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A Note on Centrality in Infinite Groups
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Abstract. In this short note, we prove that an element a of an infinite group is central

if and only if aX ∩ Xa 6= ∅ for all infinite subsets X.
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1. Introduction

The main result of [1] states that an infinite group G is abelian if and only if XY ∩
Y X 6= ∅ for all infinite subsets X and Y of G. This result can be interpreted
as an criterion of commutativity in terms of infinite subsets for infinite groups.
In this note, we prove a similar criterion for the centrality of infinite groups.

Theorem. Let G be an infinite group and a ∈ G. Then a ∈ Z(G) if and only if

aX ∩ Xa 6= ∅ for all infinite subsets X of G.

As in [3], a subset X of a group G is called a Sidon subset of the second kind
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if for every 4-tuple (x, y, z, w) of elements of X with |{x, y, z, w}| ≥ 3, xy−1 6=
zw−1. In Proposition 8 of [3], it is proved that every infinite subset of a group
contains an infinite Sidon subset of the second kind (see for some generalizations
[2]). We use this combinatorial result in our proof of the Theorem.

2. Proof of the Theorem

We first prove that the centralizer

C = CG(a) = {x ∈ G | ax = xa}

of a in G is infinite. Suppose, on the contrary, that C is finite. Then T =
{ag | g ∈ G}\C is infinite. Define inductively a sequence x1, x2, . . . of elements
of T as follows:

Choose x1 to be an arbitrary element of T and then take xn+1 to be an

arbitrary element of the set Mn = T \
{

xa
i , xa−1

i | i = 1, . . . , n
}

. Then, it follows
that aX ∩ Xa = ∅, where X = {x1, x2, . . . }. Thus C is infinite.

By Proposition 8 of [3], there exists an infinite Sidon subsets of the second
kind such that S ⊂ C. Let b be any element of G. We have to prove that
ab = ba. By hypothesis, we have a(bS) ∩ (bS)a 6= ∅. Hence abs = bta for some
s, t ∈ S. Thus, as t ∈ C, abs = bat and so a−1b−1ab = ts−1. If t = s, we
are done. So suppose, for a contradiction, that t 6= s and consider the infinite
subset S′ = S\{s, t}. Then by hypothesis, a(bS′) ∩ (bS′)a 6= ∅. It follows
that a−1b−1ab = t′s′−1 for some t′, s′ ∈ S′. Hence ts−1 = t′s′−1; this is a
contradiction, since S is a Sidon subset of second kind and |{t, s, t′, s′}| ≥ 3.
Thus the proof is complete.
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