Annals of Mathematics, 168 (2008), 97-125

Growth of the number of simple
closed geodesics on hyperbolic surfaces
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1. Introduction

In this paper, we study the growth of sx (L), the number of simple closed
geodesics of length < L on a complete hyperbolic surface X of finite area.
We also study the frequencies of different types of simple closed geodesics on
X and their relationship with the Weil-Petersson volumes of moduli spaces of
bordered Riemann surfaces.

Simple closed geodesics. Let c¢x (L) be the number of primitive closed
geodesics of length < L on X. The problem of understanding the asymptotics
of c¢x (L) has been investigated intensively. Due to work of Delsarte, Huber
and Selberg, it is known that

Cx(L) ~ eL/L

as L — oo. By this result the asymptotic growth of cx(L) is independent
of the genus of X. See [Bus| and the references within for more details and
related results. Similar statements hold for the growth of the number of closed
geodesics on negatively curved compact manifolds [Ma].

However, very few closed geodesics are simple [BS2] and it is hard to
discern them in 7 (X) [BS1].

Counting problems. Let Mg, be the moduli space of complete hyperbolic
Riemann surfaces of genus g with n cusps. Fix X € M, ,. To understand the
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growth of sx (L), it proves fruitful to study different types of simple closed
geodesics on X separately. Let S, , be a closed surface of genus g with n
boundary components. The mapping class group Mod, ,, acts naturally on the
set of isotopy classes of simple closed curves on Sy ,. Every isotopy class of a
simple closed curve contains a unique simple closed geodesic on X. T'wo simple
closed geodesics 1 and o are of the same type if and only if there exists
g € Modg,, such that g -1 = 2. The type of a simple closed geodesic 7 is
determined by the topology of S, (), the surface that we get by cutting Sy,
along v. We fix a simple closed geodesic v on X and consider more generally
the counting function

sx(L,v) = #{a € Mody, v | la(X) < L}.

Note that there are only finitely many simple closed geodesics on X up to the
action of the mapping class group. Therefore,

sx(L) =Y sx(L,7),
gl
where the sum is over all types of simple closed geodesics.

k
We say that v = ) a;v; is a multi-curve on Sy, if 7;’s are disjoint,

i=1
essential, nonperipheral simple closed curves, no two of which are in the same
homotopy class, and a; > 0 for 1 <14 < k. In this case, the length of v on X is

k
defined by £, (X) = > a;l,,(X). We call the multi-curve v integral if a; € N

=1
for 1 <i <k (or rational if a; € Q).
In Section 6 we establish the following result:

THEOREM 1.1. For any rational multi-curve ~,

. SX(L,'Y)
(1.1) JAm 25 = iy (X),

where ny: My, — Ry is a continuous proper function.

Measured laminations. A key role in our approach is played by the space
MLy, of compactly supported measured laminations on Sy ,: a piecewise
linear space of dimension 6g—6+-2n, whose quotient by the scalars PML(S, )
can be viewed as a boundary of the Teichmiiller space 7. The space ML, ,,
has a piecewise linear integral structure; the integral points in ML, ,, are in a
one-to-one correspondence with integral multi-curves on Sy . In fact, ML,
is the completion of the set of rational multi-curves on S .

The mapping class group Mod, ,, of S, acts naturally on ML, ,,. More-
over, there is a natural Mod, ,-invariant locally finite measure on ML, ,,, the
Thurston measure pry, given by this piecewise linear integral structure [Th].
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For any open subset U C ML, ,,, we have
prn(t-U) = 1997572 ugy, (U).

On the other hand, any complete hyperbolic metric X on S, ,, induces the
length function

Mﬁg,n —>R+,
A — U\(X),

satisfying £p.)(X) =t £y (X).

Let Bx C ML, be the unit ball in the space of measured geodesic lam-
inations with respect to the length function at X (see equation (3.1)), and
B(X) = prn(Bx). In Theorem 3.3, we show that the function B: My, — R4
is integrable with respect to the Weil-Petersson volume form. The contribu-
tions of X and 7 to n,(X) (defined by equation (1.1)) separate as follows:

THEOREM 1.2. For any rational multi-curve -y, there exists a number
c(y) € Qso such that

where by, = [ B(X)-dX < oc.
My.n

Note that ¢(y) = ¢(9) for all § € Mody, -7.

Notes and references. In the case of g = n = 1, this result was previously
obtained by G. McShane and I. Rivin [MR]|. The proof in [MR] relies on
counting the integral points in homology of punctured tori with respect to a
natural norm. See also [Z] for a different treatment of a related problem.

Polynomial lower and upper bounds for sx (L) were found by I. Rivin.
More precisely, in [Ri] it is proved that for any X € 7 ,, there exists cx > 0
such that

L poa-6tn < s (L) < ex - L0962,

cx B B
Similar upper and lower bounds for the number of pants decompositions of
length < L on a hyperbolic surface X were obtained by M. Rees in [Rs].

Idea of the proof of Theorem 1.2. The crux of the matter is to understand
the density of Modg ,, -y in ML, ,,. This is similar to the problem of the density
of relatively prime pairs (p, q) in Z2. Our approach is to use the moduli space
My to understand the average of these densities. To prove Theorem 1.2, we:

(I): Apply the results of [Mirz2] to show that the integral of sx (L, ) over
the moduli space My,

P(L,v) = /Sx(L,’}/) dX
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is well-behaved. Here the integral on My, is taken with respect to the Weil-
Petersson volume form. In fact P(L,~) is a polynomial in L of degree 6g—6+2n
(85). Let c(y) be the leading coefficient of P(L,~). So
. P(L,7)

(1.2) c(y) = im g o

(IT): Use the ergodicity of the action of the mapping class group on the
space ML, ,, of measured geodesic laminations on Sy, [Mas2] to prove that
these densities exist (§6).

Let 17 denote the discrete measure on ML, , supported on the orbit ;

that is,
p = Z Og-y-
gEMody

The space ML, ,, has a natural action of Ry by dilation. For T' € R, let
T*(p”) denote the rescaling of p7 by factor 7. Although the action of Mody.,
on ML, , is not linear, it is homogeneous. We define the measure p7,, by
I (W)
HTy = T6g—6+2n
So given U C ML, ,,, we have pr(U) = p?(T - U)/T09-6+2n,
Then, for any T' > 0:

e the measure pr, is also invariant under the action of Modg , on ML, ,,
and

e it satisfies

SX(Tv ’Y)
(1.3) pr(Bx) = T6g612n"

Therefore, the asymptotic behavior of sx (7T',) is closely related to the asymp-

totic behavior of the sequence {7 }7.
In Section 6, we prove the following result:

THEOREM 1.3. AsT — oo,

(1.4) Wy — c(v)
El bg7n

* HTh,
where c(7y) is as defined by (1.2)

Note that (1.4) is a statement about the asymptotic behavior of discrete
measures on ML, ,, and in some sense it is independent of the geometry of
hyperbolic surfaces.

Frequencies of different types of simple closed curves.  From Theorem
1.2, it follows that the relative frequencies of different types of simple closed
curves on X are universal rational numbers.



SIMPLE CLOSED GEODESICS ON HYPERBOLIC SURFACES 101

COROLLARY 1.4. Gwen X € Mgy, and rational multi-curves v and 72
on Sgn, we have

. osx(L,m)  e(m)
lim = S .
L—oo sx(L,v2)  ¢(y2) Q>0

Remark. 'The same result holds for any compact surface X of variable
negative curvature; given a rational multi-curve -, the rational number ¢(7) is
independent of the metric (§6).

The frequency ¢(y) € Q of a given simple closed curve can be described in
a purely topological way as follows ([Mirzl]). For any connected simple closed
curve vy, we have

#({X an integral multi-curve | i(),v) < k}/ Stab(y))
1.69—6+2n —c(7)

as k — oo.

Ezample. For i = 1,2, Let a; be a curve on S that cuts the surface into
i connected components. Then as L — oo

sx(Lyan) 6.
sx (L, a2)

In other words, a very long simple closed geodesic on a surface of genus 2 is

six times more likely to be nonseparating. For more examples see Section 6.

Connection with intersection numbers of tautological line bundles. In
Section 5, we calculate ¢(y) in terms of the Weil-Petersson volumes of moduli
space of bordered hyperbolic surfaces. Hence, ¢(7) is given in terms of the
intersection numbers of tautological line bundles over the moduli space of Rie-
mann surfaces of type Sy, (7), the surface that we get by cutting S, ,, along v
[Mirz3]. See equation (5.5).

An alternative proof. In a sequel, we give a different proof of the growth
of the number of simple closed geodesics by using the ergodic properties of the
earthquake flow on PM,,,, the bundle of measured geodesic laminations of
unit length over moduli space.

Acknowledgments. 1 would like to thank Curt McMullen for his invaluable
help and many insightful discussions related to this work. I am also grateful
to Igor Rivin, Howard Masur, and Scott Wolpert for helpful comments. The
author is supported by a Clay fellowship.



102 MARYAM MIRZAKHANI
2. Background material

In this section, we present some familiar concepts concerning the moduli
space of bordered Riemann surfaces with geodesic boundary components, and
the space of measured geodesic laminations.

Teichmiiller space. A point in the Teichmiiller space T(S) is a complete
hyperbolic surface X equipped with a diffeomorphism f: .S — X. The map f
provides a marking on X by S. Two marked surfaces f: § — X and g: S - Y
define the same point in 7 (S) if and only if fog~': Y — X is isotopic to a
conformal map. When 0S is nonempty, consider hyperbolic Riemann surfaces
homeomorphic to S with geodesic boundary components of fixed length. Let
A =05 and L = (La)aca € lel. A point X € 7(S,L) is a marked hyper-
bolic surface with geodesic boundary components such that for each boundary
component 8 € 35, we have

Let Mod(.S) denote the mapping class group of S, or in other words the group
of isotopy classes of orientation-preserving, self-homeomorphisms of S leaving
each boundary component set-wise fixed.
Let
Tyn(Li,... ,Ln) =T (Sgn,L1,...,Ly)

denote the Teichmiiller space of hyperbolic structures on S, ,, an oriented
connected surface of genus g with n boundary components (3i,... ,3,), with
geodesic boundary components of length Lq,... , L,. The mapping class group
Mody,, = Mod(Sy,) acts on 7, (L) by changing the marking. The quotient
space

Mg (L) = M(Sgn, s, = Li) = Tyn(Ln,...,Ly)/ Modg,

is the moduli space of Riemann surfaces homeomorphic to Sy , with n boundary
components of length {5, = L;.
By convention, a geodesic of length zero is a cusp and we have

Tyn = Tyn(0,...,0),

and
Mgn = Mgn(0,...,0).

k

For a disconnected surface S = J S; such that A; = 9S; C 95, we have
i=1

k
M(S, L) = [[ M(Si, La,),

=1

where Ly, = (Lg)sca,-
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The Weil-Petersson symplectic form. Recall that a symplectic structure
on a manifold M is a nondegenerate, closed 2-form w € Q?(M). The n-fold
wedge product

1
n!

never vanishes and defines a volume form on M. By work of Goldman [Gol],
the space 7y (L1, ... ,Ly,) carries a natural symplectic form invariant under
the action of the mapping class group. This symplectic form is called the Weil-
Petersson symplectic form, and denoted by w or wy,,. In this paper, we consider
the volume of the moduli space with respect to the volume form induced by
the Weil-Petersson symplectic form. Note that when S is disconnected, we
have

k
Vol(M(S, L)) = [ Vol(M(S;, La,)).
=1

The Fenchel-Nielsen coordinates. A pants decomposition of S is a set of
disjoint simple closed curves which decompose the surface into pairs of pants.
Fix a pants decomposition of Sy, P = {ai}i-“:l, where kK = 3g — 3+ n. For
a marked hyperbolic surface X € 7, ,(L), the Fenchel-Nielsen coordinates
associated with P, {la,(X),... ,la,(X), 70, (X), ... ,7a,(X)}, consist of the
set of lengths of all geodesics used in the decomposition and the set of the
twisting parameters used to glue the pieces. We have an isomorphism [Bus]

Tyn(L1,-- L) 2 RY x RP

by the map
X — (€a7(X)’Tal(X))

By work of Wolpert, the Weil-Petersson symplectic structure has a simple form
in the Fenchel-Nielsen coordinates [Wol].

THEOREM 2.1 (Wolpert). The Weil-Petersson symplectic form is given

by
k

wup = Y dlo, Ndry,.
=1

Measured geodesic laminations. Here we briefly sketch some basic proper-
ties of the space of measured geodesic laminations. For more details see [FLP],
[Th] and [HP].

A geodesic lamination on a hyperbolic surface X is a closed subset of X
which is a disjoint union of simple geodesics. A measured geodesic lamination
is a geodesic lamination that carries a transverse invariant measure. Namely,
a compactly supported measured geodesic lamination A € ML, , consists of a
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compact subset of X foliated by complete simple geodesics and a measure on
every arc k transverse to A; this measure is invariant under homotopy of arcs
transverse to A. To understand measured geodesic laminations, it is helpful to
lift them to the universal cover of X. A directed geodesic is determined by a
pair of points (z1,z2) € (S x )\ A, where A is the diagonal {(z,z)}. A
geodesic without direction is a point on J = ((S°° x S*°)\ A)/Zs, where Z2 acts
by interchanging coordinates. Then geodesic laminations on two homeomor-
phic hyperbolic surfaces may be compared by passing to the circle at co. As
a result, the spaces of measured geodesic laminations on X,Y € 7, are nat-
urally identified via the circle at infinity in their universal covers. The space
MLy, of compactly supported measured geodesic laminations on X € 7,
only depends on the topology of S, ,. Moreover, there is a natural topology
on MLy, which is induced by the weak topology on the set of all 71(Sg,)-
invariant measures supported on J.

Train tracks. A train trackon S = S, is an embedded 1-complex 7 such
that:

e Each edge (branch) of 7 is a smooth path with well-defined tangent
vectors at the end points. That is, all edges at a given vertex (switch)
are tangent.

e For each component R of S\ 7, the double of R along the interior of
edges of R has negative Euler characteristic.

The vertices (or switches) of a train track are the points where three or more
smooth arcs come together. The inward pointing tangent of an edge divides the
branches that are incident to a vertex into incoming and outgoing branches.

A lamination v on S is carried by 7 if there is a differentiable map f: S— .S
homotopic to the identity taking v to 7 such that the restriction of df to a
tangent line of v is nonsingular. FEvery geodesic lamination X is carried by
some train track 7. When A has an invariant measure p, the carrying map
defines a counting measure p(b) for each edge b of 7. At a switch, the sum of
the entering numbers equals the sum of the exiting numbers.

Let E(7) be the set of measures on train track 7; more precisely, u €
E(7) is an assignment of positive real numbers on the edges of the train track
satisfying the switch conditions,

Yoo ule)= Y ule).
incoming e, outgoing e,

By work of Thurston, we have:

e If 7 is a birecurrent train track (see [HP, §1.7]), then E(7) gives rise to
an open set U(1) C MLy .
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e The integral points in E(7) are in a one-to-one correspondence with the
set of integral multi-curves in U(1) C MLy .

e The natural volume form on E(7) defines a mapping class group invariant
volume form pry in the Lebesgue measure class on ML, ,,.

Moreover, up to scale, ury, is the unique mapping class group invariant measure
in the Lebesgue measure class [Mas2]:

THEOREM 2.2 (Masur). The action of Mody, on ML, is ergodic with
respect to the Lebesgue measure class.

We remark that the space of measured laminations ML, ,, does not have
a natural differentiable structure [Th].

Length functions. The hyperbolic length £, (X) of a simple closed geodesic
7 on a hyperbolic surface X € 7, determines a real analytic function on the
Teichmiiller space. The length function can be extended by homogeneity and
continuity on ML, [Ker]. More precisely, there is a unique continuous map

(2.1) L: MLyp xTyn — Ry,
such that
e for any simple closed curve «, L(a, X) = £o(X),
o fort e Ry, L(t- A\, X) =t L(\ X), and
e for any h € Modgp, L(h- A\ h-X)=L(\ X).

For A € MLy, Ix(X) = L(X\, X) is the geodesic length of the measured
lamination A on X. For more details see [Th].

3. Counting integral multi-curves

In this section, we study the growth of the number of integral multi-curves
of length < L on a hyperbolic Riemann surface X. To simplify notation, let
ML, 1 (Z) denote the set of integral multi-curves on Sy .

Counting integral multi-curves. Define bx (L) by
bx (L) = #{y € MLyn(Z) | {(X) < L}.

In other words, bx (L) is the number of integral points in L - Bx C MLy,
where

(3.1) Bx ={ e MLy, | (X)<1}.
In fact the subset Bx C ML, ,, is locally convex [Mirzl].
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The function B: 7;, — R, defined by
(3.2) B(X) = prn(Bx)

plays an important role in this section.

PROPOSITION 3.1. For any X € Ty,

bx (L)

I69—6t2n B(X)

as L — oo.

Proof of Proposition 3.1. For any train track 7 on Sy ,, define
b’T(U7 L)= #(Mﬁg,n(z) N (L ’ U) N UT)'

Recall that U, has a linear integral structure (§2), and the points in U, N
MLy, (Z) are in a one-to-one correspondence with the integral points in this
chart. Therefore by basic lattice counting estimates, we get

b (U, L)

(3.3) T6a—61an prn(UNU;)

as L — oo. Cover ML, , by finitely many train-track charts U, ,...,U,.
Since the transition functions are volume-preserving, the result follows from
equation (3.3) applied to each chart Uy,. O

Note that the function B descends to a function over M ,. On the other
hand, given A € ML, the length function

g)\: %,n — R+

is smooth [Ker]. Hence we have:

ProproSITION 3.2. The function B: My, — R4, defined by equation
(3.2), is continuous.

In this section, we show that

(3.4) bom = / B(X) - dX < oo,
Mg n

where the integral is with respect to the Weil-Petesson volume form.
THEOREM 3.3. The function B is proper and integrable over Mg .

The proof relies on explicit upper and lower bounds for B(X) obtained in
Proposition 3.6. For an explicit calculation of b ., see Theorem 5.3.

Dehn’s coordinates for multi-curves. Let

73 == {041, e ,Oéggngrn}
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be a maximal system of simple closed curves on Sy . In order to prove Theo-
rem 3.3, we estimate the hyperbolic length of a multi-curve on X in terms of
its combinatorial length with respect to a pants decomposition (see eq. (3.6)).

Consider the Dehn-Thurston parametrization [HP] of the set of multi-
curves defined by

(3.5) DT: MLy, (Z) — (Zy x Z)3973n

39—3
1 (miati)iil +n’

where m; = i(v, ;) € Zy is the intersection number of v and «;, and t; =
tw(v, ;) € Z is the twisting number of v around ;. Dehn’s theorem asserts
that these parameters uniquely determine a multi-curve.

Let Z(P) be the set of (my, t;)297°™ € (Zy x Z)373+" such that the
following conditions are satisfied:
Z-1. If m; =0, then t; > 0.

Z-2. If o;,, o, o, bound an embedded pair of pants in Sy ,,, then m;, +m;, +

m;, 1s even.

Then we have:

THEOREM 3.4 (Dehn). For any pants decomposition P of Sy, the map
DT: MLyn(Z) — Z(P)
1$ a bijection.
See [HP] for more details.

Combinatorial lengths of multi-curves. Let v be a multi-curve on X €
Tyn- Define the combinatorial length of v with respect to a pants decomposi-

tion P = {a,... ,03g-34n} by
39—3+n
(3.6) Lp(X,y) = Y (mi- S(la, (X)) + [ti] - £a, (X)),
i=1

where S(x) = arcsinh <m) Note that S(x) is equal to the width of the

collar neighborhood around a simple closed geodesic of length x on a hyperbolic
surface [Bus].

We say a pants decomposition P is L—bounded on X € Ty, if |7,(X)| <
lo(X) < L for every a € P.

PROPOSITION 3.5. Let P be an L—bounded pants decomposition of X €
Tym. Then for any multi-curve v on X,

(3.7) D Lp(X,7) < 4,(X) < e Ip(X,7),

where the constant ¢ depends only on L, g and n.
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Proof. First we prove the lower bound on ¢,(X) in (3.7). Our proof is
inspired by some of the ideas used in [DS] (§5.1).

Without loss of generality, we can assume that v is a connected simple
closed geodesic on X. Fix an orientation on 7. Let py, - - - p, be the ordered set
of intersection points of v with P (with respect to the orientation of ) such
that p; € ag,. Here 1 < k; <39 — 3+ n, and

3g—3+n
r=i(y,P)= > i(v,q).
j=1
Let 7; denote the segment of v between p;_1 and pj;y1, where pg = p,, and
pr+1 = p1. Define t; to be the twisting number of the arc 7; around the curve
ag,. Then one can verify easily that

o 20y(X) = Xig (),
o i(y,ai) = #{j |kj = i}, and
o [til = > Il

{5: kj=i}

We show that in terms of the above notation,
(3.8) U(v5) = e1 (S(lay, (X)) + |E]ba, (X)),

where c; is a constant which only depends on L.

Let 7 be the lift of «v through p;_q. Let éj,l, éj and 6j+1 be the lifts of
Qg,_,, a, and oy, which are intersected in order by v such that éj_l N~y =
pj—1. Then C; and @-H project to two boundary components of a pair of pants
in P.

For ¢ = 5 — 1, j, consider the common perpendicular segment to @, @H,
with end-points denoted by Q:“,Q;Ll Let s;, dj—1 and d; be respectively the

geodesic length of arcs Q;Q;L, ;r_le_ and Q;Qj_ﬂ. See Figure 1.

Figure 1
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Then we have:
o d;> S(Zakj), and

e the shift s; is given by s; = |{; la,, + Ta,, +€;], where |ej| < {q, . Since
Ta, | < Lo, , we get s; > (1] — 2) la, -

Here both e; and th are independent of the geometry of X. They only depend
on the topology of v relative to the pants decomposition P. See §5.1 in [DS]
for more details.

As a result we have
(3.9) dj+ 55> S(lay ) + (1t = 2) Lo, -

Since P is L—bounded, ¢,,(X) < L, and there exists a constant Dz, >0
such that d; > Dr. Now equation (3.8) follows from the next two basic obser-
vations:

(1) Let p; and p2 be two points of distance x and z to a geodesic line.
Consider the geodesic quadrangle p1q1gop2 such that d(q1,¢2) =y, d(p1,q1) ==,
and d(qg2,p2) = z. If y > D(L), then

(3.10) d=d(p1,p2) > c(L)(z +y + 2),

where ¢(L) is a constant depending only on L. To prove (3.10), note that by
basic hyperbolic trigonometry,

cosh(d) = cosh(x) cosh(z) cosh(y) — sinh(z) sinh(z).

Here x and z are oriented lengths; if p; and ps lie on opposite sides of q1¢o,
then x and z have opposite signs. See §2.3.2 of [Bus|. This formula implies
that cosh(d) > cosh(x) cosh(z)(cosh(y) —1). Hence there exists K = K(L) >0
such that

(3.11) d>x+y+z— K(L);
see Lemma 5.1 of [DS]. Since d > D(L), it is easy to see that
. 1 D(L)
d> — .
= mingg, 2K(L)}(:c+y+z)

(2) Note that for 0 < z < L, S(z)/x is bounded from below. Hence, by
(3.9) there exists a constant ¢ such that

(3.12) dj+ 5 > ea(L) (S(Cay,) + 5] Cu, ).

Therefore, by (3.10) for geodesic quadrangles p;j_i Q;l Qj_ pj and
Dj Q; ij_l pj+1 we have

(3.13) U(vj) > e(L)(dj + s5).
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Now equation (3.8) follows from (3.12) and (3.13). By adding the inequality
(3.8) for 1 < j <r, we get

0,(X) = 5 32 Uy) > CD)Lp(X, ).
j=1

Let d(a, 3) denote the length of the shortest geodesic path joining two bound-
aries a and (3 of a pair of pants in the pants decomposition P. To obtain the
upper bound on ¢ (X), it is enough to note that d(a, 3) < ¢3 (S(€a(X)) +
S(£3(X))), where the constant c3 depends only on L. O

Upper and lower bounds for B(X). Next, we find upper and lower bounds
for the function B(X) in terms of the lengths of short geodesics on X. Define
R: R+ — R+ by

1
 x|log(x)]’

PROPOSITION 3.6. For any X € 1y, sufficiently small e >0 and 1 < L,

R(x)

(3.14) ¢ JI Rx) <BX).
v: by (X)<e
and
bx (L) 1
(3.15) oo < C2 ] LX)
v (X)<e T

where C1,Co > 0 are constants depending only on g,n and €.

Sketch of the proof. Take € small enough such that no two closed geodesics
of length < ¢ on a hyperbolic surface meet. For X € 7, let ay,... , s be
the set of all simple closed geodesics of length < e on X and

Px ={a1,...,Qs, ..., k)
be a maximal set of disjoint simple closed geodesics such that £, (X) < Lg,,
where k =39 — 3+ n, and Ly, is the Bers’ constant for S, ,, (see [Bus]). We
can assume that Px is L, ,—bounded on X.
Given z,y, L > 0, consider the set A, ,(L) defined by
Apy(L) ={(m,n) | ma+ny < L} CZ4 X L.

Then for L > 6 max{z,y}

1 [ L?
1 — (=) <14,.,(D).
(3.16) 5 () < Hao
Also, for L > 1
L? L 1 1

(3.17) |Az4(L)] <3 < 1) < 3L*(1+

vy | minfo,yy | vy | minfe,y)
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Now we can estimate bx (L), the number of integral multi-curves of length
< L on X, by applying (3.7). We use the combinatorial length of multi-curve
geodesics with respect to the pants decomposition Px instead of their geodesic
length on X. By setting z; = S(la,(X)), ¥i = £a,(X), Theorem 3.4 implies
that

1 L b
(3.18) - EA%%(%) <bx(L) < Cil;[l Ag, . (L),
where ¢ > 0 is a constant independent of X and L. Note that
{(ma t)2 7% | Vi1 <i<3g—3+n, t; >0,m; € 2Z,} C Z(P).

On the other hand,
S(x)/[log(z)| — 1

as x — 0. It is easy to check that:
o 1/co<z-S(x) <cp, fore <z < Loy,
o ¢; <max{z,S(z)}, and
e min{z, S(z)} < co.

Here ¢y, c1 and co are constants which only depend on g,n and €. Therefore,
(3.14) follows from (3.16) and (3.18). Similarly, (3.15) follows from (3.17) and
(3.18). 0O

Properness and integrability of the function B. In this part we show that
the upper bound in (3.15) is an integrable proper function.

Proof of Theorem 3.3. Note that inf{¢,}, — 0 as X — oo in M, ,. Also,
R(e) — o0

as € — 0. So equation (3.14) implies the function B is proper.
Next we prove that the function F': Mg, — R defined by

(3.19) Fx)= ] £(1X)’
vy (X)<e T

is integrable with respect to the Weil-Petersson volume form on M,,. Let

/\/l];ji C My, be the subset consisting of surfaces with £ simple closed geodesics
of length < e. Note that using the Fenchel-Nielson coordinates, the set M]gcjfl
can be covered by finitely many open sets of the form

W({(xi,yi)i’g_%n 10<a1,...25 <&, 2 < Lgyn, 0 <y <ua4}).
See Section 2. By Theorem 2.1, it is enough to note that for

Ve = {(zsy)f |0 < 21,1 < e, 0 <y < )
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B
B2

2 Ba

o

Figure 2. Cutting a surface along a multi-curve
we have

1
/—dxl--~d:ck-dy1---dyk<oo. O
T1 Tk
Vs,k

Define fr: My, — Ry by

bx (L
fL(X):LG;(i(ﬁ)Qn-

By Proposition 3.6, the sequence { f1,} >1 satisfies the hypothesis of Lebesgue’s
dominated convergence theorem. In fact, for every integral multi-curve v on
Sg.n, we have

SX(LafY)

(3.20) o

< fo(X) <Gy F(X),

where the function F, defined by (3.19), is integrable over M, ,,.

4. Integration over the moduli space of hyperbolic surfaces

In this section, we recall the results obtained in [Mirz2] and [Mirz3] for
integrating certain geometric functions over the moduli space of hyperbolic
surfaces.

Symmetry group of a simple closed curve. For any set A of homotopy
classes of simple closed curves on S ,,, define Stab(A) by

Stab(A) = {g € Mody,, | g- A= A} C Modg,, .

k
Let v = > a;7;, be a multi-curve on Sy ,,. Define the symmetry group of ~,
i=1

Sym(y), by
Sym(v) = Stab(y)/ Ni_; Stab(v:).

Note that for any connected simple closed curve «, | Sym(a)| = 1.
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Splitting along a simple closed curve. Consider the surface Sy, \U,, where
U, is an open set homeomorphic to U’f ((0,1) x 7;). We denote this surface
by Sgn(7y), which is a (possibly disconnected) surface with n + 2k boundary
components and s = s(vy) connected components. Each connected component
7; of 7, gives rise to two boundary components, v} and 42 on Sj (7). Namely,

a(sg,n(')’)) = {/817' . 7/571} U {71177%7 77]%7713}
Now for T' = (y1,... , %), and x = (z1,... ,25) € RE | let

T(Sgn(7):fr = %)

be the Teichmiiller space of hyperbolic Riemann surfaces homeomorphic to
Syn(7) such that £, = x; and 5, = 0. The group G(I') = N¥_; Stab(v;)
naturally acts on 7 (Sg,(7), fr = x). Now, define

Mg,n(rv X) = T(Sg,n(’)/))gf = X)/G(F)

Let Stabg(ar) C Stab(a) denote the subgroup consisting of elements which
preserve the orientation of . Then any g € ﬂle Stabg(7;) can be thought of
as an element in Mod(Sy,,(7)). Hence for (g,n) # (1,1), M(Sgn(7),fr = x)
is a finite cover of My ,(I', x) of order

k k
N(7) = | Stab(y:)/ () Stabo(:)| -
=1 =1

Therefore,
1 S
(4.1) VOlwp(Mg,n(FaX)) = 3N Vi ni (gAi)7
(v) =%
where
Sg,n(’)/) - Sl ’

SZ' = Sgi,mv and AZ == 8SZ
There is an exceptional case which arises when ¢ = n = 1. In this

case, every X € M has a symmetry of order 2, 7 € Stab(y). As a result,
Vol(My (T, z)) = 1.

Ezample. Let o be a connected nonseparating simple closed curve a on
Sgn- Then there exists an element in Stab(a) which reverses the orientation
of a, and hence N(a) = 2.

Simple closed curves on X € My . Let [y] denote the homotopy class of
a simple closed curve 7 on S, ,. Although there is no canonical simple closed
geodesic on X € M, corresponding to [v], the set

Oy = {[d]] @ € Mod -7},



114 MARYAM MIRZAKHANI

of homotopy classes of simple closed curves in the Mod, ,,-orbit of v on X, is
determined by 7. In other words, O, is the set of [¢(~y)] where ¢: Sy, — X is
a marking of X.

Integration over the moduli space of hyperbolic surfaces. For a multi-curve
k

v =Y. a;7;, we have
i=1

k
60 = ait, (X).
i=1
Given a continuous function f: Ry — Ry,
(42) HX) = Y X)),
[a]eMod -[v]

defines a function f,: My, — Ry. Then we can calculate the integral of f,
over Mg, using the following result [Mirz2]:

k
THEOREM 4.1. For any multi-curve v = Y a;y;, the integral of f over
i=1
My n with respect to the Weil-Petersson volume form is given by
[ pax = 220 [ Vaar) x-a
= —— X ,X) X - dX,
! | Sym(7)| o
Mg.n XER’i
k
where T'= (y1,... , ), |X| =D a; @y, x - dx =z ) - dxy A -+ - A dxg,
i=1

M () = [{i]vi separates off a one-handle from Sy},

and
Voun (T, %) = Vol (Mg (', %)).

By Theorem 4.1, integrating f,, even for a compact Riemann surface,
reduces to the calculation of volumes of moduli spaces of bordered Riemann
surfaces.

Idea of the proof of Theorem 4.1. Here we briefly sketch the main idea of
how to calculate the integral of f, over M, with respect to the Weil-Petersson
volume form when ~ is a connected simple closed curve. See [Mirz2] for more
details.

First, consider the covering space of My,

T Mj, ={(X,a)| X € My ,and a € Oy is a geodesic on X } — My,
where 77(X, ) = X. The hyperbolic length function descends to the function
0 MJ, — Ry
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defined by ¢(X,n) = £,(X). Therefore,

/fw dX_/fo€

M.

On the other hand, the function f is constant on each level set of £ and we

/foa ) dy — 7f Vol(£ (1)) dt,

M 0

have

where the volume is taken with respect to the volume form induced on £~ (t).

The decomposition of the surface along the simple closed curve  gives rise
to a description of Mj,, in terms of moduli spaces corresponding to simpler
surfaces. This observation leads to formulas for the integral of f, in terms
of the Weil-Petersson volumes of moduli spaces of bordered Riemann surfaces
and the function f as follows.

As before, let Sy, () denote the surface obtained by cutting the surface
Sgn along v. Also, Ty n(7v,¢y = t) denotes the Teichmiiller space of Riemann
surfaces homeomorphic to Sy, () such that the lengths of the two boundary
components corresponding to v are equal to t. We have a natural circle bundle

Yt € My
Mgn(7, by = 1) = Ty n(7, Ly =t)/ Stab(7).

We consider the Sl-action on the level set £~1(t) C M3, induced by twisting
the surface along v. The quotient space £~1(¢)/S' inherits a symplectic form
from the Weil-Petersson symplectic form. On the other hand, Mg, (v,4, =t)
is equipped with the Weil-Petersson symplectic form. Also,

e_l(t)/sl = Mgn(v, 4y =1)
as symplectic manifolds. So we expect to have
Vol(£71(t)) =t Vol(Mgn(v, Ly =1)).

But the situation is different when ~ separates off a one-handle in which case
the length of the fiber of the S'-action at a point is in fact ¢/2 instead of t
[Mirz2]. Hence, for any connected simple closed curve v on Sy,

@n [ ax =270 [0 VelMa =)
o 0

where M () = 1 if 7y separates off a one-handle, and M () = 0 otherwise.
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The Weil-Petersson volumes of the moduli spaces of hyperbolic surfaces.
In [Mirz2], by using an identity for the lengths of simple closed geodesics on
hyperbolic surfaces and using Theorem 4.1, we obtain a recursive method for
calculating volume polynomials.

THEOREM 4.2. The volume Vg (b1, ... ,bn) = Volyp(Mgn (D)) is a poly-
nomial in b3,...  b2; that is,

V97n<b) - Z COZ b 2047

lo| <3g—3+n
where Cy > 0 lies in w09-6+2n=[2a]

THEOREM 4.3. The coefficient Cy, in Theorem 4.2 is given by

1
4.4 C = [0 Y N e T 39_3+n_|0£|’
4 ¢ 2l al! (39—3+n—\a\)!/ Vi V" w

g,m

where 1; is the first Chern class of the i'" tautological line bundle, w is the
Weil-Petersson symplectic form, o! =[]/, os!, and o] = > | ;.

See [Mirz2] and [Mirz3] for more details.

Ezamples. One can use the recursive formula obtained in [Mirz2], or other
similar recursive formulas to calculate the coefficients of the volume polynomi-
als.

(1) By [Mirz2],

(4.5) Via(h) = oy (B + 7).

)

(4.6) Vi2(b1,ba) = (47r + b2 + b3) (1272 + b3 4 b3).

192

(2) In general, for g =0,

Q1 ohOn — n- 3
/¢1 ¥n <0q...ozn>'
Mo.n

(3) For n =1 and g > 1, we have [FP], [IZ]:

6g—4
/ ¢ 2499'
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Therefore, by Theorem 4.3 the leading coefficient of the polynomial
Vg.1(L) is equal to

Lﬁg—4
249 g! (3g — 2)1239-2"

(4.7)

For more on calculating intersection pairings over My, see [ArC].

5. Counting curves and Weil-Petersson volumes

In this section we establish a relationship between sx(L,v) and the
Weil-Petersson volume of moduli spaces of bordered Riemann surfaces. We
use this relationship to calculate by, in terms of the leading coefficients of
volume polynomials.

Let P(L,~v) be the integral of sx (L, ) over Mg, given by

P(L,vy) = / sx(L,v) dX.
Mg.n

Now by using Theorem 4.1 for f = x([0, L]), we obtain the following result:

PROPOSITION 5.1. For any multi-curve v = Y. a; 7, the integral of
i=1
sx(L,~) is given by
5.1 P(L (r dx dT,
(1) (Loy) = |Sym|// Vyn(T ) x dx

where X = (z1,... ,2k), and I' = (y1,. .., Vk)-

Note that even though V,,,(I', x) depends on the choice of I' = (71, ..., V),
the right-hand side of (5.1) only depends on ~y. Using Theorem 4.2, we get:

COROLLARY 5.2. For any multi-curve vy, P(L,~) is a polynomial of degree
69—6+2n in L. If vy is a rational multi-curve, then c(7), the leading coefficient
of this polynomial, is a positive rational number.

Notation. Define ¢(vy) by

P(L,7)
(5.2) c(y) = im —g -

By Corollary 5.2, c(v) is the coefficient of L69-6+2" in P(L,~). Moreover, if y
is a rational multi-curve, then by Theorem 4.2, ¢(vy) € Q0.
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Let I' = (y1,... ,7%). Recall that by Theorem 4.2,
Volyp (Mg n (T, x))

is a polynomial of degree 6g — 6+ 2n — 2k in x1, ...z (see equation (4.1)). Let

251,...2s5)r € Qo denote the coefficient of %' - - z2** in this polynomial,
1 k
and
[, (2si + 1)
9.3 br(2s1,...,2 = (2s1,...2 ==
( ) F( S1, ) Sk) ( S1, Sk)r (69—6+2n)'

Also, as before

M (v) = |{i|v; separates off a one-handle from Sy, }|.
Let
(5.4)  Sgn = {n| nis a union of simple closed curves on Sy ,}/Modg, .
Note that |Sg,| < co. An element n € Sy, can be written as n = n U ---n
where 7;’s are di:joint nonhomotopic, nonperipheral simple closed curves on

Sgm- Then 7) = 3" n; defines an integral multi-curve.
i=1

Calculation of c(y) and by,. Now we can explicitly calculate the value
of the integral of the function B over M, .

THEOREM 5.3. In terms of the above notation, we have:

(1) The frequency c(vy) of a multi-curve vy = Ele a;y; s equal to

_ 27M(7) y Z br(QSl, e 28k)
| Sym(7)| - aft 2.t

|s|=3g—3+n—k

(5.5) c(v)

HereT'= (y1,... ,V), s= (81,.-. ,8k) € Z4, and |s| = Zle Si.

(2) We have
bg.n = Z By,
NESy.n
where for n = Ule i,

g 2MO S b1, 2 )ﬁc(z 2)
= — X 7(281,...28% si+2),

T sym@) TS -

s|=3g—3+n—k =1

and = (N1,... ,Mk)-
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Proof. Part1. To prove equation (5.5), note that given ay,--- ,ar € Ry,
and sy,---,S, € Z4, we have
/ x%sl-‘rl . 28k+1dx1 dxk;

a1+ tapze =T
(281 + 1)1 (28 + 1)1 T2k
B a2t ~-ai$k+2 S(2ls| + 2k —1)!
Now the result follows from Theorem 4.2, (5.3), and Proposition 5.1.

Part 2. As a result of Proposition 3.1,

bX(L)

g,n g,n

On the other hand, for any X € 7,
NESy.n
where forn =m U...Un, € Sy

5x(Lyn) = > sx(L,7)-

=" a;m EML, ., (Z)

k

Given 77 = (m1,...,m), and a € NF let a-7 = > a; - n € MLy,(Z). Tt is
i=1

easy to check that Sym(a-7) C Sym(7), and

[ Sym(f)[ Sym( A)\

a;eNF|3geMody, aj-7T=g (a-

Therefore, we have

sx(Lo) = Y @D (10,

S [Sym(D)]
Hence,
:n)
bgn = Z / LILH;‘O LGg 6+2n dXx.
776851 nM n

Now (3.20) allows us to use Lebesgue’s dominated convergence theorem. As a
result, we get

/ lim 2XEon) ) [Sym(a-n)| .~ P(La-n)

100 [a—6+2n |Sym(7)| Losec L6a—6+2n

Mg,n acNFk
[Sym(a -7
= —= c(a-7).
2 Tsme) @7

Now the result follows from (5.5). See [Mirzl] for more details. O
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Note that by Theorem 4 2 for |s| = 39 — 3 — k, bs(2s1,...,2s;) € Q.
On the other hand, ¢(2i) € 72 - Q. Hence we get:

COROLLARY 5.4. For any g,n, with 29 — 2 +n > 0, by, is a rational
multiple of w09—6+2n

In the simplest case when g =n =1, |S1,1]| = 1, and

6. Counting different types of simple closed curves

In this section we use the ergodicity of the action of the mapping class
group on the space of measured laminations to obtain the following results:

THEOREM 6.1. For any rational multi-curve v and X € Ty,
B(X)

bgun

x(L,y) ~ c(y) L9642,

as L — oo.

Note that by, and c(vy) (defined by equations (3.4) and (5.2)) are both
constants independent of X and L; see Theorem 5.3. Therefore, we get:

COROLLARY 6.2. For any X € Ty, as L — oo

sx(Lom) _ en)
(Lm) c(v2)

Since there are only finitely many isotopy classes of simple closed curves
on Sy, up to the action of the mapping class group, the following result is
immediate:

COROLLARY 6.3. The number of simple closed geodesics of length < L on
X € My, has the asymptotic behavior

SX(L) ~ n(X)LGngJan
as L — oo, where n : My, — Ry is proper and continuous.
Discrete measures on MLg,,. Any v € ML, (Z), defines a sequence of

discrete measures on MLy, {p7,}, such that for any open set U C MLy,

#(T - U NMody., fy)
pry(U) = T69— 6+2ng

There is a close relation between the asymptotic behavior of this sequence of
measures and counting different types of simple closed geodesics. First, we
prove the following result on the asymptotic behavior of p7 ., as T" — oc:
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THEOREM 6.4. For any rational multi-curve v, as T — oo

wr, c(v) )
bg.n

(6.1) LTy [iTh,

where pry s the Thurston volume form on MLyg,,.

Remarks. 1. Let Y be a closed orientable surface of genus g with bounded
negative curvature. Then each homotopy class of closed curves contains a
unique closed geodesic. Consider the space ML(Y") of measured geodesic lam-
inations on Y and let £,(Y") be the geodesic length of v on Y. The length func-
tion extends to a continuous function on ML(Y"). Moreover, ML(Y) = ML,.
Since Theorem 6.4 is independent of the Riemannian metric on the surface,
both Theorem 6.1 and Corollary 6.2 hold for Y.

2. Using the same method, one can check that the results of Theorem 6.1
and Corollary 6.2 also hold for any hyperbolic surface X € Mg ,(L1,...,Ly)
with geodesic boundary components.

Proof of Theorem 6.4. 1t is enough to prove the result for integral multi-
curves. The argument has three main steps:

Step 1. Given Xg € 7y, by Proposition 3.6, and (3.20) we have

sx,(L T, )
pry(L - Bx,) = 66t = C(Xo, L),

where C'(Xy, L) is a constant depending only on Xy and L. In particular it is
independent of 7. On the other hand, given a compact subset K C ML,
there exists L such that K C L- Bx,. As a result, we have

limsup pr~(K) < .

T—o0
Therefore, any subsequence of {ur .} contains a weakly-convergent subse-

quence.

Step 2. We show that any weak limit of the sequence {u7~} is a multiple
of the measure pry,. Assume that

(6.2) KTy — VI

as T; € J — oco. We show that v; belongs to the Lebesgue measure class; that

is for any V. C MLy, with prn(V) =0, we have v;(V) =0. Let U C MLy,

be a convex open set in a train track chart. Using Proposition 3.1, we have:
. . b(T3,U)

(6.3) vy(U) < liminf pir, ,(U) < lim oo prn(U).

Since we can approximate V' with open subsets of ML, ,, satisfying (6.3), the

measure v belongs to the Lebesgue measure class. Then the ergodicity of the
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action of the mapping class group on ML, (Theorem 2.2) implies that
vy =kj pih.

Step 3. Finally, we show v; = k - urn, where k is independent of the
subsequence J. Note that for any X € 7y, sx(T,v) = pr(Bx). Equation
(6.2) implies:

SX(E7 7)

—6+2
117;69 6+2n

(6.4) — ky-B(X)
as ¢ — oo. Now we integrate both sides of (6.4) over M, ,,. By using (3.20),
Corollary 5.2, and (5.2), we get
. SX(,I%) r}/)
Mg My v
sx(Tin) oy _ oy £E07)

T@g—6+2n 1—00 m = C(fy)'
i i

= lim
1—00

g,n

On the other hand, by Theorem 3.3, by, < co. Therefore,

P G))
bg7n
is independent of J, and hence
c(v)
MTy — - WTh- O
g7n
Proof of Theorem 6.1. Since 0Bx has measure zero, equation (6.1)
implies that
c
pr(Bx) — ) - prn(Bx)-
g7n
Now the result is immediate since
#(L - Bx NModg, -v) sx(L,7)
pro(Bx) = I,69—6+2n = T69—6+2n" -

Examples. Here we explicitly calculate the frequencies of different types
of simple closed curves in some simple cases.

(1) First, we consider the case of g = 2. Then by equation (4.6), for any
nonseparating simple closed curve a;
1

Vol(M(S2(av1),ba, =) = Via(z,x) = 48

(27% + 22) (672 + 22).
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Since N(aq) = 2 and M(ay) = 0, the leading coefficient of P(L, ;) is
equal to Wlsxﬁ' Equation (5.5) implies that

()= 57
cla)) = ———.
VT 248 %6
Similarly, by equation (4.5), for any separating simple closed curve s,
2 7,
Vol(M(S2(az), la, = ) = Vi (@) x Via(2) = (57 + )"
In this case, M (a2) = 1, and N(az) = 2. By equation (5.5)
1
o) = S aaxe

Hence, Corollary 6.2 implies that

lim sx(L,aq) _ clar)
L—oo SX(L,OQ) C(OZQ)

Roughly speaking, on a surface of genus 2, a long, random connected,
simple, closed geodesic is separating with probability %

Let 3; be a connected simple closed curve on Sy, satisfying

So.n(Bi) = So,i+1 U Son—it1-
Then as in Section 4, the coefficient of L¥"™* in Vg ,41(L1, ..., L, Lnt1)

equals m In this case, N(f;) = | Sym(3;)| = 1. Hence, by (5.5),

we have
1

c(ﬁi) = 277,—4(2‘ _ 2)! (n — 7 — 2)! (2n - 6) '
Hence, given X € 7y,

as L — oo.

Let ~; be a separating connected simple closed curve on a surface of genus
g that cuts the surface into two parts of genus ¢ and g —i. For simplicity,
we assume that g > 2¢ > 2. In this case, N(y;) = 1 and M (;) = 0. Also,

Vol(M(Sy (), by, = 2)) = Vi () X Vi1 (2).

On the other hand, by (4.7) the leading term of the polynomial V; 1(L)

is equal to
L6g74

(3g — 2)! g! 249239-2"
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Now since | Sym(y;)| = 1, by (5.5) the frequency of a simple closed curve
of type ~; is equal to

1
00 = 552919 (g — 1)1 (39 = 2)(3(g — 1) — 2)1(6g —6)"

For X € 7,, we have

lim sx (L, ) _ C(%’)'
L—o00o bX(L) bg
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