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ABSTRACT We consider the design of nite impulse response (FIR) lters
subject to upper and lower bounds on the frequency response magnitude.
The associated optimization problems, with the lter coecients as the
variables and the frequency response bounds as constraints, are in general
nonconvex. Using a change of variables and spectral factorization, we can
pose such problems as linear or nonlinear convex optimization problems. As
a result we can solve them eciently (and globally) by recently developed
interior-point methods. We describe applications to lter and equalizer design, and the related problem of antenna array weight design.
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1 Introduction
A nite impulse response (FIR) lter is a linear system described by a
convolution input-output relation

y(t) =

n,1
X
i=0

h(i)u(t , i);

(1.1)

where u : Z ! R is the input signal and
signal.
, y : Z ! R is the output

We say n is the lter order, and h = h(0); h(1); : : : ; h(n , 1) 2 Rn are
the lter coecients. The lter frequency response H : R ! C is de ned
as

H (!) = h(0) + h(1)e,j! +    + h(n , 1)e,j(n,1)!

p

(1.2)

where j = ,1. Since H is 2 periodic and satis es H (,!) = H (!), it is
sucient to specify it over the interval ! 2 [0; ].
A (frequency response) magnitude speci cation has the form

L(!)  jH (!)j  U (!) for all ! 2 [0; ]:
(1.3)
We refer to L and U as the (lower and upper) frequency response bound
functions.
We can assume that 0  L(!)  U (!) for all !, since L(!) can be
replaced by maxfL(!); 0g without changing the constraint, and if L(!) >
U (!) for some ! then the magnitude speci cation is evidently infeasible.
We allow U (!) to take on the value +1 (which means there is no upper
bound on jH (!)j). Similarly, L(!) = 0 means there is no lower bound
on jH (!)j. For any ! with L(!) = U (!), the magnitude speci cation (1.3)
implies the (magnitude) equality constraint jH (!)j = L(!). The magnitude
speci cation (1.3) is sometimes called a semi-in nite constraint since it
consists of an in nite number of inequalities, i.e., one for each ! 2 [0; ].
In this paper we consider the design of FIR lters (i.e., the choice of
h 2 Rn ) that satisfy magnitude speci cations. We will refer to such design
problems as magnitude lter design problems. A classic example is the design of a lowpass lter that maximizes stopband attenuation subject to a
given maximum passband ripple. This design problem can be expressed as
the optimization problem

minimize 
subject to 1=  jH (!)j  ; ! 2 [0; !p]
jH (!)j  ; ! 2 [!s ; ]:

(1.4)

The optimization variables are the lter coecients h 2 Rn and the stopband attenuation (bound)  2 R. The problem parameters are the lter
order n, the passband frequency !p, the stopband frequency !s , and the
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maximum allowed passband ripple . Note that the passband ripple speci cation is logarithmic or fractional; the upper and lower bounds are given by
a constant factor. Passband ripple is commonly expressed in decibels, i.e.,
as 20 log10 dB. Similarly, the stopband attenuation is also often expressed
in decibels (as 20 log10  dB).
The magnitude speci cations in (1.4), which are given over separate intervals, can be converted to a single magnitude speci cation of the form (1.3).
In this example, there are no speci cations over the transition band (!p; !s ),
so L(!) = 0 and U (!) = 1 for !p < ! < !s ; similarly we have L(!) = 0
for !  !s .
Magnitude lter design problems (such as the lowpass lter design problem (1.4)) are not, in general, convex optimization problems, except when
certain symmetry (sometimes called linear phase) constraints are imposed
(e.g., the condition that the lter coecients are symmetric around the
middle index); see, e.g., [40]. Therefore numerical methods that directly
solve magnitude lter design problems are not guaranteed to nd the globally optimal design; such methods can get \stuck" at a locally optimal, but
globally suboptimal, design. For some applications this doesn't matter, as
long as a good design is found. For cases where nding the global minimum
is valuable, there are several heuristic methods for minimizing the likelihood
of not nding the global solution, e.g., running the algorithm repeatedly
from di erent starting points. There are also methods for global optimization, e.g., branch-and-bound (see, e.g., [33, 9]) that are guaranteed to nd
the globally optimal design. These methods, however, are often orders of
magnitude less ecient than the standard (local optimization) methods.
The purpose of this paper is to show that by a change of variables, a
wide variety of magnitude lter design problems can be posed as convex
optimization problems, i.e., problems in which the objective and constraint
functions are convex. As a consequence we can (globally) solve such magnitude lter design problems with great eciency using recently developed
interior-point methods for convex optimization (see, e.g., [39, 58, 61, 57]).
The new variables are the autocorrelation coecients of the lter; the
lter coecients are then recovered by spectral factorization (see x2). The
idea of designing FIR lters via spectral factorization was rst used by
Herrmann and Schussler in the 1970 paper [25]. Since then many authors
have studied variations on and extensions of this idea, including di erent
methods for performing the spectral factorization (see, e.g., [12, 38]), and
di erent methods for solving the transformed problem e.g., by exchangetype algorithms or linear or quadratic programming (see, e.g., [12, 29, 18,
51, 21]).
In this paper we extend the idea and apply nonlinear convex optimization techniques to a variety of magnitude lter design problems. Linear
and quadratic programming are well-developed elds; extremely ecient
software is widely available. It is less well known that in the last decade
or so the powerful interior-point methods that have been used for linear
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and quadratic programming have been extended to handle a huge variety of
nonlinear convex optimization problems (see, e.g., [39, 56, 36]). Making use
of convex optimization methods more general than linear or quadratic programming preserves the solution eciency, and allows us to handle a wider
class of problems, e.g., problems with logarithmic (decibel) objectives.
We close this introduction by comparing magnitude lter design, the
topic of this paper, with complex Chebychev design, in which the speci cations have the general form

jH (!) , D(!)j  U (!) for all ! 2 [0; ];
where D : [0; ] ! C is a desired or target frequency response, and
U : [0; ] ! R (with U (!)  0) is a frequency-dependent weighting function. Complex Chebychev design problems, unlike the magnitude design
problems addressed in this paper, are generally convex, directly in the
variables h; see, e.g., [17, 45].
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2 Spectral factorization
The autocorrelation coecients associated with the lter (1.1) are de ned
as

r(t) =

n,1
X
i=,n+1

h(i)h(i + t); t 2 Z;

(1.5)

where we interpret h(t) as zero for t < 0 or t > n , 1. Since r(t) =
r(,t) and r(t) = 0 for t  n, it suces to specify the autocorrelation
coecients for t = 0; : : : ; n,1. With some abuse, of notation, we will
 write
the autocorrelation coecients as a vector r = r(0); : : : ; r(n , 1) 2 Rn .
The Fourier transform of the autocorrelation coecients is

R(!) =

X

t2Z

n,1
X
,
j!t
r(t)e = r(0) + 2r(t) cos !t = jH (!)j2 ;
t=1

(1.6)

i.e., the squared magnitude of the lter frequency response. We will use
the autocorrelation coecients r 2 Rn as the optimization variable in
place of the lter coecients h 2 Rn . This change of variables has to
be handled carefully, since the transformation from lter coecients into
autocorrelation coecients is not one-to-one, and not all vectors r 2 Rn
are the autocorrelation coecients of some lter.
From (1.6) we immediately have a necessary condition for r to be the
autocorrelation coecients of some lter: R must satisfy R(!)  0 for all !.
It turns out that this condition is also sucient: The spectral factorization
theorem (see, e.g., [4, ch9]) states that there exists an h 2 Rn such that
r 2 Rn is the autocorrelation coecients of h if and only if

R(!)  0 for all ! 2 [0; ]:

(1.7)

The process of determining lter coecients h whose autocorrelation
coecients are r, given an r 2 Rn that satis es the spectral factorization
condition (1.7), is called spectral factorization. Some widely used spectral
factorization methods are summarized in the appendix.
Let us now return to magnitude lter design problems. The magnitude
speci cation (1.3) can be expressed in terms of the autocorrelation coecients r as

L(!)2  R(!)  U (!)2 for all ! 2 [0; ]:
Of course, we must only consider r that are the autocorrelation coecients
of some h, so we must append the spectral factorization condition to obtain:

L(!)2  R(!)  U (!)2 ; R(!)  0 for all ! 2 [0; ]:

(1.8)
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These conditions are equivalent to the original magnitude speci cations
in the following sense: there exists an h that satis es (1.3) if and only if
there exists an r that satis es (1.8). Note that the spectral factorization
constraint R(!)  0 is redundant: it is implied by L(!)2  R(!).
For each !, the constraints in (1.8) are a pair of linear inequalities in the
vector r; hence the overall constraint (1.8) is convex in r. In many cases, this
change of variable converts the original, nonconvex optimization problem
in the variable h into an equivalent, convex optimization problem in the
variable r.
As a simple example, consider the classical lowpass lter design problem (1.4) described above. We can pose it in terms of r as
minimize ~
subject to 1= 2  R(!)  2 ; ! 2 [0; !p]
(1.9)
R(!)  ~; ! 2 [!s ; ]
R(!)  0; ! 2 [0; ]:
(~ here corresponds to 2 in the original problem (1.4).)
In contrast to the original lowpass lter design problem (1.4), the problem (1.9) is a convex optimization problem in the variables r 2 Rn and
~ 2 R. In fact it is a semi-in nite linear program, since the objective is
linear and the constraints are semi-in nite, i.e., a pair of linear inequalities
for each !.

3 Convex semi-in nite optimization
In this paper we encounter convex optimization problems of the general
form
minimize f0 (x)
subject to Ax = b;
(1.10)
fi (x)  0; i = 1; : : : ; m;
gi (x; !)  0; ! 2 [0; ]; i = 1; : : : ; p;
where x 2 Rk is the optimization variable, f0 ; : : : ; fm : Rk ! R are
convex functions, and for each ! 2 [0; ], gi (x; !) are convex functions of
x. Note the three types of constraints: Ax = b are the equality constraints;
fi (x)  0 are the (ordinary) inequality constraints; and gi (x; !)  0 for
all ! are the semi-in nite inequality constraints. If the objective function
f0 is identically zero, the problem (1.10) reduces to verifying whether the
constraints are feasible or not, i.e., to a feasibility problem.
In the remainder of this section we give a brief discussion of various
methods for handling the semi-in nite constraints. General semi-in nite
convex optimization is a well-developed eld; see for example [8, 44, 7,
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27, 26, 41, 47]. While the theory and methods for general semi-in nite
convex optimization can be technical and complex, our feeling is that the
very special form of the semi-in nite constraints appearing in lter design
problems allows them to be solved with no great theoretical or practical
diculty.
Let us start by pointing out that the semi-in nite inequality constraint

gi (x; !)  0 for all ! 2 [0; ]
can be handled by expressing it as the ordinary inequality constraint

hi (x) = sup gi (x; !)  0:
!2[0;]

It is easily veri ed that hi is a convex function of x, since for each !, gi (x; !)
is convex in x. (On the other hand, hi is often nondi erentiable, even
if the functions gi are di erentiable.) Thus, the semi-in nite constraints
in (1.10) can be handled by several methods for general (nondi erentiable)
convex optimization, e.g., bundle methods [28], ellipsoid methods [11], or
cutting plane methods [30, 23, 46]. What is required in these methods is an
ecient method for evaluating hi and a subgradient at any x. This involves
computing a frequency  for which gi (x;  ) = hi (x). In some problems this
can be done analytically; in any case it can be found approximately by a
(one-dimensional) search over frequency. (See, e.g., [15, 13].)
It is also possible to solve some magnitude lter design problems exactly,
by transforming the semi-in nite constraints into ( nite-dimensional) constraints that involve linear matrix inequalities [14, 55, 63], but we will not
pursue this idea here.
The semi-in nite constraints can also be approximated in a very straightforward way by sampling or discretizing frequency. We choose a set of frequencies
0  !1  !2      !N  ;
often uniformly or logarithmically spaced, and replace the semi-in nite
inequality constraint

gi (x; !)  0 for all ! 2 [0; ]
with the set of N ordinary inequality constraints

gi (x; !k )  0 k = 1; : : : ; N:
Note that sampling preserves convexity. When N is suciently large, discretization yields a good approximation of the SIP (see [19]). A standard
rule of thumb is to choose N  15n (assuming linear spacing).
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As an example consider the lowpass lter design problem given by (1.9).
The discretized approximation has the form
minimize ~
subject to 1= 2  R(!k )  2 ; !k 2 [0; !p]
R(!k )  ~; !k 2 [!s ; ]
R(!k )  0; !k 2 [0; ]:

(1.11)

This is in fact a linear program (LP) with n + 1 variables (r; ~), and 2N
linear inequality constraints. One immediate advantage is that existing,
ecient LP software can be used to solve this (discretized) lowpass lter
design problem.
The reader should note the di erences between the three variations on the
lowpass lter design problem. The original problem (1.4) is a semi-in nite,
nonconvex problem. The transformed problem (1.9) is a semi-in nite but
convex problem, which is equivalent (by change of variables) to the original
problem (1.4). The transformed and discretized problem (1.11) is an approximation of the semi-in nite problem (1.9). It is also a linear program,
and so can be solved using standard linear programming codes (or, for even
greater eciency, by an interior-point LP solver that exploits the special
problem structure [16]).
Evidently for the discretized problem we can no longer guarantee that the
semi-in nite constraints are satis ed between frequency samples. Indeed
the sampled version of the problem is an outer approximation of the original
problem; its feasible set includes the feasible set of the original problem. In
many cases this causes no particular harm, especially if N is large. But if
the spectral factorization condition does not hold, i.e., R( ) < 0 for some
 between samples, then spectral factorization breaks down; we cannot
nd a set of lter coecients h that have r as its autocorrelation. Several
methods can be used to avoid this pitfall. The simplest is to add a small
safety margin to the sampled version of the spectral factorization condition,
i.e., replace it by

R(!k )  ; k = 1; : : : ; N

(1.12)

where  is small and positive. This can be done in an ad hoc way, by
increasing  (and re-solving the problem) until the spectral factorization of
R is successful. If N is large this will occur when  is small.
We can also analyze the approximation error induced by discretization
by bounding the variation of the functions gi (x; !) for ! between samples.
To give a very simple example, assume we use uniform frequency sampling,
i.e., !k = (k , 1=2)=N , k = 1; : : : ; N . We assume we have (or impose)
some bound on the size of h, say,
p

khk = h(0)2 +    + h(n , 1)2  M:
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Thus, r(0) = khk2  M 2 , and a standard result shows that jr(t)j  M 2 for
all t.
Now let ! be any frequency in [0; ] and let !k denote the nearest sampling frequency, so that j! , !k j  =(2N ). We have

jR(!) , R(!k )j =

 4M 2

n,1
X
t=1

n,1
X
t=1

2r(t)(cos !t , cos !k t)

sin j! , !k jt  4M 2

n,1
X
t=1

! , !k t  M 2 n(n , 1)=N

Thus, the intersample error cannot exceed M 2 n(n,1)=N (which evidently
converges to zero as N ! 1). For example, if we take  = M 2 n(n,1)=N
in (1.12), then it is guaranteed that the (semi-in nite) spectral factorization
condition (1.7) will be met. The bound developed here is very simple, and
only meant to give the general idea; far more sophisticated bounds can be
derived; see, e.g., [19, x3.7].
Let us mention several reasons why simple discretization works very well
in practice and is widely used. First of all, its computational cost is not
prohibitive. Even when special structure (see below) is not exploited, the
complexity of solving the discretized problem grows approximately as a
linear function of N , so making N large (to get a good discretized approximation) incurs only a linear increase in computation required.
When uniform frequency sampling is used, the fast Fourier transform
can be used to great advantage to speed up many of the computations in
interior-point methods. In [16] the authors demonstrate that FIR design
problems with 1000s of variables and 10000s of constraints can be solved in
tens of seconds on a small workstation, by exploiting the special structure
of the discretized problems.
Finally, we should point out that frequency sampling plays a key role
in the more sophisticated methods for handling semi-in nite constraints.
Indeed, most of the more sophisticated algorithms for SIPs solve a sequence
of discretized problems with carefully chosen frequency samples (see, e.g.,
[26, 47].
In the remainder of this paper, we will pose problems rst as convex,
semi-in nite problems. We then either give the sampled version, or point
out if it has a special form such as LP. The sampled versions can be thought
of as approximations (which are probably more than adequate for practical
designs) or as subproblems that arise in sophisticated algorithms that handle the semi-in nite constraints exactly. The numerical results given in this
paper were obtained from ( ne) discretizations, using the nonlinear convex
programming solver SDPSOL [62].
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1=


!p

!s
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FIGURE 1. Lowpass lter design speci cations.

4 Lowpass lter design
In this section we consider the lowpass lter design problem described above
as an example. Of course the same techniques are readily applied to other
lters such as highpass, bandpass, notch, bandstop, or complex lter types
with multiple stop and pass bands.
The constraints consist of a passband ripple speci cation,
1=  jH (!)j  for ! 2 [0; !p];
where !p is the passband frequency, and > 1 gives the passband ripple.
The stopband attenuation speci cation is given by
jH (!)j   for ! 2 [!s ; ];
where !p > !p is the stopband frequency, and  gives the maximum stopband gain. These speci cations are illustrated in gure 1.
We have already seen that the problem of maximizing stopband attenuation (i.e., minimizing ) can be formulated as the convex optimization
problem
minimize ~
subject to 1= 2  R(!)  2 ; ! 2 [0; !p]
R(!)  ~; ! 2 [!s ; ]
R(!)  0; ! 2 [0; ];
which, when discretized in frequency, yields an LP.
An example design is shown in gure 2. The lter order is n = 30, the
passband ripple is = 1:1 (about 1dB), the passband frequency is !p =
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FIGURE 2. Maximum stopband attenuation design. The lter order is n = 30,
maximum passband ripple is = 1:1 (about 1dB), passband frequency is
!p = 0:12 , and stopband frequency is !s = 0:24 . The stopband attenuation
achieved is ,56dB.

0:12, and the stopband frequency is one octave higher, i.e., !s = 0:24.
The maximum attenuation achieved is opt = 0:0016, i.e., around ,56dB.
We remind the reader that this design is the globally optimal solution: it
is not merely the best design achieved by our method, but in fact the best
design that can be achieved by any method.
We can consider several variations on this problem. Suppose we x the
stopband attenuation and wish to minimize the passband ripple. This can
be expressed as the optimization problem
minimize ~
subject to 1= ~  R(!)  ~; ! 2 [0; !p]
R(!)  2 ; ! 2 [!s ; ]
R(!)  0; ! 2 [0; ];
where the optimization variables are r and ~ . The problem parameters are
, !p, !s (and the lter order n). (The optimization variable ~ corresponds
to 2 in the ripple speci cation.)
This problem is in fact a convex optimization problem. To see this we
consider the speci cations at a xed frequency !. The constraints
R(!)  ~; R(!)  2 ; R(!)  0
are linear inequalities on the variables (r; ~). The remaining, nonlinear
constraint is
1= ~ , R(!)  0:
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The function 1= ~ , R(!) can be veri ed to be convex in the variables (r; ~)
(since ~ > 0). Indeed, when sampled this problem can be very eciently
solved as a second-order cone program (SOCP); see [36, x3.3] and [35].
Note that passband ripple minimization (in dB) cannot be solved (directly)
by linear programming; it can, however, be solved by nonlinear convex
optimization.
We can formulate other variations on the lowpass lter design problem
by xing the passband ripple and stopband attenuation, and optimizing
over one of the remaining parameters. For example we can minimize the
stopband frequency !s (with the other parameters xed). This problem is
quasiconvex ; it is readily and eciently solved using bisection on !s and
solving the resulting convex feasibility problems (which, when sampled,
become LP feasibility problems). Similarly, !p (which is quasiconcave) can
be maximized, or the lter order (which is quasiconvex) can be minimized.
It is also possible to include several types of constraints on the slope of
the magnitude of the frequency response. We start by considering upper
and lower bounds on the absolute slope, i.e.,
a  djH (!)j  b:

d!

This can be expressed as

!)
a  dR(d!

1=2

p
 b;
= dR=d!
2 R(!)

which (since R(!) is constrained to be positive) we can rewrite as
p

p

2 R(!)a  dR=d!  2 R(!)b:
Now we introduce the assumption that a  0 and b  0. The inequalities
can be written
p

p

2a R(!) , dR=d!  0; dR=d! , b R(!)  0:
p

(1.13)

R(!) is a concave
Since R(!) is a linear function of pr (and positive),
p
function of r. Hence the functions a R(!) and ,b R(!) are convex (since
a  0 and b  0). Thus, the inequalities (1.13) are convex (since dR=d! is a
linear function of r). When discretized, this constraint can be handled via
SOCP. As a simple application we can design a lowpass lter subject to the
additional constraint that the frequency response magnitude is monotonic
decreasing.
Let us now turn to the more classical speci cation of frequency response
slope, which involves the logarithmic slope:

jH j !  b:
a  dd!
jH (!)j
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(The logarithmic slope is commonly given in units of dB/octave or dB/decade.)
This can be expressed as

!
a  (1=2) dR
d! R(!)  b;
which in turn can be expressed as a pair of linear inequalities on r:
2R(!)a=!  dR
d!  2R(!)b=!:

Note that we can incorporate arbitrary upper and lower bounds on the
logarithmic slope, including equality constraints (when a = b). Thus, constraints on logarithmic slope (in dB/octave) are readily handled.

5 Log-Chebychev approximation
Consider the problem of designing an FIR lter so that its frequency response magnitude best approximates a target or desired function, in the
sense of minimizing the maximum approximation error in decibels (dB).
We can formulate this problem as
minimize

sup log jH (!)j , log D(!)

!2[0;]

(1.14)

where D : [0; ] ! R is the desired frequency response magnitude (with
D(!) > 0 for all !). We call (1.14) a logarithmic Chebychev approximation
problem, since it is a minimax (Chebychev) problem on a logarithmic scale.
We can express the log-Chebychev problem (1.14) as
minimize
subject to 1=  R(!)=D(!)2  ; ! 2 [0; ];
R(!)  0; ! 2 [0; ]
where the variables are r 2 Rn and 2 R. This is a convex optimization
problem (as described above), eciently solved, for example, as an SOCP.
Simple variations on this problem include the addition of other constraints,
or a frequency-weighted log-Chebychev objective.
As an example we consider the design of a 1=f spectrum-shaping lter,
which is used to generate 1=f noise by ltering white noise through an
FIR lter. The goal is to approximate the magnitude D(!) = !,1=2 over
a frequency band [!a ; !b ]. If white noise (i.e., a process with spectrum
Su (!) = 1) is passed through such a lter, the output spectrum Sy will
satisfy Sy (!)  1=! over [!a ; !b ]. This signal can be used to simulate 1=f
noise (e.g., in a circuit or system simulation) or as a test signal in audio
applications (where it is called pink noise [54]).

14

Shao-Po Wu, Stephen Boyd, Lieven Vandenberghe
1

jH (!)j

10

0

10

−1

10

:01



:1
!

FIGURE 3. Magnitude frequency response of a 50th order 1=f spectrum
shaping
p
lter for frequency range [0:01; ]. Dashed line shows ideal 1= f magnitude,
which falls at 10dB/octave. The maximum approximation error is 0:5dB.

v

H (!)
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T (! )

y

FIGURE 4. Magnitude equalization. The frequency response T of the system is
known; the goal is to design the equalizer H so the product T H has approximately
constant magnitude.

Using a minimax logarithmic (dB) criterion, and frequency sampling
yields the problem
minimize
subject to 1=  (!i = )R(!i )  ; !i 2 [!a ; !b]
R(!i )  0; i = 0; : : : ; N;

(1.15)

which is readily solved as an SOCP. Figure 3 shows a design example, with
lter order n = 50, !a = 0:01, !b = . The t obtained is opt = 1:12,
which is around 0:5dB.

6 Magnitude equalizer design
In the simplest magnitude equalizer problem, we are given a function T :
[0; ] ! C (not necessarily the frequency response of an FIR lter), and
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need to design an FIR lter (equalizer) H so that the product TH has
approximately constant magnitude, e.g., one:

jT (!)H (!)j  1 for all ! 2 [0; ]:
This is illustrated in gure 4, where the equalizer processes the signal before
the given function; but the problem is the same if the order of the equalizer
and given function is reversed. Note also that we only need to know the
magnitude jT (!)j, and not T (!), for ! 2 [0; ].
The equalizer problem can be posed as the log-Chebychev approximation
problem
minimize

sup log jT (!)H (!)j ;

!2[0;]

which is readily formulated as a convex problem using the autocorrelation
coecients r as the design variables:
minimize
subject to 1=  R(!)jT (!)j2  ; ! 2 [0; ]
R(!)  0; ! 2 [0; ]:
In many applications we must add regularization constraints on the
equalizer frequency response, to keep the magnitude or its slope from being
too large. These constraints are readily handled. For example, we can impose (frequency-dependent) bounds on jH j and its absolute or logarithmic
derivative, as described above. A very simple way to bound the size of h is
to impose the constraint

r(0) = h(0)2 +    + h(n , 1)2  M 2
(which is a single linear inequality on r).

So far we have assumed that the target equalized gain, i.e., the desired
value of jTH j, is one. We can also allow some freedom in the target value of
the equalized gain. This type of problem can be handled using an absolute
(or more accurately, squared) criterion
minimize

sup jT (!)H (!)j2 , ;

!2[0;]

where is subject to some bounds such as l   h, and h is subject to
some regularization constraints. Note that the optimization variables here
are h and .
We can cast this as the convex problem
minimize
subject to R(!)jT (!)j2 ,  ; ! 2 [0; ]
R(!)  0; ! 2 [0; ]
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FIGURE 5. Log-Chebychev magnitude equalization. Magnitude of function T (!)
(dashed) and equalized frequency response T (!)H (!) (solid). The maximum error is 4:8dB.

where in addition we have limits on and some constraints on H (i.e., R).
If this problem is discretized, it becomes an LP.
An example of log-Chebychev magnitude approximation is illustrated in
gure 5. The 50th order equalizer achieves a maximum equalization error
of 4:8dB.
We now turn to an interesting and useful extension of the magnitude
equalizer problem: simultaneous equalization of several (or many) functions. We are given functions Tk : [0; ] ! C, k = 1; : : : ; K , and need to
design H so that jTk H j are all approximately constant. In other words,
we need to design a single equalizer for multiple functions. This situation
arises in several contexts. As an example, suppose that Tk is the frequency
response from the (electrical) input to a public address or sound reinforcement system to the (acoustic) response at a location k in the theater. The
equalizer H is meant to give approximately constant magnitude response at
any of K locations in the theater. The multi-system equalization problem
setup is illustrated in gure 6.
We can formulate the multi-system magnitude equalization problem as
a minimax log-Chebychev approximation problem:
minimize k=1max
sup log jTk (!)H (!)j :
(1.16)
;::: ;K
!2[0;]

In this formulation we have xed the target value for each jTk H j as one;
it is of course possible to have di erent target values for di erent k. We
should point out that this minimax formulation already builds in a form of
regularization: H (!) will become large only if all of the Tk (!) are small.
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FIGURE 6. Multisystem magnitude equalization. The goal is to choose H so that
the magnitude response at y1 ; : : : ; yK are all approximately constant over !.

The idea of allowing the equalized gain to ` oat' is quite useful in the context of multi-system equalization. In the sound reinforcement application
mentioned above, the gain at di erent locations could vary by, say, 10dB,
as long as each equalized frequency response is at within, say, 4dB. To
allow the equalized gains to di er, we can formulate a minimax squared
magnitude problem such as
minimize k=1max
sup jTk (!)H (!)j2 , k ;
;::: ;K
!2[0;]

to which we might add constraints on k such as a lower and upper bound.
Note that the variables here are h and 1 ; : : : ; K . This problem can be
cast as the convex problem
minimize
subject to jTk (!)j2 R(!) , k  ; k = 1; : : : ; K; ! 2 [0; ]
R(!)  0; ! 2 [0; ]:
This becomes an LP when discretized. An example with K = 2 and lter
order n = 25 is shown in gure 7.
Our last topic is equalization over frequency bands, which is the most
common method used in audio applications. We de ne a set of K frequency
intervals
[ 1 ; 2 ]; [ 2 ; 3 ]; : : : [ K ; K +1 ];
where 0 < 1 < : : : < K +1  . A common choice of frequencies di er by
one-third octave, i.e., k = 2(k,1)=3 1 for k = 1; : : : ; K . The average gain
of a function G : [0; ] ! C over the kth band [ k ; k+1 ] is de ned by
1

k+1 , k

Z

k+1
k

jG(!)j2

d!

!1=2

:

In frequency band equalization, we choose the equalizer H so that the
average gain of the equalized frequency response TH in each frequency
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FIGURE 7. Example of multi-system magnitude equalization. The two frequency
response squared magnitudes jT1 j2 (solid) and jT2 j2 (dashed) are shown in the
upper plot. The equalized frequency response magnitudes jT1 H j2 (solid) and
jT2 H j2 (dashed) are shown in the lower plot, along with the ranges opt  opt
(dotted).
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band is approximately the same. Using a log-Chebychev (minimax dB)
criterion for the gains and r as the variable, we can express this equalization
problem as
minimize
R
subject to 1=  k+11, k kk+1 R(!)jT (!)j2 d!  ; k = 1; : : : ; K;
R(!)  0; ! 2 [0; ]:
This is a convex problem in r and . To solve it numerically, we can approximate the integral by frequency sampling. (Indeed, jT j is likely to be given
by its values at a ne sampling of frequencies, and not in some analytical
form.) We can also, of course, add constraints on H .
An example is shown in gure 8. The equalizer has order n = 20, and we
consider 15 third-octave bands from 1 = 0:031 to 16 = . Note that
the function jT j has several deep `dips' and `notches'. This implies that
ordinary Chebychev equalization would require very large values of jH j to
achieve good equalization.

7 Linear antenna array weight design
Our last application example treats a problem closely related to FIR lter
design: antenna array weight design. Consider a linear array of n isotropic
antennas spaced uniformly a distance d apart in a plane, as shown in gure 9. A plane harmonic wave of wavelength  is incident on the array
from angle . The antennas sample the incident wave, and the resulting
signals are demodulated and then linearly combined with antenna weights
w1 ; : : : ; wn 2 C (which are our design variables) to form the combined output of the antenna array, which is a complex number G. The array output
G depends on the incidence angle  of the incoming wave (and also the
weights). As a function of the incidence angle, G : [0; ] ! C is called the
pattern function, and is given by

G() =

n,1
X
k=0

wk e,jk ;

where depends on the incidence angle as
= , 2d cos :



(1.17)

(1.18)

More details, and a derivation of this formula for G, can be found in any
text or survey on antennas or antenna arrays, e.g., [37, 22, 20].
Note that G has the same form as the frequency response of an FIR lter
(given in (1.2)), with two di erences: the lter coecients are replaced with
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FIGURE 8. Example of third-octave equalization, with constraint that equalizer
frequency response magnitude not exceed 10. Upper plot shows jT j (dashed) and
the equalized frequency response jT H j (solid). Lower plots shows third-octave
gains for T (dashed) and T H (solid). The third-octave gains have been equalized
within 1:1dB. Since jT j is small at several frequencies, ordinary log-Chebychev
equalization to 1:1dB would require very large values of jH j.
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2d

FIGURE 9. Linear antenna array of antennas (shown as dots), with spacing d,
in the plane. A plane wave with wavelength  is incident from angle .

the antenna array weights (which can be complex), and the \frequency"
variable is related to the incidence angle  by (1.18).
If we de ne H : [,; ] ! C as

H( ) =

n,1
X

k=0

wk e,jk ;

then we have G() = H ( ). H is then the frequency response of an
FIR lter with (complex) coecients w1 ; : : : ; wn . Since H does not satisfy H (, ) = H ( ) (as the frequency response of an FIR lter with real
coecients does), we must specify H over 2 [,; ].
For  2 [0; ], is monotonically increasing function of , which we will
denote , i.e., () = ,2d= cos . As the incidence angle  varies from 0
to , the variable = () varies over the range 2d=. To simplify the
discussion below, we make the (common) assumption that d < =2, i.e.,
the element spacing is less than one half wavelength. This implies that for
 2 [0; ], () = is restricted to an interval inside [,; ]. An interval

min    max ;

where min; max 2 [0; ], transforms under (1.18) to the corresponding
interval
min 



max ;

where min = (min) and max = (max), which lie in [,; ]. (The
importance of this will soon become clear.)
By analogy with the FIR lter design problem, we can de ne an antenna
pattern magnitude speci cation as
L()  jG()j  U () for all  2 [0; ]:
(1.19)
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An antenna array weight design problem involves such speci cations. As a
simple example, suppose we want the array to have approximately uniform
sensitivity for  2 [0; b], and sensitivity as small as possible in the interval
[s ; ]. This problem can be posed as
minimize 
subject to 1=  jG()j  ;  2 [0; b]
(1.20)
jG()j  ;  2 [s ; ]:
This problem is the analog of the lowpass lter design problem (1.4). Here,
b denotes the (half) beamwidth, s denotes the beginning of the sidelobe,
and  is called the sidelobe attenuation level.
We can recast this problem as
minimize 
subject to 1=  jH ( )j  ;
2 [ (0); (b)]
(1.21)
jH ( )j  ; 2 [ (s ); ()]:
(Here we use the interval mapping property mentioned above).
Now (1.21) is a lowpass lter design problem, but with complex coefcients wi , and speci cations over the interval [,; ]. It can be handled
like an FIR lter magnitude design problem, by an extension of spectral
factorization to the complex case.
We de ne the (now complex) autocorrelation coecients r(k), associated
with w, as

r (k ) =

n,1
X

i=,n+1

wi wi+k ; k = 0; : : : ; n , 1:

(1.22)

The Fourier transform of r is

R() =

n,1
X

k=,(n,1)

r(k)e,j k = jG()j2 ;

is the squared magnitude of the antenna pattern function (where  and
are related as in (1.17)). We can use r 2 Cn as the design variables,
provided we add the spectral factorization condition R()  0 for all  2
[0; ].
The magnitude constraint can be expressed in terms of R as
L()2  R()  U ()2 for all  2 [0; ];
i.e., as an (in nite) set of linear inequalities on r.
An example of an antenna array weight design problem is shown in gure 10. The problem is (1.20), with the following parameters: antenna element spacing d = 0:45; n = 12 (antenna elements); (half) beamwidth
b = 30; allowed ripple = 1:58 (which corresponds to 2dB); and sidelobe angle s = 45. The sidelobe attenuation level achieved is around 0:11
(,19dB).
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45
30

,20dB
0dB
10dB ,10dB ,30dB

FIGURE 10. Example of antenna array weight design for 12-element array with
spacing d = 0:45. The constraints require 2dB coverage over a beam of 30
and the objective is to minimize the maximum pattern response outside a 45
sector. The sidelobe level achieved is about ,19dB.
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8 Conclusions
We have shown that a variety of magnitude FIR lter design problems
can be formulated, in terms of the autocorrelation coecients, as (possibly nonlinear) convex semi-in nite optimization problems. As a result,
the globally optimal solution can be eciently computed. By considering
nonlinear convex optimization problems, we can solve a number of problems of practical interest, e.g., minimax decibel problems, with an eciency
not much less than standard methods that rely on, for example, linear or
quadratic programming.
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Appendix: Spectral factorization
In this section we give a brief overview of methods for spectral factorization. This problem has been studied extensively; general references include [64, 3, 5, 42, 4]. We consider spectral factorization for real-valued
h; the extensions to h complex (which arises in the antenna weight design
problem, for example) can be found in the references. We assume (without
loss of generality) that r(n , 1) 6= 0 (since otherwise we can de ne n as the
smallest k such that r(t) = 0 for t  k).
In this appendix we assume that R satis es the following strengthened
version of the spectral factorization condition:

R(!) > 0 for all ! 2 R:
All of the methods described below can be extended to handle the case
where R(!) is nonnegative for all !, but zero for some !. The strengthened
condition greatly simpli es the discussion; full details in the general case
can be found in the references.
We rst describe the classical method based on factorizing a polynomial.
We de ne the rational complex function

T (z ) = r(n , 1)z n,1 +    + r(1)z + r(0) + r(1)z ,1 +    + r(n , 1)z ,(n,1);
so that R(!) = T (ej! ). We will show how to construct S , a polynomial in
z ,1,

S (z ) = h(0) + h(1)z ,1 +    + h(n , 1)z ,(n,1);

(1.23)

so that T (z ) = S (z )S (z ,1). Expanding this product and equating coefcients of z k shows that r are the autocorrelation coecients of h. In
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other words, the coecients of S give the desired spectral factorization:
H (!) = S (ej! ).
Let P (z ) = z n,1T (z ). Then P is a polynomial of degree 2(n , 1) (since
r(n , 1) 6= 0), with real coecients. Now suppose  2 C is a zero of P , i.e.,
P () = 0. Since P (0) = r(n , 1) 6= 0, we have  6= 0. Since the coecients
of P are real, we have that P () = 0, i.e.,  is also a zero of P . From the
fact that T (z ,1) = T (z ), we also see that

P (,1 ) = ,(n,1) T (,1 ) = 0;
i.e., ,1 is also a zero of P . In other words, the zeros of P (z ) are symmetric
with respect to the unit circle and also the real axis. For every zero of P

that is inside the unit circle, there is a corresponding zero outside the unit
circle, and vice versa. Moreover, our strengthened spectral factorization
condition implies that none of the zeros of P can be on the unit circle.
Now let 1 ; : : : ; n,1 be the n , 1 roots of P that are inside the unit
circle. These roots come in pairs if they are complex: if  is a root inside the
unit circle and is complex, then so is , hence 1 ; : : : ; n,1 has conjugate
symmetry. Note that the 2(n , 1) roots of P are precisely

1 ; : : : ; n,1 ; 1=1 ; : : : ; 1=n,1 :
It follows that we can factor P in the form
n,1
Y

P (z ) = c (z , i )(i z , 1);
i=1

where c is a constant. Thus we have

n,1
Y
,
(
n
,
1)
T (z ) = z
P (z ) = c (1 , i z ,1)(i z , 1):
i=1

By our strengthened assumption, R(0) > 0, so

R(0) = T (1) = c

n,1
Y
i=1

j1 , i j2 > 0;

so that c > 0.
Finally we can form a spectral factor. De ne

p

S (z ) = c

n,1
Y
i=1

(1 , i z ,1 );

so that T (z ) = S (z )S (z ,1). Since 1 ; : : : ; n,1 have conjugate symmetry,
the coecients of S are real, and provide the required FIR impulse response
coecients from (1.23).
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The construction outlined here yields the so-called minimum-phase spectral factor. (Other spectral factors can be obtained by di erent choice of
n , 1 of the 2(n , 1) roots of P ).
Polynomial factorization is the spectral factorization method used by
Herrmann and Schussler in the early paper [25]. Root nding methods that
take advantage of the special structure of P improve the method; see [18]
and the references therein. Root nding methods are generally used only
when n is small, say, several 10s.
Several other spectral factorization methods compute the spectral factor without computing the roots of the polynomial P . One group of methods [10, 50, 49] is based on the Cholesky factorization of the in nite banded
Toeplitz matrix
2
6
6
6
6
6
6
6
6
6
6
4

r(0)
r(1)
r(2)
..
.

r(1)
r(0)
r(1)
..
.

r(2)
r(1)
r(0)
..
.

r(n , 1) r(n , 2) r(n , 3)
0
r(n , 1) r(n , 2)
..
.

..
.

..
.

   r(n , 1)
0

   r(n , 2) r(n , 1)   
   r(n , 3) r(n , 2)   
...

3
7
7
7
7
7
7
7
7
7
7
5

:

This matrix is positive de nite (i.e., all its principal minors are positive definite) if R(!) > 0 for all !, and it was shown in [50] that the elements of the
Cholesky factors converge to the coecients of the minimum-phase spectral
factor of R. As a consequence, fast recursive algorithms for Cholesky factorization of positive de nite Toeplitz matrices also yield iterative methods
for spectral factorization.
Wilson [60] and Vostry [59] have developed a method for spectral factorization based on directly applying Newton's method to the set of nonlinear
equations (1.5). Their method has quadratic convergence, so very high accuracy can be obtained rapidly once an approximate solution is found.
(Indeed, Newton's method can be used to re ne an approximate solution
obtained by any other method.)
Anderson et al. [3, 6] show that the minimum-phase spectral factor can
also be obtained from the solution of a discrete-time algebraic Riccati equation. They present an iterative method, based on iterating the corresponding Riccati di erence equation, and retrieve from this some of the earlier
spectral factorization methods (e.g., [10]) as special cases.
We conclude by outlining a fourth method, which is based on the fast
Fourier transform (FFT) (see, e.g., [42, x7.2] or [52, x10.1]). The idea behind the method is usually credited to Kolmogorov.
The method is based on the following explicit construction of the minimumphase spectral factor Smp (as described above) from r. It can be shown that
log Smp is de ned and analytic in the exterior of the unit disk, i.e., it can
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be expressed as a power series in z ,1,
log Smp(z ) =

1
X
k=0

ak z ,k

for jz j > 1, where ak 2 R. Now consider the real part of log Smp on the
unit circle:

< log Smp(ej! ) = log jSmp(ej! )j = (1=2) log R(!) =

1
X

k=0

ak cos k!:

Therefore we can nd the coecients ak as the Fourier coecients of the
function (1=2) log R(!) (where we use the strengthened spectral factorization condition), i.e.,

ak = 21

2

Z

0

(1=2) log R(!) e,jk! d!; k = 0; 1; : : : :

(1.24)

Once the coecients ak are known, we can reconstruct Smp(ej! ) as

Smp(ej! ) = exp

1
X
k=0

ak e,jk! :

The Fourier coecients of Smp give us the required impulse response coefcients:
Z 2
1
X
1
h(t) = 2
ej!t exp ak e,jk! d!; t = 0; : : : ; n , 1:
0
k=0

(1.25)

Taken together, equations (1.24) and (1.25) give an explicit construction
of the impulse response coecients of the minimum-phase spectral factor,
starting from R.
In the language of signal processing, this construction would be described
as follows. We know the log-magnitude of Smp since it is half the logmagnitude of R, which is given (or found from r via a Fourier transform).
We apply a Hilbert transform to nd the phase of Smp, and then by exponentiating get Smp (in the frequency domain). Its Fourier coecients are
the desired impulse response.
The method is applied in practice as follows. We pick n~ as a power of
two with n~  n (say, n~  15n). We use an FFT of order n~ to obtain
(from r) R(!) at n~ points uniformly spaced on the unit circle. Assuming
the result is nonnegative, we compute half its log. Another FFT yields the
coecients
a0 ; : : : ; an~,1 (using (1.24)). Another FFT yields the function
P1
,
jk!
a
e
for ! at the n~ points around the unit circle. A nal FFT
k=0 k
yields h(0); : : : ; h(n , 1) using (1.25). (In a practical implementation of this
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algorithm symmetry and realness can be exploited at several stages, and
the last FFT can be of order n.)
FFT-based spectral factorization is ecient and numerically stable, and
is readily applied even when n, the order of the lter, is large, say several
hundred. This method has been independently rediscovered several times;
see, e.g., [12, 38].

