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inside the theory of electromagnetic continuous media, where the electric
charge density appears as the temporal component of the 4D current density
vector.8

There are not many Cartesian quantities in physics. Most of them are
just the logarithms of Jeffreys’ quantities, like the pH of an acid, the log-
arithm of the concentration (see details in section 3.1.4.2), the entropy of a
thermodynamic system, the logarithm of the number of accessible states, etc.

3.1.2 Benford Effect

Many quantities in physics, geography, economics, biology, sociology, etc.,
take values that have a great tendency to start with the digit 1 or 2. Take, for
instance, the list of the States, Territories and Principal Islands of the World ,
as given in the Times Atlas of the World (Times Books, 1983). The beginning
of the list is shown in figure 3.1. In the three first numerical columns of the
list, there are the surfaces (both in square kilometers and square miles) and
populations of states, territories and islands. The statistic of the first digit is
shown at the right of the figure: there is an obvious majority of ones, and
the probability of the first digit being a 2, 3, 4, etc. decreases with increasing
digit value. This observation dates back to Newcomb (1881), and is today
known as the Benford law (Benford, 1938).
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Fig. 3.1. Left: the beginning of the list of the states, territories and principal islands
of the World, in the Times Atlas of the World (Times Books, 1983), with the first
digit of the surfaces (both in square kilometers and square miles) and populations
highlighted. Right: statistics of the first digit (dark gray) and prediction from the
Benford model (light gray).

We can state the ‘law’ as follows.

Property 3.4 Benford effect. Consider a Cartesian quantity x and a Jeffreys
quantity

8The component of a vector may take any value, and does not need to be positive
(here, this allowing the classical interpretation of a positron as an electron “going
backwards in time”.
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Fig. 3.2. Generate points, uniformly at random, “on the real
axis” (left of the figure). The values x1, x2 . . . will not have
any special property, but the quantities X1 = 10x1 ,X2 =
10x2 . . . will present the Benford effect: as the figure sug-
gests, the intervals 0.1–0.2 , 1–2 , 10–20 , etc. are longer (so
have greater probability of having points) than the intervals
0.2–0.3 , 2–3 , 20–30 , etc., and so on. It is easy to see that
the probability that the first digit of the coordinate X equals
n is pn = log10(n + 1)/n (Benford law). The same effect ap-
pears when, instead of base 10 logarithms, one uses natural
logarithms, X1 = ex1 ,X2 = ex2 . . . , or base 2 logarithms,,
X1 = 2x1 ,X2 = 2x2 . . . .
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where b is any positive base number (for instance, b = 2 , b = 10 , or b = e =
2.71828 . . . ). If values of x are generated uniformly at random, then the first digit
of the values of X (that are all positive) has an uneven distribution. When using
a base K system of numeration to represent the quantity X (typically, we write
numbers in base 10, so K = 10 ), the probability that the first digit is n equals

pn = logK(n + 1)/n . (3.9)

The explanation of this effect is suggested in figure 3.2.
All Jeffreys quantities exhibit this effect, this meaning, in fact, that the

logarithm of a Jeffreys quantity can be considered a ‘Cartesian quantity’.
That a table of values of a quantity exhibits the Benford effect is a strong
suggestion that the given quantity may be a Jeffreys one.

This is the case for most of the quantities in physics: masses of elementary
particles, etc. In fact, if one indiscriminately takes the first digits of a table of
263 fundamental physical constants, the Benford effect is conspicuous,9 as
demonstrated by the histogram in figure 3.3. This is a strong suggestion that
most of the physical constants are Jeffreys quantities. It seems natural that
this observation enters in the development of physical theories, as proposed
in this text.

3.1.3 Power Laws

In the scientific literature, when one quantity is proportional to the power of
another quantity, it is said that one has a power law. In biology, for instance,
the metabolism rate of animals is proportional to the 3/4 power of their

9Negative values in the table, like the electric charge of the electron, should be
excluded from the histogram, but they are not very numerous and do not change the
statistics significantly.
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speed of light in vacuum
. . .
Newtonian constant of gravitation
Planck constant

elementary charge

. . .

c   =  299 792 458  m s-1

. . .
G  =  6.673(10) 10-11  m3 kg-1 s-2

h   =  6.626 068 76(52) 10-34  J s
     =  4.135 667 27(16) 10-15  eV
h   =  1.054 571 596(82) 10-34  J s
     =  6.582 118 89(26) 10-16  eV
e    =  1.602 176 462(63) 10-19  C
e/h  =  2.417 989 491(95) 1014  A J-1

. . .
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Fig. 3.3. Left: the beginning of the table of Fundamental Physical Constants (1998
CODATA least-squares adjustment; Mohr and Taylor, 2001), with the first digit high-
lighted. Right: statistics of the first digit of the 263 physical constants in the table. The
Benford effect is conspicuous.

body mass, and this can be verified for body masses spanning many orders
of magnitude. The quantities entering a power law are, typically, Jeffreys
quantities.

That these power laws are so highlighted in biology or economics is
probably because of their empirical character: in physics these laws are very
common. For instance, Stefan’s law states that the power radiated by a body
is proportional to the 4th power of the absolute temperature. In fact, it is
the hypothesis that power laws are ubiquitous, that gives sense to the di-
mensional analysis method (discovered by Fourier, 1822): physical relations
between quantities can be guessed by just using dimensional arguments.

3.1.4 Ad Hoc Quantities

Many physical quantities have definitions that are justified only historically.
As shown here below, this is the case for some of the coefficients used to
define an elastic medium (like Poisson’s ratio or Young’s modulus), whereas
the eigenvalues of the stiffness tensor should be used instead. As a second ex-
ample, it is shown below how the usual definition of chemical concentration
could be modified. There are many other ad hoc parameters, for instance
the density parameter Ω in cosmological models (see Evrard and Coles,
1995). In each case, it is fundamental to recognize which is the Jeffreys’ (or
the Cartesian) parameter hidden behind the ad hoc parameter, and use it
explicitly.

3.1.4.1 Elastic Poisson’s Ratio

An ideal elastic medium E can be characterized by the stiffness tensor c
or the compliance tensor d = c-1 . The distance between an ideal elastic
medium E1 , characterized by the stiffness c1 or the compliance d1 and an
ideal elastic medium E2 , characterized by the stiffness c2 or the compliance
d2 is (see section 3.3)
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