Eq. (5.1) and Eq. (2.98) by
themselves (Problem 1). One can see an exciton in a spherical quantum dot is characterized
by the quantum number n describing its internal states arising from the Coulomb electron–
hole interaction (1S; 2S, 2P; 3S, 3P, 3D; . . .), and by the two additional numbers, m and
l, describing the states connected with the center-of-mass motion in the presence of the
external potential barrier featuring spherical symmetry (1s, 1p, 1d . . . , 2s, 2p, 2d . . . , etc.).
Here S(s), P(p), D(d), F(f ), . . . letters label states with l = 0, 1, 2, 3, . . . , respectively as it
is adopted in atomic spectroscopy. To distinguish the “internal” and the “external” states,
we shall use capital letters for the former and lower case for the latter.

For the lowest 1S1s state (n = 1, m = 1, l = 0) the energy is expressed as,

E1S1s = Eg − Ry∗ + π2 h̄2

2Ma2
, (5.2)

or in another way,

E1S1s = Eg − Ry∗
[

1 − µ

M

(
πa∗

B

a

)2
]

, (5.3)

where µ is the electron–hole reduced mass µ = m∗
em∗

h/(m∗
e + m∗

h). In Eqs. (5.2) and (5.3)
the value χ10 = π was used. Therefore the first exciton resonance in a spherical quantum
dot experiences a high-energy shift by the value,

�E1S1s = µ

M

(
πa∗

B

a

)2

Ry∗. (5.4)

Note this value remains small as compared to Ry∗ since we consider the case a � a∗
B. This

is the quantitative justification of the term “weak confinement”.
Taking into account that photon absorption can create an exciton with zero angular

momentum only, the absorption spectrum will consist of a number of lines corresponding
to states with l = 0. Then the absorption spectrum can be derived from Eq. (5.1) with
χm0 = πm, (see Table 2.1) i.e.

Enm = Eg − Ry∗

n2
+ h̄2π2

2Ma2
m2, n, m = 1, 2, 3, . . . . (5.5)

A weak confinement regime is feasible in wide-band semiconductors of I–VII compounds
(copper halides) featuring a small exciton Bohr radius and large exciton Rydberg energy
(see Table 4.2). Such nanocrystals are incorporated in certain commercial photochromic
glasses [1]. Typical size-dependent optical spectra for this case are shown in Figure 5.3.

Copper chloride (CuCl) monocrystals have two exciton bands (Z3 and Z12) related to
different valence band branches and a flat interband absorption for h̄ω ≥ Eg. The exciton
Rydberg energy is Ry∗ = 200 meV, and the exciton Bohr radius is a∗

B = 0.7 nm. Large
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Fig. 5.3 The quantum size effect on exciton absorption of CuCl nanocrystals in a glass matrix [8]. Panel (a)
shows an absorption spectrum of larger nanocrystals (a = 15 nm) in a wide spectral range. The
sharp increase in absorption at λ < 340 nm is due to glass matrix absorption. Panel (b) shows in
detail the Z3–exciton absorption band for a = 7.5, 3.5, 2.5 nm.

nanocrystals exhibit basically the same features as bulk crystals (Fig. 5.3a). Note, the sharp
increase in absorption at λ < 340 nm is due to glass matrix absorption. With decreasing
size, the exciton band shows a monotonic blue shift (Fig. 5.3b). As the absolute value of
the shift remains considerably smaller than the exciton Rydberg energy, Ry∗ = 200 meV,
this is a typical example of the quantum-size effect in a weak confinement limit. Note the
complex shape of the exciton band in Figure 5.3b. It was shown to be inhomogeneously
broadened because of the size dispersion for a statistically large number of nanocrystals
contributing to the absorption spectrum in the experiment.

The experimental dependence of the first absorption maximum on particle mean size
ā (Fig. 5.4) features ā−2 behavior which is typical of a “particle-in-a-box” model. The
inevitable size distribution of nanocrystals results in a modified E(a) dependence differing
from the exact analytical solution for a single particle in a box by a numerical coefficient
A to be added to Eq. (5.4) and to the third term in Eq. (5.5). The coefficient is specific
for every distribution function. In the case of the asymptotic Lifshitz–Slyozov distribution
which is characterisctic of diffusion-limited aggregation in a glass matrix, A = 0.67 holds.

Strong confinement limit

The strong confinement limit corresponds to the condition a � a∗
B in which the sign � in

a real experimental situation means “several times smaller”. That means that the confined
electron and hole have no bound state corresponding to the hydrogen-like exciton. Suppos-
ing non-interacting between an electron and a hole as a reasonable starting approximation,



115 5.2 Particle-in-a-box theory of electron–hole states

3.35
CuCl in glass 
T = 4.2 K

3.30

3.25

E
ne

rg
y 

(e
V

)
3.20

0.0 0.1

a–2 (nm–2)

0.2 0.3
–

Fig. 5.4 The size dependence of the Z3-exciton band for CuCl nanocrystals in a glass matrix [8, 22]. The
dots are experimental data, the curve corresponds to Eq. (5.5) with an additional coefficient for
the third term accounting for the size distribution function.

Ec

Ev

0

(a) (b)

x
2a

1de

1pe

1se

1sh

1ph

Absorption

0

0E g

1dh

E
ne

rg
y

Fig. 5.5 The optical properties of an ideal spherical quantum dot with isotropic scalar effective masses of a
non-interacting electron and hole. (a) A sketch of electron–hole energy levels, optical transitions
and (b) reduction of original bulk absorption spectrum (dashed curve) to discrete bands (solid
curves).

we consider quantization of an electron and a hole motion separately and apply the results
of Section 2.6 (Eq. 2.98) independently to an electron and a hole. The “free” electron and
hole in a spherical potential box have the energy spectra,

Ee
ml = Eg + h̄2χ2

ml

2m∗
ea2

, Eh
ml = − h̄2χ2

ml

2m∗
ha2

, (5.6)

if we consider the top of the valence band EV as the origin of the energy scale, i.e. EV = 0.
These energy levels are shown in Figure 5.5a. The zero-point kinetic energy of the electron
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and hole relevant to the lowest state in a box is considerably larger than the Ry∗ value.
The energy and momentum conservation laws result in selection rules that allow optical
transitions which couple electron and hole states with the same principal n and orbital l
quantum numbers. Therefore, the absorption spectrum reduces to a set of discrete bands
peaking at the energies (Fig. 5.5(b)),

Enl = Eg + h̄2

2µa2
χ2

nl . (5.7)

For this reason, quantum dots in the strong confinement limit are sometimes referred to
as “artificial atoms” or “hyperatoms”, because quantum dots exhibit a discrete optical
spectrum controlled by the size (i.e., by the number of atoms), whereas an atom has a
discrete spectrum controlled by the number of nucleons. However, one should bear in mind
that an electron and a hole are confined in space comparable to, or even more compact than,
spatial extension of the exciton ground state in the ideal infinite parent crystal. Therefore,
an independent treatment of the electron and hole motion is by no means justified, and the
problem including the two-particle Hamiltonian with the two kinetic energy terms, Coulomb
potential and the confinement potential should be examined. This important aspect of the
problem was outlined first by Brus [23, 24].

The problem leads to the two-particle Schrödinger equation with Hamiltonian,

H = − h̄2

2m∗
e

∇2
e − h̄2

2m∗
h

∇2
h − e2

ε |re − rh| + U (r ). (5.8)

The appearance of the U (r ) potential does not allow independent consideration of the
center-of-mass motion and the motion of a particle with reduced mass. Several authors
have treated this problem by a variational approach [23–27] and found that the energy of
the ground electron–hole pair state (1s1s) can be expressed in a form,

E1s1s = Eg + π2 h̄2

2µa2
− 1.786

e2

εa
, (5.9)

in which the term proportional to e2/εa describes the effective Coulomb electron–hole in-
teraction in a medium with dielectric permittivity ε. Comparing this term with the exciton
Rydberg energy Ry∗ = e2

2εa∗
B

and bearing in mind that our consideration is still for the strong
confinement limit (a � a∗

B), one can see that Coulomb interaction by no means vanishes in
small quantum dots. Moreover, the Coulomb-term contribution to the ground-state energy
is even greater in its absolute value than in the bulk monocrystal. This is a principal differ-
ence of quantum dots as compared to crystals, quantum wells and quantum wires, where the
Coulomb energy of a free electron–hole pair is zero. Therefore, an elementary excitation
in a quantum dot can be classified as an exciton with a notation “exciton in quantum dot”
[7, 8, 13]. Within the framework of this agreement we shall use the term “exciton” through-
out this chapter even when the relevant state does not obey the hydrogen-like model.

The exciton lowest state energy measured as a deviation from the bulk band gap energy
Eg in the strong confinement limit can be written in a more general way as a raw expansion,

E1s1s − Eg =
(

a∗
B

a

)2

Ry∗
[

A1 + a

a∗
B

A2 +
(

a

a∗
B

)2

A3 + · · ·
]

, (5.10)
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Fig. 5.6 The universal law in terms of dimensionless energy and radius units describing the size
dependence of the first optical resonance in a quantum dot (Eq. 5.11).

with the small parameter a/aB � 1. The first coefficient A1 for various states is described
by the roots of the Bessel function (see Table 2.1). The second coefficient A2 corresponds
to the Coulomb term and takes the following values: A2 = −1.786 for the 1s1s-state,
A2 = −1.884 for the 1p1p-state, and values between −1.6 and −1.8 for other configurations
[26]. The A3 coefficient for the 1s1s-state was found to be A3 = −0.248 [25]. Summarizing
the findings relevant to the ground state, we can write the energy of the first absorption
peak as follows,

E1s1s = Eg + π2

(
a∗

B

a

)2

Ry∗ − 1.786
a∗

B

a
Ry∗ − 0.248Ry∗. (5.11)

Generally terms in the right part of Eq. (5.11) successively reduce in absolute value, though
for small nanocrystals of narrow band semiconductors with small electron effective mass
(PbSe, PbTe, PbS, HgTe, HgSe, HgS, GaAs, InSb) the second term describing the sum
of the kinetic energies of an electron and a hole can be comparable to, or even greater
than the original band gap energy Eg of the parent bulk crystal. Presentation of the optical
absorption shift energy E1s1s in terms of a dimensionless dot radius a/a∗

B manifests as
the universal material-independent law for size-dependent optical absorption if the photon
energy is measured in dimensionless units E1s1s/Ry∗. This law is plotted in Figure 5.6. It
appears to be rather instructive in many cases for the prompt estimation of the quantum
confinement effect on optical absorption and color of nanocrystalline materials.

The size dependence of the E1s1s energy is plotted in Figure 5.7 for a number of semi-
conductor materials. One can see, materials with a narrow band gap (GaAs, CdTe, CdSe)
promise wide-band tunability of the absorption edge through hundreds of nanometers i.e.
the width of the whole visible range of the electromagnetic wave spectrum. The small size
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Fig. 5.7 Size-dependent photon energy and light wavelength of the first absorption resonance for
nanocrystals of various semiconductor materials (ZnSe, CdS, CdSe, CdTe, GaAs) calculated using
Eq. (5.11).

cut-off (a = 1.5 nm) in the plots corresponds approximately to the reasonable applicability
of the “particle-in-a-box” model.

It should be noted that the above consideration in terms of either exciton center-of-mass
motion quantization, or electron–hole motion quantization does not mean any fundamental
physical effect or discontinuity when the size of a dot moves around a = a∗

B. A smooth
evolution of quantum dot properties from crystal-like to cluster-like features occurs and this
can be successfully proven within the framework of the effective-mass approximation by
means of explicit numerical solution of the Schrödinger problem with Hamiltonian (5.8).

Further steps from the “particle-in-a-box” models toward real semiconductor nanocrys-
tals take into account a complicated valence band structure, surface polarization effects
and finite barrier effects. The valence band structure of real semiconductors brings about
a multitude of hole states and modifies the selection rules for dipole-allowed transitions.
Surface polarization effects arise from a dielectric medium with a dielectric constant ε2,
normally being less than that of the semiconductor nanocrystal ε1. The finite barrier height
results in a general energy lowering than can be foreseen on the basis of elementary quantum
mechanics.

Generally, even though straightforward quantum mechnical calculation is not applicable
for extremely small crystallites and clusters, it gives very clear and instructive results on
size-dependent optical properties of matter.

5.3 Quantum chemical theory

Real nanometer-sized semiconductor crystallites, if treated correctly, should be described
like large molecules. This means that a particular number of atoms and specific spatial
configurations should be involved rather than the size. The importance of such an approach
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becomes crucial for smaller crystallites consisting of less than 100 atoms. In this case, the
properties of semiconductor particles should be deduced from the properties of individual
atoms rather than crystals. Therefore, we have to deal with specific types of clusters which
can be examined using molecular quantum mechanics, often referred to as quantum chem-
istry. Quantum-chemical consideration provides an opportunity to reveal the development
of crystal-like properties starting from the atomic and molecular level. Quantum-chemical
calculations for semiconductor clusters have been performed by many groups using various
techniques. Unlike the “particle-in-a-box” approach, quantum-chemical consideration does
not lead to any unified dependence and each specific cluster configuration and composition
has to be examined in detail. In Figure 5.8 a summary is presented of data for CdS-based
clusters [28–30] and dots evaluated by means of both the solid-state and molecular ap-
proaches. One can see a clear agreement of the quantum-chemical and pseudopotential
calculations for smaller sizes and a convergence of the results from effective mass approx-
imation (EMA) and the numerical calculations for larger sizes. A discrepancy between the
EMA results and the data provided by means of other techniques for smaller particles can
be reduced if a finite potential barrier is introduced in the “particle-in-a-box” problem.

Figure 5.9 shows a sketch of the data reported for CdS nanocrystals and clusters in var-
ious matrices [31–34]. Experimental data demonstrate reasonable convergence of results
obtained by different groups as well as satisfactory agreement of experimental findings with
theoretical predictions. When comparing experimental data with theory one should bear in
mind guest–host interface effects, size distribution and the resulting inhomogeneous broad-
ening of the absorption spectrum as well as certain problems in the precise determination



120 Semiconductor nanocrystals (quantum dots)

0.5
2.5

3.0

3.5

4.0

4.5

5.0

CdS

1.0 1.5 2.0
Radius (nm)

E
ne

rg
y 

(e
V

)

2.5 4 6 8 10

Fig. 5.9 Energy of the first absorption maximum measured for CdS nanocrystals and clusters at
temperature 2–9 K in different matrices. Adapted from [12].

of the mean nanocrystal/cluster size, including certain divergence of size data obtained by
different techniques.

5.4 Synthesis of nanocrystals

There are several approaches to the synthesis of nanocrystals based on different techniques.
In what follows these approaches are discussed at the introductory level. For a more thorough
description [8, 9, 12, 15] are recommended.

Diffusion-controlled growth in glass matrices

Synthesis of nanometer sized crystallites in a glass matrix by means of diffusion-controlled
growth is based on commercial technologies developed for fabrication of color cut-off filters
and photochromic glasses. Color cut-off filters produced by “Corning” (USA), “Schott”
(Germany), “Rubin” (Russia), and “Hoya” (Japan) are nothing but glasses containing
nanometer-sized crystallites of solid solutions of II–VI compounds (mainly CdSx Se1−x and
possibly ZnyCd1−ySx Se1−x ). Empirical methods for the diffusion-controlled growth of
semiconductor nanocrystals in a glass matrix have been known over many decades. Com-
mercial photochromic glasses developed much later contain nanocrystals of I–VII com-
pounds (e.g. CuCl, CuBr, AgBr). Typically, silicate or borosilicate matrices are used with
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Fig. 5.10 Absorption spectra of CdSx Se1−x nanocrystals in a glass matrix at room temperature [35]. Insert
shows absorption spectra for small deviations of mean size around a0 = 2.3 nm. The spectra show
a clear blue shift with decreasing mean radius a due to the quantum confinement effect. The
absolute values of the shift is one order of magnitude larger than the exciton Rydberg energy
which is indicative of the strong confinement regime. For smaller a values the shift of the first
band with growing a systematically results in an increase in the total absorption (see data for
a = 2.3, 2.7 and the insert) which is indicative of the normal growth stage. At this stage, mean
size growth occurs due to increase in the total volume of the semiconductor phase in the matrix.
Therefore, absorption spectra at this stage do not overlap.

the absorption onset near 4 eV (about 300 nm), thus allowing optical transmission of the
semiconductor inclusions to be studied (and utilized) over the whole visible range.

Growth of crystallites occurs due to phase transition in a supersaturated viscous solution.
The process is controlled by diffusion of ions dissolved in the matrix and can be performed
in the temperature range Tglass < T < Tmelt, where Tglass is the temperature of the glass
transition and Tmelt is the melting temperature of the matrix. Typically, growth temperatures
range between 550 ◦C and 700 ◦C depending on the desired size of the crystallites and the
matrix composition.

Diffusion-controlled growth from a supersaturated solution can be described in terms of
nucleation, normal growth and competitive growth stages. At the first stage small nuclei are
formed. At the second stage, crystallites exhibit a monotonic growth due to atoms jumping
across the nucleus–matrix interface. At this stage the supersaturation decreases with time
and the total volume of the semiconductor phase monotonically increases. Finally, when
the crystallites are large enough and the degree of supersaturation is negligible (i.e. all ions
are already incorporated in crystallites) surface tension plays the main role and the growth
dynamics features diffusive mass transfer from smaller particles to larger ones. This stage
is commonly referred to as “Ostwald ripening”, “competitive growth”, “diffusion-limited
aggregation” or “coalescence”. Examples of size-dependent optical properties of laboratory
samples grown on the basis of commercial technology are presented in Figure 5.3 (copper
halide crystallites) and in Figure 5.10 (cadmium halcogenide solid solutions).
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Fig. 5.11 Nanoengineering options offered by “inorganics-in-organics” chemistry: nanocrystals capped
with organic groups (quantum dots), binary core/shell quantum dot structures, ternary quantum
dot/quantum well structures, and onion-like multilayer composite systems. Darker circles and
layers are active components whereas lighter circles and layers are wider-band-gap materials
constituting potential barriers. Lines show, approximately, the atomic planes.

Semiconductor-doped glasses are widely used as optical commercial filters, laser shutters
and can be used as optical modulators and other components of laser systems. The evident
advantage is high durability and reliability. However, typically, their luminescence quantum
yield is rather low and therefore glasses are not considered in the context of light-emitting
applications. Most probably guest–host effects, limited surface control options, a wide size
distribution and photoinduced processes constitute drawbacks which prevent development
of light-emitting nanocrystalline glassy materials. Strain effects should also be taken into
account as undesirable guest–host phenomena because of the different thermal expansion
coefficients of matrix and crystallites.

Colloidal nanocrystals in solutions and polymers

This approach can be classified as “inorganics-in-organics” nanotechnology. It offers actual
molecular-scale flexible nanoengineering opportunities and promises novel luminophores
and fluorescent labels.

Nanometer-sized II–VI crystallites can be developed in an organic environment using
a variety of techniques based on organometallic and polymer chemistry. Basic features of
structures fabricated in this way can be summarized as follows. A relatively low precipitation
temperature (usually not exceeding 200 ◦C) is favorable to minimize the number of lattice
defects. The possibility of capping the crystallite surface with organic groups provides a way
to control the surface states. It is possible to obtain isolated clusters or to disperse them in
a very thin film. Under certain conditions, an extremely narrow size distribution of clusters
can be obtained. Bawendi and co-workers have proposed a basic approach to the synthesis
of high-quality luminescent II–VI nanocrystallites in an organic environment which has
been followed by many researchers across the world, and has even been introduced into
the realm of commercial production [36]. In Figure 5.11 the flexibility of this approach is
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Fig. 5.12 Band gap positions for several II–VI compounds [12, 41].

demonstrated. First, colloidal nanocrystalline particles can be developed, typically capped
with organic groups over the surface. Second, core/shell structures consisting of a narrow
band-gap nanocrystalline core capped with a wide-band-gap semiconductor shell are also
feasible. The core crystallite appears to be well isolated from the matrix by chemically
“friendly” capping forming a potential barrier of approximately 1 eV. The core/shell system
is most popular in research and potential applications related to molecular scale photonic
technologies including luminophores, fluorescent labels, biochips and biosensors.

A further example of colloidal nanoengineering is a ternary structure that comprises
an active narrow-band-gap shell surrounded by a wide-band-gap core and outer wide-
band-gap shell. It can be classified as a “quantum dot/quantum well” since the active
middle layer is pulled over a spherical core [37]. Electron–hole states and the resulting
optical properties of such a structure are formed by confinement of electrons and holes
in a quasi-two-dimensional middle layer and are described in terms of a quantum well
with spherical curvature. The spherical dot model described in Section 5.1 is not appli-
cable. Theoretical results for such structures are presented in [20, 38]. Finally, a quantum
dot can be combined with a single or multiple concentric spherical layer(s) separated by
wide-band-gap shells [39]. Many II–VI nanocrystalline colloidal structures, mainly Cd
halcogenides, have been widely developed and examined extensively [7, 8, 12–18, 36]
with a mean crystallite radius ranging from 1 to 10 nm. Synthesis of III–V nanocrystals
by means of colloidal chemistry can also be performed. Additionally, new techniques in
the synthesis of semiconductor nanocrystals are being described. An example is using an
electric discharge in water to obtain luminescent ZnO nanocrystals [40]. Figure 5.12 shows
the relative positions of band gaps for several representative II–VI compounds to illustrate
options for material combinations to form potential barriers in the heterostructures shown in
Figure 5.11.
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Colloidal nanocrystals exhibit sharp absorption spectra with clearly pronounced bands
and an intense edge luminescence. An evident advantage of structures like “semiconductor-
in-an-organic-film” is the possibility of applying a strong electric field when studying
electric field effects because the thickness of the structure, unlike glasses, can be made
down to 10 µm or even less. One more important advantage of this technique as compared,
e.g., to diffusion-limited growth in inorganic glass, is the low defect concentration due to
a low temperature of synthesis (200–300 ◦C) and the well-defined and controllable surface
structure.

Quantum dot heterostructures

Semiconductor heterostructures are crystalline systems with a continuous crystal lattice
structure but discontinuous stoichiometry. They are organized by means of substitution of
atoms in the crystal lattice of the parent crystal by other atoms with the same number of
valent electrons. To keep a continuous crystal lattice it is necessary that the lattice sym-
metry and lattice constants of both components coincide. Heterostructures of group IV
semiconductors (Si–Ge), III–V (e.g. GaAs–InAs) and II–VI (e.g. ZnS–ZnSe) compounds
can be developed by means of molecular beam epitaxy or metal–organic chemical vapor
deposition. First proposed several decades ago by Zh. I. Alferov and co-workers, het-
erostructures have found numerous applications in optoelectronics including light-emitting
diodes and lasers [42]. The self-organized growth of quantum dot heterostructures on a
crystal substrate due to strain-induced phenomena has been discovered recently [9, 43].
It provides broad opportunities for developing high-quality nanocrystals of the most im-
portant industrial semiconductors: III–V compounds, silicon, and germanium. This growth
mode takes place in the case of a sub-monolayer heteroepitaxy with a noticeable lattice
misfit of a monocrystal substrate with the growing layer. In this case the growing mono-
layer exhibits coherent growth, i.e. the structure of the layer reproduces the structure of the
substrate. This means the monolayer experiences a strong pressure due to the lattice misfit.
If this strain is compressive with respect to the monolayer, the latter becomes unstable
and tends to a strain–relaxed arrangement. Remarkably, the strain relaxation occurs via
the 2d → 3d transition after which the strained monolayer divides into a number of hut-
like crystallites. These crystallites have a well-defined pyramidal shape with hexagonal
bases (Fig. 5.13). This effect has been found both for metal–organic chemical vapor depo-
sition and for molecular beam epitaxy. The pyramid base typically measures 10 × 10 nm2

or more, the height being in the range of 5 to 10 nm. Smaller dots would be hard to
develop by this method. The characteristic size of nanocrystals was found to correlate
with the misfit value: the larger the misfit the smaller the crystallites. For example, InAs
pyramids on GaAs (7% misfit) have typical sizes of 12–20 nm base diameter and heights
of 3–6 nm, whereas InP nanocrystals on GaInP (4% misfit) have a base size about 50 nm
and heights of the order of 10–20 nm. Under certain conditions self-organization results
in a regular 2-dimensional quantum dot array on a crystal surface [44]. Quantum dot het-
erostructures exhibit high luminescence quantum yield and therefore are promising for
applications in light emitting diodes and lasers. Also, Si/Ge nanostructures can be used
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Fig. 5.13 InP nanocrystals on a GaInP substrate: high-resolution transmission electron microscope image of
a single nanocrystal for two cross-sections (left) [46], atomic force microscope image on a larger
scale (right) [47]. Copyright 1995 AIP[46]. Copyright 1995 Elsevier Science B.V. [47].

to get self-organized Ge quantum dots on Si substrates including formation of regular
arrays [45].

5.5 Absorption spectra, electron–hole pair states
and many-body effects

Size-dependent optical absorption spectra are well documented for many semiconductor
materials in different matrices and on various substrates. A few examples related to a
weak confinement regime in I–VII nanocrystals (Fig. 5.3) and to a strong confinement
regime in II–VI nanocrystals (Fig. 5.10) in glasses have been shown in previous sections.
The II–VI nanocrystals offer an opportunity to trace modification of optical absorption
spectra in a wide range of sizes covering smooth evolution from bulk-like to cluster-
like behavior. Such an example for CdS nanocrystals is shown in Figure 5.14. Larger
nanocrystals (radius about 10 nm) feature pronounced narrow excitonic absorption bands
followed by continuous interband absorption (compare to Fig. 4.9). With decreasing size,
absorption onset shifts to the short-wavelength side, the absorption spectrum consisting of
a number of wide bands resulting from optical transition involving discrete electron and
hole energy states. These bands are very wide even at very low temperature, which is just
the case in Figure 5.14 where data for T = 2 K are shown. A large absorption bandwidth
results from inevitable inhomogeneous broadening. It arises, first of all, from the finite
size distribution. Further physical mechanisms resulting in inhomogeneous broadening
are variations in stoichiometry, shape, surface structure, defect concentration, charge, local
environment and others. To evaluate contributions of individual crystallites to the absorption
spectrum of an ensemble, the spectrally selective techniques were applied.



126 Semiconductor nanocrystals (quantum dots)

2.50 2.75
Photon Energy (eV)

Wavelength (nm)

9.2 nm

7.7 nm

2.85 nm

2.15 nm

O
pt

ic
al

 D
en

si
ty

 (
a.

u.
)

T = 2 K

CdS in glass

3.00 3.25 3.50

500 480 460 440 420 400 380 360

Fig. 5.14 Absorption spectra of CdS nanocrystals in a glass matrix for four different mean radii (9.2, 7.7,

2.85, 2.15 nm) measured at 2 K [8, 34].

In Figures 5.15 and 5.16 the internal structures of a wide absorption band of CdSe
nanocrystals in a glass matrix revealed using nonlinear pump-and-probe spectroscopy are
shown. In this technique, a strong, narrow-band pump radiation from a tuneable solid state
or dye laser selectively saturates the optical transition which is resonant to the pump wave-
length, whereas another weak, broad-band radiation is used to probe the optical transmission
spectrum of the exited sample in a broader wavelength range. At the limit of lower pump
power, the spectral hole “burned” in the absorption spectrum is two times wider (full width
at half maximum) than the intrinsic homogeneous width of the resonantly saturated optical
absorption band. In this case one bandwidth comes from the intrinsic absorption bandwidth
whereas one more bandwidth is added in the course of optical readout of the population of
states under investigation. One can learn only from the accuracy of the homogeneous width
whether the state probed is populated or not. This technique is discussed in detail, e.g. in [8].

Upon steady growth of pump power, the width and depth of the burned hole exhibits
steady growth since absorption of light by nanoparticles which are exactly resonant to
pump wavelength appear to be saturated, and further excitation leads to saturation of more
and more nanoparticles whose absorption spectrum overlaps with the excitation radiation.
Excitation at the long-wave side of the inhomogeneous spectrum (so called “red-edge
excitation”) typically results in a single hole being burned. However, when the excitation
wavelength tunes towards higher photon energy, higher energy electron-hole states can be
probed (Fig. 5.16). In these experiments a complex internal structure of the wide absorption
band in semiconductor quantum dots was found with a homogeneous spectrum of individual
nanocrystals in the form of doublets. These doublets come from the complex valence band
structure of II–VI compounds resulting in coupling of every electron state with a pair of
hole states.

An example of assignment of optical transitions masked by inhomogeneous absorption
is presented in Figure 5.17 where the absorption spectrum of semiconductor doped glass
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Fig. 5.15 Spectral hole-burning due to selective absorption saturation in an ensemble of CdSe nanocrystals
in a glass matrix [8, 48]. Mean nanocrystal radius is 2.0 nm, temperature is 20 K. The upper panel
shows the absorption spectrum of the unexcited sample (solid line) and the spectrum recorded
under excitation by a laser pulse (photon energy 2.34 eV, duration is 5 ns, intensity is 7 MW/cm2,
dashed line). The lower panel shows differential absorption spectra for successively growing
excitation intensity from 90 kW/cm2 to 7 MW/cm2. Negative change in optical density
corresponds to bleaching.

is shown along with spectral position and relative weight of calculated optical transitions
based on a “particle-in-a-box” model with the valence band structure of II–VI compounds
thoroughly accounted for.

At the initial growth stages of colloidal nanocrystals in solution a peculiar phenomenon
has been observed [51]. In the course of CdSe crystallite growth, in time new absorption
peaks develop with the previous peaks being stable in their original spectral positions
(Fig. 5.18). This observation can be interpreted as a manifestation of certain “magic sizes”
inherent in crystallites in the size range close to the cluster regime. These magic sizes can
be reasonably assigned to the shell-like atomic structure of smaller nanoparticles. Because



128 Semiconductor nanocrystals (quantum dots)

2.2

−0.6

−0.4

−0.2

0.0

1

2

3

4

2.3 2.4

Photon Energy (eV)

O
pt

ic
al

 D
en

si
ty

 D
iff

er
en

ce
O

pt
ic

al
 D

en
si

ty

2.5 2.6

560 540 520

Wavelength (nm)

excitation

CdSe in glass
a = 2.0 nm
T = 50 K

500 480

Fig. 5.16 Doublet structure of the first absorption feature of CdSe nanocrystals in glass elucidated by means
of a nonlinear pump-and-probe technique [8, 49]. Mean crystallite radius is 2.0 nm, temperature
is 50 K. The upper panel presents the linear absorption spectrum. The lower panel presents
differential absorption spectra recorded under monochromatic excitation by a tuneable laser
(pulse duration is 5 ns, intensity is 100 kW/cm2) with simultaneous read-out by a weak
broad-band probe beam. Negative differential optical density corresponds to bleaching.

of these distinct atomic shells certain types of crystallites appear to be much more stable
as compared to crystallites with an intermediate number of atoms and atomic shells. Then
every given spectrum in Figure 5.18 represents a superposition of clusters with different
sizes among the set of “magic” ones. Using Figure 5.7 for quick reference to estimate the
size of those particles, one can see that the radius value is 1.5 nm to 1.7 nm. This value is
compared with the parent bulk crystal lattice aL = 0.6 nm to conclude that the magic size
approach is indeed reasonable.

In bulk semiconductor crystals, hard optical excitation results in the formation of an
electron–hole plasma which in turn, modifies the absorption spectrum drastically by means
of band gap shrinkage, electron–hole states population and exciton screening [8, 52]. There-
fore, the theory of nonlinear optical properties of resonantly excited bulk crystals to a large
extent is the theory of dense electron–hole plasmas. In a nanocrystal, only a discrete number
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Fig. 5.18 Sequential (from bottom to top) absorption spectra of CdSe colloidal nanocrystallites observed in
the course of their growth in a solution. Numbers indicate growth time in minutes for every
spectrum. Reproduced with permission from [51]. Copyright Wiley-VCH.

of electron-hole pairs can be generated. Then, the standard theory of electron–hole states
in quantum dots provides an energy spectrum of the first electron–hole pair. It is the energy
spectrum of the first electron–hole pair that, along with the selection rules, determines
the photon energies of resonant optical transition bands of nanocrystals for low-intensity
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light. Discreteness of the number of electron-hole pairs in every nanocrystal and their
random population in the course of optical excitation lead to the Poissonian distribution
function for an adequate statistical description in this case. When the average number of
electron–hole pairs over an ensemble of nanocrystals is much less than 1, optical properties
are essentially linear and intensity independent. When the average number approaches 1,
absorption saturation occurs of the resonant transition relevant to the first pair. The
absorption spectrum changes considerably. The first e–h-pair band bleaches whereas
the second e–h-pair band becomes pronounced and so forth, i.e. the harder the excitation,
the larger is the average number of e–h-pairs over the ensemble under consideration. New
absorption bands develop as induced absorption (Fig. 5.16). To a large extent, this scenario
is similar to excited-state absorption in molecular ensembles.

In the weak confinement limit multi-exciton states are created by means of intense
optical excitation, every next exciton featuring a higher resonant energy of the lowest state
because of interaction with the existing excitons. This results in a continuous blue shift of
the exciton resonance absorption band with excitation intensity. It is well established for
copper chloride nanocrystals in glasses and for nanocrystals of III–V compounds grown
on a crystalline surface (see, e.g., [8] for detail).

In the strong confinement limit, creation of two electron–hole pairs in the same dot
can promote an Auger recombination process. In this case one electron–hole pair re-
combines passing energy to an electron from another electron–hole pair. If the potential
barrier at the dot–matrix interface is lower than the electron–hole transition energy, then
an electron gaining this energy may leave the nanocrystal and enter into matrix states
nearby. The nanocrystal then remains positively charged and no longer luminesces. Thus
the photoionization process results in luminescence quenching. Recombination of newborn
electron–hole pairs occurs non-radiatively in charged nanocrystals at very high rates about
1011 s−1. It can be purposefully used to get fast recovery of absorption in non-linear optical
devices.

5.6 Luminescence

Nanocrystals of II–VI and III–V compounds in the strong confinement limit have been
extensively investigated in the context of radiative and non-radiative recombination of
confined electron–hole pair states. Nanocrystals of II–VI compounds in glass matrices
typically show poor luminescence with pronounced photodegradation upon illumination
because of photoionization of nanocrystals [8]. Even at low temperatures intrinsic band-
edge emission is observed along with a wide emission band with large Stokes shift. This
band is typically attributed to the recombination via the surface or interface state (Fig. 5.19,
left panel). Colloidal nanoparticles of II–VI compounds in solutions or in a polymer also
feature the presence of an additional wide band similar to glasses (Fig. 5.19, right panel).
The core–shell design of II–VI quantum dots enables us to get high-quality nanocrystals
with a quantum yield of intrinsic luminescence approaching 100%, by means of a potential
barrier and chemical interface developed with a wide-gap shell with respect to a narrow-
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Fig. 5.19 Absorption and emission spectra of II–VI nanocrystals in the strong confinement regime. Left
panel: CdSSe nanocrystals with mean radius 2.3 nm in a Schott glass filter (adapted from [53]).
Right panel: CdTe nanocrystals with mean radius 2.4 nm in aqueous solution (adapted from [54]).
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Fig. 5.20 Photoluminescence of CdSe colloidal quantum dots in the strong confinement regime. Left panel:
a set of emission spectra for a quantum dot ensemble with different mean sizes at room
temperature under excitation by near UV light [55]. Right panel: Low-temperature luminescence
data collected under conditions of ensemble-averaged red-edge excitation (upper curve) and
single dot excitation (lower curve) [59]. The bar of 25.6 meV indicates the longtitudinal optical
phonon energy.

band core crystallite. Remarkably, in accordance with the theory (Eq. (5.11) and Fig. 5.7)
variation in size in fact provides wide tunability options. For example based on CdSe/ZnS
core–shell nanocrystals, a spectral band from blue-green to red is feasible (Fig. 5.20).

In nanocrystals of II–VI (e.g. CdSe) and III–V (e.g. InP) compounds and in silicon
nanocrystals, complex valence band structure results in a forbidden lowest energy tran-
sition. The relevant electron–hole state is referred to as “dark exciton”. The temperature-
dependent balance of population of this state and the next electron–hole pair state (Fig. 5.21)
whose recombination represents an allowed transition results in peculiar temperature
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Fig. 5.21 The three-state model. The ground state corresponds to the electron–hole pair number equal to
zero. The “light” excited state and the “dark” excited state are the two lowest states of the
band-edge exciton with respective rates �A(∼108 s−1) and �F(∼106 s−1). γ0 ≈ 108 s−1 is the
zero-temperature relaxation rate. γth is the thermalization rate due to the interaction with
acoustic phonons.

dependence of the luminescence kinetics. At lower temperatures decay becomes noticeably
slower. For example, for InP nanocrystals at room temperature the mean decay time is tens
of nanoseconds whereas at 13 K it was found to be as long as 1 µs [56]. This has much
in common with the interplay of singlet and triplet states in molecular systems. For CdSe
the split-off energy of the dark versus the light state was found to be equal to a few meV
(this corresponds to a wavelength shift of about 1nm in the visible) depending on size
and preparation condition (crystallographic structure) [12]. This is equal to the kT value at
several tens of kelvins.

Mean decay times for the luminescence of II–VI nanocrystals are of the order of 10−8 s
being essentially non-exponential for ensemble averaged detection. For a single CdSe
quantum dot a monoexponential decay with 19 ns lifetime has been reported [57]. In
many cases even single dot detection gives non-exponential decay [58] because of complex
guest–host interplay.

The large Stokes shift of the emission spectrum with respect to the absorption spectrum as
well as its large spectral width, in Figure 5.19, are essentially the results of inhomogeneous
broadening of absorption and emission spectra. Under conditions of selective red-edge
excitation where only a small portion of crystallites are excited, narrower emission bands
are observed (Fig. 5.20, right panel). Spectral width under these conditions to a large extent
agrees with the spectral width evaluated by means of the pump-and-probe experiments (see
Fig. 5.15). The Stokes shift in red-edge excited luminescence measures in tens of meV (a
few nanometers on the wavelength scale).

In single dot photoluminescence experiments [59], emission lines are narrower than hole-
burning data and data based on red-edge excitation of luminescence (Fig. 5.20, lower curve
in the right panel). It is probable that, under spectral selection of a sub-ensemble in hole-
burning and red-edge excitation experiments, this sub-ensemble still keeps inhomogeneity
and dispersion in shape, surface structure, defect number and potential barrier, because such
a sub-ensemble is still statistically big in spite of spectral selection. Ten-fold narrowing of
emission bands is observed in single dot luminescence detection as compared to red-edge
excitation and hole-burning. The spectral width and position of emission bands exhibit
wandering with time because of multiple guest–host effects and reversible photoionization
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events. Therefore the spectrum widens with data acquisition time. Probably, the same
reasons are responsible for the non-exponential decay of single quantum dot emission.

Silicon nanocrystals, buried in silica through oxidation of nanoporous silicon were found
to exhibit noticeable visible emission with decay times in the microsecond range [60–62].
Their luminescent properties are described in terms of the quantum confinement effect on
electron–hole spectra, increase of radiative transition probability due to confinement, along
with decrease of non-radiative recombination rate because of statistical lack of defects in
nanocrystals. Interestingly, silicon nanocrystals in space are considered as a possible source
of the red emission detected in astronomical observations [63].

5.7 Probing the zero-dimensional density of states

The local density of electron states can be mapped over the surface by means of scanning
tunneling microscopy. Known since 1982 [64], this technique has become a routine and
powerful technique in examination of conductive nanostructure surfaces [65, 66]. The
basic principle of a tunneling microscope is mapping of the tunnel current using a precisely
scanned metal tip over the surface under investigation. In Chapter 3 (Section 3.4), we saw
that the tunneling probability for a quantum particle reduces exponentially with increasing
barrier width and the square root of the barrier height (Eq. (3.70)). In the case of a conductive
tip over a conductive surface in a vacuum, the barrier height is determined by the electron
work function. Equation (3.70) holds for free space over the barrier, that is for the case of the
fairly large number of final states available for a tunneling particle. Resonance tunneling
(Section 3.5) gives a further idea that tunneling is essentially controlled by the states
available behind the barrier. In more detail, the differential conductance dI/dV appears to
be directly proportional to the local density of final states behind the barrier. Therefore, in
the case of localized electron states on the surface, differential conductance mapping will
give an image of the electron density of states, which, in turn correlates with electron wave
function.

To probe the zero-dimensional local density of electron states, scanning tunneling mi-
croscopy with variable voltage has been applied for hut-like InAs quantum dots (Fig. 5.22)
[67, 68]. This technique is referred to as scanning tunneling spectroscopy. Quantum dots
were found to exhibit sharp tunneling current maxima relevant to discrete electron states
(Fig. 5.22(b)). Mapping of the differential conductance near resonant enhancement of cur-
rent showed reasonable distribution of the electron local density of states (Fig. 5.22(c)) in
good agreement with the calculations (Fig. 5.22(d)).

5.8 Quantum dot matter

In previous sections, the intrinsic properties of nanocrystals were discussed implying ab-
sence of any cooperative effect on the properties of a given nanocrystal ensemble. In what
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Fig. 5.22 Imaging electron local density of states in an InAs quantum dot by means of scanning tunneling
spectroscopy [67, 68]. (a) a scanning tunneling microscope image of a triangular InAs quantum
dot, image size is 93.8 nm × 93.8 nm; (b) measured and calculated differential conductance
dI/dV ; (c) dI/dV mapping for bias voltage V = 0.08 V; (d) calculated local density of electron
state for the lowest state of an InAs quantum dot.

follows the concept of quantum dot matter will be discussed, i.e. novel materials whose
properties are controlled by both spatial confinement of electrons within a nanocrystal and
spatial organization on a larger scale.

There are several ways to develop a nanocrystal superlattice, i.e. a structure consisting
of identical nanocrystals with regular spatial arrangement. One method is to use zeolites
which form a skeleton with regular displacement of extremely small cages, the size of a
cage being typically about 1 nm. Using various zeolites as templates for semiconductor
clusters, there is the possibility of studying regular three-dimensional cluster lattices with
variable intercluster spacing. A pronounced shift to the red of the absorption spectrum with
decreasing spacing has been observed for such structures [69]. The size range of embedded
clusters is severely restricted because of the very small cages.

Several groups have reported on successful realization of periodic two- and even three-
dimensional arrays of nanocrystals using the self-organization effect in strained heterostruc-
tures under condition of submonolayer epitaxy [45, 70]. In this case, however, the typical
size of nanocrystals is equal to, or larger than 10 nm, the interdot spacing being of the order
of 10 nm.
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CdSe

50 nm

Fig. 5.23 A high-resolution transmission electron microscopy image and small-angle electron diffraction
pattern (insert) of a three-dimensional quantum dot superlattice [73]. The superlattice consists of
CdSe nanocrystals of 4.8 nm diameter each. Nanocrystals are assembled in a face-centered cubic
lattice. Image corresponds to (101) crystallographic plane of the array.

Self-assembly of nanosize particles into a colloidal crystal promoted by van der Waals
interaction in a monodisperse concentrated solution seems to be the most challenging
route, resulting in close-packed three-dimensional structures. Since the first identification
of natural colloidal crystals, namely a specific type of virus [71], colloidal crystal structure
was found to be inherent in a number of natural and artificial objects [72]. For nanocrystals
self-organized into a macroscopic colloidal crystal, a notation “quantum dot solid” has been
introduced [73]. A face-centered cubic lattice of semiconductor quantum dots is shown in
Figure 5.23. The optical properties were found to modify due to interdot interactions.
Comparison of optical spectra for nanocrystals close packed in the solid with dots in a
dilute matrix revealed that, although the absorption spectra are essentially identical, the
emission line shape of the dots in the solid is modified and red-shifted indicating interdot
coupling. Systematic studies of electronic energy transfer in CdSe quantum dot solids
revealed long-range resonance transfer of electronic excitation from the more electronically
confined states of the small dots to the higher excited states of the large dots. Foerster theory
for long-range resonance transfer through dipole–dipole interdot interaction was used to
explain electronic energy transfer in these close-packed nanocrystal structures. Energy
transfer promotes luminescence quenching since it makes it possible for an electron to be
trapped by a defect located in another crystallite.

In disordered solids, at a certain degree of disorder, a transition occurs from localized
electron states to coexisting delocalized and localized ones separated by a border. With
an increase in concentration, delocalization occurs with respect to nearest-neighbor wells
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Fig. 5.24 A sketch of electron levels in an isolated quantum well and in periodically and randomly arranged
ensembles of identical and different wells.

resulting in small conducting clusters involving several wells. At higher concentrations,
the cluster size increases and at a certain arrangement electrical conductivity is established
throughout a whole ensemble of potential wells. In the physics of disordered solids, this
effect has been known since 1958 as the Anderson transition [74, 75]. It was discussed for
disordered solids in Section 4.5. In the case of random ensembles there are two idealized
models. The first one is the random arrangement of identical wells (the Lifshitz model [76]).
The second one is the regular arrangement of different wells. By and large, quantum dot
solids are expected to exhibit the principal effects known for normal solids, i.e. formation
of energy bands in the case of periodic lattices and coexistence of localized and delocalized
states in a dense random quantum dot ensemble (Fig. 5.24).

This consideration is supported by numerical modeling and experimental observations
[77–79]. Numerical modeling was performed using displacement of 3375 (153) identical
spherical potential wells randomly distributed within a fragment of a cubic lattice with
period L (the Lifshitz model). The aim of the calculations was to estimate the number
of delocalized states as a function of the concentration C of nanocrystals, their radius
R and electron (hole) effective mass m∗

e (m∗
h). A particle state is treated as delocalized

when the energy overlap integral is larger than the difference of energy level shifts in the
nearest-neighbor wells because of the influence of all other wells within the system under
consideration. Random displacement of wells was described in terms of a deviation of their
coordinates with respect to the nodes of a regular cubic lattice according to a Gaussian
distribution. The maximal deviation value was chosen to be no larger than one half of the
lattice period by means of the truncated distribution function. Statistical analysis has been
performed over 500 configurations of a quantum dot ensemble for each of several sets of
parameters {C, R, m∗}.

The results (Fig. 5.25) indicate the steady growth of delocalized electron states with
increasing concentration of quantum dots. The fraction of delocalized states depends dras-
tically on electron effective mass and dot size. It is not surprising since these two parameters
determine the energy spectrum. In the case of larger dots and higher electron mass
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Fig. 5.25 Number of calculated delocalized electron states versus average interdot spacing L for several
values of dot radius R. Electron effective mass is 0.13m0 (CdSe, left) and 0.065m0 (GaAs, right)
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Fig. 5.26 Number of delocalized electron states versus average interdot spacing L in an ensemble of
randomly arranged spherical potential wells with radius 1 nm. Electron effective mass of GaAs
(circles), CdSe (triangles) and InAs (squares) was used in calculations. Courtesy of A. I. Bibik [78].

(e.g. InAs, ZnSe dots) even packing of particles up to volume fraction 0.5 (this corre-
sponds to close packing into a simple cubic lattice, i.e. L = 2R) does not result in a
noticeable fraction of delocalized states. This result provides an explanation as to why
modification of absorption spectra with increasing concentration was not observed for
larger CdSe nanocrystals [73]. Taking into account the presence of an organic or inorganic
shell in all experiments with dense quantum dot ensembles (otherwise uncontrollable ag-
glomeration and Oswald ripening will develop), even close-packed ensembles of larger
crystallites may not satisfy the delocalization condition. Therefore, in agreement with our
calculations, close-packed larger CdSe quantum dots reproduce properties of molecular
solids with resonant long-range energy transfer. However, for smaller dots a noticeable
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Fig. 5.27 A set of absorption spectra of CdSe nanoparticles, average radius is 1.6 nm. Nanoparticle
concentration progressively rises from upper to lower curves. Curve 5 corresponds to a CdSe film
consisting of close-packed clusters capped with organic groups, curves 1–4 correspond to
cluster/polymer composition, polymer volume fraction being 37%, 18%, 3%, 1%, respectively.
Adapted from [77].

delocalization occurs at concentrations far from close-packing, e.g. for R ≈ 1 nm, 75% of
electron states were found to be delocalized at 2R/L < 0.6. This value corresponds to a
quantum dot volume fraction of 0.1 versus a fraction of 0.52 and 0.74 relevant to max-
imal fraction of close-packed solid spheres in a simple and a face-centered cubic lattice,
respectively. Therefore close-packed ensembles of smaller quantum dots will reproduce, to
a large extent, properties of atomic solids, including not only energy and charge transfer
but also a formation of collective energy states. These estimates should however be treated
with a reasonable amount of caution since for smaller radii effective mass approximation
results are not very accurate.

To verify the above predictions on the possible delocalization of electron states in a dense
quantum dot ensemble, solid films from CdSe nanoparticles have been examined with
polyethylene glycol acting as a spacer in order to control the distance between the particles
[77, 80]. Absorption spectra of the original diluted solution feature very sharp, stable and
reproducible resonances indicating cluster-like behavior or the magic-size regime discussed
in Section 5.4 (compare Fig. 5.27 with Fig. 5.18). A systematic reversible modification of
optical absorption spectra has been observed with increasing dot concentration from a set
of discrete sub-bands inherent in isolated nanocrystals which gradually get broader and
develop into a smooth band-edge absorption similar to that of bulk semiconductors. Note
that absorption onset in this quantum dot solid is far to the blue as compared with the CdSe
bulk crystal whose interband absorption starts at approximately 670 nm (see Table 4.1). It is
noteworthy that the broad structureless absorption spectrum does not significantly change
at lower temperature (Fig. 5.28). No distinct substructure has been resolved at 30 K. The
results are interpreted in terms of an evolution from individual (localized) to collective
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Fig. 5.28 A portion of the absorption spectrum of close-packed CdSe quantum dots measured at different
temperatures ranging from 300 K to 30 K. The insert shows spectra at 300 and 30 K in a wider
range [79].

electron states, delocalized within at least a finite number of nanocrystals indicating the
possibility of an Anderson transition in a close-packed quantum dot ensemble. Other authors
have also reported for smaller semiconductor quantum dots a systematic modification in the
absorption spectra [81] and photoluminescence spectra a shift up to 30 nm to the long-wave
side [82] in solid films.

These findings raise a number of further issues related to electron properties of quantum
dot superlattices such as, e.g. electron band structure of a quantum dot super-crystal,
renormalized electron (hole) effective masses within a superstructure, modified electron–
hole interaction (super-exciton?) and others. First calculations of mini-band formation in
three-dimensional quantum dot superlattices have been reported [83]. For a relatively large
Ge dot size of 6.5 nm discrete electron energy levels evolve to minibands for an interdot
distance of approximately 1 nm. For GaAs dots of similar size minibands are believed to
occur for larger distances.

5.9 Applications: nonlinear optics

Semiconductor-doped glasses containing Cd and Pb chalcogenide nanocrystals show supe-
rior nonlinear absorption behavior due to saturation of the absorption relevant to creation
of the first electron–hole pair. Absorption saturation in glasses doped with CdSx Se1−x

semiconductor crystallites with a ≈ aB were studied intensively in the 1960s in connection
with the use of commercial glasses as passive shutters in ruby lasers, at the initial stages of
quantum electronics. At that time the sizes of crystallites were not measured and the fact
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that commercial glasses correspond to the case a ≈ aB only became known from later pub-
lications. No tuneable dye laser was available at that time and absorption saturation could
only be studied with a fixed-energy exciting photon, which corresponded to the principal
harmonic of the ruby laser (694 nm) or to the second harmonic of the neodymium laser
(532 nm). At the beginning of the 1980s, interest in nonlinear absorption in selenocad-
mium glasses reappeared, since it was shown that they are a convenient model object for
investigating different manifestations of quantum-size effects in quasi-zero-dimensional
structures. Studies of absorption saturation in selenocadmium glasses using tuneable dye
lasers showed that, in contrast to single crystals, glasses have an unusually wide spectral
interval (0.2–0.3 eV) in which bleaching is observed in single-beam experiments and in
pump-and-probe measurements. These studies have been followed by extensive experi-
ments (see [8, 14] for review), which revealed the unique features of semiconductor-doped
glasses as saturable absorbers.

Absorption saturation in semiconductor-doped glasses is due to population of the one-
electron-hole-pair state in an ensemble of nanocrystals. Such glasses possess a number of
advantageous features which make them superior Q-switchers and mode-locking elements
in laser devices. The main advantages as compared to other saturable media are:

(i) the fast recovery time of bleaching in the nano- and picosecond range;
(ii) high ratio of the saturable absorption coefficient to the non-saturable background

(10-fold and more absorption coefficient drop);
(iii) high photostability;
(iv) negligible spatial diffusion rate of excited species, which is important when the sat-

urable absorber is used in optical processing;
(v) tuneable spectral range where nonlinear response is available;

(vi) broad-band simultaneous bleaching (typically tens of nanometers) under conditions of
monochromatic pumping.

Fast recovery time, high saturable-to-non-saturable absorption contrast, good photosta-
bility and tuneability options are all necessary in all applications. Broad-band bleaching is
crucial for mode-locking to get ultrashort light pulses. Notably, narrow-band spectral hole-
burning, shown in Figures 5.15 and 5.16, is by no means typical for semiconductor-doped
glasses. It was found to be inherent only in specially synthesized glasses where only nu-
cleation and the normal growth stage occur. In typical commercial glasses the competitive
growth stage is widely used to give wide homogeneous width of absorption band which
is of the same order of magnitude as inhomogeneous width from size dispersion [35, 84]
even at low temperature (Fig. 5.29).

Semiconductor-doped glasses exhibit genuine absorption saturation at room tempera-
ture in a wide spectral range with low non-saturable background and fast recovery time.
The spectral range in which absorption saturation occurs may be as wide as 80 nm, the
spectral range where bleaching occurs in pump-and-probe experiments being 20–30 nm,
an increase in transmission can be as large as 104–106 times while the recovery time is
in the subnanosecond range [85, 86]. A typical example is given in Figure 5.30, which
represents the power-dependent optical density of commercial glass containing CdSx Se1−x

crystallites.
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Lead sulfur (PbS) nanocrystals in glasses offer the unique possibility of tuning opti-
cal absorption within a 1–2 µm spectral range (Fig. 5.31). The parent bulk crystal is a
narrow-band semiconductor with very large exciton Bohr radius a∗

B(PbS) = 18 nm. There-
fore a genuine strong confinement regime (a � a∗

B) holds for a � aL when the crystal
lattice exhibits bulk-like properties. The PbS-doped glasses were found to exhibit
pronounced absorption saturation with recovery time in the picosecond range under condi-
tions of laser excitation (Fig. 5.32).

These glasses were successfully applied to Q-switching and mode-locking for a number
of solid-state lasers in the spectral range 1 to 2 µm. Q-switching provides laser pulses with
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Fig. 5.31 Room-temperature absorption spectrum of silicate glass doped with PbS QDs. Inset is the
energy-level diagram for PbS QDs. Reprinted with permission from [87]. Copyright Elsevier Ltd.

0.12

0.08

0.04–∆
 O

D

0.00

–50 0 50

t = 25 ps

Delay time (ps)
100 150

Fig. 5.32 Kinetics of bleaching relaxation for PbS-doped glass at 1.524 µm after the pump at 1.08 µm
(squares) and result of the best fit (line). Reprinted with permission from [87]. Copyright Elsevier
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duration of the order of 10 ns, whereas mode-locking is used to get pulses as short as a
few picoseconds. A representative example is presented in Figure 5.33 of a 10 ps pulse
shape and its spectral width for a laser based on a Cr4+:YAG crystal as active medium
with a PbS-quantum-dot-doped glass filter as a mode-locking component [87]. Figure 5.34
presents a summary of the successful applications of PbS-doped glasses in solid-state lasers
[87–92].

5.10 Applications: quantum dot lasers

At the beginning of the laser era in the 1960s, the first solid-state and gas lasers were rather
large and inefficient. At that time there was no prospect in sight that sometime compact,
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Fig. 5.34 A sketch with summary of mode-locking and Q-switching performed for a number of solid-state
lasers by means of PbS quantum-dot-doped glasses (according to data reported in [87–92]).

hardly visible by the naked eye, semiconductor lasers could enter our daily lives. In fact,
CD-players and laser printers, which are massively produced and consumed nowadays,
contain small semiconductor lasers and laser arrays. Ten or even more per cent efficiency
“from a wall plug” is a typical commercial demand.

Optical properties of quantum dots such as the discrete density of states and tailored
energies of optical transitions are definitely advantageous for laser applications. Addi-
tionally, there is one more peculiar advantage that is inherent in quasi-zero-dimensional
structures only, and is not the case for other nanostructures and bulk materials. This is the
temperature-independent threshold current.

The threshold current is the main technical parameter of an injection laser. The rapid
increase of threshold current with temperature is inherent in all types of semiconductor
lasers preventing development of highly efficient semiconductor lasers and arrays operating
at room temperature. The value of the threshold current can be expressed as,

Jth = ed

η

∫
rsp(E)dE, (5.12)
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where e is the elementary charge value, d is the active layer thickness, η is the quantum
yield, and rsp(E) is the energy-dependent spontaneous emission rate. In the majority of
cases the threshold current can only be calculated numerically. Its temperature dependence
obeys a relation,

Jth(T ) = J 0
th exp

(
T

T0

)
, (5.13)

where the J 0
th value corresponds to T = 0◦C and T0 is the characteristic temperature. In 1982

Arakawa and Sakaki examined the temperature dependence of the Jth value for models of
low-dimensional lasers including quantum-well (2D), quantum-wire (1D) and quantum-dot
(0D) structures [93]. The temperature dependence of Jth arises from the thermally induced
spread of electrons and holes over a wider energy interval. This energy spread results in
exhaustion of electron and hole populations near the band extrema (i.e. the bottom of the
conduction band for electrons and top of the valence band for holes). Lower dimensionality
was found to result in weakening of the Jth(T ) dependence, i.e. T0 is larger for lower
dimensionalities. It is a remarkable fact that a zero-dimensional laser was found to possess
the temperature-independent threshold current, i.e. T0 = ∞ for a quantum-dot laser. This is
because in a quantum dot, the thermally induced population of the higher states is inhibited.
This pioneering result reported by Arakawa and Sakaki was one of the cornerstones which
promoted the systematic studies of optics of semiconductor nanocrystals afterwards, and its
impact on quantum dot science and technology has been widely acknowledged including
the Nobel lecture by Zh. Alferov [42].

Nanocrystals in glasses and polymers

Optical gain and lasing in semiconductor nanocrystals were observed for the first time in
1991 by Vandyshev et al. [94] using CdSe nanocrystals in a glass matrix of size a ≈ aB.
Lasing was observed at T = 80 K at a wavelength of 640 nm under pumping with second-
harmonic radiation of a picosecond YAG:Nd laser (532 nm). This report was followed
by further experimental studies relevant to CdSe nanocrystals in glasses [95, 96]. The
qualitative features of the expected gain spectrum are as follows. The gain can occur in
a rather broad spectral range including photon energies well below the absorption onset.
The low-energy edge of the red-shifted emission is determined by a transition from the
lower two-electron-hole–pair state (biexciton) |1s1s1S3/21S3/2〉 to the higher exciton state
|1p1P3/2〉 which becomes allowable due to Coulombic interaction. The build-up of the
gain spectrum under successively growing pump intensity observed in the experiments
is qualitatively in good agreement with the computational result (Fig. 5.35). Thus the
phenomenon of optical gain in nanocrystals can actually be attributed to the biexciton to
exciton recombination. In Figure 5.36 the photoluminescence dynamics is presented of
colloidal CdSe nanocrystals forming a solid film. Unlike glass matrices, such films offer
higher dot concentration and therefore higher gain.

Nanocrystals of II–VI compounds offer optical gain in the visible range because of the
large energy band gap of the parent crystals. Many potential applications are considered
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Fig. 5.35 Calculated (left) and observed (right) absorption spectra of CdSe nanocrystals [95]. Upper curves
in each panel are the linear absorption spectra. The other curves correspond to successively
growing (theory) population and (experiment) excitation intensity, from top to bottom. The
mean nanocrystal radius is a = 2.5 nm, the Gaussian size distribution in calculation was given to
be �a = 0.1a.
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Fig. 5.36 Development of a sharp stimulated emission band as a function of pump intensity in
photoluminescence spectra of films (T = 80 K) fabricated from TOPO-capped CdSe nanocrystals
with radius 2.1 nm [97]. The inset shows superlinear intensity dependence of the stimulated
emission (circles) with a clear threshold compared to the sublinear dependence of the PL intensity
outside the sharp stimulated emission peak (squares). Reprinted with permission from AAAS.

for optical communication spectral ranges near 1.5 and 1.3 µm. Among II–VI compounds,
crystals of mercury chalcogenides posess a narrow band gap suitable for infrared
applications. However their synthesis is not as advanced as Cd and Zn chalcogenides. For
these wavelengths nanocrystals of narrow-band semiconductor materials like PbS, PbSe,
InAs, InSb in the strong confinement regime are appropriate. Chen et al. [98] reported on the
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observation of optical gain from InAs nanocrystal quantum dots which emit at 1.55 µm
and are embedded in a novel polymer platform. Room-temperature optical gain at the
ground exciton transition of PbS quantum-dot-doped glasses has been obtained [99] in
the spectral range from 1317 to 1352 nm by changing the pump wavelength from 900 to
980 nm, corresponding to the next higher exciton resonance. The optical gain is 80 cm−1.
It is essentially limited by low dot concentration in glasses (typically 0.1–1%). Higher
gain can be obtained by means of a different synthesis approach. Sol–gel synthesis offers
nanocrystal concentrations up to 10% and has been applied to get higher gain for PbSe dots
[100].

It would be rather challenging to try to develop a silicon laser based on the promising
luminescent properties of silicon nanocrystals. The first report on optical gain in silicon
nanocrystals by Pavesi et al. [101] stimulated extensive research in the search for silicon
structures exhibiting an optical gain suitable for lasers with optical pumping [102]. However,
to date, experimental performance of a silicon laser with silicon as gain medium has not
been reported. Problems have been highlighted in elucidation of the optical gain value
in a thin waveguiding layer containing silicon nanocrystals [103]. Meanwhile, silicon has
been introduced into laser devices but as a Raman-active medium to shift the original laser
wavelength rather than as an optical gain material [104].

Quantum dots in glasses and colloidal films offer wide spectral tuneability but they need
optical pumping and thus their application can be foreseen only in combination with other
lasers providing optical pumping.

Injection lasers based on self-organized quantum dot heterostructures

Epitaxially grown quantum dot heterostructures based on group III–V semiconductors
demonstrate challenging potential for laser design [42, 105, 106]. As has been mentioned
in Section 5.3, these dots are of relatively large size (typically 10 nm) and electron–
hole pair states are modified in accordance with the weak confinement model, i.e. size-
dependent absorption and optical gain spectra do not exhibit wide tuneability. As a result,
the emission wavelengths in epitaxial dots are usually controlled by chemical composition
rather than by the dot size. The spacing between their electronic states is smaller than
carrier energies at room temperature, and the lasing threshold is therefore still temperature
sensitive. However, this type of quantum dot is fabricated by means of versatile technology
suitable for mass industrial production. Unlike colloidal or glass structures, epitaxial growth
offers the possibility of developing injection lasers readily. Desirable wavelengths in the
near infrared range, including optical communication wavelengths of 1.3 and 1.5 µm, can
be performed by means of feasible band-gap tuning in ternary compounds. For example,
InGaAs/InAs quantum dots on a GaAs substrate emit in the 1.0–1.3 µm wavelength range,
which could be extended to 1.55 µm. When grown on an InP substrate, InGaAs/InAs
quantum dot emission covers the 1.4–1.9 µm wavelength range.

Quantum dot injection lasers with multiple vertically coupled dots to get higher gain
have been experimentally developed [42, 105–107] (Fig. 5.37). These lasers can operate
in a continuous wave (cw) regime at room temperature with moderate threshold currents.
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mode-locked quantum dot injection laser using a quantum dot saturable absorber for
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As compared to quantum well lasers, quantum dot injection lasers were actually found to
feature relaxed temperature dependence of the threshold current. For a 1.3-µm laser Lui
et al. reported a threshold current of 17 A/cm2 with cw output power 100 mW! [107].

Quantum dot materials and structures show a rather wide optical gain spectrum, mainly
because of inhomogeneous broadening. Wide gain bandwidth makes these materials par-
ticularly promising for the amplification of femtosecond pulses. They have the potential
for generating sub-100 fs optical pulses provided the whole bandwidth is coherently en-
gaged and dispersion effects are minimized. Compact semiconductor optical amplifiers
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are of considerable interest in telecommunication circuitry because of their high gain and
optoelectronic compatibility. Rafailov et al. have demonstrated a high-gain amplification
exceeding 18 dB for a 200 fs semiconductor quantum dot amplifier [108].

Ultrafast carrier dynamics in quantum dots makes it possible to integrate a mode-locking
quantum dot saturable absorber with a quantum dot injection laser. This was done for the first
time in 2005 [109]. The shortest pulse duration was equal to 390 fs with no special pulse
compression applied. The laser was operating essentially above the threshold providing
distinguished output power up to 60 mW in the cw and up to 45 mW in the mode-locked
regimes. The pulse duration could be varied from 2 ps to as short as 400 fs at the 21 GHz
pulse repetition rate.

To summarise, one can see that the field of quantum dot lasers has become a mature
research and development area with rather overwhelming output and challenging promise.
It represents an impressive example of strong practical impact from what was originally
basic and academic research activity.

5.11 Applications: novel luminophores and fluorescent labels

Advantages of quantum dots as luminophores

Spectral tuneability by means of size control and doping options, wide excitation spec-
trum, technological feasibility and compatibility by means of solid polymer and sol–
gel films, all-solid-state semiconductor heterostructures feasibility and high photostability
are distinguished advantages of semiconductor quantum dots as compared to traditional
luminophores. For example, luminescent organic dyes (rhodamine, fluorescein, couma-
rine, acridine and others) feature poor photostability and a narrow excitation spectrum.
Lanthanide-based luminophores (e.g. ZnS:Eu, ZnS:Tb, Eu-doped glasses and others) fea-
ture narrow emission and excitation spectra and poor tuneability. Therefore semiconductor
nanocrystals are considered as novel luminescent materials with potential applications as
spectral transformers, lighting components and fluorescent labels. In this section a few
examples of such applications are considered.

Spectral converters

Spectral converters can be developed based on semiconductor quantum dots to enhance the
sensitivity of silicon photodetector and photovoltaic cells. Typically, the spectral sensitivity
of a silicon photosensitive device is governed by interband absorption onset from the long-
wave side (approximately 1 µm) and by a rapid surface recombination rate at the short-wave
edge (<500 nm) because very high interband absorption well above the band-gap energy
results in a very thin absorption layer where surface defects promote efficient recombination
paths. Typical spectral response is shown in Figure 5.39 by a dashed line. A film cover
absorbing light at wavelengths λ < 500 nm and emitting light in the range of 700–800 nm
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will therefore enhance sensitivity to short-wave radiation. The proper candidate for such
an application is a doped semiconductor quantum dot material, CdS:Mn. These quantum
dots feature a luminescence excitation spectrum controlled by size-dependent absorption
(Fig. 5.40, curves 1 and 2), whereas the emission spectrum is determined by the properties
of Mn2+ ions (Fig. 5.40, curve 3).

White light sources

All solid-state lighting to replace currently used incandescent and gas discharge bulb lamps
is considered to be a feasible goal for the near future on a global scale. In this context,
semiconductor quantum dot luminophores combined with commercial monochrome light
emitting diodes (LEDs) are competitive candidates for all solid-state white light sources.

White light can be generated by a mixture of red (R), green (G), and blue (B) light
sources whose intensity is properly balanced to account for human eye sensitivity. The
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RBG-approach is based on three types of eye cone sensors occupying the central part of
the retina and responsible for high-resolution color vision in daylight. Any identifiable
color can be produced in this way as is done, e.g. in every color display screen. For white
light generation, an additional approach can be used. It is based on the use of a pair
of complementary colors on the CIE chromaticity diagram.1 Two complementary colors
together, when properly weighted, give a white color. In the chromaticity diagram (Fig.
5.41) the line connecting a pair of points corresponding to wavelengths of complementary
colors crosses the achromatic point in the middle of the diagram with coordinates (0.33;
0.33). The area in the vicinity of the achromatic point corresponds to white color. Examples
of such pairs are blue–green (485 nm approx.) and reddish orange (590 nm approx), blue
(470 nm approx.) and yellow (575 nm approx.), blueish green (495 nm approx.) and red
(630 nm approx.). Using complementary colors, two types of luminescent sources rather
than three RBG colors can give a white light source. Moreover, human eye sensitivity
substantially differs for daylight and night light conditions. In the night, RBG-sensors are
not efficient because of their low sensitivity. Instead, rod-like sensors occupying the wide
peripheral retina area play the major role. Rods do not exhibit high resolution but provide
higher sensitivity. It is important that spectral curves of cone and rod sensitivity are rather
different (Fig. 5.42). Rods show no sensitivity to the red (for wavelengths greater than
600 nm) but instead feature highest sensitivity around 500 nm [111].

Currently, commercial LEDs use blueish electroluminescent crystal and cerium lu-
minophores (Fig. 5.43) to give white light. However the spectral range around 507 nm
which is important for dark-adapted vision is not properly included. This means such
LEDs will not be efficient for street or traffic lighting. Figures 5.44 and 5.45 show two
representative examples to illustrate the efficiency of quantum dots in white light sources.

The first example (Fig. 5.44) is a combination, blue–green emitting semiconductor quan-
tum wells with red emitting quantum dots [112]. In this hybrid device, cyan-emitting
InGaN/GaN quantum wells (photoluminescence peak at 490 nm) pump red-emitting
CdSe/ZnS core/shell quantum dots (photoluminescence peak at 650 nm) via both radiative
and non-radiative energy transfer. Both types of emitters together form a complementary
pair producing white light. It is important that the darkness-efficient spectral range around
500 nm is purposely included in the spectrum.

The second example shows a possibility of performing white light emission by means
of only one type of visibly emitting luminophore (Fig. 5.45). Typically, if no special
measure (e.g., the core/shell design) has been applied, semiconductor quantum dots in the
strong confinement regime feature a broad luminescence band with large Stokes shift along
with narrow-band intrinsic emission with small Stokes shift. The broad emission band is
reproducible in many cases and is attributed to the surface trap states. Ozel et al. [113]
have recently proposed the use of two-band emission for white light generation. Using
metal nanoparticles selective enhancement/inhibition of intrinsic and trap luminescence
have been demonstrated to optimize color balance. The role of metal nanoparticles is the
subject of extensive discussion in Chapter 16.

1 CIE stands for Commission Internationale de l’Eclairage.



151 5.11 Applications: novel luminophores and fluorescent labels

0.9

0.8

0.7

0.6

0.5
500

X

0.4

y

0.3

0.2

0.1

0.0
0.0 0.1 0.2

380460
470

480

490

520

540

560

580

600

620

700

0.3 0.4
x

0.5 0.6 0.7 0.8

Fig. 5.41 The CIE 1931 chromaticity diagram. Numbers on the perimeter are wavelengths in nanometers.
A cross in the middle shows the achromatic point.

1500

1000

500Lu
m

en
s 

pe
r 

w
at

t

0
400 500

Wavelength (nm)

600

Photopic vision
(light adapted)

555 nm

Scotopic vision
(dark adapted)

507 nm

700

Fig. 5.42 Scotopic (dark-adapted) and photopic (light-adapted) vision efficiency.



152 Semiconductor nanocrystals (quantum dots)

1.0

0.8

0.6

0.4

0.2

O
pt

ic
al

 p
ow

er
 P

 (
ar

b.
 u

ni
ts

)

0.0

300 400 500

Wavelength l (nm)

600 700

Phosphorescence

Blue luminescence

YAG: Ce
phosphor-based

white LED

800

0.8

0.7

0.6

0.5

0.4

0.3

0.2y 
- 

ch
ro

m
at

ic
ity

 c
oo

rd
in

at
e

0.1

0
0 0.1 0.2

x - chromaticity coordinate
0.3

white LED

3200 K 1000 K

2000 K

YAG: Ce 
phosphor-based

white LED

4000 K

10 000 K

0.4 0.5 0.6 0.7

Fig. 5.43 Emission spectrum of a commercial white diode manufactured by Nichia corporation (left) and
position of its spectrum on the chromaticity diagram along with the line indicating the black body
spectrum with indicated temperatures (right) [111].

450
0.0

0.2

0.4

0.6

0.8

1.0

500
Wavelength (nm)

In
te

ns
ity

 (
ar

b.
 u

ni
ts

)

550

Q-dots

Q-wells + Q-dots

CdSe/ZnS quantum dots
GaN quantum wells

600 650 700

Fig. 5.44 White light emission spectrum of a hybrid system consisting of GaN quantum well + CdSe/ZnS
core-shell quantum dots. Adapted from [112].

Generally, white light emission from semiconductor quantum dots has become a well-
defined research field in which many groups across the world are involved. A fur-
ther example is the combination of a commercial near-UV (400 nm) InGaN LED with
ZnSe quantum dot luminophore exhibiting broad-band emission from confined intrinsic
electron–hole states and deep defect states [114]. Hybrid organic/inorganic white electro-
luminescent devices have been fabricated by using stable red-emitting CdSe/ZnS core–
shell quantum dots combined with a blue emitting organic LED consisting of the PFH-
MEH polymer, poly(9,9-diocty(fluorene-2,7-diyl)-co-(2-methoxy-5-(2′-ethy(hexoxy)-1,4-
phenylenevinylene) and Alq3 chelate complex [115]. However the overall efficiency of the
device measures 0.24% to date. Further issues on this topic are discussed in [116].
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Fluorescent labels

Colloidal nanocrystals are proposed as efficient fluorescent labels in the form of biocon-
jugates (Fig. 5.46) for biosensing, fluorescent probes for biological molecules, fluorescent
labels in biology and medicine and high-sensitivity biological imaging [117, 118]. Quantum
dots were found to possess a narrower emission spectrum, wider excitation spectrum and
superior photostability as compared with conventional probes like rhodamine and fluores-
cein molecules. A wider excitation spectrum offers the possibility of using different colors
of labeling with imaging by means of a single laser. A case is reported [119] that four differ-
ent sequences of DNA have been linked to four nanocrystal samples having different colors
of emission in the range 530 to 640 nm (2.339 eV to 1.937 eV). Water-soluble nanocrystals
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with siloxane shells to adjust different surface charge in the outer coat of the CdSe nanocrys-
tals are used for creating nanocrystal–biomolecule conjugates [120]. CdSe–ZnS core–shell
nanocrystals were coupled to antibodies through the use of an avidin bridge adsorbed to
the nanocrystal surface via electrostatic self-assembly [121]. Superior photostability of
nanocrystalline labels has been observed as compared to fluorescein (Fig. 5.47).

For efficient biolabeling applications, semiconductor core/shell colloidal nanocrystals
are desirable in aqueous solution. The photostability of the luminescence for such solu-
tions was found to drastically depend on the organic acids used [122]. The proper acids
permit stable luminescent yield during many hours of illumination by a typical commercial
continuous wave laser source (Fig. 5.48). Note a small increase at the very beginning of
illumination.

Electroluminescent structures

Several groups have reported on electroluminescence of thin films with a high concen-
tration of colloidal quantum dots. Reviews on II–VI electroluminescent materials can be
found in [8, 12]. Electroluminescent films containing silicon nanocrystals have also been
developed and investigated [123]. However, overall efficacy of such structures is too low
to promise competitive commercial devices. Quantum dot hetrostructures of larger III–V
nanocrystals which were developed as injection laser active components can be treated also
as electroluminescent devices if the current is below the threshold. However these struc-
tures only emit infrared radiation. Application of epitaxial quantum dot heterostructures in
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electroluminescent devices can be foreseen only if the wider band-gap materials like GaN
can be used.

5.12 Applications: electro-optical properties

Electroabsorption

The application of strong (104–106 Vcm−1) external electrical fields to an ensemble of iso-
lated semiconductor nanocrystals results in broadening and red shift of the absorption bands
(the quantum-confined Stark effect). The optical transitions broaden and shift to the red due
to gradual field-induced ionization of excitons. Changes in optical transmission are much
higher for quantum dots than for bulk crystals and can be purposefully used in electro-optical
devices. Figure 5.49 shows the change in optical density of isolated CdSe nanocrystals for
various values of applied external bias. Nanocrystals of 1.8 nm diameter have been em-
bedded in a poly(methylmethacrylate) 250 nm thick film. A semitransparent contact of a
SnO2:Sb layer and an aluminum layer were used for voltage application across the sample.
Optical density has been measured with and without an external field in the reflection ge-
ometry through a semitransparent layer with light double passing through the sample. The
measured data for change in optical density �D corresponds to a broadening and red shift
of the first absorption peak, as expected for isolated nanocrystals. A careful analysis of the
data allows us to resolve the negative signals from the second and third optical transitions
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at 3.26 and 3.47 eV. The peak data coincide with the corresponding energies of the room-
temperature linear absorption spectrum. In the inset of Figure 5.49 the peak photon energy of
the first confined optical transition is plotted versus the squared external bias U . The nearly
linear dependence E ∼ U 2 is characteristic for the quantum-confined Stark effect [8, 12].

External electric field effect on luminescence

An external electric field modifies substantially the photoluminescence of quantum dots
resulting in luminescence red shift and quenching (Fig. 5.50). Unlike Figure 5.49, the
differential absorption spectrum features a rather symmetrical shape which correlates with
change in nanocrystal size. The photoluminescence intensity drop is more than one order of
magnitude. A possible mechanism of photoluminescence quenching is the spatial separation
of electron and hole wave functions in the presence of the electric field. Relaxed overlap of
electron and hole wave functions makes the probability of their radiative recombination
lower. Then the radiative recombination rate decreases and in the presence of a parallel non-
radiative recombination path the luminescence quantum yield drops. If such a mechanism
is the case, then a systematic steady modification of luminescence decay rate should be
observed. However, time-resolved photoluminescence studies have not revealed a detectable
modification of the decay law in the presence of an external electric field. This means that
the above model is not plausible. Instead, the following mechanism can be considered.
The electric field may cause, or promote, photostimulated “darkening” of a portion of the
nanocrystals thus removing this portion from contribution to photoluminescence yield.
The remaining “light” nanocrystals continue to emit photons with the same kinetics as
if the electric field were absent. The higher the field, the higher is the portion of “dark”
nanocrystals. Thus a drop in quantum yield upon application of the external electric field
is not from interplay of competitive radiative and non-radiative paths, but rather from the
ratio of luminescent and non-luminescent nanocrystals. A photo-induced “darkening” of
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nanocrystals may occur, e.g. as a result of electron (or a hole) capture by a surface state.
This capture is expected to be electric-field promoted since the field separates electron and
hole wave functions. Capturing of an electron is more probable since the heavier hole is
typically located in the center of a spherically symmetrical dot.

To summarize the material discussed in this chapter, the physics, chemistry and technol-
ogy of semiconductor nanocrystals (quantum dots) has become a mature field of research
and development with promising applications in novel lasers, luminophores, electrolumi-
nescent devices and optical and electro-optical modulators.

Problems

1. Compare formulas (5.1) and (5.6) with Eq. (2.98) discussed in Chapter 2 for a particle in
a spherical potential barrier with infinite wall and explain the similarities and differences.

2. Try to estimate the absorption blue shift in a quantum dot due to electron confinement
from Heisenberg’s uncertainty relation, taking the electron effective mass equal to 0.1 m0

and the dot radius equal to 1.5 nm.

3. Consider the applicability criteria for dielectric permittivity in Eq. (5.9) for an interacting
electron and a hole inside a quantum dot.

4. Explain why the Coulomb correction in Eq. (5.9) for an electron–hole pair in a spherical
dot is always greater than the exciton Rydberg energy for the bulk parent crystal.
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5. Trace the tendency in the quantum confinement effect on absorption blue shift of various
semiconductor materials versus the electron and hole effective masses and the exciton Bohr
radius.

6. Trace and explain the correlation between the original band-gap energy of a bulk semi-
conductor material and its shift with decreasing nanocrystal size.

7. Based on the differential nonlinear absorption spectra in Figure 5.16 determine a con-
clusion on size dependence of the energy splitting of the highest hole states 1S3/2 and 2S3/2

identified in Figure 5.17.

8. Consider the applicability of the Ioffe–Regel localization criterion (see Section 4.5) to
a quantum dot ensemble.

9. Using effective mass approximation, evaluate the mean nanocrystal size for the data
presented in Figure 5.18.
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6 Nanoplasmonics I: metal nanoparticles

This chapter provides a brief introduction to optical properties of metal nanoparticles in
terms of plasma-based optical response, interband transitions and size-dependent proper-
ties. The chapter is important for understanding contemporary research in nanoplasmon-
ics including surface-enhanced emission and scattering of light near metal surfaces and
nanobodies which will be the subjects of Chapter 16. Amazingly, nanoplasmonics is actu-
ally an ancient field of science and technology in spite of the fact that the notation for this
trend in science only emerged just a decade or so ago. The first systematic studies of brilliant
colors of dispersed metal colloids date back to Michael Faraday (1857). Purposeful applica-
tions of optical properties of metal nanoparticles are well known for example, to get colors
in stained glass, which dates back to ancient Roman times. Gold and copper nanoparticles
have been used routinely for decades in the glass industry in red glass production.

Prior to going through this chapter, it is advisable to recall the description of the dielectric
function of a gas of non-interacting charged particles (Section 3.3) and the introduction to
the electron theory of solids given in Sections 4.1–4.3. For a comprehensive description
of optical properties of metal nanoparticles the books by Kreibig and Vollmer [1] and
Maier [2] are recommended.

6.1 Optical response of metals

. . . if the electrons are treated as free . . . , we can not only account qualitatively for
the phenomenon observed by Wood, but also can predict correctly the approximate
values of the critical wave-length.

Clarence Zener, 1933

The optical properties of metals are determined mainly by the response of free electrons
occupying states in the conduction band. This response can in turn be reasonably described
in terms of the dielectric function of a free electron system and, additionally, by absorption
of light owing to possible electron transitions to upper states in the higher bands with
respect to the conduction band of a given metal crystal. The role of the crystal lattice in
such considerations is reduced to modification of the electron mass to give the effective
mass m∗

e instead of the free electron mass m0, and to the development of upper states for
optical transitions. These characteristics are discovered in the electron theory of metals and
then used in the theory for the optical properties of metals.
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Consider first the dielectric response of an electron gas with electron concentration N .
As in Section 3.3, it can be described in terms of the dielectric function ε(ω) defined from
the relation,

D = ε0E + P = ε0ε(ω)E, (6.1)

where E is the electric field which gives rise to polarization described by the P vector to
give the electric displacement vector D in the medium under consideration (see Eq. (3.48)
and the material equation (2.30)).

Similar to Chapter 3, we depart from the single particle equation of motion which,
unlike Eq. (3.49) should contain a damping factor to account for collisions described by the
damping constant, � = τ−1

coll, with τ−1
coll being the average time between successive collisions.

The equation of motion for an oscillating field,

E(t) = E0 exp(−iωt), (6.2)

reads,

m
d2x

dt2
+ m�

dx

dt
= −eE0 exp(−iωt). (6.3)

Its solution has the form,

x(t) = e

m(ω2 + i�ω)
E0 exp(−iωt), (6.4)

with the complex amplitude accounting for possible phase shift between the driving field
and the medium response. Further, evaluating the polarization,

P = −Nex = − Ne2

m(ω2 + i�ω)
E0 exp(−iωt), (6.5)

and the D(E) function,

D(E) = ε0

(
1 − Ne2

ε0m(ω2 + i�ω)

)
E, (6.6)

one arrives at the expression for ε(ω),

ε(ω) = 1 − Ne2

ε0m(ω2 + i�ω)
= 1 − ω2

p

ω2 + i�ω
, (6.7)

with the familiar notation of plasma frequency ωp (see Eq. 3.54),

ω2
p = Ne2

ε0m
. (6.8)

Comparing expression (6.7) with Eq. (3.54) one can see there is the additional term i�ω in
the denominator describing damping. This expression can be written in the form dividing
the real and the imaginary part of the dielectric function,

ε(ω) = 1 − ω2
p

ω2 + i�ω
= 1 − ω2

p

ω2 + �2
+ i

ω2
p�

ω(ω2 + �2)
≡ ε1(ω) + iε2(ω). (6.9)
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values of damping �. (b) Experimentally found ε1(ω) and ε2(ω) functions for solid bulk sodium
metal according to [1].

The real ε1(ω) and imaginary ε2(ω) parts of the dielectric function (6.9) of the electron gas
with different values of damping � are plotted in Figure 6.1a. It is reasonable to analyze
the dielectric function (6.9) for different frequencies with respect to ωp and �. Consider
frequencies ω < ωp, where metals retain their metallic features and the case � � ωp which
holds in typical experimental conditions.

For large frequencies close to ωp, the inequality ω � � is plausible. In this case ε(ω) is
predominantly real, and,

ε(ω) ≈ 1 − ω2
p

ω2
(6.10)

holds. The nearly real value of the dielectric function means negligible absorption. However,
in reality, at high frequencies in common metals interband transitions do contribute to the
imaginary part of ε(ω) resulting in absorptive losses. Sodium metal represents a rare
example for which real and imaginary parts of the dielectric function (Figure 6.1b) look
actually similar to those given by Eq. (6.9).

For other frequencies, the dielectric function is essentially complex. It is related to the
complex refractive index n = n1 + in2 as [n(ω)]2 = ε(ω) whence,

n1(ω) =

√√√√√ε2
1 + ε2

2

2
+ ε1

2
, n2(ω) =

√√√√√ε2
1 + ε2

2

2
− ε1

2
. (6.11)

The imaginary part n2(ω) of the complex refractive index defines the value of κ introduced
in Chapter 3 (Eq. 3.65 and Table 3.5) which determines electric field amplitude E(L)
evanescence E(L) ∝ exp(−κL) and the skin layer thickness as κ−1, namely,

κ = ω

c
n2(ω). (6.12)
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Table 6.1. Parameters of free electrons in selected metals. Source (if not specified): the
skin depth, the mean free path, and the threshold energy for interband absorption [1], free
electron concentration, plasmon energy h̄ωp, Fermi energy and Fermi velocity [3], refractive

index [4]. Temperature is 273 K.

Element Na Al Cu Ag Au

Skin depth (2 eV) [nm] 38 13 30 24 31
Skin depth (3 eV) [nm] 42 13 30 29 37
Skin depth (4 eV) [nm] 48 13 29 82 27
Mean free path � [nm] 34 16 42 52 42
Free electron

concentration, N [cm−3] 2.65 · 1022 18.0 · 1022 8.45 · 1022 5.85 · 1022 5.9 · 1022

Plasmon energy h̄ωp 5.71 15.3 9.3 [8] 9.0 [5] 8.55 [6]
Fermi velocity, vF [cm/s] 1.07 · 108 2.02 · 108 1.57 · 108 1.39 · 108 1.39 · 108

Fermi energy, EF [eV] 3.23 11.63 7.00 5.48 5.51
Threshold energy for

interband absorption [eV] 2.1 1.5 2.1 3.9 2.4
Refractive index (560 nm) – 1.02-i6.85 0.83-i2.60 0.12-i3.45 0.31-i2.88

Then the absorption coefficient α entering into the Bouguer law for light intensity I
evanescence at a distance L ,

I (L) = I (0) exp(−αL), (6.13)

reads α = 2κ = 2ωn2/c since intensity is proportional to E2. The real and imaginary parts
of the complex refractive index for a number of metals are listed in Table 6.1.

In the regime of very low frequencies, where ω � � � ωp, the real and the imaginary
parts have comparable magnitudes resulting in close values of the real n1 and imaginary n2

parts of the complex refractive index with,

n1 ≈ n2 =
√

ε2

2
=
√

ω2
p

2ω�
. (6.14)

In this region, metals are mainly absorbing, with the absorption coefficient,

α = ωp

c

√
2ω

�
. (6.15)

Let us now introduce the notion of the electron mean free path �. This is the path length of
an electron with mean velocity v̄ during the time between two successive scattering events
τ = �−1. Electrons obey the Fermi–Dirac distribution function,

f (E) = N (E) = 1

exp
E − EF

kBT
+ 1

, (6.16)

and only those electrons whose kinetic energy E lies in the vicinity of the Fermi energy EF

can actually experience scattering. Neither electron with much lower energy can change its
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energy and/or momentum since there are no appropriate free states. Therefore, the Fermi
velocity vF determined by the electron Fermi energy EF = m∗

ev
2
F/2 is a good evaluation for

v̄ to give,

� = vF�
−1 = 1

�

√
2EF

m∗
e

, (6.17)

where m∗
e is the electron effective mass.

The Fermi energy for a given electron density N can be found by means of statistical
physics based on the statement that the given total density of electrons within the conduction
band should be equal to the integral,

N =
∫ E∗

0
N̄ (E, T )D(E)dE, (6.18)

where D(E) is the electron density of states defined by Eq. (2.26). The integration range
here starts at the bottom of the conduction band where the kinetic energy equals zero and
extends high enough to account for all occupied states. At T = 0 the Fermi energy is the
highest energy an electron can possess, then the EF value can be readily elucidated being
the upper point of the integration range. It reads,

EF = h̄2

2m∗
e

(3π2 N )
2/3 , (6.19)

whence,

� = h̄

�m∗
e

π
2/3 (3N )

1/3 . (6.20)

In Table 6.1 the mean free path value for selected bulk metals is presented along with
the skin depths κ−1 (see also Table 3.5 in Chapter 3 for κ values for other metals), Fermi
velocity and Fermi energy.
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The above consideration of the optical properties of a free electron plasma is often referred
to as the Drude model to emphasize that it is essentially based on the same assumptions
as the classical Paul Drude model of metal conductivity [7]. Conductivity σ (ω) couples
electric field and current density via Ohm’s law,

J = σE, (6.21)

and is determined by electron charge, concentration, mass and momentum as,

σ = Nep(ω)

m
, (6.22)

where p(ω) = mv(ω) is an electron momentum. Based on Eq. (6.3) rewritten in the form,

dp

dt
+ �p = −eE0 exp(−iωt), (6.23)

the conductivity reads,

σ (ω) = σ0
�

� − iω
. (6.24)

Now we can establish the linkage between the dielectric function and the conductivity [2].
The polarization vector P describes the electric dipole moment per unit volume inside the
material, caused by the alignment of microscopic dipoles with the electric field. It is related
to the internal charge density via ∇ · P = −ρ. Charge conservation (∇ · J = −∂ρ/∂t)
requires that the internal charge and current densities are linked via,

J = ∂P

∂t
. (6.25)

Noting that ∂/∂t → −iω and using relations (6.1), (6.21) and (6.25) we arrive at,

ε(ω) = 1 + iσ (ω)

ε0ω
. (6.26)

In metals, the optical response does not reduce to free electron response in the conduction
band. It is essentially influenced by a possibility of optical transitions by electrons in
deeper, i.e. core levels. These interband transitions alter the dielectric function considerably.
This contribution can be described in terms of dielectric susceptibility χ defined via a
relation P = χε0E, whence a simple relation between dielectric permittivity and dielectric
susceptibility reads,

ε(ω) = 1 + χ (ω). (6.27)

For electrons in a metal, the dielectric function can be written as,

ε(ω) = 1 + χ free(ω) + χ IB(ω), (6.28)

where the free electrons contribution 1 + χ free(ω) is given by Eq. (6.7) and the interband
contribution χ IB = χ IB

1 + iχ IB
2 is generally a complex function. Its imaginary part χ IB

2

describing the direct energy dissipation (absorption) becomes large only for frequencies
where interband transitions occur, whereas the real part χ IB

1 is noticeable also for lower
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frequencies. The theory for interband transitions is based on the electron band theory of
metals and can be found in detail in the book by Bassani and Paraviccini [9].

Figure 6.3 presents the experimentally observed real part ε1 of the dielectric function of
bulk solid silver and its decomposition into free electron gas contribution εfree

1 and interband
transitions contribution χ IB

1 (short dashes) [8]. One can see that interband transitions
drastically alter the dielectric function. Due to the χ IB

1 contribution the Re[ε1(ω)] = 0 point
is redshifted by about 5 eV from approximately 9 eV (λ ≈ 140 nm) to 3.7 eV (λ ≈ 330 nm).
Note, the low-frequency part of the dispersion curve for h̄ω < 3 eV can be satisfactorily
fitted by the free electron gas formula ε = 1 − ω2

p/ω
2 with ωp ≈ 4.5 eV [5].

For the noble metals (e.g. Au, Ag, Cu), further extension of the free electron gas model
is necessary for higher frequencies ω > ωp . Though the response is essentially determined
by free s-electrons, the filled d-band close to the Fermi surface causes a highly polarized
environment. This polarization background of the ion cores can be described by adding the
term,

P∞ = ε0(ε∞ − 1)E, (6.29)

to the right part of Eq. (6.1). The contribution of the core electrons is therefore described
by a dielectric constant ε∞ (typically 1 ≤ ε∞ ≤ 10), and we can write,

ε(ω) = ε∞ − ω2
p

ω2 + iω�
. (6.30)

For silver, the parameters in this formula are ε∞ = 5, h̄ωp ≈ 9 eV, h̄� = 0.02 eV [5].
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Among solid metals, the alkali group of metals (Li, Na, K, Cs, Rb) exhibits the best
resemblance with the free electron gas model, with no considerable contribution from
the core electrons. It is apparent from comparison of Figures 6.1 and 6.3 where the di-
electric functions of bulk Na and Ag are presented. Notably, in accordance with the free
electron gas model which predicts propagation of electromagnetic waves for high fre-
quencies ω > ωp, alkali metals do exhibit remarkable transparency and minor reflectance
in the short-wave range. Furthermore, since for alkali metals the plasma frequency val-
ues are relatively low ( h̄ωp = 3.8 eV for K, 5.7 eV for Na, 7.12 eV for Li [3]), their trans-
parency observation is feasible in common experiments since it occurs in the affordable
near-UV spectral range. The very first report on this amazing property of alkali met-
als dates back to the pioneering paper by Robert Wood [10] (Fig. 6.4) which was fol-
lowed promptly by the elegant explanation by Clarence Zener [11]. Although interband
transitions are present in the optical response of alkali metals, their contribution is mi-
nor. For example in Na, interband transitions starting at 2.1 eV upward (Table 6.1) just
slightly disturb the dielectric functions (Fig. 6.1b). For alkali metals the low-energy thresh-
old for interband transitions h̄ωIB is simply related to the electron Fermi energy EF as
h̄ωIB = 0.64EF [12]. One can check the applicability of this relation for Na using the data in
Table 6.1.

Noble metals like Cu, Ag, Au, which will often be referred to hereafter because of their
use in nanoplasmonics, consist of atoms with completely filled 3d-, 4d-, and 5d-shells
and just a single electron in the 4s-, 5s-, and 6s-bands, respectively. In Group 1B metals
the contribution from interband transition is noticeable. In accordance with the interband
absorption contribution to the real part of the Ag dielectric function (Fig. 6.3) a dip in
reflectance occurs, apparent also from Table 3.4 in Chapter 3. More detail on band structure
of various metals can be found in the book [12].
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6.2 Plasmons

From the curl Maxwell’s equations (see Chapter 2, Eqs. (2.32), (2.33)),

∇ × E = −∂B

∂t
, ∇ × H = −∂D

∂t
+ J, (6.31)

one can arrive at the equation defining the propagation of electromagnetic waves in the
form,

k(k · E) − k2E = −ε(k, ω)
ω2

c2
E, (6.32)

where k is the wave vector (see, e.g. [2]). This equation allows the two types of waves to
occur. For transverse waves k · E = 0 holds yielding the generic dispersion relation,

k2 = ε(k, ω)
ω2

c2
. (6.33)

In Chapter 3 we saw that inserting the free electron gas dielectric function ε = 1 − ω2
p/ω

2

in Eq. (6.33) gives rise to the dispersion law (see Eq. (3.56) and Fig. 3.9b),

ω2 = c2k2 + ω2
p, (6.34)

implying propagation of transverse electromagnetic waves with frequency ω > ωp. Now we
look at yet another possibility for electromagnetic waves to occur in plasma. Equation (6.32)
allows for longitudinal waves to occur when ε(k, ω) = 0 holds. For the case of an ideal
electron gas (or another type of ideal plasma) this happens at the plasma frequency. For a
non-ideal plasma with damping, the dielectric function tends to zero at the plasma frequency
in the small damping limit. For the longitudinal mode, from Eq. (6.1),

D = ε0ε(ω)E = 0 = ε0E + P, (6.35)

one has P/ε0 = −E which means that a longitudinal wave occurs by means of a pure
depolarization field in the plasma. In this case the plasma oscillates as a single entity with
plasma frequency ωp, all electrons moving in phase. The quantum of these oscillations is
called the volume plasmon. In metals, longitudinal oscillations occur not only at the plasma
frequency ωp but in every case when the dielectric function equals zero, which becomes
possible because of the complicated character of the ε(ω) function in real solids. Because
of the longitudinal character of these oscillations, volume plasmons can not be directly
excited by the standard optical excitation since a longitudinal wave does not couple with
a transverse one. In the experiments, plasmon excitation is observed, using reflectance or
transmittance of electron beams, as oscillations in the electron energy loss spectra with a
period equal to h̄ωp.

There is another type of wave which is important in metal optics. It is referred to as
surface plasmon polariton mode and occurs at the interface between a dielectric and a
metal. For such a mode to occur, the negative dielectric function inherent in a metal is
mandatory. We start consideration with the familiar Helmholtz equation (see Eq. (2.47) in
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Chapter 2),

∇2E + k2
0ε(z)E = 0, (6.36)

implying that the dielectric function changes in a stepwise manner from ε1 to ε2 at the point
z = 0 (Fig. 6.5). Here k0 = ω/c is the wave number value inherent in a vacuum. The wave
we are looking for is characterized by the electric field E(x, y, z) =E(z)exp(ikx x). The kx is
treated as a complex value. The Helmholtz equation then takes the form,

∂2E(z)

∂z2
+ [k2

0ε(z) − k2
x

]
E = 0. (6.37)

This is the basic equation for waveguide theory. A thorough analysis can be found in the
books [2, 14]. Omitting cumbersome derivations, we restrict ourselves to the final results.

Analysis of Eq. (6.36) together with Eqs. (6.31) leads to two sets of solutions with
different polarization properties of the propagating waves. The first set is the transverse
magnetic modes (TM-modes, or p-modes). For these modes only the field components Ex ,
Ez , and Hy are nonzero. The second set is the transverse electric modes (TE-modes, or
s-modes). For these modes only Hx , Hz and Ey are nonzero. Transverse magnetic modes
are described by the equation for Hy ,

∂2 Hy

∂z2
+
[
ω2

c2
ε(z) − k2

x

]
Hy = 0, (6.38)

and TE-modes are described by the similar one for Ey,

∂2 Ey

∂z2
+
[
ω2

c2
ε(z) − k2

x

]
Ey = 0. (6.39)

For the interface geometry sketched in Fig. 6.5 there are two sets of equations describing
TM- and TE-modes. For the TM-modes these are,

Hy(z) = A1 exp(ikx x) exp(−kz1z),

Ex (z) = i A1
kz1

ωε0ε1
exp(ikx x) exp(kz1z), (6.40)

Ez(z) = −A1
kx

ωε0ε1
exp(ikx x) exp(kz1z),
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in medium 1 (z < 0, dielectric constant ε1 > 0 is purely real and positive), and,

Hy(z) = A2 exp(ikx x) exp(kz2z),

Ex (z) = −i A2
1

ωε0ε2
kz2 exp(ikx x) exp(kz2z),

Ez(z) = −A2
kx

ωε0ε2
exp(ikx x) exp(−kz2z),




(6.41)

in medium 2 (z > 0, dielectric function ε2 < 0 is purely real but negative) [2]. Here kz1

and kz2 stand for the z-component of the wave vector in medium 1 and 2, respectively. The
condition of continuity of Hy and εi Ez at the interface requires that A1 = A2 and,

kz1

kz2
= −ε1

ε2
. (6.42)

The values kz1 and kz2 can both be positive if the dielectric permittivities of the two media
have opposite signs, i.e. one of these media should necessarily be a dielectric whereas
another one should necessarily be a metal. One more condition arises from Eq. (6.38)
which Hy must satisfy. This yields a pair of equations,

k2
z1 = k2

x − ω2

c2
ε1, k2

z2 = k2
x − ω2

c2
ε2, (6.43)

which, combined with Eq. (6.42) give three equations for the three unknown variables, kx ,
kz1 and kz2. After simple arithmetic we find that,

k1 = ω

c
ε1

√
1

ε1 + ε2
, k2 = −ω

c
ε2

√
1

ε1 + ε2
, (6.44)

and

kx = ω

c

√
ε1ε2(ω)

ε1 + ε2(ω)
. (6.45)

Equation (6.44) defines the evanescence factors for Ez and Ex (shown in the right-hand
part of Fig. 6.5). Equation (6.45) represents the dispersion relation of the surface plasmon
polariton mode (SPP-mode). Remarkably this expression is valid also if the metal dielectric
function is complex. If medium 1 is a vacuum, i.e. ε1 = 1 then Eq. (6.45) reads,

kx = ω

c

√
ε2(ω)

1 + ε2(ω)
. (6.46)

Notably, TE-modes can meet the continuity requirement only if A1 = A2 = 0, which
means there is no TE-mode propagating along the interface. Thus surface plasmon polari-
tons exist in TM-polarization only.

For surface plasmon polariton mode wave number kx to be real and positive, not only the
condition ε2 < 0 should hold but also the more rigid condition,

ε2 < −ε1
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2. For ω > ωp propagation of electromagnetic waves is allowed with the dispersion

law ω2 = c2k2 + ω2
p. In the range ωp/

√
2 < ω < ωp no propagating mode exists. Panel (b) shows

calculations by Maier [2] made for the Ag/air interface. The straight line corresponds to the
vacuum dispersion law ω = ck. The dispersion curve for the Ag/air interface deviates
considerably from that for an ideal plasma because of the contribution from interband transitions
in the range 3.5–4 eV. Panel (c) shows electron energy loss spectra recorded for a Mg thin film
[15]. Along with the volume plasmons (ωp) there is a surface plasmon at the metal/air interface
(ωMA

SP ). Upon the observation time from the top to the bottom this band is replaced by the lower
one (ωMO

SP ) relevant to the metal/oxide Mg/MgO interface because of film oxidation.

is mandatory. For a metal/air or metal/vacuum interface this means ε2 < −1. For the ideal
plasma of free electrons from Eq. (6.10) one can see this condition is fulfilled for frequencies
ω < ωp/

√
2. The frequency ωSP = ωp/

√
2 is referred to as the surface plasmon frequency.

For an air/metal interface with the assumption of an ideal free electron plasma, insertion
of the dielectric function in the form of Eq. (6.10) into Eq. (6.46) gives,

k = ω

c

√
1 − ω2

p/ω
2

2 − ω2
p/ω

2
. (6.47)

This dependence is presented in Figure 6.6a using dimensionless frequency and wave
number. Note, the SPP-mode lies entirely outside the light cone. The dispersion law is also
presented described by Eq. (6.34) for the familiar electromagnetic mode ω2 = c2k2 + ω2

p

existing for ω > ωp. The surface plasmon polariton (SPP) dispersion curve for smaller
wave numbers tends to the light line ω = ck and therefore gains the features of an ordinary
electromagnetic wave coming from a dielectric at grazing incidence. In the opposite limit
of infinitely large wavenumbers, the SPP dispersion curve approaches the surface plasmon
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frequency ωSP which for an arbitrary dielectric with permittivity ε1 reads,

ωSP = ωp√
1 + ε1

. (6.48)

The group velocity vg = dω/dk tends to zero for ω → ωSP.
Within the model of an ideal free electron plasma, the frequency range between surface

plasmon frequency and plasma frequency represents a gap where no propagating electro-
magnetic mode exists. In real metals, the contribution from interband transitions modifies
the SPP dispersion curve and does not allow for unlimited growth of the wavenumber at
ω → ωSP. This is shown in Figure 6.6(b) for the silver/air interface calculated by S. Maier
based on the realistic silver dielectric function.

The existence of surface plasmons at a metal/air interface was predicted for the first time
by R. H. Ritchie in 1957 [16], and then experimentally observed in energy loss spectroscopy
by C. J. Powell and J. B. Swan in 1960 [15]. Since the SPP dispersion curve lies entirely
outside the light cone it cannot be excited directly by an external incident electromagnetic
wave. The direct excitation of surface plasmons by means of electron impact is the most
efficient experimental technique. It was used in the pioneering experiments shown in
Figure 6.6c, where resonant electron energy losses were observed at three frequencies
indicating the intrinsic metal volume plasmon, the surface plasmon at the metal/air interface
and the surface plasmon at the metal/oxide interface, with the corresponding development
of the third band instead of the second one in the course of the experiment because of the
inevitable oxidation of the metal surface in air.

In the context of photonics, optical rather than electron beam techniques of plasmon
excitation are desirable. For optical SPP excitation, various techniques are used based on
conversion of an evanescent electromagnetic field which can be generated under conditions
of light tunneling. The problem of light tunneling and development of evanescent waves
will be the subject of Chapter 10. Here we only mention the typical experimental solutions
used without going into detail. These include prism coupling based on frustrated total
reflection, near-field excitation using leakage mode, as in near-field optical microscopy and
excitation using a diffraction grating grooved directly on top of a metal surface.

The prism coupling scheme to generate a surface plasmon polariton is shown in Fig-
ure 6.7. A SPP-mode can be generated only for frequencies corresponding to the portion
of the SSP-curve confined between the air and the glass curves. Further restriction comes
from the phase matching condition which reads [2],

kSPP = ω

c
nglass sin θ, (6.49)

where θ is the angle of incidence defined by the total internal reflection condition sin θ >

1/nglass, which means that the incident wave vector projection of the electromagnetic wave
in glass on the interface plane should correspond to the wave number in the SPP dispersion
curve. Combining the two conditions and accounting for Eq. (6.47) gives the SPP frequency
accessible in this scheme as,

ωSPP = ωp

√√√√ n2
glass sin2 θ − 1

2n2
glass sin2 θ − 1

. (6.50)
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Fig. 6.7 A prism coupling scheme used to excite a surface plasmon polariton at the air/metal interface. An
evanescent field under conditions of total internal reflection generates the SPP-mode at the
interface. It is possible only for frequencies corresponding to the SSP-curve confined between the
air and the glass curves. The part of the SPP curve inaccessible by external excitation is shown
with dashes.

Thus the generated SPP mode is the leakage mode for total internal reflection and its
excitation does manifest itself as a decrease in the total reflection coefficient when the
above excitation conditions are met. More detail on SPP-mode excitation by means of
frustrated total reflection can be found in the original work by E. Kretschmann [17] as well
as in the review by Zayats and Smolyaninov [18] and in the book by Raether [19].

6.3 Optical properties of metal nanoparticles

Nanoparticles of semiconductor crystalline materials (quantum dots) were the subject of
close consideration in Chapter 5. Their pronounced size-dependent intrinsic optical prop-
erties resulting from the spatial confinement of electron and hole motion were highlighted.
In this section, their metallic counterparts will be discussed. For metal nanoparticles ex-
trinsic effects rather than intrinsic ones are responsible for various size-dependent optical
phenomena, although intrinsic size-dependent properties are also detectable. By intrinsic
effects here we imply size-dependent electron energies, transition probabilities etc. Their
study originated from the pioneering papers by H. Frölich [20] and R. Kubo [21], where
non-trivial properties of electron heat capacity were predicted based on discreteness of the
electron energy spectrum in smaller nanoparticles. Interestingly, not only in technology,
where metal nanoparticles had become important much earlier than their semiconductor
counterparts (note the stained glasses since Roman times mentioned in the introduction to
this chapter), but also in science, these became the subject of close consideration much
earlier in comparison with semiconductors.

Extrinsic effects imply the crucial role of an ambient dielectric medium hosting nanopar-
ticles. For metal nanoparticles extrinsic effects play the major role in their optical response,
whereas the intrinsic size-dependent properties are of secondary importance. In this con-
text, metal nanoparticles differ considerably from semiconductor nanoparticles discussed
in Chapter 5.
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(a)

Au
Ag20 nm
(b)

Fig. 6.8 Images of (a) gold and (b) silver nanoparticles obtained by means of transmission electron
microscopy.

In this section optical properties of metal nanoparticles will be briefly discussed. A couple
of typical examples of nanometer-sized silver and gold particles are shown in Figure 6.9.

Surface plasmons in a nanoparticle

Consider a metal nanoparticle whose size is much smaller than the electromagnetic wave-
length. When such a particle is embedded in an oscillating electromagnetic field it experi-
ences a nearly space-independent external field effect on its electron subsystem. The time
dependence is ignored at the moment. Under the impact of the external field, the internal
field inside the particle reads (see, e.g. [22]),

Eint = E0
3ε1

ε + 2ε1
, (6.51)

where ε is the particle dielectric permittivity and ε1 is the host medium dielectric permit-
tivity. This relation is known from electrostatics as a direct consequence of the Laplace
equation, ∇2� = 0 for the potential � and further evaluation of E = −∇�. It holds in
optics in the long-wave approximation, i.e. a particle size is implied to be small as compared
to the electromagnetic wavelength so that the electric field amplitude is seen as a constant
value within a particle. Its application implies also that the role of the magnetic component
of the electromagnetic wave may not be considered [1]. If an alternating field is considered,
the electron subsystem oscillates in the field resulting in emerging surface charges and
relevant polarization along the field.

Within the same electrostatic problem, a particle polarizability, α, is defined as,

p = ε0ε1αE0, (6.52)

where p is a particle dipole moment, and reads [1, 2],

α = 4πR3 ε − ε1

ε + 2ε1
, (6.53)



181 6.3 Optical properties of metal nanoparticles

where R is a particle radius.1 One can see that the πR3 term is defined by a particle
volume.

Now consider that the ambient medium has a real positive dielectric permittivity. Then
if a particle material has a dielectric permittivity which can take negative values and is
frequency dependent, then the internal field will exhibit a resonance. This will happen
whenever,

|ε(ω) + 2ε1| = minimum (6.54)

occurs. Considering particle material permittivity as a frequency-dependent complex
function,

ε(ω) = ε′(ω) + iε′′(ω), (6.55)

the resonance condition reads,

[ε′(ω) + 2εm]2 + [ε′′(ω)]2 = minimum. (6.56)

If ε′′(ω) � 1, or if its frequency dependence is weak (∂ε′′(ω)/∂ω � ∂ε′(ω)/∂ω), then the
minimum in Eq. (6.54) occurs at

ε1(ω) = −2ε, (6.57)

which is known as the Fröhlich condition.2 The relevant localized oscillating electromag-
netic mode is referred to as the dipole surface plasmon. For the dielectric permittivity of a
metal in the simplest form of Eq. (6.10) the resonance condition reads,

ωSP = ωp√
1 + 2ε

, (6.58)

which in the case of a vacuum, or air ambient medium with ε = 1, gives the surface plasmon
frequency,

ωSP = ωp√
3

= 0.577 . . . ωp, (6.59)

where the subscript “SP” stands for “surface plasmon”. Along with the dipole surface plas-
mons, higher-order resonances are inherent in a metal nanoparticle forming the following
sets of resonant frequencies and dielectric permittivities [1, 23]:

ε(N ) = − N + 1

N
ε1, N = 1, 2, 3, . . .

(
ε(1) = −2ε1, ε(2) = −3

2
ε1, ε(3) = −4

3
ε1, . . .

)

ωN = ωp√
1 − ε(N )

= ωp

√
N

2N + 1
ε,

(
ω1 = 1√

1 + 2ε1
ωp, ω2 =

√
2√

2 + 3ε1
ωp, . . .

)

(6.60)

1 In the previous chapter, for spherical semiconductor particles the notation a was used for a particle radius. Here
R is applied to emphasize that it is rather a geometrical value but not the quantum well size as was the case for
a spherical quantum dot in Chapter 5 (starting from notations for quantum well sizes in Chapters 3 and 4).

2 The condition (6.57) was derived by H. Fröhlich in his book Theory of dielectrics (Oxford University, London
1949) for the frequency of polarization oscillations due to lattice vibrations in small dielectric crystals.
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Fig. 6.9 Application of Eq. (6.53) to (left) a homogeneous and (right) a composite particle in a host
medium.

Notably, the dielectric function of a metal particle features an extremum defined by the
property of a particle material (plasma frequency) and the property of the host medium.
Therefore, monitoring these resonances offers the possibility of evaluating changes in the
environment and may be exploited in optical sensors.

Now we are in a position to discuss the dielectric function of a medium containing
dispersed small particles. With the above mentioned supposition that particles are small
enough (R/λ � 1), the dielectric function of the composite mixture εmix(ω) is related to
the dielectric permittivity of the host medium ε1 and the dielectric function of inclusions
ε(ω) in a rather elegant form,

εmix(ω) − ε1

εmix(ω) + 2ε1
= f

ε(ω) − ε1

ε(ω) + 2ε1
. (6.61)

Here f is the total volume fraction of the dispersed inclusions which for identical
spherical particles reads, f = 4

3πR3 N with N being the particle concentration. Equation
(6.61) was derived in 1904 by J. C. Maxwell-Garnett [24] and is therefore referred to as
the Maxwell-Garnett formula. Notably, the structure of left- and right-hand parts in this
formula resembles the term in Eq. (6.53) coupling a particle’s polarizability with its volume.
Formally, Eq. (6.61) states that it is this term that changes in proportion to f in a composite
medium. It has rather apparent physical content (Fig. 6.9). Consider a solid particle of
the ε1-material buried in ε-medium (Fig. 6.9(a)) versus a composite particle consisting
of a number of spherical ε1-material sub-particles buried in ε-medium with fraction f .
A composite particle is further embedded in ε-medium (Fig. 6.9(b)). Then looking at
Eq. (6.53) (it is definitely applicable not only to metal particles but to any particle of a
polarizable material), one arrives at the conclusion that the polarizability of that composite
particle will be f times the polarizability of the solid one.

The dielectric function of the mixture (it is complex in the general case) can be extracted
from Eq. (6.61) in the form [25],

εmix(ω) = ε1
1 + 2F(ω, f )

1 − F(ω, f )
, (6.62)

where,

F(ω, f ) = f
ε(ω) − ε1

ε(ω) + 2ε1
. (6.63)
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In the case of a composite medium with more than a single material dispersed therein
in the form of small particles, the right-hand part of Eq. (6.61) modifies accordingly to
account for the additive contribution of every component with partial fraction f j to give,

εmix(ω) − ε1

εmix(ω) + 2ε1
=

M∑
j=1

( f j
ε j (ω) − ε1

ε j (ω) + 2ε1
). (6.64)

The Maxwell-Garnett formula had two important precursors. The first one is the
Clausius–Mossotti formula derived in 1850 by R. Clausius and in 1879 by O. Mossotti. It
states that the value of (ε − 1)/(ε + 2) where ε is the dielectric permittivity of the matter is
directly proportional to the density of that matter. Therefore the Maxwell-Garnett formula
is often considered as an extension of the Clausius–Mossotti formula. The latter actually
transforms into Eq. (6.61) if the dielectric permittivity ε is replaced by the normalized value
ε/ε1. Another precursor is the Lorentz–Lorenz formula (1880)3 with n2 instead of ε which
is a version of the Clausius–Mossotti formula for the optical range where, typically, µ = 1
holds and the dielectric function is then ε(ω) = [n(ω)]2 where n is the refractive index.

Consider the application range of Eqs. (6.51), (6.53), (6.61) and (6.62). First, the relatively
low external fields imply that the polarization of the matter should be linear with the field E.
Second, any type of spatial retardation effect over particle volume should be absent. These
equations are equally valid for dielectric particles as well as for metal particles.

Consider the application of the Maxwell–Garnett formula to metal particles. With no
interband transition to be accounted for, the complex dielectric function ε(ω) of a metal can
be taken in the simpler form of Eq. (6.30). Insertion of Eq. (6.30) into Eq. (6.62) allows us
to elucidate the complex dielectric function of the composite medium,

εmix(ω) = ε′
mix(ω) + iε′′

mix(ω). (6.65)

The real and the imaginary parts of this function are plotted in Figure 6.10 for the param-
eters of silver ε∞ = 5, h̄ωp ≈ 9 eV, h̄� = 0.02 eV. One can see that the imaginary part
of the dielectric function basically resembles the typical behavior inherent in elementary
absorption bands; for example for a gas of atoms. The imaginary part will accordingly
give rise to the absorptive band whereas the real part will define the refraction with ab-
normal dispersion inside that band. The spectral position of this absorptive-like behavior
is determined by the metal parameters and by its volume fraction. For the specific case
of Figure 6.10 it corresponds to approximately 440 nm wavelength. Similar to atomic ab-
sorption lines, the real part of the dielectric function at first grows with growing frequency
(normal dispersion), then reaches its maximal value near a frequency corresponding to the
half-maximum of the imaginary part, reduces (anomalous dispersion), crosses the zero axis
near the frequency ω01 corresponding to the maximum in the imaginary part, and acquires
the negative sign thereafter.4 For the case under consideration, the zero value of the real

3 Hendrick Lorentz (1853–1928) was a Dutch physicist. Ludwig Lorenz (1829–1891) was a Danish physicist.
4 For every system interacting with an electromagnetic field the real and imaginary parts of the dielectric

function are coupled via the Kramers–Kronig relations originating from the causality principle. The case under
consideration also obeys these relations.
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Fig. 6.10 The real (solid line) and the imaginary (dots) parts of the complex dielectric function of a
composite medium consisting of Ag nanoparticles dispersed in a medium with ε = 2.56 with
volume fraction f = 0.2 [26]. The silver dielectric function obeys Eq. (6.30) with parameters
ε∞ = 5, h̄ωp ≈ 9 eV, h̄� = 0.02 eV.

part of the dielectric function occurs at the two frequencies [26]

ω01 = ωp

√
1 − f

ε∞ + 2ε1 − f (ε∞ − ε1)
,

ω02 = ωp

√
1 + ε∞ (ε∞ + 2ε1 − f (ε∞ − ε1))

ε1 (ε∞ + 2ε1 − f (ε∞ − ε1))
,

(6.66)

determined by the metal parameters ωp, ε∞, the ambient medium parameter ε1, and the
composite medium under consideration parameter f . In derivation of Eqs. (6.66) the
small terms proportional to �2 were neglected. In the case under consideration ω01 =
0.288ωp, ω02 = 0.355ωp.

In Figure 6.10 interband transitions are not accounted for thoroughly. Their contribution
is partially accounted for by introducing ε∞ > 1 which shifts the zero-point frequency of
ε(ω) towards more realistic lower values as compared with the plasma frequency. For real
metals, interband transition gives rise to an increase in absorption for higher frequencies. As
a representative example, the optical density spectrum of a sol of gold particles is presented
exhibiting a pronounced maximum followed by considerable absorption for shorter waves
(higher frequencies).5 Interband absorption (Table 6.1) becomes noticeable from 500 nm
onwards to shorter wavelength as shown in the experimental data in Figure 6.11(a). The

5 The transmission coefficient T for light intensity and the optical density D are actually the values that are
measured in a typical experiment. Optical density reads D = −log T (sometimes D = −lnT is used). Therefore
D is directly proportional to the absorption coefficient α in the case of a homogeneous medium where the relation
T = (1 − R)2 exp(−aL) holds, R being the intensity reflection coefficient at the boundaries. For a heterogeneous
medium elucidation of α as a medium parameter from transmission measurements is not straightforward because
of coexisting elastic and inelastic scattering. One can see that assignment of the absorption coefficient to a metal
particle is not possible at all.
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Fig. 6.11 (a) Measured optical density spectrum of sol of Au nanoparticles imaged in Figure 6.8 in a liquid
solution and (b) the absorption cross-section calculated by Kreibig and Vollmer [1].

relevant calculations reported by Kreibig and Vollmer [1] are presented in Figure 6.11b. A
concordance of observed and calculated spectra is evident. Because of the optical density
spectra similar to those shown in Figures 6.10 and 6.11, glasses containing gold or copper
nanoparticles exhibit a red color, are extensively used in glass production and are referred
to as the “golden ruby” and the “copper ruby” in the glass industry. The larger width of
the band observed in the experiments as compared to the calculated one (Fig. 6.11) can be
tentatively attributed to the size-dependent damping which is discussed in Section 6.4.

The Maxwell-Garnett theory implies that nanoparticles embedded in a homogeneous
host medium occupy a very small volume fraction f � 1. The approach to a composite
medium description without this restriction has been developed by Bruggeman [27]. For
arbitrary values of 0 < f < 1 he derived the relation,

f
ε(ω) − εmix(ω)

ε(ω) + 2εmix(ω)
+ (1 − f )

ε1 − εmix(ω)

ε1(ω) + 2εmix(ω)
= 0. (6.67)

It is noteworthy that the Maxwell-Garnett and Bruggeman theories are the so-called
effective medium mean field theories. The “effective medium” notion means that the com-
posite mixture under consideration can be ascribed with the dielectric function as a whole,
i.e. the mixture is seen as a homogeneous medium for electromagnetic wave. This approx-
imation is only valid provided the scattering cross-section by a single particle is negligibly
small as compared to the wavelength scale. The “mean field” notion implies that variation
in electric field across a particle is neglected which, again, implies a particle size much
smaller than the wavelength, and, additionally the influence of neighboring particles on the
polarizability of a given particle is neglected. Besides the Maxwell-Garnett and Brugge-
man formulas, other modifications of the effective medium mean-field theory of composite
materials have been proposed. These are discussed and compared with respect to metal
nanoparticles in dielectrics in [6].
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A metal nanoparticle viewed as a “plasmonic atom”

Klimov and Guzatov [23] proposed consideration of a metal nanoparticle as a “plasmonic
atom”. First, this notion emphasizes the peculiar properties of nanoparticles and suggests the
possibility of treating them as peculiar elementary “bricks” in certain device or functional
material applications. Second, definite analogies with the electric field spatial distribution
for plasmon resonance and electron wave function in a hydrogen atom have been discovered.
Looking at the radial part of the wave function relevant to an electron in a Coulomb potential
and comparing it with the radial profile of an electric potential in a spherical metal particle,
these authors found amazing similarities. Both functions exhibit steady growth at a distance
from 0 to

√
2aB for an atom (aB is the Bohr radius, see Chapter 2) and from 0 to a particle

radius R for a metal particle, with subsequent rapid evanescence outside.
These functions are presented in Figure 6.12. In more detail, the wave function of an

electron reads,

ψnlm(r, θ, ϕ) = Znl(r )Y m
l (θ, ϕ), (6.68)

where Znl is the radial part and Y m
l is the spherical harmonic (see also Section 2.6 in

Chapter 2). For the 2p electron state as an example, the radial function reads,

Z21(r ) = N21

(
r

aB

)
exp

(
− r

2aB

)
, (6.69)

where N21 is the normalizing constant and aB is the Bohr radius defined by Eq. (2.109).
The energy spectrum obeys a discrete series (Eq. (2.108)),

En = − Ry

N 2
, N = 1, 2, 3, . . . , (6.70)
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and is determined by the ionization energy Ry (Eq. (2.109)) and the principal quantum
number N .

For a plasmonic “atom”, the simplest dispersion law in the form of Eq. (6.10) gives the
spectrum of plasmonic oscillations (Eq. (6.60)),

En = h̄ωp

√
N

2N + 1
, N = 1, 2, 3, . . . , (6.71)

in a vacuum, whereas the electric field potential will have the form, as in Eq. (6.68) with
the radial function,

Z N = AN

{
(r/R)N , r ≤ R

(R/r )N+1, r > R,
(6.72)

where AN is some constant, and N is an integer number.
This similarity between an electron in an atom and the electric field of an electromag-

netic wave in a spatially confined object further extends the list of analogies between
electromagnetic waves and electron properties, discussed in Chapter 3.

6.4 Size-dependent absorption and scattering

To this point, no dependence of the optical properties on metal nanoparticle size has arisen.
The only indication of size was the pre-requisite condition of R � λ implied in the very
prefix “nano”. In Chapter 5 we saw for semiconductor nanocrystals the pronounced size
dependence arise mainly from the size-dependent electron and hole energy spectra when
the size approaches their de Broglie wavelengths. This is the case for a few nanometer
crystallites. Discrete electron spectra in metal nanoparticles are a subject of interest since
the pioneering papers of Fröhlich and Kubo [20, 21]. However, unlike semiconductor
nanoparticles, in metals the discreteness of the spectrum is so negligible that it can be
identified only at liquid helium temperatures in extremely small particles of the order of
1 nm [28]. This is because of the relatively large electron effective mass (m∗

e ≥ m0) and
shorter de Broglie wavelength (see Problem 7). For 10 nm particles energy spacing between
neighboring electron levels falls within the sub-millielectronvolt range and therefore the
quantum size effect is not pronounced in optics. Instead, the electrical manifestations of
quantized electron spectra in metal nanoparticles are examined extensively [29].

There is another mechanism of size dependence of the optical response inherent in metal
nanoparticles. It is the electron confinement effect on the mean free path value �. It is defined
as the path length between two successive scattering events. It is determined by the product
of the Fermi velocity vF and the inverse damping rate �−1, as is seen in Eq. (6.17). When
a particle size decreases, extra scattering events at the surface contribute to the damping
constant. If the particle size becomes smaller than � = vF�

−1, the contribution from surface
scattering can even dominate over the other scattering processes. Thus the size-dependent
damping rate �(R) enters into the dielectric function and therefore the optical response of
metal particles dispersed in a dielectric ambient medium acquire dependence on the particle
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Fig. 6.13 Size and shape effects on the optical properties of silver particles. (a) Absorption constant
calculated for nanoparticles of various radii using dielectric function of silver in the form of
Eq. (6. 67) with size-dependent damping (adapted from [1]). The particle radius is much smaller
than wavelength. The size effect manifests itself via broadening because of the enhanced
damping rate in smaller particles. (b) Observed scattering of light by a single particle for three
different sizes/shapes (adapted from [30]). Particle size is no longer negligible at the
wavelength scale. Size and shape effects manifest themselves as characteristic resonant
scattering. Copyright 2002 AIP [30].

size. Note that typical mean free path values are 40–50 nm (see data for Ag, Au and Cu in
Table 6.1). These values define the scale where size dependence should occur.

The size-dependent damping constant can be written as,

�(R) = �0 + AvF/R, (6.73)

where A is the phenomenological factor accounting for the specific scattering mechanism
at the surface. This approach to the size–dependent optical response of metal nanoparticles
is referred to as the Kreibig model and leads to size dependence of the particle dielectric
function [1],

ε(ω, R) = εbulk(ω) + ω2
p

(
1

ω2 + �2
0

− 1

ω2 + �(R)2

)
+ i

ω2
p

ω

(
�(R)

ω2 + �(R)
− �0

ω2 + �2
0

)
.

(6.74)

Optical absorption calculated for silver nanoparticles of various radii based on Eq. (6.73)
is plotted in Figure 6.13(a). One can see that the size effect is essentially reduced to a broad-
ening of the spectrum, which is not surprising since it is damping rate which determines the
width of the resonant absorption in spectroscopy. Further details on size-dependent scatter-
ing are related to accounting for particle shape, the appearance of surface phonons and their
contribution to the electron–phonon scattering rate, and for larger particles (R > �) the ex-
istence of loop-like scattering paths with possible phase recovery after multiple scattering
events. A review of the relevant works can be found in [1].
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Size-dependent plasmonic modes develop in non-spherical particles such as, e.g. a three-
axial ellipsoid. The relevant electrostatic problem dates back to the 1940s [31, 32]. The three
characteristic length parameters give rise to three dipole modes, five quadrupole modes,
seven octopole modes etc. The total number of modes of a given multiplicity is 2N + 1
where 2N equals the multiplicity of mode, i.e. 21 = 2 for a dipole, 22 = 4 for a quadrupole
and so on. For dipole modes (denoted by the subscript “1” in ε1) the three resonant values
of dielectric function read [23],

ε
(n)
1 = 1 −

(a1a2a3

2
In

)−1
, n = 1, 2, 3, (6.75)

where

In =
∫ ∞

0

1(
u + a2

n

) 1(
u + a2

1

)1/2(
u + a2

2

)1/2(
u + a2

3

)1/2
du. (6.76)

For cubic particles the spectrum is more complex. For example a few primary resonances
are [33],

ω/ωp = 0.46225, 0.54473, 0.58722, 0.66372, 0.74953, 0.83918.

For larger particles whose diameter is no longer negligibly small compared to optical
wavelengths, the correct scattering theory should be thoroughly applied. It is related to the
basic contribution by Gustav Mie dating back to 1908 [34]. Scattering of light by small
particles is considered in detail in the book by Bohren and Huffman [35]. Application
of the Mie theory to metal particles was discussed by Kreibig and Vollmer [1]. Here we
restrict ourselves to just a couple of representative examples of how scattering can modify
the optical properties of metal particles. Figure 6.13(b) presents the shape and size effects
in the range 50–100 nm on scattering of light by a single metal particle. The effect of
size/shape on optical properties in this size range is dominating. Figure 6.14 shows the
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calculated evolution of extinction efficiency of identical silver nanoparticles dispersed
homogeneously in a dielectric medium. Particle diameters from 5 to 100 nm cover the
range of negligibly small nanoparticles on the wavelength scale, as well as larger particles
for which the continuous build-up of the scattering contribution is evident. Let us discuss
briefly the important notions used in the characterization of optical properties of disperse
media with noticeable scattering [35].

Propagation of light through a disperse medium can be described in terms of the light
energy absorption rate Wabs and light energy scattering rate Wscat. The sum of these give
the total light energy extinction rate,

Wext = Wabs + Wscat. (6.77)

These values divided by the incident light intensity Iinc give rise to the values with
squared dimensions which are referred to as, extinction cross-section,

Cext = Wext/Iinc, (6.78)

absorption cross-section,

Cabs = Wabs/Iinc, (6.79)

and scattering cross-section,

Cscat = Wscat/Iinc. (6.80)

These are coupled as Eq. (6.77) prescribes, i.e.

Cext = Cabs + Cscat. (6.81)

With respect to a single particle, these values can be compared to its geometrical square
S (S = πR2 for a spherical one) to give the respective efficiency factors,

Qext = Cext

S
, Qabs = Cabs

S
, Qscat = Cscat

S
. (6.82)

If the concentration of particles per unit volume N is small enough to ensure the negligible
contribution of multiple scattering then the Bouguer law holds,6

I (L) = Iinc exp(−αext L), (6.83)

with,

αext = NCabs + NCscat = NCext. (6.84)

The exponential law (6.81) is a direct consequence of the assumed linear attenuation of
light intensity within infinitesimal length dx along light propagation direction x,

dI (x) = −αext I (x)dx . (6.85)

The assumption (6.85) is justified if the contribution of scattering is small, NCscat L � 1.

6 Multiple scattering of light in dispersed dielectric is considered in detail in Chapter 8 devoted to properties of
non-periodic media.
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For small particles (not necessarily metallic ones) absorption and scattering cross-
sections are directly defined by polarizability (6.53) [35],

Cscat = k4

6π
|α|2 = 8π

3
k4 R6

∣∣∣∣ ε − ε1

ε + 2ε1

∣∣∣∣
2

,

Cabs = kIm[α] = 4πk R3Im

[
ε − ε1

ε + 2ε1

]
.

(6.86)

Looking back at Figure 6.14 one can see that in the diameter range 5–30 nm (R � λ)
the extinction efficiency factor Qext monotonically rises with only minor long-wave shift
of the spectral shape with size. Larger particles exhibit higher Qext, the rise in Qext(R)
being superlinear which is indicative that the extinction cross-section Cext grows more
rapidly than a single particle volume. Note that, contrary to Figure 6.13a, size-dependent
damping was not included in the calculations. Between the diameter values 30 and 50 nm
an increase in Qext occurs along with the noticeable long-wave shift of the extinction
band which is indicative of scattering contribution. For a 50 nm diameter, contributions to
extinction of absorptive and scattering parts are nearly equal. Note that the spectral position
of the calculated curve in Figure 6.14 for 50 nm concords with experimentally observed
(Fig. 6.13(b), the left curve corresponding to a sphere-like particle). Further increase in
particle size results in development of a strong and wide long-wave band due to scattering
with the remaining original narrow short-wave peak from the purely absorptive contribution.

In a dense ensemble of such particles multiple scattering effects along with interference
of scattered waves will additionally contribute to the transmission and reflectance of light.
Further, particle polydispersity will additionally broaden the extinction spectrum. Appli-
cation of scattering theory to dense metal–dielectric structures will be discussed later in
Chapter 11, related to nanoplasmonics.

6.5 Coupled nanoparticles

Coupling of close metal nanoparticles offers further options toward engineering of plas-
monic resonances. Klimov and Guzatov [23] proposed to consider coupled metal nanopar-
ticles as a “plasmonic molecule”, contrary to isolated nanoparticles viewed as “plasmonic
atoms”.

Examples of such plasmonic molecules are shown in Figure 6.15, where two conical
and spherical metal nanoparticles are located at a distance comparable with their size (all
characteristic sizes in the problem are much less than the light wavelength). The notion of
a “plasmonic molecule” is justified only provided the new properties arise as it happens in
an atomic molecule (see, e.g. splitting of energy levels in close quantum wells in Chapter
3). Klimov and Guzatov did show that this is the case using a pair of identical spherical and
hyperbolic particles [23, 37, 38]. In Figure 6.15c resonant dielectric function values are
plotted versus spacing between two identical nanoparticles. At the very right axis the arrows

show the three modes inherent in asingle isolated nanoparticle, εres = −2,−3
2 ,−4

3 . One
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Fig. 6.15 Plasmonic molecules. (a), (b) possible designs [23]; (c) resonances of dielectric function for a pair
of two identical metal spherical particles (adapted from [37]).

can see each of these resonant modes splits into two modes with dielectric function values
rapidly diverging as the particles get closer. These three pairs of modes are labeled T1,L1,
T2,L2 and T3,L3. Moreover, the additional type of resonance is revealed, labeled as M1, M2

and M3 . These modes have no analog in a single particle. Thus the notions “plasmonic
atoms” and “plasmonic molecules” acquire reasonable physical content and can be used in
photonic engineering not only alone, but arranged in groups or coupled with other spatial
structures as well. Kreibig and Vollmer introduced the notion “cluster matter” for a dense
ensemble of nanometer sized metal particles and demonstrated numerous experimental
examples of development of additional low-frequency extinction bands in addition to the
single original band inherent in isolated nanoparticles [1]. This qualitatively agrees with
calculations presented in Figure 6.15 in terms of the splitting of the principal resonant
band corresponding to ε(ω) = −2 with strong distant dependence of the L1. It is this band
which exhibits a pronounced low-frequency shift when coupled particles get closer. Note
that higher absolute values of the negative dielectric function in Figure 6.15 do correspond
to lower frequencies in ε(ω) (see Figs. 6.1 and 6.3).

6.6 Metal–dielectric core–shell nanoparticles

A dielectric nanoparticle covered with a metal shell or, vice versa, a metal particle covered
with a dielectric shell represents yet another type of building unit for photonic nanoengi-
neering with desirable optical resonances. Their optical properties depend on the intrinsic
properties of a dielectric and a metal as well as a dielectric core size/shape and a metal shell
thickness.

For a spherical coated particle, the polarizability derived from electrostatics reads [35],

α = 4πR3 (εshell − ε1)(εcore + 2εshell) + f (εcore − εshell)(ε1 + 2εshell)

(εshell + 2ε1)(εcore + 2εshell) + f (2εshell − 2ε1)(εcore − εshell)
, (6.87)
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where R is the outer radius, f = (Rcore/R)3 is the core volume fraction and εcore, εshell, and
ε1 are the core, shell and ambient medium dielectric functions, respectively. Amazingly, a
particle becomes invisible (α = 0) if the numerator in Eq. (6.87) equals zero, i.e.

(ε1 − εshell)

(ε1 + 2εshell)
= f

(εcore − εshell)

(εcore + 2εshell)
. (6.88)

Equation (6.87) has been derived for arbitrary values of dielectric permittivities without
any special assumptions on their metallic or dielectric features. Let us look at the condition
of resonant increase in polarizability which may occur when the denominator in the right-
hand part of Eq. (6.87) takes the minimal value. Let us check the extreme possibility of a
zero value of the denominator, i.e.

(εshell + 2ε1)(εcore + 2εshell) + f (2εshell − 2ε1)(εcore − εshell) = 0. (6.89)

Equation (6.89) is a linear equation with respect to εcore but a quadratic one with respect
to εshell. It means that, unlike the core, the shell will always possess two surface modes –
one for the inner interface and another one for the outer interface. If the core is a metal,
and the shell and the ambient medium are both dielectric, then the conditions of surface
plasmon oscillations on the metal surface are [36],

ε′
core = 2ε′

shell

[
ε′

shell( f − 1) − ε1(2 + f )
]

ε′
shell(1 + 2 f ) + 2ε1(1 − f )

, ε′′
core = 0, (6.90)

where primes on ε′ and ε′′ denote the real and the imaginary part of the proper dielectric
function, respectively. Note, the ambient medium is implied to have a purely real dielectric
function. If the core size is small as compared to the shell thickness (i.e. f → 0) then
Eq. (6.90) reduces to the familiar condition of surface plasmon resonance at the surface of
a metal particle inside the medium with dielectric permittivity ε′

shell,

ε′
core = −2ε′

shell. (6.91)

If the shell thickness is negligibly small as compared with the core radius (i.e. f → 1), then
Eq. (6.90) gives a similar condition with respect to a metal nanoparticle inside the medium
with dielectric permittivity ε1,

ε′
core = −2ε1. (6.92)

In the intermediate case of finite f , the effect of a dielectric coating is pronounced as
the spectral shift of surface plasmon resonance, the value of this shift being dependent on
coating and ambient medium permittivities (the reader may care to solve Problem 10).

Consider now the dielectric core with metal shell. The quadratic equation (6.89) with
respect to εshell has two solutions (simultaneously ε′′

shell = 0 is met) [36],

ε′
shell(±) = 1

4(1 − f )

{
−2 f (ε′

core + ε1) − (ε′
core + 4ε1)

±
√[

2 f (ε′
core + ε1) + (ε′

core + 4ε1)
]2 − 16(1 − f )2ε′

coreε1

}
.

(6.93)
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The two solutions correspond to surface plasmon oscillations at εcore/εshell and εshell/ε1

interfaces. Interestingly, the relative position on the frequency scale of metal/core and
metal/medium surface plasmons is defined by the inequalities,

1 < εcore < 4ε1, (6.94)

εcore > 4ε1 > 4. (6.95)

Here we consider the core material permittivity as purely real and omit the prime label.
In terms of refractive indices, Eqs. (6.94) and (6.95) give ncore < 2n1 and ncore > 2n1,
respectively. In the first case, the solution ε′

shell(+) corresponds to plasmons on the
outer shell/medium interface whereas ε′

shell(−) corresponds to plasmons at the inner
shell/core interface. The outer plasmon resonance occurs at ε′

shell(−) ≈ −2ε1. The inner

plasmon resonance occurs at ε′
shell(+) ≈ − 1

2εcore. Therefore, in terms of absolute values,
1 < |ε′

shell(+)| < |ε′
shell(−)| = 2ε1 holds and using the simplified purely real metal dielectric

function in the form ε = 1 − ω2
p/ω

2, one can see the inner plasmons have higher frequency
compared with the outer plasmons (Fig. 6.16a). In the second case, the outer plasmon
resonance occurs at ε′

shell(−) ≈ − 1
2εcore, whereas the inner plasmon resonance occurs at

ε′
shell(+) ≈ −2ε1. Now, in terms of absolute values, 2 < |ε′

shell(+)| < |ε′
shell(−)| = 1

2εcore holds
and the outer plasmon acquires the higher frequency as compared with the inner one
(Fig. 6.16(b)). Figure 6.16(c) shows the calculated spectra for these two cases for a 7.9 nm
silver shell over a 20 nm core. The reader is asked to identify the inner and the outer
resonances themselves (Problem 12).

It is interesting to trace the size dependence of extinction spectra for core–shell particles.
An increase of the dielectric core size when the metal shell thickness is constant results
in rapid long-wave shift of the resonant bands [36]. Such behavior qualitatively resembles
the scattering characteristics of solid metal particles (see Fig. 6.13(b)). Amazingly, if the
dielectric core size is kept constant but the shell thickness increases, the resonant extinction
bands move in the opposite direction. Although the overall size of a particle increases,
the resonant wavelengths decrease. This is shown in Figure 6.16d. Such behavior is non-
trivial and can not be foreseen from the theory of light scattering by solid particles. The
behavior predicted in the theory has been observed in experiments by Oldenburg et al. [39].
The reason for this unusual behavior may, at least partially, result from the size-dependent
scattering of electrons in thinner shells.

Notably, the extinction band for nanoshell structures is rather wide as compared to the
solid metal nanoparticles (see Figs. 6.11, 6.12). The reason for the extra broadening is
definitely efficient damping by the outer as well as the inner nanoshell/dielectric interface.
Kachan and Ponyavina [40] derived the modified electron mean free path � which determines
the damping rate � via the relation � = vF/�. These authors considered the equal probability
of scattering of an electron from any given point inside the shell by both interfaces and then
found the average value of the mean free path in the form,

�(R, h) = R

[
1

1 + h2
− h

2
− 1

4

(1 − h2)

(1 + h2)
· (1 − h) ln

(1 − h)

(1 + h)

]
, (6.96)
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Fig. 6.16 Optical properties of spherical nanoparticles with a dielectric core and a metal shell. (a), (b) The
real part of the dielectric function of an ideal metal and the relative positions of the inner and
outer surface plasmon resonances, according to the solutions of Eq. (6.93), the normalized
frequency is ω/ωp . (c) Extinction spectra calculated for the two combinations of refractive indices
of core and matrix corresponding to the different mutual positions of the inner and outer
resonances for silver nanoshells [36]. Core radius is 10 nm, silver shell thickness is 7.9 nm. (d)
Calculated extinction spectra of a number of core–shell silica/gold particles in air with core radius
60 nm and varying shell thickness between 5 to 20 nm (indicated near every curve). Adapted
from. Reprinted with permission from [39]. Copyright 1998, Elsevier B.V.

where R is the outer radius of the structure and h is the ratio of the core and outer radii
h = Rcore/R. When the core radius tends to zero the mean free path given by Eq. (6.96)
tends to R.

Further primary coupled structures by analogy to plasmonic molecules consisting of
solid metal particles could be coupled metal nanoshells with dielectric cores.

Problems

1. At first glance, a different plasma frequency in different metals could be treated as the
reason for their colors. However this is not the case since plasma frequency actually lies
beyond the visible. Looking at the metal parameters listed in Table 6.1 elucidate the true
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physical property and the process defining the sheens known as “coppery”, “auburn” and
“argentine” (“silvery”).

2. Compare the reflectance and dielectric function of silver presented in Figure 6.3 and
find the correlations between them.

3. Estimate the applicability of the parameters ε∞ = 5, h̄ωp ≈ 9 eV, h̄� = 0.02 eV pro-
posed in [5] for the experimentally found real part of the dielectric function for silver shown
in Figure 6.3.

4. Derive an analog of Eq. (6.47) for an arbitrary dielectric medium with ε1 �= 1.

5. Based on Eq. (6.47) elucidate the inverse function ω(k) which is plotted in Figure 6.6a.

6. Based on Eq. (6.66) examine the variation in the peak position of the imaginary part of
the dielectric function inherent in composite media with various volume fractions of silver
particles.

7. Elucidate the dielectric permittivity of the composite medium from the Bruggeman
formula (6.67).

8. Using data from Table 6.1 estimate the electron de Broglie wavelength in common
metals implying m∗

e = m0, E = EF. Compare with that of an electron in a semiconductor
quantum dot of the same size at room temperature, assuming m∗

e = 0.1m0.

9. Analyze the feasibility of making dielectric and metal particles invisible with coatings
in accordance with Eq. (6.88).

10. Using Eq. (6.90) consider a spherical metal nanoparticle with dielectric coating layer
embedded in a host dielectric medium and evaluate the effect of the coating on surface
plasmon resonance for different ratios of coating and host medium dielectric permittivity.
Consider purely real and frequency-independent permittivities of dielectrics for simplicity.
Using various tables in this book find out numerical estimates for Al particles covered with
an oxide shell embedded in air, water, silica and titania.

11. Using Eq. (6.93) evaluate inner and outer plasmon resonances for core–shell–matrix
parameters: silica–gold–air, GaAs–silver–silica, ZnSe–copper–titania.

12. Identify the inner and outer surface plasmon resonances for the spectra presented in
Figure 6.16c.
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7 Light in periodic structures: photonic crystals

“I have discussed in a recent paper [1] the propagation of waves in an infinite
laminated medium . . . , and have shown that, however slight the variation, re-
flexion is ultimately total, provided the agreement be sufficiently close between
the wavelength of the structure and the half-wavelength of the vibration.”

Lord Rayleigh, 1888 [2]

7.1 The photonic crystal concept

Since the time when de Broglie published his hypothesis on the wave properties of matter
particles in 1923, the wave mechanics of matter has become a well-developed field of
science. It has provided an explanation for the properties of atoms, molecules and solids.
Furthermore, it predicted novel properties of artificial solids like quantum wells and quan-
tum wires. As we have seen in Chapters 2 and 3, there are many common features and
phenomena in wave mechanics and wave optics. At the very dawn of wave mechanics, it
essentially borrowed much from wave optics.

Nowadays, the reverse process manifests itself in science. Results of quantum mechanics
which are direct consequences of the wave properties of electrons and other quantum
particles are transferred to classical electromagnetism, and to wave optics. These are results
that are not related directly to spin and charge. Such transfers have formed a new emerging
field in modern optics of inhomogeneous media with the concept of a photonic crystal at
the heart of the field. The very concept of photonic crystals has been developed using an
analogy between propagation of an electron in a periodic potential and an electromagnetic
wave in a medium with periodic alteration of refractive index in space. In natural crystals,
the periodic displacement of ions in the crystal lattice forms a periodic potential for an
electrons. The results of electron motion in such a potential are propagation of Bloch waves
rather than plane waves, development of energy bands separated by band gaps, modification
of electron mass, formation of Brilloiun zones, conservation of quasi-momentum rather than
momentum. All these issues are results for a single-particle quantum theory of solids. Many
of them have been discussed in Chapter 4. The concept of the photonic crystal implies the
systematic consideration of electromagnetic waves in structures where the refractive index
features periodicity in one, two or three directions. This consideration in many instances
replicates the one-particle quantum theory of solids. Such consideration constitutes the
rather wide field of photonics with multiple applications in optical communication, laser
technologies, optoelectronics etc.
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To give a definition, a photonic crystal is a medium with periodic change of dielectric
function in one, two or three dimensions. It creates band structure and band gaps for
electromagnetic waves as a periodic Coulomb potential gives rise to bands for an electron
in a crystal lattice. The physical reason for these phenomena is the interference of waves
experiencing multiple scattering from periodically arranged scatterers. Band gaps arise
because of the formation of standing waves. Band structure and band gaps are essentially
the classical electromagnetic phenomena that can be consistently discussed and understood
in terms of wave optics. In a sense, the notation “photonic” when speaking about photonic
crystals is somewhat misleading since light quanta are not involved in the very basic features
of photonic crystals. It should be taken as indication of the field of photonics rather than of
photons.

There are two essential precursors of the photonic crystal concept. The first one is
formation of a reflection band in a periodically layered medium, which has been known
for more than a century and dates back to Rayleigh’s research [1, 2]. In a periodically
laminated thick (as compared to wavelength) slab, a reflection band always develops in-
dependently of the amplitude of refractive index change. Smaller alteration simply needs
a thicker slab to obtain high reflectance. Another precursor is dynamic X-ray diffraction
with the particular features of specular reflection for selected directions, originating from
standing wave formation. This was identified for the first time by C. Darwin [3].1 The new
realm that the photonic crystal concept has introduced is the properties of light waves and
light–matter interactions in the case of two- and three-dimensional (i.e. beyond Rayleigh’s
theory) periodic lattices with high refractive index alteration (100% and more for light
waves versus 0.01% in X-ray physics). The essential hint on the remarkable properties
of three-dimensional lattices for light propagation was revealed by K. Ohtaka in 1979
[4]. The notation “photonic crystal” was introduced by E. Yablonovitch in 1989 [5]. He
was inspired by the ingenuous idea of V. P. Bykov on the inhibition of spontaneous emis-
sion of light in periodic media [6]. The latter will be a subject for close consideration in
Chapter 14.

In this chapter, an introduction to the wave optics of periodic media will be provided,
with a number of characteristic examples based on mainly numerical calculations. For the
comprehensive theory of photonic crystals including calculation techniques the reader is
referred to books and reviews [7–12].

7.2 Bloch waves and band structure in one-dimensionally
periodic structures

We start with the wave equation for an electromagnetic wave and consider the properties of
electromagnetic waves in a medium with periodic step-wise dielectric function ε(x + a) =
ε(x) (Fig. 7.1), i.e. a multilayer infinite stack consisting of the two types of materials with

1 Charles Galton Darwin is a grandson of Charles Darwin, the outstanding biologist.
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Fig. 7.1 An optical analog to the quantum-mechanical Kronig–Penney model.

different dielectric permittivities. The wave equation for an electric field, E(x, t) reads,

d2

dx2
E(x, t) + 1

c2
ε(x)

∂2

∂t2
E(x, t) = 0. (7.1)

Substituting E(x, t) in the form,

E(x, t) = E(x)eiωt , (7.2)

we arrive at the familiar Helmholtz equation (see Eq. 2.47),

d2

dx2
E(x) + ε(x)

ω2

c2
E(x) = 0. (7.3)

Now we have to reproduce the steps performed in Chapter 3 in terms of parallel consideration
of electrons and electromagnetic waves using the analogies of a step-wise potential barrier
and a step-wise change in refraction index n. In an ideal case of purely refractive material
without dissipative losses and with magnetic permittivity µ = 1, the relation n = √

ε

holds. Since we have already considered the Kronig–Penney model for electrons in Chapter
4 (Section 4.1) we are in a position to write down the solution of Eq. (7.3) in the form of
electromagnetic Bloch waves,

E(x) = Ek(x)eikx , (7.4)

where k is the Bloch wave number and Ek(x) = Ek(x + a) is periodic with the same period
as ε(x). Subscript k in Ek(x) means this function depends on k. Similar to the case of
electrons, the states differing in wave number by the value kN = k ± 2π

a N are equivalent.
As in the case of the single-particle Schrödinger problem, the periodicity of the medium

gives rise to breaks in the dispersion curve ω(k) and to formation of intervals on the k-
axis where a solution of Eq. (7.3) in the form of plane waves Eq. (7.4) does not exist.
The break points of the E(x) function correspond to standing waves with electromagnetic
energy concentration, either in the sublattice of the high-refractive, or in the sublattice of
the low-refractive material. These properties are displayed in Figures 7.2–7.4.

Figure 7.2(a) shows the dispersion curve for an electromagnetic wave in a vacuum,

ω = ck, (7.5)
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w = ck
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Fig. 7.2 Dispersion curves for electromagnetic waves (a) in a homogeneous and (b), (c) in a periodic
medium. Only the parts of the curves relevant to positive k values are displayed in (a) and (b).
The diagram displayed in the (c) panel is obtained from the diagram shown in (b) by means of
translation of the two uppermost curves (for positive k and for negative k) to the left and to the
right by ±2π/a values. It is instructive to compare this figure with the electron analog in
Figure 4.2.

and in a continuous medium with refraction index n > 1,

ω = ck/n. (7.6)

In a medium with periodic n(x), breaks appear in the dispersion curve for every value of
the wave number satisfying the condition,

kN = Nπ/a, (7.7)

where N is a positive or negative integer number. Figure 7.2 shows the range [0, 2π/a]
with the break at k = π/a. All wave numbers differing by the value 2Nπ/a appear to
be equivalent. As was explained in Chapter 4 for the case of electrons, this equivalence
leads to the concept of the Brilloiun zone, i.e. an interval of width 2π/a which contains all
non-equivalent k values. It is convenient, as it was for electrons, to choose Brillouin zones
symmetrically with respect to the k = 0 point, i.e. for the N th zone,

(N − 1)
π

a
< |k| < N

π

a
. (7.8)

The first Brillouin zone is the interval [−π/a,+π/a]. The second zone consists of the two
symmetrical intervals [−2π/a,−π/a] and [+π/a,+2π/a]. The third one also consists
of the two symmetrical intervals [−3π/a,−2π/a], [+2π/a,+3π/a], and so on. As in
the case of an electron, it is convenient to move all parts of the dispersion curve into the
first Brillouin zone. Then we arrive at the so-called reduced dispersion curve presented in
Figure 7.2(c). This presentation is referred to as photonic band structure.

For small k values (k � π/a) the dispersion curve reproduces that of a homogeneous
medium. Then with growing k the wave velocity dω/dk reduces and at k → π/a the value
of dω/dk tends to zero. At k = π/a a standing wave develops which may take two types. The
first type corresponds to the concentration of the field in the sublattice with high refractive
index, whereas the second type corresponds to the concentration of the field in the sublattice
with low refraction index. The first type occurs near the bottom of the band gap (ω1) whereas
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Fig. 7.3 Properties of a finite-length stack of two materials with different refractive indexes.
(a) Frequency versus wave number dependence and (b) optical transmission spectrum. The
number of transmission peaks within one band equals the number of layers in the stack.

the second type occurs at the top of the band gap (ω2). Therefore the lower band is sometimes
referred to as the dielectric band, whereas the higher band is referred to as the air band
implying a dielectric/air lattice. By and large, the ω(k) function is close to the linear function
for k, far from the break points and tends to constant value at the break points.

Therefore the continuous linear dispersion curve inherent in a homogeneous medium
breaks into nonlinear portions in a periodic medium. For continuous portions of the dis-
persion curve, Bloch waves represent the solutions whereas within the forbidden gaps the
wave solutions do not exist. Instead an evanescent wave develops. It is rather instructive to
consider the properties of a finite multilayer periodic structure. For a finite slab with periodic
dielectric function, the dispersion curve reduces to a discrete set of points (Fig. 7.3, left
panel). The number of such points equals the number of periods in the slab. These discrete
points generate the corresponding set of narrow transmission sub-bands with transmission
T = 1 in the middle of every sub-band (Fig. 7.3, right panel). Within the band the gap
transmission coefficient equals zero and, accordingly, the reflection coefficient R equals
1. Generally, reflection and transmission spectra are complementary in an ideal purely
refractive medium without dissipation losses, i.e. R + T = 1 holds everywhere.

Figures 7.4 and 7.5 show spatial intensity distributions computed for a finite periodic
slab for various frequencies. In Figure 7.4 the concentration of the field is evident either
in high- or in low-refractive layers for the maxima of the two transmission bands adjacent
to the band gap. In Figure 7.5 the evanescent field is presented for the frequency inside
the gap. The evanescence of the field inside the structure coexists with high reflection of a
wave coming from outside.

The complete reflection band is sometime referred to as stop-band. Noteworthy, for a one-
dimensional periodic slab the stop-band with high reflection always develops independently
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Fig. 7.4 Spatial intensity profile in a finite periodic multilayer structure for transmission bands in the close
vicinity to band gap edges (a) ω1 and (b) ω2 [13]. Dashed lines show the refractive index profiles.
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Fig. 7.5 The spatial intensity profile in a finite periodic multilayer structure for the frequency value in the
center of the band gap ω0 [13]. The dashed line shows refractive index profile.

of the size of the refractive index difference between the layers. The longer the periodic
sequence of layers the higher is the reflection in the stop-band. The higher the refractive
index difference, the wider is the stop-band. Remarkably, these phenomena had been
predicted and explained by Rayleigh in 1887 [1]. He derived the analytic expression for the
stop-band width for a finite “linearly laminated” structure, emphasizing that total reflection
of waves occurs not only for a wavelength equal to double the period of the structure, but
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Fig. 7.6 A fragment of Rayleigh’s paper “On the remarkable phenomenon of crystalline reflexion
described by Professor Stokes”, published in Philosophical Magazine in 1888 [2].

for all values of wavelength λ in a medium with density ρ0 within the interval,

(λ/2)2

a2
= 1 ± 1

2

ρ1

ρ0
, (7.9)

where ρ1 is the density of another medium in the laminated structure. Rayleigh considered
mechanical vibration but formulated the final results in terms of optical properties. A copy
of Rayleigh’s paper with the discussion of this issue is presented in Figure 7.6. More detail
on the optical properties of one-dimensional periodic structures can be found in [14, 15].
Multilayer thin film coatings on dielectric substrates have been known as dielectric optical
mirrors and interference narrow-band filters since the 1940s.

There is one particular, practically important case of multilayer periodic structures,
namely, alternating layers of the two materials with different refractive indexes n1, n2 and
thicknesses d1, d2, but with the same optical density for each layer, i.e.

n1d1 = n2d2 ≡ nd. (7.10)
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Fig. 7.7 Transmission spectra of finite quarter-wave multilayer structures, consisting of alternating layers
with refractive indexes n2 and n1 embedded in an ambient medium with refractive index n2 < n1

[13]. Every structure begins and ends with a highly refractive layer whose refractive index is n1.
(a) n1/n2 = 2, number of layers is 5 (gray line), 7 (dashed line), and 15 (solid line); (b) 11 layers
with different n1/n2 = 1.5 (gray line), 2 (dashed line), and 2.5 (solid line). The structures are
shown in the insets.

In this case the central (midgap) frequency ω0 in the reflection band is determined from the
so-called quarter-wave condition,

λ0/4 = nd, (7.11)

and reads,

ω0 = 2πc/λ0 = πc/2nd. (7.12)

For quarter-wave periodic structures the transmission spectrum is a periodic function of fre-
quency with period 2ω0. Moreover, for finite periodic quarter-wave structures the analytical
expression for the optical transmission coefficient TQW(ω) has been derived [14]:

TQW(ω) = 1 − 2R12 + cos πω̃

1 − 2R12 + cos πω̃ + 2R12 sin2

[
Narc cos

(
cos πω̃ − R12

1 − R12

)] , (7.13)

where ω̃ = ω/ω0 is the midgap-normalized dimensionless frequency, and R12 is the reflec-
tion coefficient at the n1 ↔ n2 refractive step (see Eq. 3.22),

R12 =
(

n1 − n2

n1 + n2

)2

=
(

1 − n1/n2

1 + n1/n2

)2

. (7.14)

Representative spectra for different numbers of periods and different n1/n2 values are
given in Figure 7.7. One period is shown at the frequency scale normalized with respect to
ω0. Within every period on the frequency scale, the transmission spectrum of a quarter-wave
structure is symmetrical with respect to points ω0, 3ω0, 5ω0 etc. Spectral symmetry can be
written in a general form as,

T (ω + 2Nω0) = T (ω), N = 1, 2, 3, . . . (7.15)
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Fig. 7.8 A 3D representation of the photonic band structures of (a) an isotropic homogeneous
non-dispersive medium and (b) a 1D photonic crystal. Only 2D slices of the wave vector space are
depicted. Insets show the orientation of the media. A photonic crystal band structure (b) is
presented only for one basic polarization. Adapted from [16].

The relative width of the reflection band for a quarter-wave periodic structure reads [7],

�ωgap

ω
= 4

π

|n1 − n2|
n1 + n2

= 4

π

√
R12, (7.16)

i.e. it is unambiguously defined by the n2/n1 value, which is often referred to as the
refractive index contrast.

7.3 Multilayer slabs in three dimensions: band structure and
omnidirectional reflection

In Section 7.2 a one-dimensionally periodic structure was considered in one-dimensional
space only. However, practical structures like laminated multilayer stacks are actually
three-dimensional (3D) objects. In this section we consider properties of multilayer stacks
(so-called 1D photonic crystals slabs) at oblique and grazing incidence of light.

A 3D representation of the dispersion law of a sample isotropic homogeneous medium
with frequency-independent refractive index and band structure of an infinite multilayer
periodic stack is presented in Figure 7.8 [16]. For a homogeneous medium, the dispersion
law forms a cone. Every cross-section in the plane containing the frequency axis reproduces
the curve shown in Figure 7.2(a). For a periodic medium, this occurs within the ω − ky

and ω − kz cross-sections, whereas the ω − kx cross-section reproduces the band structure
shown in Figure 7.2(c).

For a homogenous medium in the 3D consideration, the dispersion law reads,

k2 = ω2

c2
n2, (7.17)
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Fig. 7.9 Schematic representation of a dielectric multilayer structure. The light rays refracting and
propagating through the stack are shown. The full domain of incident angles in αinc in the range
[−π/2,+π/2] is mapped onto the internal cone of the half-angle αmax

1 = arcsin(n/n1) (light gray
area). Adapted from [19].

which agrees reasonably with the purely one-dimensional expression (7.6). The group
velocity vg is always parallel to k,

vg = ∇kω(k). (7.18)

In a periodic medium band gaps develop for light with a finite kx value. The band structure
is essentially different for different polarizations. In the long-wavelength limit, the band
structure asymptotically tends to the light cone inherent in a homogeneous anisotropic
uniaxial crystal. So-called form birefringence develops [17, 18]. For higher frequencies,
new bands, which are separated by frequency and angular gaps, appear in the band structure
(Fig. 7.8(b)).

Notably, the energy flow direction is no longer parallel to the wave vector (Fig. 7.8(b)).
In a periodic medium, the velocity of the energy flow integrated over a unit cell is still
identical to the group velocity [21]. However, due to the strongly non-circular shape of
the constant-frequency surfaces in the k-space, the group velocity Eq. (7.18) is no longer
parallel to the wave vector.

Although multilayer thin film coatings have been used routinely in optical technologies
and devices for decades, the photonic crystal concept brought new attention to this field.
In 1998 groups from the USA [20], Belarus [21] and Great Britain [22] independently
considered the possibility of obtaining 100% omnidirectional reflection from a semi-infinite
multilayer structure. They found it was possible provided that refractive indexes n1, n2 are
large enough and differ considerably from the refractive index, n, of the ambient medium
(Fig. 7.9). This means that under certain conditions, a dielectric multilayer structure exhibits
angular-independent reflection, as does a metallic mirror. The latter, however, features
unavoidable dissipative losses. Such losses are absent in dielectric structures. Therefore, an
omnidirectional reflector based on dielectric materials can in many cases substitute metal
analogs to positive effect.

The properties of Bloch waves inside a periodic dielectric mirror can be discussed in
terms of separate consideration of the TE (transverse electric) modes and TM (transverse
magnetic) modes. For TE-modes the electric field vector is parallel to the layer interfaces,
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Fig. 7.10 Projected band structure of a typical 1D periodic multilayer medium for TE (left panel) and TM
(right panel) polarizations. The parameters of the medium are n1 = 1.4, n2 = 3.4, filling factor
d1/(d1 + d2) = 0.5. The frequency is normalized as ω(d1 + d2)/2πc ≡ (d1 + d2)/λ0, and the
tangential component of the wave vector k⊥ is normalized as |k⊥| (d1 + d2)/2π. The gray areas
correspond to the propagating states, whereas the white areas contain the evanescent states
only. The shaded areas correspond to omnidirectional reflection bands. The solid lines are the
ambient-medium light-lines. Adapted from [19].

i.e. to the yz-plane in Figure 7.8. For TM-modes the magnetic field vector is parallel to
the yz-plane. A projected band structure of an infinite periodic system of layers is given in
Figure 7.10. This is a projection of a 3D band structure (Fig. 7.8(b)) onto the ω − ky plane,
where ky is the tangential component of the wave vector k, assuming the plane of incidence
is x–y. The refractive indices correspond to the SiO2/Si structure in the near IR region. The
thicknesses of the layers are chosen as d1 = d2. An infinite periodic structure can support
both propagating and evanescent Bloch waves. Gray areas correspond to the propagating
states, whereas white areas are band gaps where only evanescent states exist.

When ω and k of a wave entering the periodic structure at an angle αinc from an ambient
homogeneous medium with refractive index n are within the band gaps, an incident wave
undergoes strong reflection. Reflectivity depends on frequency and angle of incidence.
This is seen in Figure 7.10. Photonic band gaps rapidly move to higher frequencies with
increasing incident angle, denoted by the increase of the tangential component of the
wave vector. Notably, the TM band gaps vanish when approaching the Brewster light-line
ω = c |k⊥| /n1 sin αB, where αB = arctan(n1/n2) is the Brewster angle. The TM polarized
wave propagates without any reflection from the n1 to the n2 layer, and from the n2 to the
n1 layer at the Brewster angle αB. These properties of band structure restrict the angular
aperture of a polarization-insensitive range of high reflectance. Therefore, omnidirectional
reflectance can be achieved due to the restricted number of modes that can be excited by
externally incoming waves inside a semi-infinite periodic structure. Waves coming from the
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low-index ambient medium (n < n1; n2) are confined within the cone defined by Snell’s
law. Angles inside the crystal should be small enough to have the band gaps open up to the
grazing incidence angles. In particular, (i) a sufficiently large index contrast between the
layers with respect to the ambient medium ensures that light coming from the outside will
never go below Brewster’s angle inside, and (ii) a sufficiently large refractive index contrast
between the layers themselves can keep the band gaps open up to the grazing angles [19–
22]. The region of k-space where the electromagnetic modes of the periodic structure can
be excited by the externally incident wave lies above the light-line (Fig. 7.10), which is a 2D
projection of the light cone of an ambient medium. These areas are shaded in Figure 7.10.
No propagating mode exists for incident waves within these shaded areas. This means total
omnidirectional reflection develops. Experiments on angular-dependent reflection from
multilayer structures and omnidirectional reflection will be discussed in Section 7.10.

7.4 Band gaps and band structures in two-dimensional lattices

In two- and three-dimensional lattices with periodic dielectric function, the relation,

ε(r + T) = ε(r) (7.19)

holds. Here T is the translation vector (see Chapter 4, Eq. (4.6)). For a non-magnetic
medium wave equations for the electric and magnetic fields take the form,

∇ ×
(

∇ × 1

ε(r)
D(r)

)
− ω2

c2
D(r) = 0, (7.20)

∇ ×
(

∇ × 1

ε(r)
H(r)

)
− ω2

c2
H(r) = 0, (7.21)

where D is the electrical displacement vector, and H is the magnetic field. When equations
(7.20) and (7.21) are written in the form of eigenvalue problems, the corresponding operator
in the equation for the magnetic field is Hermitian whereas the operator for the electric field
is not. Therefore, calculations of photonic band structure for two- and three-dimensionally
periodic materials are performed using solutions of Eq. (7.21) rather than Eq. (7.20). Then
the electric field is recovered by means of the relation,

E(r) =
( −ic

ωε(r)

)
∇ × H(r). (7.22)

The calculation techniques are described in detail in [8, 9]. Different 2- and 3-dimensional
lattices are the subject of numerical modeling based on dielectric constants (refractive in-
dexes) of real materials, typically ranging from 1 (vacuum) to 13 (silicon, gallium arsenide)
(see Table 3.1 in Chapter 3). Optimization of the geometrical structure of the lattices is per-
formed to search for wider gaps within a bigger solid angle, ideally to search for complete
(i.e. onmidirectional) gaps. This task is not easy. A one-dimensionally periodic structure, as
was noted in the previous section, has been known since 1887 to always exhibit the gap. In
2- and 3-dimensional periodic lattices, special topology and the highest possible refractive



211 7.4 Band gaps and band structures in two-dimensional lattices

0.5

(a) (b)

0.4

0.3

0.2wa
/2

πc

0.1

0.0

0.5

0.4

0.3

0.2wa
/2

πc

M

K

x

y

kx

ky

0.0

0.1

Γ ΓM K Γ Γ

Γ

M K

Fig. 7.11 Photonic band structure for (a) E-polarized and (b) H -polarized light in a 2D photonic crystal
created by a triangular lattice of air holes (ε = 1) with the radius r = 0.3a (where a is the lattice
period) in a dielectric with permittivity ε = 12; the band gap is darkened. The top right inset
shows a cross-sectional view of a fragment of the 2D photonic crystal. The bottom right inset
shows the corresponding Brillouin zone, with the irreducible zone shaded. Reprinted with
permission from [12]. Copyright 2007, Elsevier B.V.

index ratio of the constituent materials are necessary. Combinations of Si/air and GaAs/air
offer refractive index ratios of 3.45 and 3.6, respectively. However these materials are not
transparent in the visible range (see Table 4.1 for electronic band gaps). GaAs can be used
for wavelengths longer than 820 nm and Si for wavelengths longer than 1000 nm.

When comparing properties of electromagnetic waves in periodic lattices with those of
electrons, one essential difference should be emphasized. The electric charge inherent in
electrons gives rise to a large scattering cross-section at charged ions in a crystal lattice.
Therefore, the periodic potential gains high amplitude and an omnidirectional electronic
band gap readily develops. It manifests itself straightforwardly as optical transparency of
the large number of natural and artificial crystalline dielectric and semiconductor materials.
Unlike electrons, electromagnetic waves scatter on inhomogeneities in the dielectric permit-
tivity. This inhomogeneity in the visible range is approximately three times at its maximum
(see Table 3.1). There is a pronounced tendency for decrease in dielectric permittivity with
decreasing wavelength. For X-rays and gamma-rays the situation is even worse: 10−4 for
X-rays and even less for gamma rays. On the other hand, for radiofrequencies dielectric
permittivity up to 102 is feasible.

Consider a few selected examples of model two-dimensional structures. Figure 7.11
presents the band structure for a two-dimensional triangular lattice of air holes in a dielectric
with a relatively large dielectric permittivity, ε = 12, relevant to silicon. The results are
presented in terms of dimensionless frequency ωa/2πc ≡ a/λ0, where λ0 is the light
wavelength in a vacuum. Light propagates in the plane normal to the holes. In this case all
Bloch modes can be separated into two sub-groups: the Bloch modes for which the electric
field is parallel to the hole axis (referred to as E-polarized) and the Bloch modes for which
the magnetic field is parallel to the hole axis (H -polarized modes). In terms of traditional
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Fig. 7.12 Model 2-dimensional lattices of rods examined in [23]: (a), (b), (c) rectangular; (d), (e), (f)
triangular; (d), (h), (i) honeycomb.

TE and TM notations, H -polarized light corresponds to the TE-mode (Transverse Electric)
and E-polarized light corresponds to the TM-mode (Transverse Magnetic).

The band structure diagrams in Figure 7.11 for two-dimensional lattices represent the
dispersion law ω(k) for the first Brillouin zone, as in the case of a one-dimensional peri-
odic structure. However two-dimensional geometry needs three-dimensional (multi-value)
functions ω(kx , ky) to be plotted, which is rather cumbersome. Therefore the following
presentation style is generally adopted for two-dimensional periodic structures. The origin
of coordinate system ω, k corresponds to ω = 0, k = 0 and is indicated as the �-point in
the Brillouin zone. Then the ω(k) function is presented with k varying along the � → M di-
rection. Afterwards the k vector changes in value and direction between the M and K points
at the edge of the first Brillouin zone. Note that at the very beginning, for small frequency
and wave number, the dispersion curve is nearly linear as it was in the one-dimensional
case (compare with Fig. 7.2(c)). This means that propagation of light can be interpreted in
terms of an effective medium with constant refractive index. This is the familiar case of the
long-wave approximation of complex media in optics where the wavelength is much larger
than inhomogeneity sizes. The omnidirectional forbidden gap on the frequency axis in Fig-
ure 7.11 means an absence of ω(k) points within a finite range of frequencies. It is shown
in the panel (b) as a gray band. Presentation of the band structure in terms of dimensionless
frequency offers direct translation of results along the electromagnetic wave scale.

Note, in Figure 7.11 an omnidirectional (two-dimensional) band gap develops for H -
polarized light only. Joannopoulos et al. [8] have shown the gap for E-polarized modes
develops in the structure under consideration for r/a = 0.5. Formation of complete omni-
directional gaps for both types of modes in two dimensions is actually feasible with high-
refractive materials, depending on the crystal geometry, shape of an individual scatterer
and volume filling factor of the scatterers. Figure 7.12 shows a variety of two-dimensional
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Table 7.1. Parameters of selected 2-dimensional photonic crystals consisting of rods
with ε = 12.96 in air [23]

Band gap Surface filling
Notation in Figure 7.12 Lattice type Scatterer type �ω/ω factor f

a Rectangular Rectangular 0.15 0.67
b Rectangular Circular 0.04 0.71
c Rectangular Hexagonal 0.025 0.71
d Triangular Rectangular 0.09 0.68
e Triangular Circular 0.2 0.85
f Triangular Hexagonal 0.23 0.70
g Honeycomb Rectangular 0.06 0.43
h Honeycomb Circular 0.11 0.2
i Honeycomb Hexagonal 0.11 0.2

lattices of rods that were the subject of extensive theoretical analysis [23]. Table 7.1 presents
the widths of complete band gaps in the dimensionless units �ω/ω evaluated for GaAs
(ε = 12.96) rods in air along with the surface filling factor f (the portion of the square filled
with rods). A triangular lattice was found to offer wider gaps as compared with rectangular
and honeycomb ones.

7.5 Band gaps and band structure in three-dimensional lattices

For three-dimensional dielectric lattices a number of theoretical investigations have been
reported for close-packed dielectric spheres, as well as their three-dimensional replicas
(inverted lattices) [8, 9, 24–28]. Analysis of various topologies for three-dimensional lattices
has revealed the following features of band-gap formation. For the same lattice structure
(simple cubic, face-centered cubic, and body-centered cubic lattices were examined), the
structures comprising a small volume fraction ( f = 0.2–0.3) of a dielectric in air appear to
be more advantageous. For similar f values, those structure are advantageous that feature
continuous topology of high-refractive fraction. For example, the cubic lattice of smaller
(as compared to the lattice period) dielectric spherical particles feature a wider band gap
when the particles are connected by cylindrical rods.

Among the variety of cubic lattices, the diamond lattice features a wider band gap.
The diamond structure is a kind of face-centered cubic lattice. For the diamond lattice
consisting of close-packed dielectric spherical particles, the band gap was found to open
for all directions when the refractive index contrast ndiel/nair > 2 [25, 26]. The maximal
value of band gap width depends strongly on volume filling factor f . For example, for a
diamond lattice built of dielectric balls with ndiel/nair = 3.6 (GaAs), the band gap opens
at f = 0.2, rises to �ω/ω = 0.15 at f = 0.35, and then falls to zero at f = 0.7. For
a diamond lattice built of spherical air cavities in a dielectric with ndiel/nair = 3.6, the
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Table 7.2. Values of the full gap width (�ω/ω) and midgap
position (a/λ, where a is the lattice parameter) for different

combinations of materials and volume filling factors f

Sphere Background ε1 : ε2 f (%) �ω/ω (%) a/λ

Si Air 12:1 43 13 0.45
Si Silica 12:2.1 42 5 0.41
Air Si 1:12 50 12 0.40
Silica Si 2.1:12 50 4 0.38
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Fig. 7.13 Photonic band diagrams of (a) a silicon/silica composite diamond structure and (b) structure
made of air spheres in silicon resulting from the removal of the silica spheres from the former.
The filling fraction for silicon is 50%. The insets show the corresponding real space
structures. Reprinted with permission from [28]. Copyright 2001 AIP.

band gap opens at f = 0.35, then widens up to �ω/ω = 0.28 at f = 0.8 and then falls
with growing filling factor. In the context of filling factors it is instructive to remind
ourselves of the f values for various types of close-packed balls: f = 0.52 for a primitive
cubic lattice, 0.68 for the body-centered cubic lattice and 0.73 for the face-centered cubic
lattice [27].

Examples of computed band structures for diamond-like lattices exhibiting an omni-
directional band gap are shown in Figure 7.13 [28]. Silicon/silica and air/silicon structures
were examined. As in Figure 7.11, the dimensionless frequency ωa/2πc ≡ a/λ is used,
where λ is the wavelength value in a vacuum. Note that as in the case of 1D- and 2D-periodic
structures, for low frequencies (long wavelengths) the dispersion is nearly linear, i.e. an
effective medium approach can be applied to describe the propagation of electromagnetic
waves in periodic structures. Remarkably, it works until λ/a > 3 holds, where λ is the
wavelength in a vacuum.
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7.6 Multiple scattering theory of periodic structures

The traditional theory of electromagnetic waves in periodic structures considers properties
of waves in infinite space with translational symmetry. However, there is another approach
based on the multiple scattering theory in which, instead of translational symmetry, a finite
number of spatially arranged scatterers are considered. In this approach, instead of the band
structure, the reflected and transmitted wave amplitudes and the relevant intensities are
calculated. This approach is the same in essence as that considered for a finite number of
layers to understand the build-up of transmission and reflections bands and the development
of band structures for a one-dimensional periodic space. In the two- and three-dimensional
cases, calculations are rather sophisticated and can only be performed numerically. The
approach is described in [29], its application to photonic crystals is considered in [30, 31].

To compute the spectral features of the transmission and reflection of waves of a scattering
medium consisting of a system of correlated scatterers, one should take into account
interference cooperative effects, namely, coherent rescattering by particles and interference
of the scattered waves. In this way, transmitted and reflected wave amplitudes can be derived
for a single layer of close-packed identical dielectric spherical or cylindrical particles. Thus
the characteristic features of two-dimensional periodic structures can be revealed. To go
further towards understanding spectral features of three-dimensional periodic structures,
the so-called quasicrystalline approximation is reasonable. It implies the structure consists
of sequential layers, each layer containing close-packed identical spherical particles. In a
multilayer system, not only the incident radiation field and the fields scattered by other
particles of the same monolayer contribute to the effective field for a given particle, but
fields from particles of other layers do also. This is the main difference of the multilayer
system as compared to a single monolayer system. Based on the assumption of statistical
independence of the individual monolayers, it is possible to first find the scattering amplitude
of a single monolayer by taking into account multiple rescattering on particles within the
layer, and then to account for the re-irradiation of different monolayers of the sample under
consideration.

An example of this approach to close-packed dielectric spherical particles is shown in
Figure 7.14. Refractive index contrast corresponds to silica balls and air voids. It corre-
sponds to artificial opals that will be considered in more detail in Section 7.10. These results
are rather instructive. In Figure 7.14 build-up of selective transmission and reflection with
the growing number of layers is evident (compare with one-dimensional analog in Fig. 7.7).
In the long-wave limit, the transmission is nearly 1 and reflection is negligible (note, there
is no traditional Fresnel reflection here). A first-order stop-band develops for d/λ ≈ 0.45.
Second-order selective transmission/reflection bands are seen at half the wavelength, i.e.
at d/λ ≈ 0.9. For longer wavelengths (d/λ < 0.5) transmission and reflection are com-
plementary, i.e. T + R = 1 holds with good accuracy. For shorter wavelengths (d/λ ≈ 1),
intense incoherent scattering develops and transmission selectivity smears. This scattering
does not contribute to coherent reflection, therefore the absolute values of the reflection
coefficient for short-wave stop-bands are rather low. The large contribution of incoherent
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Adapted from [30].

scattering for shorter wavelengths lifts the complementarity of reflected and transmitted
light and T + R < 1 holds.

7.7 Translation to other electromagnetic waves

Notably, all graphs in the previous section are plotted for a dimensionless normalized
frequency and wavelength of electromagnetic waves. Only the dielectric permittivity and
refractive index values were used inherent in materials within the visible or near IR range.
This means, the results, conclusions and consideration in Sections 7.1–7.6 are equally valid
for electromagnetic waves beyond the optical range. Periodic structures are considered for
soft X-rays (wavelength of the order of 10 nm) in connection with high-resolution imaging
in nanoelectronics. Activity for shorter wavelengths is not very extensive because of the
negligible refractive index values for materials in the shorter wavelength range.

In the radiofrequency range the situation is quite the opposite for two reasons. First,
higher dielectric constants of the order of 102 are feasible. Second, millimeter and centimeter
wavelength scales readily enable performance of sophisticated topological configurations,
in contrast to the optical range where nanotechnology is mandatory. In fact, experimental
realization of full three-dimensional band gaps for electromagnetic waves were performed
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Fig. 7.15 Periodic optical wavelength-scale structures in Nature. Left: An antireflecting corneal surface of a
butterfly (Vanessa kershawi) eye. The scale bar represents 2µm [36]. Right: Diatom water-plant
fossils. The scale bars represent 10µm [39].

for the first time exactly in the millimeter range [32]. For advances and challenges in
radiofrequency electromagnetic crystal structures [33–35] are recommended.

7.8 Periodic structures in Nature

Periodic structures on the scale of optical wavelengths with pronounced interference-based
colors can be found in nature [36, 37]. For example, one-dimensional periodicity of coatings
over wings can be found in several types of butterfly, in the feathers of peacocks and on
the shells of many beetles. Isaac Newton outlined the role of interference in a peacock’s
shining colors in 1730. Structures with two-dimensional periodicity are present in the eyes
of a number of moths and other insects and even more complex periodic structures are
inherent in the cornea of human beings and mammalia [38]. Interestingly, two-dimensional
periodicity is inherent in very ancient living objects, for example, diatom water plants that
appeared about 500 million years ago. Two-dimensional periodicity can be found in pearls
that consist of a layered package of cylinders.

The functionality of creatures’ structures has been optimized over hundreds of millions
of years of evolution in Nature. The presence of optical wavelength-scale periodicity is
believed to be the result of such optimization. For example, the regular porous structure
of insect eyes (Fig. 7.15(a)) and mammalian corneas form an antireflective interface and,
probably, cut-off filter for ultraviolet radiation. At the same time, porous topology al-
lows physico-chemical exchange processes to be feasible. Diatomic aquatic-plant fossils
(Fig. 7.15(b)) feature pronounced micrometer-scale periodicity [39]. These are believed to
gain a nanoporous photonic crystal fiber-like structure for the sake of more efficient light
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harvesting [40]. These fossils were found to reproduce photonic crystal fibers applicable
for a variety of laser experiments [41]. An alternative reason, however, may just be related
to an optimal mechanical weight/hardness combination. The rationale for interference col-
ors is not straightforward. We may speculate, interferential (absorptionless) coloration, as
compared to absorptive, in creatures is characterized by the following advantages. First,
photochemical processes are avoided since no absorption of light occurs. This makes col-
oration durable without photobleaching, and therefore without the necessity for renewing
the source of color frequently. Second, interference offers colors without heating since,
again, there is no light absorption. This is again helpful for durable coloration as well as
(possibly) for optimal heat balance in a hot climate. There is also a hypothesis that the
sometime periodic structure of a light-emitting butterfly provides more efficient control of
the emitted light cone of the fluorescent species [42].

Three-dimensionally periodic structures are present in nature as colloidal crystals. Bio-
logical colloidal crystals were identified for the first time as viruses [43]. When speaking
about the optical wavelength scale, gem opals should be emphasized. These are silica
colloidal crystals with close-packed spherical silica globules and voids filled by another
inorganic compound [44]. The iridescent color of gem opals is caused by light-wave inter-
ference in a three-dimensional lattice.

7.9 Experimental methods of fabrication

One-dimensional periodic structures

Multilayer films featuring one-dimensional periodicity are routinely produced for com-
mercial applications in optical devices such as mirrors and band-pass and narrow-band
filters. The most typical and cheap way is vacuum deposition of polycrystalline materials
(Fig. 7.16a). Monocrystalline periodic structures are classical semiconductor heterostruc-
tures developed by means of epitaxial growth of semiconductor single crystals of thickness
from a few nanometers to microns, using lattice-matched pairs of materials. Epitaxial
growth can be performed by means of molecular beam epitaxy (MBE) or metal–organic
vapor phase epitaxy (MOVPE), sometimes also referred to as metal–organic chemical va-
por deposition (MOCVD). Multilayer periodic mirrors (often referred to as Bragg mirrors)
were mentioned in Chapter 5 (Fig. 5.37) in the context of quantum dot laser design. Another
approach is based on preliminary templating of a semiconductor surface with subsequent
electrochemical or chemical etching through the template. A template is usually produced
by means of lithography (Fig. 7.16(b)).

Synthesis of mesoporous materials with 2-dimensional periodicity

The templated approach offers the possibility of writing on a solid surface a regular or
any pre-defined irregular pattern by means of electron-beam lithography, with subsequent
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(a) (b)

Fig. 7.16 Periodic structures with one-dimensional periodicity. (a) A multilayer dielectric mirror, period is
about 500 nm [45]. (b) A silicon comb developed by means of templated etching. The period is
about 10 µm [46].

(a) (b)

1 µm
5 µm

Fig. 7.17 Two-dimensional periodic structures developed by means of lithographical prepatterning and
anodization. (a) SEM micrograph of regular pore configuration in an alumina layer with intervals
of 200 nm, the film thickness is approximately 3 µm [47]. (b) Electron micrograph of a
two-dimensional hexagonal porous silicon structure with a lattice constant a = 1.5 µm and a pore
radius r = 0.68 µm, fabricated by anodization of p-type silicon [48]. Copyright 1997 AIP [47].
Copyright 2007 Elsevier B.V. [48].

electrochemical processing of the surface to get nanopore displacement defined by the orig-
inal pattern. In spite of the exciting patterning opportunities offered by e-beam lithographic
drawing there are at least two drawbacks in this approach which should be highlighted.
First, it is expensive and multistage processing is required because of e-beam lithogra-
phy patterning. Second, the thickness of a porous film is severely limited (typically to a
few micrometers only) because the deeper part of the film under electrochemical reaction
is less sensitive to the original pattern written on the surface. A number of represen-
tative examples of two-dimensional periodic structures developed by means of e-beam
lithography templating are presented for nanoporous Al2O3 (alumina, Fig. 7.17(a)), and for
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a b

Fig. 7.18 SEM micrographs of (a) top and (b) cross-sectional views for the representative sample of
nanoporous alumina developed by means of self-organisation without prepatterning [51]. The
pore diameter is approximately 30 nm.

silicon (Fig. 7.17(b)). An evident advantage of the template-based technique is its applica-
bility to any type of materials for which chemical processing results in pore development.

A template-free technique can be performed for the fabrication of regular two-
dimensional arrays of deep cylindrical pores in alumina slabs. Anodizing of aluminum
to get its porous oxide Al2O3 (alumina) has been shown to demonstrate self-organization
in the course of electrochemical etching [49–51]. The regular structure with pronounced
near-order nanopore arrangement develops for certain combinations of electric current,
etching agent and temperature (Figs. 7.18). When self-organization is used, the porous
sample thickness is determined by the processing time only. The thickness can be as large
as hundreds of microns. Depending on the electrochemical treatment and preliminary sur-
face treatment the pore size can be from a few nanometers to hundreds of nanometers. The
surface domains visible in the top view in Fig. 7.18(a) are meant to reproduce the poly-
crystalline block structure of the original aluminum foil used in the fabrication process.
Notably, nanoporous alumina is a mesoscopic material which was originally considered
as the insulating component of semiconductor silicon microchips with metal aluminum
conductors. No optical application was originally implied.

The fabrication process is performed using several stages. Stage 1 forms a regular
preliminary pattern on the aluminum surface. The reverse side of the aluminum foil is
protected against anodizing with a chemical-resistant varnish. The etching pits developed
in stage 1 serve as the pore origination sites for further anodization stages. The duration of
stage 1 is typically one hour. Stage 2 provides continuous development of an alumina film.
The total etching process takes 10–20 hours to obtain pores of approximately 100 micron
length. Stage 3 then removes the rest of the aluminum foil using an etchant to get a free-
standing alumina film. Additionally, stage 4 can remove the alumina bottoms in the pores
to produce hollow cylindrical pores throughout the sample. The adjustable anodisation
parameters are: (i) electrolyte composition, (ii) voltage and (iii) temperature. An additional
stage can also be used to widen the pores.
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Fig. 7.19 The photonic band structure of a two-dimensional triangular lattice of air cylinders with radius
R(ε = 1) in alumina (ε = 2.72) for R/a = 0.3 [52]. (a) TM-modes; (b) TE-modes.

The formation mechanism for ordered arrays is supposed to be related to the mechanical
stress model, i.e., the repulsive forces between neighboring pores at the metal/oxide interface
promote the formation of hexagonally ordered pores during the oxidation process [49].

Calculations show that the refractive index contrast is not large enough for the alumina/air
structure to give band gaps simultaneously for TE- and TM-modes [52]. An omnidirectional
band gap develops for the TE-mode only (Fig. 7.19).

Direct laser writing by means of multi-photon polymerization can also give a two-
dimensional periodic dielectric on a sub-micrometer scale. In this technique, a photoresist
exhibiting an intensity threshold for exposure is illuminated by laser light whose photon
energy is insufficient to expose the photoresist by a one-photon absorption process. If this
laser light is tightly focused onto the resist, however, the light intensity inside a small volume
element (“voxel”) enclosing the focus may become sufficiently high to exceed the exposure
threshold, by multi-photon processes. By scanning the focus onto and into the photoresist,
in principle, any two- and three-dimensional connected structure consisting of these voxels
may be written directly into the photoresist. In analogy to holographic lithography, only
doubly connected structures can actually be fabricated. The size and shape of the exposed
voxels depends on the isophotes of the microscope lens and the multiphoton exposure
threshold of the photosensitive medium. The isophotes in the vicinity of the geometrical
focus typically exhibit an ellipsoidal shape and voxels with a lateral diameter as small as
100 nm and an aspect ratio of about 2.7 can be realized [53].

This technique needs complex sequential micromechanical manipulation to get a three-
dimensional structure by means of point-to-point photopolymerization. Another drawback
is the limited number of materials suitable for photopolymerization.

Synthesis of materials with 3-dimensional periodicity

Although modern solid-state technologies presently existing in micro- and nanoelectron-
ics offer several approaches resulting in high-quality one- and two-dimensional periodic
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(a) (b)

0.2 µm 0.7 µm

(c)

Fig. 7.20 (a) A woodpile structure with three-dimensional periodicity that can potentially be performed by
means of successive multiple masking–etching–alignment steps and its experimental
performance: (b) Electron micrograph of a few layers of the “woodpile” arrangement feasible for
III–V compounds like, e.g. InP, and GaAs [54]; (c) Electron micrograph of a five-layer
polycrystalline silicon woodpile periodic structure with period 450 nm approx. [55]. Reprinted with
permission from AAAS [54].

dielectric lattices, fabrication of a three-dimensional periodic superstructure by means
of these techniques still remains a challenging problem. A rather cumbersome multistep
approach has been proposed to fabricate so-called “woodpile” structures (Fig. 7.20) of
high-refractive semiconductor materials, gallium arsenide [54] and silicon [55] for the near
infrared. Calculations have shown that woodpile structures of these semiconductors do
exhibit a photonic band gap in all directions. For GaAs structures, it develops at a/λ ≈ 0.6
and has a relative width �ω/ω ≈ 0.1.

In this approach, submicron lithography and etching are used to develop a single layer
consisting of parallel grooves on a semiconductor substrate. A pair of such samples are then
aligned to make a rectangular grid arrangement. Then the upper substrate is removed by
etching. Afterwards the process is repeated until the desirable number of periods is fabri-
cated. In this manner, only a few layers can be developed (typically no more than eight have
been reported). The above layer-by-layer technique is rather complex and tricky because
extremely careful and accurate alignment is crucial. Notably, in spite of the small number
of periods, the structures shown in Figure 7.20 do exhibit pronounced angular-dependent
and spectrally selective optical transmission/reflection bands owing to the extremely large
refractive index ratio of the semiconductor–air interface exceeding 3. For comparison, in
commercial multilayer mirrors used in laser optics this ratio is typically about 1.5.

One more approach is based on two-dimensional patterning on a crystal surface and
subsequent electrochemical treatment with periodically alternating current [56, 57]. The
pore diameter is typically dependent on current value. Therefore, periodic alteration of cur-
rent gives rise to depth oscillation of the pore diameter. Thus three-dimensional periodicity
can be achieved by means of two-dimensional periodicity coming from surface patterning
and one-dimensional periodicity coming from periodic alteration of pore diameter. This
approach has been demonstrated for silicon [58, 59] based on well-developed porous silicon
electrochemistry (Fig. 7.21). However, such a three-dimensional periodic structure does not
bear witness to a fully omnidirectional band gap even in spite of the high refractive index
contrast inherent in the Si/air combination.

Non-template colloidal techniques are essentially based on synthesis of opal-like struc-
tures consisting of close-packed silica globules (colloidal crystals) [30, 60, 61], as well as
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Fig. 7.21 Three-dimensional periodicity in electrochemically derived silicon structures using surface
prepatterning and etching current alteration [59].
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Fig. 7.22 Opal-based periodic structures. Left: Scanning electron microscopy image of a synthesized silica
colloidal crystal. Lower panel shows the magnified image of a portion of the crystal inside a white
frame [61]. Globule diameter is 250 nm. Right: Photonic band structure diagram according to
calculations by Reynolds et al. [63].

using these artificial opals as templates for fabricating their three-dimensional replicas [62].
The latter features more optimal topology with respect to band-gap formation and offers
flexibility of material choice in order to get higher refractive index contrast.

Natural opals consist of close-packed silica globules with interglobule space well filled
by inorganic compounds. Unlike the natural counterpart, artificial opals (Fig. 7.22) possess
air voids. Original close-packed spherical globules with refractive index about 1.4 do not
exhibit an omnidirectional gap, although conditions for light propagation modify noticeably
[63]. As voids form a continuous network, they can readily be impregnated with any liquid,
as well as with polymers obtained after polymerization of liquid precursors and sol–gel
oxide films developed from a liquid solution. Other options include development of a
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Fig. 7.23 A scanning electron microscopy image of a silicon replica of an artificial opal [62] (left) and the
computed photonic band structure diagram (right) [64]. Copyright 2001 Nature Publ. Group [62].
Copyright 2007 Elsevier B.V. [64].

semiconductor (Si, CdSe, III–V compounds) polycrystalline phase inside the pores and also
VO2. Impregnation not only modifies the transmission/reflection features of original opals
but also offers an opportunity to embed light-emitting species like organic dye molecules,
semiconductor quantum dots and lanthanide ions using organic ligands or sol–gel films.
Hydrofluoric acid can be used to remove the silica host if the photonic lattice complementary
to an original opal lattice is desirable (Fig. 7.23). A three-dimensional dielectric lattice
of approximately 0.3 volume filling factor was shown to exhibit much stronger photonic
crystal properties compared with the close packing of dielectric balls (Section 7.5). A close-
packed face-centered cubic lattice consisting of balls has an approximate 0.67 volume filling
factor. Its replica thus fits the optimal filling factor quite well. Opal replicas can be readily
impregnated by all the above mentioned species. However, even superior Si/air refractive
index contrast can give rise to an omnidirectional band gap in second-order diffraction
only (a ≈ λ) as seen in the right panel of Figure 7.23 [64]. In the first order (a ≈ λ/2) no
omnidirectional gap develops.

A self-organization-based approach is advantageous as compared with template-
alignment fabrication techniques in the sense that a three-dimensional lattice readily devel-
ops on a rather large scale in a few processing steps. These are (i) synthesis of monodisperse
globules in a form of sol, (ii) sedimentation by means of gravity (sometimes by means of
centrifugation), (iii) thermal treatment for hardening and (iv) drying. However, the ap-
proach still does not offer the optimal solution for photonic crystal engineering. First,
crystallization occurs in the polycrystalline form, the single-crystalline domain typically
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not exceeding a few hundred micrometers. Second, face-centered cubic lattice and close-
packing inherent in opals is not the optimal topology for band-gap opening. Even replicas
of high-refractive compounds offer gaps only for higher diffraction orders (Fig. 7.22). How-
ever, at these high-order resonances the competitive non-resonant scattering arising from
crystal imperfections are crucial and can smear coherent band-gap effects.

7.10 Properties of photonic crystal slabs

One-dimensional periodicity

Periodic multilayer dielectric mirrors have been used commercially in optical instruments
and devices for many decades. Their properties with respect to normal or quasi-normal
incidence are well understood and reproducible. Nevertheless, during the past decades even
this well-defined field has experienced high research activity. In addition to traditional
polycrystalline thin film vacuum deposition, fine epitaxial technology has come to the fore
promising single crystalline periodic heterostructures for applications in compact solid-
state lasers. An example of a compact semiconductor laser with single crystal periodic
reflectors was given in Chapter 5 (Fig. 5.37). For generation of ultrashort laser pulses,
broadband reflectors are desirable. Large reflection bandwidth, in turn, can be developed
only by using a pair of materials with a large ratio of refractive indexes (see Eq. 7.16).
Figure 7.24 presents available data for single crystal materials along with their refractive
indexes and crystal lattice constants. Only these pairs of materials can be grown in the form
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Fig. 7.25 Omnidirectional reflection in a periodic multilayer structure. (a), (b) Calculated and (c), (d)
measured transmission spectra of a Na3AlF6/ZnSe 19-layer structure for (a), (c) s-polarized
(TE-mode) and (b), (d) p-polarized (TM-mode) light at different angles of incidence (0◦–solid line,
20◦–dashed line, 40◦–dotted line, 60◦–dash-dotted line). The lower triangles indicate the edges of
the calculated absolute omnidirectional band gap [19].

of a heterostructure, whose lattice constants differ negligibly to provide lattice matching and
minimal mechanical strain. A greater than 400 nm wide reflection band has been reported
for an AlGaAs/CaF2 mirror with the reflection band centered at 850 nm [65].

A high refractive index ratio of a couple of optical materials is also desirable for om-
nidirectional reflection. Traditional vacuum deposition of dielectric multilayer structures
meets the requirements for omnidirectional reflection for alternating layers of Na3AlF6

(n = 1.34) and ZnSe (n = 2.5) with air (n = 1) as the ambient medium [19]. A compari-
son of the calculated and measured transmission spectra (minimal transmission corresponds
to maximal reflection) is presented in Figure 7.25 for various angles of incidence and po-
larization. Principally, the agreement of theory and experiment is satisfactory although the
experimentally observed transmission values in its maxima are somewhat lower than in
the theory because of certain deviations in layer thickness and structural imperfections,
resulting in finite incoherent scattering that is not included in the calculation. Note, omnidi-
rectional reflection occurs along with the rather wide reflection band for normal incidence.
For the sample presented in Figure 7.25 it measures more than 250 nm in agreement
with Eq. (7.16). This means that high reflection can extend over nearly the whole visible
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Fig. 7.26 Transmission spectra of a 10-period slab of a two-dimensional photonic crystal with triangular
lattice of silicon rods. Left-hand part corresponds to the �–К direction of the wave vector,
right-hand part corresponds to the �–М direction. The inset on the left shows the first Brilloun
zone in k-space with the irreducible zone shaded. The inset on the right shows a portion of the
lattice in space. Adapted from [66].

spectrum. To summarize, a dielectric multilayer stack can feature optical properties inherent
in metal mirrors, i.e. high reflection coefficients in a wide spectrum and omnidirectional
reflectance.

Two-dimensional periodicity: transmission bands

In a finite slab of a two-dimensional photonic crystal with periodicity in the xy-plane,
transmission/reflection bands develop when light propagates within this plane. Figure 7.26
represents an example of the calculated transmission spectra for a triangle lattice of silicon
rods (n = 3.4) for the two different directions of the wave vector, �–К and �–М calculated
by Ochiai and Sakoda [66]. The number of periods in the slab equals 10 and the rod
radius r measures a quarter of the period a. An omnidirectional reflection band (i.e. zero
transmission) in the range ωa/2πc = a/λ = 0.26–0.30 is seen, indicating formation of the
two-dimensional electromagnetic band gap.

While in the xy-plane, two-dimensional photonic crystal slabs feature high reflectivity
and in the yz- and xz-planes high transmission (i.e. low reflection bands) develops. This is
shown schematically in Figure 7.27(a). For example, for a nanoporous alumina slab with
thickness of the order of 100 µm, the transmission coefficient for the direction coinciding
with a pore axis up to 98% has been reported for near field measurements [51]. This
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Fig. 7.27 High transparency of a two-dimensionally periodic dielectric slab in the direction along the pore
axis. (a) A sketch of high reflection and high transmission directions. (b) Imaging through an
opaque polymer film (left) and through a nanoporous alumina slab (right) with size 5 cm × 5 cm.
Note the residual piece of aluminium foil in the bottom of the alumina slab.

means Fresnel reflection at the air/slab interface lifts on. The high transparency of such
slabs is evident from Figure 7.27(b) where the transparency of a nanoporous alumina film is
compared with that of an opaque polymer film used in display devices to form homogeneous
backlight distribution.

Two-dimensional periodicity: antireflection effect

High transparency of 2d-periodic porous materials provides an instructive hint to the novel
design of antireflection coatings. Traditional thin film antireflection designs fail to com-
pensate reflection for high material/air refractive index ratio. High Fresnel reflection of
more than 30% in the near infrared and in the visible for materials like silicon, germanium,
gallium arsenide and gallium nitride is a serious problem for solar cells, light emitting
diodes, semiconductor lasers, photodetectors, electro-optical modulators and other pho-
tonic components. In the 1990s an ingenious solution for efficient antireflection design was
proposed, known as the “moth-eye design” [67]. It resembles the two-dimensional regular
arrangement of pores or pillars inherent in moth eyes (Fig. 7.15). For a silicon surface pat-
terned with 800 nm-period pores, reflectance is reduced to below 2% over the 1.5–5.5 µm
band. Moth-eye surfaces are capable of maintaining low reflectance, even when the incident
angle increases to 50◦. For an antireflection effect in the visible, the submicrometer scale
of the desirable surface lattice needs high-resolution lithography, typically based on the
electron beam technique. This technique is expensive and cumbersome. Therefore alter-
native template-based techniques are sought. Regular nanoporous alumina films can be
used as masks for development of antireflecting periodic structures on a silicon top [68].
Silica monodisperse colloids when arranged regularly on a silicon single crystal surface
were also shown to be suitable as a template for an affordable and efficient antireflection
solution [69]. Figure 7.28 shows the reflectivity of a silicon single crystal with and without
coatings and the image of a moth-eye antireflection coating developed with a silica colloidal
template.
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Two-dimensional periodicity: form-anisotropy and birefringence

In Section 7.3 it was mentioned that in the long-wave regime a photonic crystal can be
treated as a continuous medium with effective dielectric permittivity. In this size regime,
so-called form birefringence arises. In this subsection we shall take a closer look at this
phenomenon in two-dimensional periodic slabs e.g. nanoporous alumina.

For form-anisotropy birefringence to develop, not necessarily ideal periodic structures
should be considered, but rather mesoporous materials with arranged elongated sub-
wavelength pores with large aspect ratios are necessary. Form-anisotropy is the result
of different boundary conditions on the elongated border of a pore for different polariza-
tions in a set of aligned pores having the diameter much smaller and the length much
larger than the wavelength of electromagnetic radiation. Such a behaviour of light in meso-
porous structures results in different effective refractive indexes for different polarizations,
which is usually described as birefringence. There are several approaches to birefringence
modelling of mesoporous materials. The modified Bruggeman model [70] considers a set
of rotational ellipsoids aligned in the same direction and parallel to the optical axis of
an effectively anisotropic media. Notably, in this model a small refraction index contrast
is implied. The Maxwell–Garnett (MG) theory [71] considers a binary material com-
posed of two randomly distributed materials A and B with volume fractions pa and pb.
It is assumed that the volume fraction of material A is small. The MG model may be
generalized for the case of non-spherical pores by introducing the depolarization factor
tensor. The boundary conditions [72] model considers a simplified structure consisting of
air pores of square cross-section ordered in a square lattice. Such a structure offers the
possibility of considering only two types of boundary condition: parallel or perpendicu-
lar to the walls. The value of the extraordinary refraction index ne may be found for the
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Fig. 7.29 Modelling of birefringence in nanoporous alumina depending on the porosity (lines) and
experimental values of the birefringence (circles) [52]. PWE stands for plane wave expansion,
BC stands for boundary conditions. The inset shows an explanation of refractive indices used to
define birefringence.

case of a pure electric field direction parallel to the pore walls. For the ordinary refrac-
tive index no both parallel and perpendicular boundary conditions have to be taken into
account.

The theory of photonic crystals elaborates another method based on the assumption of
the ideal periodicity of the medium in two dimensions. This is the plane-wave expansion
(PWE) method. This method is very efficient for simple 2D photonic crystal geometries
(triangular, square, etc.) when 1/ε(r) may be found analytically or by uncomplicated Fourier
transformation. In the long-wavelength limit, the PWE method may be used for the cal-
culation of the effective refraction index of 2D porous nanostructures, taking into account
the linear shape of the dispersion law at low frequencies. The slope of the dispersion curve
may be used directly for the effective refractive index calculation.

Figure 7.29 shows the results of birefringence simulation in mesoporous alumina Al2O3

by different modelling approaches, along with the experimental data [52,73]. The form-
birefringence reasonably reduces at zero and unit porosity which corresponds to a con-
tinuous medium. The maximum of birefringence appears at a value of porosity of 0.5
in the PWE approach and at slightly different porosities in other approaches. It is im-
portant to notice that only the refractive index contrast determines the maximum of the
form-birefringence achievable by using a certain combination of materials. Birefringence
monotonically grows with refractive index contrast, reaching a value of 0.35 when the differ-
ence in refractive indices of materials constituting the medium under consideration reaches
2.5 (GaAs–air). During the last few years birefringence caused by form-anisotropy has also
been reported for porous silicon [74–76], and for porous GaP [77] in the visible and near
infrared.
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Three-dimensional photonic crystal slabs

The calculated and measured transmission spectrum of a 3d-periodic structure developed
by means of the modulated template-based etching of silicon is presented in Figure 7.30.
The structure itself has been discussed in Section 7.9 (Fig. 7.21). Transmission along
the pore axis has been examined. The two low-transmission bands are observed both in
calculations and in experiments. Note, the absolute values of measured transmission for the
propagating modes are still much lower than those obtained in calculations. This is probably
because of crystalline imperfections in the course of fabrication. The specific geometry of
the structure under consideration enables us to use a one-dimensional effective refractive
index model. With the period along wave propagation equal to 2 µm, the characteristic
selective transmission and reflection develops well in the infrared range for wavelengths of
the order of 10 µm.

Another example of optical properties of a three-dimensional periodic structure is arti-
ficial opals, consisting of close-packed silica spherical globules forming a face-centered
cubic lattice (Fig. 7.22). Opal samples feature an angular-dependent dip in the optical trans-
mission spectrum (Fig. 7.31). This dip is accompanied by a reflection peak. The angular
dependence conforms to the face-centered symmetry of the lattice. The dip in transmission
spectrum gets deeper and wider when opals are inpregnated with various liquid or solid
materials whose refractive index exceeds that of silica. Certain deviations from the theory
have been found in these experiments, indicating that possibly the globules are not abso-
lutely solid but feature a substructure consisting of smaller silica nanoparticles. Because
of this internal substructure the globules themselves absorb impregnators and the whole
opal + impregnator system features weaker modification of the transmission spectrum.

Note, every opal sample under investigation even in the best performance contains
colloidal single crystal domains no bigger that a hundred micrometers. It is for this reason
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that pronounced sparkling iridescence occurs that is appreciated in jewelry, but not desired
in optical device applications. Probably, the 80% reflection reported for SiO2/TiO2 in
macroscopic averaged detection (about 1 mm2) is the best value observed for surface-
averaged opal properties. In microscopic detection, for a thin opal slab and smaller surface
area inspected, an interference structure of transmission spectrum similar to that known for
multilayer periodic stacks is observed.

7.11 The speed of light in photonic crystals

The concepts of phase velocity and group velocity as well as energy velocity in
periodic layered media are subtle and require special examination.

A. Yariv and P. Yeh, 1984 [7]

What is the speed of light propagation in a photonic crystal? To consider possible answers to
this question one should first define which speed we are searching for. Recalling Chapter 2
(Section 2.1) we can consider at least two types of velocities describing propagation of
light. The first one is the phase velocity, which in a homogeneous medium reads,

v = ω

k

k

k
, k = |k| . (7.23)
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It describes propagation of a wave front for a plane monochromatic wave. It has direction
normal to the wave front and coinciding with the wave vector direction. The second one is
the group velocity,

vg = dω

dk
. (7.24)

This describes propagation of a finite group packet, which can be treated as a sum of plane
monochromatic waves whose frequencies lie within a finite range �ω, and wave numbers
lie within a finite range �k.The length of such a packet �L is directly related to its spectrum
via the relation,

�L�k ≤ 1. (7.25)

In a homogeneous isotropic medium without dispersion (dielectric function ε and refractive
index n = √

ε are frequency- and angular-independent, the dispersion curve ω = ω(k) =
ck/n is straight), phase velocity and group velocity coincide. In a dispersive, anisotropic,
or inhomogeneous medium these velocities diverge. In a dispersive medium with normal
dispersion (dn/dω > 0) the relation vg < v holds. Accordingly, in the case of abnormal
dispersion dn/dω < 0, the relation vg > v holds. In anisotropic media directions of phase
velocity and group velocity do not coincide. Group and phase velocity can sometimes
even have opposite directions. In homogeneous media group velocity describes energy
transportation. In an inhomogeneous medium the relation between group velocity and
energy velocity is to be carefully examined.

In a photonic crystal electromagnetic waves obey the form of Bloch waves rather than
plane waves. For Bloch waves the equiphase surface cannot be defined rigorously, therefore
the phase velocity concept is not rigorously applicable. We shall have a closer look at the
group velocity and the energy velocity in a one-dimensional photonic crystal.

The energy flux density is given by the Poynting vector,

S = c

4π
[E × H] , (7.26)

in the CGS-system, its direction is normal to both electric and magnetic fields vectors.
Considering a one-dimensional periodic medium, the energy velocity vE can be written in
terms of the Poynting vector and the time-averaged electromagnetic energy density,

U = 1
4 (E · εE∗ + H · µH∗) (7.27)

as,

vE =
1

a

∫ a

0
Sdx

1

a

∫ a

0
Udx

= 〈S〉
〈U 〉 , (7.28)

where a is the period of the ε(x) function of the medium and 〈. . .〉 brackets denote an
average over the unit cell. Yariv and Yeh [7] proved that for a one-dimensional periodic
medium the equality

vE = vg, (7.29)
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holds, as in a homogeneous medium. Two remarks are noteworthy. First, electromagnetic
Bloch waves are considered in periodic media and therefore Bloch wave vector and wave
number are considered. Second, Eq. (7.29) holds rigorously in an infinite medium with
ideal translational symmetry of its dielectric function.

The situation becomes rather different and much more complicated when a real finite
periodic multilayer structure is considered, which is embedded in a continuous ambient
medium. In this case the transmission spectrum contains discrete bands with finite widths,
the total length of a slab is always finite and transmission is always accompanied by
reflection (except at the transmission peak frequencies).

The peculiar circumstance of the problem is that a shorter (on a timescale) light pulse
not only becomes wider on a frequency scale (to be compared with the transmission band
width), but simultaneously becomes shorter on a length scale (to be compared with the
total length of a photonic crystal slab). The light pulse length can become shorter as well
as compared to the slab length. For example, a 150 fs pulse of a solid-state Ti:sapphire
laser has geometrical extension about 20 µm (the full length at half maximum). It is
equal to the length of a 100 period slab with a unit cell consisting, e.g., of a couple of
materials with quarter-wave optical thickness corresponding to the midgap wavelength of
800 nm. This combination of photonic crystal and light pulse parameters is feasible in many
experiments.

For propagation of light pulses through a finite slab of a one-dimensional periodic lossless
medium D’Aguanno et al. [78] derived the following relation,

vE(ω) = vg(ω) |t(ω)|2 , (7.30)

where |t(ω)|2 = T (ω) is the intensity transmission coefficient (transmittance). This relation
is valid within the so-called monochromatic regime, i.e. light pulse spectral width should
not exceed the resonant transmission bandwidth. The pulse length is implied to be longer
than the slab thickness. It holds both within transmission bands as well as within band gaps
(minimal but finite transmittance occurs in the band gaps for a finite periodic slab).

The relation (7.30) has a very clear physical meaning. The group velocity describing
pulse propagation, and the energy velocity describing energy transfer through a periodic
slab are equal only at frequencies (wavelengths) strictly corresponding to the transmission
peaks within pass bands. In every other case, energy velocity will always be smaller than
the group velocity.

Let us have a closer look at the problem using numerical results for a specific slab. In
Figure 7.32 energy velocity and group velocity are plotted along with the transmittance for
a sample periodic structure on a normalized frequency axis ω/ω0. The elementary cell is
composed of a combination of half-wave–quarter-wave layers. The indexes of refraction are
n1 = 1 and n2 = 1.42857, the respective thicknesses are d1 = λ0/(4n1) and d2 = λ0/(2n2)
with ω0 = 2πc/λ0. In the infinite structure the top of the pass band is at ω/ω0 = 0.6. In this
point the energy velocity equals zero (the dotted line in Fig. 7.32). The three other curves
in this figure correspond to the finite structure with 20 periods. The transmittance spectrum
consists of discrete bands with |t(ω)|2 = 1 in the peak of every band. This is similar
to spectra shown in Figure 7.7. The group velocity for the finite slab is an oscillating
function. Remarkably, oscillations of the group velocity anti-correlate with oscillations of
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transmittance. Maximal values of the group velocity occur at minimal transmittance and,
vice versa, minimal values of the group velocity are inherent in the transmission maxima.
This is the notable property of light propagation through a periodic slab. Transmittance
is equal to 1 for a light pulse propagating through a periodic slab at the expense of
lower propagation velocity. In other words, efficient transmission occurs because of the
longer time the pulse spends inside the slab. It is rather reasonable and intuitive since
the transmitted pulse forms as a result of multiple scattering and interference events.
Constructive interference takes longer than simple propagation.

The product of the group velocity and transmittance gives the energy velocity which
is shown by the thick solid line. The energy velocity equals the group velocity exactly in
transmittance peaks only. Otherwise the energy velocity is lower than the group velocity
everywhere. Notably, the energy velocity for a big but finite number of periods in a slab
never merges with the energy velocity in the infinite structure (dotted line). This is because
an infinite structure offers free propagation of electromagnetic Bloch waves, whereas every
finite structure features a finite number of discrete transmission peaks corresponding to
constructive interference of multiply scattered waves, including scattering events at the
beginning and the end of the slab under consideration.

Close to the band edge, the group velocity exceeds the speed of light in a vacuum.
This means the center of a probe light pulse passing through a periodic slab arrives at the
detector earlier than its counterpart passing through a reference vacuum line of the same
length. This paradox is rather peculiar but it is still in agreement with the causality prin-
ciple. Superluminal propagation means pulse reshaping only, the energy velocity remains
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subluminal everywhere. Close consideration of the peculiar features of tunneling of light
will be the subject of Chapter 10.

Slowing down of the light pulse propagation in the transmission maxima for a periodic
slab has been observed in experiments [79]. A 30 period, GaAs/AlAs, one-dimensional
periodic structure was used in studies of a 2 ps laser pulse time delay. An approximate
energy, momentum and form invariance of the transmitted pulse has been observed with
the delay time corresponding to c/vg = 13.5. This value is referred to as the group index by
analogy to refractive index c/v. The group index is tuneable and many orders of magnitude
more sensitive to variations in the material refractive index than for bulk material.

7.12 Nonlinear optics of photonic crystals

There is a straightforward application in non-linear optics for the high sensitivity of photonic
crystals to refractive index contrast in the constituent materials. If one or both materials in
a photonic crystal feature a refractive index change with light intensity, then the photonic
band structure becomes intensity-dependent with a pronounced modification in the trans-
mission and reflection spectra. The concentration of light inside a photonic crystal and the
corresponding slowing down of light propagation may further enhance nonlinear response.
In the following pages we consider a few representative examples.

Epitaxial technology of thin film single crystal synthesis offers a possibility of develop-
ing lattice-matched periodic structures of semiconductor materials with minor misfit in the
crystal lattice constants. A ZnS/ZnSe single crystal combination grown on a GaAs substrate
is a representative example [80]. A periodic structure features typical reflection and trans-
mission spectra discussed in Section 7.2 (Fig. 7.33, top panel). Zinc selenide has a narrower
electronic band gap Eg = 2.67 eV with the interband absorption onset at room temperature
at about 460 nm (arrow in the top panel). Zinc sulfide has a wider electronic band gap with
no interband transitions within the visible range. Absorption by the ZnSe sublattice smears
the interference pattern at the short-wave side of the reflection band peaking at approxi-
mately 500 nm. Such a structure (“Bragg reflector”) offers the possibility to pump the ZnSe
sublattice by laser radiation corresponding to interband optical transitions in ZnSe, whereas
the ZnS sublattice remains unexcited. The smeared interference structure of the reflection
spectrum favors efficient excitation because of the flat spatial distribution of excitation
radiation inside the structure. Upon such excitation, an electron–hole plasma is created in
every ZnSe layer resulting in modification of the absorption coefficient and refractive index.
The latter modifies both because of absorption changes (via Kramers–Kronig relations) and
because of the direct non-equilibrium electron–hole plasma dielectric function contribution.
This contribution is in accordance with Figure 3.10 in Section 3.3, except that the plasma
frequency at the relevant concentration of electron and holes (about 1019–1020 cm−3) in
strongly excited semiconductors is far into the infrared range. Both contributions give rise
to a negative addition to the original refractive index of ZnSe and the reflection spectrum
shifts to shorter wavelengths (Fig. 7.33, bottom panel) indicating a large change in the
refractive index �n = −0.05.
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The GaAs substrate can be chemically removed, then nonlinear transmission measure-
ments become feasible. For spectral range λ > 500 nm where absorption is negligible, the
transmission spectrum modifies in accordance with the observed reflection modifications.
In the spectral range λ = 450−480 nm, nonlinear transmission exhibits complex behavior
related to electron–hole population dynamics and its influence on the absorption spec-
trum via electron and hole states filling (absorption saturation, i.e. bleaching) and band gap
shrinkage (induced absorption near the band gap photon energy) [81]. The overall relaxation
time of the nonlinear response is governed by the electron–hole plasma recombination rate.
It was found to be approximately 3 ps and is attributed to many-body Auger recombination
processes under conditions of electron and hole phase-space filling.

Tocci et al. proposed an asymmetric multilayer structure with ramp refractive index
profile as a nonlinear optical diode whose transmission coefficient at higher intensities
strongly depends on the light propagation direction (Fig. 7.34) [82]. In calculations, re-
fractive indexes 2.7 and 1.6 at the left side of the structure monotonically grew to 2.8
and 1.7, respectively, at the right-hand end of the structure. Instead of steady growth of
the refractive index along the structure, the growth of the geometrical layer thickness is
possible with the same result. At least one of the two sublattices should exhibit third-order
optical nonlinearity to obtain an increase in refractive index for higher intensities. More
than one order of magnitude difference in transmittivity has been predicted (Fig. 7.33(b))
for the two different directions of light propagation.

Two- and three-dimensional nonlinear-optical photonic crystal structures can be de-
veloped by means of embedding polymeric, polycrystalline or other nonlinear materials in



238 Light in periodic structures: photonic crystals

(a) (b)

0 0 400 800 1200 1600 2000
Distance (nm)

4
12

10

8

6

4

2

0

3

2

1

0

400 800 1200
Distance (nm)

|E
|2

 (
ar

b.
 u

ni
ts

)

|E
|2

 (
ar

b.
 u

ni
ts

)

1600 2000

Fig. 7.34 |E|2 profile, normalized to an incident vacuum value of |E|2 = 1, inside the index ramp structure
for (a) very low incident intensity (linear case) and (b) high incident intensity. The dotted line
represents light incident from the left, and the dashed line represents light incident from the
right. The index profile of the structure is plotted (solid line) for reference. The light wavelength
is (a) 640 nm and (b) 641 nm and corresponds to the long-wave edge of the transmission band.
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porous two- and three-dimensionally periodic structures like nanoporous alumina, silicon or
artificial opals. Artificial opals impregnated with Si and VO2 were found to possess optical
switching behavior in the picosecond time range [83, 84]. Switching in Si-impregnated opal
results from electronic optical nonlinearity in the silicon. Switching in VO2-impregnated
opals results from structural phase transition of VO2 occurring at temperatures around
70◦C. Optical switching occurs via fast laser-induced heating of VO2. Impregnation with
liquid crystals [85, 86] offers tuneable optical properties of opals by means of an external
electric field to get an electrically tuneable reflector or band-pass filter.

Second harmonic generation can be considerably enhanced in a periodic medium because
of the modified phase matching condition. The standard phase matching condition that
couples the wave vector of the principal harmonic kω with that of the second harmonic
radiation k2ω reads,

2kω = k2ω. (7.31)

In a photonic crystal this equality can be fulfilled with the accuracy of an arbitrary reciprocal
lattice vector G. This is because Bloch waves whose wave vectors differ by a reciprocal
lattice vector are equivalent. Thus in a photonic crystal phase matching reads,

2kω = k2ω + G, (7.32)

which offers much more flexibility in practical performance as compared to uniform media.
The same relaxation of momentum conservation occurs for the sum frequency generation.
For periodic structures based on nanoporous silicon with spatially modulated porosity, up to
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102-fold enhancement of second harmonic generation has been reported [87, 88]. Though
this approach has basically been known since 1970 [89] it has not achieved commercial-
scale development. The total length of the structures is typically in the submillimeter range,
whence the overall efficiency is not competitive with commercial frequency converters,
even in the case of noticeable enhancement.

Yet another issue in nonlinear optical applications of photonic crystals has been revealed
recently. It was found that in two-dimensional photonic crystals a subdiffraction propagation
regime of laser pulses becomes feasible. In this regime efficient parametric amplification
and second harmonic generation of narrow beams (of the width of a few wavelengths)
occurs in nonlinear photonic crystals with χ (2)-nonlinearity [90, 91].

Problems

1. Compare the band structure diagrams for an electron (Chapter 4, Fig. 4.2) and an
electromagnetic wave (Fig. 7.2) in a periodic structure and explain the difference.

2. Compare the evanescent waves in a metal (Chapter 3, Section 3.4) with those in a
periodic dielectric structure. Reveal and compare the reasons responsible for development
of evanescent waves.

3. Using the plots in Figure 7.10, evaluate the effective refractive index of a periodic
structure under consideration in the long-wave limit.

4. Try to guess why periodic multilayer structures used as mirrors are often referred to as
Bragg reflectors.

5. Recalling the traditional design of antireflection thin film coating based on a single
quarter-wave layer of a material with refractive index n = √

n1n2, explain why it is not
efficient for big n1/n2 values, like Si in air.

6. Apply standard mathematical tools in terms of the first and second derivatives to explore
minima and maxima of the transmission spectrum represented by Eq. (7.13).

7. Compare the stop-band widths in Figures 7.7 and 7.25 with the values predicted by
Eq. (7.16).

8. Compare the transmission spectra in Figure 7.25 with those in Figure 7.7. Observe and
explain the difference.

9. Find out the limit to which the midgap transmission coefficient (Eq. 7.13) tends at a
high number of periods in a quarter-wave stack by putting ω̃ = 1, N → ∞. Prove that the
relation holds [14]:

T (ω)|ω =ω0

N→∞−→ 4

(
ni

n j

)2N

, i, j = 1, 2, ni < n j .

10. Observe and explain why the multiple reflectance peaks in the ZnS/ZnSe periodic slab
become closer for shorter wavelengths. Compare these with Figure 7.7.
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8 Light in non-periodic structures

All periodic structures look alike. Every non-periodic object is essentially unique.
Unknown author.

Since every non-periodic medium is in a sense a unique structure, it seems at first glance
that there is no regularity to be traced with respect to light propagation in such a medium.
However this statement is not correct. First, in non-periodic media with absence of any reg-
ularity, i.e. in random media, the definite laws of light propagation resulting from random
scattering can still be evaluated. There are analogies with the length-dependent resistance
(and conductivity) of a conductor, coherent backscattering and Anderson localization of
light. Second, there are well-identified classes of aperiodic media featuring definite geo-
metrical regularities. These are fractal media with self-similar geometry and quasi-periodic
media. Certain regularities of light propagation through aperiodic media with well-defined
geometrical algorithms have been discovered to date and are still an issue of current re-
search. Finally, it will be shown there are certain conservation relations that are valid for
all structures independent of their spatial organization. These issues will all be the subject
of consideration in this chapter.

8.1 The 1/L transmission law: an optical analog to Ohm’s law

Consider the propagation of light waves in a medium which contains randomly distributed
scatterers. It is refractive index inhomogeneity that makes the light wave scatter. Scatterers
may differ in shape, size and refractive index of material. There is an important parameter
of the scattering process, the mean free path �, which denotes the average distance between
two scattering events. If all scatterers are identical and can be characterized by the scattering
cross-section σ , then the mean free path reads,

� = 1

Nσ
, (8.1)

where N is the scatterer’s concentration. If the mean free path is large as compared to
the light wavelength, one can imagine ray trajectories changing their direction after every
scattering event. In this case, light propagation resembles to a large extent diffusive transport
of mass-point particles. There are two different regimes of propagation depending on the
mean free path versus sample thickness.
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In the limit of low concentration of scatterers, when the mean free path is considerably
larger than the thickness L of a sample under consideration and definitely much larger than
the light wavelength,

� � λ, � � L , (8.2)

the single scattering regime of light propagation occurs. Every scattering event removes a
portion of light from the flux and this portion will never reach a detector in the far field.
The situation in general is similar to a beam of particles experiencing scattering. The single
scattering notion means that a portion of particles is scattered once on average and this
portion disappears from an observer. One can write,

dI (x) = −α I (x)dx, (8.3)

whence the transmission T reads,

T (L) = I (L)

I (0)
= exp(−αL). (8.4)

Here α is the constant coefficient with dimensions [cm−1] characterizing the scattering rate.
Equation (8.3) implies that scattering strictly along the original propagation direction has
negligible probability. One can see Eq. (8.3) resembles the expression for light propagating
in an absorbing medium and it is not surprising then that Eq. (8.4) coincides with the
Bouger law. From the point of view of a distant observer, there is no difference between
whether lightwaves partially change direction or a portion of light energy dissipates inside
the medium. When speaking about particle scattering/absorption, then again, there is no
difference for an observer whether particles experience elastic (changing the direction) or
inelastic (absorbed) scattering.

The situation changes essentially when the multiple scattering regime occurs. That is the
case of,

λ < � � L . (8.5)

At first glance, multiple scattering should further decrease output light intensity as com-
pared to the single scattering case. This would be correct if the analogy with absorption
still worked. However it does not. If, in every scattering event, the probability of scattering
is equal for all angles, then in the course of multiple scattering a portion of light originally
scattered outside the propagation direction gains the finite probability of coming back into
the originally propagating flux. When speaking in terms of particle scattering, multiple
elastic scattering differs considerably from inelastic scattering, whereas in the single scat-
tering mode elastic and inelastic scattering result in the same laws Eq. (8.3) and Eq. (8.4).
Now, analysis of the problem leads to the universal relation,

T = I (L)

I (0)
∝ �

L
, (8.6)

which means the light intensity is inversely proportional to the sample length L and directly
proportional to the mean free path value � [1, 2]. This relation is an optical analog to Ohm’s
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law that can be formulated in terms of electrical conductivity per unit area g as,

g = 1

ρL
, (8.7)

where ρ is material resistivity per unit area and unit length. The similarity of expressions
for light transmission and electrical current comes from the diffusive character of both phe-
nomena. Electron and light transport in a medium with random scatterers can be described
by the same equations developed in the diffusion theory. With respect to the light energy
W (r, t), the diffusion equation reads [3],

∂W (r, t)

∂t
= D∇2W (r, t) + S(r, t), (8.8)

where D is the diffusion coefficient and S(r, t) is the source function. The diffusion
coefficient and the mean free path are related via transport velocity vtr as,

D = 1

3
vtr�. (8.9)

When a finite slab of a turbid medium is considered in a homogeneous ambient environment,
then at the medium/slab interfaces a portion R of incident light intensity reflects. To account
for these reflections, Eq. (8.6) should be modified [3, 4] as,

T ∝ � + ze

L + 2ze
(8.10)

where the parameter ze is referred to as the extrapolation length and reads,

ze = 2

3

(1 + R)

(1 − R)
�. (8.11)

One can see reflectance modifies transmission for smaller L (but still L > �), whereas in
the limit of L � � Eq. (8.10) tends to Eq. (8.6).

Visual transmittivity of turbid media for various L/� values is shown in Figure 8.1.
Figure 8.2 shows a thorough examination of the diffusive light propagation theory experi-
mentally performed for porous GaP samples of arbitrary length. GaP was chosen because
of its relatively large refractive index in the visible, n = 3.31 (see Table 3.1 in Chapter
3), to enhance scattering cross-section. Perfect agreement of experimental data with the
theory is evident. The transport mean free path value depends on the sample microstructure
and was found to be smaller than the light wavelength (685 nm) in the experiment under
consideration. This means that the diffusion theory describes perfectly the light transport
in inhomogeneous media even when scattering is so strong that it is not possible to imagine
mass-point-like trajectories of light propagation between scatterers. These trajectories are
definitely helpful in the context of our daily experience since these are the light propagation
regularities that give rise to Euclidian geometry based on our regularly used ray optic laws.

Diffuse propagation of light results in a time delay since every scattering event changes
the propagation direction. This time delay can be evaluated based on Eq. (8.8) and Fick’s
law known in the general theory of diffusion [3],

I (L) = −D∇W (r, t)|z=L , (8.12)
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Fig. 8.1 Three vials filled with turbid liquid corresponding to different scattering regimes: left –
opaqueness because of multiple scattering (L/� = 10); middle – intermediate regime (L/� = 1);
right – weak scattering (L/� = 0.1). Illumination comes from the back. Adapted from [5].
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Fig. 8.2 Thickness dependence of optical transmission for porous GaP samples (adapted from [4]).
(a) Scanning electron microscope image of a porous GaP (sample 1) and (inset) its autocorrelate.
The lighter areas correspond to GaP and the dark parts to the pores. The typical size of the GaP
entities is about 150 nm, as concluded from the autocorrelate. (b) The inverse total transmission
as a function of the porous slab thickness, measured at 685 nm for the two samples with
different porosities. The solid lines are calculated using diffusion theory with negligible
absorption using Eq. (8.10). The transport mean free paths are found to be 0.17 ± 0.02 µm
(sample 1) and 0.47 ± 0.05 µm (sample 2), respectively. Reprinted with permission from AAAS.
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Fig. 8.3 Time-resolved transmission through a slab of porous silica, infiltrated with the liquid crystal 8CB
(adapted from [3]). Pore size is 100 nm, volume fraction of the pores is 38%, sample thickness is
2 mm. Circles are experimental data, the solid line is a fit from the diffusion theory using Eq.
(8.12). The resulting diffusion constant is D = 4.2 · 103m2/s with 10% accuracy. Ten first terms in
the sum in Eq. (8.13) were found to be enough to get convergence in the series.

where the z-axis corresponds to the original light propagation direction. Wiersma et al.
derived the expression for the time-dependent light intensity of a model light pulse with a
δ-like spatial and temporal profile [3]. Based on Eqs. (8.8) and (8.11), the temporal profile
of the output pulse in the limit of negligible dissipation losses reads,

I (L) = I (0)

(4t)5/2(πD)3/2
×

+∞∑
N=−∞

A exp(−A2/4Dt) − B exp(−B2/4Dt), (8.13)

where,

A = (1 − 2N )(L + 2ze) − 2(� + ze), B = (2N + 1)(L + 2ze). (8.14)

Although this expression is rather cumbersome, in the limit of long t , it gives the exponential
law,

I (L) ∝ exp

(
− π2 D

(L + 2ze)2
t

)
. (8.15)

Experiments with 10 ps laser pulses passing through a porous dielectric slab have shown
perfect agreement with the diffusion theory (Fig. 8.3). A 2-mm long porous slab exhibits
a characteristic decay time of the order of 0.1 ns, whereas the same distance in a vacuum,
light traverses only in 6.6 ps.



251 8.2 Coherent backscattering

To account for possible absorptive losses (“inelastic scattering”) described by the
absorption length labs, the right-hand part of Eq. (8.12) is to be multiplied by the factor,

fabs = exp

(
− t

τabs

)
, (8.16)

where the characteristic absorption time is τabs = l2
abs/D. It can also be represented as

τabs = c
neff

1
labs

, i.e. the time light needs to travel over the distance labs ≡ α−1 in a medium
with effective refractive index neff . Here α is the absorption coefficient used in Eqs. (8.3) and
(8.4) and c is the speed of light in a vacuum. Since we write about absorptive corrections
to the multiple scattering propagation, a condition labs � L � � is implied. Otherwise
absorption will inhibit multiple scattering and diffusive transport of light will not be the
case.

When light diffusively propagates through a turbid medium, the delay time for every
portion of light is on average proportional to the scattering events number. Earlier portions
correspond to the minimal scattering history. Therefore, vision through a turbid or even
opaque medium is possible, provided short light pulses are used for illumination and syn-
chronized time gates are arranged at the detector. This approach can be used in commercial
devices to provide fog vision based on illumination of an object by short laser pulses, and
time-gated image detection.

8.2 Coherent backscattering

When light falls from a continuous medium onto a scattering medium with pronounced
multiple scattering, a peculiar phenomenon occurs, referred to as coherent backscattering.
Coherent backscattering is an interference effect that manifests itself as doubling of the
scattered intensity in the exact backscattering direction compared with all other directions.
This enhancement occurs for any scattering material, but is difficult to observe in daily
life because it occurs strictly in the direction towards the light source, fast decreasing as
the angle of observation deviates from the angle of incidence. To understand the origin of
coherent backscattering, consider a light wave that propagates along a certain path from a
light source, through a random medium and then back towards the source (Fig. 8.4).

The physical picture of coherent backscattering is easily described in terms of wave
vectors. We consider a plane wave with the wave vector k0 experiencing a sequence of
elastic scattering events. These scatterings result in wave vector modifications k0 → k1 →
k2 → · · · → kn where kj is the wave vector emerging after the j-th scattering event. For
every such scattering sequence, there is a reverse one determined by the set of wave vectors
k0 → −kn → −kn−1 → · · · → −k1 → −k0. In the case of backward scattering, the two
waves arising from these two scattering sequences appear to be in phase at the input point
A and can constructively interfere. This constructive interference occurs in a direction back
to the light source, despite the fact that light has been randomly and multiply scattered,
maybe thousands of times. The net effect of this constructive interference is an enhancement
of the scattered intensity within a narrow cone around the exact backscattering direction.
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Fig. 8.4 Multiple scattering in a turbid medium with random scatterers indicating constructive
interference at point A resulting in enhanced backward scattering.
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Fig. 8.5 The backscattering peak for a reflective filter composed of randomly-oriented BaSO4

microparticles typically used as a white reflectance etalon [8]. The analyzing polarizer is oriented
either parallel (||) or perpendicular (⊥) to the incident laser radiation polarization.

Coherent backscattering was observed for the first time in 1985, independently by two
groups [6, 7]. Since then much experimental and theoretical work has been done resulting
in a thorough understanding of the phenomenon [2, 8–10]. For various porous dielectric
materials with negligible absorptive losses a pronounced sharp increase of scattering within
the narrow cone around the incidence direction is readily observed (Figs. 8.5 and 8.6).
Remarkably, unlike typical scattering behavior where scattered light is essentially non-
polarized, the backscattering cone polarization of scattered light follows the original incident
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Fig. 8.6 The backscattered intensity normalized to the diffuse background as a function of angle for two
samples of porous GaP [10]. Backscattered light is polarized parallel to the incident light. From
the width of the cone, incorporating internal reflection corrections, the k� values are inferred. The
narrow cone: k� = 10.6 ± 0.9, R = 0.78 ± 0.05. The broad cone: k� = 3.2 ± 0.4, R = 0.67 ± 0.06.

light polarization (Fig. 8.5). This is a clear signature of the coherent optical effect. The
backscattering enhancement found in experiments is typically slightly less than the ideal
value of the enhancement factor equal to 2. That is probably because of small but finite
absorptive losses (“inelastic scattering”).

The width of the narrow backscattering cone is inversely proportional to the scattering
mean free path �,

W ≈ 0.7ne(1 − R)

k�
, (8.17)

where W is the cone full width at half-maximum height, ne is the effective refractive index
of the medium, R is the diffuse reflectance coefficient, and k = 2πne/λ0 is the light wave
number in the medium with λ0 being the light wavelength in a vacuum [10]. This cone
contains information about the deeper structure of the medium which cannot be accessed
with normal optical techniques. These longer paths determine the sharp top of the cone.

8.3 Towards the Anderson localization of light

Diffusive transport of light energy still allows for light ray trajectories to be implied in
the consideration of light propagation. What happens if light scatters so frequently that
light rays have no chance of being plotted anywhere? The ultimate limit is known as the
Ioffe–Regel criterion for mean free path versus wavenumber k = 2π/λ,

k� < 1, (8.18)



254 Light in non-periodic structures

which means diffusive transport is no longer possible since even a single oscillation can
not be performed by a wave between successive scattering events. The wave appears to be
confined within the space portion with a characteristic size of the order of the wavelength.
This means the wave localizes in a random medium. This severe condition is hard to perform
with respect to the optical range of electromagnetic waves in spite of many efforts that have
been made so far to create such conditions in artificial media.

The localization criterion Eq. (8.18) was not introduced into electromagnetic theory until
1984. It was originally proposed for electrons in disordered solids within the framework of
solid-state theory by A. F. Ioffe and A. R. Regel in 1927. Much later, in 1958, P. W. Anderson
arrived at the conclusion that electrons cannot diffuse in a strongly disordered potential [11].
This phenomenon is among the cornerstone concepts of the theory of disordered solids
and its place in solid-state physics has been recognized by the Nobel prize awarded to
P. W. Anderson in 1977. It is referred to as the Anderson localization. With growing
fluctuations, a transition occurs from the conducting to the insulating state, which is referred
to as the Anderson transition. It was discussed in more detail earlier in Section 4.5. While
being first introduced for electron conductivity processes, Anderson localization is possible
for all types of waves provided the localization criterion is fulfilled in terms of sufficiently
strong fluctuations of the physical parameters determining the speed of waves. For electrons,
fluctuation of potential is the proper physical parameter, whereas for electromagnetic waves
refractive index fluctuations are the relevant counterpart, as has been shown in Chapter 3.

Generally, localization occurs more readily in space with lower dimensionality. This is
always the case for one-dimensional space provided a negligible disorder is present. This
is because there are no independent scattering processes in a one-dimensional problem. In
two dimensions, localization occurs under a certain degree of disorder, whereas in three
dimensions the disorder should be even stronger for localization to occur.

S. John was the first to outline the possibility of Anderson localization of electromag-
netic waves in 1984 [12]. This report was followed promptly by the elegant comment by
P. W. Anderson [1] and since then localization of light has become a challenge for exper-
imenters. However experimental observation of the Anderson localization of light is hard
to perform and until the time of this book no straightforward report on the observation of
light localization has been available. The principal obstacle is the relatively low refraction
index of materials in the optical range. For the near infrared, the highest refractive index
values are inherent in Ge (n = 4), Si (n = 3.4), and GaAs (n = 3.37); for the visible these
are GaP (n = 3.31), ZnTe (n = 2.98), and TiO2(n = 2.8) (see Table 3.1). Not all of the
above materials are readily available in the form of a sub-micrometer powder, not all of
them are actually suitable for experiment. For example, Si and Ge smaller particles readily
acquire an oxide shell in air.

Consider experiments towards the observation of Anderson light localization in detail
[13–17]. D. Wiersma et al. [13] used GaAs powder with different average particle diameters
(Fig. 8.7). A laser wavelength λ = 1064 nm was used, at which the absorption coefficient
of pure GaAs is α < 1 cm−1 and the refractive index is 3.48. Upon reducing the average
particle diameter these authors found three distinctive light propagation regimes. The first
one is the known T ∝ �/L behavior inherent in typical diffusive light transport, as discussed
in Section 8.1. This regime is clearly seen in Figure 8.8a. The mean free path evaluated



255 8.3 Towards the Anderson localization of light

10
0.00

0.02

0.04

0.06

GaAs

GaAs

0.08

0.00

0.02

0.04

0.06

0.08

0.10

classical diffusion

classical diffusion

quadratic scaling

inverse thickness (mm–1)

thickness (µm)

tr
an

sm
is

si
on

 c
oe

ffi
ci

en
t

tr
an

sm
is

si
on

 c
oe

ffi
ci

en
t

tr
an

sm
is

si
on

 c
oe

ffi
ci

en
t

particle diameter 10 µm

particle diameter 1 µm

GaAs
particle diameter 300 nm

(a)

(b)

(c)

8 4 2 06

100 80 40 20 060

10 20 300

1E-4

1E-3

0.01

0.1

µ

µ
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Fig. 8.8 Time-resolved transmission data for 20 ps laser pulse for three samples consisting of dense TiO2

spherical particles with average diameter d in the range of 250–550 nm with 25% polydispersity
and sample length L [16]. The experimental results are compared to diffusion theory including
absorption. (a) d = 550 nm, L = 2.5 mm, D = 22m2/s, �abs = 2600 mm; (b) a sample with
intermediate size of particles, L = 1.51 mm, D = 13 m2/s, �abs = 380 mm);
(c) d = 250 nm, L = 1.48 mm, D = 15 m2/s, �abs = 340 mm). The k� values indicated in the figures
are obtained from backscattering cone measurements. The laser wavelength is 590 nm.

from the backscattering data and from the T ∝ �/L dependence has the same value � =
9.8 µm. A deviation from this law for thicker samples (L > 500 µm, L−1 < 2 mm−1) is a
signature of absorption which has been estimated to have a characteristic length �abs ≡ α−1,
corresponding to the absorption coefficient value α < 0.13 cm−1. When the particle mean
diameter goes down to 1 µm, the T ∝ �/L law is no longer the case. Instead, the quadratic
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dependence T ∝ L−2 emerges (Fig. 8.7b). This type of behavior was predicted by the
scaling theory of localization at the localization transition [1, 18]. For a comparison, the
dashed line shows the T ∝ �/L law with � = 0.17 nm used for fitting which has been
evaluated from backscattering cone analysis. Finally, for smaller particle diameter 0.3 µm
the exponential transmission versus length law is observed,

T (L) ∝ exp

(
− L

�loc

)
, (8.19)

which is a distinctive manifestation of the light localization regime. The characteristic
scaling length parameter �loc for exponential decay is called the localization length, which
in the case under consideration was found to be �loc = 4.3 µm.

The exponential law expressed by Eq. (8.19) formally coincides with the Bouger law
(8.4) inherent in inelastic (absorptive) losses. Sometimes, Eq. (8.4) is used in the form,

T (L) = exp(−L/�abs), �abs ≡ α−1, (8.20)

to emphasize this similarity.
Although for larger GaP particles examined the absorption coefficient was found to be

rather small, an increase for submicrometer powder entities can not be excluded. This con-
troversial issue was raised in the press after the first publication on exponential transmission
behavior [14].

The general relation for transmission of a slab of complex media with absorptive losses
and multiple scattering [19],

T (L) = sinh(�/L) + (ze/�abs) cosh(�/�abs )(
1 + z2

e/�
2
abs

)
sinh(L/�abs) + (2ze/�abs) cosh(L/�abs)

, (8.21)

reduces to exponential laws in each of the two extreme cases: Eq. (8.19) in the case of a
purely dispersive medium for L > �loc, λ, �; and Eq. (8.20) for a purely absorptive medium
with negligible multiple scattering for L ≥ �abs.

In experiments with Ge powders (with n =4.1 in the near infrared, Ge is the best candidate
for light localization performance) it was found that it has non-negligible absorption which
does influence the transmission of light and partially contributes to the exponential T (L)
law observed [15]. Therefore further signatures for light localization are to be searched for.

An important further experiment would be a time-resolved transmission experiment
in which reduction of the diffusion constant at the Anderson localization transition is
expected. Maret with co-workers [16, 17] considered possible alternative manifestations
of the Anderson localization of light beyond the exponential transmission versus length
dependence expressed by Eq. (8.19). Experiments were performed with dense TiO2 ground
beads of a size close to the optical wavelength packed in dense layers of 1.2–2.5 mm
thickness. Increasing deviations were observed from the exponential time dependence
predicted by the diffusive transport theory (see Eqs. (8.15) and (8.16) in Section 8.1). For a
sample with larger k� value (Fig. 8.8(a)) the temporal profile of the output light pulse features
good agreement with the theory of diffusive transport based on Eqs. (8.15) and (8.16),

T (t) ∝ exp

[
−
(

π2 D(t)

(L + 2ze)2
+ 1

τabs

)
t

]
, (8.22)
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and exhibits an exponential tail at longer times. For smaller k� values, a discrepancy with
the diffusive transport theory is visible which increases for smaller k� (Fig. 8.8b,c). The
transmission tail was found to be reasonably described by a modified Eq. (8.22) with
time-dependent diffusion coefficient D(t),

T (t) ∝
(

D(t)

D0

)2

exp

[
−
(

π2 D(t)

(L + 2ze)2
+ 1

τabs

)
t

]
. (8.23)

It was found that D(t) bears witness to a decrease with time as 1/t , as expected from the
theory for the localization regime. The above results indicate that time-resolved light flight
measurements offer further insight towards discrimination of light propagation regimes
near the localization threshold. In the near future, new experiments can be foreseen to bring
about a wealth of interesting phenomena related to the Anderson localization of classical
waves.

Anderson localization is possible not only in optics but also in other fields. It has been
reported for electromagnetic waves in the microwave range [20] as well as for ultrasonic
waves [21].

8.4 Light in fractal structures

I conceived and developed a new geometry of nature and implemented its use
in a number of diverse fields. It describes many of the irregular and fragmented
patterns around us, and leads to full-fledged theories, by identifying a family of
shapes I call fractals.

Benoit B. Mandelbrot [22]

Optical fractal filters

The notion “fractals” was introduced in science to identify the unusual geometrical objects
of complex shape whose properties were found to be characterized by means of fractional
dimensionalities. The rigorous mathematical definition of fractals is based on the specific
definition of dimensionalities and can be found in [22, 23]. Here, for clarity and simplicity,
we shall emphasize the two principal features inherent in fractals. The first characteris-
tic feature is geometrical self-similarity, which means that smaller portions of a fractal
object exhibit the same shape as the bigger ones. Self-similarity can be accomplished by
means of an algorithm that implies sequential repetition of a certain constructive procedure.
Examples of one-dimensional fractal structures are given in Figure 8.9. The second char-
acteristic feature is fractional dimensionality. This is always smaller for fractals than the
dimensionality of the space in which fractals are embedded. For every structure presented
in Figure 8.9 dimensionality D is less than unity as is indicated in the top line of the figure.
Fractional dimensionality means that the amount of matter, contained in a fractal object,
e.g. in terms of mass as m = ρD where ρ is the material density, can not be expressed with
integer D and typically contains a fractional power factor in the range d − 1 < D < d,
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Fig. 8.9 The first three generations (from the top to the bottom) of the four different one-dimensional
fractal structures.

with d = 1, 2, 3 being the integer dimensionality of the Euclidian space in which the
fractal object is embedded. Notably, unlike continuous solid species, in fractal structures
different physical properties (electrical and thermal conductivities, diffusion and others)
may follow equations containing different dimensionalities Di that do not coincide with
the dimensionality D used to calculate the amount of matter m = ρD .

Figure 8.9(a) shows a fractal structure known as the triadic Cantor set.1 It is generated
by means of infinite iterative substitution of a middle 1/3 portion of a linear segment. The
number 3 is referred to as the generator, G = 3. Figure 8.9(b) presents an algorithm for
generating a pentadic Cantor set. In this case G = 5. Cantor structures comprise fractal
sets with dimensionality,

DCantor(G) = ln[(G + 1)/2]

ln G
, (8.24)

i.e. D(3) = ln 2/ ln 3 for triadic and D(5) = ln 3/ ln 5 for pentadic Cantor sets. Similarly,
higher-order (G = 7, 9, . . .) Cantor sets can be generated. More complex asymmetric fractal
structures are shown in Figures 8.9(c) and 8.9(d). Their dimensionalities obey the law,

D = ln g

ln G
, (8.25)

where g is the integer defining the number of remaining portions. For representative asym-
metric structures the dimensionality is given in the top line of Figure 8.9. Comparing
Eq. (8.25) and Eq. (8.24) one can see that symmetric and asymmetric one-dimensional
fractal structures obey the same formula with (G + 1)/2 = g defining the number of re-
maining portions for the particular cases of symmetric Cantor structures.

It is convenient to use the following simple notation to define a given fractal structure as
shown in the bottom line of Figure 8.9. First, the G value should be indicated. This gives
the number of equal portions in which the original linear segment is partitioned. Second,

1 This algorithm to construct a set with fractional dimensionality was proposed by a German mathematician
Georg Cantor (1845–1918).
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Fig. 8.10 Triadic (left) and pentadic (right) multilayer optical Cantor filters and corresponding refractive
index profiles for filters with N = 3. For these filters, the total number of layers equals 3N = 9 for
triadic and 5N = 25.

the portions to be removed in every iteration are to be indicated. To do this, portions
are numbered sequentially starting from 0 and then the numbers of removing portions
are written in {} brackets. Finally, the generation number N completes the unequivocal
notation of a given fractal structure. Multilayer structures consisting of a pair of materials
with different refractive indexes organized according to a fractal algorithm are referred to
as fractal filters. Fractal multilayer filters were introduced into optics by Jaggard and Sun
in 1990 [24, 25]. Their optical properties have been examined in detail in [26–31].

Sequential deposition of layers in multilayer optical films can be performed according
to the fractal generation algorithm. Then fractal optical filters can be developed. It is of
general physical interest to trace the regularities in their spectral properties with respect to
electromagnetic wave propagation. Triadic and pentadic optical Cantor filters are shown
in Figure 8.10. For any type of fractal filter composed of a material A with elementary
layer thickness dA (dark layers in Figure 8.10) and another material B with elementary
layer thickness dB (light layers), the self-similar construction algorithm gives rise to the
following expression for the total geometrical thickness of the filter,

DN = dB(G N − gN ) + dAgN , (8.26)

which for Cantor structures (g ≡ (G + 1)/2) reads,

DCantor
N = dB

[
G N −

(
G + 1

2

)N
]

+ dA

(
G + 1

2

)N

. (8.27)

Self-similarity of fractal structure results in the following recurrent relation for the total
geometrical thickness of fractal filters,

DN = gDN−1 + (G − g)G N−1dB, (8.28)
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Fig. 8.11 Transmission spectra of (a) a nine-layer periodic quarter-wave stack and (b) a nine-layer Cantor
triadic filter. The structures are shown in the left bottom corners of each graph. Adapted from [28].

which for Cantor filters with g ≡ (G + 1)/2 reads,

DN = G + 1

2
DN−1 + G − 1

2
G N−1dB. (8.29)

To analyze the spectral properties of optical fractal filters, for simplicity and clarity,
consider filters consisting of elementary layers of a pair of materials A and B with refractive
indexes nA, nB and thicknesses dA, dB, satisfying an equality nAdA = nBdB. The latter
condition was shown in Section 7.2 to give rise to the notion of “quarter-wave layers”
and “quarter-wave stacks” since the middle stop-band wavelength λ0 of a periodic quarter-
wave stack obeys λ0 = 4nAdA = 4nBdB relation. This simplification offers convenient
comparison of spectra for different generations, since the transmission spectrum of every
(periodic and non-periodic) quarter-wave multilayer structure obeys periodicity on the
frequency scale and symmetry within every period with respect to the middle-gap frequency,

ω0 = 2πc

λ0
= πc

2nAdA
= πc

2nBdB
, (8.30)

the period in the transmission spectrum being equal to 2ω0.
A transmission spectrum of a simple nine-layer triadic Cantor filter is compared in

Figure 8.11 with a nine-layer periodic quarter-wave stack. One full period in the spectrum
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is presented which corresponds to the frequency range 0 < ω0 < 2ω0. Although there is
still a gap in the transmission spectrum of the Cantor structure around ω0, the spectrum
modifies significantly. Notably, the total number of transmission peaks in both cases is equal
to nine, i.e. to the total number of elementary quarter-wave layers in the structure. This
is a general property of multilayer structures. Furthermore, each spectrum is symmetrical
within a single period 2ω0 with respect to the ω = ω0 point. This is a property of quarter-
wave stacks. In computational simulations for different fractal filters it was found that every
period in the transmission spectrum contains the number of resolvable peaks which equals
the number of elementary layers in the structure, i.e., for example 3N peaks for triadic and
5N peaks for pentadic Cantor filters. Further details of transmission spectra are defined by
the ordering of the layers.

Spectral scalability resulting from geometrical self-similarity

For fractal filters, we consider spectral transmission patterns centered at the middle of the
transmission band rather than the stop-band. This corresponds to analysis of the transmission
spectrum within a single period in the frequency range 1 < ω/ω0 < 3 with ω0 being the
middle-gap frequency defined by Eq. (8.30). All these spectra for various fractal structures
are symmetric with respect to ω/ω0 = 2, and contain the resolvable transmission peaks
whose number within the period equals the total number of elementary layers in the fractal
filter under consideration.

Optical fractal filters were found to exhibit the principal spectral property resulting
from their geometrical self-similarity. For every type of fractal structure, the transmission
spectrum of any given generation with number N > 2 contains embedded transmission
spectra of all preceding generations with numbers n = 1, 2, . . . , N − 1, the spectrum of
every preceding generation being squeezed along the frequency axis by a factor G N−n .
This property has been called the spectral scalability of fractal filters.

The spectral scalability of fractal filters is illustrated and explained in Figures 8.12–8.14.
Let us begin from triadic Cantor filters as the simplest example. Figure 8.12 shows the
full periods for (a) 81-layer filter of 4th generation, (c) 27-layer filter of 3rd generation,
and (f) 9-layer filter of 2nd generation. The three-fold (expanded along the frequency axis)
central portion of the N = 4 filter coincides with the full period of the N = 3 filter (compare
patterns in (b) and (c)). The nine-fold (9 = 32) expanded central portion of the N = 4 filter
fits the full spectrum of the N = 2 filter (compare patterns in (d) and (f)). The central portion
of the N = 3 filter, in its turn, fits the full spectrum of the N = 2 filter when expanded
by a factor of three. Scalability means reproducible spectral patterns in a “physical” rather
than rigorous mathematical sense. Comparing graphs (d), (e), (f) one can see that patterns
are rather similar, although sharpness of resonant peaks shows a tendency to lower finesse
with growing N .

The spectral scalability is inherent in all types of multilayer fractal filters, both symmetric
(Cantor and non-Cantor) and asymmetric. This is shown for representative structures in
Figures 8.13 and 8.14. Symmetric fractal structures in the very central portion of trans-
mission spectra around ω/ω0 = 2 exhibit G number of resolvable peaks. For symmetric
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Fig. 8.12 Scalability of optical spectra for triadic Cantor filters (3, {1}, N ): (a) the full period for N = 4;
(b) the central part magnified in the frequency scale by 3 versus (c) the full period for N = 3;
(d) the central part for N = 4 magnified by 9 = 32; (e) the central part for N = 3 magnified by 3;
(f) the full period for N = 2. Compare patterns in (b) versus (c) and in (d) versus (e) and (f). All
resonance peaks in transmission have the maximal value of unity. Somewhat lower values
apparent for a few peaks in (a) are artifacts due to high finesse of resonances and finite-step
numerical calculations, as well as finite spatial resolution of the used software and hardware.
Adapted from [28].

fractal structures every transmission peak features unity maximal transmission whereas for
asymmetric structures this is not the case.

Experimental performance of fractal filters needs precise deposition or growth of multiple
subwavelength layers. A representative example is given in Figure 8.15 where the measured
and calculated spectra are presented for triadic filters of second and third generation. Good
agreement of the measured and calculated data is seen. Experimentally feasible spectra differ
from the ideal picture given in Figure 8.12 for a number of reasons. First, dependence of



264 Light in non-periodic structures

1

0.8

0.6

0.4

0.2

1

0.8

0.6

0.4

0.2

1 1

0.8

0.6

0.4

0.2

1

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

0
1.96 1.98 2.0

Normalized frequency
2.02 2.04 1.8 1.9 2.0

Normalized frequency Normalized frequency
2.1 2.2 1.0 1.5 2.0 2.5 3.0

1.8 1.9

(5,{1,3},3)

(5,{1,3},3) (5,{1,3},2) (5,{1,3},1)

(5,{1,3},2)

2
Normalized frequency Normalized frequency

2.1 2.2 1 1.5 2 2.5 3

Tr
an

sm
is

si
on

Tr
an

sm
is

si
on

Tr
an

sm
is

si
on

Tr
an

sm
is

si
on

Tr
an

sm
is

si
on

Fig. 8.13 Spectral scalability of Cantor pentadic filters. Top row: G = 5-fold stretched central part of the 3rd
generation is compared with the full spectrum of the 2nd generation. Bottom row:
G2 = 52 = 25–fold stretched central part of the 3rd generation is compared with the five-fold
extended central part of the 2nd generation and with the full period of the 1st generation [28].
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Fig. 8.14 Spectral scalability of non-Cantor fractal structures [31]. (a)–(c) show spectra for three different
generations of the asymmetric structure (4,{1},N ). (c) presents the full spectrum whereas (a) and
(b) represent the central portions with (a) G2 = 42 = 16-fold stretching and (b) G1 = 4-fold
stretching with respect to (c). (d)–(f) show spectra for three different generations of the
symmetric (7,{1, 5},N ) fractal structure. (f) presents the full spectrum whereas (d) and (e)
represent the central portions with (d) G2 = 72 = 49-fold stretching and (e) G1 = 7-fold
stretching with respect to (f).
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Fig. 8.15 Transmission spectra of triadic Cantor filters of the second (9 layers) and the third (27 layers)
generations consisting of ZnSe and Na3AlF6 [28]. (a) N = 2, experiment; (b) N = 3, experiment;
(c) N = 2, calculations, (d) N = 3, calculations.

refractive index versus wavelength gives rise to an asymmetry of the transmission spectra
on the frequency axis. Second, finite absorption by dielectric materials of short-wave
radiation does not allow observations in the wide frequency range. Third, finite deviations
in the thickness and internal inhomogeneity of polycrystalline layers give rise to partial
scattering, resulting in transmission peaks of height lower than unity. The finite angular
aperture of incident light additionally contributes to lowering of maximal transmission
since it means a deviation from the ideal one-dimensional propagation problem. Finally,
a glass substrate from one side and ambient air from the other side result in a deviation
of experimentally designed structures contrary to the ideal ones examined in theory. All
theoretically examined structures discussed so far have included only two media, implying
the ambient environment coincides with the B-material constituting a fractal filter. Vertical
multilayer structures obtained by templated etching, like that shown in Figure 7.16(b) in
Chapter 7, offer better options for development of fractal filters closely reproducing the ideal
ones. However this approach has not been reported in the context of fractal filters so far.

Zhukovsky et al. proved analytically the spectral scalability of fractal filters [29, 31].
Consider quarter-wave Cantor filters. For triadic Cantor structures. Jaggard and Sun [24, 25]
derived the recurrent relations between intensity reflection R(ω) and transmission T (ω)
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coefficients for (N + 1)-th generation versus N -th generation using generalization of the
Airy formulas as follows,

RN+1(ω) = RN (ω) +
RN (ω)[TN (ω)]2 exp

(
i

c
2ωG N dAnA

)

1 − [RN (ω)]2 exp

(
i

c
2ωG N dAnA

) , (8.31)

TN+1(ω) =
[TN (ω)]2 exp

(
i

c
ωG N dAnA

)

1 − [RN (ω)]2 exp

(
i

c
2ωG N dAnA

) . (8.32)

Note, the phase term ωG N dAnA/c corresponds to the phase shift an electromagnetic wave
acquires when passing through a layer with optical thickness G N dAnA. It corresponds to
the addition, the Cantor structure of the (N + 1)-th generation acquires as compared to
sequentially displaced (N + 1) structures of the N -th generation. These recurrent relations
are valid until N > 0 holds. For N = 0 the known relations for a Cantor structure building
block should be used, i.e. a single layer with thickness dB and refractive index nB. These
read,

R0(ω) = −r +
r tt ′ exp

(
i

c
2ωnBdB

)

1 − r2 exp

(
i

c
2ωnBdB

) , (8.33)

T0(ω) =
t t ′ exp

(
i

c
ωnBdB

)

1 − r2 exp

(
i

c
2ωnBdB

) , (8.34)

with elementary amplitude reflection and transmission coefficients at the borders of mate-
rials A and B,

r ≡ nB − nA

nB + nA
, t ≡ 2nA

nB + nA
, t ′ ≡ 2nB

nB + nA
. (8.35)

Spectral scalability comes from the invariance of the phase term in Eqs. (8.31) and (8.32)
with respect to simultaneous transformations N → N + 1 and ω → ω/G because of the
evident relation,

i

c
ωG N dAnA ≡ i

c

ω

G
G N+1dAnA. (8.36)

This means the phase term favors spectral scalability with the G value as the scaling factor.
Let us have a closer look at the remaining terms. The two functions are to be compared,

TN+1

(ω

G

)
versus TN (ω). (8.37)
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Using Eq. (8.32) with G = 3 these functions read,

TN+1

(ω

3

)
=

[
TN

(ω

3

)]2
exp

(
i

c

ω

3
3N dBnB

)

1 −
[

RN

(ω

3

)]2
exp

(
i

c

ω

3
2 · 3N dBnB

) , (8.38)

TN (ω) =
[TN−1(ω)]2 exp

(
i

c
ω · 3N−1dBnB

)

1 − [RN−1(ω)]2 exp

(
i

c
2ω · 3N−1dBnB

) , (8.39)

Since the phase exponents in Eqs. (8.36) and (8.37) are exactly equal, the sole difference
between TN+1

(
ω
3

)
and TN (ω) is contained in the coefficients, TN

(
ω
3

)
, RN

(
ω
3

)
and TN−1(ω),

RN−1(ω), respectively. Expanding these coefficients in the same way, using Eqs. (8.31)
and (8.32), one can see the difference will again present only in the coefficients, this time,
TN−1

(
ω
3

)
, RN−1

(
ω
3

)
and TN−2 (ω), RN−2 (ω), respectively. Tracing this procedure down

sequentially and seeing that all frequency-dependent exponents that appear along the way
are equal for both terms in Eq. (8.36), we finally arrive at N = 0. At this point, the factors
to be compared are T1

(
ω
3

)
, R1

(
ω
3

)
and T0 (ω), R0 (ω). The corresponding phase terms

are iωdAnA/c and iωdBnB/c. These are equal if the quarter-wave condition is met. The
difference in coefficients is smaller as r decreases, and the agreement is total if r2 ≈ 0. As
we have seen, all frequency-dependent exponents in the expression (8.37) are equal at any
stage of decomposition. So it can be written that the quantities in Eq. (8.37) have identical
phase structure, with a minor difference in the coefficients. Since the characteristic spectral
features (transmission resonances and local band gaps) are essentially phase phenomena
(resulting from constructive and destructive interference, respectively), similar phase struc-
ture results in similar appearance of the spectral portraits as confirmed by Figure 8.12. It is
the phase structure of the recurrent relations which determines the apparent scalability of
spectral transmission profiles, although the absolute transmission coefficient values in the
dips between resonant peaks show certain deviations from precise scalability. As can be
seen in Figures 8.12–8.14 lower generations obey a higher finesse of the transmission bands.

More complete formulation of scalability can be made in terms of the amplitude scaling
parameter, γ , which alters the absolute value of transmission without modification of its
extrema, i.e. the scalability relation now reads [29],[

TN+1

(ω

G

)]γ
= TN (ω). (8.40)

Computational and analytical estimates give the γ value,

γ ≈
(

G

g

)2

, (8.41)

that is, it is determined by the filling factor g/G of the fractal structure under consideration,
i.e. by the fraction of remaining matter in the fractal construction algorithm. Amplitude scal-
ing using the above factor provides more perfect fitting of spectra for different generations
(Fig. 8.16).
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Fig. 8.16 Exact comparison of the scaled spectra for triadic Cantor structures: (a) unchanged, (b) raised to a
power γ [29].

Recurrent relations for triadic Cantor structures Eqs. (8.31) and (8.32) can be general-
ized for all self-similar multilayer structures by means of the multiple-reflection formal-
ism presented by Mandatori et al. [32]. Based on such generalization, Zhukovsky proved
analytically scalability for every family of self-similar multilayer structures in the form of
Eq. (8.40) [31].

Splitting of transmission bands in symmetrical fractal filters

Symmetrical fractal filters similar to those shown in Figure 8.10 exhibit splitting of the
resonant transmission bands with the multiplicity growing with generation number. Nar-
row transmission bands result from localization of light-wave energy in certain cavities
presenting in the filter as defects with respect to periodic structure. Looking at the junior
triadic and pentadic Cantor filters in Figure 8.10, one can see for the second generation the
triadic filter can be treated as a cavity BBB in the center surrounded by a pair of “mirrors”
formed by a triple ABA-structure, whereas the pentadic filter contains two BBBBB cavities
separated by the three ABABA multilayer mirrors. For higher generations, the number of
existing cavities grows by the factor of g ≡ (G + 1)/2, i.e. it doubles for triadic and triples
for pentadic structures. Transmission resonances split accordingly. This is a manifestation
of the general behavior of coupled oscillators. It can be traced in classical mechanics for
coupled pendulums and in radiophysics for coupled LC-circuits. Optically coupled cavities
exhibit the same behavior, resulting from interference of waves confined in identical cav-
ities coupled via a finite size separation of a certain length that favors coupling of waves
in distant cavities. The relevant quantum mechanical analog is splitting of particle energy
levels in coupled quantum wells.

Multiple splitting is illustrated in Figures 8.17 and 8.18. Second-order triadic Cantor
filters exhibit a transmission band at normalized frequency ω/ω0 = 0.78. The third order
has an emerging new transmission band near ω/ω0 = 0.705 and the double-splitting near
ω/ω0 = 0.78. The corresponding field profiles clearly show that the new resonant peak
corresponds to a new cavity whereas the split band corresponds to localization of light in
two symmetric cavities. The new generation brings a quarterly split band at ω/ω0 = 0.78,
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Fig. 8.18 Electric field profiles superimposed with the refraction index profile for a third-order Cantor filter
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double splitting at ω/ω0 = 0.705 and the new emerging single band at ω/ω0 = 0.745.
A further generation (containing 35 = 243 layers) gives rise to eight-fold splitting of the
original resonance (not presented in the figure).

The following regularities can be seen. First, every new resonant band appears to be
sharper than the previous ones. This is because of a higher Q-factor of resonance resulting
from larger numbers of layers confining light in a given cavity. Second, every new resonant
band has the splitting factor,

Snew ≡ G − g = G − 1

2
. (8.42)

We have seen for triadic structures this splitting is absent (Snew = 1) whereas for pentadic
Snew = 2, i.e. every new transmission band appears in the form of a doublet. For semiadic
structures triplets will appear etc. Third, sequential splitting of the existing bands with
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growing generation number N reads,

Sold ≡ g = G + 1

2
. (8.43)

Note the difference Sold − Snew ≡ 1, independently of G. This is nothing else but a straight-
forward result of the Cantor algorithm, simply defined by the difference between neighbor-
ing odd and even numbers. This means that if the new bands appear as triplets, older bands
will exhibit quartets etc. Finally, it should be emphasized that multiple splitting occurs with-
out broadening of resonant transmission bands. The band sequentially goes wider at the
top but simultaneously shrinks at the bottom thus getting more and more rectangular. This
property is very important for practical applications in band-pass filter design. It is used
purposefully in commercial filters though fractal algorithms are not necessarily applied to
develop coupled cavities.

8.5 Light in quasiperiodic structures: Fibonacci
and Penrose structures

One-dimensional quasiperiodicity: Fibonacci potentials
and Fibonacci filters

Quasiperiodic structures, in addition to self-similar fractal structures, represent yet another
example of non-periodic but deterministic spatial objects. The rigorous mathematical defi-
nition states the function is quasiperiodic if it can be expanded in a sum of periodic functions
with incommensurate periods. The immediate case of such a function is, for example,

f (x) = sin(x) + sin(x/π). (8.44)

This is plotted in Figure 8.19 to give an idea of how quasiperiodic functions can look. For
multilayer structures, the Fibonacci sequence offers an algorithm to develop quasiperiodic
lattices in one dimension.

The Fibonacci sequence is based on the algorithm obeying regularities of Fibonacci
numbers FN .2 The Fibonacci numbers form the following set. The first two numbers are
F0 = 1 and F1 = 1. Then every next number is equal to the sum of the two previous
numbers, FN = FN−2 + FN−1:

1, 1, 2, 3, 5, 8, 13, 21, 34, . . . . (8.45)

The important property of the Fibonacci sequence is the limit of the ratio of the two
neighboring terms which is referred to as the “golden mean”,

lim
N→∞

FN

FN−1
=

√
5 − 1

2
= 0.6180339887 . . . (8.46)

2 Leonardo Pisano Fibonacci (1180–1240) was an Italian mathematician.
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Fig. 8.19 An example of a quasiperiodic function (8.44) plotted for (a) larger and (b) smaller range in the x
scale.

and expressed as an irrational number. Geometrically this corresponds to the case when,
for two segments with lengths a and b the relation holds,

a

b
= b

a + b
. (8.47)

When solving Eq. (8.47) one arrives at,

τ = a

b
=

√
5 − 1

2
. (8.48)

A multilayer Fibonacci sequence is built as follows. A layer of material A and another layer
of material B form the first two generations. Then every next term in the set represents the
sum of the two previous terms, i.e.

A, B, AB, BAB, ABBAB, . . . (8.49)

This is shown in Table 8.1. The total number of layers in every sequence forms the Fibonacci
set (8.45).

A one-dimensional Schrödinger equation has been examined with a stepwise quasiperi-
odic potential whose value is equal to either of the two fixed values sequentially in ac-
cordance with the Fibonacci set [33–36]. For such a potential, an electron was found to
have the critical wave function with strong spatial fluctuations. Such a function, being
principally extended does not look like a Bloch wave and, for example, does not allow
the notion of an envelope function to be used, which has been most fruitful in the study
of both extended and localized states. An example of such a function is presented in
Figure 8.20.

This type of wave function correlates with the properties of the energy spectrum. Typ-
ically, extended wave functions are indicative of states belonging to continuous bands,
whereas localized wave functions with exponential decay describe states belonging to the
discrete portion of energy spectra. In a quasiperiodic potential, a quantum particle has
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Table 8.1. Fibonacci multilayer structures for 0-8 generations

Generation Total number
number Structure sequence of layers

0 A 1
1 B 1
2 AB 2
3 BAB 3
4 ABBAB 5
5 BABABBAB 8
6 ABBABBABABBAB 13
7 BABABBABABBABBABABBAB 21
8 ABBABBABABBABBABABBABABBABBABABBAB 34

Note. For clarity, a part of every (N + 1)-th sequence corresponding to the (N − 1)-th generation
is underlined.

0 2584

coordinate n

2

1

0

|jn
|2

Fig. 8.20 Electron charge profile for a Fibonacci stepwise potential in a finite slab containing F17 = 2584
cells [36]. The graph presents the probability of finding an electron at the site with number n.

extended singular wave function. Such states belong neither to the discrete nor to the
continuous portion of the energy spectrum. The energy spectrum for a quasiperiodic po-
tential cannot be characterized in terms of discrete or continuous portions of the spectrum.
Instead, energy values form a Cantor set with an infinite number of discrete values but
without continuous bands developed. The spectrum as a whole can be described as singular
continuous. The peculiar feature of the problem is the extended character of the wave func-
tion which means that electron transport is possible in spite of the absence of a continuous
energy spectrum.

Unusual electron properties in quasiperiodic potentials have stimulated extensive re-
search of the optical counterparts. The propagation and localization of light waves in
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Fig. 8.21 Calculated transmission spectra of quarter-wave Fibonacci filters of (a) 4th, (b) 5th, (c) 6th and
(d) 7th generations [31].

Fibonacci optical filters, i.e. multilayer structures organized according to the Fibonacci al-
gorithm have become the subject of thorough analysis by many authors. The experimental
performance of Fibonacci structures and their studies have confirmed that, similar to other
types of potentials, the quasiperiodic ones give rise to classical counterparts with peculiar
features found for the quantum mechanical Schrödinger problem.

Spectral regularities inherent in Fibonacci structures have been derived in analytic form
based on the transfer matrix approach and relevant algebraic considerations [37–39]. Be-
cause of the restricted scope of the book these cumbersome derivations are not reproduced
here and only the numerical results in visual form will be used to illustrate the basic optical
properties of quasiperiodic structures.

Junior generations of Fibonacci filters feature a transmission band in the center which
first splits into two and then into three sub-bands (Fig. 8.21). This central triplet is indicative
for the Cantor triadic set and for higher generations definite self-similar and scaling features
develop which are inherent in fractals. Self-similarity is shown in Figure 8.22. Different
portions of transmission spectra for the same high-order generation of Fibonacci filter do
exhibit similar spectral shape which becomes apparent when using the 5.11-fold stretch of
the frequency axis. Self-similarity is apparent already for the 10th generation. For higher
generations it becomes more and more pronounced.

Transmission spectra of Fibonacci filters also show spectral scalability which means that
spectra of different generations have a similar shape when the frequency axis is properly
scaled. This property is shown in Figure 8.23. Notably, the scaling factor 5.11 remains
the same as in Figure 8.23, used to demonstrate internal self-similarity of the spectrum.
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generation with 5.11-fold stretching of the frequency axis.

Refractive indexes of constituent materials define the absolute value of the scaling factor
describing spectral self-similarity and scalability.

Notably, transmission spectra of generic Fibonacci structures do not exhibit perfect
transmission bands. Many among well-resolved peaks have a transmission coefficient much
lower than unity. As was emphasized in Section 8.4 when discussing Figure 8.14, this is
rather a property of asymmetric multilayer structures than a property inherent in a certain
algorithm of the filter design. Huang et al. [40, 41] considered in detail spectral properties
of symmetric structures consisting of the two counterwise Fibonacci filters. They found that
the symmetric structures do exhibit unity transmission in every peak along with remaining
self-similarity of the spectrum.

Unlike fractal multilayer structures, quasiperiodic structures should contain larger num-
bers of layers (higher generation), for their scaling properties to manifest themselves no-
ticeably. Gellerman et al. reported on the experimental realization of a multilayer Fibonacci
filter up to the ninth order (55 layers) by means of thin film vacuum deposition using
SiO2/TiO2 dielectric layers [42], with a reasonable agreement of the scalable transmission
spectra with calculated ones.
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Fig. 8.24 Measured transmission spectrum of a 12th order Fibonacci (N = 233) optical filter [43]. Around
wave numbers 5000–5500 cm−1 the system exhibits a pseudo gap. The inset shows three
examples of the power spectrum of the incoming laser pulses in a time-resolved experiment
reported in Figure 8.25. The spectrum was recorded with a standard absorption spectrometer,
hence the transmission peaks are broadened due to the angular spread of the incoming light on
the sample, and lateral sample inhomogeneities.

Laser pulse shaping with Fibonacci filters

An interesting approach to fabrication of one-dimensional quasiperiodic structures of higher
generations has been proposed by Dal Negro et al. [43]. The technique is based on elec-
trochemical etching of silicon to get randomly arranged porous silicon whose porosity is
defined by the electrical current value. Finite porosity in turn defines a modified refrac-
tive index of the composite effective medium silicon/air. Therefore, an alternating current
gives rise to alternating refractive index, thus providing a route towards the manifold reg-
ular alteration of refractive index along the current flow. This approach was first proposed
for dielectric Bragg mirrors and planar microcavities fabrication by Pavesi et al. in 1995
[44]. In this way, a 12th-order Fibonacci filter has been developed consisting of 233 layers
exhibiting transmission bands and gaps in the infrared (Fig. 8.24).

These Fibonacci filters were found to modify significantly the temporal shape of the
ultrashort laser pulses (Fig. 8.25). In agreement with theoretical predictions, pulse stretching
and oscillations were observed. When the incoming pulse is resonant with one transmission
peak, the pulse is significantly delayed and stretched. This stretching becomes surprisingly
strong close to the band edge (curve IIIa). In addition to the delay and stretching, when the
spectrum of the laser pulse overlaps with two adjacent narrow transmission modes a strongly
oscillatory behavior is observed (curve IIa). These oscillations can be interpreted as due
to beating between individual band-edge modes. Indeed the frequency of the oscillations
corresponds to the frequency difference between the peaks in the transmission spectrum.

Another example of the application of Fibonacci filters is laser pulse compression which
becomes more efficient in quasiperiodic structures as compared to periodic ones because
of enhanced dispersion of group velocity. Akhmanov et al. [45] proposed to use a linear
dispersive medium for optical pulse compression provided that the pulse phase is modulated.
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Fig. 8.25 Experimental data and calculation of the transmission through a Fibonacci filter at four different
frequencies [43]. The reference pulse is also plotted for comparison. The time offset
corresponding to the total optical thickness of the sample has been subtracted in all cases. When
the laser pulse is resonant with one band-edge state the transmitted intensity is strongly delayed
and stretched. When two band-edge states are excited, mode beating is observed.

Consider a phase-modulated laser pulse of Gaussian type,

E(t)|x=0 = A exp

(
−1

2

(
τ−2

0 + iα0
)
t2

)
exp(iω0t), (8.50)

where τ 0 is the characteristic duration of the pulse (a pulse that is not a transform-limited
pulse and thus can be compressed), α0 is the rate of frequency modulation, which is com-
monly referred to as a chirp,3 and ω0 is the central frequency. In the slowly varying envelope
approximation with second-order dispersion taken into account, the spatial evolution of the
pulse duration reads,

τ (x) = τ0

√
(1 − α0κ2x)2 +

(
κ2x

τ 2
0

)2

, (8.51)

where κ2 = ∂2κ/∂ω2 is the dispersion of the group velocity, vg = ∂ω/∂κ . In the case
α0κ2 < 0 the chirped light pulse is stretched while propagating through a structure, whereas
in the case α0κ2 > 0 the chirped pulse experiences compression upon propagation down
to the minimal pulse duration, and then increases again. The minimal duration of such a
phase-modulated Gaussian light pulse reads [45],

τmin = τ0√
1 + (α0τ

2
0

)2 . (8.52)

3 The term “chirp”, according to the Encyclopaedia Britannica, describes the ‘characteristic short sharp sound
specially of a small bird or insect’ and implies that the frequency of the sound varies during the call.
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Fig. 8.26 Application of a Fibonacci filter for chirped pulse compression (adapted from [46]). (a) Calculated
transmission T and group velocity dispersion κ2 for a 5th order Fibonacci ZnS/Na3AlF6 filter. (b)
Measured compression ratio τ/τ0 (circles) superimposed with calculated group velocity dispersion
κ2 and transmission T (not scaled) for that filter as a function of the angle of incidence.
Compression corresponds to τ/τ0 < 0.

For this case of maximum compression, the pulse becomes transform limited and its duration
τmin is related to the spectral width �ω as τmin�ω = 0.44 for a Gaussian shape pulse. The
duration τmin occurs at a distance,

Lcompr =
(
α0τ

2
0

)2
α0κ2[1 + (α0τ

2
0

)2
]
. (8.53)

Experiments on the application of Fibonacci filters for chirped laser pulses have been
reported by Makarava et al. [46]. Strong group velocity dispersion develops in the middle
of the gap where the resonant transmission peak occurs (Fig. 8.26). Accordingly, pulse
compression is observed whenever κ2 > 0, whereas for κ2 < 0 pulse expansion is the case.

Two-dimensional quasiperiodicity: Penrose quasicrystals

To understand the key properties of aperiodic tilings the intuitive concepts of
order and symmetry need to be suitably extended beyond some of the traditional
views related to the concept of periodicity.

Enrique Maciá [47]

Two-dimensional quasiperiodic structures exist in the form of tilings, consisting of polygons
covering a plane without gaps or overlaps in such a way that the resulting overall pattern
lacks any translational symmetry. The existence of aperiodic sets of polygons capable
of tiling a plane in an aperiodic fashion was proved in the 1960s. A representative 2D-
quasiperiodic tiling proposed by R. Penrose in 1974 is shown in Figure 8.27. It can be
obtained via the projection of a five-dimensional periodic lattice onto a planar surface.
It is the basic feature of quasiperiodic structures that they can be seen as projections of
periodic structures in space of higher dimensionalities [49, 50]. In quasiperiodic tilings,
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(a) (b)

Fig. 8.27 (a) Penrose tiling illustrating the local isomorphism characteristic of Conway’s theorem (adapted
from [47]) and (b) its photonic crystal implementation [48]. Light gray and dark gray fields in the
left panel indicate two types of repeated patterns. Copyright 1999 Elsevier Science Ltd. [47].

the notion of repetitiveness typical of translational symmetry is replaced by that of local
isomorphism, which expresses the occurrence of any bounded region of the whole tiling
infinitely, often across the tiling, irrespective of its size. For the particular case of Penrose
tiling, the Conway theorem states that for any local pattern having a certain diameter, an
identical pattern can be found within a distance of two diameters. This interesting statement
is illustrated in Figure 8.27.

Penrose tiling features ten-fold rotational symmetry, a degree of symmetry that could
not be achieved with any perfectly periodic structure. The highest degree of rotational
symmetry achieved with a planar periodic structure is six-fold, inherent in a triangular or
hexagonal close-packed lattice. It is important that higher-order rotational symmetry is
favorable for omnidirectional photonic band gaps to develop. A two-dimensional photonic
quasicrystal can be developed, e.g. based on Penrose tiling by putting air holes or vice
versa dielectric rods in every point corresponding to intersections. Such a crystal fabricated
by Krauss et al. is shown in Figure 8.27. Zoorob et al. fabricated a planar quasiperiodic
structure featuring even higher, 12-fold rotational symmetry by means of an appropriate
arrangement of etched holes in silicon nitride (n = 2.02) and silicon oxide (n = 1.45) crys-
talline material [51]. In spite of relatively low refractive index contrast, an omnidirectional
two-dimensional photonic band gap was observed. Note that for an omnidirectional gap to
develop in a typical periodic planar structure much higher refractive index contrast (>3) is
mandatory, such as air/silicon or air/GaAs cases (see Chapter 7 for properties of periodic
structures.)

8.6 Surface states in optics: analog to quantum Tamm states

In 1932, very soon after publication of the pioneering paper by Kronig and Penney on
electron properties in a periodic stepwise potential [52], I. E. Tamm considered the case
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Fig. 8.28 Development of a localized state within the band gap of a seven-period quarter-wave multilayer
structure bordering at 6 µm a dielectric medium with very high dielectric constant [55]. The plot
shows the electric field amplitude profile at the mid-gap frequency (normalized frequency = 1).
The insert shows the central portion of the transmission spectrum.

of a high-potential barrier at the edge of a periodic potential [53]. This case corresponds
to the real situation at a crystal surface where finite energy is necessary for an electron to
leave a crystal for the vacuum. He found there is a state of an electron which develops at
the border whose wave function exponentially vanishes outside a crystal and the energy
eigenvalue lies inside the band-gap region. These surface states in quantum mechanics are
referred to as Tamm states.

Tamm states result from the analysis of a single-particle Schrödinger equation and there-
fore have an electromagnetic analog, provided the relevant dielectric interface is developed,
as discussed in Chapter 3 for a number of model problems. Probably, Kossel was the first to
suggest that localized states could exist in optics near the boundary between a homogeneous
and a layered medium [54].

The formation of the optical analog of the Tamm state is shown in Figure 8.28. At the bor-
der of a seven-period quarter-wave multilayer with very highly-refractive adjacent medium
(near 6 µm), a pronounced increase in the field amplitude is apparent. In the transmission
spectrum (insert in Figure 8.28) this state manifests itself as enhanced transmission in the
centre of the band gap. It is instructive to compare this figure with similar data for a periodic
structure in Chapter 7 (Figures 7.5 and 7.7).

Another type of surface state in optics is presented in Figure 8.29. It is as interface mode
which develops at the boundary between two periodic dielectric structures, one having
a period close to the wavelength of light and the other close to double the wavelength.
The interface state features the electric field distribution decaying exponentially in the
surrounding media. The frequency of this state lies inside the overlapping gaps (stop-
bands, reflections bands) of the two periodic media. The state manifests itself as a sharp
transmission peak within the reflection bands of both periodic structures. Interestingly, the
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Fig. 8.29 Formation of a localized state at the interface of two periodic media with different periods but
with overlapping gaps. Shown are the refractive index profile (upper curve) and electric field
profile (lower curve). Adapted from [56].

in-plane dispersion law for this interface state is a continuous parabolic ω(k) law, which by
means of the substitutions E = h̄ω, p = h̄k, leads to a parabolic E(p) relation inherent
in a particle with mass equal to approximately 10−5 of the free electron mass [56]. In
such a situation, it is typical to ascribe the appropriate effective mass to a photon with
E = h̄ω, p = h̄k. We must bear in mind, however, that no photon has been introduced into
consideration so far, and introducing photons into this problem is not justified. One should
rather speak about the mass-like behavior of electromagnetic waves in a complex medium.
A discussion in terms of the mass-like dispersion law as an indication of light energy storing
is rather instructive with possible application of Einstein’s E = mc2 relation to estimate the
energy stored. Such a consideration of parabolic dispersion laws in the electrodynamics of
complex media belongs to Rivlin [57].

Generally, the properties of optical Tamm states are only at the initial stage of theoretical
understanding and experimental investigation. These states of light will be the subject of
close consideration in the near future. Surface and interface modes can be purposefully
used in various practical devices and components as desirable lossless modes for light
generation, emission and propagation.

8.7 General constraints on wave propagation in multilayer
structures: transmission bands, phase time, density

of modes and energy localization

Consider a one-dimensional dielectric multilayer structure consisting of N sequential layers
along the x axis, each having a thickness d j and a refractive index n j , infinite in the
transverse directions in the y−z plane and surrounded on both sides by free space with
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n0 = 1. Consider a normally incident plane monochromatic wave propagating through such
a structure. Our goal is to evaluate the general constraints on light propagation in terms
of certain conserving quantities that are invariant with respect to the spatial arrangement
of layers in the structure under consideration [58]. We deal with the one-dimensional
Helmholtz equation,

∂2

∂x2
E(x) + [n(x)]2 ω2

c2
E(x) = 0, (8.54)

to evaluate the transmission T (ω) and reflection R(ω) functions which are complex, taking
into account the phase shift a wave acquires in the structure in question.

Transmission spectra and phase shifts

Assume all the layers have parameters such that the optical path n j d j is the same for any
j , so that,

n1d1 = n2d2 = · · · = n j d j = · · · = nN dN ≡ πc

2ω0
, (8.55)

where ω0 is defined as the central frequency. So far such structures have been referred to as
quarter-wave structures (see, e.g. Eq. (8.30) in this chapter, and Eq. (7.12) in Chapter 7).

For any even multiple of ω0 the propagating wave passes each constituent layer without
reflection and therefore gains the phase shift,

�ϕ = ω

c
n j d j , (8.56)

which is the same for all layers in view of the quarter-wave condition (Eq. 8.55). As a result,
the structure becomes fully transparent (|T (2mω0)| = 1, m = 1, 2, 3 . . .) for any value of
number of layers, N and for any arrangement of constituent layers, the total phase shift
being a sum of the shifts for all the layers. That is, the transmission reads as follows,

T (ω)|ω=2mω0 = exp


i

ω

c

N∑
j=1

n j d j


 = exp(i Nmπ). (8.57)

Equation (8.57) defines equidistant frequency points where the phase and the wave number
are linear functions of ω independent of the arrangement of the layers. The wave number
and frequency are related as,

km(ωm) = k(2mω0) = Nmπ

d∗ = Nλ0

2d∗
ωm

c
, (8.58)

with d∗ ≡
N∑

j=1
d j being the total length of the structure under consideration. One can see

Eq. (8.58) describes a linear wave number versus frequency function as is the case for a
homogeneous medium.
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Quarter-wave multilayer structures possess periodic transmission spectra,

T (ω + 2mω0) = T (ω), m = 1, 2, . . . (8.59)

Moreover, within every period, the transmission spectrum is symmetrical with respect to
every odd multiple of ω0 , i.e. ω = (2m − 1)ω0 (m = 1, 2, . . .) points. These properties have
been discussed in Chapter 7 (Section 7.2) for quarter-wave periodic multilayer structures,
but they are generally inherent in every quarter-wave structure of arbitrary geometry.
Symmetry can be expressed as,

T (mω0 + δω) = T (mω0 − δω), 0 < δω < ω0. (8.60)

Spectral periodicity and symmetry of quarter-wave multilayer structures are direct conse-
quences of the formulas for transmission and reflection of a single dielectric layer (Chapter 3,
Eq. (3.21)).

Let us reduce further consideration for visual clarity to binary structures consisting of
the two types of materials A and B with refractive indexes nA and nB embedded in an
ambient medium B. Figure 8.30 shows transmission spectra calculated for a number of
nine-layer structures with arbitrary alteration of the A and B layer. Let us consider it in
more detail. In case (a) a nine-layer structure of material A exhibits just equidistant Fabry–
Perot modes in the transmission spectrum. It is a trivial case of transmittivity of a dielectric
layer (see Chapter 3, Figs. 3.7, 3.8 and Eq. (3.42)). Case (b) shows a triple structure with
corresponding triple Fabry–Perot modes in the transmission spectrum. Case (c) presents
the familiar periodic structure, a one-dimensional photonic crystal or a multilayer dielectric
Bragg mirror. This has been discussed in detail in Chapter 7 (Section 7.2 and Fig. 7.7).
The transmission spectrum has a stop-band (reflection band) around ω0 with (nearly) unity
reflection and (nearly) zero transmission, surrounded by two symmetrical transmission
bands each containing distinct transmission peaks. Panels (d), (e) and (f) present variations
to the periodic structure which can be treated as (d) a defect (extra B in the middle) inside
a periodic structure, (e) two spaced defects (extra As) in a periodic structure and (f) single
defect (B instead of A in the middle) forming a long BBB cavity surrounded by a couple of
ABA stacks forming mirrors. Accordingly, with respect to the periodic arrangement, one or
two sharp transmission bands develop inside the stop band, with other transmission peaks
being shifted and reorganized. Notably, every structure contains exactly nine transmission
peaks within the period [0, 2ω0] (the two half-bands in every spectrum at ω =0 and ω =
2ω0 together give a single peak). The only exclusion is case (d) where the very last layer B
merges with the ambient medium thus reducing the actual number of layers in the structure
in question to eight. One can consider the total number of transmission peaks discussed for
fractal structures, where within the range [0, 2ω0] the number of peaks was always equal
to the number of constituent elementary layers (see Figs. 8.11–8.14). Such “number of
peaks conservation” behavior leads to the straightforward analog of energy level splitting
in a sequence of identical quantum wells with potential barriers in between. A particular
case of a periodic arrangement of wells has been discussed in Chapter 3 (Section 3.5). This
analogy is essentially the result of Helmholtz and Schrödinger equation similarities, which
were thoroughly examined in Chapter 3.
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Fig. 8.30 Spectral properties of binary quarter-wave nine-layer stacks with various arrangements of A and
B layers within the spectral range [0, 2ω0]. Dashed lines show transmission spectra. Solid line
shows ρ(ω)v0 function defined by Eqs. (8.60), (8.63). The square under this function equals the
square of the gray band with height 1 and length 2ω0. Adapted from [58].

The conservation law

The apparent number of transmission peaks conserved is believed to indicate a certain
integral relationship governing the limits and restrictions of modification of electromagnetic
wave propagation in an inhomogeneous medium. Such a relationship does exist and is most
observable for quarter-wave multilayer stacks because of the existing periodicity in the
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transmission spectrum. Therefore, only the frequency range [0, 2ω0] is to be examined. It
was shown [58] the value

ρ(ω) = 1

d∗
dϕ

dω
, (8.61)

does integrally conserve for all N -layer stacks defined only by the total geometrical length
D, independently of the specific spatial arrangement of layers. Here ϕ is the total phase
accumulated by the wave packet during its transmission through the multilayer stack.
When integrated over frequency within any single full period [2mω0, 2(m + 1)ω0] where
m = 1, 2, . . . it simply reads, ∫ 2(m+1)ω0

2mω0

ρ(ω)dω = πN

d∗ . (8.62)

This amazing property is illustrated in Figure 8.30 where the ρ(ω) function is presented for
a number of multilayer structures. For visual clarity, the value ρ(ω)v0 with

v0 ≡ d∗

N∑
j=1

(n j d j/c)

(8.63)

is actually plotted in every graph. The parameter v0 has the physical meaning of the maximal
velocity, with which light can traverse the stack without reflections at the interlayer refraction
steps. With this notation and dimensionless frequency ω̃ = ω/ω0 Eq. (8.62) reads,∫ 2m+2

2m
v0ρ(ω̃)dω̃ = 2, m = 0, 1, 2, . . . (8.64)

Consider the ρ(ω) function in terms of the complex transmission T (ω),

T (ω) ≡ ReT (ω) + iImT (ω) ≡ |T (ω)| exp(iϕ). (8.65)

Then one has,

tan ϕ = ImT (ω)

ReT (ω)
. (8.66)

To find out dϕ/dω we shall take the first derivative with respect to ω from both sides of
Eq. (8.66), i.e.

d

dω
(tan ϕ) = d

dω

(
ImT (ω)

ReT (ω)

)
. (8.67)

This gives,

sec2(ϕ)
dϕ

dω
= [ImT (ω)]′ReT (ω) − ImT (ω)[ReT (ω)]′

[ReT (ω)]2
, (8.68)

whence using the identity sec2 ϕ ≡ 1 + tan2 ϕ and solving Eq. (8.68) with respect to dϕ/dω,
we finally arrive at the expression for ρ(ω),

ρ(ω) = 1

d∗
dϕ

dω
= [ImT (ω)]′ReT (ω) − ImT (ω)[ReT (ω)]′

d∗|T (ω)|2 , (8.69)
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with the derivation taken with respect to ω. Taking into account the symmetry of the
transmission spectrum Eq. (8.60) one can write instead of Eq. (8.64) the relation,∫ m+1

m
v0ρ(ω̃)dω̃ = 1, m = 0, 1, 2, . . .. (8.70)

One can see that, indeed, for every case presented in Figure 8.30 positive alterations of
ρ(ω̃)v0 with respect to unity in certain frequency intervals are compensated by negative ones
in the another intervals. The gray band indicates the square of 1 × 2 on the ρ(ω̃)v0 − ω̃

plane which appears to be equal to the total square under the curve ρ(ω̃)v0 in every
panel.

Does the above conservation law hold for other multilayer structures beyond quarter-
wave stacks? Because there is inverse proportionality between ω0 and the optical path of
the constituent layers, then even if the quarter-wave condition (8.55) is broken, but the
quantities n j d j all remain commensurate, the same reasoning can be applied. Equations
(8.62) and (8.70) can then be obtained by subdivision of the constituent layers, accompanied
by the consequent increase in the central frequency ω0 → Nω0. In the limiting case of
mathematically incommensurate layers, N goes to infinity, and the structure appears to
possess the same freedom as a continuously inhomogeneous medium would, retaining only
the asymptotic relation,

lim
N→∞

1

N

∫ Nω0

0
ρ(ω)dω = π

d∗ . (8.71)

Phase time and traversal velocity

Let us now discuss in more detail the physical content of the observed conservation law.
The ρ(ω) function, as defined by Eq. (8.61), is proportional to the value,

τ = dϕ

dω
, (8.72)

which has dimensions of time and is referred to as the phase time, group delay or Wigner
time, since it was introduced by E. Wigner in 1955 when considering the problem of
scattering in quantum mechanics [59]. This notion is extensively used when analyzing
light traversal in tunneling processes (see Chapter 10, Section 10.2). Therefore the ρ(ω)v0

function plotted in Figure 8.30 for various structures gives a direct insight into the time of
light flight through a given structure. A straightforward conclusion is apparent: every peak
in transmission remarkably coincides with a peak in Wigner time. That is, high transmission
always occurs at the expense of slowing down in propagation. For a complex medium, the
traditional group velocity notion vg = dω/dk can not be directly applied since the wave
number k is undefined. However, based on the phase time notion Eq. (8.72), traversal
velocity can be defined as,

vτ = d∗

τ
= 1

ρ(ω)
, (8.73)
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and the ρ(ω) function appears to be inversely proportional to the traversal time. Therefore,
the statement holds: “total modification of phase time (and traversal velocity) is limited
by the conservation law: lower times in one portion of the frequency are compensated
by higher times in some other portions”. For quarter-wave stacks, conservation occurs
exactly within any range of frequency with the width mω0, m = 1, 2, 3, . . .. For multilayer
stacks with commensurable layer thicknesses, this range is finite and is determined by the
thickness scalability. For incommensurate stacks conservation occurs in the limit of infinite
frequency range, and holds approximately for finite ranges becoming more accurate for
wider ranges.

Notably, the conclusion on the slowing down of propagation in transmission peaks
remarkably coincides with the vg = dω/dk velocity dependence on frequency derived by
D’Aguanno et al. [60] and discussed in detail in Chapter 7 (Fig. 7.32) for periodic structures
where the notion of wave number with respect to Bloch waves is possible.

Longer traversal time for transmission peaks means it is light energy concentration
(storage, localization) which enables light to pass through a complex structure with minor
(sometimes zero) reflection and high (sometimes unity) transmission.4

Density of modes conservation

The ρ(ω) function has straightforward relation with the density of modes D(k) with respect
to wave number k and D(ω) with respect to frequency ω

D(ω) = D(k)
dk

dω
(8.74)

considered in Chapter 2 (Section 2.2). For one-dimensional space, the density of modes D1

with respect to wave number is simply the constant value (see Eq. (2.23) in Chapter 2)

D1(k) = 1

π
, (8.75)

whence the density of modes with respect to frequency ω is entirely determined by the
dispersion law relating k and ω, namely

D1(ω) = 1

π

dk

dω
. (8.76)

Notably, this appears to be inversely proportional to the group velocity vg = dω/dk, i.e.

D1(ω) = 1

π

dk

dω
= 1

π

1

vg
. (8.77)

This relation coupling group velocity and the one-dimensional density of electromagnetic
modes is so amazing that sometimes 1/π is omitted and the one-dimensional density of

4 Not rigorously but meaningfully, “sometimes” here means “for symmetric structures”. For asymmetric structures
the conservation law certainly holds but not every peak in transmission equals unity. Examples of transmission
spectra for asymmetric structures can be found in Figure 8.14, and Figures 8.21–8.23.
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modes is treated simply as v−1
g (see, e.g. [26, 58, 61]). By no means should this relation

be overemphasized, since it actually holds exclusively for one-dimensional space and pro-
portionality to v−1

g simply comes from the derivation rule for a complicated function, as is
clearly seen from Eq. (8.74).

For a continuous medium with refractive index n where k = ωn/c, the density of modes
reads,

D1(ω) = n

πc
. (8.78)

For a periodic medium, the Bloch wave number is defined and the group velocity notion
vg = dω/dk remains valid, although it no longer defines the energy velocity as has been
discussed in detail in Chapter 7 (Section 7.12). The anti-correlation between transmission
and group velocity in a periodic multilayer structure (Fig. 7.32 and [60]) along with the
inverse proportionality of the density of modes to group velocity allows for the follow-
ing statement to be formulated: transmission maxima for a periodic multilayer structure
correspond to the density of modes maxima and vice versa.

In an arbitrary multilayer structure with no periodic arrangement implied, the notion of
wave number can not be introduced as for a plane wave in a continuous medium or for a
Bloch wave in a periodic medium. However, we can speak about a certain “efficient” wave
number k̃, defining this based on the phase shift a wave acquires when passing through a
finite stack as follows,

k̃(ω) = ϕ(ω)

d∗ = arg T (ω)

d∗ . (8.79)

We can now introduce the “efficient” density of electromagnetic modes D̃1(ω) defined
as,

D̃1(ω) = 1

π

dk̃

dω
, (8.80)

which is essentially the local density of modes averaged over the finite stack in question.
With this notion we can write instead of Eq. (8.61) the relation,

ρ(ω) = 1

(d∗)2

dk̃

dω
= π

(d∗)2
D̃1(ω). (8.81)

Equation (8.81) together with Eq. (8.62) gives rise to the conservation law for the density
of modes D̃1(ω), ∫ 2(m+1)ω0

2mω0

D̃1(ω)dω = N

d∗ . (8.82)

Finally, the density of modes integrated over a stack under consideration simply reads,∫ d∗

0
dx

∫ 2(m+1)ω0

2mω0

D̃1(ω)dω = N , (8.83)

i.e. the number of modes in the frequency interval 2ω0 simply equals the number of quarter-
wave layers. Note the same is valid for transmission peaks: the number of peaks does also
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equal the number of constituent layers. This coincidence of transmission peaks number,
number of layers and modes number looks rather reasonable and intuitive. The above rea-
soning on extension of the conservation law from quarter-wave to arbitrary commensurate
layers and incommensurate ones remains valid. Also valid is the statement on average
deviation of the density of states from the vacuum value,

Dvac
1 (ω) = 1

πc
. (8.84)

The total deviation equals zero when integrated over the period in the transmission spectrum,
i.e. ∫ 2(m+1)ω0

2mω0

[D̃1(ω) − D1(ω)]dω = 0, (8.85)

for quarter-wave stacks. For other stacks with commensurate thickness the frequency range
of integration should be multiplied accordingly, whereas for arbitrary stacks integration
over the whole frequency range should be performed, i.e.∫ ∞

0
[D̃1(ω) − D1(ω)]dω = 0. (8.86)

Running ahead, we emphasize that the latter statement holds in multi-dimensional spaces
as well and can be formulated as follows: “The density of electromagnetic modes can be
redistributed over the frequency range but can not be totally modified.” This statement is
based on the Barnett–Loudon sum rule for radiative lifetimes modification [62] and will be
evaluated in Chapter 13. Equation (8.85) is the one-dimensional precursor of this general
law.

Summary and conclusion

For multilayer stacks with an arbitrary arrangements of layers, the conservation law for
the density of modes holds, which states that total deviation of the mode density from the
vacuum value equals zero when integrated over the whole frequency axis. For quarter-wave
stacks, the transmission spectrum and density of mode spectrum are periodic with period
2ω0 and symmetric with respect to points ωm = mω0, m = 1, 2, . . . where ω0 is defined
by Eq. (8.55). Therefore, for quarter-wave structures the above conservation law holds
for integration within any of the ranges of [mω0, (m + 1)ω0]. For quarter-wave stacks the
number of transmission peaks and the number of modes (obtained by integration of the
mode density over stack length) within every range [2mω0, 2(m + 1)ω0] equals the number
of constituent layers. For arbitrary stacks, transmission peaks correspond to maxima in
the density of modes and to minima in the traversal velocity defined as the stack length
divided by the phase time (Wigner time). Therefore, higher transmission of light through a
multilayer stack (and higher density of modes) occurs at the expense of slower propagation
of light and light energy accumulation.
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Fig. 8.31 Christiansen’s filters: (a) a dielectric powder in an ambient medium with different refraction
properties, (b) refraction spectra of two media, (c) transmission spectrum of a slab featuring a
maximum at the wavelength where n1 = n2.

8.8 Applications of turbid structures: Christiansen’s filters
and Letokhov’s lasers

In this concluding section we consider a couple of straightforward applications of random
scattering media in optics. More than a century ago, in 1884, C. Christiansen5 found that
sometimes a turbid mixture of colloidal particles in solution becomes transparent at a
certain wavelength [63]. This effect is referred to as the Christiansen effect and is explained
in Figure 8.31. Transparency occurs at that wavelength where the refractive indexes of
constituent substances obey the same value n1(λ∗) = n2(λ∗). Then the otherwise turbid
dispersive composite medium becomes homogenous and exhibits selective transparency in
a narrow spectral range around the intersection point λ.

Christiansen’s filters belong to the class of selective dispersive filters. They have found
commercial application, mainly in infrared spectroscopy and techniques where standard
interference filters based on multilayer films are hard to develop because of low durability
and high friability of thicker (� 1µm) polycrystalline films. This needs the thorough
technology of developing powders with desirable refractive indexes, their agglomeration
and fritting [64].

Another application of random powder-like media is the fabrication of random lasers.
Such a laser was proposed for the first time by V. S. Letokhov in 1968 [65]. Its action occurs
by means of closed loops of light propagation in a medium with optical gain and scatterers
(Fig. 8.32). Lasing develops for those loops where the gain exceeds the losses. Thus laser-
like light sources can be developed as mesoscopic materials rather than as devices. Probably
the first evidence of coherent radiation from a powder of active material with optical gain
without any additional feedback was reported in 1986 by Markushev et al. [66]. These
results are shown in Figure 8.32. A powder of neodymium-doped glass particles exhibits

5 Christian Christiansen (1843–1917) was a Danish physicist, the doctoral advisor to Niels Bohr.
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Fig. 8.32 A Letokhov’s laser: (a) the general idea, (b) emission spectrum of Nd3+-containing powder below
the threshold, and (c) above-threshold pumping [66].

a threshold behavior with a single narrow-band emission above the threshold pumping,
whereas at lower pumping below the threshold multiple emission lines are present.

Nowadays, experimental activity on random lasing is extensive [67–69]. This trend gained
additional interest when novel active laser materials based on ceramics came about [70]. In
ceramics, random lasing is readily observed because of higher active center concentrations
as compared to traditional glass and crystal-based media.

Problems

1. What can you say about the reflection spectra of multiple structures whose calculated
transmission spectra were shown in this chapter? Try to recover and discuss reflection
spectra for a few selected structures. (Hint: note there were no dissipation losses involved
in the calculations).

2. Calculate the total number of elementary layers in the non-Cantor fractal filters whose
spectra are presented in Figure 8.14. Derive the general formula for the total number of
layers and geometrical length of fractal filters.

3. Consider semiadic Cantor filters. Plot a few first generations, derive the relation for the
total length and the total number of layers. Formulate the scaling factor for transmission
spectra and the splitting factor.

4. Try to elaborate qualitative arguments as to why higher-order rotational symmetry helps
to get an omnidirectional electromagnetic band gap.

5. Based on the issues discussed in Chapters 7 and 8 formulate general regularities of
classical wave propagation in complex structures in terms of their correlation with, and
dependence on, geometrical parameters.
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6. Prove that any multilayer stack where layer thicknesses are commensurate can be treated
as a quarter-wave one. Define the frequency scale for such a stack where the conservation
law evaluated in Section 8.7 will hold.
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9 Photonic circuitry

“The light should be confined gently in order to be confined strongly”.
Y. Akahane et al. [1]

The complex propagation of light in periodic and inhomogeneous media considered in
previous chapters forms a solid basis for purposeful controlling of light wave propagation
and light energy accumulation. Coupling with light sources and light modulators gives rise
to the well-defined concept of photonic circuitry. This recently emerged field is becoming
more and more mature. The principal solutions in photonic circuitry are overviewed in this
chapter. The discussion is kept at an introductory level to provide conceptual ideas and
principal approaches without going too deeply into detail. The extensive list of references
will partly compensate for the somewhat sketchy style in this chapter.

9.1 Microcavities and microlasers

In a sense, an optical microcavity, or a microresonator, can be treated as a wavelength-
scale topological construction capable of accumulating and storing light. This can be
implemented with respect to light impinging from the outside as well as with respect to
light generated inside the cavity under consideration. The word “generated” here implies
spontaneous emission, spontaneous Raman scattering rather than necessarily lasing. Light
energy accumulation and storage becomes possible by the spatial confinement of light
waves in a cavity. Primary examples of (micro)cavities and (micro)resonators were treated in
Chapter 3 (Section 3.4) when the resonant tunneling of electromagnetic waves was analyzed;
namely a one-dimensional problem of an electromagnetic wave impinging onto a pair of
parallel metallic thin film layers serving as mirrors with dielectric spacing (Fig. 3.19). A
series of pronounced resonant transmission peaks develop corresponding to standing waves
in a cavity between mirrors. Resonances occur for every light wavelength corresponding to
an integer number of half-waves over the cavity (optical) length. This statement is rigorous
under the assumption of infinitely high “barriers” for light waves in terms of perfect unity
reflection and zero skin effect. In reality this never happens. We have seen in Chapter 3 and in
Chapter 6 that neither metal offers perfect reflection (R < 100% always holds) or negligible
skin depth (Tables 3.4, 3.5 and 6.1). Additionally, metal mirrors possess dissipative losses
because of the inevitable imaginary component of the complex dielectric function when a
desirable negative real part of the dielectric permittivity is the case.
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Fig. 9.1 Microcavities inside a two-dimensional photonic crystal slab. (a)–(d) Possible geometries of a
single defect. (e) Calculated and (f) measured response of a (d)-type cavity in an InGaAsP
photonic crystal slab for a transverse-electric-like (TE) mode reported by S. Noda et al. [2].
Reprinted with permission from AAAS.

In Chapter 7 we have seen that, since Rayleigh’s prediction back in 1887, periodic
dielectric structures offer a solution for nearly perfect mirrors where losses can actually
become negligibly small (see Figs. 7.7 and 7.25). A defect introduced in a periodic dielectric
stack comprises a planar all-dielectric Fabry–Perot cavity. Tracing the familiar trend of
quantum–optical analogies, one can see that a defect in a photonic crystal should behave
similarly to a defect in a periodic crystal lattice with respect to an electron. The latter case
was the subject of Section 4.5 where resonant localized electron states were considered with
energy values inside the band gap. The same occurs in optics and the planar Fabry–Perot
cavity is a one-dimensional version of the more general consideration of defects inside
photonic crystals.

For the band-gap region, an ideal photonic crystal represents a perfect mirror for the
full solid angle when light impinges on its surface from a continuous dielectric medium.1

A cavity made in a three-dimensional photonic crystal will confine certain modes in all
three directions. This cavity should not necessarily be a vacuum or air void. It can be
formed by any material disturbing the periodicity of a crystal. It can also be performed
in a two-dimensional photonic crystal and this is shown in Figure 9.1. Not only it is
much easier to draw such cavities in two dimensions. It is also much easier to fabricate
a cavity in a two-dimensional slab as compared to the three-dimensional case, because in
two dimensions submicron lithography and etching can be readily performed for many
semiconductor materials with high refractive index. Figure 9.1(e and f) shows calcu-
lated and measured resonant response of a single cavity in a two-dimensional InGaAsP
quarternary semiconductor compound. The topology of a system under consideration has
been designed to meet resonant behavior near the 1.55 µm wavelength used for optical
communication.

Every resonator can be characterized by the Q-factor which is the ratio of the energy
stored in a cavity to the energy lost in a single period of oscillation. In other words it can be

1 Or from another photonic crystal with different band structure that allows propagation of waves of the given
frequency. That case would represent a kind of a “photonic heterostructure”.
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Fig. 9.2 A microcavity photonic crystal laser: (a) design, (b) implementation and (c) performance.
Semiconductor material is InGaAsP. Triangular lattice period a = 515 nm, pore radius r = 180 nm.
The two enlarged holes have a radius r ′ = 240 nm. These are designed to split the dipole mode
degeneracy. The InGaAsP membrane is 220 nm (half-wavelength) in thickness. Adapted from [3].
Reprinted with permission from AAAS.

expressed as the number of cycles for its energy to decay by the factor of e−2π. In spectral
response, the Q-factor manifests itself as the ratio of the resonance frequency ω0 to the
resonance width �ω, i.e.

Q = ω0

�ω
. (9.1)

The Q-factor for the cavity shown in Figure 9.1(d–f) was predicted to be about 500 and was
found to be about 400.

If a microcavity inside a photonic crystal is not an empty void but a gain medium, then
a microlaser inside a photonic crystal can be performed. Painter et al. [3] demonstrated
an extremely small laser which measures only 0.03 µm3! Its design is clear from Fig-
ure 9.2(a,b). The same material was used as in Figure 9.1, namely an InGaAsP quarternary
semiconductor. The cavity design corresponded to that in Figure 9.1(b). The active layer
had half-wavelength thickness to provide additional confinement across the photonic crys-
tal plane. In this plane confinement was provided by means of Bragg reflections because
of the photonic band gap. The laser structure was optically pumped with a semiconductor
laser of 830 nm wavelength, focused with a microscope objective to a spot size of 3 µm
on the sample surface. Actually the authors reported on the active media volume rather
than the laser volume. The reader is proposed to evaluate the real laser volume themselves
(see Problem 3). The active medium consisted of four quantum wells which should not
be mistreated as a photonic Bragg structure. Quantum well size was defined by the de-
sired electron, rather than light-wave, confinement. The operating wavelength was close
to 1.5 µm. Note, a quantum-well-based microcavity photonic crystal laser represents a
class of photonic microdevices with simultaneously exploited electron and electromagnetic
wave confinement, which provides a route to nanophotonic engineering of electronic and
photonic bands and resonances.
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9.2 Guiding light through photonic crystals

Since a single defect inside a photonic crystal forms a microcavity, regular displacement of
those microcavities will result in formation of a delocalized electromagnetic state with the
number of resonant sub-bands equal to the number of cavities. A hint to such splitting of
transmission/reflection peaks has been considered previously in Chapter 8, when splitting
in symmetric fractal structures was discussed (Section 8.4). In the limit of an infinite
number of cavities and negligible spacing between cavities, a waveguide will develop.
Such a waveguide can be treated as a linear defect inside a photonic crystal rather than
a point-like defect in the case of a single cavity. Such a linear waveguide defect can be
developed in a three-dimensional periodic lattice as well as in a two-dimensional one.
The latter case is feasible by means of submicron photolithography and can be performed
commercially.

A traditional waveguide operates using total internal reflection and therefore does not
allow strong bending because of leakage of radiation when the total internal reflection
condition is removed. A photonic crystal waveguide operates using multiple scattering on
regularly displaced scatterers (hollow cylindrical voids) in a photonic crystal plane and
by total internal reflection across that plane. A typical example of waveguide engineering
using a silicon photonic crystal is shown in Figure 9.3. The waveguide has been designed
for the range of wavelengths around 1.3 µm which is used in the optical communication
industry and corresponds to the transparency region of silicon crystals. Notably, a simple
introduction of a curvilinear defect does not guarantee high transmission because of losses
in the bend areas (note, the cross-section of such a waveguide is sub-wavelength size).
However bend losses can be minimized by means of adaptive optimization of the scatterer’s
topology which appears by no means to be periodic. This approach has become a standard
trend in waveguide design for micro- and nanophotonic circuitry [4–13].

Considering more complex implementations of photonic crystal waveguiding. Figure
9.4a shows an optimized design of a silicon photonic crystal Y-type beam splitter. A single
beam can be split into two equal portions as shown in Figure 9.4b. Two beams with different
wavelengths λ1, λ2 can also be discriminated and sent to individual channels #1 and #2
provided the spectral spacing is approximately |λ1 − λ2| > 50 nm. For multiple wavelength
division a more complicated demultiplexer can be designed and implemented as is seen in
Figure 9.4(c) and (d).

Optical components presented in Figures 9.3 and 9.4 do demonstrate the emerging field
of silicon photonics. The optical transparency of silicon in the strategic optical communica-
tion wavelength range of 1.3–1.5 µm, combined with the unprecedented advances in silicon
sub-micron-scale technology, has inspired many research centres over the world to go into
the field of silicon photonics. All the above nanostructures are made of silicon using silicon-
on-insulator (SOI) technology combined with high resolution lithography. The latter is typi-
cally implemented in the form of the electron-beam- (e-beam) rather than photolithography.
Silicon-on-insulator nano-imprint technology has been developed in recent years promis-
ing a cheaper route towards commercial fabrication of planar nanostructures. Imprinting
is performed by means of reactive-ion etching using a master stamp structure made by
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Fig. 9.3 (a), (b) Fabricated two-dimensional photonic crystal structures with a waveguide using a silicon
wafer and submicron photolithography/etching technique. The hole diameter is 275 nm. (a)
corresponds to a generic design whereas (b) represents the optimized design of bends areas. The
contrast and brightness of the images have been changed for clarity. (c) and (d) Calculated
steady-state magnetic field distribution for the fundamental photonic band gap using the
two-dimensional finite difference time-domain method for (c) generic and (d) optimized design.
(e) Measured loss per bend for the un-optimized 60◦ bends and the topology-optimized 60◦

bends. Both spectra have been normalized to transmission through a straight photonic crystal
waveguide of the same length. A gray line marks a bend loss of 1dB. Adapted from [13].

e-beam lithography. The feasibility of spatial resolution of 30 nm in imprinting technology
has been demonstrated [16]. Not only waveguides, splitters, multiplexers–demultiplexers
but also optical and electro-optical modulators and switches become feasible. It is im-
portant for practical purposes that, based on SOI, these components can readily become
CMOS-compatible, i.e. integrable in the modern microelectronics production cycle.2

It is important to note that propagation of a light wave through a photonic crystal
waveguide structure is characterized by the complicated dispersion law and strong delay
in group velocity. For such structures “slow light” and “large group delay index” are the
relevant notions with the delay being so big that the group velocity can measure just a few

2 CMOS stands for “complementary metal-oxide-semiconductor” and denotes the modern silicon microelectron-
ics technology platform.
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Fig. 9.4 Planar photonic circuitry components based on two-dimensional silicon-on-insulator photonic
crystals. (a) Y-splitter with optimized light-wave bending along with (b) calculated spatial field
distribution [14]. (c) Demultiplexer providing delivery of every λi wavelength from a single
photonic crystal waveguide into the desired channel and (d) output intensity in each channel [15].

per cent or even less of the speed of light in a vacuum, c [17]. This time delay and slowing
down become rather favorable for all non-linear optical components. The light propagation
slowing down is equivalent either to an increase in the efficient path length or to an increase
in the optical absorption coefficient or non-linear susceptibility in case of non-resonant non-
linearity. Therefore it can be purposefully exploited for optical switching and modulation.
The design known as a Mach–Zehnder interferometer has gained considerable attention in
this context.

A photonic crystal waveguide design of a Mach–Zehnder interferometer is shown in
Figure 9.5. The output signal is defined by the phase matching (mismatching) in a pair of
guiding arms. External impact can be used to change the phase shift in either arm and thus
an interferometer can be used as a modulator or a switch. Thermo-optical modulation with
sub-microsecond time has been demonstrated [17]. Electro-optical modulation is feasible
as well, in particular, using liquid crystal impregnation and exploiting the sensitivity of
liquid crystal refractive index to an external electric field. All-optical switching can also be
performed by means of strong optical pumping resulting in non-linear refraction. Note,
under certain conditions semiconductor materials can offer a non-linear refraction index
change of the order of �n = 10−2 [19] (see Section 7.13). For CMOS-compatible electro-
optics, modification of silicon refraction in Si-based structures is crucial. This can be per-
formed by means of injection of carriers to modify the refractive index depending on carrier
density. For a Mach–Zehnder modulator design, switching times in the microsecond range
at sub-milli-Ampere modulation current have been reported for an 80-µm-long device [20].
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Fig. 9.5 Photonic circuitry components: a Mach–Zehnder interferometer, a directional coupler and a
combination of an interferometer with two couplers (adapted from [8]).

In 2004 INTEL Corp. [21] reported news of a Si based Mach–Zehnder interferometer
in which one branch experiences refraction modulation (and phase shift) without direct
carrier injection/depletion using a capacitor formed by a metal-oxide-semiconductor (MOS)
structure. Although the geometrical size was still rather large (about 1cm), not only had
undesirable thermal and power consumption issues been eliminated, but also high speed
operation was announced of the order of 1 GHz. This becomes possible with a capacitor
effect since no finite carrier generation and recombination rates are involved in the operation.
Two symmetrical MOS capacitors are made as waveguides with the length being equal to
a few mm. The phase shift at 1.54 µm wavelength to get nearly 20 dB transmission
modulation is affordable with a few volts applied to the structure. The large size is not
the only drawback of the Mach–Zehnder modulator. Further problems arise, e.g. from high
input losses because of the bent waveguide structure as well as high sensitivity to bias drift.

A further example of a basic photonic circuitry element is a directional coupler (Fig. 9.5).
This consists of two waveguides that come close to each other so that the fields can couple
in a section of certain length. The operation principle of the coupler is as follows [18]. In the
coupling section, the two aligned single-mode waveguides form a dual-mode waveguide
that supports an even and an odd propagating guided mode with respect to a certain
symmetry of the system. These modes propagate with different wave vectors keven and kodd,
respectively. Due to mode beating, the resulting field shifts, as a function of coupler length,
periodically between the two waveguides with period LB = 2π/ |kodd − keven|. Thus, if the
coupler length L is equal to LB (or a multiple of it), light fed into one of the waveguides
exits in the same waveguide (the “bar” state), while if the coupler length is half the beat
length (or an odd multiple of it), the light is completely coupled over to the other waveguide
(the “cross” state). A directional coupler with optional control of the refractive index of
constituent materials by means of electric field effects or optical nonlinearities can be used
for (electro)optical modulation and switching [22].
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Fig. 9.6 Optical properties of a photonic crystal waveguide coupled to a microcavity formed by a single
rod [23]. The photonic crystal consists of Si rods in air with lattice period a and rods radius 0.25a.
(a) Field distribution for a cavity. (b) Field distribution for a waveguide. (c) Field distribution of a
coupled waveguide–cavity system. (d) Transmission function versus normalized frequency. At
frequency 0.3168 the band edge is located. Here the group velocity for light in the waveguide
tends to zero. For a higher frequency group velocity monotonically rises with frequency but still
remains a small fraction of c. Transmission features strong dependence on frequency as well as
on the defect rod radius rdef .

For a variety of photonic crystal-based components K. Busch and co-workers elaborated
an elegant calculational approach based on magnetic field expansion into Wannier func-
tions [10,18]. These functions form an orthonormal basis derived from the Bloch functions
of the underlying photonic crystal. Interestingly, Wannier functions are extensively used
in the electron theory of solids. Therefore, along with Bloch functions, Brillouin zones
and band structure presentations considered in Chapter 7, the Wannier functions formalism
represents one more example of fruitful transfer of theoretical notions from electron theory
of solids to photonics. With these techniques the properties of the devices shown in Figure
9.5 were examined.

One more example of photonic circuitry is a photonic crystal waveguide coupled to a
microcavity formed as a defect in a photonic crystal. Using the above Wannier function
formalism, Mingaleev et al. [23] explored the properties of such a system based on a
silicon-air photonic crystal formed by a lattice of rods with period a and rod radius 0.25a
(Fig. 9.6). Optical bistability has been predicted for such a structure in the slow-light
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regime with lower switching intensity correlating with propagation slowing down. The
Q-factor of the structure grows inversely proportional to the group velocity of light at the
resonant frequency and can be as large as 103. Accordingly, the power threshold required
for all-optical switching vanishes as a square of the group velocity.

Actually, a high-Q cavity buried in a periodic thin film multilayer structure (i.e. a Fabry–
Perot interferometer) with a nonlinear-optical active medium providing intensity-dependent
resonance have been known as bistable elements since the 1970s [24, 25]. This simple
concept of an optical processing component is still in use and is under consideration as a
possible component of silicon photonics [26]. Bistability arises due to the double-valued
function of transmission versus incident intensity because of the cavity’s capability to keep
stored light. Going beyond the single dimension not only brings a new flavor to this old field,
but extends its application area in terms of complicated micrometer-scale planar circuitry.

For all high-Q components, understanding the transient behavior is important. Not only
is the operation intensity necessary, derived by examination of the steady-state equations,
but the finite switching energy defined by the Q-factor and the finite switching time defined
by the energy accumulation in a high-Q component should never be ignored. The importance
of these issues can be illustrated by an amazing effect of critical switching slowing down.
The switching time can become indefinitely long when the input intensity is kept negligibly
above the threshold [25]. In many instances, this phenomenon is a characteristic of a variety
of phase transitions including optical bistability, as an example of non-equilibrium phase
transition.

Recalling the high-Q-based solutions in photonic circuitry beyond nanophotonics, a
number of proposals for all-optical and electro-optical switching should be mentioned.
These solutions are based on controllable light propagation through a linear fiber coupled
to a ring fiber resonator or a microdisk resonator [27]. Whispering gallery modes first
introduced by Rayleigh more than a century ago when considering extraordinary audibility
in certain church buildings, are the essence of these solutions. These modes develop over
the perimeter of a disk or a sphere and can exhibit a superior Q-factor of the order of 106

or even higher. Control of light propagation is performed by means of coupling modulation
between a fiber and a high-Q cavity. The macroscopic size and high Q value form the basic
limit in the switching time (see Problem 9).

9.3 Holey fibers

. . . we had received some “photonic crystal fiber” from the group of Philip
Russell at the University of Bath in the UK. We had found out too late that these
British researchers had actually pioneered micro-structured silica fibers some
years earlier. Launching about 170 mW into a 30 cm length of photonic crystal
fiber, we immediately produced a frequency comb spanning more than an octave.

T. W. Hänsch, Nobel lecture (2005)

Traditional optical fibers are based on the internal reflection phenomenon in optics and
for this reason feature at least two principal drawbacks. First, the guiding inner part
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Fig. 9.7 Various design of PC-fibers: (a) fiber with hollow core [29], and (b)–(d) fibers with solid cores and
holey structures used for generation of white light, short-pulse compression, non-linear-optical
interactions enhancement [30, 31].

of fiber should possess higher refractive index than the outer part, which is referred to
as the cladding layer. This results in unavoidable absorption losses. Second, bending a
traditional optical fiber may break the condition of total internal reflection resulting in
leakage of light energy outside the fiber, i.e. undesirable losses. In 1996 Philip Russell
with co-workers pushed an ingenuous idea to provide reflection in optical fiber by means
of regular microchannels forming a two-dimensional photonic crystal [28]. In this case
the central core guide may be hollow (Fig. 9.7(a)). Later on the idea was extended to
the concept of a photonic crystal fiber for which the principal feature is periodic mi-
crostructure with photonic band gap instead of a total reflection arrangement. Since the
first publication in 1996, the field of photonic crystal fibers has become very wide and
extensive.

Photonic crystal fibers with a hollow core like that shown in Figure 9.7(a) have dis-
tinguished transmission properties because no absorptive loss is introduced by the core
itself. However, in many applications losses in the core is not the crucial issue and fibers
with a solid core surrounded by the periodic structure have found considerable interest
as well (Fig. 9.7(b) and (c)). Finally, even an aperiodic holey structure around the core
can sometimes be useful as well (Fig. 9.7(d)). For this reason along with the original no-
tation “photonic crystal fiber”, the term “holey fibers” is widely used as a more general
term.

The principal advantage of holey fibers as compared to their traditional counterparts is
the wider frequency range of the single-mode propagation condition. It arises from the
complicated dispersion of an electromagnetic wave propagating in such a fiber [32–34]. In
such a fiber a multitude of nonlinear processes are enhanced because of the long interaction
distance and the light slowing down. The cladding microstructure does not necessarily
resemble a photonic crystal but may be treated in a certain range in terms of an effective
medium with frequency-dependent refractive index. Higher harmonic generation, phase
modulation, four-wave processes, parametric effects, stimulated Raman scattering and
coherent anti-Stokes Raman scattering – all of these processes result in efficient broad-band
continuum generation. Hollow fibers additionally offer the nonlinear processes of gases (and
air) to be efficiently exploited (Kerr-type nonlinearity, plasma induced nonlinearities due
to multi-photon ionization) with the advantage of higher break-down powers as compared
to condensed matter.
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Multiple applications of holey fibers in laser technology and non-linear optics have been
discussed in reviews and books [30, 31, 35–39]. To summarize, advances in microstruc-
tured fiber technologies enabled the development of a new class of fiber-optic frequency
converters, broad-band light sources, and short-pulse lasers. The frequency profile of dis-
persion and the spatial profile of electromagnetic field distribution in waveguide modes
of microstructured fibers can be tailored by modifying the core and cladding design on a
micro- and nanoscale. Pulse widths range from a few nanoseconds to a few optical cycles
(several femtoseconds). Light power ranges from hundreds of Watts (owing to enhanced
nonlinearities) to several gigaWatts (owing to the hollow core which allows the use of gases
for nonlinear pulse transformation with optical breakdown powers higher than condensed
matter analogs). Generation of higher harmonics (10th to 20th!) has been reported for gas-
filled fiber pores. In new fiber lasers, microstructured fibers provide a precise balance of
dispersion within a broad spectral range, allowing the creation of compact all-fiber sources
of high-power ultrashort light pulses.

9.4 Whispering gallery modes: photonic dots, photonic
molecules and chains

At the end of the nineteenth century, Rayleigh referred to the Whispering Gallery audibility
in the dome of St. Paul’s Cathedral in London (Fig. 9.8) as an excitingly amazing acoustic
phenomenon with the origin being unclear for acoustics experts [40]. Some time later
he managed to make it clear by considering the acoustic modes extending in a resonant
manner along the inner circumference of the gallery [41]. Electromagnetic modes of this
type are therefore also referred to as “whispering gallery modes” and have recently taken a
noticeable place in microwave and optical circuitry.

In the optical range, whispering gallery modes are inherent in semiconductors (in the
spectral range of low absorption) or dielectric microdisks and microspheres (including solid
spherical particles and also shell-like dielectric envelopes). These modes develop owing to
total internal reflection at the interface and therefore can only exist if the material has high
enough refractive index as compared to the ambient medium. Examples of such modes in
a microdisk or in a solid microsphere are given in Figure 9.9. In a similar manner such
modes exist in microrings and in shell-like dielectric envelopes.

In a dielectric microsphere, whispering gallery modes correspond to light that is trapped
in circular orbits just within the surface of the structure (Fig. 9.9(b)). The modes are
most strongly coupled along the equatorial plane and they can be thought to propagate
along a zig-zag path around the sphere. The modes are characterized by two polarizations
(transversal electric, TE-modes and transversal magnetic, TM-modes) and three numbers
which are the radial n, the angular l, and the azimuthal m mode numbers. The value of l is
close to the number of wavelengths that fit into the optical length of the equator. The value
of l − m + 1 equals the number of field maxima in the polar direction, i.e. perpendicular to
the equatorial plane. Mode number n is equal to the number of field maxima in the direction
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Fig. 9.8 The side view of St. Paul’s Cathedral in London, England. The circular gallery which runs at the
point where the vault of the dome starts to curve inwards, is called the Whispering Gallery. The
name comes from the fact that a person who whispers facing the wall on one side, can be clearly
heard on the other, since the sound is carried perfectly around the vast curve of the dome.

Fig. 9.9 Examples of whispering gallery modes (a) in a microdisk, (b) in a microsphere, and launching
light into such modes using evanescent wave leakage (c) from a fiber and (d) from a prism with
total internal reflection.

along the radius of the sphere and 2l is the number of maxima in the azimuthal variation of
the resonant field around the equator. The resonant wavelength is determined by the values
of n and l. The electromagnetic field is described by the spherical Bessel functions much
similar to the problem of a quantum particle in a spherical potential well (see Section 2.6 in
Chapter 2), whispering gallery modes being electromagnetic counterparts of electron states
with very large l values.
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Fig. 9.10 Light intensity distribution (a) in a single microdisk [42] and (b), (c) in coupled microspheres [43].
See text for detail.

In Figure 9.10(a), light intensity distribution is presented for a semiconductor microdisk
with diameter 2 µm. The disk border is marked by a black circle in the middle. The field
distribution is shown within the area of 2 µm × 2 µm. The azimuthal number 8 defines
2 × 8 = 16 nodes over the inner perimeter of the disk under consideration. In the near
vicinity outside the disk, light takes the form of an evanescent field with smooth build-up of
a plane wave afterwards. In 1992 S. L. McCall with co-workers proposed a semiconductor
microdisk laser as a promising design of micro-optical circuitry [42]. A single microdisk,
a microsphere and even sometimes a dielectric or semiconductor micrometer-sized box are
often referred to as photonic dots to emphasize the small number of high-Q optical modes
by analogy to quantum dots (see Chapter 5) with respect to electrons. Photonic dots are
considered as important components in photonic circuitry including lasers, incoherent light
sources and optical switching elements. The principal feature is the extreme Q values of
the whispering gallery modes. For example, an estimate for a fused high-quality silica with
losses of 10 dB/km at a wavelength of 632 nm (He–Ne laser) promises Q of the order of
109 for micrometer-sized cavities if scattering losses are ignored. Scattering into the non-
resonant modes is severely inhibited in high-Q cavities, whereas scattering into resonant
modes does not mean losses.3 This makes predictions of Q = 1012 justified for millimeter-
sized spheres in the optical range [44]. High Q-factors mean sharp optical resonance (Eq.
(9.1)) and therefore microspheres can be used as ultra-narrow optical filters [45]. It is
equally important for a low lasing threshold and for low switching levels. For example, a
spherical cavity can be considered instead of a Fabry–Perot resonator in the known schemes
of refractive optical bistability based on intensity-controlled resonance wavelength [24, 25].
Braginsky et al. proposed the following estimate for an optical bistable element based on
tuneable resonance wavelength of a whispering gallery mode [46]. If a spherical cavity is
made of a silicate glass with embedded semiconductor nanocrystals (like those discussed
in Chapter 5), with typical nonlinear susceptibility χ (3) ≈ 10−9 ESU [47] and absorptive

3 Light scattering probability is proportional to the local density of modes and therefore is strongly enhanced
for resonant modes and strongly inhibited for off-resonant modes. The primary enhancement (inhibition) factor
is the mode Q-value, i.e. a kind of mode “strength” as compared to the open space in terms of light energy
concentration/storing. The additional factor comes from spatial localization of the mode under consideration
and reads as λ3/V where λ is the mode wavelength and V is the actual volume of confined mode in a
cavity. Therefore for surface-like modes (which is the case for whispering gallery modes) the scattering can be
additionally modified. This issue will be discussed in detail in Chapter 14.
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losses 104 dB/km for such a material, a 4 µm spherical cavity promises Q = 3 · 104. Then
the bistability threshold,

Wbist ≈ n4ωV

32πχ (3) Q2
= 4 × 10−5W, (9.2)

and switching time τ ≈ Q/ω = 10−11s. Here n is the refractive index of glass and V is the
volume.

The serious problem of introducing light into a microdisk or a microsphere should al-
ways be kept in mind when speaking about applications. It is not crucial for lasing as
well as for incoherent light emitters because in these cases pump light can be launched at
a different wavelength for which total internal reflection can be overcome. However, for
every switching or waveguiding application an adequate technique of launching light into
a high-Q-disk or sphere is a problem. This can be solved by means of light tunneling using
evanescent fields (Fig. 9.9(c) and (d)). For more detail on light tunneling see Chapter 10.
Further examples of feeding light by means of tunneling will be discussed in Chapter 11 for
surface plasmon polariton excitation at the metal–dielectric interface. Additionally, Chap-
ter 14 will deal with the relation between tunneling and the local density of electromagnetic
modes.

When two identical microdisks or microspheres are coupled, collective modes develop.
Splitting of original resonances inherent in a single cavity occurs similar to splitting in
coupled planar cavities, discussed in Chapter 3 (Fig. 3.24) and in Chapter 8 (Fig. 8.17).
Spherical symmetry of cavities makes electromagnetic field distribution similar to that for
electron wave function in diatomic molecules. Figure 9.10(b) shows the bonding mode
and Figure 9.10(c) shows the antibonding mode in coupled spheres referred to by analogy
with bonding and antibonding electron orbitals in molecules. Coupled disks or coupled
spheres are often referred to as photonic molecules to complete the analogy with electrons
in molecules. Note, the photonic bonding mode has high intensity in the spacing between
spheres whereas the antibonding mode features negligible intensity between spheres. The
mode structure of coupled spheres has been examined experimentally by several groups
using calibrated polymer particles with internal light sources therein (like, e.g. semicon-
ductor quantum dots) as probe light [48, 49]. Lasing in coupled bispheres has also been
performed [50].

The next step towards more complicated components consisting of dielectric micro-
spheres is sequential chains of identical particles. In such a chain collective modes can
develop which in the limit of an ideally periodic infinitely long chain can be described as
Bloch waves [51, 52]. These chains have been shown to offer transportation of light via
sequential coupling of spheres including curvilinear displacement [53]. The distinctive fea-
ture of such waveguides is crucial sensitivity to coupling efficiency between neighboring
spheres and extreme slowing down of light velocity [54]. For finite numbers of spheres
multiple splitting of resonances occurs similar to splitting of energy levels in a sequential
series of identical quantum wells [55]. Fine aspects of mode coupling in dielectric spheres
have also recently been discussed [56]. This field gave rise to the special notation “coupled-
resonator optical waveguide” (CROW) and is becoming more and more diverse. For this
reason the reader is referred to the above cited works for more detail.
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9.5 Propagation of waves and number coding/recognition

Propagation of waves in heterogeneous media which have topological inhomogeneities
along the propagation direction with size comparable to the wavelength in a vacuum or in
a continuous medium is characterized by multiple scattering and interference. In a medium
with randomly distributed spatial inhomogeneities, wave propagation is diffusive and in
many cases wave localization occurs. In deterministic non-continuous media, resonance
propagation (tunneling) of waves is possible (see Chapters 7 and 8). If inelastic scattering
(dissipation) of waves in a medium is negligible, propagation features complementary spec-
tra of resonant transmission and reflection. These are determined by the spatial distribution
of the material parameter which defines the speed of wave propagation. These parameters
are potential energy for quantum particles, refractive index for electromagnetic waves and
material density for acoustic waves. Multilayered media with stepwise variation of the
parameter determining wave propagation velocity comprise a specific case of deterministic
non-continuous medium.

A layered structure features a stepwise dependence of dielectric function or potential
energy along the direction normal to the layer plane. These structures form a specific class
of deterministic complex media. It is possible to treat multilayered spatial structures as
numbers. Within the framework of such a consideration, propagation of classical waves
and quantum particles can be treated as number recognition [57]. A structure containing
N substances with different material parameters is treated as a number written to base N .
Then propagation of classical waves (and quantum particles) through such a structure can
be viewed as number recognition. Layered structures built of two substances with different
values of a physical parameter which determines wave propagation velocity will correspond
to binary numbers. For example, we ascribe for clarity “1” to a layer with higher value of
potential energy, U in the case of quantum particles, refractive index n in the case of
electromagnetic waves, density in the case of acoustic waves, and “0” to a layer with the
lower value of the proper parameter (Fig. 9.11). Then a finite sequence of layers can be
treated as the relevant number.

A representative set of spectral portraits for a few binary numbers is shown in Figure 9.12.
Spectral portraits of many binary multilayer structures shown in Chapter 8 can also be added.
Principally, a spectral portrait can be assigned to every number. Is this assignment unique?
In other words, is it always possible to recover the original spatial distribution of refractive
index based on a given spectral portrait? Most probably, in general formulation the problem
is not solvable. It is essentially reduced to analysis of the inverse problems in the case of
the Helmholtz equation.

For possible applications in data storage devices, a problem can be formulated of iden-
tifying classes of sequences possessing a unique relationship between the spatial structure
(i.e. a number value) and the resonant frequency (energy) spectrum relevant to propaga-
tion of waves through such a structure. Numbers belonging to these classes feature unique
spectral portraits and can be unambiguously recognized by means of wave propagation.
In optics this property can be used in optical data recording and read-out, in nano- and
opto-electronics it can be used in engineering nanostructures with a predefined energy
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Fig. 9.11 A binary number 101101010011012 = 11597, its representation in the form of a multilayer
structure consisting of two substances, A and B, and the corresponding profiles of potential
energy and refractive index [57].
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Fig. 9.12 Spectral portraits of different numbers [57].

spectrum of electrons. It is clear that not only identification of a specific number, but also
the possibility to code and identify any given number is necessary for information coding.
Most probably, an optimal solution of this problem can be gained by searching among all
the sets allowing strict identification by spectral portraits, for at least one complete set
of numbers [58], i.e. a set providing representation of any given number as a sum of a
few different numbers belonging to the set. In case such a set cannot be found, coding of
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numbers can be performed using representation of a given number as a sum or a product of
numbers with unique portraits. However, in this case the gain in information density will
not be as significant as it might be in the case of a full set.

9.6 Outlook: current and future trends

Further progress in the research and development of photonic circuitry will no doubt bring
a number of really serious solutions for embedding of micro-optical components into ex-
isting microelectronic data processing systems, as well as novel compact and efficient
components for optical networks. These challenges have replaced the more massive break-
through which had been expected at the end of the twentieth century and was related to
all-optical computing. Insufficient economic investment was found to provide substantial
support to all-optical processors, whereas steady progress in silicon microelectronics did
push forward the demand for silicon-compatible (better to say “CMOS-compatible”, see
footnote in Section 9.2 for CMOS explanation) photonics. Therefore optical interconnects,
all-optical and electro-optical ultrafast switches with CMOS compatibility are important.
Silicon photonics prospects are reviewed in [59, 60].

Additionally, new phenomena in photonic components are still being sought. Represen-
tative examples are the optical Hall effect and dynamically tuned cavities. The standard Hall
effect implies development of a transverse voltage with respect to the originally flowing
electrical current in a conductive material when an external magnetic field is applied in the
plane normal to current flow. The emerging transverse electric field has a direction normal
to both current vector and magnetic field vector. It arises from the Lorenz force acting on
electrons moving in the external electric field. Complex media that significantly slow down
light propagation are believed to exhibit light scattering in the transverse direction when
an external magnetic field is applied [61]. Dynamical tuned cavities offer a possibility to
release the light energy stored for the spectrum defined by the original tuning of the cavity
in the course of radiation decay from the cavity, with the output spectrum changing in the
process of decay [62]. Additional reading on optical microcavities is recommended [63].
Microcavity effects on the spontaneous emission of light by atoms, molecules and quantum
dots embedded therein will be considered in detail in Chapter 14.

Magneto-photonic crystals are also being investigated [65] but have not been considered
in this chapter because of the restricted scope. These structures promise a giant optical
Hall effect which should manifest itself as strong deflection of light passing through such
a crystal because of the field effect on the photonic band structure [66].

To summarize, it is reasonable to present an overall expectation of photonic circuitry
prospects which was discussed a few years ago by Noda and co-workers (Fig. 9.13). This
implies a three-dimensional photonic crystal with embedded array of microlasers generating
a set of desirable wavelengths. These wavelengths are then delivered to an optical switch
providing data coding and afterwards are submitted to waveguide channels to individual
destinations. The components discussed in this chapter do give hope for such circuitry to
be developed with possible CMOS compatibility.
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Fig. 9.13 The bright future of nanophotonic circuitry. Reprinted with permission from [64]. Copyright 1999
AIP.

Problems

1. Recalling the earlier example of an optical cavity in Figure 3.19 in Chapter 3, explain
in terms of Q-factor why resonant transmission bands get narrower for higher frequencies.

2. Estimate the Q-factor in terms of λmax/�λ for a cavity formed by two metal mirrors
whose transmission spectrum was shown in Figure 3.20.

3. For a microlaser shown in Figure 9.2 explain why it is not correct to measure its volume as
0.03 µm3. Estimate the actual volume of this laser. Use the epigraph to this chapter as a hint.

4. Find out the electronic analog to an infinitely large number of identical cavities in a
photonic crystal. Look for the relevant figure in Chapter 4.

5. Explain radiation leakage in a severely bent traditional dielectric optical fiber waveguide.

6. Based on data on the electric field effect on the absorption spectrum of a Ge quantum
well elaborate an electro-optical switching device using photonic crystal architecture.
Hints: consider the electric field effect on refractive index implying that absorption and
refraction spectra are related via Kramers–Kronig relations in the form similar to that in
Figure 6.10. That is, change in absorption will necessarily give rise to change in refraction.

7. Explain the slowing down of an optical bistable element switching at an input intensity
slightly exceeding the threshold.

8. Consider lasing as an example of non-equilibrium phase transition in optics.

9. Estimate the basic limit for the switching time of a system consisting of a macroscopic
fiber coupled to a microdisk with radius 10 µm and refractive index of the disk material 3.4.
Imply Q = 106 for a microdisk. Hint: consider the time that is necessary for steady-state
light intensity in a cavity to build up in terms of Q roundtrips of the light wave therein.
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10. Along with the circular whispering galleries, there are elliptical galleries in many
cathedrals providing perfect audibility when a speaker and a listener are located in
certain positions. Explain the phenomenon. Extend it to three-dimensional ellipsoidal
constructions. Find out the optical analog. Look at the quantum analog [67] and explain it.
Hint: recall the ellipse definition in geometry based on equal sums of distances from any
point on an ellipse to its focuses.

11. Find the wrong light beam in the cover image.
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10 Tunneling of light

Oh, Kitty! how nice it would be if we could only get through into Looking-glass
House! I’m sure it’s got, oh! such beautiful things in it! Let’s pretend there’s a
way of getting through into it, somehow, Kitty. . . . In another moment Alice was
through the glass, and had jumped lightly down into the Looking-glass room.

Lewis Carroll, “Through the Looking Glass
(And What Alice Found There)”

Is it possible for light to “jump lightly” through the looking glass as Alice did? Actually
there is no absolutely reflecting border for electromagnetic waves provided that the material
forming the reflecting border is restricted in space along the light propagation direction.
A variety of light-through-the-looking-glass tunneling phenomena will be the subject of
this chapter with the intriguing and challenging issue of superluminal light propagation
in tunneling events, as well as with parallel analogies to quantum mechanical counterparts
in nanoelectronics. Before reading this chapter, it is advisable to read Sections 3.4 and 3.5 in
Chapter 3 for an introduction to tunneling effects in quantum mechanics and optics, as well
as Section 7.11 of Chapter 7 where the problem of speed of light evaluation in complex
structures has been addressed.

10.1 Tunneling of light: getting through the looking glass

Probably, every known physical case of very high reflectivity of light at some material border
or interface brings about an evanescent field which penetrates forward through the border
or interface under consideration. Let us recall the cases of evanescent electromagnetic
fields that have been identified in this book so far, emphasizing that all these phenomena
exhibit the feasibility of making highly reflective barriers transparent in spatially restricted
constructions.

The first example of tunneling in optics was given in Chapter 3 (Section 3.4, Figs. 3.14,
3.15). Propagation of light through a thin metal film placed in an ambient dielectric medium
was considered in terms of the low but finite optical transparency of the film. It was shown to
be the classical wave analogy to quantum particle tunneling. It has also been shown that the
Fabry–Perot arrangement of a pair of metal films enables us to get very high transmittance
at a certain resonant wavelength corresponding to the integer number of half-waves in the
cavity between the mirrors.

The second example of an optical tunneling phenomenon was also mentioned in
Section 3.4 (Fig. 3.16), namely, frustrated total internal reflection.
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Fig. 10.1 A two-prism geometry to observe frustrated total internal reflection.

Let us have a closer look at frustrated total internal reflection (FTIR). Consider a typical
FTIR experiment with a pair of prisms (Fig. 10.1).

When a light beam enters an interface between two different dielectrics with indexes
of refraction n1 and n2 at an angle Θ, total reflection occurs if n1 > n2 and the angle Θ

exceeds the critical angle value defined by the relation,

Θcrit = arcsin
n2

n1
. (10.1)

This conclusion is entirely based on geometrical optics. In reality (i.e. in wave optics) a
number of events occur at and beyond the interface. The incoming light penetrates into
the second medium near the point A and travels at a distance D along the interface to the
point B before turning back into the first medium. The guesstimate about the finite shift of
a light beam in the course of total reflection dates back to Isaac Newton. Its experimental
discovery was made much later, in 1947, by F. Goos and H. Hänchen, and since then it has
been referred to as the Goos–Hänchen shift [1]. In the second medium, the wave can be
described by the wave number,

k‖ = k0n sin Θ, k0 = ω/c ≡ 2π/λ0, n = n1/n2, (10.2)

for propagation from A to B along the interface and the imaginary value,

k⊥ = ik0

√
n2 sin2 Θ − 1 ≡ iκ (10.3)

relevant to traversal across the interface and an exponential decay in this direction as
exp(−κx) where κ is a real positive value. Here k0, and λ0 are the wave number and the
wavelength of incident light in a vacuum, respectively, and ω is its frequency. If a third
medium with refractive index n3 = n1 is displaced in close proximity leaving a narrow break
L in the second medium, the reflection becomes “frustrated” in a sense that light (though
rather low-intensity) recovers in the third medium and propagates outside. In Chapter 3 we
remembered earlier work by L. I. Mandelstam in 1914 (Fig. 3.20) who applied a fluorescent
dye rather than the second prism to trace the evanescent light. The two-prism displacement
in frustrated total reflection measurements was introduced for the first time by J. S. Bose
in 1927.
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Fig. 10.2 The Goos–Hänchen shift versus air gap width for TE and TM polarizations. The beam aperture is
80 mm. The insert shows the shift for a TM- and a TE-polarized beam for a larger aperture 190
mm [3].

The Goos–Hänchen shift is expressed as [2],

D = ∂ϕ

∂k‖
, (10.4)

where ϕ is the phase shift. The Goos–Hänchen shift D depends on the spacing length
between the prisms, on the angle of incidence Θ , on polarization and also on beam width.
These regularities have been evaluated in experiments [3] with microwave electromagnetic
radiation where measurements of shift value of the order of wavelength are essentially
simplified because of a centimeter rather than a micrometer length scale.

Figure 10.2 shows the Goos–Hänsen shift value increase with the air gap width saturating
at gap values close to the wavelength value of 3.28 cm. The absolute value of the shift is close
to, but somewhat lower than, the wavelength value. Smaller beam widths facilitate difference
for TE- and TM-polarized radiations whereas for larger beam widths this difference reduces
(inset in Fig. 10.2).

It should be noted that not only the longtitudinal Goos–Hansen shift occurs under con-
ditions of total reflection, but also a transverse shift takes place in the direction normal
to the plane of incidence. This is referred to as the Fedorov shift. It was predicted by
F. I. Fedorov in 1955 [4]. Later on N. N. Pun’ko and V. V. Filippov showed in experiments
with microwaves that an incident light wave transforms into a pair of waves with elliptical
polarization with symmetrical shift of the order of wavelength with respect to the plane of
incidence [5].

Introducing thin layers of high-refractive material into the gap between the two prisms
gives rise to multiple interference events and can result in resonant propagation of a wave
through the air gap. This phenomenon, in essence, has the same origin as the resonant
quantum and optical tunneling phenomena discussed in Chapter 3 (Sections 3.5 and 3.6).
It is presented in Figure 10.3, where additional ZnS layers in the gap are seen to modify
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Fig. 10.3 Transmission spectra of light waves traversing an air gap between two silica prisms under
conditions of total internal reflection with and without a pair of thin ZnS layers. The experimental
configuration is shown in the inset. Angle of incidence Θ = 68.2◦. Adapted from [6].

the transmission, resulting in resonant enhancement of transmission along with additional
inhibition of transmission otherwise.

The third example of evanescent light propagation was given in Chapter 7 when consider-
ing electromagnetic fields in periodic structures for frequencies corresponding to the band
gap. Figure 7.5 shows the intensity profile exponentially vanishing from the front toward
the rear end of the finite periodic structure. See also Figure 7.7(a) where optical transmis-
sion is shown for three different total numbers of layers in a periodic structure. A gradual
decrease in transmission in the gap region with the length of the structure is obvious. The
low transmission of a finite periodic structure in the gap region can be multiply enhanced
by introducing defect layers therein, forming standing waves for gap wavelengths. This has
been demonstrated for a multilayer structure comprising of coupled cavities buried inside a
periodic multilayer slab (Fig. 3.24). Certainly, a combination of metal single-film mirror(s)
and dielectric multilayer mirror(s) in a single or multiple cavity arrangement works as well.
Only unavoidable absorption losses inherent in metals and possible absorption losses in
dielectric materials restrict the maximal transmittance value affordable.

10.2 Light at the end of a tunnel: problem
of superluminal propagation

What is the speed of light under the conditions of tunneling? What is the time delay
between light entering and leaving the tunneling barrier? In Chapter 7 (Section 7.15) high
transmission within the pass bands was shown to occur by means of slowing down of the
light propagation: the group velocity vg = dω/dk was found to be an oscillating function
whose minima perfectly correlate with the transmission maxima (see Fig. 7.32). What is
going on inside the gap region where transmission crucially tends to zero with increasing
number of periods in a multilayer periodic slab? Amazingly enough, the group velocity
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rises inside the gap and can become several times larger than the speed of light in a
vacuum, c!

The group velocity vg describes propagation of a pulse peak through the structure. Since
in the gap region the dispersion curve ω(k) experiences a break, the traditional notion,
vg = dω/dk, is not applicable. Instead, the time τ of “light flight” through the structure
under consideration should be calculated to get the group velocity, vg = L/τ , where L is
the total length of the structure. The reasonable approach to traversal time definition is

τϕ := dϕ

dω
, (10.5)

where ϕ is the phase of the transmission function. This time is referred to as the “phase
time”, group delay or Wigner time, since it was introduced by E. Wigner in 1955 when
considering the problem of scattering in quantum mechanics [7].

The Hartman paradox in quantum mechanics

Using the mathematical analogy of the Schrödinger and Helmholtz equations, an approach
can be used, developed in quantum mechanics for both quantum and classical tunneling
problems, as was done in Section 3.4. From Eq. (3.66) for the wave function and stan-
dard conditions of ψ(x) and ψ ′(x) continuity, one can derive the amplitude transmission
coefficient t ,

t = D

A
= (1 − r2) exp(−κL)

1 − r2 exp(−2κL)
, (10.6)

where r is the amplitude reflection coefficient at the potential step,

r = B

A
= κ + ik

κ − ik
, (10.7)

and

κ =
√

2m(U0 − E)/ h̄, k =
√

2m E/ h̄, (10.8)

for a quantum particle, and

κEM = ω

c

√−ε2, (ε2 < 0), kEM = ω

c
n1, n1 = √

ε1, (ε1 > 0), (10.9)

for an electromagnetic wave (see also Table 3.6). Here, as in Chapter 3, U0 is the potential
barrier height, ε1, ε2 are dielectric permittivities outside and inside the barrier, respectively.

In the limit of an opaque barrier κL � 1, where L is the barrier width, Eq. (10.6) reduces
to [8]

t ∝ 2

(
1 − i

k2 − κ2

2kκ

)−1

exp(−κL), (10.10)
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with the phase of t ,

ϕ = arctan
κ2 − k2

2κk
, (10.11)

which is relevant to the traversal time. Then the traversal time reads,

τϕ = dϕ

dω
= 2

[
1 +

(
k

κ

)2
]−1

d

dω

k

κ
, (10.12)

i.e. it depends on the ratio of k/κ . The expression (10.12) holds equally for quantum tun-
neling and electromagnetic tunneling phenomena. The peculiarities of a given experiment
are accounted for via the dispersion relations k(ω)/κ(ω). Remarkably, the traversal time
is independent of the barrier length L provided that the condition κL � 1 holds. This
condition to a certain extent can be viewed as the condition |t |2 � 1, i.e. low transmission
coefficient. This means the group velocity vg = L/τϕ grows linearly with L , and seems to
become an infinitely large value for wider barriers.

Consider the application of Eq. (10.12) to electron tunneling time. From Eq. (10.8) one
gets,

k(ω)

κ(ω)
=
√

E

U0 − E
, (10.13)

which with substitutions E = h̄ω and
d

dω
= h̄

d

dE
gives,

τϕ = 2 h̄

(
1 + E

U0 − E

)−1 d

dE

√
E

U0 − E
,

whence,

τϕ = h̄√
E(U0 − E)

. (10.14)

Expression (10.13) is known as the “Hartman paradox”. Since the original paper by
T. Hartman in 1962 [9] it has stimulated vast activity in theoretical quantum mechanics and
experimental nanoelectronics. It states that the phase time of tunneling is independent of the
barrier length. In other words, for a very thick barrier there is a finite probability of finding
an electron behind the barrier at a time that corresponds to faster-than-light propagation.
Moreover, the expression has the feature that as the barrier height rises, the tunneling time
decreases. That means the more repulsive the potential, the faster is particle penetration
throughout. Note, there is no mass transfer with superluminal propagation because the
probability of finding an electron behind the barrier is much smaller than unity.

To estimate the time scale under consideration, take typical, experimentally feasible E
and U0 values. For example, for E = 1 eV, U0 = 2 eV, one has τϕ = 0.66 × 10−15 s.

Equation (10.14) can be written in the form,

τϕ = h̄

E

1√
(U0 − E)/E

= h̄

E

√
E

U0 − E
, (10.15)
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which means it is the energy–time uncertainty relation,

Eτ > h̄, (10.16)

which gives a reasonable estimate of the traversal time τϕ . The τϕ value differs from the
value τ = E/ h̄ by the dimensionless factor of the square root of the inverse relative barrier
height. The equality τϕ = E/ h̄ holds rigorously when E = U0/2. A higher barrier gives
shorter times, whereas for very low barriers the prerequisite condition may not be the
case.

A reasonable rationale for uncertainty relation-defined time of particle traversal is as
follows. To surmount the barrier a particle needs to “borrow” the energy deficiency of
the amount, U0 − E . This virtual borrowing may occur only for a period of time, τ1 ≤
h̄/(U0 − E). On the other hand we can treat the situation as though an observer is losing a
particle with energy E for the period it traverses under the barrier. Again, the uncertainty
relation allows this loss of energy to exist for a period of time, τ2 ≤ h̄/E . One can see
Eqs. (10.14) and (10.15) give the harmonic average of the two times, i.e. τϕ = √

τ1τ2. It is
possible to show that the time given by Eq. (10.14) for the case of a long barrier defines the
built-up time τrefl of the reflected wave for a particle facing a potential step, U0 > E . This
built-up time reads,

τrefl = 1

h̄

2m

kκ
= h̄√

E(U0 − E)
= τϕ. (10.17)

Calculation of the reflection time and phase time for both cases of infinite and finite barrier
length has been made by P. Davies [10]. Its compliance with the causality principle is
discussed by A. Steinberg [11]. The key issue is that an observer behind a barrier cannot
fix the absolute time when the particle starts traversing, i.e. the signal submission time. Only
the difference between submission and reception of the signal (i.e. the particle traversal
time) can be perceived. That is, faster-than-light signal transfer is not feasible.

Electromagnetic analog of the Hartman paradox

Consider now an electromagnetic implementation of the Hartman paradox. In Chapter 3,
plasma properties were shown to give an immediate analogy to the quantum mechanical
tunneling effect. Plasma possesses a negative dielectric permittivity, ε < 0, which corre-
sponds to E − U0 < 0 (see Chapter 3, Sections 3.3 and 3.4 for detail). Equation (10.11) now
reads,

τϕ = dϕ

dω
= 2

[
1 +

(
kEM

κEM

)2
]−1

d

dω

kEM

κEM
. (10.18)

With substitutions according to Eqs. (10.9), using ε1 = 1 (air) and,

ε2 = 1 − ω2
p

ω2
, (10.19)
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for plasma (see Eq. (3.54) in Section 3.3), Eq. (10.17) evolves to the expression,

τϕ = 2

ω

√
ω2

ω2
p − ω2

= 2√
ω2

p − ω2
. (10.20)

Bearing in mind that ω < ωp (otherwise normal propagation rather than tunneling occurs)
one can see in the low frequency limit (ω � ωp) the phase time tends to 2ω−1

p which defines
its lower limit, i.e.

τϕ > 2ω−1
p (10.21)

holds. Noteworthy, phase time is independent of the plasma layer thickness provided
it is thick enough in terms of κEM L � 1. Recalling the discussion in Section 3.4,
L = 1/κ corresponds to the skin layer thickness. To summarize, we can make the fol-
lowing statements:

(i) The phase time for electromagnetic wave propagation in plasma when the plasma
layer thickness is large compared to the skin layer thickness is thickness-independent,
but can not be smaller than twice the inverse plasma frequency.

(ii) The phase shift occurs mainly within the skin layer remaining negligible otherwise.
(iii) The group velocity, defined as vg = L/τϕ can exceed the speed of light in a vacuum, c.

Plasma frequency entering the expressions for phase time (10.20) and (10.21) brings
a reasonable physical insight to the underlying processes. As an electromagnetic wave
whose frequency is below the plasma frequency approaches the air/plasma interface, the
plasma reacts as a whole entity with maximal available rate (restricted by the inverse plasma
frequency) independent of how thick it is. Its thickness defines the field amplitude at the
output, whereas the exhausted replica of the incident wave emerges as fast as is allowed
by the plasma frequency. No propagation process actually occurs. Instead, a splash-like
motion of the plasma under the incoming impact of the electromagnetic radiation generates
a wave of the same frequency at the rear end of the plasma layer. Therefore, the phase shift
is negligible outside the skin layer. An instantaneous coherent shock-like splash does not
bring a noticeable phase shift.

Phase time in frustrated total reflection

Phase time calculations have recently been applied to various tunneling phenomena in
optics by A. Shvartsburg [12] and S. Esposito [8]. Calculations are made for com-
plex amplitude transmission coefficient and then its phase is used to get the traversal
time Eq. (10.5). Because of the cumbersome derivation, we shall discuss only the final
results.

In what follows we assume the air gap, i.e. n1 = n, n2 = 1. Without restrictions for the
gap width L (Fig. 10.1), Shvartsburg obtained the width-dependant expressions for the
absolute value |t | and phase shift ϕ in the course of a frustrated total reflection experiment
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of the complex amplitude transmission coefficient t = |t | exp(iϕ). These read,

|t | = 2nκ cos Θ

k0 cosh(κL)

[
4n2 cos2 Θ

(
κ

k0

)2

+ G2th2(κL)

]1/2
, (10.22)

and

ϕ = arctan

[
th(κL)

2n cos Θ

k0

κ
G

]
, (10.23)

where the G value is different for TE- and TM-modes, namely,

GTE = 1 + n2 cos 2Θ, GTM = cos2 Θ − n2

(
κ2

k2
0

)
. (10.24)

In these equations, k0 is the wave number in a vacuum (Eq. 10.2) and κ is the amplitude
decay factor (Eq. 10.3). For a large width (when κL � 1) the energy transmission coefficient
exhibits an exponential decrease as,

|t |2 ∝ exp(−2κL), (10.25)

whereas phase ϕ tends to a constant value.
The phase time elucidated from Eq. (10.23) in accordance with Eq. (10.5) reads,

τϕ

τ0
= n cos ΘG[1 − th2(κL)]

2n2 cos2 Θ +
[

k0

κ
Gth(κL)

]2
, (10.26)

where τ0 = L/c is the traversal time for normal propagation of light in a vacuum over
the distance L . One can see the tunneling time is width-dependent because of the terms
th2(κL). Although Eq. (10.26) looks rather cumbersome, its width dependence is rather
simple: it grows continuously with L when κL � 1 and then decreases with L , readily
taking the value less than unity. Not only is the traversal time shorter than the propagation
time in a vacuum for the same distance, but moreover, traversal times are smaller for larger
widths exhibiting an asymptotic exponential decrease with L as exp(−2κL). For larger
values of Θ the phase time derived by Shvartsburg even becomes negative, which can not
be treated as a physically meaningful result.

Esposito arrived at an asymptotic width-independent traversal time under the assumption
of a large gap width (κL � 1),

τϕ = 2

ω

sin2 Θ

cos Θ

k0

κ
, (10.27)

using Eq. (10.12) and considering FTIR-tunneling as a quasi-one-dimensional problem.
This brief analysis of selected theoretical results unambiguously shows that the theory

of light tunneling in frustrated total reflection is far from complete.
Experiments on the time delay in frustrated total reflection have been performed in the

microwave range where the characteristic air gap for the evanescent wave to traverse is of
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the order of a few centimeters [13]. The tunneling time was measured for vacuum wave-
length λ0 = 36 mm under conditions of an asymptotic Goos–Hänsen shift, D = 31 mm.
The measured tunneling time was equal to 117 ± 10 ps. The same time delay was docu-
mented for reflection. This is in amazing concordance with the τ = 1/ω0 value, which for
the wavelength used in the experiment is equal to 120 ps. This result gives a definite hint
that it is the uncertainty relation that governs the traversal rate in frustrated total reflec-
tion experiments. The expression (10.26) is not straightforwardly applicable since it gives
frequency-independent time. Expression (10.27) gives a lower value for the experimental
parameters used, namely 81 ps. When propagating in a vacuum with speed c, over the time
interval, ω−1

0 light travels over a distance, k−1
0 ≡ λ0/2π. For the experimental conditions

under consideration the traversal length has not been reported and thus it is not possible to
judge whether superluminal traversal was or was not the case.

Superluminal propagation and energy flow in a photonic crystal slab

Using analytical expressions for the complex amplitude transmission coefficient derived
by J. Bendickson et al. [14], it is possible to take the expression for the transmission phase
and then to arrive at the analytical expression for the phase time defined by Eq. (10.5). For
the simple case of a quarter-wave stack consisting of N layers with equal optical thickness,
n1d1 = n2d2 (see Section 7.2 in Chapter 7 for discussion of the properties of quarter-wave
periodic structures) it reads [8],

τϕ = dϕ

dω
= 1

ω0

πc sinh NΘ

sinh(N − 1)Θ + r4
02 − 1

t02t21t12
sinh NΘ

. (10.28)

Here ω0 is the midgap frequency defined by,

ω0 = 2πc

λ0
, λ0/4 = n1d1 = n2d2, (10.29)

ri j , ti j are the amplitude reflection and transmission coefficients at the border of the two
materials whose refractive indices are ni , n j (see Eq. (3.21) in Chapter 3), and Θ is defined
as,

sinh Θ = 1

2

(
n2

n1
− n1

n2

)
. (10.30)

The expression (10.28) is valid within the vicinity of the midgap frequency, far from the
edges of the transmission bands. The principal factor in Eq. (10.28) is the inverse midgap
frequency which is, again, manifesting the uncertainty relation influence, whereas the rest
of the complicated fraction is the constant factor defined by the periodic slab design only.

G. D’Aguanno et al. [15] have examined the group velocity in the photonic gap of a finite
periodic slab based on the dwell time concept that was introduced into quantum mechanical
tunneling by F. Smith in 1960 [16]. A quantum particle spends a mean time inside a potential
barrier which is proportional to the probability of finding a particle therein, i.e.

τdwell ∝
∫ L

0
|�(x)|2 dx . (10.31)
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Fig. 10.4 The tunneling velocities defined as vg = L/τdwell (solid line) and vg = L/τϕ (dashed line) in the
photonic gap region and adjacent spectral ranges calculated for the 20-period structure discussed
in Section 7.11 (see Fig. 7.32) [15].

For the optical problem, the probability density is replaced by the electromagnetic energy
density to give,

τdwell = 1

c

∫ L

0
εω(x)

∣∣∣∣ Eω(x)

EIω

∣∣∣∣
2

dx − 1

ω
Im

(
ERω

EIω

)
. (10.32)

Here EIω, ERω are incident and reflected electric fields for a wave with frequency ω.
Equation (10.32) states that the time the field spends inside the structure is proportional to
the energy density integrated over the volume. The second term represents the difference in
energy between the electric and magnetic components, and it has no quantum-mechanical
counterpart. Equation (10.32) establishes a clear link between delay time and field local-
ization.

Thus defined the time can be used to get the group velocity value as,

vg = L

τdwell
, (10.33)

bearing in mind this is not exactly the group velocity, since there is no propagating wave
inside the barrier and the delay time, rather than velocity, remains the primary physical
value to characterize the tunneling event.

In Figure 10.4 calculations are shown made for the same multilayer stack whose properties
were presented in Figure 7.32. Unlike Figure 7.32 where light velocities in the transmission
bands were examined, now the velocity Eq. (10.33) along with the velocity defined as
vg = L/τϕ are presented. One can see perfect convergence of the two velocities in the
transmission bands. Here Bloch waves with defined wave number and group velocity
propagate (see Section 7.11), the velocity being lower than c everywhere with oscillations
relevant to development of high transmission by means of slower propagation. In this
section, the band-gap region is under examination. The visible divergence of the two
velocities within the gap region is not physically valuable. The most important physical
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result is that, independently of the approach in defining the tunneling time, the ratio of
the periodic slab length divided by the time exceeds the speed of light in a vacuum, c,
by several times. That is, superluminal propagation of the electromagnetic field when
traversing a photonic gap comes into the discussion.

Further analysis of tunneling time in the context of phase time and dwell time definitions
[17, 18] showed that in fact, these two times basically converge,

τϕ = τdwell + 1

ω
Im

(
ERω

EIω

)
. (10.34)

It is only asymmetry in electromagnetic energy distribution between electric and magnetic
fields that brings a difference in the phase time as compared to the dwell time. As one can
see from Figure 10.4 this difference is not drastically large and occurs mainly in the middle
of the gap vanishing otherwise. Equations (10.32) and (10.34) hold not only within the gap
but also outside, and are applicable for transmission bands of periodic structures as well.
For transmission bands the second term in Eq. (10.34) vanishes and the following statement
can be made:

Phase time = dwell time (outside the photonic band gap).

Combining Eqs. (10.32) and (10.34), an alternative expression for the phase time can be
written in the form,

τϕ = 1

c

∫ L

0
εω(x)

∣∣∣∣ Eω(x)

EIω

∣∣∣∣
2

dx . (10.35)

This gives further insight into the meaning of phase time. In structures with a periodic
dielectric function, the phase time is determined by the integrated product of the dielectric
function and electric field spatial redistribution.

Equation (10.34) holds strictly for symmetric structures in symmetric ambient environ-
ments on both sides of the structure. For asymmetrical structures it should be replaced by
a more complex expression [17]. There are, e.g. short periodic structures consisting of a
few periods. Short symmetrical structures should contain half-integer numbers of periods.
Long structures (L � λ0) asymptotically can be treated as symmetrical ones.

It should be emphasized that vg > c occurs under conditions of vanishing transmission
coefficients (see, e.g. Figures 7.7 and 7.25 for reference) of a periodic slab. The energy
transport velocity under this condition is rather slow. The energy velocity vE can be defined
in a very clear and straightforward manner as

Energy velocity = 〈Poynting vector〉
〈Energy density〉 (10.36)

where 〈. . .〉 means averaging over the volume. Thus defined velocity gives the energy flow
rate through the slab as was shown in Section 7.12 (Eqs. (7.26) – (7.30)). It reads as the
product of the dwell-time velocity and the intensity transmission coefficient [15],

vE = L

τdwell
|t |2 . (10.37)
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This relation converges perfectly with the energy velocity discussed in Section 7.12
for Bloch waves in transmission bands (Eq. 7.30) under conditions that are not severely
rigorous and allow notation of velocity in terms of Eq. (10.33), even though one should
bear in mind the delay time in tunneling is actually what is physically meaningful. It is
rather instructive to observe the energy velocity given by Eq. (10.37) as a universal relation
for the whole frequency range when writing about photonic crystals. Thus elucidated, the
energy velocity never exceeds the speed of light in a vacuum in complete conformity with
the causality principle. It is the condition vE < c which determines the upper limit for the
tunneling process and one can see that since the transmission coefficient is far from unity,
then the dwell-time- and phase-time-velocities can be much higher than c, without any
confusion with respect to causality.

Let us discuss the experimental evidence for tunneling rates in photonic band-gap struc-
tures. The available experiments include optical range as well as radiofrequency range.

Using a two-photon interferometer based on a UV-laser and a nonlinear crystal, Steinberg
et al. [19] have measured the time delay of tunneling across a barrier consisting of a
1.1-µm-thick 1D photonic band-gap material. The photonic band-gap structure was a
(5 + 1/2) period of SiO2(n = 1.41) and TiO2(n = 2.22) layers. With total thickness 1.1 µm
a traversal time is 3.6 fs for traveling at the speed of light in a vacuum, c. The band gap
extended from 600 to 800 nm approximately, the minimal transmission being about 1%
at 692 nm. The peak of the photon wave packet appears on the far side of the band-gap
structure 1.47 ± 0.21 fs earlier than it would if it were to travel at the vacuum speed of light,
c. The apparent tunneling velocity (1.7 ± 0.2) c is superluminal. However, the authors note
that this is not a genuine signal velocity, and Einstein causality is not violated.

Spielmann et al. [20] studied the propagation of electromagnetic wave packets through
1D photonic band-gap materials using 12 fs optical pulses. The measured transit time was
found to be paradoxically short (implying superluminal tunneling) and independent of the
barrier thickness for opaque barriers. These authors registered shortening of Fourier-limited
incident wave packets upon propagation through these linear systems. They emphasized
that, although in apparent conflict with causality and the uncertainty principle, neither
of these general principles is violated because of the strong attenuation suffered by the
transmitted signals.

Mojahedi et al. [21] used single microwave pulses centered at 9.68 GHz with 100 MHz
(full width at half maximum) bandwidth and studied their evanescent tunneling through a
one-dimensional photonic crystal. In a direct time-domain measurement, it was observed
that the peak of the tunneling wave packets arrives (440 ± 20) ps earlier than the companion
free space (air) wave packets.

Conclusions and outlook

Similarity of tunneling in quantum mechanics and in electromagnetism occurs, not only
in the steady-state transmittance formulation, but in time-resolved tunneling processes as
well. Plenty of unclear issues related to tunneling phenomena in both fields of physics
exist. In theory, the complexity of time-resolved analysis comes from the time-dependent
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Schrödinger and electromagnetic wave equations. To avoid obstacles from time-dependent
equations, analysis is performed based on time-independent steady-state Schrödinger and
Helmholtz equations by means of introducing the dwell time and phase time notions. The
latter acquired a definite spread in the analysis of optical tunneling but the problem reduces
to the evaluation of phase with respect to evanescent fields within a barrier. The range of
obstacles extends from elucidation of the physically meaningless negative transit time in
tunneling [12] to claims that tunneling is by no means a propagation process and the notion
of velocity is not applicable to tunneling at all [22].

The lack of experiments where tunneling time is elucidated is also evident. For quantum
particles, experimental data seem not to be available at all for tunneling times at the time of
writing (2007). For optical experiments, superluminal traversal of photonic band gap mate-
rials seems to be reliably registered. In the microwave region, superluminal transit governed
by the uncertainty relation was documented for frustrated total reflection experiments. The
latter seems not to be the best experimental choice for testing theoretical predictions since
even the theory of linear light propagation in this case is far from being complete.

It is reasonable to note that in the case that a consistent analysis of time-dependent
equations in optics and quantum mechanics is performed, the concordance of quantum
and classical tunneling may diverge because of the second-order time derivative inherent
in the electromagnetic wave equation and the first-order time derivative inherent in the
Schrödinger equation. Only in the slowly varying envelope function approximation can
these two fields of physics further merge, since in this case the second time derivative can
be approximated by the first one. In optics, such an approximation corresponds to pulses
whose length is much larger than the inverse frequency, i.e. pulse duration should measure
at least tens of femtoseconds. Superluminal transit times in tunneling do not violate the
causality and relativity principles. Signal transmission cannot be performed at a speed
determined by the tunneling traversal times. The energy velocity in every case remains
subliminal and can be defined as the product of intensity transmission coefficient and
dwell- or phase-time velocity.

10.3 Scanning near-field optical microscopy

In a traditional far-field optical microscope, the object is ideally illuminated by a monochro-
matic plane wave. The light, scattered by the object, is collected by a lens and imaged onto
the retina or a photosensitive matrix detector. The lens is placed at least several wavelengths
away from the object surface, i.e., in the far field. The spatial resolution is restricted by the
diffraction limit,

�x = λ

2πNA
, (10.38)

which was first evaluated by M. Abbé in 1873. Here NA stands for numerical aperture
which is an important characteristic of the imaging system,

NA = n sin(α/2), (10.39)



331 10.3 Scanning near-field optical microscopy

an

Fig. 10.5 The object and the lens in a traditional optical microscope.

where n is the refractive index of the ambient medium and α is the angle indicated in
Figure 10.5.

With high-refractive ambient liquids NA = 1.6 is feasible. This number along with the
wavelength form the basic limit of resolution in a microscope.

To negate this limit, the scanning near-field optical microscope (SNOM) was invented. In
this device, imaging develops by means of in-plane point-to-point scanning of the surface
under investigation with a sub-wavelength optical fiber. It is now roughly the size of a fiber
tip that determines the resolution limit. However, a subwavelength tip allows only evanescent
waves to be developed at the output and therefore light intensity falls exponentially outside
the tip. Fine submicrometer-scale mechanics is mandatory to precisely control the tip–
surface distance and its in-plane position.

The idea was first formulated by Irish physicist E. Synge in 1928. He proposed to use a
sub-wavelength hole in a thin metal film as a primary light source that should be scanned
over the surface at a sub-wavelength distance. At that time technical performance of micro-
optics and micro-mechanics gave no chance for experimental implementation. In 1982 it
was re-invented by D. Pohl at the IBM Rüschlikon Research Laboratory [23, 24]. This
happened very soon after the quantum counterpart, the scanning tunneling microscope
has been invented by G. Binnig and H. Rohrer at the same laboratory. It is reasonable to
reproduce an abstract of Pohl’s patent [24]:

“This optical near-field scanning microscope comprises an “objective” (aperture) attached to the
conventional vertical adjustment appliance and consisting of an optically transparent crystal having
a metal coating with an aperture at its tip with a diameter of less than one wavelength of the light used
for illuminating the object. Connected to the aperture-far end of the “objective” is a photodetector
via an optical filter and an optical fiber glass cable. Scanning the object is done by appropriately
moving the support along x/y-coordinates. The resolution obtainable with this microscope is about
10 times that of state-of-the-art microscopes.”

The invention became possible owing to the fabrication of a sub-wavelength optical
aperture at the apex of a sharply tapered fiber probe tip that was coated with a metal, and
implementation of a feedback loop to keep a constant spacing of only a few nanometers
while raster scanning the sample in close proximity to the fixed probe. Nano-positioning
mechanics became available owing to the development of the electron tunneling microscope.

A representative tip appearance is shown in Figure 10.6. Light is fed from the top and
evanesces from the apex in the bottom end. The sample is placed on top of a hemispher-
ical substrate which allows efficient harvesting of light emerging from the probe–sample
interaction zone into the far field.
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Fig. 10.6 Scanning near-field optical microscopy. (a) side view and (b) end view of a tapered fiber tip
covered with aluminium. (c), (d) show computer simulation of signal obtained by means of a
tapered fiber for a glass box 40 × 40 × 40 nm3 whose cross-sections are shown by a white square
in (c) and gray square in (d). Light is polarized along the x-direction. To reproduce an
experimental image, each pixel in (c) corresponds to a different calculation with a particular
tip–sample position, the tip apex being kept at a constant height 2 nm above the top sample
surface. (d) Comparison of different scanning modes: constant height (dashed line) and constant
gap (solid line) measured along the dashed line in (c). The corresponding tip motion is depicted by
gray lines at the bottom of the figure. Reprinted with permission from [25]. Copyright 2000 AIP.

Taking into account the subject of this book we shall concentrate on the tip properties
rather than positioning techniques. It is clear that the tip should optimally meet two con-
troversial requirements: (i) the spot size determined by the aperture diameter should be
as small as possible, whereas (ii) the light intensity at the aperture should be as high as
possible. Light waves fed into the thick origin of the tip reduce to a single mode in a thinner
part of the tip (where the diameter is close to the light wavelength), which in turn evolves
to an evanescent field at the output. The transmission efficiency is very small, 10−6–10−8,
the rest of the radiation either reflects back into the fiber or is absorbed by the metal
envelope of the tip. The theory of these processes is far from complete. Interpretation of
signals collected in the course of scanning needs a thorough theoretical description of light
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Fig. 10.7 Imaging of the same portion of a surface containing seven arranged dots with approximately
100 nm height obtained by atomic force microscopy (AFM, top left), theoretical simulations of
electric field distribution with no tip (top right), and with SNOM imaging using TM-field at 633 nm
(bottom left) and 543 nm (bottom left). Courtesy of A. Dereux.

scattering, ideally, a rigorous solution of the inverse wave scattering problem. Figure 10.6(c)
and (d) show numerical simulations of the light intensity collected in scanning a tip over a
glass cube. The cube contour is shown as the white square in Figure 10.6 (c) and as a gray
square in Figure 10.6 (d). Figure 10.6 (c) shows there is definite correlation between topo-
graphical structure and SNOM image, but the cube contour is rather smeared and the light
distribution differs considerably along the x- and y-axes. Figure 10.6 (d) shows that the sig-
nal depends on whether scanning at a constant height above the surface, or at a constant gap is
performed.

Figure 10.7 illustrates the real sub-wavelength resolution capability of a practical SNOM-
device. Not that SNOM images differ from topographical data and from the theory with
no tip involved. Typically resolution is still far from its ultimate limit. The image is also
dependent on the wavelength of electromagnetic radiation used. We shall see in Chapter 14
(Section 14.8) that this is local density of electromagnetic modes (photon states) which
defines the SMON image rather than simple topographical relief. For further reading on
SNOM theory and practice, the following books and reviews are recommended [25–28].
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Problems

1. Using Eq. (10.17) for the phase time and Eqs. (10.9) and (10.19) derive for yourself the
phase time for a plasma/air system (Eq. 10.20).

2. Using Eqs. (10.9), (10.17) and (10.19) prove for yourself that the phase time for a
plasma/dielectric system reads,

τϕ = 2√
ω2

p − ω2

n

1 + (n2 − 1)
ω2

ω2
p

,

where n is the refraction index of the dielectric.

3. Calculate the phase time for an electron plasma with concentrations 1019, 1020, 1021 and
1022 cm−3. The very first value is inherent in heavily doped or hardly pumped semiconduc-
tors (like, e.g. in Figure 7.33), whereas the very last value is inherent in metals providing
high reflection in the visible.

4. Using Eq. (10.28) calculate the phase time for a periodic slab whose transmission
spectrum is given in Figure 7.25 in Chapter 7.

5. Explain why the scanning near-field optical microscope can be treated as an electromag-
netic counterpart of the electron tunneling microscope.
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11 Nanoplasmonics II: metal–dielectric
nanostructures

Nanoplasmonics is a modern extensively expanding field of optics. It basically develops
from the rather old field of metal optics including properties of dielectrics with subwave-
length nanometer-size metal inclusions. For this reason, reading of Chapter 6 is strongly
recommended prior to proceeding to the content of this chapter.

This chapter is organized as follows. First, local electromagnetic field enhancement
of near metal singularities in a dielectric environment is considered. Further, multiple
scattering phenomena are discussed including extraordinary transmission of a hole array
in a metal film. Then, spatially organized metal–dielectric structures are discussed and
for that section to be well understood, Chapter 7 will be helpful as will Chapter 10,
where the tunneling of light in metal structures has been treated. Possible effects of metal
nanoparticles on laser action and gain media properties are discussed as well. A separate
section deals with general properties of negative refraction materials. This is included in this
chapter since experimental realization of negative refraction in optics is based on periodic
metal–dielectric metamaterials with specific subwavelength-scale architecture. Negative-
refraction optics (and electrodynamics) emerged just a few years ago and the introductory
style of this issue in the present chapter is believed will assist the interested reader in further
self-learning through browsing in the many original papers on that matter.

As with all previous chapters in this book, the consideration in this chapter is organized
rather like a guide into the field with emphasized physical phenomena than instructions for
calculations and for fabrication of nanoplasmonic structures. The latter goals can be further
perceived with reference to books and reviews [1–10].

11.1 Local electromagnetic fields near metal nanoparticles

Surface plasmon resonances inherent in metal nanoparticles embedded in a dielectric
ambient medium promote development of high local light intensity in the close vicinity of
a particle. In coupled nanoparticles and in the purposeful arrangement of particles, as well
as with purposeful shaping of particles, electromagnetic field enhancement can be further
magnified. This phenomenon forms the basic pre-requisite effect in linear and non-linear
spectroscopies, including metal nanotextured surface-enhanced and metal tip-enhanced
fluorescence and Raman scattering among linear optical phenomena, as well as nonlinear
phenomena like, e.g. second harmonic generation, hyper-Raman scattering and others.

Surface plasmon oscillations give rise to a local increase in light intensity some time
after the light enters the vicinity of a metal nanoparticle. The local areas of higher light
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intensity coexist with other areas where light intensity is not enhanced and may even be
depleted as compared to the propagation of light in a continuous dielectric medium. Even
for a single isolated particle the thorough electrodynamic calculations to be performed are
very cumbersome and can only be realized numerically. It is the general opinion that the
ideal case would be a small particle (preferably a prolate ellipsoid or spheroid as well as
cone-like or other sharp tip) or, better, a pair of particles of material with low damping rate
and minor interband transitions. Damping rate defines directly the sharpness of resonant
response in terms of spectral width of the resulting real part of the dielectric function of the
composite metal–dielectric medium. Interband transitions give rise to a finite imaginary
part of the complex dielectric function and bring dissipative losses to the system in question.
Because of the complexity of calculations we refer the reader to a recent book [2] where
computational techniques are discussed in detail. In what follows only the final numerical
results will be discussed.

In the list of metals promising superior local field enhancement, first place is given to
silver, second to gold and third to copper, in accordance with damping rates and interband
transitions. The crucial parameter is also the crossover point in the dielectric function where
it passes through the zero value. For the above metals this point falls in the optical range.
Alkali metals, even in spite of the minor contribution from interband transitions, are not
suitable for local light intensity enhancement because their zero-crossover points go deep
into the ultraviolet region.1 These characteristics of metals were discussed in Chapter 6.
Because of the above arguments, silver is a typical material for all model calculations.

Local fields near a single metal particle

For a single isolated silver particle local electric field enhancement factors |E|/|E0| of
the order of 102 have been predicted for a 10–20 nm particle which corresponds to the
intensity enhancement I/I0 ∝ |E|2/|E0|2 ≈ 104. The enhancement peaks at wavelength
370–400 nm, i.e. close to the extinction peak, are typically observed for dispersed silver
nanoparticles (see Section 6.4). In Figure 11.1 the calculated field enhancement factor is
plotted in the close vicinity of a spherical silver nanoparticle embedded in a medium with
refractive index nout. It is important to note that, for a given wavelength, field enhancement
depends not only on particle size but on the refractive index of the ambient medium. Since
local field enhancement manifests itself as superior Raman scattering and fluorescence
enhancement for various probes, this effect can be purposefully exploited in various sensing
applications where small deviations of ambient refractive index are to be monitored. Note
that diminishing enhancement with growing radius is not as straightforward while the
wavelength is fixed. For larger particles the optimal wavelength may shift to larger values
because of the scattering contribution to extinction.

Along with the particle size and ambient environment control, there are two other ways to
get superior field enhancement factors. These are particle shape design and multi-particle

1 Additionally, alkali metals are not actually suitable for surface-enhanced spectroscopy experiments in air because
of rapid oxidation.
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Fig. 11.1 Local electric field enhancement factor |E|/|E0| near a spherical silver particle embedded in the
medium with refractive index nout. Wavelength is 400 nm. Adapted from [11].

displacement. The enhancement strongly depends on a particle shape and gets higher for
prolate particles. For example, for the bottom plane of a truncated tetrahedron with in-plane
size 167 nm and 50 nm height the intensity enhancement was calculated to be as high as
47 000 [2]. Unlike smaller particles, in this case enhancement occurs at a wavelength of
646 nm. This red shift is from the scattering contribution to the extinction (see Fig. 6.13(b)
in Section 6.4 for reference). For a prolate silver spheroid (length 120 nm, diameter 30 nm)
intensity enhancement about 104 was obtained in calculations at a wavelength of 770 nm.
Notably, the extreme enhancement numbers above are inherent in very restricted space
portions, typically measuring 1–5 nm in one dimension. These small values might be
questionable in the context of continuous electrodynamic applicability.

Spatially arranged particles

Coupled particles (“plasmonic dimers”) show higher enhancement in the area between
particles, the enhancement factors being strongly dependent on electric field orientation
with respect to a dimer axis. Intensity enhancement of 104 was predicted between two silver
spherical particles of 30 nm diameter and 2 nm spacing at wavelength 520 nm [2].

Figure 11.2 presents an electric field distribution between a pair of parallel silver cylinders
for orientation of wave vector and electric field vector with respect to the axis connecting
the centers of the cylinder cross-sections. This gives a reasonable picture of what is going
on in the spacing between nanoparticles. Enhancement occurs in the middle between the
cylinders and is higher for smaller diameters. For 5 nm spacing between 30 nm cylin-
ders, the field amplitude enhancement is 24, i.e. intensity enhancement greater than 500
becomes feasible. This only happens for proper polarization with the electric field vector
oriented along the axis between the cylinders. In the case of polarization across that axis,
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Fig. 11.2 Electric field amplitude enhancement for coupled silver cylinders. Diameter d for the two different
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scaled with d and equals 0.2d. Adapted from [12].

d23

d12

R hw = 3.25 eV3
R2

R

(a) 1500|E|

1000

500

0

(b)

1

Fig. 11.3 Local field enhancement in a self-similar chain of metal nanoparticles. (a) Geometry of a
nanolens consisting of three silver nanospheres is shown in cross-section through its plane of
symmetry. Nanosphere radii are: R1 = 45 nm, R2 = 15 nm and R3 = 5 nm. The separations
between the nanosphere surfaces are d12 = 4.5 nm and d23 = 1.5 nm. (b) Local electric field
enhancement coefficient as a function of the position in the cross-section through the plane of
symmetry. Adapted from [13].

depletion of light in the middle occurs with minor enhancement in the near vicinity of each
cylinder.

A transition from single particle to dimer provides a hint towards engineering of plas-
monic nanostructures with enormous enhancement of the electromagnetic field. Further
steps can be made based on more complex geometries. Sarychev and Shalaev computed the
surface field distribution for an electromagnetic wave impinging the nanotextured surface
formed by irregular particles with sufficiently dense concentration to develop percola-
tion clusters [3]. They found in certain “hot spots” the intensity may rise by more than
104 times.

Stockman with co-workers [13] proposed an ingenious self-similar plasmonic “lens”
using sequentially located nanoparticles with scalable size and spacing (Fig. 11.3). This
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system consists of three silver nanospheres whose radii decrease by a factor of 1/3 from
one sphere to another. This specific reduction factor should be significantly less than 1,
but its precise value is not of prime importance. The larger nanoparticle’s radius should be
considerably smaller than the wavelength, whereas the minimum radius should still be large
enough to use continuous electrodynamics. The gaps between the surfaces of the nanosphere
are chosen to be, d12 = 0.3R2, and d23 = 0.3R3. This self-similar system exhibits superior
enhancement based on transfer down the spatial scale. The external field with frequency
close to the nanosphere surface-plasmon resonance excites the local field around the largest
nanosphere enhanced by a factor of approximately 10. This local field is nearly uniform on
the scale of the next smaller nanosphere and plays the role of an external excitation field
for it. This in turn creates the local field enhanced by an order of magnitude. Similarly, the
local fields around the smallest nanosphere are enhanced by a factor of 103 for the field
amplitude. The problem was solved in the quasistatic approximation using a multipolar
expansion for Green’s function. The local field distribution shown in Figure 11.3(b) features
the “hottest” spot in the smallest gap at the surface of the smallest nanosphere. This local
field is enhanced by a factor of |E| ≈ 1200.

Local field enhancement in terms of the energy conservation law

The local field enhancement definitely occurs within the framework of the energy conser-
vation law. Imagine light flux of a given intensity (Watts per unit square) impinging a slice
of dielectric with rarely embedded metal inclusions. The optical transmission properties
of such a material have been discussed in Chapter 6 in terms of the effective medium
approach. Depending on the metal–dielectric function, ambient refractive index and metal
particle size and volume fraction, the linear response is characterized by the extinction
spectrum. Even in the case of zero absorption in a metal, the total flux outside the slice
will be close to, but always less than, the input flux. Therefore, local field enhancement
can be, in the first approximation, treated as redistribution of the incident field with light
concentration near the metal bodies and light depletion otherwise. In that case the build-up
of output flux will be instantaneous, controlled by the speed of light in a medium with a
given refractive index. However, the local field enhancement seems to obey more complex
regularities. Numerous experimental observations clearly indicate that luminescent probes
(organic molecules, lanthanide ions, semiconductor quantum dots) dispersed randomly in
a metal–dielectric composite medium enable harvesting of one order of magnitude more
light as compared with similar samples without metal inclusions. For Raman scattering
several orders of magnitude enhancement in far-field light harvesting can be readily per-
formed. These phenomena are referred to as Surface Enhanced Raman Scattering (SERS)
and Surface Enhanced Fluorescence (SEF). These phenomena will be the subject of close
consideration in Part II where light–matter interaction in nanostructures will be considered.
Here we want to emphasize that local field enhancement most probably occurs via light
energy accumulation near metal nanobodies. This accumulation takes a certain time in
accordance with energy conservation. Thus high secondary emission harvesting in the far
field becomes possible. Therefore local field enhancement build-up most probably occurs



341 11.2 Optical response of a metal–dielectric composite beyond Maxwell-Garnett theory

by means of the time delay in light propagation, as happens in the case of interferometers,
cavities and periodic structures. This issue will be the subject of thorough theoretical and
experimental studies over the next decade. Note, the above consideration based on light
accumulation in the near vicinity of a metal nanobody means that a metal nanobody with its
close spatial vicinity acquires a finite Q-factor as does a cavity. Light energy accumulation
and finite Q-factor for a single nanobody can be understood as a multiple reversible elec-
tromagnetic field – surface plasmon conversions. As a result, light spends more time near
a nanobody. This gives rise to both energy accumulation and to slowing of propagation.

The Q-factor based interpretation becomes even more intuitive when spatially arranged
nanobodies are discussed. Even in random ensembles multiple scattering and construc-
tive interference of scattered waves are possible. For coupled nanobodies or spatial con-
figurations like that in Figure 11.3, constructive interference effects are definitely more
plausible.

11.2 Optical response of a metal–dielectric composite beyond
Maxwell-Garnett theory

The simple Maxwell-Garnett theory based on electrostatic consideration of small spherical
particles rarely dispersed in a host dielectric is valid only for low metal volume filling frac-
tion f � 1. Beyond this limit (for larger particles, specific particle shape, arbitrary volume
fraction) an analytical solution of the problem is not feasible and a thorough numerical com-
putation within the framework of multiple scattering theory should be performed. While
there are numerous data on light scattering behavior in complex dielectric media [14–18]
only now are the first steps being made towards a consistent theory of metal–dielectric
composites with arbitrary metal concentration.

In terms of modified scattering by a single particle with plasmonic resonance accounted
for, recent calculations by R. Dynich and A. Ponyavina are instructive [11]. These authors
showed more than three orders of magnitude enhancement in the near-field nanoparti-
cle cross-section (Fig. 11.4). This enhancement in individual scattering, combined with
interference of scattered waves results in complex properties of dense metal–dielectric
composites. Additionally to multiple scattering and interference phenomena, percolation
can develop at certain concentrations of the metal part of a composite. This brings about
an additional multitude of effects since the electric conductivity further modifies optical
response. Percolation phenomena are very important for clustered metal–dielectric struc-
tures. These are treated in detail by V. Shalaev [5]. Since fractal metal clusters typically
occur in dense structures, inevitable dissipation losses prevent their use in optical filters,
waveguides and other components, and they will not be discussed here.

Figure 11.5 shows transmission and reflection spectra for a single monolayer of silver
spherical particles randomly located in a host medium with filling factor f = 0.4 (the
main panel) and 0.6 (the inset) [19]. In these calculations size-dependent damping in the
form of Eq. (6.73) has been involved. The inset shows the contribution from multiple
scattering and interference. Without multiple scattering, as a starting approximation,
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the straightforward Bouger law can be used based on a single particle extinction effi-
ciency (Eq. 6.83 in Chapter 6). This result is shown in the inset by dashes, whereas the
solid line represents the correct account for multiple scattering. One can see that mul-
tiple scattering shifts the transmission minimum (and the corresponding reflection max-
imum) to the red. This is clear from the inset in Figure 11.5. Note, single scattering
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calculations agree reasonably with the data on transmission spectra of a dielectric con-
taining a small portion ( f � 1) of silver particles of the same diameter, shown in
Chapter 6 (Fig. 6.13a).

The above red shift from multiple scattering can be viewed as a result of self-consistent
modification of the dielectric function of the composite medium. An electromagnetic wave
experiencing a scattering event from a given nanoparticle further propagates in an effective
medium whose dielectric function is modified by all other particles. Therefore the Fröhlich
condition, expressed by Eq. (6.57), must be modified in a self-consistent manner to account
for this effect (see Problem 2). As a starting approximation, the Maxwell-Garnett theory
can be applied to get an estimate of the shift, at least in the sense of its direction on the
wavelength scale. Such a self-consistent approach is in line with the single electron theory
of solids, where an electron’s motion in a self-consistent potential is considered where the
potential comes from ion cores but is modified by the presence of other electrons.

The main panel shows development of a selective reflection band with the corresponding
dip in transmission. Note, larger particles more readily form selective reflection. Smaller
particles (d < 10 nm) show somewhat smeared reflection which is, most probably, because
of enhanced damping (compare with Fig. 6.13(a), see also Eq. (6.73)).

Interestingly, for a single monolayer of spatially organized spherical metal particles,
S. Kachan and A. Ponyavina found by means of the multiple scattering theory the blue shift
of the transmission minima (and reflection maxima), as compared to random particles of the
same volume fraction [20]. For silver particles with diameter 2 nm, filling fraction f = 0.6,
and ambient refractive index nout = 1.4 (i.e. the parameters used for the data shown in the
inset in Fig. 11.5) a transition from random to a triangular or square arrangement shifts the
spectra to the blue by approximately 50 nm. For a monolayer consisting of nanoparticle
chains, strong dependence of transmission and reflection on incident light polarization has
been revealed by calculations.

Another example of a spatially arranged metal dielectric structure is a regular metal sieve
with subwavelength voids (Fig. 11.6, left). This can be fabricated by means of templated



344 Nanoplasmonics II: metal–dielectric nanostructures

metal deposition using close-packed dielectric colloidal particles like those used to fabricate
artificial opals (see Chapter 7, Fig. 7.22). After deposition the template can be removed. The
remaining hemispherical voids support surface plasmon modes which manifest themselves
as pronounced resonant dips in the reflectance spectra (Fig. 11.6, right). The theory predicts
strong resonant absorption in such voids and, accordingly, resonantly inhibited reflectivity
[22].

In a model case of a full spherical void in a solid metal, a rather straightforward elec-
trostatic consideration can be applied. Equation (6.53) for polarizability α of a spherical
particle now reads,

α = 4πR3 εvoid − εmet

εvoid + 2εmet
, (11.1)

where dielectric permittivities εvoid of a void and εmet of a metal stand instead of the
dielectric permittivities of a metal particle and a host dielectric, respectively. Accordingly,
the Fröhlich condition expressed by Eq. (6.57) now reads,

Re[εmet(ω)] = −1

2
εvoid. (11.2)

This “inverted” Fröhlich condition has been already used in Section 6.6 to define inner
interface plasmon polaritons in a metal nanoshell.

11.3 Extraordinary transparency of perforated metal films

In 1998, T. Ebbesen with co-workers [23] reported on the extraordinary high transmittance
of light through a perforated silver film with a regular array of subwavelength holes. These
experimental data are presented in Figure 11.7 (left). The transmission spectrum exhibit
well-known Rayleigh minima of Wood’s anomaly which appears in any diffractive array
roughly when an order of diffraction emerges tangent to the array.2 The spectrum also
features the extraordinary transmittance effect: at a wavelength λ = 800 nm, the intensity
transmission coefficient is close to 15%. As the area covered by holes is only 11%, the
normalized-to-area transmittance of light is 130%.

For a single aperture with diameter d, the intensity transmission coefficient for normal
incidence reads [1],

T = 64π

27

(
d

λ0

)4

, (11.3)

and for the case under consideration the standard aperture theory for a single hole predicts a
transmission coefficient of the order of 1%. Accounting for surface plasmon modes results

2 In 1902 Robert Wood discovered sharp variations in diffracted light intensity for certain angles of incidence on
a metal-grooved grating. The first attempt to explain Wood’s anomalies was made by Lord Rayleigh in 1907.
The theory of this phenomenon is based on surface plasmon excitation in metal grooves and was advanced in
1965 by A. Hessel and A. Oliner. See [7] for more detail.
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Fig. 11.7 (Left) Experimental power transmittance at normal incidence for a square array of holes (lattice
constant is 750 nm, average hole diameter is 280 nm) in a freestanding Ag film (thickness is
320 nm). Inset: electron micrograph of the perforated metal film. (Right) Calculated transmittance
at normal incidence for an array of holes in a Ag film, defined by the lattice constant 750 nm,
thickness 320 nm and three different hole diameters d indicated in the inset. Adapted
from [24].

in considerable modification of the standard aperture theory when a hole in a metal film is
considered. Development of surface plasmon modes gives rise to efficient enlargement of
an aperture in question and results in higher transmittivity for thinner, subwavelength-scale
films [25].

However, properties of a single aperture, even modified to account for plasmons, can not
explain the extraordinary transmission presented in Figure 11.7. A consistent explanation
of the observed extraordinary transmittance of a hole array in a metal film is possible in
terms of the multiple scattering theory with surface plasmon modes taken into account.
The results of the relevant calculations for a silver film with perforated holes are shown
in Figure 11.7, indicating that this theory does provide a reasonable rationale for the
observed phenomenon. The transmission peak is predicted at the same position, near
800 nm, where it has been observed experimentally. To get a qualitative insight into the
underlying physics, the simplified analytical model consideration is instructive, as has been
proposed by L. Martı́n-Moreno and co-workers [24]. The complex transmission coefficient
for electric field amplitude (light propagating along the z-axis) reads,

t010 = t01t10 exp(−|qz|h)

1 − ρ2 exp(−2|qz|h)
, (11.4)

formally coinciding with the formula for a triple dielectric–metal–dielectric structure, con-
sidered in Chapter 3 (Eq. 3.80). Here t01 and t10 are the amplitude transmission coefficients
at interfaces, ρ = ρ10 = ρ01 is the amplitude reflection coefficient, qz is the z-component
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of the first waveguide mode and h is the film thickness. Now t01, t10 and ρ read,

t01 = 2
d

L
G−1, t10 = 2qz

k0
G−1, ρ =

(
qz

k0
− G1

)(
qz

k0
+ G1

)
,

G =
(

d

L

)2

+ 2
k0

kz

(
d

L

sin(kx d/2)

kx d/2

)2

+ qz

k0
,

k2
x + k2

z = k2
0 ≡ ω2

c2
.

(11.5)

In Equations (11.5) d is the hole diameter, L is the hole period (“lattice constant”).
Equation (11.4) keeps only the first modes for simplification but gives a physically reason-
able rationale for the observed superior transmittance. In this equation, Wood’s anomalies
correspond to t01 = 0 or t10 = 0, whereas the extraordinary transmittance near 800 nm
results from the minima of the denominator. Such resonant behavior of the denominator
arises from the evanescent character of the modes. In this case the standard restriction
ρ < 1, which expresses flux conservation, relaxes. Instead, only the restriction Im[ρ] > 0
holds, whereas the real part of ρ and its absolute value may be very large. Since |ρ| � 1
is possible, the denominator can take very small values providing a high transmission co-
efficient. It was shown, |ρ| has a peak at a wavelength close to, but slightly larger than,
the hole period L , with a maximum value that scales as (L/d)3. Therefore it is the lattice
period which determines the spectral position of the resonant transmission. This result does
correlate remarkably with the observations. In Figure 11.7 the transmission maximum for
a 750 nm period occurs at 800 nm wavelength, and in the original paper [23], the 900 nm
period array showed peak transmission close to λ = 1000 nm.

Thus extraordinary transparency of a thin metal film with a regular array of subwavelength
holes can be interpreted as surface-plasmon-assisted light tunneling. Plasmon development
and coupling via periodic array needs a certain time and can not proceed instantaneously.
The steady-state sustainable regime of high transmission occurs with the energy conserva-
tion law. A constant incoming flux will give constant output intensity after the finite build-up
time necessary to gain a constructive result of multiple scattering. In this instance, the ex-
traordinary transmission is similar to high transmission in a periodic dielectric medium or
in an interferometer or coupled cavities, as has been considered in Chapter 7.

11.4 Metal–dielectric photonic crystals

Metal–dielectric composite materials can be further used for building complex metal–
dielectric functional components including periodic structures with band gaps for the
propagation of electromagnetic waves (so-called “photonic crystals”). Dielectric photonic
crystals for the optical range have been thoroughly discussed in Chapter 7. In this section
we consider the simplest periodic structure, namely a multilayer structure with periodicity
in a single direction coinciding with the normal layers. Every odd layer in the stack will be
the metal–dielectric composite whose dielectric function is assumed to obey the Maxwell-
Garnett relation (Eq. 6.61). Let it consist of a dielectric material (ε = 2.56) with silver
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Fig. 11.8 Properties of a metal–dielectric photonic crystal consisting of periodic layers with dispersed silver
spherical nanoparticles [26]. (a) Transmission and (b) absorption spectra of a 16-period stack
consisting of composite/air binary cells, the composite being a dielectric (ε = 2.56) material with
silver nanoparticles (volume filling fraction f = 0.2), composite layer thickness dmet and air
spacing thickness dair obeying a condition dmet = dair, a = dmet + dair = λp where λp is the light
wavelength corresponding to the silver plasma frequency ωp. (c) and (d) show positions of the
upper (black dots) and lower (circles) band gap frequencies versus (c) relative fraction of the
composite layer dmet/a = dmet/(dmet + dair) in the periodic structure and (d) metal volume fraction
in the composite material f . Parameters used are: (c) a = λp, dmet/a = 0.5, number of periods is
N = 8, (d) a = 2λp, f = 0.2, N = 16.

nanoparticles (the complex dielectric function obeys Eq. (6.30) with parameters ε∞ =
5, h̄ωp ≈ 9 eV, h̄� = 0.02 eV). The real and imaginary parts of the dielectric function
for such a medium with the particular metal volume fraction 0.2 has been presented in
Chapter 6 (Fig. 6.10). We shall look for the transmission and reflection spectra at normal
incidence of a stack consisting of odd metal–dielectric composite layers of thickness dmet,
and even dielectric layers with thickness dair. Let us take for simplicity the air interlayer
spacing (ε = 1). Thus, along the propagation direction one has a periodic medium with the
period a = dmet + dair. This problem has been examined numerically by P. Dyachenko and
Yu. Miklyaev [26]. The results are presented in Figure 11.8. The other parameters of the
system in question are: total number of periods in the stack N = 16, metal filling factor
in composite layers f = 0.2, dmet = dair = a/2 = λp/2, where λp = 2πc/ωp is the light
wavelength corresponding to the silver plasma frequency.

Figure 11.8(a) and (b) show transmission and absorption spectra, respectively. One can
see the two pronounced dips in the transmission spectra which are referred to as photonic
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band gaps. Unlike purely dielectric periodic multilayer stacks (Chapter 7, Section 7.2)
these two photonic band gaps have different origins and exhibit different behavior with
respect to modification of constituent layers and materials. One of the band gaps has a
purely geometrical origin and results from multiple scattering and interference of waves on
a periodic lattice. This gap will be further referred to as the structural photonic gap. For the
parameters chosen in Figure 11.8 it is centered approximately at the normalized frequency
ω/ωp = 0.43. The behavior of this band with respect to structural parameters is the same as
has been discussed in Section 7.2. Its spectral position and width are defined by the lattice
period a and by refractive indices of the constituent materials (compare Figure 11.8(c) and
d which differ in the lattice period). The other band gap is referred to as the polaritonic
band gap [27]. In Figure 11.8(a) its center is near ω/ωp = 0.28. It clearly correlates with
the plasmonic absorption (Fig. 11.8(b)) and with the corresponding behavior of the real and
imaginary part of a composite metal–dielectric material (see Fig. 6.10, note the material
parameters used coincide with those in Fig. 11.8(a) and (b)). The polaritonic band gap
has a spectral position defined by the intrinsic properties of the metal and therefore is
independent of the geometrical arrangement of the layers (compare Fig. 11.8(c) and (d)).
The two bands exhibit different behaviors with respect to the content of metal within the
structure. An increase in the metal filling factor in the composite layers f (Fig. 11.8(c)),
as well as an increase in composite layer fraction in the lattice dmet/a (Fig. 11.8(d)), gives
rise to shrinkage of the structural band gap whereas the polaritonic band gap widens. By
means of lattice period a, variation, the structural gap can be tuned over the frequency and
can get a location on either side with respect to the polaritonic gap (compare Fig. 11.8(c)
and (d)). It is also possible to get both gaps overlapping within the same spectral range.

Therefore, metal–dielectric periodic structures offer definite prospects in photonic en-
gineering. This subfield of photonics is only at the very beginning of its development and
new interesting results and achievements are foreseen in the very near future. The example
of a one-dimensionally periodic metal–dielectric structure given in Figure 11.8 is only
the primary illustration of a new class of photonic materials. Two- and three-dimensional
metal–dielectric photonic crystals are also under investigation [7, 27].

11.5 Nonlinear optics with surface plasmons

If a continuous (on a light wavelength scale) material medium exhibits an instantaneous
reaction to external electromagnetic radiation, i.e. its dielectric susceptibility χ depends on
the instantaneous field amplitude E,

χ (ω, E) = ε(ω, E) − 1, (11.6)

then the polarization vector components can be expanded into a power series of the field
amplitude as,

1

ε0
Pi =

∑
j

χ
(1)
i j E j+

∑
j,k

χ
(2)
i jk E j Ek+

∑
j,k,l

χ
(3)
i jkl E j Ek El+ · · · , (11.7)
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implying that the susceptibility is a tensor value. In a simpler scalar form, polarization
versus the incident field reads,

P = ε0[χ (1) E + χ (2) E2 + χ (3) E3 + · · ·]. (11.8)

In these equations χ (1) describes the linear response of the material in question to the
electromagnetic field, whereas χ (2), χ (3), etc. are referred to as second-order, third-order,
etc. nonlinear susceptibilities, respectively. Expansions (11.7) and (11.8) mean that with a
growing electric field value in electromagnetic radiation the material response is no longer
linear. Nonlinear susceptibilities define the character and the value of the nonlinear response.
The finite second-order susceptibility χ (2) gives rise to second harmonic generation, sum-
and difference-frequency generation. The finite third-order susceptibility χ (3) gives rise to
nonlinear refraction (Kerr nonlinearity) and self-focusing, four-wave mixing, hyper-Raman
scattering and coherent anti-Stokes Raman scattering. For isotropic media, the second-order
susceptibility equals zero. Therefore, the nonlinear response of isotropic media is typically
characterized by the third-order susceptibility since higher-order nonlinearities require
extreme radiation densities. In this case from the relation,

P ≈ ε0[χ (1) E + χ (3) E3], (11.9)

the simple expression for intensity-dependent refractive index n(I ) follows,

n(I ) = n0 + n2 I, (11.10)

where n0 is the linear refractive index and n2 is directly proportional to χ (3).
In metal–dielectric nanostructures modified local electric field distribution of the electro-

magnetic radiation results in polarizability of the adjacent medium in the near vicinity of the
nano-shaped metal surface (single metal particle, rod, tip, many-particle cluster or fractal
aggregate) induced by the local field which can be multiply enhanced as compared to the free
space, since the local electric field experiences strong enhancement. With respect to the
electric field of the incident radiation E0 such a response will appear as enhancement
of the corresponding susceptibilities. Such enhancement of optical nonlinearities of
molecules or thin films adsorbed on a nanotextured metal surface has been known about
since the 1970s. Reviews of the theory and experiments in this field can be found in [3, 5].
The theory is essentially reduced to the calculation of the local field distribution near a
complex metal surface and to calculation of the modified nonlinear response as in [5]. The
enhancement factor of second harmonic generation efficiency reads,

GSHG =
∣∣∣∣∣
〈[

Eω(r)

E (0)
ω

]2
[

E2ω(r)

E (0)
2ω

]〉∣∣∣∣∣
2

, (11.11)

and accounts for possible electric field modification at the frequency ω of the incident
field and of its second harmonics 2ω. In this and in the forthcoming formulas, the angular
brackets 〈. . .〉 mean averaging over an ensemble of molecules near metal nanobodies. For
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the N-th harmonic generation the enhancement factor is then evident, i.e.

GNHG =
∣∣∣∣∣
〈[

Eω(r)

E (0)
ω

]N
[

ENω(r)

E (0)
Nω

]〉∣∣∣∣∣
2

. (11.12)

For Kerr-type nonlinearity the enhancement factor is,

GKerr = 〈|E(r)|2[E(r)]2〉
[E(0)]4

, (11.13)

and for a four-wave mixing enhancement factor one gets the relation,

GFWM = |GKerr|2 =
∣∣∣∣ 〈|E(r)|2[E(r)]2〉

[E(0)]4

∣∣∣∣
2

. (11.14)

Expansions (11.7) and (11.8) do not imply any resonant optical transition with the pop-
ulation of electron excited states. If such transitions are involved, then high local field
enhancement will result in modified linear response of molecules, atoms or other probes
attached to the nanotextured metal surface. These are, first of all, optical absorption and
photoluminescence. Resonance Raman scattering will also experience enhancement. These
processes will be the subject of Chapters 13–16. However, optical transitions can also
occur by means of two- and multi-photon absorption. These are nonlinear optical pro-
cesses with the cross-section directly proportional to I N , where N equals the number of
photons absorbed simultaneously. In accordance with local field E(r) enhancement and
intensity I ∝ |E(r)|2 enhancement, many-photon absorption cross-sections will rise and
multi-photon transitions will become more feasible. Typically, in most experimental condi-
tions, even with high-intensity bench-top lasers of nano- and picosecond light pulses with
repetition rates 101–103Hz, multi-photon absorption essentially reduces to a two-photon
process. Remarkably, modern bench-top femtosecond cw-like lasers with ultrashort pulses
and high repetition rates in the MHz range do allow for two-photon absorption spectroscopy
in routine experiments. This is very important for high resolution bio-imaging using fluo-
rescent labels attached to biomolecules, or using the intrinsic photoluminescence inherent
in a few biomolecules (e.g. green fluorescent protein). Higher resolution is achieved since
a typically Gaussian (or other type) intensity distribution across an incident light beam
under conditions of two-photon absorption generates a narrower photoluminescence spot.
Therefore, metal nanoparticles can enhance photoluminescence imaging by means of two-
photon absorption and enable high resolution fluorescence microscopy. A representative
example has been reported by Cheng et al. [28]. Further details can be found in the book by
P. N. Prasad [29].

11.6 Metal nanoparticles in a medium with optical gain

In Chapter 6 optical properties of dielectric media containing metal nanoparticles were
discussed and the manifestation of surface plasmon resonance in the optical extinction of
such composite materials has been emphasized. An intriguing question arises: what happens
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if metal nanoparticles are dispersed in a medium with optical gain? First, interplay of
optical gain of the host medium and optical losses in inclusions, along with the complicated
dependence of the real dielectric function of a metal on frequency may result in unusual
optical properties of the composite mixture. Second, compensation for the absorption
contribution to extinction, if any, will give superior light scattering because of strong
enhancement of the scattering cross-section (Fig. 11.4). Third, high local fields may result
in a lower lasing threshold. However, the latter effect can be readily masked by the above
mentioned enhanced scattering. Fourth, enhanced scattering with compensated dissipative
losses may result in Anderson localization of light (discussed in detail in Chapter 8). Studies
in this direction only began a few years ago. In what follows the first results will be briefly
overviewed.

Oraevsky and Protsenko [30] considered the possibility of compensating for the intrinsic
metal losses in nanoparticles by means of gain adjustment of the ambient medium. The
dielectric function εgain of a gain medium in the form,

εgain(λ) = [n(λ)]2 −
[

g(λ)
λ

2π

]2

− 2i

[
n(λ)g(λ)

λ

2π

]
, (11.15)

has been inserted in the Maxwell-Garnett relation (Eq. 6.61) and the real ε′
mix and imaginary

ε′′
mix parts of the complex dielectric function of the mixture have been elucidated. The results

for silver nanoparticles in GaAs are presented in Figure 11.9. One can see, at a certain gain
(g > 4250 cm−1) the imaginary part of the dielectric permittivity can take a zero or negative
value, whereas the real part acquires very large values. Note, for nanoparticles of silver,
where sharp plasmonic features are present, the gain value of the host medium was found
to be rather high and attainable in a bulk solid medium like a semiconductor. Probably,
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Fig. 11.10 Relative intensity of Rayleigh scattering as a function of the pumping energy for a solution of
Rhodamine 6G dye with Ag nanoparticles. Adapted from [32]. Inset: experimental setup.
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similar calculations for gold and copper nanoparticles will give more affordable values of
gain to obtain compensation for metal losses.

With a similar idea, Lawandy [31] has predicted a singularity for the localized surface
plasmon resonance in spherical metallic nanoparticles when the host dielectric medium
has a critical value of optical gain. This singularity, resulting from canceling both real
and imaginary terms in the denominator [εmetal(ω) + 2εdiel(ω)] of a metal nanoparticle
polarizability (see Eq. (6.53)) manifests itself as a sharp increase in Rayleigh scattering
within the plasmon band and could lead to low-threshold random laser action and light
localization effects.3 Here εmetal and εdiel are complex dielectric functions of the metal and
the host dielectric medium, respectively.

Experiments by Noginov with co-workers [32] did reveal pronounced threshold behavior
of Rayleigh scattering of a mixture of the organic laser dye Rhodamine 6G (R6G) and
silver particles (Fig. 11.10). In the pump–probe experiment, a fraction of the pumping
beam was split off and used to pump a laser consisting of the cuvette with R6G dye placed
between two mirrors. The emission line of the R6G laser (558 nm) corresponded to the
maximum of the gain spectrum of the R6G dye in the mixtures studied. The beam of
the R6G laser, which was used as a probe in the Rayleigh scattering, was aligned with
the pumping beam in the beamsplitter and sent to the sample through a pinhole. The
scattered probe light was seen in the spectrum as a narrow line on top of a much broader
spontaneous emission band. The sixfold increase in Rayleigh scattering was observed in
the dye–Ag aggregate mixture with the increase in pumping energy. The same authors have
also examined the effect of silver particles on the operation of an R6G dye laser and found
a decrease in laser efficiency instead of the expected improvement in laser performance.
Addition of 1% silver particles to the laser dye resulted in a two-fold decrease in laser

3 See Chapter 8 for explanations on Anderson localization (Section 8.3) and random lasers (Section 8.7).
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energy output. The results are understood in terms of energy losses due to (i) incomplete
compensation of metal losses by gain, and (ii) additional pump energy losses since a portion
of the pump energy is a priori destined to produce a gain for metal loss compensation, rather
than for compensation of other cavity losses. Local-field enhancement, discussed in Section
11.1, might not be very helpful in dye lasers since (i) it needs a certain time for build-up and
(ii) it affects the properties of dye molecules in extreme proximity to a metal particle only,
whereas losses are introduced throughout the dye solution modifying the properties of the
gain medium in an “effective-medium” manner. Finally, the enhanced scattering along with
random displacement of metal particles makes the gain medium strongly inhomogeneous
and destroys development of a coherent wave in the laser cavity.

Strong enhancement of scattering can, however, become advantageous in resonatorless
random lasers (see Section 8.7 for the general principle of random laser operation). Dice
et al. reported on surface-plasmon-enhanced random laser emission from a suspension
of silver nanoparticles in a laser dye operating at diffusive and subdiffusive scattering
strengths [33]. The metal-nanoparticle-based random laser yields a larger linewidth narrow-
ing at lower pump threshold than a dielectric-scatterer-based random laser under equivalent
conditions.

Avrutsky has predicted the modification of surface plasmon polaritons [34] at the interface
between metal and a dielectric with optical gain. The proper choice of optical indexes of the
metal and the dielectric can result in an infinitely large effective refractive index of surface
waves. Such resonant plasmons have extremely low group velocity and are localized in
very close proximity to the interface.

11.7 Metamaterials with negative refractive index

“This is such an esoteric invention, it will never, ever be of any practical importance” –
with these words the maser inventor Charles Townes was refused a patent for his invention
by Bell Research Labs. Later on, in 1964, he received the Nobel award for that invention.
This is a clear example of a novel idea which, at the beginning, is thought to be useless
and idle. The maser was a precursor of lasers and nowadays everybody knows that print-
ing (including this book) and data storage devices (including that in the author’s laptop
computer) are possible entirely due to laser developments. This section deals with another
rather exotic idea concerning materials featuring negative refraction. Electrodynamic and
optical effects for such materials were considered for the first time by V. G. Veselago in
1967 in his seminal paper [35]. Several decades later, at the very end of the last century, it
did stimulate active research towards artificial metamaterials with that exotic property. At
the time of publication, such an exotic property had not been anticipated and the paper was
treated as a kind of “gedanken” experiment only. In the last decade, so-called “left-handed”
metamaterials in the optical range of electromagnetic waves have become an active research
field. Many details on the theory and many interesting experimental results in this field are
omitted from this book because of the restricted scope. For further reading the review [6]
and the book [36] are recommended.
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Fig. 11.11 A few examples of electromagnetic wave reflection/transmission at an interface of two media
with different magnetic permeabilities. (a) Normal incidence transmission and reflection are
governed by impedances (mis)matching. (b) Modification of the Fresnel formula in terms of
impedances. (c) Existence of the “magnetic” Brewster angle for TE-wave under condition
θ + φ = π/2.

Optics with µ �= 1

In the optical range, the magnetic permeability of materials typically equals unity, and for
this reason the very notation of “µ” is not present at all in many formulas we use in our
routine calculations in optics and optical engineering. This is a reasonable consequence
of the properties of all existing natural and artificial materials which indeed have µ = 1 in
the optical frequency range. Let us forget for a moment about this property and remember
the basic formulas where µ enters but has not been analyzed because of the “µ = 1”
convention.

Whenever µ �= 1 holds, the notion of impedance Z (ω) as a property of a medium becomes
essential. It reads,

Z (ω) =
√

µ0µ(ω)

ε0ε(ω)
≡ Z0

√
µ(ω)

ε(ω)
, (11.16)

and gains importance in electrodynamics with µ �= 1, which is the typical case in ra-
diophysics. In optics (µ = 1) reflection and transmission of electromagnetic waves at an
interface of two media is governed by the relative refractive index n. In electrodynamics
with µ �= 1 transmission and reflection at an interface are governed by the impedances of
the interfacing media (Fig. 11.11). For example, the textbook formulas for reflection and
transmission of light intensity at normal incidence (see Eqs. (3.22) and (3.26)),

R = (n − 1)2

(n + 1)2
, T = 4n

(n + 1)2
, n = n2

n1
=

√
ε2√
ε1

, (11.17)

must be modified by replacing (see, e.g. Section 1.5 in [37]),

n2

n1
=

√
ε2√
ε1

→ Z1

Z2
=

√
ε2/µ2√
ε1/µ1

, (11.18)
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to give,

R = (Z1 − Z2)2

(Z1 + Z2)2
, T = 1 − R = 4Z1 Z2

(Z1 + Z2)2
. (11.19)

Reflection at the interface vanishes when Z1 = Z2 and develops otherwise. Reflectionless
propagation requires impedance matching, rather than refractive indexes matching, at the
interface. Therefore reflection vanishes, not when ε1 = ε2, but when ε1/µ1 = ε2/µ2. Con-
sidering a vacuum (or air, ε1 = µ1 = 1) interface with a material with finite ε and µ, one
can see matching occurs for every material with ε = µ.

Consider now the oblique incidence of an electromagnetic wave on an interface from
medium 1 to medium 2. Let it be a TE-wave (s-polarization), i.e. the E vector is oriented
normally to the plane of incidence (Fig. 11.11b). The reflection angle equals the inci-
dence angle, as usual, and Snell’s law n2 sin θ = n1 sin φ, ni = √

εiµi holds. The intensity
reflection and transmission coefficients read [38],

R =
(

Z2 cos θ − Z1 cos φ

Z2 cos θ + Z1 cos φ

)2

, T = 1 − R, (11.20)

differing from the familiar Fresnel formula by using impedances instead of refractive
indices.

For a TM-wave (p-polarization) in traditional “µ = 1”-optics at the Brewster angle,

tan θTM
Brewster = n2

n1
=
√

ε2/ε1, (11.21)

corresponding to the case θ + φ = π/2 reflection vanishes (R = 0). It can be intuitively
understood that electric dipoles do not emit along their oscillation direction. What happens
if µ2 �= 1? In this case Eq. (11.21) modifies [39],

tan θTM
Brewster =

√
(ε2/ε1)2 − (ε2/ε1)(µ2/µ1)

(ε2/ε1)(µ2/µ1) − 1
. (11.22)

Furthermore, coming back to the TE-wave (s-polarization), we now have in the case where
θ + φ = π/2 the “magnetic” Brewster angle defined by the relation [39],

tan θTE
Brewster =

√
(µ2/µ1)2 − (ε2/ε1)(µ2/µ1)

(ε2/ε1)(µ2/µ1) − 1
. (11.23)

For the particular case of ε1 = ε2 this reduces to,

tan θTE
Brewster =

√
µ2/µ1 ≡ n2

n1
, (11.24)

supporting the notation of a “magnetic” Brewster angle. The intuitive explanation of van-
ishing reflection is that magnetic dipoles do not emit along their oscillation direction. These
selected examples show clearly a wealth of effects and phenomena which are brought about
in electrodynamics when media with µ �= 1 are involved.
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Optics with “left-handed” materials

The whole multitude of material dielectric and magnetic properties can be placed in a
ε − µ – plane (Fig. 11.12), as has been suggested by V. G. Veselago [35]. Segment I
(positive ε, positive µ) corresponds to traditional dielectric and magnetic materials. As
we mentioned, in the optical range, µ = 1 typically holds. Furthermore, ε > 1 holds for
dielectrics and semiconductors. This is indicated by a gray line in the figure. Segment
II (negative ε, positive µ) corresponds to plasma (electrons in metal, ion plasma, etc.).
Strictly, plasma extends up to ε = 1 (for frequencies over the plasma frequency). This
is shown by the gray square in Figure 11.12. Negative dielectric permittivity results in
tunneling of electromagnetic waves, skin-effect, volume and surface plasmon resonances,
complex properties of composites comprising a host dielectric with positive permittivity
with subwavelength-scale inclusions. These media are well identified, understood and at-
tainable both as natural and man-made materials. What about the remaining two segments
forming a semiplane with negative magnetic permeability? Such materials are not identi-
fied in nature but their existence is not forbidden in principle. Segment IV with positive
dielectric permittivity but negative magnetic permeability can be assigned, by analogy with
segment II, to hypothetical “magnetic” plasmas. The subject of our consideration in this
section is segment III, which implies simultaneously negative dielectric permittivity and
magnetic permeability. Such a combination has not been known up to very recently, but
as V. G. Veselago noticed, since there is no basic restriction for such a combination it is
worthwhile to examine what would happen if such materials were to be found or developed.

The immediate surprise of simultaneous ε < 0, µ < 0 is the negative index of refraction
n. In the relation,

n = ±√
εµ, (11.25)
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with typically positive values of permittivity and permeability, no doubt arises concerning
the sign of refractive index. It is positive and takes the meaning of the factor defining the
speed of wave propagation decrease with respect to the vacuum. In the case of both negative
ε and µ, formally in terms of a purely mathematical treatment, the positive square root of the
positive εµ product seems reasonable as well. However this is not the case. The peculiarity
of electrodynamics with both negative permittivity and permeability is the inverse direction
of the wave vector k with respect to the vectorial product of E and H, [E × H]. For a plane
monochromatic wave, the Maxwell equations reduce to a pair of equations (SI units),

[k × E] = ωµ0µH, [k × H] = −ωε0εE, (11.26)

whence for both positive ε and µ, the three vectors E, H, k form the “right-hand” set of
vectors, i.e. the k direction coincides with the [E × H] defined direction. For both negative
ε and µ, these three vectors do form a “left-hand” set. The k vector direction appears to be
opposite to that defined by [E × H]. On the other hand, the Poynting vector, which defines
the energy flux density transfer, reads,

S = [E × H], (11.27)

and appears to have the opposite direction with respect to k. Therefore, when an electro-
magnetic wave propagates in a “left-handed” material, the “left-hand” orientation of the E,
H, k vector set gives rise to counterpropagating phase and group velocities. The opposite
direction of the group velocity with respect to phase velocity is not the exclusive property
of media with negative ε and µ, but can also be met in certain anisotropic media as well as
in media with spatial dispersion.

To account for the opposite directions of phase and group velocity as well as “left-
handedness” of a material with negative ε and µ, the “−” sign in the square root of
Eq. (11.25) should be taken. Therefore, such materials are often referred to as “negative
refraction materials”. V. G. Veselago proposed to introduce “handedness”, p, as a material
property with p = +1 for “right-handed” and p = −1 for “left-handed” ones. With this
notation, the generalized Snell’s law can be formulated as,

sin θ

sin φ
= n2

n1
= p2

p1

∣∣∣∣
√

ε2µ2

ε1µ1

∣∣∣∣ , (11.28)

with notations for angles θ, φ shown in Figure 11.11(b). The reflection angle remains equal
to the incidence angle, independently of material “handedness”. One can see, when light is
coming from a right-handed to a left-handed material, the refraction angle changes sign as
compared to traditional optics.4

Consider refraction at the border of a vacuum (or air), ε = µ = 1 and a left-handed
medium (Fig. 11.13(a)) with ε = µ = −1. For this case reflected intensity is zero because
impedances are matched and only the refracted wave presents. One can see, the electric

4 The notions “handedness”, “left-, right-handed” used in this section should not be mistreated as the same
notations used to characterize material chirality. The latter remains beyond the scope of this book.
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Fig. 11.13 Propagation of electromagnetic waves impinging a slab of negative refractive index material
from air. (a) Negative refraction at a matched interface; (b) calculated Gaussian beam
propagation for oblique incidence [38]; (c) calculated Gaussian beam propagation at normal
incidence with focusing effect [38].

vector, the magnetic vector and the wave vector change symmetrically with respect to
interface border. The refraction angle equals the angle of incidence in the absolute value
but has the opposite sign. The phase velocity direction, defined by the wave vector, in
a negative refraction medium has the opposite direction with respect to the energy flow
defined by the Poynting vector. Figure 11.13(b) shows the results of numerical modeling
for this case for a Gaussian incident beam, obtained by means of solution of the Maxwell
equations [38].

Among other interesting phenomena, a few are the most important. A plane-parallel
slab of a negative refraction material can serve as a lens at normal incidence. This notable
property was highlighted by Veselago [35] and is illustrated in Figure 11.13(c), where the
numerical solution for a Gaussian light beam is presented. Further effects include inverse
Doppler shifts, modified Cherenkov radiation, unusual light tension instead of usual light
pressure and the modified Fermat’s principle [35, 40]. For the latter, it is shown that the
traditional formulation in terms of the minimum (extremum) of the wave propagation time
between two points is not correct in general. The right formulation involves the extremum of
the total optical length, with the optical length for propagation through a negative refraction
index material taken to be negative. Many further instructive examples of unusual properties
of negative refraction materials (not necessarily from optics) can be found in articles
[6, 38, 39] and in recent books [36, 41].

Although existence of materials with simultaneously negative ε and µ is not restricted
by any general law, there is the basic restriction which dictates necessarily the frequency
dependence of both negative ε(ω) and µ(ω)[35]. It comes from the expression for the total
energy of an electromagnetic wave,

W = 1

2
(εε0 E2 + µµ0 H 2), (11.29)

for the specific case of frequency-independent ε and µ. One can see for both negative ε and
µ the sum in the right-hand part of Eq. (11.29) is negative, which is evidently meaningless.



359 11.7 Metamaterials with negative refractive index

The solution of the problem comes from the more general expression for energy,

W = 1

2

(
∂(εω)

∂ω
E2 + ∂(µω)

∂ω
H 2

)
, (11.30)

whence positive energy W > 0 necessarily requires that inequalities,

∂(εω)

∂ω
> 0,

∂(µω)

∂ω
> 0 (11.31)

hold. Hence, functional dependencies ε(ω) and µ(ω) for negative refraction materials are
mandatory.

The latter statement immediately brings further constraints into play. Note, the above
consideration did imply the lossless case of purely real permittivity and permeability.
Once we have arrived at the conclusion of their dispersive properties, the losses expressed
by the imaginary permittivity and imaginary permeability should be necessarily inherent
in the material in question. This is prescribed by the Kramers–Kronig relations, result-
ing in turn from the causality principle. In other words, it is the causality principle that
allows frequency-dependent permittivity and permeability only at the expense of frequency-
dependent losses.5 Therefore, the search for negative refraction and other related phenomena
can only be performed in media with finite losses. Thus, ε(ω) and µ(ω) should necessarily
be the complex functions,

ε(ω) = ε′(ω) + iε′′(ω), µ(ω) = µ′(ω) + iµ′′(ω). (11.32)

This issue has been discussed by Bush et al. [6]. The complex refractive index,

n(ω) = n′(ω) + in′′(ω), (11.33)

is related to ε(ω) and µ(ω) via the evident expression,

[n′(ω) + in′′(ω)]2 = [ε′(ω) + iε′′(ω)][µ′(ω) + iµ′′(ω)], (11.34)

whence,

n′(ω) = ε′(ω)µ′′(ω) + ε′′(ω)µ′(ω)

2n′′(ω)
. (11.35)

Therefore, for positive n′′(ω), the negative n′(ω) can become possible if and only if,

ε′(ω)µ′′(ω) + ε′′(ω)µ′(ω) < 0 (11.36)

holds [6].

5 The condition of inevitable losses still allows very low losses in the range of smooth frequency-dependent real
parts of permeability and permittivity. Recall the low losses inherent in dielectrics at frequencies well below the
band gap.
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Fig. 11.14 (a) Example for the real part of permittivity ε(ω) (dotted) and permeability µ(ω) (solid) in
accordance with Eqs. (11.37). (b) Resulting real n′(ω) (solid curve) and imaginary n′′(ω) (dashes)
parts of refractive index. Parameters are: �e/�m = 1.05, ωp/�m = 0.5, f = 0.25, γe/�m = 0.01,

γm/�m = 0.01. Reprinted with permission from [6]. Copyright 2007, Elsevier B.V.

Figure 11.14 shows an example of a hypothetical material with dielectric permittivity
and magnetic permeability,

ε(ω) = 1 + ω2
p

�2
e − ω2 − iγeω

, µ(ω) = 1 + f ω2

�2
m − ω2 − iγmω

(11.37)

along with the corresponding refractive index.
No natural material has been identified so far that features negative magnetic permeabil-

ity in the optical range. In 1999, J. Pendry [42] proposed a design of a metamaterial with
negative magnetic permeability. At a sub-wavelength scale, such a material should resemble
a broken conductive ring (single or concentric coupled) or even a pair of plain metal plates
separated by a dielectric with dimensions much lower than the wavelength (Fig. 11.15,
left panel). Such units represent an LC-circuit, the inductance coming from a ring and
capacitance coming from an air spacing. Negative permeability develops in a regular array
of such LC-circuits. When such a material is combined with another periodic structure
(Fig. 11.15, right panel), the overall response of the whole system acquires negative refrac-
tion features. This idea has been followed by many research groups, mainly in microwaves
where the length scale allows for complicated sub-wavelength structures to be developed.
For the optical region fine techniques on the nanometer scale using high-resolution lithog-
raphy, etching, vacuum deposition etc. are necessary. Such an approach has been performed
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Fig. 11.15 Examples of elementary building units to get magnetic permeability in a regular array (a–d) and
design of a negative refraction material by means of combined arrays with negative permeability
and negative permittivity. Reprinted with permission from [6]. Copyright 2007, Elsevier B.V.
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Fig. 11.16 Absorption spectra of light incident normally onto a silver surface with spherical inclusions of a
material with dielectric constant ε = 4.5 (solid curve) and ε = 3.3 (dashed curve) [46]. The
absorption of light on the surface of bulk silver is shown by dash-dotted curve. Vertical arrows
mark the energies of the fundamental (l = 1), second (l = 2) and third (l = 3) plasmon modes of
a single void in bulk silver.

recently by Grigorenko et al. [43] and Shalaev et al. [44]. These authors did manage to
develop the proper geometry on the sub-wavelength scale and have reported on refractive
index with the real part n′ = −0.3.

11.8 Plasmonic sensors

Nanostructures with plasmonic response can be used in various sensor applications. These
include sensors for refractive index determination and/or monitoring, fluorescent labels and
fluorescent sensor enhancers and Raman detection systems.



362 Nanoplasmonics II: metal–dielectric nanostructures

In Chapter 6 the optical response of a dielectric matrix containing metal nanoparticles was
shown to be sensitive to matrix dielectric permittivity (see Eqs. (6.61) – (6.63)). Extinction
spectra presented in Figures 6.10 and 6.11 are determined not only by the intrinsic
properties of metal nanoparticles but by the dielectric permittivity of the host as well.
For transparent media this sensitivity offers an immediate application for refractive
index measurements or monitoring. In the latter case, the spectral sensitivity of the
extinction spectrum to variation in refractive index n is important. It can be expressed in
terms of the maximum extinction wavelength λmax shift �λmax versus �n, i.e. S = �λmax

�n .
A. D. Zamkovets et al. [45] examined, both theoretical and experimental, S values for dif-
ferent metals and n values. The S value was found to grow in the series Cu, Au, Ag, and
for all above metals it was found to grow with increasing density of nanoparticles in a
single monolayer. Values of S ≈ 200 nm were found for a monolayer of close-packed Ag
particles with diameter 10 nm, embedded in a medium with n = 1.5, i.e. �n = 0.01 will
result in �λmax = 2 nm. Sensing and monitoring with metal nanoparticles of refractive
index is useful e.g. in biology and medicine where small changes of n of a solution
are indicative of certain processes going on, or of concentration change in complex
solutions.

Metal films with hollow voids comprising a continuous sub-space can also be used as
sensors for environmental dielectric permittivity. Figure 11.16 demonstrates pronounced
resonance absorbance of a silver film with an array of voids (a similar gold structure was
shown in Figure 11.6) with resonant peaks strongly dependent upon dielectric permittivity
of a void filler.

Fluorescent labels are used in many applications in biological, pharmacological and
medical research and analysis. Proximity of a metal nanobody to a fluorophore results in
more efficient excitation (because of incident field concentration and localization), radiative
decay rate alteration and non-radiative energy transfer. Fluorescence enhancement and
quenching are both possible depending on the balance of these three effects. Light emission
near metal nanobodies will be considered in detail in Chapter 16. Here we only mention
that fluorescence enhancement by metal tips, nanoparticles and nanotextured surfaces can
exceed one order of magnitude and is viewed as a promising way towards high-sensitivity
nano-bio-sensors in medicine. Enhanced fluorescence near metal nanobodies can also be
exploited in other sensors, e.g. temperature sensors in case the luminescence spectrum or
its intensity is sensitive to temperature.

Raman scattering spectroscopy is routinely used in molecular analysis in chemistry,
biology, medicine and ecology. Raman scattering can be enormously enhanced by means
of plasmonic effects when a molecule is adsorbed at a nanotextured metal surface [2]. The
primary enhancement factor comes from incident-field enhancement (see Section 11.1).
Local-field enhancement at the excitation wavelength provides more efficient virtual excita-
tion of a molecule. Additionally, modification of photon density of states at the wavelength
of scattered light provides further enhancement of the Raman signal by means of an in-
crease in the scattering rate [47]. Thus detection of a single molecule becomes possible.
Surface-enhanced Raman scattering (SERS) will be a subject for close consideration in
Chapter 16. In spite of the impressive records of sensitivity reported for research data,
SERS has not found either routine or commercial application to date. The main obstacles
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are poor reproducibility of results because of the multiple enhancement factors involved, and
non-reproducible combinations of topology/adsorption parameters. Additionally, absence
of a consistent theory as well as the circumspection of possible chemical modifications
of adsorbed molecules makes industrial and commercial researchers wary of wide SERS
application. It can be helpful in the detection of certain molecules but not in quantitative
analyses.

Strong local enhancement of an incident electromagnetic field in plasmonic nanos-
tructures can also be exploited to promote various photochemical processes by means of
enhanced excitation efficiency [48], provided that non-radiative bypass in the form of en-
ergy transfer from an optically excited molecule (or other absorption complex or center) to
the metal is damped.

11.9 The outlook

Optical properties of metal–dielectric structures influenced by volume and surface plas-
monic resonances are a very active and expanding modern field of research. Because of the
restricted scope of this book many interesting results and ideas are left for self-learning.
These are properties of island metal films, where hot electrons are readily developed owing
to discrete energy levels and inhibited electron–phonon interactions because of restricted
mean free path [49]; fractal metal clusters where local fields are essentially influenced by
percolation processes [3, 5]; the theory and implementation of three-dimensional metal–
dielectric photonic crystals [7]; high-resolution imaging with metal–dielectric structures
[42]; properties of sub-wavelength slits and apertures in metal films [50–53]; modified
radiative decay of plasmons in periodic structures [54, 55]. For the actively developing field
of modified emission and scattering of light in metal–dielectric nanostructures Chapters 14
and 16 are recommended.

Problems

1. Try to explain the difference in the field profile between a pair of cylinders (Fig. 11.2)
for different light polarization.

2. Derive the modified Fröhlich condition for a composite medium with noticeable fraction
of metal particles. Use the Maxwell-Garnett approximation for the effective dielectric
function of the composite medium. Prove that the red shift of the transmission minimum
(and the reflection maximum) will arise.

3. Try to elaborate an application proposal for enhanced nonlinearities in plasmonic struc-
tures.

4. Prove that the nonlinear response of two-photon-excited photoluminescence will actually
increase spatial resolution of luminescent imaging.
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5. Evaluate the dimensionality of impedance (Eq. (11.16)) and prove that it coincides
with the dimensionality of electric resistance. Calculate vacuum impedance Z0 = √

µ0/ε0.
Compare it with the impedance of a home TV-cable (typically written on every cable on
the outer dielectric envelope).

6. Recalling the Doppler effect discussed in many textbooks, consider its modification
for light waves propagating in a negative refraction medium. In a gas of atoms at finite
temperature the so-called Doppler broadening of spectral lines occurs, dominating the
natural atomic linewidths. Consider the Doppler effect on atomic lines for the case of a
negative refraction medium.

7. Find out the formulation of the Kramers–Kronig relations in a good textbook on optics
and, based on these relations, discuss in more detail the restrictions on negative dielectric
permittivity and negative magnetic permeability.

8. Find out and discuss the correlation of data presented in Figures 11.6 and 11.16.

9. Evaluate the spectral shift versus refractive index S = �λmax

�n
for the structure presented

in Figure 11.16.

10. In Chapter 7 (Fig. 7.33) an example is given of nonlinear response of a periodic
multilayer structure under conditions of strong optical pumping of a ZnSe/ZnS Bragg
mirror. The response is supposed to result from the negative contribution to refractive
index �n ≈ −0.05 of a ZnSe sublattice arising from a non-equilibrium electron–hole
plasma. Estimate the plasma concentration neglecting damping. Consider only the electron
contribution taking electron effective mass m∗

e ≈ 0.1m0.

11. When an intense laser beam propagates in the atmosphere, a self-focusing phenomenon
occurs because of positive change in refractive index with intensity. However, in the case
of a very intense laser beam attainable with femtosecond lasers, instead of self-focusing,
a filament similar to lightning develops. Explain the phenomenon implying multiphoton
absorption resulting in ionization of atoms. Hint: recall the plasma contribution to refractive
index from Problem 10.
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12 Wave optics versus wave mechanics II

12.1 Transfer of concepts and ideas from quantum theory
of solids to nanophotonics

In Chapter 3 we discussed that optics played an important role in the development of
quantum mechanics at its very early stages. Wave mechanics with respect to classical
mechanics has been developed by analogy to wave optics with respect to geometrical
optics. A number of similarities were outlined in that chapter between quantum mechanical
and electromagnetic phenomena. Many decades later the reverse process happened. The
advances in single particle quantum theory of solids that dealt exclusively with analysis
of the Schrödinger equation in complex potentials with no collective phenomena and spin
effects included, were systematically transferred to electromagnetism, and first of all to
wave optics. We have shown the bulk of these effects and phenomena in wave optics of
complex structures in Chapters 7–9. The transfer of concepts and phenomena is presented
in Table 12.1 with the principal dates indicated. This transfer is a remarkable event in
modern science. It is indicative of the useful exchange of ideas between two large fields of
physics. In a sense, quantum theory did pay back to optics with high “interest” for originally
borrowing optical ideas in the 1920s. It is owing to this transfer that the writing of this very
book has become topical.

Among the quantum phenomena listed in Table 12.1, the band theory of solids in terms
of electron Bloch functions, conduction band and valence band concepts, Brillouin zones
and electron and hole effective mass have been overviewed in detail in Chapter 4. Anderson
localization of electrons in random potentials has also been discussed in Section 4.5 when
considering the properties of disordered solids. There are two more quantum phenomena
that have been replicated in optical research but have not been mentioned in previous
chapters.

Weak localization of electrons was identified as the specific phenomenon when the
problem of the theoretical description of conductivity in impurity semiconductors and
in metals arose at the beginning of the 1980s of the last century. To describe the peculiar
behavior of conductivity at low temperature when scattering at lattice oscillations (phonons)
becomes negligible, loop-like trajectories were shown to be crucially important. An electron
experiencing multiple scattering can exhibit paths visiting the same sites more than once. At
first glance, random travel should lead to the same results independently whether or not the
same sites are visited twice. That in fact would be the case in classical mass-point mechanics
or in ray optics. However, the wavy properties of electrons result in a coherent interference
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Table 12.1. Phenomena identified in quantum theory and then transferred to optics

Phenomenon Quantum theory Optics

Energy bands in crystals Electron theory of solids,
1930s

1990s

Localization in random
potential

Anderson localization of
electrons, 1958

Anderson localization of
electromagnetic waves, 1984

Surface states Tamm states of electrons,
1931

Optical Tamm states, 1980s

Quantum interference in a
complex potential

Weak localization of
electrons, 1982

Coherent backscattering, 1984

Fractal spectrum in a
quasi-periodic potential

Fractal energy spectrum of
quasicrystals, 1984

Fractal transmission spectrum of
Fibonacci filters, 1994

A

B
C

Fig. 12.1 Illustration of various possible paths for an electron to travel from A to B in a space with weak
potential disorder. All paths without loops are on average equivalent and do not cause a new
effect. However if a loop is present in the path, then at point C coherent addition of wave
function amplitudes noticeably increases the net current between A and B.

effect in every node of such a loop-like portion of the whole path between the two contacts
used to measure conductivity (Fig. 12.1). Constructive interference in the nodes of those
loops makes the current higher. Representative references to this phenomenon in electronics
are given in [1–5].

The quantum mechanical problem for an electron in a quasiperiodic potential became
a subject of interest when a class of non-periodic solid-state materials was identified
where atoms do not form a lattice with translational symmetry but, nevertheless the non-
periodic arrangement features long-range order and exhibits regular scattering of X-ray
radiation. Such systems feature a rotation symmetry of 5-, 8-, 10- and 12th order which
are forbidden by the conventional Feodorov’s groups of symmetry inherent in lattices with
translational symmetry. These non-commensurate spatial atomic structures have been called
quasicrystals [6–10]. Such structures can be treated in terms of six-dimensional space with
translational symmetry, or can be constructed following the Penrose algorithm.
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12.2 Why quantum physics is ahead

We can consider at least three reasons why after borrowing many ideas from wave optics,
wave mechanics went ahead very rapidly and finally enabled transfer of its results back to
optics:
1. Naturally existing systems have complicated spatial organization (crystals, glasses, dis-
ordered solids, quasicrystals). Therefore from the first steps, quantum mechanics faced
problems of solving the Schrödinger equation with complex potentials. The concepts of
Brillouin zones and Bloch waves were not a result of mathematical activity but were re-
quired in order to explain properties of real entities. It is therefore the structure of matter
which in turn is governed by the Coulomb interaction of negatively charged electrons and
positively charged nuclei and ions which determined the preceding formulation of tasks
for the wave equation in complex potentials in quantum mechanics, rather than in optics.
Since these tasks were formulated in terms of the single-particle Schrödinger equation
immediately after this equation had been introduced in physics, the band theory of solids
emerged.
2. Quantum mechanics has very quickly become a challenging physical theory with the
flavor of unusual predictions enhanced by the general conception of the non-visual character
of quantum objects. In this context it differed (and still does) drastically from the older field
of wave optics where no surprise was expected and therefore none were searched for. Optical
conceptions did not offer challenge or intrigue to researchers. It seems rather reasonable
that quantum interference of electrons is more inviting for researchers as compared to
its classical counterpart, namely, coherent back scattering in a turbid medium. Similarly,
quantum tunneling phenomena are much more challenging for theorists as compared to
glass transparency.
3. The development of electronics, fast emerging solid-state circuitry following invention
of the transistor, growing integration of chips are other crucial factors that have pushed the
quantum theory of solids ahead, leaving wave optics behind. It is important that electronics
has attracted enormous financial resources, and accordingly, extensive research programs
in the field of solid-state quantum theory.

12.3 Optical lessons of quantum intuition

Surprisingly enough, the organic consistency of optics and mechanics at the very beginning
of the quantum era in physics, as well as the guiding role of optics in elaboration of its
mechanical counterpart, seems to have been forgotten and regretfully is not included in
the textbooks on quantum mechanics. Not only is the influence of quantum mechanics on
nanophotonics important, but recalling the optical impact on quantum mechanics is rather
instructive. Optical visual experience makes optical phenomena much more intuitive and
understandable. Optical analogies should be used systematically to better understand the
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Table 12.2. Wave optical and wave mechanical counterparts

Profile of potential
(dielectric function) Quantum particle Electromagnetic wave

Upward/downward step Transmission/reflection Transmission/reflection
(Fresnel laws)

Well with finite depth and
width

Selective
transmission/reflection

Selective transmission/
reflection (Fabry–Perot
modes for dielectric films)

Barrier with finite depth and
width

Selective reflection and
transmission over a barrier

Selective transmission/
reflection, Fabry–Perot
modes for an air slit between
two dielectrics

High reflection and tunneling
throughout a barrier

High reflection and partial
transmission of thin metal
films, frustrated total
reflection

A finite well between two
barriers with finite depth
and width

High off-resonant reflection
and resonant tunneling
throughout

High off-resonant reflection
and high resonant
transmission of a
Fabry–Perot interferometer

Multiple identical
barriers/wells

Multiple splitting of energy
levels

Multiple splitting of
transmission resonant bands

Periodic potential Energy bands separated by
band gaps

Transmission bands separated
by band gaps (reflection
bands, stop-bands)

Effective mass near
conduction band minimum

Effective medium
approximation for smaller
wavenumbers, effective mass
consideration near edges of
Brillouin zones

High barrier at the end of
periodic potential

Surface (Tamm) states Optical Tamm states

Random potential with weak
disorder

Diffusive transport, Ohm’s
law

Diffusive transport, T ∼ 1/L
law

Weak localization Coherent back scattering
Random potential with strong

disorder
Anderson localization Anderson localization of light

Quasiperiodic potential Fractal energy spectra of
natural quasicrystals

Fractal transmission/ reflection
spectra of Fibonacci
structures

Fractal potential Not examined Spectral scalability of
transmission/reflection bands
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quantum world of “mass-point waves”. To assist in this understanding we summarize the
whole list of counterparts identified to date in Table 12.2.

One more important note should be taken into account when considering the possible
influence of optical analogies on our understanding of quantum-mechanical phenomena
nowadays. Unlike electronic experiments, optical instrumentation offers today perfect co-
herent laser sources with controllable light wavelength and pulse shape. The electronic
counterparts to lasers are not available. Additionally, purely wave phenomena like, e.g.,
weak localization, Anderson localization and tunneling, are seriously perturbed in elec-
tronic systems by electron–electron interactions. In optics there is no interaction between
light waves, laser beams and photons. Therefore the above-mentioned phenomena, which
are still under investigation in complex structures, can be better understood based on optical
experiments.

At this point the consideration of electromagnetic waves in complex structures along
with their analogies in quantum mechanics is complete. In what follows we concentrate
on light–matter interactions in complex nanostructures. For these phenomena, the notions
of photons and electromagnetic field quantization are important. Therefore, as promised
in the Introduction (Chapter 1) it is the forthcoming Chapter 13 where photons eventually
enter into the current Introduction to Nanophotonics.

Problems

1. Try to analyse why acoustics has not been used as the proper analogy to develop wave
mechanics. Note, acoustics has been a rather well defined and developed field of research
with a two-volume edition of Rayleigh’s “Theory of Sound” [12] as a clear example of the
state-of-the-art.

2. Make a transfer of phenomena listed in Table 12.2 towards acoustics.

3. All previous chapters from 2 to 11 have shown conclusively that wave phenomena in
quantum mechanics have relevant counterparts in optics. Moreover, the quest for coun-
terparts promotes new ideas and concepts in nanophotonics. Try to find out the new pair
of counterparts that is not present in Tables 12.1 and 12.2. If you find it in the literature,
discuss it with your classmates, colleagues and students. Sending a message to the author
of this book will be greatly appreciated.

4. Try to find the quantum and optical counterparts which have not been indentified either
in Tables 11.1 and 11.2 or in the other available sources. Then send the message to a good
physics journal.

5. If you solved Problem 4 and found out that the relevant optical counterpart has not been
observed, then write a research project and try to get a grant.

6. If your solved Problem 5 and got the grant then go ahead with the experiments and
finally, send a report to a good physics journal.
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13 Light – matter interaction: introductory
quantum electrodynamics

Generally speaking, fields and matter are the two entities which constitute the Universe.
These entities continuously interact. The electromagnetic field is the specific type of field
which contains the range of oscillation frequencies which human eyes are able to sense.
After twelve chapters in this book, we are now approaching the point where photons
enter nanophotonics. Photons are necessary to understand how matter emits light. This
happens by means of quantum transitions where matter loses and the electromagnetic field
gains a certain portion of energy and momentum. The emission of light, in a broad sense,
includes all types of processes where the electromagnetic field gains a portion of energy
and momentum from matter. This can be classified as different types of secondary radiation
which include emission of photons and scattering of photons. In nanophotonics, these
elementary processes of field–matter interaction experience modification because of light-
wave confinement, which is typically explained in a rather elegant way as a consequence
of the photon density of states modification. The main purpose of the present chapter is to
explain the notions of field quantization, photons, emission and scattering rates in terms of
quantum transitions and density of electromagnetic modes.

13.1 Photons

. . . the theory of light operating with continuous spatial functions will lead to
contradictions with experiment when being applied to events of creation and
transformation of light.

Albert Einstein, 1905 [1]

Basic statements

Photons are elementary quanta of electromagnetic radiation. Radiation itself is viewed as
an infinite set of harmonic oscillators. Every radiation mode defined by the wave vector k
is treated as an oscillator with frequency ωk. The energy spectrum of a harmonic oscillator
in accordance with the solution of the Schrödinger equation with the parabolic potential
(see Eq. 2.85 in Section 2.6) reads,

E(ωk) = h̄ωk

(
nk + 1

2

)
, nk = 0, 1, 2, 3, . . . (13.1)
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The integer number nk in Eq. (13.1) is treated as the number of photons in the k-mode
of radiation. Every k-mode is characterized not only by wave vector k but also by the
polarization state. The energy h̄ωk is the photon energy. In what follows the “k” subscript
will often be omitted.

Recalling the properties of electromagnetic waves we can make immediate statements
about certain photon properties. It has momentum p = h̄k. The dispersion law in a vacuum
ω = ck (Eq. 2.9) evolves to the photon dispersion law,

h̄ω = h̄ck ⇒ E = pc. (13.2)

The linear dispersion law means the photon mass defining its inertia is zero in accordance
with the definition of inertial mass,

m−1 = d2 E

dp2
, (13.3)

as has been discussed in Chapter 4 (Eq. (4.16)). It is a common treatise that since a photon
never stops (“never has a rest”) its rest mass m0 is zero. This statement should, however, be
taken rather as a convention than a real property. In terms of the general relation E = m0c2,
the rest mass of a photon should read, m0 = h̄ω/c2. In accordance with the above mass–
energy relation, a photon death offers energy release defined by its rest mass value.

The density of electromagnetic modes, derived in Chapter 2 (Eq. 2.25),

D(ω) = ω2

π2c3
, (13.4)

now aquires the meaning of the density of photon states in a vacuum and will be referred
to as photon DOS in what follows. One more parameter of photons coming from classical
electrodynamics is polarization.

Further properties of photons do not follow from the properties of classical waves. An
arbitrary number of photons can exist in the same state. Photons belong to the class of
elementary particles called bosons. In equilibrium, when radiation viewed as a gas of
photons can be ascribed a temperature value, photons obey Bose–Einstein statistics,

N ( h̄ω) = 1

exp

(
h̄ω

kBT

)
− 1

. (13.5)

Energy contained in every electromagnetic mode has no basic upper limit. However, it does
have a basic lower limit defined by h̄ω/2 in Eq. (13.1). This gives rise to the concept of a
physical vacuum and will be the subject of Section 13.2.

A further important property of photons is the non-conservation of their number. Because
photon number does not conserve, their chemical potential, unlike atoms or molecules,
equals zero and does not enter into Eq. (13.5). It means no free energy can be assigned per
single photon.
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Under equilibrium conditions, electromagnetic radiation is seen as an equilibrium gas of
photons with the spectral distribution of energy density,

u(ω) = h̄ω
ω2

π2c3

1

exp

(
h̄ω

kBT

)
− 1

, (13.6)

which is referred to as the black body radiation spectrum.

Brief historical notes

The advent of the quantum theory of light into modern physics has occurred in parallel with
development of the quantum theory of matter, i.e. wave mechanics. It was the black body
radiation problem which challenged theorists over many years at the end of the nineteenth
century. It resulted in 1900 in two, outstanding in essence but still preliminary, ideas
advanced by Planck and Rayleigh. Planck introduced energy quanta into the empirically
obtained formula for a blackbody spectrum, in the form of Eq. (13.6). However, he did not
assume quantization of radiation. He quantized energy emitted by the cavity walls where
radiation is confined. Rayleigh proposed to count discrete modes in a finite cavity and
showed that density of modes per unit volume and unit wave number interval scales as
k2/π2, and he explained the behavior of black body radiation in the long-wave limit (the
second factor in the right-hand part of Eq. (13.6)).

In 1905, Einstein explained the regularities of the photoelectric effect implying quantiza-
tion of light energy (he was awarded the Nobel Prize in 1921 for the laws of the photoelectric
effect). His paper was entitled “About one possible heuristic point of view related to creation
and transformation of light” [1]. The photoelectric effect is the emission of electrons from
a metal into free space upon illumination by light. An emitted electron (“photoelectron”)
acquires kinetic energy E in accordance with the following balance,

h̄ω = E + �, (13.7)

where the threshold energy � is the work function of a metal under consideration. Einstein’s
idea of light quanta was the first solid stone in the basement of the quantum theory of light.1

This remarkable fact in the history of quantum physics is rather curious in its essence.
Irony upon irony, the apparent explanation of the photoelectric effect provided by
Eq. (13.7) did not necessarily require explanation based on light quanta. It can be ex-
plained in a semi-classical manner as follows. An electron performs a quantum transition
from the ground state with energy Eg (bound state in an atom) to an excited state with energy
E within a continuum of states inherent in infinite motion. This transition can be performed
by an external perturbing electric field of incident light. According to the Bohr hypothesis,
quantum transitions occur only if the light frequency meets the condition ω = (E − Eg)/ h̄.
One can see this consideration explains the behavior described by Eq. (13.7) if the energy an
electron gains in the course of transition consists of work function � and kinetic energy E .

1 Amazingly, the very name of Einstein in German can be loosely interpreted as “first stone”.
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However, Bohr’s postulate appeared in 1913 only and it is exclusively owing to Einstein’s
ingeneous intuition that in 1905 the scientific community got the idea that light is absorbed
by matter in portions called light quanta.

In 1916, i.e. three years after Bohr’s formulation of his famous postulates, Einstein derived
the black body radiation spectrum (Eq. 13.6), considering a set of quantum systems with
discrete energy states and assuming precise balance in upward stimulated and downward
spontaneous and stimulated transitions for every couple of energy levels [2]. Such balance is
inherent if a set of elementary quantum systems (e.g. atoms) is in equilibrium with radiation.
This outstanding paper will be considered in more detail in Section 13.5. Einstein worked
within a paradigm that light is emitted in quanta as a consequence of quantum transitions
between states with discrete energy values.

In 1924, Bose made the real breakthrough in the emerging quantum physics [3]. He con-
sistently treated the black body radiation as an equilibrium gas of light quanta.2 These light
quanta were described in terms of a distribution function (13.5) derived upon assumption
of quanta identity and their non-conserving number (the original Bose idea), density of
states Eq. (13.4) in which quanta may exist (the original Rayleigh idea of counting modes
in a cavity upgraded to a conceptual density of states notion) and the energy portion h̄ω

held by each quantum. Thus the concept of light quanta became more and more mature.
Bose’s approach to a distribution function was immediately transferred to particles of mat-
ter by Einstein (for atoms and molecules) in 1924–25 and by Dirac and Fermi in 1926 for
electrons. Simultaneously, Rayleigh’s mode density evolved to the density of states and was
entered into many basic formulas at that time.

Very soon, in the fall of 1925, Born, Jordan and Heisenberg came up with their ingenious
work on foundations of quantum mechanics for systems with multiple degrees of free-
dom [4]. Along with purely mechanical systems, they considered radiation confined in a
cavity and proposed consideration of radiation in terms of elementary quantum oscillators,
as expressed by Eq. (13.1), with nk treated as the number of quanta in a certain state and
the background additive defined by,

E0 = 1

2
h̄
∑

k

ωk, (13.8)

called “zero energy”.
Formulation of the basic Schrödinger equation occurred in the same period in a paper

published in 1926 [5] (see also Section 3.7 on the inspiring role of optics in formulation of
wave mechanics).

Finally, in 1927, Dirac published the fundamentals of quantum electrodynamics under the
title “The quantum theory of the emission and absorption of radiation” [6]. The prerequisite
condition of his approach was clearly formulated as “the number of light quanta per unit
volume associated with a monochromatic light-wave equals the energy per unit volume of
the wave divided by the energy (2πh)ν”.

2 The Bose consideration has been discussed in detail in Section 2.2.
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The very notation “photon” had been introduced by G. N. Lewis in 1926 [7]. However,
he did not consider radiation as an entity composed of light quanta. Photons according to
Lewis were thought of as intermediate particles carrying energy for a certain period in the
course of light absorption.

13.2 Wave–particle duality in optics

In modern physics wave–particle duality is fully appreciated. Many optical phenomena can
be thoroughly interpreted in terms of classical wave optics without quantization of radiation.
Many phenomena can be understood only assuming a discrete structure of electromagnetic
radiation.

Many physicists deem that photons should only be involved in considerations if, and only
if, there is no other way to explain the optical phenomenon in question. This paradigm was
formulated clearly by W. Lamb in his distinguished paper entitled “Anti-photon” [8]. The
author of this book supports this approach and it is exclusively because of this paradigm
that photons only enter the content of this book in Chapter 13, but not in previous chapters.
Light propagation phenomena seem not to need photon representation at all, probably
down to the ultimate single photon level of detection. Most physicists do not adopt the
concept of photons as corpuscular constituents or ingredients of light, as Einstein tended
to outline in his pioneering paper [1]. Conception of a single-photon state of radiation still
remains elusive even in multiple gedanken experiments. Particularly, the definite momentum
inherent in a single photon leads to an image of an infinitely delocalized plane wave carrying
energy h̄ω. Since we have successfully managed to understand the complex propagation
of light in inhomogeneous media in previous chapters without photons, the problem of
describing the field states in terms of single-photon parameters will not be touched upon
at all. We shall involve the notion of photons when describing emission and scattering
events resulting in releasing portions of energy from matter to the field, and ascribe the
notion “photon” to these portions. Such a treatise meets reasonably minimal quantum
electrodynamics without touching intimate features of light quanta.

The above example of a photoelectric effect looks rather intuitive in terms of photons but
rather complicated in terms of a semi-classical approach. It is instructive to discuss briefly
a few examples of the opposite type which can readily be intuitively understood in terms of
wave optics, but appear to be completely counter-intuitive and cumbersome for description
in photon language.

The first example is the Doppler shift of spectral lines and Doppler broadening of spectra.
A gas of atoms at finite temperature exhibits atomic emission lines broadened because of
the random motion of atoms with respect to a detector. This broadening dominates over
the natural linewidth defined for a given atom by its radiative decay rate. The explanation
originates from the acoustic counterpart for the source of sound moving towards and away
from a listener. It is simple and clear in the context of wave optics. In terms of photons, one
should suppose that an atom emits photons of the original frequency whereas a detector



382 Light – matter interaction: introductory quantum electrodynamics

receives (another?) photons of shifted frequency. Every photon after being emitted seems
to change its frequency by the time of detection. How did the photon learn that a detector is
moving with respect to an atom while existing between the time of its creation in the course
of downward transition of an atom and the time of its death in the course of the upward
transition in a detector material? The explanation in terms of photons can be found only
after cumbersome mathematics well beyond reasonable intuition. It takes several pages of
formulas and can be found e.g. in the basic paper by Fermi [9].

The second example is change in frequency of light leaving a dynamically expanding
(or shrinking) cavity. Light stored in a Fabry–Perot cavity changes its spectrum in the
course of decay if the cavity expands or shrinks fast enough. This phenomenon has recently
been reported [10]. Wave optics offers an immediate explanation which is again based
on the acoustical counterpart. Sweeping sound occurs, e.g. in an electric guitar, for a
vibrating string if the tension of the string is modulated by a guitar player’s finger. It is a
common way of getting higher expression in modern guitar playing. The above phenomenon
in optics is explained as adjustment of light oscillations to the cavity modes. However,
discussion in terms of photons is by no means straightforward. One has to explain why
(and how) photons stored in the cavity have been replaced by other photons with adjusted
frequency.

The intimate essence of a light quantum, in spite of its long centennial history in science,
is still being actively discussed in terms of the real and gedanken experiments, where certain
controversial issues in our understanding of radiation quantum properties became evident.
A number of such examples can be found in [11–14]. The reader interested in deeper
insight into the photon conception is referred to the topical books on quantum optics by
R. Loudon [15], L. Mandel and E. Wolf [16], M. O. Scully and M. S. Zubairy [17].

13.3 Electromagnetic vacuum

Naturall reason abhorreth vacuum.3

Thomas Kranmer, Canterbury bishop, 1550 [18]

The electromagnetic vacuum is the state of an electromagnetic field in a free space where
no photon exists in any mode, i.e. in Eq. (13.1), nk = 0 for all ks. The vacuum state of
field is characterized by the infinite energy defined by Eq. (13.8), or taking into account the
continuous spectrum of electromagnetic waves in free space,

Evacuum = 1

2

∞∫
0

h̄ω
ω2

π2c3
dω = ∞. (13.9)

Thus, decomposition of radiation in harmonic quantum oscillators gives rise to infinite
minimal energy of radiation composed by finite zero energies h̄ω/2 of an infinite number

3 Nature abhors vacuum.
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of oscillators. The general approach of viewing fields as assemblies of quantum oscillators
gives rise to a more general conception of a physical vacuum with the electromagnetic
vacuum as the particular case.

Although the total energy contained in an electromagnetic vacuum is infinite, the energy
density per unit volume and unit frequency (wavelength, wave number) range is finite and
is defined by the product of the density of electromagnetic modes and the zero-energy
inherent in every mode. For the frequency domain, the vacuum energy density W (ω)
reads,

W (ω) = 1

2
h̄ω

ω2

π2c3
, (13.10)

using Eq. (13.4) for electromagnetic mode density. We do not refer to photon density of
states here since there are no photons in the vacuum state. Nor the factor 1

2 h̄ω is treated as
one half of the photon energy. Instead, as prescribed by Eq. (13.1), it is strictly the minimal
energy every mode can carry on.4

In the energy scale, energy density per unit range of quantum energy reads,

W (E) = W (ω)
dω

dE
= ω3

2π2c3
= 4π (hν)3

h3c3
. (13.11)

Equations (13.10) and (13.11) define the finite energy contained in the vacuum state within
a finite volume and a finite spectral range. The reader is requested to count how many Joules
are contained within the visible in a unit volume (Problem 5). However, since the frequency
range of existing electromagnetic waves has no upper limit, even every finite volume does
contain an infinite amount of vacuum energy,

∫
V

dV

∞∫
0

W (ω)dω = ∞. (13.12)

This infinity does manifest itself as a serious obstacle in many physical problems. In these
cases it is simply ignored, relying on the assumption that it is only change of electro-
magnetic energy in the course of emission and absorption events that is meaningful and
measurable.

From time to time speculative efforts to consider possible extraction of vacuum energy
are published. Unfortunately, it is not possible since vacuum energy represents the minimal

4 Although every person does most probably think by means of images, conceptions and associations rather than
words (the author thinks he does ☺), the language we are using often has a serious influence on our mind.
The extreme formulation of this problem “The spoken thought is getting to be a lie” belongs to Russian poet
F. Tiutchev. In the specific case under consideration the statement “every mode carries energy” can be spoken
in other words as “there is finite energy per mode” though it is hardly becoming clearer as to what is meant. The
saying “energy contained in every mode” is inaccurate since a mode is by no means a real object, but is instead
a way to describe the possible radiation state. And neither quantum system interacts with modes, independent
of how many times this statement is found in the textbooks. “Materializing” modes is by no means relevant
and has the same physical uselessness as “materializing” electric field lines in early electrodynamics. Similar,
words like “a photon is a bundle of energy” are meaningless in spite of how much poetic emotion they can
arouse.
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energy the field can get and we can not create the field states with energy lower than the
zero-energy value. One can see there is no photon in a vacuum so we cannot take a photon
from a vacuum.

13.4 The Casimir effect

An electromagnetic vacuum is principally perceptible. If a pair of conductive plates (par-
allel for simplicity) confines a portion of space then the electromagnetic modes between
and outside the plates are different. Semi-infinite space outside each plate allows a con-
tinuous set of modes whereas between the plates the mode set is cut off from the low-
frequency side. This results in an attractive force known as the Casimir effect. This phe-
nomenon was predicted by H. Casimir in 1948 [19].5 Niels Bohr provided the principal
hint about electromagnetic vacuum as the physical reason for intermolecular interactions
to H. Casimir [20]. The arising forces are referred to as Casimir forces. For molecules and
micro- and nanoparticles in colloidal solutions Casimir’s approach explains van der Waals
forces.

“There exists an attractive force between two metal plates which is independent of the material of
the plates as long as the distance is so large that for wave lengths comparable with that distance the
penetration depth is small compared with the distance. This force may be interpreted as a zero point
pressure of electromagnetic waves”

– H. Casimir [19].

The outside and inside pressure difference gives rise to a compressive tension which
reads, for spacing d , when counted per unit area,

F = π2 h̄c

120d4
= 0.013

1

d4[µm]
[dyne/cm2]. (13.13)

This expression was derived [19] accounting for integration over all directions of wave
vectors under the assumption of ideal reflecting walls and ignoring thermal fluctuations of
electromagnetic radiation. Casimir forces were confirmed in many experiments and have
attracted a lot of attention in the context of micro- and nanomechanics [20–23]. It has
been known since 1960 that a thin wire before being soldered to a microchip hits the plate
when close enough to it [24]. This is also taken into account in the theory of quantized
fields and has become the subject of special books [25, 26]. The Casimir effect is often
referred to as the most celebrated quantum electrodynamical effect. Also the hypothesis
advanced by H. Puthoff on Casimir forces should be mentioned as the possible intrinsic
origin of gravitation [27, 28]. In this hypothesis, gravitational attraction is a manifestation
of the Casimir effect on a cosmological scale and is like van der Waals forces in a colloidal
solution. Noteworthy, the Casimir effect has a clear classical analogy. This is the attractive

5 Hendrik Casimir (1909–2000) was a Dutch physicist, the president of the European Physical Society from 1972
to 1975.
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Fig. 13.1 A pair of energy levels of a quantum system and relations between Einstein coefficients A, B. u is
the radiation energy density as in Eq. (13.6).

force making two ships get closer to one another when moving on parallel courses at a
relatively small distance [29].

When speaking about vacuum zero energy, one more reminiscence is worth mentioning.
Oscillations of atoms in a crystal lattice are also treated in terms of quantum harmonic
oscillators with a phonon being the vibrational counterpart of a photon. This conception
dates back to 1925 [4]. Zero oscillations inherent in a quantum “vibrational vacuum” do
prevent condensation of light (in the sense of low-weight, not luminous) atoms into solid
matter. In particular, helium never exists as solid matter since the large amplitude of zero
oscillations exceeds any possible value of the lattice constant.6

13.5 Probability of emission of photons by a quantum system

At the dawn of quantum mechanics, the Planck formula Eq. (13.6) for black body radiation,
proposed in 1900 and remarkably fitting the experimental data, has often been chosen to test
new ideas. After the formulation of Bohr’s postulates in 1913, Albert Einstein considered
the possibility of deriving the Planck formula in terms of balanced upward and downward
transitions in an imaginary two-level system. In the works published in 1916–1917 entitled
“Emission and absorption of light according to the quantum theory” [30] and “On the
quantum theory of radiation” [31] he introduced coefficients A and B for spontaneous
and stimulated transitions, respectively which have since then been referred to as Einstein
coefficients. He arrived at the Planck formula in this representation and found it to be
possible under two conditions. The first is the existence of downward stimulated transitions
along with upward ones with the relation,

Bnm = Bmn. (13.14)

Several decades later this prediction provided an understanding of optical gain in an ensem-
ble of quantum systems with population inversion. The second condition is the following
restriction for coefficients describing spontaneous and stimulated transitions,

Amn

Bmn
= h̄ω

ω2

π2c3
. (13.15)

6 Note, it is the amplutide of atomic oscillations compared to the average interatomic distance that can serve as a
reasonable criterion for discrimination of the liquid state versus the solid one.
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Albert Einstein (1879–1955) Paul Adrien Maurice Dirac

(1902—1984)

The two prominent persons whose ideas essentially formed the subject of this and forthcoming
chapters. Albert Einstein introduced in 1916 spontaneous emission probability and derived
an expression for it to meet Planck’s black body radiation formula. Paul Dirac in 1927 ob-
tained spontaneous emission in the theory based on quantized electromagnetic radiation and
showed that it is electromagnetic mode density that explains Einstein’s formula for spontaneous
emission probability.

The Einstein coefficient A has dimensionality s−1 and is equal to the inverse decay
time of the excited state. It is the spontaneous decay rate of a quantum system. It de-
scribes the rate of spontaneous emission of photons by an excited atom, molecule, quantum
dot or other simple quantum system.7 It should be noted that Einstein did not pay at-
tention that the right-hand part of Eq. (13.15) contained an electromagnetic mode density
Eq. (13.4). It probably happened because at the time of writing that paper (1916), Rayleigh’s
approach of counting modes had not gained proper recognition in the physical community.
It was Dirac in 1927 [32] and later on Fermi in 1932 [33] who introduced the concept
of density of modes (and photon density of states) into quantum electrodynamics. Dirac
introduced operators of creation and annihilation of photons and found that upward and
downward transition rates for N photons in a given mode relate as N/(N + 1). The unity
in the denominator was assigned to the spontaneous downward transition and it was the
first time that spontaneous transitions were found but not introduced into the theory. Dirac
understood that once he had found the occurrence of spontaneous transitions, the total
emission rate should be proportional to the number of modes available, which reads as
density of modes Eq. (13.4). Notably, he immediately made a comment that the scattering
of photons should also obey the same proportionality to mode density. In what follows we
reproduce a discussion on spontaneous emission in quantum electrodynamics according to
R. Loudon [15].

7 Very often the notations “spontaneous radiation” and “stimulated radiation” are used which are incorrect, since
radiation can not be separated into spontaneous and stimulated forms.
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First, radiation is seen in terms of quantum oscillators with energies expressed by
Eq. (13.1) and photon numbers nk and photon energies h̄ωk. Then photon creation â+

k and
annihilation âk operators are introduced along with the wave function |nk〉, describing the
field state with n photons in a mode k. The operator â+

k when acting on a state with n pho-
tons (subscript “k” omitted for simplicity) converts it into the state with (n + 1) photons.
The operator âk converts that state into the state with (n − 1) photons,

â+|n〉 = a+|n + 1〉,
â|n〉 = a|n − 1〉, (13.16)

where a+, a are numbers.The normalization condition

〈n − 1|n − 1〉 = 〈n|n〉 = 〈n + 1|n + 1〉 = 1, (13.17)

results in

â|n〉 = n
1/2|n − 1〉, (13.18)

â+|n〉 = (n + 1)
1/2|n + 1〉. (13.19)

When calculating the matrix elements defining probabilities of upward and downward
transitions, the numerical coefficients in Eqs. (13.18 and 13.19) should be squared. Then
upward and downward transition rates relate as nk/(nk + 1). Unity in the denominator
means spontaneous transitions with a photon emitted into the k-mode are possible. To
count the total probability that spontaneous decay of an excited state will happen, the
probability for each mode should be summed over all the modes available within the full
solid angle 4π and for the two possible light polarizations. Since in a free space modes form
a continuous set, summing is replaced by integration. Consider the simplest case when an
atom from an excited state with finite lifetime decays to the ground state with infinitely long
lifetime. We can say then that the rate of spontaneous decay W10 of a system “atom+field”
from the state 〈E1,0| (an atom is in the first excited state, the field is in the state with no
photon in all modes with frequency ω = (E1 − E0)/ h̄) into the state |E0, 1〉 (an atom is in
the ground state whereas the field has a photon with frequency ω = (E1 − E0)/ h̄) is then
given by the expression,

W10 = 2π

h̄
D(ω)|〈E1, 0|Hint|E0, 1〉|2, (13.20)

with Hint being the interaction Hamiltonian.
Two assumptions should be emphasized which have been used in the above considera-

tion. The first assumption is the very applicability of the notion “decay rate” to spontaneous
transitions. This means that for a statistically large number of excited atoms (or other
quantum systems) the number of detected transitions (i.e. the number of emitted photons)
will be in direct proportion to the observation time. The spontaneous decay process is
therefore treated as a Markovian process. This corresponds to the Weisskopf–Wigner
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Fig. 13.2 Decay of excited Eu3+ ions in a complex with an organic ligand in toluene solution. It exhibits
with high accuracy a single-exponential behavior with lifetime τ = 716.3µs. Intensity versus time
dependence in a semi-logarithmic presentation obeys a straight line with high precision.

approximation [34]. The second assumption is the implication that the field density of
states (mode density, photon states density) D(ω) is a smooth function near the transition
frequency ω.

To summarize, in quantum electrodynamics spontaneous emission of photons arises
without additional assumptions, the frequency dependence of the decay rate being defined by
the summation of the transition rate over all the allowed final states of a field in a free space.

Many physicists still anticipate the semiclassical view on spontaneous emission of light.
In this context, once the electromagnetic field has been treated as a quantized one based on
Eq. (13.1), then spontaneous transitions are believed to occur stimulated by vacuum zero-
point radiation. In this presentation, spontaneous transitions are reduced to stimulated ones
with vacuum field fluctuations being the source of stimulation. For example, V. Weisskopf
[35], M. O. Scully and M. S. Zubairy [17] and many successors have adopted this consid-
eration. Mandel and Wolf [16] refer to this treatise as follows:

“Sometime spontaneous transitions are viewed as being stimulated by vacuum fluctuations.”

In all the above considerations the spontaneous decay rate is nevertheless seen to be
proportional to the density of electromagnetic modes which we shall treat as density of
photon states hereafter. Amazingly enough, spontaneous emission of light is a basic property
of matter and in spite of the advances in quantum physics it is still the subject of debates.
The reader is referred to several books and reviews on this issue [15–17, 36–38].

Figure 13.2 shows a representative example of the spontaneous decay law of excited
atoms. Ions of lanthanides (Eu, Er, Tb, and other) emit light by means of quantum transitions
from inner electron orbitals and therefore show very stable optical behavior even in solid
matrices and solutions. A single-exponential decay,

N (t) = N (0) e−t/τ , (13.21)
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can be distinctly traced over several orders of magnitude resulting in a perfect straight line
in a semi-logarithmic plot. The emission line has a peak at 613 nm and corresponds to the
5 D0 →7 F2 electric dipole transition in Eu3+ ions.

For a model excited two-level system decaying into a free space by means of transition
into the ground state the spontaneous decay rate reads [37],

W10 = 4

3

1

4πε0
µ2 1

h̄

ω3
0

c3
= 1

3ε0
µ2 ω0

h̄
πD(ω0), (13.22)

where µ is the dipole moment for a given transition, ω0 is the resonant frequency of
transition ω0 = (E1 − E0)/ h̄, and density of photon states in free space D(ω0) is defined
by Eq. (13.4). The dipole moment value must be calculated explicitly by means of quantum
electrodynamics for every specific system. The exponential decay of a two-level system
results in a Lorentzian spectral line shape,

I (ω) = I (ω0)
γ 2

10

γ 2
10 + (ω − ω0)2

, (13.23)

with

γ10 = 1

2
W10. (13.24)

If transition from an excited state occurs not to the ground state of an atom (or another
model quantum system), then the width of the emission spectrum will be the sum of the
width inherent in the decay of the initial and the final states.

13.6 Does “Fermi’s golden rule” help to understand
spontaneous emission?

The statement that the spontaneous decay rate of an excited atom by means of photon
emission is directly proportional to the electromagnetic mode density D(ω) is often referred
to as Fermi’s golden rule. Numerous books, reviews and popular texts cite Eq. (13.20) as
Fermi’s golden rule. This is a confusing mistake in scientific literature.

First, Fermi did not derive Eq. (13.20) for the photon emission rate. He did contribute
considerably to earlier quantum electrodynamics. His basic paper “Quantum theory of
radiation” published in 1932 [33] has had a strong impact on many researchers. It actually
starts from evaluation of density of modes as a basic conception of the quantum theory
of radiation and contains the derivation of Eq. (13.20). However, it had been published
five years later after Dirac’s original paper [6] and contained thorough citations to Dirac
everywhere throughout the text. The first chapter of Fermi’s paper is entitled “Dirac’s theory
of radiation”.

Second, Fermi never called the expression for spontaneous emission of photons “the
golden rule”. Fermi did use this notation in the book “Nuclear Physics” published in 1950
[39] with respect to a quantum-mechanical expression for transition of a quantum system
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into the final state belonging to a continuous spectrum. Indeed, this is a common relation
in quantum mechanics. It describes, e.g. scattering of an electron into a state with infinite
motion. Notably, Fermi did refer to the classical textbook on quantum mechanics by Schiff
[40], the first edition being published in 1949. However, this purely quantum-mechanical
formula can not be applied to spontaneous decay of a quantum system with photon emis-
sion. Spontaneous emission itself can not occur within quantum mechanical theory. An
excited atom will never emit a photon in quantum mechanics if there is no stimulating
perturbation.

Thus one can see that Fermi never derived what he called himself a “golden rule” and
never used the label “golden rule” for spontaneous emission of photons. Possibly, this
confusing situation arose because of a certain misunderstanding of the density of states
concept. Once appearing in quantum mechanics, density of particle (say, an electron) states
seems to lead to the probability of photon emission, simply by replacing electron density of
final states by photon density of states. It is however not the case since we need to quantize
the field and find the spontaneous decay process itself, i.e. to make a principal step from
quantum mechanics to quantum electrodynamics. The book by Berestetskii et al. [41] is
among the textbooks on quantum electrodynamics that do not state a difference between
Eq. (13.20) and its quantum-mechanical counterpart.

One more comment is reasonable in connection with using rules in science. Events and
phenomena in Nature are driven by laws and by chance rather than by rules. This holds
even when we can not evaluate the internal law and instead just observe the rule. The
latter should simply be ruled out from basic science, although being useful in industrial
and computational applications as a helpful recipe. The phrase “An atom emits light in
accordance with the Bohr postulate and Fermi rule” is an analog of “Sun is rising” which
we still use 500 years after Copernicus.

13.7 Spontaneous scattering of photons

Spontaneous scattering is a change of light properties, including either frequency, polariza-
tion or wave vector direction in the course of light–matter interaction without stimulating
radiation involved. Otherwise it is referred to as stimulated scattering. In terms of the
photon notion, spontaneous scattering can be treated as instantaneous virtual excitation of
a quantum system with immediate emission of the photon, differing from the original in
either of the following parameters: photon energy, photon momentum, polarization state.
Spontaneous scattering can be separated into elastic and inelastic types. Elastic scattering
implies that the only direction and polarization of light is modified whereas inelastic scat-
tering means that the light frequency (photon energy) has been changed. A typical example
of elastic scattering is the blue sky color on Earth. Elastic scattering can be thoroughly
described in terms of wave optics as has been discussed in Chapter 8. Inelastic scattering
implies energy exchange of radiation with a quantum system. In this event, the frequency
of a scattered photon differs from the frequency of an incident photon by the characteristic
value defined by the intrinsic vibrations of atoms in the matter. This phenomenon was
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discovered in 1928 by C. V. Raman and K. S. Krishnan [42] for molecular solutions and by
L. I. Mandelstam and G. S. Landsberg [43] for solids. Since then it has gained the notation
Raman scattering. Raman spectroscopy of molecules and solids is a vibrational spectro-
scopic method capable of identifying chemical bonds in the matter by the characteristic
frequencies inherent in every pair of atoms involved in vibrations.

In terms of quantum electrodynamics, the Raman scattering rate can be written as,

WRS = n
(2π)2ωω′

h̄2
|S|2

[
n′ + ω′2

(2πc)3

]
, (13.25)

where ω is the incident light frequency, ω′ is the scattered light frequency, n is the incident
photon number, n′ is the scattered photon number, S is the matrix element of the transition
under consideration, c is the speed of light in a vacuum. This consideration dates back
to 1934 and belongs to G. Placzek [44]. The first term in the square brackets describes
stimulated scattering, whereas the second term corresponds to spontaneous scattering. This
equals the density of photon states at the scattered photon frequency per unit solid angle,
i.e. D(ω′)/4π. Therefore the full rate of spontaneous Raman scattering in a vacuum within
the full solid angle reads,

WRS = n
(2π)2ωω′

h̄2
|S|2 D0(ω′). (13.26)

There are now two comments to make. First, at ω = ω′ Raman scattering reduces to elastic
scattering and one has WRS ∝ ω4. This is a relationship for light scattering known since
Rayleigh which explains the blue color of the sky on Earth and the reddish colors of sunrise
and sunset. Second, photon scattering (both inelastic and elastic) is proportional to the
density of photon states. The above treatise of the effect of photon density of states on light
scattering can be found in [45].

It is instructive to consider possible convergence of the quantum and the classical de-
scriptions of light scattering. In quantum optics, spontaneous photon scattering is viewed
as a result of the virtual excitation of a quantum system with subsequent emission of an-
other photon with different direction, polarization and (optionally) frequency as compared
to the original photons. The classical picture for elastic scattering completely describes
all scattering phenomena in terms of wave scattering and interference of scattered waves.
The whole content of Chapter 8 confirmed this statement. In this context, the quantum
presentation merges with classical wave optics perfectly. Inelastic scattering, including Ra-
man scattering, is typically treated using the quantum-optical consideration. The classical
wave-optical counterpart does exist but has not been elaborated in detail. It was proposed
in the 1930s by L. I. Mandelstam. His elegant explanation reduces Raman scattering by a
molecule to modulation of the incoming light wave by intrinsic molecular vibrations. The
general result of amplitude modulation of harmonic oscillation with frequency ω by another
harmonic oscillation with frequency � gives rise to the spectrum of resulting oscillations
consisting of the 3 frequencies: ω,ω + �,ω − �. This is a well-known result in mechanics
and radioengineering (see Problem 11).

To summarize, spontaneous emission and scattering rates are directly proportional to
the density of photon states for emitted and scattered photons, respectively.
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Problems

1. Based on Eq. (3.3) derive photon DOS for energy D(E) and for momentum D(p).

2. Calculate the photon rest mass for light of wavelength 500 nm.

3. Explain why and how the energy distribution function for photons differs from those for
electrons and for atoms.

4. The dimensionality of energy density given by Eq. (13.10) is J·m−3·Hz−1, whereas that
given by Eq. (13.11) reads just m−3. Explain this seemingly confusing result.

5. Calculate the energy contained in an electromagnetic vacuum in one cubic centimeter
within the visible range of the spectrum.

6. Calculate the contractive force between two ideally reflecting circular plates displaced
parallel to each other for a few combinations of radius r and spacing d, e.g. r = 100 nm,
d = 100 nm; r = 1 m, d = 1 mm, r = d = 103 m.

7. Explain the classical analogy of the Casimir effect for two ships in the sea.

8. Using the rate equations for a two-level system shown in Figure 13.1, show that in the
limit of high radiation density populations of upper and lower levels will be equal to one
half of the total number of systems under consideration. Explain why under this condition
absorption saturation occurs.

9. Try to guess how the spontaneous emission rate will change if the final state of an atom
belongs to a continuous spectrum. Hint: consider the number of ways a transition can occur
and use the density of final states for the “atom+field” system.

10. Based on frequency-dependent density of photon state estimate the typical values of
spontaneous decay rates in radiophysics with respect to optics. Consider a typical rate
108 s−1 inherent in the optical range and take the representative values of radio wave-
length as 100 m (short-wave radio transmission range), 0.1 m (television and mobile phone
transmission range).

11. To get more insight into the classical explanation of Raman scattering proposed by
Mandelstam, consider an arbitrary harmonic oscillation with frequency ω whose amplitude
is modulated with frequency � � ω and show that the spectrum of the resulting oscillations
consists of the three frequencies: ω, ω + �,ω − �.
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14 Density of states effects on optical processes
in mesoscopic structures

Begin by deciding how much of the universe needs to be brought into the dis-
cussion. Decide what normal modes are needed for an adequate treatment of the
problem under consideration.

W. E. Lamb, 1995 [1]

In mesoscopic structures where the dielectric permittivity of space is inhomogeneous on a
scale of light wavelength, the elementary processes of field–matter interaction experience
modification which can be elegantly explained in terms of photon density of states modi-
fication. The main purpose of the present chapter is to provide certain instructive ideas on
how spatial confinement will alter the spontaneous emission and the spontaneous scattering
of light. Light–matter interaction in nanostructures with confinement of light waves and
local singularities in dielectric function is a very active area of research that stimulates
interesting experiments and device concepts. Control of the spontaneous emission of light
in mesoscopic structures is the basic quantum electrodynamical effect which gains applica-
tions in many areas. Basic properties of model structures including microcavities, photonic
crystals, layers and interfaces will be discussed. Emission rates and angular parameters of
emitted radiation will be considered. General constraint in terms of spontaneous emission
sum rules and local density of states redistribution will be outlined.



396 Density of states effects on optical processes in mesoscopic structures

Edward Mills Purcell (1912–1997)

E. M. Purcell was an American physicist. In 1946 in a few lines he explained that vacuum mode
density should be replaced by another term to offer unprecedented control over spontaneous
emission rates by atoms in a cavity. In 1952 he shared the Nobel Prize with Felix Bloch for the
discovery of nuclear magnetic resonance. Among his PhD students was N. Bloembergen (b. in
1920), the Nobel Prize winner in 1981 for laser spectroscopy.

14.1 The Purcell effect

Density of photon states which defines the probability of spontaneous decay of excited
atoms and other quantum systems essentially depends on the properties of space around an
emitter. If the space properties do not allow free propagation of certain modes the decay
can be slowed down. If the space offers spatial concentration of light for certain modes, the
decay will be promoted. If around an emitter there is no mode available in the space which
could carry out the emitted radiation, then the decay rate will tend to zero. These qualitative
considerations form a solid base for the broad trend in nanophotonics aimed at engineering
the desirable decay rate and emission indicatrix of nanostructured materials as well as atoms
and molecules in complex environments. E. M. Purcell was the first to outline the principal
possibility of enhancing the spontaneous emission rate by putting an emitter in a cavity
with resonance coinciding with the frequency of the quantum transition [2]. His pioneering
paper was extremely short and clear. An abstract is reproduced in Figure 14.1. He proposed
to enhance the probability of spontaneous transitions with emission of radiation by putting
a quantum system in a cavity with resonant frequency coinciding with the frequency of the
quantum transition. He suggested in this case the density of modes inherent in a free space
should be replaced by the term describing electromagnetic radiation in a cavity.

There are two factors resulting in an increase of spontaneous transition rate. The first
factor is proportional to the Q-factor of the resonant mode in a cavity because continuous
modes are now to be replaced by discrete modes, every mode having spectral width �ω =
ω/Q. The second factor accounts for the actual volume occupied by a given mode as



397 14.1 The Purcell effect

Fig. 14.1 A photocopy of an abstract of Edward Purcell’s paper published in 1946 (Physical Review, v. 69,
p. 681). This is the abstract of his talk presented at the Material Research Society conference.

compared to the λ3 value. Therefore for spontaneous emission rate in a cavity Wcavity versus
rate in a vacuum Wvacuum, Purcell suggested the formula,

Wcavity = 3

4π2

λ3

V
QWvacuum. (14.1)

An explicit derivation of this formula can be found in the review by A. N. Oraevsky [3].
Equation (14.1) corresponds to the precise resonance of a quantum system and a cavity and
predicts strong enhancement of radiative decay. It is often referred to as the Purcell effect
and the enhancement factor in this equation is referred to as the Purcell factor. Accordingly,
strong detuning of a cavity from the transition frequency will offer poorer conditions for
photon emission as compared to a free space, and one may expect inhibition of spontaneous
decay. The complete expression for the arbitrary position of an atomic transition frequency
ωa with respect to the cavity resonant frequency ωc was derived by Bunkin and Oraevsky
in 1959 [3, 4]. It reads,

Wcavity = 4πµ2

h̄V

Q

(ωa − ωc)2

ω2
c

Q2 + 1

. (14.2)
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One can see at resonance (ωa → ωc) Eq. (14.2) gives a Q-fold increase of spontaneous
decay rate whereas detuning results in a steady decrease of Wcavity. For example, for
(ωa − ωc) = 0.5ωc and Q � 1 one has Wcavity/Wvacuum = 4/Q. The above predictions
have been made for the radiofrequency range.

In radiophysics, the spontaneous emission rate is very low (see text in Fig. 14.1 and Prob-
lem 10 in Chapter 13) and the idea of modifying the spontaneous emission rate was aimed
mainly at radiophysical applications. It was confirmed for the first time experimentally for
that range in 1983 using Rydberg states (i.e. electron states with high principal quantum
number n) in Na atoms [5]. A transition from the 23s- to the 22p- state was examined
and the decay rate increase was detected. In 1987 modification of the spontaneous decay
rate in a cavity in the optical range was reported for the first time by de Martini and
co-workers [6]. In their experiments, organic molecules in a planar cavity were tested.
Along with decay enhancement at precise resonance tuning of the cavity, decay inhibition
was observed for cavity detuning with respect to the original spontaneous emission band
of the molecules investigated. Very strong modification of radiative decay rate is expected
for a quantum system decaying into a surface mode in a microcavity (whispering gallery
modes). These modes feature a very high Q-factor along with the small volume occupied.
For example, five-fold enhancement of decay rate for semiconductor quantum dots inside
polymer microspheres has been reported [7]. In the case of a detuned cavity with respect
to the transition frequency, 13-fold decay rate inhibition has been observed for Cs atoms
in the infrared (wavelength 3.49 µm) [8]. Enhancement and inhibition of decay have also
been reported for quantum dots in a planar cavity [9, 10]. These data confirm the basic
approach to spontaneous decay in a cavity as a result of modified density of photon states
but they are not as impressive as might be expected from the theory. There are several
reasons for that. Among these are dependence of decay rate on the precise position of an
emitter within a cavity, spread of radiative lifetimes over an ensemble, high spectral width
(for molecules and quantum dots) with respect to cavity mode spectral width, contribution
from non-radiative processes and others.

Along with decay rate modification, fluorescence line narrowing occurs for emitters in a
cavity. This can be treated as squeezing of the originally wide but homogeneously broad-
ened spectrum into the spectrum allowed by a cavity. An example of this phenomenon
is given in Figure 14.2. The refractive index of a porous film depends on porosity which
in the case of porous silicon is controlled by the etching conditions. An alternating cur-
rent/time combination provides films of controllable thickness and porosity. Therefore, a
microstructure can be developed on a silicon substrate in which alternating porous layers
are used as an active medium containing buried silicon quantum dots and Bragg reflec-
tors. This structure shows a very narrow emission spectrum as compared to that of a free
porous film, the emission efficiency being enhanced by a factor of 16. These features
are a consequence of the enhancement of spontaneous emission resonant with the optical
modes of the Fabry–Perot resonator. Under these conditions no significant dependence of
the linewidth on temperature was observed, confirming that the linewidth is determined
only by the resonator finesse. The experimental findings are in good agreement with the
calculated reflection and absorption spectra. In the case of coupled cavities, the emission
spectrum condenses into a doublet line in accordance with intrinsic modes of a coupled
cavity system [12].
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Fig. 14.2 Calculated and measured optical spectra of a planar porous silicon microcavity [11]. (a) Calculated
reflectivity spectrum (upper panel) and absorption spectrum (lower panel) for a λ porous silicon
microcavity. Also shown are the calculated absorption spectrum (dotted line) for a λ porous
silicon layer without reflectors. (b) Room-temperature reflectivity spectrum of a λ porous silicon
microcavity (upper panel) and photoluminescence spectra of a porous silicon layer (lower panel)
without any reflectors (dotted line) and of a λ porous silicon microcavity (solid line).

Equations (14.1) and (14.2) imply that the very approach to spontaneous emission based
on density of states is valid. Its applicability is restricted to weak coupling of a quantum
system with an electromagnetic field in a cavity. The decay is supposed to be exponential
but the rate is modified. Phenomena beyond this condition will also be discussed in the
forthcoming sections. First, an intrinsically non-exponential decay in photonic crystals with
incomplete gap will be discussed in Section 14.3. Second, oscillatory decay in a cavity in
the strong coupling regime will be considered in Chapter 15 (Rabi oscillations). In the
oscillatory regime the emitted radiation can survive long enough to re-excite the atom thus
making spontaneous emission reversible and non-perturbative. This regime is inherent in
high-Q cavities. The whole realm of cavity quantum electrodynamics has been thoroughly
considered in books [13, 14] which are recommended for further reading. Another case
of non-perturbative light–matter states occurs in photonic crystals with complete band gap
and will also be discussed in Chapter 15.

For many experimentally feasible and practically essential situations, the perturbative
approach in terms of density of states effects on light emission is valid. It is the dominating
concept in explaining many experimental observations. To a large extent, engineering
of photon density of states for practical purposes has become one of the key trends in
nanophotonics. A few decades after Purell’s prediction it was understood that spontaneous
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Fig. 14.3 Radative decay of an emitter in front of a mirror. (a) Experimental data for lifetime of Eu3+ ions
in front of an Ag mirror as a function of ion/mirror separation reported by Drexhage [15] and the
theoretical dependence obtained within classical electrodynamics with the dielectric constant of
the film spacer 2.49, and that of the Ag 16 + 0.4i. (b) Calculated decay rates for dipole emitters of
different orientation in front of a perfect mirror, perpendicular to the mirror plane and parallel to
it. The effect on a dipole emitter that is averaged over all directions is also shown and,
importantly, is insufficient to account for the quenching seen in the experiment for close proximity
of emitters to the mirror. Reprinted with permission from [16]. Copyright 1998 Taylor & Francis.

emission can be controlled and modified, not only in a cavity, but in many mesoscopic
systems exhibiting modification of space properties on a wavelength scale. Further model
systems will be discussed in the following subsections.

14.2 An emitter near a planar mirror

An emitter in front of a perfect mirror is the simplest system exhibiting modification of
spontaneous emission rate. It was this system where modification of radiative lifetimes in
optics was observed for the first time. In 1973 K. H. Drexhage published the pioneering
paper [15] on systematic oscillatory behavior of decay time for Eu3+ ions in front of a silver
mirror at a distance controllable by means of dielectric Langmuir–Blodgett film (Fig. 14.3a,
circles). This simplest case can be understood in terms of classical electrodynamics if a
dipole antennae is considered, emitting radiation into a half-space confined by a perfect
conductive mirror from one side. Extensive discussion on the classical theory for this
problem can be found in [13, 16]. Here we restrict ourselves to the net results only. In
close proximity to the mirror, decay is promoted by surface plasmon polariton influence
from a silver mirror. At distances more than 15–20 nm away its influence vanishes and
emission is controlled by the mirror as a purely reflecting object with no conductivity or
polaritons taken into effect. In this case oscillatory behavior is evident with damping upon
distance. The model system of a dipole in front of a perfect mirror is found to explain
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this behavior (Fig. 14.3b). The mirror effect is essentially different for dipole orientation
parallel and normal to the mirror plane. For parallel orientation decay is inhibited, whereas
for perpendicular orientation decay is twice enhanced. In both cases oscillatory distance
dependence with damping is inherent.

Since for this simple model structure classical electrodynamics explains the decay rate
modification it is reasonable to put the question: is it possible to understand the Purcell
effect for an atom in a cavity as a classical dipole emitter? The answer is positive. This
problem is discussed in detail by E. A. Hinds in [13].

14.3 Spontaneous emission in a photonic crystal

Photonic crystals are believed to inhibit spontaneous emission completely if there is an
omnidirectional band gap that offers no mode for an emitter to decay. Hence an excited
state of an atom or a molecule can be “frozen” for an infinitely long time. The very idea of
this physical phenomenon was proposed for the first time by V. P. Bykov in 1972 [17]. Much
later, in 1987, E. Yablonovich [18] made a challenging proposal. In lasers, spontaneous
transitions provide a bypass for an excited active medium to decay beyond the stimulated
emission. If the cavity is perfect and the non-desirable dissipation losses in the active
medium are negligibly small, then spontaneous decay remains the only process defining the
finite threshold pumping to get lasing. Based on Bykov’s original suggestion, Yablonovitch
proposed to go towards thresholdless lasing by using an active medium in the form of a
properly designed photonic crystal. Optical excitation of such a laser can be performed by
higher-energy quanta where propagating modes exist.

These ideas turned hundreds of researchers across the world to look for the proper
materials and techniques for making such lasers. Simultaneously, the basic science on
spontaneous emission in band-gap structures had been developed. The basic theory of
light waves in three- and two-dimensionally periodic dielectrics has been advanced and
extended. The ingenious technological approaches were elaborated. Many issues related
to light propagation properties and fabrication techniques of photonics crystals have been
considered in Chapter 7. In this subsection we concentrate exclusively on spontaneous
emission inside a photonic crystal. The theoretical issues on spontaneous emission of light
in photonic band-gap structures are examined in detail in books and reviews [19–22].

Evaluation of radiative decay for a probe two-level system inside a photonic crystal
gives not only inhibition of decay within the gap but also enhancement of decay at the gap
boundary (Fig. 14.4). Well outside the gap decay rate obeys its value inherent in a vacuum.
This property has a very fundamental origin. It means that strong modification of density
of modes within a certain spectral range will be compensated by the opposite modification
otherwise. This statement will be proved in Section 14.6. Consider experimental results on
spontaneous decay of atoms and molecules in a photonic crystal.

The main problem in experimental observation of inhibited spontaneous decay is fab-
rication of a periodic structure offering an omnidirectional gap in the optical range. Most
experiments have been performed with opal-based structures (bare silica colloidal crystals,
their polymer and titania replicas). There is an incomplete gap in such structures which
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Fig. 14.4 Calculated decay rate within the assumption of the perturbative approach of a two-level quantum
system in a photonic crystal normalized with respect to vacuum rate versus normalized
dimensionless detuning of the transition frequency with respect to photonic band gap edge.
Dashed line shows vacuum rate. Adapted from [21].

manifests itself as a reflection band with angular-dependent position. Opal-based photonic
crystals do show a certain systematic modification of spontaneous decay. Probe emitters
were organic molecules, lanthanide ions, and semiconductor quantum dots. Molecules show
a systematic dip in the emission spectrum which is angular dependent and correlates with
the spectral position of the reflection band (Fig. 14.5a) [23–25].

Luminescence decay if not single-exponential should preferably be characterized in
terms of decay time distribution. To provide adequate model-independent data analysis,
distributions of decay times F(τ ) were recovered from measured luminescence kinetics
according to the formula, ∫ τmax

τmin

F(τ ) exp(−t/τ ) dτ = I (t), (14.3)

where I (t) is the luminescence intensity. Elucidation of the decay time distribution in this
ill-conditioned inverse problem was performed using the proper regularization method.
One can see, when embedded in opals, molecules show a wider decay time distribution as
in the reference polymeric film. Similar behavior was observed for Eu3+ ions embedded in
opals using organic ligands (Fig. 14.6). Non-exponential decay with a pronounced spread
of decay times is evident (compare with Fig. 13.2).

The problem of the spontaneous decay of a probe quantum system in a periodic structure
with an incomplete band gap has become the subject of extensive analysis [27–30]. The key
issues are the vectorial character of the electromagnetic field and the angular-dependent
photonic band gap. In particular summation over angles for final states is to be made
separating allowed and forbidden radiation modes. In this case non-exponential decay of the
excited state was found to have an intrinsic origin which means that the Weisskopf–Wigner
approximation fails. In other words, probability can not be assigned to the decay process.
The notion of excited state lifetime vanishes. Instead, the decay features the properties of
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Fig. 14.5 Spontaneous emission of 1,8-naphthoylene-1’,2’-benzimidazole (NBIA) dye molecules in
poly(methylmethacrylate) (PMMA) impregnated into an artificial opal [25]. (a) Emission spectrum
in opal (solid line), in a reference PMMA film (dots), and excitation spectrum (dashes).
(b) Difference of emission spectra in an opal and in the reference film. (c) Decay time distribution
in the reference film. (d) Decay time distribution in an opal.
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Fig. 14.6 Luminescence decay of Eu3+ ions in Eu3+-(BTFA)3-BPhen complexes embedded in an opal by
means of sol–gel reactions (left) and the elucidated decay time distribution (right). The insert
shows the Eu3+ emission spectrum (solid line) superimposed with the reflection spectrum of an
opal at normal incidence (dots). Adapted from [24, 26].

a non-Markovian process. Therefore, non-exponential decay in Figures 14.5, 14.6 can be
treated as a manifestation of the basic properties of spontaneous decay in media with a
photonic pseudogap.

Experiments have been also performed with semiconductor quantum dots embedded in
opals [31]. In this case inhomogeneous broadening of the emission spectrum resulting from
size distribution gives rise to complicated modification of the emission spectrum. This can
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be interpreted as a possible manifestation of the inhibition or enhancement of spontaneous
emission depending on the spectral position of the emitted radiation with respect to the
photonic pseudogap (as is expected from the theory shown in Figure 14.4). Since the decay
law for quantum dots is typically non-exponential even in solutions, and even in single-
dot detection mode, further evaluation of its modification in photonic crystals is rather
questionable.

Silicon periodic structures could offer a more pronounced photonic band gap because
of the larger refractive index as compared to silica and polymers. However fabrication
of a three-dimensional periodic silicon structure is rather complicated (see discussion in
Chapter 7 on photonic crystal fabrication). Silicon woodpile structures consisting of only a
few periods have been tested for spontaneous decay modification of erbium ions embedded
therein [32]. An approximately 10% decrease in decay time has been reported though the
luminescence signal was rather weak with a pronounced influence from background noise.

Two-dimensional photonic crystals can be readily fabricated using III–V solid solutions
(see Chapter 7 for details) with refractive index n > 3. Interestingly, in a two-dimensional
photonic crystal slab, modification of spontaneous decay rate is expected to occur, not only
when an emitter is embedded therein, but also for an emitter located in the close (sub-
wavelength) vicinity of a slab. This phenomenon has been examined in detail theoretically
(Fig. 14.7) implying a probe dipole and a photonic crystal membrane with dielectric constant
ε = 11.76 and thickness d = 250 nm, surrounded by up to 1 µm of air above and below. The
membrane contained a hexagonal array of holes with radius r = 0.3a at a lattice spacing of
a = 420 nm. Such a structure possesses a band gap for a/λ in the range 0.25 to 0.33 for the
transverse electric mode, where the electric field is parallel to the plane of the membrane. The
ratio a/λ is used as normalized frequency units. One can clearly see the manifold enhance-
ment of spontaneous decay rate at the blue edge, moderate enhancement at the red edge and
pronounced inhibition within the gap region. The effect of a membrane persists even when
an emitter is lifted up to 100 nm above it. The pronounced modification of spontaneous
decay rate has been observed in experiments with GaInAsP (n = 3.27) using the intrinsic
luminescence of the semiconductor material [34]. Up to a five-fold decrease in decay time
has been documented. However the enhancement at the edges has not been pronounced.

To summarize, the experimental performance of photonic crystals does provide evidence
in favor of modification of spontaneous decay in qualitative agreement with the theory.
However, complete inhibition of decay which has been a desire for thresholdless lasing still
challenges experimenters. Meanwhile, the very design of lasers has been changed during
past decades. The most widespread semiconductor lasers have acquired vertical emitting
geometry and operate at current densities several times exceeding the threshold. Therefore
the development of materials with completely inhibited spontaneous emission will change
the energetic efficacy only slightly.

14.4 Thin layers, interfaces and stratified dielectrics

Thin layers, interfaces of two different dielectrics and stratified dielectrics represent other
sample structures where density of photon states differs from that in a continuous medium.
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Fig. 14.7 Modified spontaneous emission rate of a model dipole emitter near the surface of a
two-dimensional photonic crystal (PC) membrane [33]. Top: Emission rate normalized to the
vacuum rate versus normalized frequency (a is the crystal period) for an x-oriented dipole at the
central hole of a PC membrane. Black spectra correspond to dipoles in the slab and gray to dipoles
above the slab. Bottom: Emission rate modification as a function of the height of a dipole above
the PC membrane. Diamonds, circles and squares show data for frequencies below, in and above
the gap, respectively. The shaded region shows the range of positions in the membrane.

In all the above structures the radiative lifetime of an excited quantum system modifies
depending on the parameters of the structures and on the specific position of an emitter
therein. This phenomenon is well established, examined, and reproducible, although precise
calculation of the density of states is rather cumbersome. The radiative rate modification
in these structures is much less pronounced as compared to microcavities and photonic
crystals. However it is much more readily observed and reproducible because of simple
experimental performance. For example, for Eu3+ complexes the systematic analysis of
spontaneous decay rates in a thin submicrometer dielectric film surrounded by various
dielectrics was performed by Urbach and Rikken [35]. For a film thickness more than
1000 nm the radiative rate obeys the value of 1.5 ms−1 inherent in a continuous medium.
For thinner layers, decay rate monotonically falls to 1 ms−1 in a 10 nm thick layer. This
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Table 14.1. Lifetimes of europium complexes in various
environments

Environment

Complex Toluene Polystyrene Dioxane

Eu3+-(HFAC)3-(TOPO)2 0.713 ms 0.690 ms 0.570 ms
Eu3+-(BTFA)3-BPhen 0.642 ms 0.613 ms 0.520 ms

phenomenon is well described in terms of the density of states effect with a thorough
account for all electromagnetic modes available including guided modes within a film.

The same phenomenon occurs for organic molecules in thin films. It is important when
using fluorescent probes in the time-resolved mode. In this case even the precise distance
of the probe molecule from an interface can be assigned. The representative experiments
are described in [36, 37].

In a continuous medium the radiative lifetime of a dipole emitter can also be influenced by
the finite refractive index n and local-field correction factor f (n) describing polarizability
of a dipole in a medium under consideration. In the first approximation, in terms of the
density of states effect in a continous medium, the spontaneous decay rate should follow
the law Wrad(n) = n3W vacuum

rad in accordance with the substitution c → c/n into the density
of states D(ω) = ω2/(π2c3). However, close consideration requires a local field correction
factor f to be involved since an emitter itself disturbs a dielectric medium. Two reviews of
the different models involved can be found in [38, 39]. This effect is accounted for by the
refractive-index dependence of the radiative rate in the form Wrad = n f 2(n)W vacuum

rad . The
local-field correction factor accounts for the difference between the field in the vicinity of
the emitter and the mean field in the medium, arising because a realistic emitter takes a
finite volume and thus locally modifies the properties of the medium. The particular form
of f (n) depends on the model of the cavity formed in the dielectric around the emitter. For
example f (n) = (n2 + 2)/3 (the Lorentz model) and f (n) = 3n2/(2n2 + 1) (the hollow
cavity model) are used. However, in many experimental situations modification of lifetimes
observed in routine experiments does not follow the models precisely. Representative
examples of various lifetime data for two Eu3+ complexes in organic ligands are given in
Table 14.1. This peculiarity has to be accounted for when interpreting various experiments
on radiative lifetimes in nanostructured media. A thorough approach to adequate reference
samples and careful comparison with data reported by various groups are mandatory.

The calculated radiative decay rate at the interface of two dielectric media are shown
in Figure 14.8. From both sides of the interface at sufficient distance the rate tends to the
constant value Wrad(n) = nW vacuum

rad , whereas within close proximity of the interface the
rate oscillates around those values. Here the local-field correction factor was assumed to be
equal to unity since the purpose of the calculations was to reveal interface effects on decay
rate.

Semiconductor quantum dots represent an interesting example of artificial atom-like
objects with size-dependent spectra of light absorption and emission as well as decay rates
(see Chapter 5 for detail). There is an interesting option to further control their optical
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Fig. 14.8 Calculated decay rate of an atom near a dielectric vacuum interface for four different values of
dielectric permittivity. The dielectric area is shaded with gray. Adapted from [40].

properties by means of the environmental dependence of the intrinsic radiative lifetime.
In Chapter 3 (Table 3.1) the general trend was outlined for the dielectric properties of
various materials. Namely, higher refractive indexes are inherent in narrow-band materials
which are only transparent well into the infrared range. However, the same materials
feature very small electron effective mass thus facilitating unprecedented short-wave shift
of the absorption edge. Therefore it is possible starting from narrow-band original crystals
by means of a nanometer-sized restriction to move their transparency range significantly
towards the visible (defined by electron and hole confinement), while the refractive index
is close to that of the bulk parent crystal. It becomes possible since sufficiently far from
the sharp absorption in the spectrum, the refractive index is defined mainly by the crystal
lattice. PbSe possesses the dedicated permittivity ε =23 which gives the decay rate factor
(using the so-called hollow cavity model) [41],

Wrad(ε)

W vacuum
rad

= √
εout f 2(εout) = √

εout

[
3εout

ε + 2εout

]2

.

Assuming εout = 1 one has a lower limit for the decay rate Wrad(ε) = 0.014 W vacuum
rad without

any purposeful structuring of the matter on the light wavelength scale! Assuming εout → ε

(quantum dot solids, see Section 5.7) one has an upper limit Wrad(ε) → nW vacuum
rad .

14.5 Possible subnatural atomic linewidths in plasma

The dispersion law for electromagnetic waves in plasma reads (see Eq. (3.56)),

ω2 = ω2
p + c2k2, (14.4)

where ωp is the plasma frequency defined by Eq. (3.54). This dispersion law was dis-
cussed in detail in Section 3.3. It differs substantially from the law, ω = ck, inherent for
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electromagnetic waves in a vacuum. Inserting Eq. (14.4) into the general expression for
mode density, D(k) = k2/π2 (Eq. (2.23) with two possible polarization states taken into
account) results in an expression for density of electromagnetic modes in plasma,

D(ω) = ω

2π2c3

√
ω2 − ω2

p, (14.5)

instead of Eq. (14.3) inherent in a vacuum. Then for the modified linewidth (and decay
rate) we arrive at the expression,

γ = γ0
D(ω)

D0(ω)
= γ0

√
1 − ω2

p

ω2
, (14.6)

which can also be written as,

γ = γ0

√
ε(ω), (14.7)

recalling the basic expression for dielectric function ε(ω) of plasma. One can see that
atomic emission lines acquire sub-natural width in plasma. Is this effect observable? The
serious obstacle is Doppler broadening of emission lines which typically dominate in the
observed atomic spectra even at room temperature in gases. The standard approach to plasma
preparation implies thermal ionization of atoms and needs extremely high temperatures (e.g.
104 K corresponds to so-called “cold” plasma). This leaves no chance to elucidate the fine
effect of modified density of states on atomic linewidths. However an alternative means of
plasma generation has been developed recently. This is laser ionization of atoms by means
of resonant optical excitation of atoms using intense laser radiation. This approach can give
ultracold plasma with temperature in the sub-Kelvin range [42, 43]. Under these conditions,
observation of the predicted line narrowing becomes feasible.

14.6 Barnett–Loudon sum rule

In 1996 S. Barnett and R. Loudon proved the general theorem which formulates the sum
rule for modified spontaneous emission probabilities [44]. It states that in a given point of
space, modification of spontaneous emission rate of a dipole emitter in a certain frequency
range will necessarily be compensated by the opposite modification. Precisely, modified
rates are constrained by an integral relation for the relative emission rate modification
(W − W0)/W0,

∞∫
0

W (r, ω) − W0(ω)

W0(ω)
dω = 0. (14.8)

Here W0(ω) is the spontaneous emission rate in free space and W (r, ω) is the emission
rate of an atom or molecule at position r as modified by the environment,whose effect is
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assumed to vary by a negligible amount across the extent of the emitting object. It follows
that any reduction in spontaneous emission rate over some range of frequencies must
necessarily be compensated by an increase over some other range of transition frequencies.

The proof is essentially based on the Weisskopf–Wigner probabilistic approach to spon-
taneous decay. The decay rate in the general case reads,

W (r, ω0) = 1

h̄2

∞∫
0

dω

∞∫
0

dω′µiµ j 〈0|Ê+
i (r, ω)Ê−

j (r, ω′)|0〉δ(ω′ − ω0)

(14.9)

= 1

h̄2

∞∫
0

dωµiµ jωω0〈0| Â+
i (r, ω) Â−

j (r, ω0)|0〉, i, j = x, y, z,

where µ is the dipole matrix element for the transition and the relations were used between
the transverse electric field Ê and vector potential Â operators Ê±(r, ω) = ±iωÂ±(r, ω).
Summation is implied for repeated indices i, j over three Cartesian coordinates. Further,
the dissipation–fluctuation theorem is applied [45]. This gives the relation for vacuum
expectation value in the form,

〈0| Â+
i (r, ω0) Â−

j (r, ω)|0〉 = 2 h̄ImGT
i j (r, r, ω0)δ(ω − ω0), (14.10)

where GT
i j (r, r, ω0) is the transverse Green’s function defined by the solution of the partial

differential equation,

−
(

∇2 + ω2

c2
ε(r, ω)

)
GT

i j (r, r′, ω) = 1

ε0c2
δT

i j (r − r′), (14.11)

with ε(r, ω) being the medium complex dielectric function at point r and δT
i j (r − r′) being

the transverse part of the delta-function (see, e.g. [46], p. 502). Note, application of the
fluctuation–dissipation theorem and Eq. (14.10) for the field arising in the result of spon-
taneous transitions means treating spontaneous transition as a kind of stimulated transition
due to perturbation from electromagnetic vacuum fluctuations. Using Eq. (14.10), the
spontaneous decay rate Eq. (14.9) reduces to the expression,

W (r, ω) = 2ω2

h̄
µiµ j ImGT

i j (r, r, ω). (14.12)

Now the properties of the decay rate modified by the space inhomogeneities are defined
by the properties of the Green’s function. With the assumption that the dielectric function
for any material object must tend to the free-space value of unity as ω → ∞, the Green’s
function obeys relations similar to Kramers–Kronig type. Then the statement Eq. (14.8)
directly follows from Eq. (14.12) and the free space decay rate (Eq. (13.22)).

By definition, Greens’s function G is introduced for every linear differential operator L̂
in the way that L̂G(x, x ′) = δ(x − x ′) holds. Then the equation,

L̂G(x, x ′) = f (x), (14.13)
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has the solution,

u(x) =
∫

G(x, x ′) f (x ′)dx ′. (14.14)

Green’s functions play an important role in electrodynamics [47, 48]. In the general case,
G(r, r′) is a tensor defining the field E(r) at a point r from a radiating dipole µ located at
the point r′,

E(r) = ω2µ0µG(r, r′)µ. (14.15)

For free space it takes the scalar form,

G0(r, r′) = exp(±ik|r − r′|)
4π|r − r′| . (14.16)

Derivation of the generic relation Eq. (14.12) can be found in the book by Novotny and Hecht
[47]. Note, in Eq. (14.15) µ0 and µ are vacuum and medium permeabilities, respectively.

14.7 Local density of states: operational definition
and conservation law

Quite surprisingly, the concept of the density of states for a finite size structure
still lacks a simple, concise definition.

G. D’Aguanno et al. 2004 [49]

In the previous sections of this chapter we have seen that spontaneous decay rate in complex
structures becomes a function of the position of a probe emitter. It can be foreseen that the
properties of space, at least within the distance of approximately several wavelengths of
emitted radiation, will define the spontaneous decay rate. This leads to the notion of the
local density of states D(r, ω) which could give the relation for spontaneous decay rate
W (r, ω) at a given point r modified with respect to vacuum rate W0(ω) by means of space
inhomogeneity, i.e.

W (r, ω) = 2π

h̄
D(r, ω)|〈E1, 0|Hint|E0, 1〉|2. (14.17)

D’Aguanno with co-workers [49] proposed a reasonable operational approach to the local
density of photon states (DOS) definition through the power emitted by a classical dipole
at a point r with respect to the power emitted by the same dipole in a vacuum. For a
dipole oriented along the x-axis, this power is proportional to the imaginary part of Green’s
function Im[G x̂x̂(r, r, ω)]. Here x̂ is the unit vector parallel to the dipole. Then based on
Eq. (14.12) the recipe for calculation of the local density of photon states follows,

D(r, ω) ≡ Dvacuum(ω)
W (r, ω)

W0(ω)
= Dvacuum(ω)

6πc

ω
ImG(r, r, ω), (14.18)
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whence recalling

Dvacuum(ω) = ω2

π2c3
,

we arrive at the relation for local DOS in terms of the Green’s function,

D(r, ω) = 6ω

πc2
ImG(r, r, ω). (14.19)

Thus calculation of the local density of states can be performed based on finding the
proper Green’s function which in turn depends on the local value of the dielectric function
ε(r,ω) as well as the electromagnetic field propagation for a point-like source located at
the point under consideration. The latter problem is hard to solve for many practically
important microstructures, e.g. metal tips or faceted nanoparticles. A few examples of such
singularities will be discussed in Chapter 16.

The above definition of local DOS when combined with the Barnett–Loudon sum rule
Eq. (14.8) allows a statement on the sum rule for local density of states to be made. This
is possible because the Barnett–Loudon sum rule was derived for a hypothetical probe
quantum system without any pre-condition for frequency-dependent matrix element, but
was exclusively based on the properties of Green’s function and the causality principle. The
local DOS sum rule then reads,

∞∫
0

D(r, ω) − Dvacuum(ω)

Dvacuum(ω)
dω = 0, Dvacuum(ω) = ω2

π2c3
. (14.20)

This means that for every given point in space a deviation from the vacuum density of states
will be compensated by the opposite deviation at other frequencies. Figure 14.4 confirms
this statement as well as the sum rule for decay rates. The reader is encouraged to check
conformity with this rule of the Bunkin–Oraevsky formula for decay rate in a microcavity
(Problem 6).

The sum rule for radiative rate can be directly applied to spontaneous emission of photons.
Its extension towards a local DOS sum rule gives rise to further extension to the processes
of photon scattering since the latter is proportional to the local density of states as well.
Therefore, one can see the modification of resonant and non-resonant (Raman) scattering
can be locally modified only within a finite frequency interval and will be necessarily
compensated by the opposite modification in the other frequency intervals.

14.8 A few hints towards understanding local density of states

The Green’s function entering into Eqs. (14.12) and (14.19) defines the local density of
photon states and the local probability of emission and scattering of photons. It provides the
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route to elucidation of the local DOS in complex and inhomogeneous structures. However,
it is not instructive enough for visual representation of the local DOS. Therefore, in this
section a few qualitative examples will be given which are helpful for certain intuitive
understanding of the local density of states notion. In general, local density of photon states
implies characterization of spatial distribution of probe electromagnetic radiation in the
portion of space under consideration. Higher local density of states can be characterized in
terms of local concentration of probe light, as well as promoted tunneling of light through
the certain portion of space bounded by barriers where only evanescent waves are possible.

The first hint is concentration of electromagnetic energy in a given portion of space when
light flows throughout in a steady-state regime. A microcavity resembles a model system
with the Purcell factor in Eq. (14.1) as a measure of local density of states enhancement
with respect to the vacuum DOS value given by Eq. (13.4). Noteworthy, it is the product
of the cavity Q-factor and the spatial “squeezing” of the electromagnetic mode under
consideration, V/λ3. Many examples have been given in Chapter 8 of spatial field profiles
in model inhomogeneous media. Each of those examples means modified local DOS at
a frequency for which concentration or depletion of the electric field occurs with respect
to free space. The same reasoning is applicable to complex field profiles considered for
metal dielectric nanostructures in Chapter 11. Thus one can see that an intuitive hint at the
physical content of the local DOS has been given in the pioneering Purcell paper (Fig. 14.1).

The second hint is promotion of light tunneling through a portion of space with higher lo-
cal DOS. Again, a cavity is a very clear primary example. In Chapter 3 (Figs. 3.18 and 3.19),
resonant tunneling has been considered in wave mechanics and in wave optics and described
in terms of Q-factors. High local density of states are inherent for frequencies where light
successfully traverses a portion of space by means of evanescent waves under barriers and
standing waves inside the cavity. Again, in conformity with the previous paragraph, light en-
ergy concentration occurs and high Q-factor is inherent. Further examples of tunneling are
all cases of coupling of a linear waveguide to cavities, including high-Q whispering gallery
modes in a microdisk or in a microsphere. Such schemes were discussed in Chapter 9.
For example, for the coupling scheme in Figure 9.9(c) efficient tunneling of light into
the cavity for the frequency resonant with a whispering gallery mode is indicative of the
high local DOS. Alternatively, such tunneling can be treated as light scattering initiated
by a defect in a linear waveguide into the whispering gallery mode. Since scattering is
proportional to the local DOS, it is clear that it becomes rather efficient when the final state
(a whispering gallery mode) features high local DOS (i.e. high Q-factor and high spatial
“squeezing” factor, as was emphasized by E. M. Purcell).

The reader is proposed to examine for themselves the cases of higher local DOS in
sample structures discussed in Chapter 8, which offer higher transmission of light in spite
of irregular displacement of scatterers. We now turn to the important precursor of the
Barnett–Loudon sum rule, more explicitly, of the local density of states conservation rule
as defined by Eq. (14.20). When considering the general constraints on wave propagation in
irregular structures (Section 8.7) we observed that the conservation law (Eq. 8.85) occurs
and the ρ(ω) function demonstrates the remarkable property of coexisting positive and
negative deviations from its average value (see Fig. 8.30). That conservation law did not
imply an emission of photons but was based exclusively on a classical electrodynamical
consideration of electromagnetic radiation in complex media. Note that in Figure 8.30 high



413 14.9 Thermal radiation in mesoscopic structures

0 2

0

0
20

40
60

he
i g

ht

x (µm)

y 
(µ

m  (
nm

)

)
2

Fig. 14.9 Topographical image obtained by atomic force microscopy of a corral formed by nanometer sized
gold pillars [50].

transmission remarkably correlates with high ρ(ω) values. This function can be treated
either as one-dimensional density of electromagnetic modes (=photon DOS) or as partial
three-dimensional density of modes (=partial photon DOS) for the particular propagation
direction.

Enhanced tunneling of light into the areas with higher local DOS suggests a possible
technique of local DOS mapping using a source of evanescent electromagnetic radiation
scanned over the surface under consideration. This is exactly the idea of the SNOM,
scanning near-field optical microscope. The SNOM principle was discussed in detail in
Chapter 10. In the same manner as a tunneling electron microscope probes the local electron
DOS over the surface under consideration, a scanning near-field optical microscope probes
the local photon DOS. Therefore “SNOMography” can be efficiently used to examine the
local DOS in complex structures. A representative example is given in Figures 14.9 and
14.10.

To perform SNOMographical imaging of a local photon DOS, Chicanne et al. [50]
fabricated a well-defined topological system consisting of identical gold nanometer-sized
pillars developed on a substrate by means of electron beam lithography in the form of a
corral (Fig. 14.9). This test object was explored by means of SNOM imaging using leakage
of an evanescent field from a SNOM tip. The photon local DOS defines how the fact of
scanning close to the surface drives the field radiated by the dipole at the end of the tip
through the substrate; depending on the tip position, scattering channels may turn out to
be open or closed. Higher local DOS offers a higher probability of scattering towards the
substrate. Figure 14.10 represents the result of SNOM imaging for the two polarizations
of light along with the calculated local DOS. The good agreement is remarkably evident.
Noteworthy are correlation of local DOS with geometrical structure as well as its strong
dependence on light polarization.

14.9 Thermal radiation in mesoscopic structures

As we have seen in Chapter 2 (Section 2.2) the very notion of the density of states in physics
was derived from the problem of black body radiation, i.e. equilibrium electromagnetic
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Fig. 14.10 SNOM images of a corral taken for (a) dipole orientation along x-axis, and (b) dipole orientation
along y-axis. polarizations: (c), (d) the relevant calculated local DOS distribution at the height of
z = 120 nm over the surface [50].

radiation in a cavity. First Rayleigh proposed to count modes in a cavity to get mode density,
D(k) = k2/π2 and Planck introduced energy quanta E = h̄ω. Finally, Bose assigned the
basic content to mode counting and transformed Rayleigh’s hint into a solid physical notion.
Recalling the discussion in Section 2.2 (see Chapter 2 for references to the original works),
the energy density of thermal radiation. i.e. electromagnetic equilibrium radiation,

u(ω) = h̄ω3

π2c3

[
exp

(
h̄ω

kBT

)
− 1

]−1

, (14.21)

resembles the product of the energy quantum E = h̄ω, density of states, D(ω) = ω2/(π2c3)
and distribution function,

F(E) =
[

exp

(
E

kBT

)
− 1

]−1

. (14.22)

Therefore, in complex structures with modified DOS, thermal radiation will modify
accordingly. This phenomenon is well established and has even been proposed as a reason-
able approach to the very definition of local DOS by Joulain et al. [51]. These authors also
verified the feasibility of detecting such local DOS with an apertureless SNOM technique to
show that a thermal near-field emission spectrum above a sample should be detectable and
that this measurement could give access to the electromagnetic local DOS. In the context of
calculational techniques, such a definition again reduces to finding outthe proper Green’s
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function. Dedkov and Kyasov [52] derived density of states for a space one half of which
consists of a medium with complex dielectric permittivity and magnetic permeability while
the other half is vacuum,

D(z, ω) = Dvacuum(ω)
1

z3

[
Im

(
ε(ω) − 1

ε(ω) + 1

)
+ Im

(
µ(ω) − 1

µ(ω) + 1

)]
. (14.23)

Here z is the distance from a point in the vacuum half-space to the interface with the
medium.

Consider a few experimental observations of modified thermal emission in mesoscopic
structures. Lin et al. [53] observed both suppression and enhancement of thermal radiation
in three-dimensional silicon photonic crystals for wavelengths of the order of 10 µm.
Suppression occurs for band gaps whereas enhancement was observed in the pass bands in
qualitative agreement with the density of states effect (see, e.g. Fig. 14.4). Maryama et al.
reported on thermal radiation from two-dimensionally confined modes in microcavities
[54]. A number of examples of modified thermal radiation from spherical microparticles
have also been reported [55]. Nemilentsau et al. [56] predicted strong modification of
thermal radiation from metallic carbon nanotubes in the terahertz range, based on local
density of states evaluation by means of Green’s function analysis (see Eq. (14.18)).

Along with mesoscopic structures exhibiting modified density of states, plasma should
be involved in considerations as a peculiar continuous medium with an unusual density of
electromagnetic modes described by Eq. (14.5). Inserting this into Eq. (14.21) gives,

up(ω) = u(ω)

√
1 − ω2

p

ω
=

ω
√

ω2 − ω2
p

π2c3
h̄ω

[
exp

(
h̄ω

kBT

)
− 1

]−1

, (14.24)

where the plasma frequency ωp is defined by Eq. (3.54). This means there is no thermal
radiation in plasma for ω < ωp since there is no electromagnetic mode available. For
ω > ωp thermal radiation is inhibited as compared to a vacuum. For ω � ωp thermal
radiation density tends to that in a vacuum. Therefore, plasma is expected to exhibit sub-
Planckian thermal properties everywhere through the spectrum. Interestingly, it seems the
density of states effect on plasma properties has not been considered to date in spite of
the fact that solar radiation which allows us to survive comes essentially from plasma.
Noteworthy, plasma does not meet the Barnett–Loudon sum rule which is probably because
of the negative dielectric function for ω < ωp which has not been implied when deriving
this rule in Section 14.6.

14.10 Density of states effects on the Raman scattering of light

Raman scattering is viewed in quantum electrodynamics as virtual excitation of a molecule
or a solid by light with frequency ω with emission of photons whose frequency satis-
fies a condition ω′ = ω ± �, where � is the frequency of the intrinsic vibrations in a
molecule or in a crystal lattice. In Chapter 13 (Section 13.7) scattering rate was shown to be
proportional to the density of final states (Eq. 13.26). Therefore it will be equally modified in
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every mesoscopic structure among those considered previously with respect to spontaneous
emission modification. It actually does. For example, for microcavities, modified Raman
scattering have been known about since 1984 [57]. Multiple examples were reported on the
whispering gallery mode effect on Raman spectra from solid and liquid microdroplets [58].

Rakovich et al. [59] reported on enhancement of Raman scattering from semiconductor
quantum dots attached to a dielectric microsphere. A microcavity–quantum dot system was
studied consisting of a melamine formaldehyde latex microsphere coated by CdTe colloidal
quantum dots. It was found that the cavity-induced enhancement of the Raman scattering
allows the observation of Raman spectra from only a single layer of CdTe quantum dots.
At the same time, periodic structure with very narrow peaks in the luminescence spectra
of a single microsphere was detected, arising from the coupling between the emission from
the quantum dots and spherical cavity modes.

In spite of the apparent similarity in density of states effects on emission and scattering
of photons, only recently has it been introduced into systematic consideration for photon
scattering [60]. We shall see in Chapter 16 this is of principal importance for understanding
the ultimate plasmonic enhancement of Raman scattering near metal nanobodies.

14.11 Directional emission and scattering of light defined
by partial density of states

In mesoscopic structures with an angular-dependent density of states, emission and scat-
tering of light will happen in accordance with the partial density of states for the particular
direction. Photonic crystal slabs represent a typical example of such structures. In the case
of an incomplete (non-omnidirectional) photonic band gap in three-dimensional photonic
crystal samples of finite size, spontaneous emission features complex angular distribu-
tion. This is pronounced both for three- and two-dimensional photonic crystal slabs. For
three-dimensional periodic structures several directions are typically pronounced where
light is emitted more efficiently by the emitters embedded therein. For two-dimensional
periodic slabs like, e.g. honeycomb structures, pillar structures or nanoporous slabs with
regular cylindrical pores, band gaps develop in the plane of periodicity whereas in the
direction nomal to that plane the medium is continuous. In that direction spontaneous
emission intensity is enhanced, whereas in the plane of periodicity and for grazing angles
it is inhibited. A typical example of directional emission of light from a two-dimensional
photonic crystal slab is shown in Figure 14.11 for a nanoporous alumina slab contain-
ing Eu3+ ions. Fabrication of such template-free periodic structures was discussed in
Section 7.9 (Fig. 7.18).

One can see, for a nanoporous alumina Al2O3 slab the emission indicatrix essentially
differs from that for a reference thin film sample by a pronounced maximum in the emission
along the pore axes. Similar results have been reported by many groups [62–64]. The
phenomenon has even been proposed for enhancement of light emission efficiency in
semiconductor light emitting diodes. InGaN/GaN light emitting diodes1.5 times brighter
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Fig. 14.11 Luminescence indicatrices of Eu3+ ions in titania xerogel embedded in a nanoporous alumina slab
(black circles) and on a silicon surface (squares). Right-hand panel shows a portion of
cross-section of the nanoporous alumina slab. Adapted from [61].
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Fig. 14.12 Anisotropic scattering of light in a nanoporous alumina slab. A slab and pores geometry are
presented along with transmitted light indicatrix for laser light incident at an angle 30◦ with
respect to the pore axes [68]. See text for detail.

have been fabricated using a two-dimensional periodic upper GaN layer [65]. Anisotropic
light emission finds reasonable explanation in terms of angular-dependent partial density
of photon states. Note, spontaneous emission decay rate will always be independent of the
observation angle as well as of the light harvesting condition, provided that the same set of
emitters is examined. Interestingly, the radiophysical counterpart of directional emission
relevant to a classical dipole adjacent to a photonic crystal slab has been reported earlier
[66]. Periodic structures are not the exclusive design for directional spontaneous emission.
This can also be obtained by placing emitters in front of a diffraction grating [67].

In photonic crystals featuring redistribution and modification of photon density of states,
resonant (Rayleigh) light scattering modifies accordingly. In a two-dimensional photonic
crystal with vertical cylindrical pores or pillars scattering occurs predominantly along the
pores or pillars, since there is no density of states inhibition in this direction. A representative
example is given in Figure 14.12 where again, template-free electrochemically developed
nanoporous alumina is used.
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Fig. 14.13 Calculated photon density of states for a three-dimensional photonic crystals whose design and
band structure were presented in Figure 7.23. Gray band indicates the band gap. Reprinted with
permission from [70]. Copyright 2007, Elsevier B.V.

There are three peaks in the scattering indicatrices: the first one in the initial direction
of light propagation, the second in the “mirror reflection direction” and the third in the
direction coinciding with the pore axes, i.e. normal to the sample plane. Mechanisms
of peak formation are interpreted as follows. The first peak (with the maximum near
−30◦) is light passed through the sample in the initial direction. The second (with the
maximum near +30◦) is light reflected from a set of regular parallel pores. The third peak
appears because porous alumina membranes are not perfect (rough pore surfaces, reflection
index heterogeneities). Light diffusely scatters on these defects under non-isotropic density
of photon states conditions. The probability of light scattering in a certain direction is
proportional to the density of states in this direction. Density of states has a maximum
value in the direction along the pores and a minimum in the perpendicular directions for
the particular spectral range under consideration. Therefore light mainly scatters in the
direction along the pore’s axes and the middle peak develops in this direction.

For three-dimensionally periodic structures, recently D. N. Chigrin developed an app-
roach treating the emission indicatrix in terms of interference of Bloch waves [69]. In the
context of our discussion, this approach is equally applicable to angular distribution of
scattered light under condition of multiple scattering in periodic structures.
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Problems

1. Looking at Purcell’s paper in Figure 14.1 find out the density of photon states in the
formula and explain the difference with respect to Eq. (13.4).

2. Implying that modification of decay rate calculated in Figure 14.4 for a quantum emitter
inside a photonic crystal results from photon density of states modification, evaluate the
spectral dependence of the density of states inside, at the edge and outside the band gap
region. Starting from the vacuum density of states, plot the approximate dependence of
photon density of states on light frequency in a photonic crystal.

3. Figure 14.13 represents calculated photon density of states for the three-dimensional
photonic crystal whose spatial structure and band structure have been shown in Figure
7.23. Superimpose the density of states graph with the band structure diagram and evaluate
correlation between (a) band gap and density of states gap, (b) linear dispersion law in
the band structure for longer wavelengths and vacuum-like density of states, (c) density
of states spectral features and Barnett–Loudon sum rule. Predict radiative decay rates for
different frequencies.

4. Compare contributions to linewidth modification of a probe atom in plasma coming
from the electron and ion components of the plasma.

5. Estimate the atomic line shrinkage for an electron density in plasma equal to 1018 cm−3.

6. Check conformity of the Bunkin–Oraevsky formula (Eq. 14.2) for the decay rate of
an atom in a cavity with the sum rules for radiative rates (Eq. 14.8) and density of states
(14.20).

7. Recall all optical processes defined by the photon density of states.

8. Recall all examples known to you of enhancement and inhibition of spontaneous emis-
sion of radiation.

9. Elaborate a construction of an incandescent lamp with higher output in the visible.

10. Evaluate modification of thermal radiation from a plasma containing electrons and
ions (m = 50, Z = 1), with concentration 1019 cm−3 at temperature 106 K.

11. Explain why the decay law of spontaneous emission for complex structures with
angular-dependent partial density of states turns out to be independent of observation angle
and solid angle where light is harvested by a detector.
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15 Light–matter states beyond
perturbational approach

In nanostructures where confinement of a light wave is manifested, the conditions of
strong light–matter interaction become feasible. In this case, the approach based on the
environment-sensitive probability of quantum transitions is no longer applicable. Instead,
joint states of light and matter should be considered and their time evolution explored. The
content of the previous Chapters 13 and 14 can then be treated as a perturbative description
of light–matter interactions with a limited range of applicability. In this chapter a few
representative examples are given where joint light–matter states bring an unprecedented
flavor of nanophotonic engineering to frozen excited states for quantum memory devices
and single photon sources for quantum computing.

15.1 Cavity quantum electrodynamics in the
strong coupling regime

The regime of strong coupling of a quantum system with an electromagnetic field can be
performed in a cavity with very high Q-factor, where light can survive for a reasonable
time until it either leaves the cavity or dies through being absorbed by cavity imperfections.
In a simplified picture, a photon once emitted stays within the cavity so long that it is
absorbed again by the emitter (an imaginary two-level system, an atom or a quantum dot).
Thus spontaneous emission appears to become reversible. In a more accurate presentation,
an “atom+field” state develops which evolves via oscillations between the state |E, 0〉
(“excited atom, depleted cavity”) to the state |G, 1〉 (“de-excited atom, a photon in the
cavity”). Here “depleted” implies there is no photon in the cavity and “de-excited” means
“being in the ground state”. This phenomenon is referred to as vacuum Rabi oscillations
since it represents in essence the phenomenon known in nonlinear atomic spectroscopy for
atoms interacting with strong fields.1

Optical Rabi oscillations are temporal oscillations of population inversion in a two-level
system driven by a strong resonant optical field on a timescale shorter than the dephasing
time, with an oscillation frequency g proportional to the transition dipole moment µ and
the electric-field amplitude |E|, g = µ|E|/ h̄ [1, 2]. When a quantum emitter, e.g. an atom,
is coupled to high-Q cavity mode radiation, Rabi oscillations occur between the two states

1 Isidor Rabi (1898–1988) was an American physicist. He formulated basic ideas in radiospectroscopy and
magnetic resonance spectroscopy for atoms, nuclei and molecules and received the Nobel prize in 1944 for
these achievements.
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Fig. 15.1 “Atom+field” diagram for the two lowest excited states of the atom–cavity system. |G, 1〉 is the
superposition state with one photon in the cavity and the atom in the ground state. |E, 0〉 is the
superposition state with no photon in the cavity and the atom in the excited state. The dashed
lines show the uncoupled states.

of the “atom+cavity field” system, |E, 0〉 and |G, 1〉. No external driving field is necessary.
Vacuum radiation contained in the strong cavity mode and a photon emitted by an atom
into that mode form the field involved in the interaction. In a sense, Rabi oscillations for a
quantum emitter coupled to a high-Q cavity mode manifest nonlinear spectroscopy with a
single atom and a single photon.

A simplified consideration of an atom and a cavity in the strong coupling regime is as
follows [3]. Let an atom be characterized by the transition frequency ωa = (EE − EG)/ h̄
with the excited state energy EE and the ground state energy EG and the spontaneous
emission rate in a vacuum W defining the emission line full width on the frequency scale.
A cavity is characterized by the resonant frequency ωc and the Q-factor which defines the
cavity resonance width �ω on the frequency scale as,

Q = ωc

�ω
. (15.1)

Then the “atom+field” state in the cavity is characterized by the diagram shown in
Figure 15.1. The resonant frequency splitting develops for the coupled oscillators (atom and
field) to give the two modified frequencies �+, �– of the coupled “atom+cavity” system
in the form,

�± = 1

2
(ωa + ωc) ±

√
g2 +

(
ωc − ωa

2

)2

. (15.2)

For the initial resonance condition, ωc = ωa,

�± = ωa ± g (15.3)

holds and the splitting value equals 2g. This value is referred to as the vacuum Rabi
frequency. It defines the atom – field coupling strength. It is determined by interaction of
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an atom with an electromagnetic vacuum field contained in the resonant cavity mode as,

g = 1

h̄
µ|Evac|. (15.4)

Here µ is the transition dipole moment and |Evac| is the vacuum field (not to be confused
with E denoting energy!) defined by the cavity mode vacuum energy h̄ωc/2 and the cavity
volume V as,

|Evac|2 = 1

2
h̄ωc

1

εε0V
, (15.5)

where ε is the relative dielectric permittivity of the cavity material, and ε0 is the dielectric
constant. Physically the Rabi frequency of 2g corresponds to the exchange rate of the
single quantum energy between the atom and the cavity field. Note, even for large detuning,
|ωc − ωa| � g, atom and cavity frequencies slightly deviate from their intrinsic values
ωa, ωc.

In the absence of losses the model of the atom–single-mode field interaction is known as
the Jaynes–Cummings model [4]. It is analytically solvable and very well known in quantum
optics. It describes essentially the case of strong atom–field coupling and allows us to
demonstrate such specifically quantum effects as vacuum Rabi oscillations and “revivals”
of the atomic level population. One has to add that, in the limit of very strong coupling,
the simplest version of the Jaynes–Cummings model does not hold any more. One should
consider the complete version of it (non-conserving the number of photons, i.e. one in
which the “rotating wave approximation” is not used) [5].

The atom–cavity strong coupling condition simply reads,

2g � W,�ω, (15.6)

and means the energy exchange rate between the atom and the cavity field dominates over
both the atomic decay rate and the cavity decay rate. From the above consideration it
is clear that the strong coupling regime can be performed by means of a high-Q cavity
of small volume. For atom–cavity detuning ωc − ωa � −2g the joint atom–field state
|+〉 is atomic-like, i.e. the probability that the atom is excited is much greater than the
probability of finding a photon in a cavity, whereas the |−〉 state is the cavity-like one. For
ωc − ωa � 2g, the reverse occurs. At resonance, for ωc = ωa, these states are the linear
superposition of an excited atom, empty cavity mode product state |E, 0〉 and a de-excited
atom, one-photon-cavity mode product state |G, 1〉.

The first experimental observation of vacuum Rabi splitting for atoms in a cavity dates
back to the 1980s. Nowadays it can be detected at a single atom level [6]. For an atom–cavity
system typically an atom flow occurs through the cavity volume, every atom spending some
time within the cavity. More accurate measurements could be performed with a localized
quantum emitter which becomes affordable with ultracold atoms in a trap [7].

A semiconductor photonic crystal cavity, discussed in Chapter 9 (see Fig. 9.1 and 9.2),
offers Q-factors as large as 104–105 while keeping the internal cavity volume less than
1 µm3. Emitters in the form of quantum dots with a discrete luminescence spectrum (see
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Fig. 15.2 Observation of vacuum Rabi splitting for InAs quantum dots in an array of semiconductor photonic
crystal microcavities. (a) quantum dot ensemble spontaneous emission spectrum in free space,
showing both the lowest (1 175–1 250 nm) and first excited (1 100–1 150 nm) transitions;
(b) representative photoluminescence spectra of quantum dots from three microcavities;
(c)–(e) show dot-cavity anticrossing observed while scanning temperature in 1 K steps from 13 K
in the top to 29 K in the bottom. (c) high-power spectra; (d) middle-power spectra; (e) the two
coupled-system peaks (black squares, black lines are guides) are plotted as a function of
temperature, and compared with the scan rates of an uncoupled dot and an empty cavity (gray
lines labeled “Dot” and “Cavity”, respectively). The top-right insert shows a microcavity design.
Reprinted with permission from [8]. Copyright 2004 Nature Publ. Group.

Chapter 5) can be embedded in the course of the single fabrication route. In the experiments
by Yoshie and co-workers [8] the mode volume V < 0.1 µm3 was performed in a GaAs
two-dimensional periodic photonic crystal slab with InAs hut-like quantum dots buried
therein. Temperature dependence of the quantum dot emission spectrum offered a way to
scan dot spectrum versus cavity resonance. At higher pump energies (a 770 nm cw-laser,
0.7 mW/µm2) emission spectrum does not show splitting (Fig. 15.2c). At middle pump
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Fig. 15.3 Vacuum Rabi oscillations observed for an excitonic emission band in a GaAs quantum well inside a
planar Fabry–Perot λ/2 cavity formed by a pair of multilayer semiconductor Bragg reflectors [10].

energies (0.8 µW/µm2) Rabi splitting is evident with the two peaks repelling each other with
the temperature scanned (Fig. 15.2(d) and (e)). The observed Rabi splitting value was 2g =
41 GHz = 170 meV = 0.192 nm. Similar results have been also reported by A. Forchel wih
co-workers using a semiconductor pillar microcavity with embedded quantum dots [9].

Yamamoto with co-workers reported on time-resolved measurements of excitonic
luminescence from a GaAs quantum well inside a planar microcavity. Dedicated Rabi
oscillations have been observed (Fig. 15.3). The microcavity sample used was grown by
molecular beam epitaxy, and consisted of a single 20 nm GaAs quantum well located in the
middle λ/2 Bragg mirror cavity. The top and bottom mirrors consist of 15.5 and 30 pairs,
respectively, of A10.5Ga0.5As and AlAs layers. The top A10.3Ga0.7As spacer layer is tapered
along one direction of the sample so that the resonant photon frequency of the cavity varies
with sample position. The coupled exciton polariton modes were probed by absorption and
emission measurements at 4.2 K.

Rabi oscillations in a nonlinear-optical regime for quantum dots in strong fields with no
cavity have also been observed [11]. Theoretical aspects of this regime are discussed, e.g.
in [12, 13].

15.2 Single-atom maser and laser

The first maser was created by Charles Townes and co-workers in 1954 [14]. It consisted
of a microwave cavity through which a beam of excited ammonia molecules was sent. Its
optical analog, a laser was created for the first time by T. Maiman using a ruby crystal with
silver mirrors deposited on its facets in 1960 [15]. Both devices are based on excitation by
a statistically large ensemble of molecules, atoms or elementary excitations in solids. Even
microdevices like semiconductor lasers are basically macroscopic devices.

Strong light–matter coupling in a microcavity has led to the idea of micromasers and
microlasers operating at a single-atom level. Using a high quality cavity and slow atom
flow through it, making use of a single atom interacting with the single cavity mode
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becomes feasible. It is necessary that the time interval between successive atoms entering
the cavity should be greater than both the time the atom spends in a cavity and the time of
radiation decay outside the cavity. Every atom when in the cavity is to perform multiple
Rabi oscillations. Actually, a micromaser has been performed basically owing to two
advances: the ability to prepare Rydberg states with large electric dipole moments and
small linewidths, and the development of high-Q superconducting microwave cavities [16].

The idea of a single-atom laser was suggested for the first time by Mu and Savage
in the seminal paper in 1992 [17] and immediately gained a lot of interest since such a
laser promises creation of truly quantum states of light (see paper [18] as well as books
[3, 19] and references therein). Its experimental realization based on ultimate technical
performance was reported for the first time by H. J. Kimble with coworkers in 2003 [20].
The key issue was to trap a single atom with strong optical resonance inside a high quality
cavity. A single cesium atom was trapped for a period of 0.05 s inside a 42 µm long cavity
formed by two spherical mirrors with finesse higher than 105 at a transition wavelength of
935 nm. The Rabi frequency was about 100 MHz which was several times larger than both
the excited state intrinsic decay rate and the cavity decay rate, in accordance with the strong
coupling condition Eq. (15.6). The single atom laser exhibited thresholdless operation and
sub-Poissonian photon statistics. The latter means it really offers quantum light which is
“quieter” than ordinary laser radiation; this is important in quantum information devices.

15.3 Light–matter states in a photonic band gap medium

In the 1970s, V. P. Bykov suggested that there would be no spontaneous decay of an atom or
a molecule in a periodic structure since such a structure can potentially feature the gap in
the electromagnetic mode spectrum [21]. This seminal prediction did stimulate vast activity
in the fields of classical and quantum electrodynamics of periodic dielectrics, resulting in
elaboration of the solid concept of photonic crystals as well as in formulation of new ideas
for optical circuitry implementation. These trends and major results of classical electrody-
namics have been the subject of Chapter 7 and Chapter 9. Inhibition of the spontaneous
decay of a quantum system embedded in a photonic crystal with an omnidirectional band
gap has been predicted within the framework of the perturbational approach to light–matter
interaction in which the probability of spontaneous decay can be introduced following a
Weisskopf–Wigner approximation. The complex environment modifies the decay rate has
been discussed through Chapter 13. In this consideration, “no final photon state available”
means no decay will ever happen. In Chapter 13 we have seen that even an incomplete gap
brings new light on atomic decay resulting in non-Markovian decay when the lifetime can
not be properly assigned to an excited state. The complete band gap with a finite spectral
range of zero density of photon states brings even more complexity and needs a thorough
non-perturbative consideration of light–matter states.

In quantum-optical language, the problem of a quantum system interacting with a reser-
voir featuring a discontinuous density of photon states should be analyzed. This problem
is rather specific and very complicated. Note, even a high-Q microcavity showing sharp
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Fig. 15.4 Population dynamics of a two-level atom in a photonic crystal with various photon density of
states functions. (a), (b) and (c) panels correspond to the density of states shown in the proper
graph in the left-hand column. Position of the atom transition frequency is shown by vertical
dashed lines. Different curves in (a)–(c) right-hand graphs correspond to (a) different atom–field
interaction strength and (b) and (c) to different positions of the atom transition frequency with
respect to the band gap edge. Adapted from [25].

resonant enhancement in density of states does not offer discontinuity in the density of
states spectrum. In this section, we shall trace the properties of atom–field bound states in
the photonic band gap environment based on a treatise performed by D. S. Mogilevtsev and
S. Ya. Kilin [22–25]. These authors developed the collective operators method suitable for
analyzing the problem of a quantum two-level system in a reservoir with arbitrary spec-
tral behavior of photon density of states, including the cases of discontinuities inherent in
perfect photonic crystals.

Consider in detail spontaneous emission and the process of “freezing” of atom excited
states for a number of model density of states featuring a gap. In Figure 15.4 examples of
the atomic upper-state population are shown for the three different types of photon density
of states shown in the left-hand part. The uppermost case corresponds to a narrow dip in
the density of states spectrum. Looking at Figure 15.4(a) one can distinguish three different
stages of population dynamics. The initial stage resembles the usual decay in free space.
Remarkably, duration of this stage is defined by the atomic transition frequency detuning
from the band edge, whereas the decay rate does not. A response of the reservoir has not
yet been felt by the atom. Then the transitional period comes, and, finally, the population is
“frozen”. Figure 15.4(b) also shows an additional stage, namely, slowly decaying oscillations
on the way to the “frozen” state. These oscillations can be attributed to interaction of the
atom–field bound state with long-lived collective excitation of the reservoir. The dynamics
of the population in the process of atomic interaction with a more exquisitely structured
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reservoir with the density-of-states (the lowermost panel in the left-hand part in Fig. 15.4
and Fig. 15.4(c)) show the same stages of evolution. However, the behavior during the
second and third stages is more complicated, and the oscillations during the third stage do
not look monochromatic any more. The lowermost case resembles a finite band gap along
with the sharp increase in the density of states near the band edges. This type of density of
states redistribution is inherent in realistic photonic crystals.

The frozen excited atom–field bound state can be treated as localization of the electro-
magnetic field in the near vicinity of the excited atom. In a sense it is similar to localization
of radiation in a high-Q microcavity. The field is localized within a few unit cells of the
photonic crystal around the emitter. Such a cavity exists due to strong coupling between the
emitter and the field and has a very high Q-factor which is limited by nonideality of a real
photonic crystal. This natural radiation concentration effect has been suggested as the basis
for a single emitter reversible quantum-optical memory cell and for all-optical switches in
photonic circuitry.

The above consideration implies zero temperature of the reservoir to which an excited
atom is coupled. In the more probable case of finite temperature, excitation of thermal
photons in reservoir modes should be accounted for. Thermal radiation does affect the
stability of the frozen bound atom–field state and results in a finite time for its survival [26].

15.4 Single photon sources

There is a challenge for modern quantum optics to design the light sources which could
generate the requested number of photons on demand. Such a source will generate the
radiation state with the defined photon number in the mode under consideration. Such
states are inherent in a quantum oscillator assigned to the field mode as was considered in
Section 13.1. In quantum optics these stage are referred to as Fock states or number-states.2

A ‘number-state’ is a quantum state in which the number of photons, n, is a precisely
fixed integer. Note that number-states of electrons, atoms and molecules are quite feasible,
whereas number-states of light are more exotic. Except for the trivial vacuum-state (n = 0),
number-states of light are very hard to obtain in practice. In what follows we briefly consider
the problem of a single photon source [27].

A laser delivers light pulses that seem extremely regular in amplitude, but this is only
because they contain so many photons that their number fluctuations become negligible on a
macroscopic scale. Indeed, such pulses are just superpositions of many number-states with
different ns. Restricting fluctuations in the number of photons seems easiest for states with
n = 1, single-photon states. Recent advances in nanophotonics including the fabrication,
manipulation and characterization of individual nano-objects, molecules and nanocrystals
have opened new routes for the production of number-states containing a single photon.

A microscopic emitter of light, e.g. an atom, can realize its potential as a single-photon
source if it is coupled to a resonant high-Q cavity, which can fulfill several functions. First,

2 V. A. Fock (1898–1974) was a Russian physicist known for his distinguished contribution to quantum theory.
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it can enhance the spontaneous emission rate and thereby the rate of photon generation.
Second, it can deliver the emitted photons into a well-defined spatial mode to improve light
harvesting efficiency and to facilitate further manipulations. Third, a cavity can squeeze the
spectral range of the emission.

It is instructive to compare the fluctuations of light states with the average photon
number 1 provided by different sources (Fig. 15.5). For thermal radiation, the photon
number distribution takes the Bose form,

P(m) = 〈n〉m

(1 + 〈n〉)m+1
, (15.7)

where 〈n〉 is the average number of photons in the mode. For thermal radiation the state with
zero photons (m = 0) always has the largest probability of occupation. This distribution is
far from that of a desired source of single photons, which should feature a sharp maximum
at m = 1.

The number of photons in a coherent state is a variable that fluctuates according to a
Poisson distribution. The probability of finding m photons in the mode is given by,

P(m) = 〈n〉m

m!
e−〈n〉, (15.8)

and the variance is �n2 = 〈n2〉 − 〈n〉2 = 〈n〉. These statistics are very different from those
of thermal light. The maximum probability is to find 〈n〉 photons in the mode. The resulting
noise is called shot noise (or photon noise) and is an absolute minimum for the noise of a
macroscopic laser. The probability distribution is still rather different from the desired one.

Narrower distribution can be achieved by means of the so-called squeezed states of light.
In accordance with the complementarity principle, fluctuations of conjugate variables meet
Heisenberg relations. Principally, the states become possible where fluctuations in one of
the variables can be reduced (as compared with those of a coherent state) at the expense of
increased fluctuations of the conjugate variable. This is referred to as a squeezed state. A
squeezed state with reduced amplitude fluctuations (i.e. photon number fluctuations) will
therefore exhibit enhanced phase noise. An ideal amplitude-squeezed light source would
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deliver a regular stream of photons at regular time periods. The fluctuations in the numbers
of photons emitted by a squeezed source are weaker than those of a coherent state. They
are sub-Poissonian, and their deviation from Poisson statistics can be characterized by the
time-dependent Mandel parameter,

M(�t) = 〈n2〉�t − 〈n〉2
�t

〈n〉�t
− 1, (15.9)

where the notation 〈. . .〉�t means ‘averaged over a time interval �t’. The Mandel parameter
of a Poisson source is zero and for an ideal single-photon source it equals −1.

Semiconductor nanocrystals, discussed in detail in Chapter 5, are promising candidates
for single-photon light sources. They are easy to manipulate and to couple to efficient
collecting optics in a room-temperature microscope and have better stability than single
organic chromophores. However, blinking limits their practical applications as sources of
single photons [28]. Promising results in terms of high-quality second-order correlation
function have already been reported for a single semiconductor quantum dot in a pillar
microcavity [29]. Single photon sources are important for applications in quantum com-
puting, quantum cryptography, ultimate experiments in quantum science testing the basic
and the questionable notions and challenging experiments like quantum teleportation.

Problems

1. Try to explain why oscillations for an “emitter+cavity” system inherent in the strong
coupling regime acquired the notation vacuum Rabi oscillations.

2. Calculate the vacuum field in a cavity in Figure 15.2 using Eq. (15.5) and the cavity
parameters, ε = 13, V = 0.04 µm3.
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16 Plasmonic enhancement of secondary radiation

Nanostructures with characteristic surface relief of the order of 10–100 nm are known to
modify the spatial distribution of an incident electromagnetic field. Local field enhancement
results in enhanced absorption of photons by molecules or nanocrystals adsorbed at the sur-
face. The effect is extremely pronounced in metal–dielectric structures because of surface
plasmon resonance. A systematic application of field enhancement in Raman scattering
enhancement and in photoluminescence enhancement with respect to molecular probes is
followed nowadays by application of the effect with respect to nanocrystals (quantum dots)
adsorbed at metal–dielectric nanotextured surfaces. It is the purpose of the present chapter
to review mechanisms of photoluminescence enhancement and Raman scattering enhance-
ment and factors in the context of their application to enhanced luminescence of molecules
and quantum dots and Raman scattering. We consider not only local field enhancement in
terms of the excitation process but also the photon density of states enhancement effect on
photon emission processes with Raman scattering as a specific photon emission process.
In this consideration, scattering of light experiences enhancement as does spontaneous
emission. Therefore field enhancement and density of states effects should manifest them-
selves in the same manner in photoluminescence and scattering processes. Differences in
scattering and luminescence enhancement are due to quenching processes which are crucial
for luminescence and less pronounced for scattering. We consider ultimate experiments on
single molecule detection by means of enhanced Raman scattering and photoluminescence
enhancement of atoms, molecules and quantum dots, and the approaches to efficient sub-
strates fabrication for the purposes of ultrasensitive spectroscopy. It is advisable to read
Chapter 11 on metal–dielectric nanostructures and Chapters 13 and 14 for an introduction
to quantum electrodynamics of light–matter interaction and photon density of states effects.

16.1 Classification of secondary radiation

When light flux is traversing a portion of space where at least a single quantum system
exists that can potentially interact with it, the three distinctive types of secondary radiation
produced by that interaction can be identified (Fig. 16.1). These are elastic scattering,
inelastic scattering and spontaneous emission. In terms of photons, these events can be
treated as follows. Photon scattering proceeds via virtual excitation of a quantum system
under consideration with immediate emission of a new photon, either with the same (elastic
scattering) or with a different (inelastic scattering) frequency. Photon spontaneous emission
occurs via real excitation of a quantum system and subsequent emission of a photon in the
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Fig. 16.1 Three types of secondary radiation produced by light interaction with a quantum system.

course of a spontaneous decay of the excited state. The frequency of the emitted photon,
ω′, can either be the same (resonant luminescence) or different (Stokes luminescence
when ω′ < ω which is the most typical case, and anti-Stokes luminescence when ω′ > ω).
When molecular luminescence is considered, secondary emission is traditionally treated
as fluorescence for allowed singlet–singlet transitions (typical lifetimes in the nanosecond
range) and phosphorescence for forbidden triplet–singlet transitions (typical lifetimes are
in the millisecond range). The remaining portion of light flux which does not experience
interaction with the quantum system is called transmitted radiation.

Transmitted radiation, scattered radiation and spontaneously emitted radiation are the
three types of secondary radiation resulting in light traversal of a space where possible
interaction with matter exists. This simple picture holds until the weak light–matter coupling
is applicable. Otherwise, light–matter states develop as is the case for microcavities and
photonic crystals. In addition to these light–matter states, yet another example of a light–
matter strong coupling regime is well known in the optics of continuous media. This is
polariton formation in the case of strong exciton–photon coupling in semiconductor and
dielectric crystals. In all cases of strong light–matter radiation distinctive classification of
secondary radiation becomes questionable. For example, for polaritons in a crystal, for
coupled light–matter states in a microcavity, or in a photonic crystal a noticeable slowing
down of light propagation can be misinterpreted as resonant luminescence. Light–matter
states in microcavities and photonic crystals in the strong coupling regime have been the
subject of Chapter 15. Polaritons in crystals are considered in detail in many textbooks
on crystal optics [1]. Note, sometimes light–matter states in microcavities and photonic
crystals are referred to as localized polaritons.

16.2 How emission and scattering of light can be enhanced

All three types of secondary radiation shown in Figure 16.1 can be described by a single
formula coupling outcoming radiation intensity I (ω′) with incoming radiation intensity
I0(ω) and density of states at the final frequency D(ω′) via the proper interaction term. The
outcoming intensity is a simple product of the two above mentioned quantities and the term
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Field
Enhancement

Factor

I (w' ) D(w' )I0(w)

Density
of States Effects

[interaction term]

Spatial redistribution
of EM-field for w

Spatial redistribution
of EM-field for w'

=

Fig. 16.2 A general formula for secondary radiation in the weak light–matter coupling regime with
highlighted ways towards its enhancement.

describing the specific light–matter interaction event under consideration (Fig. 16.2). The
interaction term includes both absorptive and emitting events in the case of spontaneous
emission of light, whereas in the case of spontaneous scattering of light it describes only
the event of photon scattering.

The simple and general formula shown in Figure 16.2 has been discussed in detail in
Chapter 14 for spontaneous emission and spontaneous scattering of photons. It basically
dates back to the very dawn of quantum electrodynamics manifested by the pioneering
paper by Dirac [2]. There are two ways to enhance the emission of secondary radiation by
a quantum system. The first way is to find a way to enhance the incident photon density
at the position of the emitter in question. A straightforward pump-up by means of an
incident light source power supply is not meant here. Instead, incident light concentration
and accumulation at certain hot points within the metal–dielectric nanostructures, inside
a microcavity or within a photonic crystal defect should be exploited purposefully. The
proper enhancement factor is referred to as the local field enhancement factor. It has been
described in detail in Section 11.1 where seven to eight orders of intensity enhancement
have been demonstrated in model metal–dielectric nanostructures for frequencies near
surface plasmon resonance, with an instructive explanation in terms of local high-Q areas
formation. Therefore in Figure 16.2 the incident field enhancement is indicated as spatial
redistribution of the electromagnetic field for the frequency ω.

The second enhancement factor is to make use of the possible density of photon states
concentration for the frequency ω′. This can be performed by development of local areas
in space with high Q-values for ω′. Local density of states can only be redistributed over a
frequency range with concentration in certain narrow intervals at the expense of depletion
otherwise. This universal sum rule was discussed in Sections 14.6 and 14.7.

To summarize, one can see that there are two complementary ways to enhance respon-
sivity of a quantum system to incident light. Both ways are related to redistribution of
electromagnetic radiation at ω and ω′ frequencies. The difference is in actual incident field
concentration in the case of the local-field enhancement factor and in the vacuum field
concentration (or imaginary probe field concentration) as a measure of local density of
state enhancement factor. Notably, both ways are the subject of basic restrictions. “One
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Fig. 16.3 Mappings of radiative decay rate of an atomic dipole placed near a silver ellipsoid. Radiative
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a, b, c in x, y, z directions, respectively. Dipole momentum orientation is along the y-axis (shown
by the arrow). Silver dielectric function is ε = −15.37 + i0.231, emission wavelength is 632.8 nm.
Panels (a) and (b) represent data for dipole position in the x = 0 plane for the two different
ellipsoid dimensions: (a) b/c = 0.6, a/c = 0.105; (b) b/c = 0.6, a/c = 0.046. Panels (c) and (d)
represent data for dipole position in the z = 0 plane for the two different ellipsoid dimensions:
(c) b/c = 0.6, a/c = 0.105; (d) b/c = 0.6, a/c = 0.046. Reprinted with permission from [3].
Copyright 2007, Elsevier B.V.

photon in – one photon out” is the general rule of thumb based on energy conservation.
Therefore the notion of “enhancement” used in this chapter must never be misinterpreted
as amplification or optical gain.

16.3 Local density of states in plasmonic nanostructures

Nanometer sized metal particles capable of supporting surface plasmon resonance represent
strong singularities with respect to propagation of electromagnetic waves. In Chapter 11
(Section 11.1) we have seen that the electric field amplitude can experience local enhance-
ment by more than three orders of magnitude (see Fig. 11.3), the same is valid for the
near-field scattering cross-section (Fig. 11.4). Local density of photon states does experi-
ence strong modification accordingly. It happens in the spectral range around the surface
plasmon resonance. Figure 16.3 represents the calculation of radiative decay rate reported
by D. V. Guzatov and V. V. Klimov [3] for a probe dipole near a silver ellipsoid. Radiative



440 Plasmonic enhancement of secondary radiation

decay rate, as have been discussed in Chapter 14 (Sections 14.7, 14.8), is a direct measure
of the local density of states and can even serve the purpose of its definition.

The computational approach is based on the generic relation derived by V. V. Klimov and
M. Ducloy between the spontaneous decay rate and the dipole moments of a probe atom-like
system and a nanobody whose size is small as compared to the radiation wavelength [4],

(
W (r)

W0

)radiative

= |d0 + δd|2
|d0|2 , (16.1)

where W (r) and W0 are spontaneous decay rates at a point r and in a vacuum, respectively,
d0 is the dipole moment of a probe quantum system (an atom or a molecule), and δd is
the induced dipole momentum of a nanobody. For a metal three-axial ellipsoid with axes
a, b, c in x, y, z directions respectively, the induced dipole moment reads [3],

δd = α̂ · ∇(d0 · ∇)J. (16.2)

Here α̂ is the ellipsoid polarizability tensor,

α̂ =

αxx 0 0

0 αyy 0
0 0 αzz


 , (16.3)

with the component defined by the relations,

αxx = 1

4π
(1 − εxx )

(
ε − 1

ε − εxx

)
V, εxx = 1 − 2(abcIa),

Ia =
∫ ∞

0

du

(a2 + u)R(u)
, R(u) = [(a2 + u)(b2 + u)(c2 + u)]1/2.

(16.4)

Components αyy and αzz can be obtained by cyclic replacement of all parameters and
indices (a, b, c and x, y, z). J is defined as,

J = 3

4
[I (ξ ) − x2 Ia(ξ ) − y2 Ib(ξ ) − z2 Ic(ξ )],

I (ξ ) =
∫ ∞

ξ

du

R(u)
, Ia(ξ ) =

∫ ∞

ξ

du

(a2 + u)R(u)
.

(16.5)

One can see from Figure 16.3, there are local areas in the near vicinity to an ellipsoid where
decay rate can by enhanced by the factor of more than 104, the effect being dependent on
an ellipsoid aspect ratio. For a higher aspect ratio (elongated ellipsoids) the enhancement
rises further.

For spherical particles, enhancement is much less pronounced. Its spectral dependence
for the two different orientations of dipole momentum is presented in Figure 16.4 for
gold and silver nanoparticles as calculated by D. V. Guzatov. Note that silver appears
to be considerably more efficient in radiative rate enhancement as compared to gold.
A gold particle for tangential dipole orientation does not offer enhancement at all.
The correlation is remarkable between the spectral dependence of radiative decay rate
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Fig. 16.4 Radiative rate enhancement of a probe dipole near a spherical nanoparticle of (a) and (b) gold
and (c) and (d) silver. Dipole orientation is shown by the arrows. Adapted from [5].

and the optical response functions of gold and silver. This becomes evident when Figure
16.4(a) and (b) is compared with Figure 6.11 and Figure 16.4(c) and (d) is compared with
Figure 6.3 and Figure 6.6(b).

A junction between two metal nanoparticles offers strong modification of radiative decay
rates even for spherical nanoparticles. In this case maximal enhancement occurs between
the particles and strongly depends on dipole orientation (Fig. 16.5). The most favorable is
dipole orientation along the axis connecting the centers of the two particles (Fig. 16.5(c)).
In this case more than 103-fold enhancement of radiative decay rate becomes feasible. The
most unfavorable situation is a dipole orientation normal to the plane in which particles are
located (Fig. 16.5(b)). This orientation gives rise to inhibition of spontaneous decay rather
than its enhancement.

16.4 “Hot spots” in plasmonic nanostructures

Based on the above considerations of the secondary emission of radiation in terms of the
schemes shown in Figures 16.1 and 16.2, and using the modeling results for electromagnetic
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field distribution in metal–dielectric nanostructures (Section 11.1) and local density of states
modifications shown in Figures 16.3–16.5, we arrive at the notion of so-called “hot spots” in
plasmonic nanostructures. These are such places on a nanotextured metal surface, or near
metal nanobodies, where simultaneous spatial redistribution of an electromagnetic field
occurs both at the frequency of the incident radiation ω and at the frequency of scattered
radiation ω′. The first effect is the so-called field enhancement factor, whereas the second is
local density of state enhancement. Enhancement of photon local density of states (LDOS)
starting from the pioneering paper by E. M. Purcell [7] can be interpreted as development of
a certain Q-factor in the space region where a test emitter (atom or other quantum system)
is placed. Since the Q-factor implies the possibility of a system to accumulate energy
(Q value equals the ratio of energy accumulated in the system to the portion of energy the
system loses in a single oscillation period), formation of high local density of state areas in
many instances can be treated as development of multiple microcavities at the frequency ω′

over a nanotextured metal surface. Experimentally, mapping of the surface distribution of
high LDOS areas can be performed by means of scanning near-field microscopy, as has been
discussed in Section 14.8. However, to the best of the author’s knowledge it has never been
applied to plasmonic structures used in the surface enhancement of photoluminescence and
Raman scattering.

Simple nanostructures exhibiting plasmonic enhancement of spontaneous emission and
Raman scattering of light were shown in Figure 6.8. These are isolated and aggregated
nanoparticles of gold and silver. Further examples of plasmonic nanostructures are shown
in Figure 16.6. The left panel shows a typical nanotextured thin film of silver on a dielectric
substrate fabricated by means of vacuum deposition and annealing. The right panel shows
an example of a regular nanostructure developed by means of gold deposition on top of
close-packed silica balls. Noble metals like Ag, Au, Pt and Ni are used. Although other
metals can also be exploited, their strong oxidation in air prevents desirable proximity of a
probe to the metal surface.
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Fig. 16.6 Representative metal–dielectric structures exhibiting enhancement of Raman scattering and
photoluminescence. Left: Silver nanotextured film on a dielectric substrate. Note different vertical
scale as compared to in-plane scale. Imaging by means of atomic force microscopy. Courtesy of
N. D. Strekal. Right: Regular nanotextured gold surface formed by means of gold deposition over
close-packed silica dielectric globules, globule diameter is about 250 nm. Imaging by means of
scanning electron microscopy.

“Hot spots” promise enormous enhancement of the secondary radiation emitted by
molecules or other species located in the proper positions within plasmonic nanostructures.
When multiplying incident field enhancement (see Section 11.1 for values) and LDOS
enhancement discussed in the previous section, one can achieve a product of the order of
1010. Such values can never be obtained for photoluminescence enhancement but these
can even be exceeded in surface-enhanced Raman experiments. Photoluminescence and
Raman signal enhancements will be discussed in more detail in Sections 16.5 and 16.6,
respectively.

Notably, enhancement of secondary radiation occurs within the framework of the linear
light–matter interaction which is unambiguously implied by the linear input–output rela-
tion, as shown in Figure 16.2. Therefore, local-field enhancement for incident light can
not be interpreted as surface redistribution of incident light, i.e. as a kind of local light
“microfocusing”, as commonly anticipated by many authors. Since surface-enhanced
Raman scattering and surface-enhanced luminescence are considered within the frame-
work of linear light–matter interaction (contrary to e.g. surface enhanced second har-
monic generation) the total signal harvesting from a piece of area containing statistically
large numbers of molecules will be same independently of surface redistribution of light
intensity, because total incident light intensity integrated over the piece of area remains the
same. Within the framework of linear light–matter interaction, strong signal enhancement
for secondary radiation by means of incident field enhancement can only be understood
in terms of high local Q-factors for incident light, i.e. in terms of light accumulation near
the surface rather than light redistribution over the surface. A Q-fold rise in light intensity
then occurs near hot points as it happens in microcavities and Fabry–Perot interferometers.
However, accumulation of light energy needs a certain time. Therefore huge signals can
develop only after a certain time which is necessary for transient processes to finish, re-
sulting in a steady increase of incident light intensity near hot points as compared to the
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average light intensity in incoming light flux. Transient SERS experiments should therefore
be performed to clarify Q-factor effects in formation of hot points.

We now arrive at a consistent consideration of hot spots and can make the statement that
hot spots are local areas in plasmonic nanostructures where high Q-factors develop both
for incident light frequency and for emitted (or scattered) light frequency.

Many authors ignore the role of density of states effects on Raman scattering. To explain
huge enhancement exceeding 1010 times, enhancements of incident and emitted fields are
typically discussed to arrive at a hypothetical enhancement factor,

F = |E(r, ω)|2|E(r, ω′)|2
|E0(ω)|2|E0(ω′)|2 ≈

∣∣∣∣E(r, ω)

E0(ω)

∣∣∣∣
4

, (16.6)

instead of the correct one,

F = |E(r, ω)|2
|E0(ω)|2

D(r, ω′)
D0(ω′)

. (16.7)

In this connection it should be outlined that local DOS enhancement in a sense does account
for concentration of the electromagnetic field at ω′. Therefore the DOS enhancement factor
to a large extent meets the temptation to account for field modification for emitted light.
However, local DOS enhancement unambiguously implies either a vacuum electromagnetic
field or a non-existing field which were emitted by a classical dipole placed in that location.
Concentration of a real emitted field, appreciated by many authors, does actually occur only
in the close subwavelength-scale vicinity of a nanobody and can not contribute to light
harvesting in typical far-field experiments on Raman scattering and luminescence enhance-
ment. LDOS enhancement means the unmeasurable concentration of an electromagnetic
vacuum field rather than emitted light concentration. The latter can actually contribute to
Raman scattering enhancement but only in the form of stimulated Raman scattering by
another molecule located nearby.

A huge incident field may in certain experimental situations result in a non-linear re-
sponse of an atom or a molecule. A few milliwatts per mm2 results in many megawatts per
cm2 in a hot point which is enough to observe nonlinearities. We have seen that a huge
concentration of emitted field can result in stimulated emission and scattering. Neither
stimulated secondary emission nor nonlinear responsivity of an atom or a molecule in plas-
monic nanostructures has been introduced in the theoretical considerations when speaking
about luminescence and scattering enhancement in nanoplasmonics. These remain as fur-
ther factors in the theory and in experimental performance to be perceived for superior
optical response of plasmonic structures.

16.5 Raman scattering enhancement in
metal–dielectric nanostructures

In 1974 M. Fleischmann with co-workers reported on the enormous enhancement of Raman
scattering for molecules adsorbed on a roughened silver electrode [8]. The authors ascribed
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the effect to a higher amount of adsorbed molecules owing to larger surface area. However,
it was later shown that the increase in surface area is not as significant as the increase in
the Raman signal [9, 10]. In a few years the phenomenon of enormously enhanced Raman
scattering had been reproduced by many authors for various types of nanotextured noble
metal surface [11]. Later on a similar effect was reproduced for organic molecules mixed
with colloidal metal particles in a solution [12]. The general phenomenon acquired the no-
tation “Surface Enhanced Raman Scattering” (SERS). Immediate theoretical explanations
were proposed in terms of local incident field enhancement and the relevant electromag-
netic theory of SERS has been developed [13,14]. Various SERS-active substrate designs,
adsorption details and experimental advances result in macroscopically averaged enhance-
ments of up to 106, reproduced by many groups. In many experiments, not only absolute
values of scattered intensity increase, but the shape of the Raman spectrum exhibits dif-
ferences from that obtained for the same molecules in solution. In other words, different
Raman lines experience different enhancement factors. Spectral modifications of a Raman
signal are usually attributed to chemical mechanisms, i.e. bonding interaction between
an adsorbed molecule and surface metal atoms and charge transfer processes between a
molecule and metal surface. The possible role of chemical factors can severely diminish
the analytical prospective of SERS as an ultimate technique in molecular spectroscopy.

In 1997 a breakthrough in SERS sensitivity was announced by two groups independently
reporting on single molecule detection by means of SERS [15, 16]. These experiments
provided evidence that local enhancement factors of scattering rate can reach values up
to 1014–1015 times. This is significantly greater than the previously observed ensemble-
averaged enhancement factors of the order of 106–108. These findings did stimulate further
experimental studies and discussions aimed at establishing the mechanisms of huge local
enhancement factors in SERS [17]. Purely electromagnetic theory based on incident field
enhancement can not explain single molecule Raman detection experiments. In 2002, a
density of states contribution was proposed in addition to standard electromagnetic SERS
theory [18]. For the particular case of a metal tip with radius R for the spherical edge, the
Raman scattering enhancement factor arising from the density of states contribution was
found to be approximately (λ/R)4 for radiation wavelength λ [19].

The first consistent calculations of Raman scattering enhancement factors including both
incident field enhancement and local DOS enhancement are shown in Figure 16.7 for a
probe dipole located near a spherical and a spheroidal silver nanoparticle. The excitation
light wavelength was chosen to obtain the highest incident field enhancement factor.

One can see, for a spheroidal particle it can exceed the value of 1010 when both dipole and
incident field are oriented along the longer spheroid axis (Fig. 16.7(a)), whereas in the most
unfavorable situation of a spherical particle and orthogonal dipole and field orientations
it is no more than 30 (Fig. 16.7(b)). In Figure 16.7(c) and (d) enhancement factors are
calculated for the same parameters of the problem but with local density of states involved
in the calculations. One can see, LDOS enhancement offers at least 103-fold enhancement
on average. Total enhancement at the edge of a spheroidal particle can exceed 1014 which
is enough to obtain the single molecule detection regime in Raman spectroscopy. The
relative contribution from the two enhancement factors can differ for different original
wavelength used for molecule excitation. Probably at a certain combination of plasmon
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Fig. 16.7 Calculated Raman scattering cross-section enhancement factors for a molecule with polarizability
α = 103Å attached to a spheroidal and spherical silver nanoparticle as a function of spectral shift
�ν = (ω − ω′)/2π [20]. Molecule position, its dipole moment orientation and incident field
orientation are indicated near every curve. Panels (a) and (b) show enhancement based on
electromagnetic theory of SERS. Panels (c) and (d) show enhancement including both incident
field and local DOS factors. Wavelength of incident light is (a), (c) 375 nm and (b), (d) 338 nm.

resonance frequency, excitation frequency and detection frequency, contributions from
incident field enhancement and DOS enhancement can become equal, or even the DOS
contribution could dominate over the incident field enhancement. Recent experiments on
thorough analysis of SERS excitation spectra have shown that the highest enhancement
occurs when the excitation wavelength is in between the extinction maximum (defined
by the surface plasmon resonance) and the Raman shifted wavelength [21]. This finding
can be treated as in favor of the above model. In this case the spectral position between
the extinction maximum and the Raman wavelength may correspond to the optimal trade-
off between incident field concentration and local DOS redistribution. Further experiments
towards understanding SERS mechanisms in detail should include well-defined geometrical
nanostructures which are more feasible for modeling, precise control of molecule location,
analysis of polarization features and angular distribution of the scattered radiation. Regular
periodic-like structures were found to offer much higher enhancement as compared to
random ones [22]. Certain evidence on inhomogeneous angular distribution of scattered
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light has been reported as well [23]. The observed dominating directions can be interpreted
in favor of the angular-dependent partial density of states, which again makes a proposal
on DOS enhancement of Raman signal plausible.

Noteworthy, spectral dependence of the SERS enhancement as a product of local incident
field and local DOS factors presented in Figure 16.7(c) and (d) can in many instances explain
different enhancement factors for different Raman lines, thus making chemical mechanisms
not necessarily involved.

The above consideration is valid not only for Raman spectroscopy but for all versions
of vibrational spectroscopies, e.g. it can be applied for single quantum dot vibrational
spectroscopy. It is also valid for Mandelstam–Brillouin scattering as well as for Rayleigh
scattering. The results are considered as a first step towards an extensive theory for single
molecule Raman detection. Further steps should involve more complicated geometries
and optimal displacement of excitation and scattering wavelength with respect to plasmon
resonance. In particular, coupled metal nanoparticles are believed to promise a superior
enhancement factor when a dipole is located between them and orientated along the line
connecting the centers of the particles. L. Brus with co-workers observed superior Raman
enhancement of single Rhodamine 6G molecules by silver nanoparticle junctions [24].

16.6 Luminescence enhancement in
metal–dielectric nanostructures

Though spontaneous emission intensity, similar to Raman scattering, is proportional to
the product of incident field and photon DOS, it does not mean that structures showing a
large SERS signal will be at the same time efficient in photoluminescence enhancement if
the probe SERS molecules are replaced by a fluorescent probe (molecules, ions, quantum
dots). There is the principal difference between photon scattering and photon spontaneous
emission events. Photon scattering is an instantaneous event whereas spontaneous emission
of photons is characterized by a finite internal relaxation rate and a finite excited state
lifetime. Proximity of a fluorescent probe to metal particles or metal surface promotes
a rapid non-radiative relaxation path which in most cases predominates over radiative
lifetime and manifests itself as strong luminescence quenching. Quenching overthrows
enhancement in most experiments which is well known from SERS studies since the 1980s.
Luminescence quenching has even been treated as a helpful phenomenon in elucidating
Raman lines typically masked by much stronger luminescence bands.

Quenching near a metal nanobody occurs by means of rapid non-radiative resonance
energy transfer from an excited probe system (an atom, a molecule, a quantum dot) to
a metal nanoparticle or a metal roughened surface. This transfer is severely promoted
by the strong optical absorption inherent in plasmonic structures. The familiar analog is
resonant energy transfer between a pair of molecules or quantum dots with small dis-
tance and overlapping emission spectrum of excited (a donor) and absorption spectrum
of non-excited (an acceptor) counterparts. For molecules, this phenomenon was consid-
ered for the first time by Th. Förster in 1946 [25]. This process is drastically distance
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dependent as,

W nrad

W0
=
(

RF

R

)6

, (16.8)

where W nrad is the non-radiative energy transfer rate, W0 is the donor radiative decay rate in
a vacuum, R is the donor–acceptor distance, and RF is a characteristic distance referred to
as the Förster radius. It typically measures a few nanometers. For this spacing non-radiative
energy transfer rate from donor to acceptor becomes equal to the donor intrinsic radiative
decay rate. Explicit expressions for RF can be found, e.g. in the books [26, 27]. Resonant
energy transfer in semiconductor quantum dots is thoroughly established as well. For an
emitter near metal nanoparticles, non-radiative energy transfer has been considered for a
single metal nanoparticle [28] and for a two-particle cluster [29]. For analytical expressions
the reader is referred to these original works. Here we restrict ourselves to presentation of
calculated nonradiative decay rate for a dipole near a pair of metal nanoparticles for location
and orientation corresponding to the optimal radiative rate enhancement (see Fig. 16.5(c)).
As can be seen from Figure 16.8, non-radiative decay exhibits strong dependence on wave-
length as well as on interparticle distance. Comparing absolute values of rate enhancement
for radiative (Fig. 16.5(c)) and non-radiative (Fig. 16.8) decays one can see that the latter
can easily overtake the former.

In luminescence spectroscopy, to make use of enhancement factors one has to engineer
the optimal topology of a probe–metal nanostructure to get positive balance of competing
enhancement/quenching effects. In other words, the luminescent probe is to be displaced at
a certain distance on metal nanobodies at a point where quenching is yet negligible but field
and DOS enhancement still present. This is the case if probes are dispersed in a matrix with
nanosize metal colloids at low concentration. Another case involves using a dense metal
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surface but adjusting a spacer between a probe and the surface. Such experiments have
been performed by many groups for luminescent ions and molecules during past decades.
Controllable spacing in this case is performed using multilayer Langmuir–Blodgett or
polyelectrolyte films. A few groups have performed fine tip-enhanced spectroscopy where
a sharp metal tip is scanned over a probe molecule to evaluate its effect on fluorescence. In
what follows a few representative examples of these experiments will be provided.

Figure 16.9 shows photoluminescence data for sol–gel films in which Eu3+ ions are
embedded and silver nanocolloids are developed by means of special heat treatment. The
overall luminescence intensity increases by more than ten times in direct correlation with
the presence of silver colloids. Positive balance of enhancement/quenching is due to average
spacing between ions and colloids in the film.

Figure 16.10 presents photoluminescence enhancement of semiconductor nanocrystals
and organic fluorophores. In this experiment nanotextured gold and silver surfaces were
used, the spacing being provided by multiple polyelectrolyte layers. This techniques offers
nearly 1 nm precision by sequential development of a layer-by-layer spacer. Optimal spacing
was found to be approximately 12 nm. Semiconductor nanocrystals (so-called quantum
dots) are novel luminescent species whose absorption and emission spectra as well as
transition probabilities are essentially controlled by quantum confinement of electrons
and holes (see Chapter 5). These factors offer tuneability of emission spectra simply by
size variation. Simultaneously, superior stability of luminescent properties has been found
which is more than 100 times higher than that of traditional organic luminophores like
rhodamines or fluorescein. Quantum dots are therefore promising candidates for novel
commercial luminophores, as well as for novel bioluminescent labels at the single molecule
level.

For fluorescein-labeled protein (Fig. 16.10(b)) nine-fold enhancement has been observed.
It is clearly seen that luminescence intensity is sensitive to the distance between the silver
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dielectric spacer over a metal surface. (a) Core–shell CdSe/ZnS semiconductor nanocrystals with
mean diameter 4 nm on a nanotextured gold surface [31]; (b) Albumin-fluorescein isothiocyanate
conjugate of bovine serum on a nanotextured silver surface [32].

island film and the fluorophore and exhibits a maximum at around three polyelectrolyte
layers, which corresponds to a spacer thickness of about 4.2 nm. For semiconductor core–
shell quantum dots the optimal distance has been found to be about 10 nm for CdSe/ZnS
dots adsorbed on a gold colloidal film. This discrepancy could be due to the different metal–
fluorophore system, and in particular due to a different length scale of surface roughness and
also due to the relatively large size of labeled protein molecules (which are oblate ellipsoids
with dimensions of 140 nm × 4 nm) in comparison with the 4 nm size of nanocrystals.
Progress in synthesis of semiconductor nanoparticles in various ambient environments,
understanding of their optical properties combined with an idea of using quantum dots as
efficient luminophores in light emitting devices and as fluorescent labels in high sensitivity
biospectroscopy do stimulate extensive experiments on purposeful application of field
enhancement and DOS effects for quantum dot based nanostructures.

Among extensive experimental research on plasmonic enhancement of photolumines-
cence a few selected experiments are worthy to be highlighted. Using specially annealed
gold films on a dielectric substrate, N. Strekal with co-workers demonstrated selective
enhancement of either Raman scattering or fluorescence (50-fold enhancement) depending
on whether a spacer is absent, or present, between the adsorbate and the metal surface
[33]. T. Ozel et al. demonstrated that in the case of two different emission bands, one of
these bands can be selectively enhanced whereas another one shows partial inhibition [34].
These data were shown in Figure 5.45. Different effects of metallic environment on differ-
ent emission bands makes the contribution from local DOS plausible, since enhancement
through the common absorption channel remains the same for both bands. In the presence
of luminescence quenching from a competing non-radiative decay path, lifetime measure-
ments can not give evidence in favor of or contrary to the density of state enhancement
factor. The question then arises whether it is possible or not to get an experimental hint
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on density of state contribution. In this context an emission indicatrix can be helpful since
partial density of states in complex nanostructures can be strongly anisotropic. Several
authors did actually observe pronounced directionality of spontaneous emission for lumi-
nescent probes attached to a nanotextured metal surface [35, 36] thus providing arguments
in favor of density of states contribution to luminescence enhancement. Aslan et al. [37]
proposed extension of the standard photoluminescence enhancement explanation in terms
of non-radiative energy transfer to surface plasmons with subsequent radiative decay of
plasmons into propagating electromagnetic modes. Should this be the case, non-radiative
energy transfer from a fluorophore to metal will not inhibit the overall emission efficiency
and photoluminescence enhancement will more readily occur.

Several groups have performed tip-enhanced spectroscopy using precise manipulation
of a metal tip or nanoparticle by means of an atomic force microscopy cantilever [38,
39]. In this case spacing between a fluorophore and a metal nanobody is controlled by
nanomanipulation with the metal nanobody, the fluorophore being immobilized in a matrix
or on a surface. Using this approach Anger, Bharadwaj and Novotny compared distance-
dependent emission rate from a molecule near a gold nanoparticle with that calculated
based on modified excitation rate, radiative and non-radiative processes promoted by metal
proximity [40]. Their results are summarized in Figure 16.11. Fine agreement of theoretical
expectations and experimental observation may be clearly seen. The optimal distance for
enhancement was found to be between 5 to 10 nm which also agrees with the data previously
reported for ensemble-averaged enhancement (see, e.g. Fig. 16.10).
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Problems

1. Consider the contribution of different processes to possible Raman scattering enhance-
ment and luminescence enhancement in plasmonic nanostructures and explain why the
Raman signal is much more readily enhanced.

2. Many experimenters have found that plasmonic enhancement of photoluminescence is
more pronounced for molecules with intrinsically low quantum yield. Explain this observa-
tion. Hint: consider the relative contribution from non-radiative bypass to the overall decay
rate for originally high and low quantum yields.
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