Chapter 8
Basic concepts of reliability analysis by probability
methods

8.1 Introduction

This chapter provides the theoretical background for the reliability analysis used in other
chapters, Chapter 2 in particular. Some basic concepts of probability theory are discussed as
these are essential to the understanding and development of quantilative reliability analysis
methods. Definitions of terms commonly used in system reliability analysis are also included.
The three methods discussed are the cut-set, the state-space, and the network reduction
methods.

8.2 Definitions

The following terms, defined in Chapter 1, are commonly used in system reliability analysis:
component, failure, failure rate, mean time between failures (MTBF ), mean time 1o repair
(MTTR), and system. Additional definitions more specifically related to power distribution
systems are giverl*ingl;i. See Scotion |y

8.3 Basic probability theory

This subclause discusses some of the basic concepts of probability theory. An appreciation of
these ideas is essential to the understanding and development of reliability analysis methods,

8.3.1 Sample space

Sample space is the set of all possible outcomes of a phenomenon. For example, consider a
system of three distribution links. Assuming that each link exists either in the operating or
“up” state or in the failed or “down” state, the sample space is

§=(1U,2U,30), (1D, 2U, 3U), (1U, 2D, 3U), (1U, 2U, 3D), (1D, 2D, 3U),
(1D,2U,3D), (1U,2D, 3D), (1D, 2D, 3D)

Here iU, iD denote that the component { is up or down, respectively. The possible outcomes
of a system are also called “system states,” and the set of all possible system states is called
“system-state space.”

8.3.2 Event

In the example of three disiri bution links, the descriptions (1D, 2D, 3U), (1D, 2U, 3Dy, (1U,
2D, 3D), and (1D, 2D, 3D) define an event in which two or three lines are in the failed state.
Assuming that a minimum of two lines is needed for successful system operation, this set of
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states also defines the system failure. The event A is, therefore, a set of system states, and the
event A is said to have occurred if the system is in a state that is a member of set A.

8.3.3 Probability

A simple and useful way of looking at the probability of an occurrence of the event is by
using a large number of observations.

Consider, for example, that a syslem is energized at time = 0, and the state of the system s
nolted at time ¢. This is said to be one observation. Now, if this process is repeated N times and
the system is observed in the failed state Nptimes, the probability of the system being in a
failed state at time ¢ is

Pp(t) =Nyl N (8-1)
N— o
8.3.4 Combinatorial properties of event probabilities

Certain combinatorial properties of event probabilities that are useful in reliability analysis
are discussed in this subclause.

8.3.4.1 Addition rule of probabilities

Two events, Ay and A4,, are mutually exclusive if they cannot occur together. For events Al
and A, that are not mutually exclusive (that is, events which can happen together)

PlA U A2) = P(A)) + P(Ag) - P(A] N Ay) (8-2)
where

P(A U 45)  isthe probability of A} or A, or both happening; and
P(A N Ay)  isthe probability of A; and A, happening together.

When A| and A, are mutually exclusive, they cannot happen together; that is, P(A| NAy) =0,
therefore Equation (8-2) reduces to

P(ALU A7) = P(A)) + P(Ay) (8-3)
8.3.4.2 Multiplication rule of probabilities

If the probability of occurrence of event A 1 is affected by the occurrence of Ay, then Aj and A,
are not independent events.
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The conditional probability of event Ay, given that event A has already oceurred, is denoted
by P(A; 1 Ay) and

P(A; N Ay) = P(A| | A7) P(Ay) (8-4)
This formula is also used to calculate the conditional probability
P(A|1 A7) = P(A| N Ay) 1 P(Ay) (8-5)

When, however, events 4, and Az are independent, that is the occurrence of Ay does not affect
the occurrence of 4,

P(A) N Ay = P(A)) P(Ay) (8-6)
8.3.4.3 Complementation
Ay is used to denote the complement of event A,. The component A; is the set of states that

are not members of A;. For example, if A; denotes states indicating system failure, then the
states not representing system failure make Al

P(E,):I—P(A,) (87
8.3.5 Random variable

A random variable can be defined as “a quantity that assumes values in accordance with prob-
abilistic laws> A discrete random variable assumes discrete values, whereas a random vari-
able that assumes values from a conlinuous interval is termed a “continuous random
variable.” For example, the state of a system is a discrete random variable, and the time
between two successive failures is a continuous random variable.

8.3.6 Probability distribution function

Probability distribution function describes the variability of a random variable. For a discrete
random variable X, assuming values .x;, the probability density function is defined by

Py()=P(X=yx) (B-8)

The probability density function for a discrete random variable is also called the “probability
mass function” and has the following properties:

a)  Py{x) =0 unless x is one of the values Qs T, X9, .n.
b) OsPyx)sl
c) 2 Pylx) = 1

Another useful function is the cumulative distribution function. It is defined by

Fy()=P(X=x)= Y Pylx)), X=x (8-9)
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The probability density function fx() [or simply f(x)] for a continuous random variable is
defined so that

b
P(asXsb):ff(y) dy (8-10)

If, for example, X denotes the time (o failure, Equation (8-10) gives the probability that the
failure will occur in the interval (a.b). The corresponding probability distribution function for
a continuous random variable is

X

Fo)=P=sXs9= [ £()dy (8-11)

-2

The function f(x) has certain specific properties (see Singh and Billinton [B31Y) including the
following:

[f(x)dx =1 (8-12)

8.3.7 Expectation

The probabilistic behavior of a random variable is completely defined by the probability den-
sity function. It is often, however, desirable to have a single value characterizing the random
variable. One such value is the expectation. It is defined by

EX) = E.\‘,-PX(.\',-) for a discrete random variable,
i

@

= f xf(x)dx for a continuous random variable,

-

The expectation of X is also called the “mean value of X" and has a special relationship to the
average value of X in that, il the random variable X is observed many times and the arithmetic
average of X is calculated, it will approach the mean value as the number of observations
increases,

"The numbers in brackets preceded by the letter B correspond to those of the bibliography in 8.6.
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8.3.8 Exponential distribution

There are several special probability distribution functions (see Singh and Billinton [B3]): but
the one of particular interest in reliability analysis is the exponential distribution, having the
probability density function of

Sy = he ™ (8-13)

where X is a positive constant. The mean value of the random variable X, with exponential
distribution is

x

d :f_\?lefudx = 1/n (8-14)
0

Also the probability distribution is

F(x) = Jle_hdy = ™ (8-15)
0

If the time between failures obeys the exponential distribution, the mean time between
failures is d = 1/ &, where A denotes the failure rate of the component. It should be noted that
the failure rate for exponential distribution and only the exponential distribution is constant.

8.4 Reliability measures

The term “reliability” is generally used to indicate the ability of a system Lo continue (o per-
form its intended function. Several measures of reliability are described in the literature, and
some of the meaningful indexes for repairable systems, especially power distribution sys-
tems, are described in this subclause.

a) Unavailability, Unavailability is the “steady-state probability that a component or
system is out of service due to failures or scheduled outages.” If only the failed state
is considered, this term is called “forced unavailability.”

b)  Availability. Availability is the “steady-state probability that a component or system
is in service.” Numerically, availability is the complement of unavailability, that is

Availability = | - unavailability
c) Frequency of system failure. This index can be defined as the “mean number of Sys-
tem failures per unit time.”

d) Expected failure duration. This index can be defined as the “expected or long-term
average duration of a single failure event”
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8.5 Reliability evaluation methods

Numerical values for reliability measures can be obtained either by analytical methods or
through digital simulation. Only the analytical techniques are discussed here (a discussion of
the simulation approach can be found in (Singh and Billinton [B3]). The three methods
described in this chapter are the state-space, network reduction, and cut-set methods, The
state-space method is very general but becomes cumbersome for relatively large systems. The
network reduction method is applicable when the system consists of series and parallel sub-
systems. The cut-set method is becoming increasingly popular in the reliability analysis of
transmission and distribution networks and has been primarily used in this book. The state-
space and network reduction methods are discussed in this chapter for reference and for the
potential benefit to the users of this book.

8.5.1 Minimal cut-set method

The cut-set method can be applied Lo systems with simple as well as complex configurations
and is a very suitable technique for the reliability analysis of power distribution syslems. A
cut-set is a “set of components whose failure alone will cause system failure,” and a minimal
cut-set has no proper subset of components whose failure alone will cause system failure. The
components of a minimal cut-set are in parallel since all of them must fail in order to cause
system failure and various minimal cut-sets are in series as any one minimal cut-sel can cause
system failure.

A simple approach for the identification of minimal cut-sets is described in Chapter 2, but
more formal algorithms are also available in the literature (see Singh and Billinton [B3)).
Once the minimal cut-sets have been obtained, the reliability measures can be obtained by the
application of suitable formulas (see Shooman [B1] and Singh [B2]). Assuming component
independence and denoting the probability of failure of components in cut-set C| by P(C—’,-) .
the probability (unavailability) and the frequency of system failure for m minimal cut-sets are
given by

P

= P(CLUC,UC; U ... WEs)

I

PUB 4+ PTS .o +P(-C_',,t)(%1)lerms—[P(E’l) N(Cs)]+...

+

[P(C; N C)li ¢j(g) terms

-1)"'PC,NE,N ...E,,,)(:T’f) terms (8-16)
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where C; N C,, for example, denoles the failure of components ol both the minimal cut-sets
1 and 2 and, therefore, P(C, N C») means the probability of failure of all the components
contained in C| and C, , that is

P(C\NCy) = TP, and i €(C, U Gy)
where

Piq is the probability of component i being in the failed state
=ril{di+rp).
=N (N + .

d; s the MTBF of component i.

A; s the failure rate of component i.
=1/d;.

ri  is the MTTR of component ;.

1 is the repair rate of component i
=1/r.

IT s the product.

The frequency of failure is given by
ff= P(E] ) H/l + P(EZ)VVZ'!'P(E‘,")‘ m— [P(E’] ] 52) 1V|!2+ P(E‘l N 6‘3 )H/l,:"

ok P(C N Wyl

=LA AN ... B Wy .,m (8-17)

where

Ws.j = g
relluc,

kEC,UC;
The mean failure duration is given by

When the mean time between the failure of components is much larger than the mean time (o
repair (or in other words, the component availabilities approach unity). Equation (8-16) and
(8-17) can be approximated (see Singh [B2]) by simpler equations:
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Pf = z P(C)) = E Pcs; (8-18)
i=1 i=1
and
n m
fr= SPE@W = Y fe, (8-19)
iz i=1

where Pes; and fes; are the probability and frequency of cut-set event i, respectively,

Also,
m n m m
dy =P, If; = E Pes, /2 fes; =E fesires; /E fes,; (8-20)
i=1 i=1 i=1 i=1
where;

a’f is the system mean failure duration: and

res;  is the mean duration of cut-set event i.

The application of Equations (8-19) and (8-20) to power distribution systems is discussed in
Chapter 2. The components in a minimal cut-set behave like a parallel system, and fes;
(assuming # components in C}) can be computed as follows:

fes; = Hijf E n; (8-21)
i=1 j=1
and
1]
resp =17y w; (8-22)
i=1

For example, for a cut-set having three components 1,2, and 3:

Ahohs (i + 1y + 1)

fesi= e 1) (g + 1) (s 4 113)

= }\.l )\.2 }\.3(}”1 rpt+ry 3+ TI), ﬂSSUming ;\.1' << Wy

and
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T2l

res; =
I PR .
(i|12+r3r3+131[)

8.5.2 State-space method

IEEE
Std 493-1997

The state-space method is a very general approach and can be used when the components are
independent as well as for systems involving dependent failure and repair modes. The differ-
ent steps of this approach are illustrated using a simple example of a component in series with

two parallel components, as shown in Figure 8-1.

SOURCE O— | —C LOAD

Figure 8-1—0One component in series with two components in parallel

a)  Enumerate the possible systetn states. Assuming each component can exist either in
the up or operating state (U) or in the down or failed state (D) and that the compo-
nents are independent, there are eight possible system states. These states are num-
bered 1 through 8 in Figure 8-2, and the description of the component states is

indicated in each system state.

b)  Determine interstate transition rates. The transition rate from 5; (that is,

state i) to 5

is the mean rate of the system passing from s; to s;. For example, in Figure 8-2 the

S

system can transit from s, to s, by the failure of component | and the repair of com-
ponent 1, will put the system back into §1. Therefore, the transition rate from 5110 5

is &y, and the transition rate from Sp 10 5pis .

¢)  Determine state probabilities. When the components can be assumed to be indepen-
dent, state probabilities can be found by the product rule as indicated in Equation
(8-6).When, however, statistical dependence is involved, a set of simul laneous equa-
tions needs to be solved to obtain state probabilities (see Singh and Billinton [B3]).
Only the independent case is discussed here and for this, say the probability of being

in state 2 can be determined by

P2=P]([PZHP3H

Copyright © 1998 IEEE. All rights reserved.
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Figure 8-2— State transition diagram for the system shown in Figure 8-1

where

and

d)

144

P in

Piy

is the probability of component i being in “up” (operating) state
=d /(d +r, ;
< rer g

= I-j i) !‘l ki . ’. E M 'TT\'{ La '|
(gPa(r rc"'b 8 '

Ju'E . .
N = ﬂ;:uili)\b A A Ca \
is the probability of component / being in “down” (failed) state
=ri/(d;+r))
=070+ ).

Determine Reliability Measures. The states contributin g the failure, or success, or any
other event of interest are identified. For the system shown in Figure 8-1, if the links
2 and 3 are fully redundant, system failure can oceur if either component 1 fails, or

components 2 and 3 fail, or if all components fail. The state space § is shown in Fig-
ure 8-2 is

§={1,2,3,4,5,6,7,8}
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The subset A (representing failure) can be identified as:
A={2,5,6,7,8}

and the subset representing the success states is
S-A={1,3,4}

Unavailability or the probability of the system being in the down state is now given
by

Pr= Y P (8-24)

iEA
where i €4 indicates that summation is over all states contained in subset A.
Applied to our example
Pr=Py+ P5+ Pg+ P71+ Py
where P; can be found by the product rule (see Equation (8-23).

The frequency of system failure, that is, the frequency of encountering subset A, can
be computed by the following relationship:

= N8N 5 (8-25)
jf ié:ft jg/l !

where A;; equals the transition rate from state i to state j.
Fp= Pihp + P3(h+ A3) + Py(h+ Ay)
The mean failure duration can be obtained from Prand frusing
dp= Pl fr (8-26)

In the preceding analysis, it was assumed that the failure of a component does not alter the
probability of failure of the remaining components. If, however, it is assumed that after the
system failure, no further component failure will take place, the state transition diagram in
Figure 8-2 will be modified as shown in Figure 8-3. Once component 1 fails or components 2
and 3 fail, no further failure is possible. The probabilities in this case cannot be calculated by
simple multiplication; they can be computed by solving a set of linear equations {see Singh
and Billinton [B3]). Once the state probabilities have been calculated, the remaining proce-
dure is the same.
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Figure 8-3—State transition diagram for the system shown in Figure 8-1
when components are not independent

8.5.3 Network reduction method

The network reduction method is useful for systems consisting of series and parallel sub-
systems. This method consists of successively reducing the series and parallel structures by
equivalent components. Knowledge of the series and parallel reduction formulas is essential
for the application of this technique.

8.5.4 Series system

The components are said to be in series when the failure of any one component causes system
failure. It should be noted that the components do not have to be physically connected in
series; it is the effect of failure that is important. Two Lypes of series systems are discussed in
854.1and 8.54.2.

8.5.4.1 Independent components

For the series system of independent components, the failure and repair rate the equivalent
component are given by

By, 2 A; (8-27)
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and
n
ue=h,/ (1+x / w)-1 (8-28)

i=1

where A, and p, are the equivalent failure and repair rates of the series system and

n

H denotes the product of values 1 through n (n being the number of components).
i<l
Assuming the A; is much smaller than w; (which, in other words, means that the MTBF is
much larger than the MTTR), the quantities involving the products of A; can be neglected.
Equation (8-27) reduces to

re=1/p.= E rik; / A, (8-29)

i=1
8.5.4.2 Components involving dependence

When it is assumed that after the system failure no more components will fail, the equivalent
failure and repair parameters are

n n
A= 2 A; and r,= E ik | Ay (8-30)

i=1 i=1

It can be seen from Equations (8-28) and (8-29) that, for component MTBF to be much larger
than MTTR, the r, for the dependent and independent cases should be practically equal.

8.5.5 Parallel system

Two components are considered in parallel when either can ensure system success. The
equivalent failure and repair rates of a parallel system of two components are given by

P %ﬂ—l:;’\j‘% (8-31)
and
oy = [y + g (8-32)
If %) ry and A, r, are much smaller than 1, then Equation (8-30) can be written as
Ap=Ahy (rp+rp) (8-33)
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