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Abstract. In real life we are often confronted with dynamic optimization prob-
lems whose optima change over time. These problems challenge traditional opti-
mization methods as well as conventional evolutionary optimization algorithms. 
In this paper, we propose an evolutionary model that combines the differential 
evolution algorithm with cellular automata to address dynamic optimization prob-
lems. In the proposed model, called CellularDE, a cellular automaton partitions 
the search space into cells. Individuals in each cell, which implicitly create a sub-
population, are evolved by the differential evolution algorithm to find the local 
optimum in the cell neighborhood. Experimental results on the moving peaks 
benchmark show that CellularDE outperforms DynDE, cellular PSO, FMSO, and 
mQSO in most tested dynamic environments. 
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1   Introduction 

Many optimization problems in the real-world are dynamic in which the fitness func-
tion changes over time. These problems can be modeled with multiple local optimums 
that one of them is the global optimum. When a change is occurred in the environ-
ment, the global optimum may change. Hence the optimization algorithm has to track 
the changes in the environment and find the new global optimum quickly. 

The dynamic optimization problems have challenged traditional optimization algo-
rithms as well as conventional evolutionary algorithms, which were designed for non-
stationary problems. This is due to the goal of conventional evolutionary algorithms, 
converging to the fixed global optimum, which results in losing diversity and decreases 
the power of algorithm to search for the new optimum after the environment changes.  

Many approaches have been introduced to address dynamic optimization problems 
that can be categorized into four groups: (1) Diversity maintenance approaches [1-2]. 
(2) Memory based approaches [3-4]. (3) Increasing diversity approaches [5-6]. (4) 
Multi-population approaches [7-8]. A comprehensive survey on evolutionary algo-
rithms that are developed and applied to dynamic environments can be found in [9]. 
Most of the recent researches on evolutionary algorithms for dynamic optimization 
problems are focused on the fourth category which also has been shown the most 
outstanding results in dynamic optimization among other proposed approaches [10].  
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It has been shown that Differential evolution algorithm (DE) [11] is be a simple 
and powerful algorithm for continuous function optimization, not even in static [12] 
but also in dynamic environments [7, 13-15]. Moreover, DynDE [7], which to the best 
of our knowledge is the best-performing differential evolution algorithm for dynamic 
optimization problems, produces competitive results compared to other dynamic op-
timization algorithms. Although an improved version of DynDE [13] is presented, it 
only improves the performance of a few environments a little, while it significantly 
increases the complexity of the algorithm.  

In [16-17], Hashemi and Meybodi proposed cellular PSO, a hybrid model of par-
ticle swarm optimization and cellular automata and showed it produces promising 
results. In cellular PSO, a cellular automaton is embedded into the search space and 
partitions the search space, such that each partition corresponds to a cell. At any time, 
in some cells of the cellular automaton, a group of particles are present and search for 
an optimum. In the search for an optimum, particles in a cell use their best personal 
experience and the best solution found in their neighborhood cells. Moreover, in order 
to prevent losing diversity of particles, a limit on the number of particles searching in 
each cell is imposed.  

In this paper, we combine DE and cellular automata in order to maintain diversi-
ty of the population in the search space as well as to perform effective local search 
at the same time. In the proposed model, named CellularDE, like cellular PSO, a 
cellular automaton is embedded into the search space and partitions the search 
space such that each partition corresponds to a cell. The population implicitly is 
divided into sub-populations, each residing in a cell. Individuals in each cell search 
for a local optimum using local information in that cell and its neighbors. In moving 
towards dynamic optimum, preserving individual's density in each cell below a 
specified threshold is of great concern. To keep the individuals density below this 
threshold, a portion of individuals may be reinitialized at the end of each iteration. 
This mechanism makes the individuals spread out over the highest peaks across the 
environment, meanwhile it helps converging to each peak in a short time. Moreo-
ver, after detecting a change in the environment, individuals temporarily perform 
random local search around the local optimum in their neighborhood, which helps 
the algorithm to quickly find new peaks. 

The performance of the proposed CellularDE is compared with DynDE [7], cellu-
lar PSO [16-17], FMSO [18] and mQSO [19-20] in various dynamic environments 
modeled by the moving peaks benchmark [21-22]. The results of the experiments 
show that CellularDE outperforms other algorithms in most tested dynamic environ-
ments. In addition, it is more robust to the number of peaks in the environment. 
Moreover, CellularDE takes the advantage of local information exchange and decen-
tralize control of cellular automaton which makes the algorithm scalable. 

The rest of this paper is organized as follows. The next section describes the diffe-
rential evolution algorithm. Section 3 provides detailed specification of the proposed 
algorithm with a brief introduction to cellular automata as the foundations of our 
approach. Section 4 gives out experimental results of the proposed model. Finally, 
Section 5 concludes this paper. 
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2   Differential Evolution 

Differential Evolution (DE) [11]  is a population based evolutionary algorithm which 
differs from other evolutionary algorithms in its mechanism of generating offspring. 
In evolutionary algorithms, an individual plays the role of a parent to generate an 
offspring. However, in DE an offspring is generated using vector differences among 
individuals in the population [12]. The canonical DE algorithm works as follows. 

1. Initialize population with uniform distribution. 
2. Until a termination condition is met, for each individual  in the population do 

in parallel: 
 

i. Select three different individuals , , and  from the current 
population randomly. 

ii. Generate a trial vector  using eq. (1). 

( )1 2 3.i r r rv x F x x= + −r r r r
 (1)

where F∈[0,1] is a scale factor. 

iii. Create a new vector   using binomial crossover according to eq.(2). 
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where Cr∈(0,1) is known as crossover probability and rj∈[1,D] is a 
random integer and D is number of dimensions. 

iv. Evaluate the candidate . 
v. Replace individual  with , if fitness of the newly create vector  is 

better than fitness of individual  . 

In this algorithm F and Cr are control parameters which play the same role as  
mutation and crossover probability in the evolutionary algorithms such as Genetic 
algorithms.  

Many typical variants of DE, called schemes, have been proposed in literatures. 
Each scheme varies with respect to the number of random individuals that are used to 
construct a new trial vector, as well as with respect to whether or not the current indi-
vidual or the global best individual is used as part of that computation. 

3   The Proposed Algorithm 

In the proposed algorithm, we follow the partitioning approach using cellular automa-
ta [16-17]. Cellular automaton (CA) is a mathematical model for systems consisting 
of large number of simple identical components with local interactions. It is called 
cellular because it is made up of cells like points in a lattice or like squares of checker 
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boards, and it is called automaton because it follows a simple rule [23]. Each individ-
ual cell is in a specific state. The cells synchronously update their states on discrete 
steps according to a local rule which depends on the previous states of the cell itself 
and its neighborhood. Fig. 1 (a, b) shows Neighborhood in a 2-dimensional cellular 
automaton and two well-known neighborhoods, Moore and von Neumann. The over-
all structure can be viewed as a parallel processing device. 

In CellularDE, a cellular automaton is embedded into the search space and divides 
it into a number of partitions each of which corresponds to one cell in the cellular 
automaton. Fig. 1 (c) illustrates a 2-D cellular automaton which is embedded into a 
two-dimensional search space and partitions it into 55 cells. Cellular automaton impli-
citly divides the population into a number of sub-populations each of which resides in 
a cell and is responsible for finding the highest peak in that cell and its neighborhood 
if there is any peak. In the following, first we introduce components of the Cellu-
larDE, and then detailed steps of the proposed algorithm are described. 

3.1   Memory of the Cells 

In CellularDE, each cell has two memories, cellBestMemi and gBestMemi. cell-
BestMemi is the best position found in cell i since the last change in the environ-
ment (eq. (3)). gBestMemi represents the best position found in neighborhood of cell 
i, which include cell i and its neighbors, since the last change in the environment 
(eq. (4)).  

 (3)

 
(4)

3.2   Cellular Differential Evolution 

In CellularDE, individuals within a cell and its neighbors implicitly create a sub-
population. Each sub-population aims to search for the local optimum in its neighbor-
hood using differential evolution algorithm. Therefore, differential evolution in Cellu-
larDE should provide local exploration capability rather than global exploration of 
canonical DE. Hence, CellularDE utilizes the DE/rand-to-best/1/bin scheme, in which 
the mutant vector  for individual  residing in cellj is calculated using eq. (5). . .  (5)

where , , and  are three different individuals that are randomly selected 
among the individuals residing in cell j. F specifies the greediness of the search algo-
rithm towards the current best point and λrand is a uniform random variable in range 
[0,1]. 
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Fig. 1. (a) Moore neighborhood (b) Von Neumann neighborhood (c) A 2-D search space parti-
tioned by a cellular automaton with 55 cells 

3.3   Maintaining Diversity of Population 

In CellularDE, to prevent convergence of many individuals to a region and maintain 
diversity of the population in the search space, the number of individuals in each cell 
is limited to a specific value, referred to as cell capacity (θ). When the number of 
individuals in a cell exceeds the cell capacity, the worst individuals in the cell are 
moved to new randomly selected cells such that the size of the population in the cell 
reduces to the cell capacity.  Since the connections in the cellular automata are local, 
an individual, which is selected to move to a random cell, can only move one cell  
at a time. Until this individual arrives to its destination cell, it will be inactive, i.e. it 
will not participate in the evolution process, and hence it does not require any fitness 
evaluation.  

3.4   Dealing with the Change  

CellularDE detects a change in the environment by re-evaluating cellBestMem of each 
cell. If the fitness of cellBestMem has been changed since its last evaluation, a change 
is detected.  

Upon detecting a change in environment, the fitness of every individual will be  
re-evaluated and gBestMem of all cells will be cleared. However, in order to use the 
previous search efforts of the population, each cell preserves cellBestMem after re-
evaluation.  

Moreover, after a change is detected in the environment, the population perform 
local search for the next LSnum iterations. To perform the local search, corresponding 
to each individual in cell i, a new individual is generated and positioned randomly in a 
hyper sphere with the radius of LSr centered at gBestMemi. If the fitness of the new 
individual is better than the old one, it will replace the old individual. This local 
search helps the individuals around each peak to follow the peak and find the new 
position of peak quickly. The detailed steps of the proposed CellullarDE are summa-
rized in Algorithm 1. 
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Algorithm 1. CellularDE 
Initialize a cellular automaton with CD equal-sized cells  
Initialize population  of size Pnum randomly in the cellular automaton 
 
do 
 for all celli in cellular automaton do 

Update cellBestMemi according to eq. (3) 
Update gBestMemi according to eq. (4) 

  if there was a change in the past LSnum iterations Then 
for all individualm  in cell i do 

Set individualm  to a random position in a hyper-sphere with radius LSr cen-
tered at gbestMemi. 

end-for 

  else 
   Evolve active population in celli by DE using the mutant vector eq. (5) 

end-if 
 

while population of celli > θ   
Re-initialize the worst active individual to a random cell in the cellular automata 

end-while 
 

if a change is detected Then 
Re-evaluate cellMemi  

Clear gBestMemi  

   for all individualm  in celli  do 
  Re-evaluate individualm   

end-for 
end-if 

end-for 
until a termination condition is met 

4   Experiments 

4.1   Moving Peaks Benchmark 

Moving Peaks Benchmark (MPB) [21-22] is widely used in the literature to evaluate 
the performance of optimization algorithms in dynamic environments [10]. This 
benchmark defines several moving peaks in a multi-dimensional space which the 
height, width, and position of the peaks can be changed periodically. 

The default parameter setting of MPB, known as the scenario II, is presented in 
Table 1. In MPB, shift length s is the radius of peak movement after environment 
changes. m is the number of peaks. f is the frequency of the changes in environment 
as number of fitness evaluations. H and W denote range of the height and width of 
peaks which change by height severity ( ) and width severity ( ), respectively. I is 
the initial heights of the peaks. Parameter A denotes the range of the search space for 
all dimensions. 
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Table 1. Parameters of Moving Peaks Benchmark (MPB) for scenario II 

Parameter Value Parameter Value 
Number of peaks (m) 10 Shift length (s) 1.0 
Change frequency (f) 5000 Number of dimensions (D) 5 
Height severity (  0.7 A [0, 100] 
Width severity (  0.1 H [30, 70] 

I 50 W [1, 12] 
 

In order to measure performance of an algorithm, offline error is used which is de-
fined as the average fitness error of the best position found by the algorithm at every 
point in time. 

 (6)

where FEs is the maximum fitness evaluation, and bestSolution(t) and globalOpti-
mum(t) are the best position found by the algorithm and the global optimum at the tth 
fitness evaluation,  respectively. 

4.2   Experimental Settings 

The results of the proposed algorithm is compared with DynDE [7], cellular PSO [16-
17], FMSO [18] and mQSO [19-20]. To the best of our knowledge, DynDE is the 
best-performing DE optimization algorithms introduced for dynamic environments 
and cellular PSO [16-17] which shares the idea of embedding a cellular automaton in 
the search space. FMSO [18] and mQSO [19-20] are dynamic optimization  
algorithms recently introduced and have shown good performance in dynamic envi-
ronments [10, 20]. 

For all experiments,  parameters of FMSO, MQSO, DynDE, cellular PSO are set 
to the values reported in [18], [19], [7] and [16-17], respectively. The value of the 
parameters of CellularDE is selected so that the proposed algorithm performs best for 
the scenario II of MPB, introduced above. In CellularDE, the cellular automata parti-
tion the search space into 105 cells, i.e. each dimension is divided into 10 partitions to 
maximize the probability of cells containing one peak. Moreover, in the cellular au-
tomata, the Moore neighborhood with radius of 2 cells is used, which is large enough 
to maintain the exploration of the sub-populations in a neighborhood and is small 
enough to prevent the convergence of the population to a local optimum. The popula-
tion size (Pnum) is considered 100 and the capacity of the cells (θ) is set to 10 individ-
uals per cell. This way, each of the 10 peaks in an environment defined by the scena-
rio II of MPB can be equally exploited by 10 individuals, if they are located in 10 
different cells. Mutation (F) and crossover (Cr) parameter of DE are empirically set to 
0.2 and 0.4, respectively. The number of local search iterations (LSnum) and the radius 
of the local search (LSr) are empirically set to 6 and 1.0, respectively. 

( )
1

( ) ( )
1

( ) ( )
FEs

t

t tOffline Error f bestSolution f globalOptimum
FEs =
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4.3   Experimental Results 

All experiments were performed for 500,000 fitness function evaluations. The aver-
age offline errors of the algorithms in 100 runs with 95% confidence interval for vari-
ous dynamic environments are depicted in tables 3 to 5. For each environment, t-tests 
with a significance level of 0.05 have been applied and the result of the best perform-
ing algorithm(s) is printed in bold. When the offline errors of the best performing 
algorithms are not significantly different, all are printed in bold. 

Table 2. Offline errors for different number of peaks (f = 1000) 

m CellularDE DynDE Cellular PSO FMSO mQSO 
1 4.98±0.35 16.84±9.39 7.90±0.47 14.42±0.4 13.30±0.40 
5 3.96±0.04 5.32±0.44 5.81±0.21 10.59±0.2 5.76±0.15 

10 3.98±0.03 4.25±0.05 5.70±0.15 10.40±0.1 5.43±0.10 
20 4.53±0.02 5.34±0.02 5.92±0.18 10.33±0.1 5.84±0.09 
30 4.77±0.02 5.80±0.04 6.07±0.16 10.06±0.1 6.12±0.11 
40 4.87±0.02 6.09±0.02 5.95±0.15 9.85±0.11 6.36±0.11 
50 4.87±0.02 6.22±0.02 6.01±0.15 9.54±0.11 6.61±0.15 
100 4.85±0.02 6.55±0.03 6.04±0.13 8.77±0.09 6.62±0.11 
200 4.46±0.01 6.49±0.02 5.90±0.13 8.06±0.07 6.59±0.10 

Table 3. Offline errors for different number of peaks (f = 2500) 

m CellularDE DynDE Cellular PSO FMSO mQSO 
1 2.38±0.78 7.08±2.08 4.91±0.28 6.29±0.20 6.03±0.22 
5 2.12±0.02 3.14±0.11 2.95±0.20 5.03±0.12 2.98±0.09 

10 2.42±0.02 2.81±0.05 2.97±0.15 5.09±0.09 3.05±0.09 
20 3.05±0.04 3.83±0.05 3.51±0.14 5.32±0.08 4.05±0.08 
30 3.29±0.03 4.32±0.05 3.87±0.12 5.22±0.08 4.53±0.17 
40 3.43±0.03 4.54±0.05 3.89±0.10 5.09±0.06 4.61±0.13 
50 3.44±0.02 4.71±0.05 4.16±0.15 4.99±0.06 4.86±0.12 
100 3.36±0.01 4.90±0.05 4.18±0.11 4.60±0.05 5.13±0.13 
200 3.13±0.01 4.91±0.04 4.04±0.09 4.34±0.04 5.10±0.15 

Table 4. Offline errors for different number of peaks (f = 5000) 

m CellularDE DynDE Cellular PSO FMSO mQSO 
1 1.53±0.07 4.06±0.49 3.46±0.22 3.44±0.11 3.00±0.09 
5 1.50±0.04 2.22±0.15 1.79±0.12 2.94±0.07 1.70±0.09 

10 1.64±0.03 2.26±0.05 1.84±0.08 3.11±0.06 1.96±0.08 
20 2.46±0.05 3.14±0.07 2.63±0.11 3.36±0.06 3.11±0.07 
30 2.62±0.05 3.49±0.60 2.91±0.10 3.28±0.05 3.61±0.08 
40 2.76±0.05 3.82±0.09 3.16±0.11 3.26±0.04 3.88±0.07 
50 2.75±0.05 4.05±0.07 3.23±0.11 3.22±0.05 3.99±0.13 

100 2.73±0.03 4.18±0.09 3.43±0.10 3.06±0.04 4.30±0.08 
200 2.61±0.02 4.06±0.05 3.38±0.09 2.84±0.03 4.32±0.09 

The results of the experiments show that CellularDE outperforms all other tested 
algorithms in all experiments except one case. Moreover, as depicted in Fig. 2 for an 
environment with 50 peaks, CellularDE can find better solutions after most environ-
ment changes. This is because CellularDE, by imposing a limit on the number of  
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Fig. 2. The current error and the offline error for a dynamic environment with 50 peaks, f=5000 

 

individuals in each cell, maintains the diversity of the individuals better than DynDE, 
thus performing a better exploration in the environment. In addition, CellularDE takes 
the advantage of local search capability of DE, which results in more powerful exploi-
tation compared to cellular PSO.  

Moreover, as the number of peaks in the environment increases, the offline error of 
all algorithms, except CellularDE, increases significantly. This is because in DynDE, 
mQSO, and FMSO the numbers of sub-populations are limited, hence they can only 
scout a few peaks in the environments. But CellularDE is able to cover many peaks 
simultaneously. Furthermore, the binomial crossover operation in CellularDE brings 
about a good exploration in a neighborhood, which leads to outperforming cellular 
PSO in the environments with many peaks. 

5   Conclusion 

In this paper, we proposed CellularDE, a cellular automata based differential evolu-
tion algorithm to tackle dynamic optimization problems. In CellularDE a cellular 
automaton is embedded into the search space and partitions the search space into 
cells. By imposing a limit on the number of individuals searching in each cell, the 
proposed algorithm maintains a balance between exploration and exploitation in the 
environment.  Moreover, individuals in each neighborhood search for a peak together 
using the local information exchange between cells. In addition, in order to track the 
local optima after a change occurred in the environment, a local random search is 
performed in the few iterations after the change is detected. 

Extensive experiments in various dynamic environments modeled by the moving 
peaks benchmarks were conducted to evaluate the performance of CellularDE. The 
results of the experiments show that CellularDE outperforms DynDE [7], cellular 
PSO [16-17], FMSO [18], and mQSO [19-20] in most tested environments which 
contain many peaks. In addition, it has been shown that CellularDE is more robust to 
the number of peaks in the environment than other tested algorithms. 
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