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[edit] Chapter 1: Prerequisites

[edit] Consistency of units

Any value that you'll run across as an engineer @ither beunitlessor, more commonly, will
have specific types of units attached to it. Ineorib solve a problem effectively, all the types of
units should be consistent with each other, or khba in the samsystem A system of units
defines each of the basic unit types with respecsdme measurement that can be easily
duplicated, so that for example 5 ft. is the saemgth in Australia as it is in the United States.
There are five commonly-used base unit typediorensionghat one might encounter (shown
with their abbreviated forms for the purpose of eénsional analysis):

Length (L), or the physical distance between two objedgth respect to some standard
distance

Time (t), or how long something takes with respect wwhlong some natural
phenomenon takes to occur

Mass (M), a measure of the inertia of a material retato that of a standard
Temperature (T), a measure of the average kinetic energy @htlolecules in a material
relative to a standard

Electric Current (E), a measure of the total charge that moves ¢ertain amount of
time

There are several different consistent systemait$ wne can choose from. Which one should
be used depends on the data available.

[edit] Units of Common Physical Properties

Every system of units has a large numberefived units which are, as the name implies,
derived from the base units. The new units are base the physical definitions of other
guantities which involve the combination of diffetevariables. Below is a list of several
common derived system properties and the correspondimensions —— denotes unit
equivalence). If you don't know what one of thesepprties is, you will learn it eventually

Mass — M Length =L

Area —1L"2 Volume =L"3

Velocity =L/t Acceleration = L/It"2

Force = M*L/t"2 Energy/Work/Heat — M*L"2/t"2
Power — M*L"2/t"3 Pressure = M/(L*t"2)

Density = M/L"3 Viscosity = M/(L*t)

Diffusivity = L"2/s Thermal conductivity — M*L/(t"3*T)
Specific Heat Capacity = L"2/(T*t"2)

Specific Enthalpy, Gibbs Energy = L"2/t"2

Specific Entropy = L"2/(t"2*T)



[edit] SI (kg-m-s) System
This is the most commonly-used system of unitshenworld, and is based heavily on units of

10. It was originally based on the properties otemathough currently there are more precise
standards in place. The major dimensions are:

L = meters, m t —seconds,s M — kilograms, kg
T = degrees Celsius,oC E — Amperes, A

where ——denotes unit equivalence. The close relationshipvater is that one m”3 of water
weighs (approximately) 1000 kg at OoC.

Each of these base units can be made smallergarlar units of ten by adding the appropriate
metric prefixes. The specific meanings are (from tBepage on Wikipedia):

Sl Prefixes

Name yottazettaexa peta tera gigmegakilo hectodeca
SymbolY Z E P T G M k h da

Factor 10°* 10** 10" 10" 10% 100 10 10° 100 10'

Name deci centimilli micronanopico femtoatto zeptoyocto
Symbold ¢ m n p f a z y

Factor 101 102 102 10° 10° 10*?10% 10'®10% 10%*

If you see a length of 1 km, according to the chtre prefix "k" means there are *16f
something, and the following "m" means that it isters. So 1 km = faneters.

It is very important that you are familiar with ghiable or at least as large as mega (M), and as
small as nano (n). The relationship between diffesizes of metric units was deliberately made
simple because you will have to do it all of thedi You may feel uncomfortable with it at first
if you're from the U.S. but trust me, after workimgth the English system you'll learn to
appreciate the simplicity of the Metric system.



[edit] Derived units from the Sl system

Imagine if every time you calculated a pressure, would have to write the units in kg/(m*s”"2).
This would become cumbersome quickly, so the Siplgeset upderived units to use as
shorthand for such combinations as these. The nwstmon ones used by chemical engineers
are as follows:

Force: 1 kg/(m*s”2) = 1 Newton, N Energy: 1 N*m =1J
Power: 1 J/s =1 Watt, W Pressure: 1 N/ m"2 =1 Pa
Volume: 1 m”3 = 1000 Liters, L Thermodynamic temperature: 1 oC =K -

273.15, K is Kelvin

Another derived unit is theole A mole represents 6.022*fmolecules ofiny substanceThis
number, which is known as th&vogadro constant is used because it is the number of
molecules that are found in 12 grams of tf@ isotope. Whenever we have a reaction, as you
learned in chemistry, you have to do stoichiometrculations based on moles rather than on
grams, becausthe number of grams of a substance does not orggrdkeon the number of
molecules present but also on their sietereas the stoichiometry of a chemical reactioly
depends on the number of molecules that reacomditeir size. Converting units from grams to
moles eliminates the size dependency.

[edit] CGS (cm-g-S) system

The so-called CGS systeuses the same base units as the Sl system bussepmmasses and
grams in terms of cm and g instead of kg and’he CGS system has its own set of derived units
(seew:cqg9, but commonly basic units are expressed in tefrgn and g, and then the derived
units from the Sl system are used. In order tothseSI units, the massasustbe in kilograms,
and the distancanustbe in meters. This is a very important thing tmeenber, especially when
dealing with force, energy, and pressure equations.

[edit] English system

The English system is fundamentally different frtdme Metric system in thahe fundamental
inertial quantity is a force, not a mads addition, units of different sizes do not waliy have
prefixes and have more complex conversion factws those of the metric system.

The base units of the English system are somewdizdtdble but these are the ones I've seen
most often:

Length: L = feet, ft t — seconds, s
F = pounds-force, Ib(f) T — degrees Fahrenheit, oF

The base unit of electric current remains the Araper
There are several derived units in the Englishesgsbut, unlike the Metric system, the

conversions are not neat at all, so it is bestaiesualt a conversion table or program for the
necessary changes. It is especially important &pkgood track of the units in the English



system because if they're not on the same basidl god up with a mess of units as a result of
your calculations, i.e. for a force you'll end ughanits like Btu/in instead of just pounds, Ib.
This is why it's helpful to know the derived unitsterms of the base units: it allows you to make
sure everything is in terms of the same base uhigsery value is written in terms of the same
base units, and the equation that is used is cartben the units of the answer will be consistent
and in terms of the same base units.

[edit] How to convert between units
[edit] Finding equivalences
The first thing you need in order to convert betweaits is the equivalence between the units

you want and the units you have. To do this useraersion table Seew:Conversion of units
for a fairly extensive (but not exhaustive) listo@immon units and their equivalences.

Conversions within the metric system usually arelisted, because it is assumed that one can
use the prefixes and the fact tl mL = 1 ¢m’ to convert anything that is desired.

Conversions within the English system and espgcimtween the English and metric system are
sometimes (but not on Wikipedia) written in thenfor

Hunitl) = (number)(unit2) = (number)(unit3) =

For example, you might recall the following convensfrom chemistry class:

1 atm = 760 mmHg = 1.013 % 10° Pa = 1.013 bar =

The table on Wikipedia takes a slightly differeppeoach: the column on the far left side is the

unit we have 1 of, the middle is the definitiontb& unit on the left, and on the far right-hand
column we have the metric equivalent. One listsxthe conversion from feet to meters:

foot (International) ft = 1/3 yd = 0.3048 m
Both methods are common and one should be ablseteither to look up conversions.
[edit] Using the equivalences

Once the equivalences are determined, use theajdoen:

What you want

What you want = What you have * —
What yvou have




The fraction on the right comes directly from tlmgaeersion tables.

Example:
Convert 800 mmHg into bars

Solution If you wanted to convert 800 mmHg to bars, ushmghiorizontal list, you could do it
directly:

1.013 bar

bars = 800 mmIIg * m = 1.066 bar

Using the tables from Wikipedia, you need to coht@manintermediate(the metric unit) and
then convert from the intermediate to the desimdtl MVe would find that

1 mmHg = 133.322 Pag,q1 bar = 10° Pa
Again, we have to set it up using the same geffienal, just we have to do it twice:

133.322 Pa 1 bar
*
1 mmHg  10° Pa

bars = 800 mmHg * = 1.066 bar

Setting these up takes practice, there will be sexaenples at the end of the section on this. It's
avery important skill for any engineer.

One way to keep from avoiding "doing it backwardsto write everything out and make sure
your units cancel out as they should! If you trydtwit backwards you'll end up with something
like this:

760 mmHg 6.0+ w,-jmmﬂ’g?

bars = 800 mmHg * —— :
& 1.013 bar bar

If you write everything (even conversions withiretimetric system!) out, and make sure that

everything cancels, you'll help mitigate unit-chamggerrors. About 30-40% of all mistakes I've

seen have been unit-related, which is why theseich a long section in here about it. Remember

them well.



[edit] Dimensional analysis as a check on equations

Since we know what the units of velocity, pressergergy, force, and so on should be in terms
of the base units L, M, t, T, and E, we can use Hmnowledge to check the feasibility of
eguations that involve these quantities.

Example:

Analyze the following equation for dimensional cmcy:P =g* hwhere g is the
gravitational acceleration and h is the heighheffiuid

SolutionWe could check this equation by plugging in ourtsini

P=M/(L*t*), h=L , g=L/t’
g% h=L?/t* + M/(L x t*)
Since g*h doesn't have the same units as P, thatiegumust be wrongegardless of the
system of units we are usinffhe correct equation, in fact, is:
P=pxgxh
. : , : M/ 2
wherefis the density of the fluid. Density has base uoit SO

p*g* hﬁLE/tE * M/L‘QEM/(L * tz)which are the units of pressure.

This does not tell us the equation is correct butoestell us that the units are consistent,
which is necessary though not sufficient to obticorrect equatioriChis is a useful way to
detect algebraic mistakes that would otherwise &l to find. The ability to do this with an
algebraic equation is a good argument against plggg numbers too soon!



[edit] Chapter 1 Practice Problems

Problem:

1. Perform the following conversions, using the appidie number of significant figures in
your answer:

b
a) 8 hr
btu
45510 W — —
b) M
b9 _ o
c) mm in
J kW h
4.18 - —
d) g *oC tb * oF (note: kWh means kilowatt-hour)

e)1.00 m* — L — dm® — mL — em”

Problem:

2. Perform a dimensional analysis on the followinguagempns to determine if they are
reasonable:

a) v = dt, where v is velocity, d is distance, and t is time

2
me o= U
F =

b) r  where Fis force, m is mass, v is velocity, ansl nadius (a distance).

_ '
c) Foouy = p* V' * Gherefis density, V is volume, and g is gravitational elecation.

]::P’
m = — i
d) P whereTi is mass flow ratel/is volumetric flow rate, anPis density.



Problem:

3. Recall that the ideal gas law PV = nET where P is pressure, V is volume, n is
number of moles, R is a constant, and T is the &atpre.

a) What are the units of R in terms of the base uypes (length, time, mass, and
temperature)?

b) Show how these two values of R are equivalent:
R— 00821259 gy S
mol * K mol = K
_mol
c) If an ideal gas exists in a closed container witholar density oU'UJTat a pressure of

i “ r . -
0.96 = 10” Pa, what temperature is the container held at?

1A% :
d) What is the molar concentration of an ideal gath wipartial pressure ¢1.5 * 10" Paif
the total pressure in the containeb atm?

e) At what temperatures and pressures is a gas mdskeast likely to be ideal? (hint: you
can't use it when you have a liquid)

f) Suppose you want to mix ideal gasses in two septanaks together. The first tank is held at

a pressure of 500 Torr and contains 50 moles oémxapor and 30 moles of water at 70c0C.

The second is held at 400 Torr and 700C. The volohtlkee second tank is the same as that of
the first, and the ratio of moles water vapor tdeamf water is the same in both tanks.

You recombine the gasses into a single tank thee sare as the first two. Assuming that the
temperature remains constant, what is the pressuhe final tank? If the tank can withstand
1 atm pressure, will it blow up?

¥ Y
A
Problem:

1
H;0y < — > Hy0 A 502

4. Consider the reactiol
organisms as a way to eliminate hydrogen peroxide.

, Which is carried out by many

a). What is the standard enthalpy of this reaction@déy what conditions does it hold?



b). What is the standard Gibbs energy change ofréiaistion? Under what conditions does it
hold? In what direction is the reaction spontanegitstandard conditions?

c). What is the Gibbs energy change at biologicadd@ns (1 atm and 370C) if the initial
hydrogen peroxide concentration is 0.01M? Assunygen is the only gas present in the cell.

d). What is the equilibrium constant under the caadd in part ¢c? Under the conditions in
part b)? What is the constant independent of?

e). Repeat parts a through d for the alternativetieal12 02 — Hy + Os Why isn't this
reaction used instead?

o

A\

Problem:

5. Two ideal gasses A and B combine to form a thildal gas, C, in the reaction
A+ B — (. suppose that the reaction is irreversible andirscat a constant temperature

of 250C in a 5L container. If you start with 0.2 lew of A and 0.5 moles of B at a total
pressure of 1.04 atm, what will the pressure benvthe reaction is completed?

L

|

Problem:

6. How much heat is released when 45 grams of methaméburned in excess air under
standard conditions? How about when the same miagtucose is burned? What is one

possible reason why most heterotrophic organisrasgliscose instead of methane as a fuel?
Assume that the combustion is complete, i.e. nbaramonoxide is formed.

Problem:
7. Suppose that you have carbon monoxide and watetank in a 1.5:1 ratio.

a) In the literature, find the reaction that thes® teompounds undergo (hint: look for the
water gas shifteaction). Why is it an important reaction?

b) Using a table of Gibbs energies of formation, glaie the equilibrium constant for the
reaction.



¢) How much hydrogen can be produced from this inmixture?

d) What are some ways in which the yield of hydrogan be increased? (hint: recall Le
Chatlier's principle for equilibrium).

e) What factors do you think may influence how lorigtakes for the reaction to reach
equilibrium?



[edit] Chapter 2: Elementary mass balances

[edit] The "Black Box" approach to problem-solving

In this book, all the problems you'll solve will Belack-box" problems. This means that we take
a look at a unit operatidinom the outsidelooking at what goes into the system and whatdsa
and extrapolating data about the properties oktiteance and exit streams from this. This type
of analysis is important because it does not dementhe specific type of unit operation that is
performed.When doing a black-box analysis, we don't care albmyw the unit operation is
designed, only what the net resultliet's look at an example:

Example:

Suppose that you pour 1L of water into the top ehd funnel, and that funnel leads into a
large flask, and you measure that the entire ditevater enters the flask. If the funnel had no
water in it to begin with, how much is left oveteaafthe process is completed?

Solution The answer, of course, is 0, because you onlylputf water in, and 1L of water
came out the other end. The answer to this doedep®nd on the how large the funnel is, the
slope of the sides, or any other design aspecheffunnel, which is why it is a black-box
problem.

[edit] Conservation equations

The formal mathematical way of describing the bilaok approach is withconservation
equations which explicitly state that what goes into thetegs must either come out of the
system somewhere else, get used up or generat#ukelgystem, or remain in the system and
accumulate The relationship between these is simple:

1. The streams entering the system cause an incrdafiee csubstance (mass, energy,
momentum, etc.) in the system.

2. The streams leaving the system decrease the ambtm& substance in the system.

3. Generating or consuming mechanisms (such as chlereaaions) can either increase or
decrease the stuff in the system.

4. What's left over is the amount of stuff in the syst

With these four statements we can state the follgwery important general principle:



Accumulation = In — Out + Generation

Its so important, in fact, that you'll see it alran times or so, including a few in this book, and
it is used to derive a variety of forms of conséinraequations.

[edit] Common assumptions on the conservation equation

The conservation equation is very general and eppio any property a system can have.
However, it can also lead to complicated equatiand, so in order to simplify calculations when
appropriate, it is useful to apply assumptionoproblem.

Closed system A closed system is one which does not have flowsr out of the
substance. Almost always, when one refers to a&dgstem it is implied to be closed to
mass flowbut not to other flows such as energy or momenilime. equation for a closed
system is:

Accumulation = Generation

The opposite of a closed system isagen systemin which the substance is allowed to
enter and/or leave the system. The funnel in thamgte was an open system because
mass flowed in and out of it.

No generation Certain quantities are alwagsnservedin the strict sense that they are
never created or destroyed. These are the mosulugeéntities to do balances on
because then the user does not need to worry algrrieration term.

Accumulation = In — Out

The most commonly-used conserved quantitiesnass and energy. It is important to
note, however, that though thatal mass andotal energy in a system are conserved, the
mass of a single speciesrist (since it may be changed into something else)thideis
the "heat" in a system if a so-called "heat-balamcg@erformed. Therefore one must be
careful when deciding whether to discard the gaimeraerm.

Steady State A system which does not accumulate a substansaidsto be at steady-
state. Often times, this allows the engineer tadahiaving to solve differential equations
and instead use algebra.

In — Out + Generation =0

All problems in this text assume steady state thgtnot always a valid assumptiolt is
mostly valid after a process has been running daglenough that all the flow rates,
temperatures, pressures, and other system paranhets reached equilibrium values. It
is not valid when a process is first warming up #mel parameters wobble significantly.
How they wobble is a subject for another course.



[edit] Conservation of mass

TOTAL mass is a conserved quantity (except in rarcteactions, let's not go there), as is the
mass of any individual species if there is no cloaiieaction occurring in the system. Let us
write the conservation equatian steady statéor such a case (with no reaction):

In—0Out =10

Now, there are two major ways in which mass carerent leave a system: diffusion and

convection. However, for large-scale systems siwhha ones considered here, in which the
velocity entering the unit operations is fairlydarand the concentration gradient is fairly small,
diffusion can be neglected and the only mass exgen leaving the system is due to convective
flow:

Massy, =my, =p+v+ A

A similar equation apply for the mass out. In thi®k generally we use the symlit to signify

a convective mass flow rate, in units mass/time_ since the total flow in is the sum of
individual flows, and the same with the flow outgtfollowing steady state mass balances
obtained for the overall mass in the system:

Z. Mot — Z My = 0

If it is a batchsystem, or if we're looking at how much has entened left in a given period of
time (rather than instantaneously), we can appl/ shme mass balance without the time
component. In this book, a value without the dghsgies a value without a time component:

Z Moy — Z Mip = 0
i1 ]
iﬁ

Example:
Let's work out the previous example (the funnel) éxplicitly state the mass balance. We're
given the following information:

1. M = 1L
2 Moyt = 1L



From the general balance equation,

In — Out = Accumulation

Therefore Accumulation = 1L — 1L = (),

Since the accumulation is 0, the system is at gtetade.

This is a fairly trivial example, but it gets thencepts of "in", "out", and "accumulation” on a
physical basis, which is important for setting uplpems. In the next section, it will be shown
how to apply the mass balance to solve more compielxlems with only one component.

[edit] Converting Information into Mass Flows -
Introduction

In any system there will be certain parameters #nat(often considerably) easier to measure
and/or control than others. When you are solving @oblem and trying to use a mass balance
or any other equationit is important to recognize what pieces of infotima can be
interconverted The purpose of this section is to show some efrtiore common alternative
ways that mass flow rates are expressed, mostlgusecit is easier to, for examplieeasure a
velocity than it is to measure a mass flow rate directly.

[edit] Volumetric Flow rates

A volumetric flow rate is a relation of how much volume of a gas or kijgblution passes
through a fixed point in a system (typically therance or exit point of a process) in a given
amount of time. It is denoted as:

. Volume
F "
V,=——

time in streamn

Volume in the metric system is typically expresséder in L (dm”3), mL (cm”3), or m"3. Note
that a cubic meter is very large; a cubic metewafer weighs about 1000kg (2200 pounds) at
room temperature!

[edit] Why they're useful

Volumetric flowrates can be measured directly usioggmeters. They are especially useful for
gases since the volume of a gas is one of the fpumpkrties that are needed in order to use an
equation of stat¢discussed later in the book) to calculate theamfbdbw rate. Of the other three,
two (pressure, and temperature) can be specifigddyeactor design and control systems, while



one (compressibility) is strictly a function of tperature and pressure for any gas or gaseous
mixture.

[edit] Limitations

Volumetric Flowrates are Not Conserved We can write a balance on volume like anything
else, but the "volume generation" term would beoamlex function of system properties.
Therefore if we are given a volumetric flow rate sh®uld change it into a mass (or mole) flow
rate before applying the balance equations.

Volumetric flowrates also do not lend themselvespbtting into components, since when we
speak of volumes in practical terms we generallgkttof the total solution volume, not the
partial volume of each component (the latter issaful tool for thermodynamics, but that's
another course entirely). Themee some things that are measured in volume fractiomisthis is
relatively uncommon.

[edit] How to convert volumetric flow rates to mass flowrates

Volumetric flowrates are related to mass flow ratgsa relatively easy-to-measure physical
- ; L ; . .
property. Sincdi—masstimeangV =volume/time \ye need a property with units of

mass/volume i, order to convert them. Theensity serves this purpose nicely!

. L
Vi * pn = Myin stream n

The "i" indicates that we're talking about one jgatar flow stream here, since each flow may
have a different density, mass flow rate, or voltrrodlow rate.

[edit] Velocities

The velocity of a bulk fluid idvow much lateral distance along the system (usualpipe) it
passes per unit tim@he velocity of a bulk fluid, like any other, hasits of:

distance
Up = —(V———.
time in streamn

By definition, the bulk velocity of a fluid is rdked to the volumetric flow rate by:



v,

r’l-n in stream n

Un

This distinguishes it from the velocity of the fiuat a certain point (since fluids flow faster in
the center of a pipe). The bulk velocity is abdu¢ same as the instantaneous velocity for
relatively fast flow, or especially for flow of gses.

For purposes of this class, all velocities giverl we bulk velocities, not instantaneous
velocities.

[edit] Why they're useful

(Bulk) Velocities are useful because, like volunwetiow rates, they are relatively easy to
measure. They are especially useful for liquidsesithey have constant density (and therefore a
constant pressure drop at steady state) as they tbhasugh the orifice or other similar
instruments. This is a necessary prerequisite¢dhes design equations for these instruments.

[edit] Limitations

Like volumetric flowratesyelocity is not conservedLike volumetric flowrate, velocity changes

with temperature and pressure of a gas, though fayuid velocity is generally constant along
the length of a pipe.

Also, velocities can't be split into the flows afidividual components, since all of the

components will generally flow at the same spedteyTneed to be converted into something

that can be split (mass flow rate, molar flow ratepressure for a gas) before concentrations can
be applied.

[edit] How to convert velocity into mass flow rate

In order to convert the velocity of a fluid streambo a mass flow rate, you need two pieces of
information:

1. Thecross sectional areaf the pipe.
2. Thedensity of the fluid.

In order to convert, first use the definition ofllbwelocity to convert it into a volumetric flow
rate:

_
V, =u, % A,

Then use the density to convert the volumetric ftate into a mass flow rate.



My, = Li? * P

The combination of these two equations is useful:

" . ..F .
Mn = Vi * pn * Anin stream n

[edit] Molar Flow Rates

The concept of a molar flow rate is similar to tbaa mass flow rate, it is the number of moles
of a solution (or mixture) that pass a fixed pgiat unit time:

~_moles
Np="_ .
time in stream n

[edit] Why they're useful

Molar flow rates are mostly useful becaussng moles instead of mass allows you to write
material balances in terms of reaction conversiowl gtoichiometryln other words, there are a
lot less unknowns when you use a mole balance,esthe stoichiometry allows you to
consolidate all of the changes in the reactantpmaduct concentrations in terms of one variable.
This will be discussed more in a later chapter.

[edit] Limitations
Unlike masstotal moles are not conservedTotal mass flow rate is conserved whether there i

a reaction or not, but the same is not true forntbmber of moles. For example, consider the
reaction between hydrogen and oxygen gasses toviaier:

1
Hg —|— EOQ — HQO

This reaction consumes 1.5 moles of reactants ¥&@ryemole of products produced, and
therefore the total number of moles entering tlaet@ will be more than the number leaving it.

However, since neither mass nor moles of individec@mhponents is conserved in a reacting
system, it's better to use moles so that the stoiakiry can be exploited, as described later.



The molar flows are also somewhat less practicah thhass flow rates, since you can't measure
moles directly but you can measure the mass of songg and then convert it to moles using the
molar flow rate.

[edit] How to Change from Molar Flow Rate to Mass Flow Rte

Molar flow rates and mass flow rates are relatedhgymolecular weight (also known as the
molar mas9 of the solution. In order to convert the mass amalar flow rates of thentire
solution we need to know tha@verage molecular weightof the solution. This can be calculated
from the molecular weights and mole fractions @& tomponents using the formula:

MW, = [S(MW; * ;)]

where i is an index afomponentsnd n is thestreamnumber Yisignifiesmole fractionof each
component (this will all be defined and deriveckiat

Once this is known it can be used as you wouldauswlar mass for a single component to find
the total molar flow rate.

< AT .
m, =n, * MW nin stream n

[edit] A Typical Type of Problem

Most problems you will face are significantly maremplicated than the previous problem and
the following one. In the engineering world, prohke are presented as so-called "word
problems”, in which a system is described and trablpm must be set up and solved (if
possible) from the description. This section willeenpt to illustrate through example, step by
step, some common techniques and pitfalls in getimmmass balances. Some of the steps may
seem somewhat excessive at this point, but if gdow them carefully on this relatively simple
problem, you will certainly have an easier timddoling later steps.

[edit] Single Component in Multiple Processes: a Steam
Process

B

Example:

A feed stream of pure liquid water enters an evaiporat a rate of 0.5 kg/s. Three streams
come from the evaporator: a vapor stream and tequddistreams. The flowrate of the vapor



stream was measured to be 4*10"6 L/min and itsigemsas 4 g/m”3. The vapor stream
enters a turbine, where it loses enough energpmndense fully and leave as a single stream.
One of the liquid streams is discharged as walséeother is fed into a heat exchanger, where
it is cooled. This stream leaves the heat exchaatgerate of 1500 pounds per hour. Calculate
the flow rate of the discharge and the efficientthe evaporator.

Note that one way to define efficiency is in teroi€onversion, which is intended here:

?nﬂf LT

m feed

ef ficiency =

[edit] Step 1: Draw a Flowchart

The problem as it stands contains an awful loteaf,tbut it won't mean much until yalraw
what is given to yauFirst, ask yourself, what processes are in ughisnproblem™ake a list
of the processes in the problem:

1. Evaporator (A)
2. Heat Exchanger (B)
3. Turbine (C)

Once you have a list of all the processes, you te&dd out how they are connectedit'll tell
you something like "the vapor stream enters a @i Draw a basic sketch of the processes and
their connections, and label the processes. It Idholook something like this:

——

) [

Remember, we don't care what the actual processéslike, or how they're designed. At this
point, we only really label what they are so thatean go back to the problem and know which
process they're talking about.



Once all your processes are connedied, any streams that are not yet accounted forln this
case, we have not drawn the feed stream into tlapoeator, the waste stream from the
evaporator, or the exit streams from the turbine laeat exchanger.

———

A T

The third step is thabel all your flows. Label them with any information you are given.yAn
information you are not given, and even informaty@u are given should be given a different
variable. It is usually easiest to give them th@eaariable as is found in the equation you will

be using (for example, if you have an unknown fiate, call it7i2 so it remains clear what the
unknown value is physically. Give each a differsmbscript corresponding to the number of the

feed stream (such d'tifor the feed stream that you call "stream 1"). Makee younclude all
units on the given values!

In the example problem, the flowchart | drew withflaws labeled looked like this:

W2=4*10"4 Limin l\-\
m3

C
| " (wapor) L/’//Ji
m1=0 5kgs

(feed) | md (waste)

6 (iquid)

m5=1500 Ib/hr

Notice that for one of the streamsy@umeflow rate is given rather thanmaassflow rate, so it
is labeled as such. This is very important, so yleatavoid using a value in an equation that isn't
valid (for example, there's no such thing as "coret@n of volume" for most cases)!

The final step in drawing the flowchart iswoite down any additional given information in
terms of the variables you have definedin this problem, the density of the water in tagpor
stream is given, so write this on the side for fetxeference.



Carefully drawn flowcharts and diagrams are halth# key to solving any mass balance, or
really a lot of other types of engineering probleifisey are just as important as having the right
units to getting the right answer.

[edit] Step 2: Make sure your units are consistent

The second step is to make sure all your unitgansistent and, if not, to convert everything so
that it is. In this case, since the principle thatll need to use to solve for the flow rate of the

waste strean’13) is conservation of mass, everything will neethécon a mass-flow basis, and
also in thesamemass-flow units.

In this problem, since two of our flow rates areegi in metric units (though one is a volumetric
flow rate rather than a mass flow rate, so wellchieo change that) and only one in English units,

it would save time and minimize mistakes to con E‘!and Msto kg/s.

From the previous section, the equation relatingmetric flowrate to mass flow rate is:
Vik pi = 1y

Therefore, we need the density of water vapor deoto calculate the mass flow rate from the

volumetric flow rate. Since the density is providadthe problem statement (if it wasn't, we'd
need to calculate it with methods described latbg ,mass flow rate can be calculated:

0 — 1%*10°L 1m? 1 min _ 66 ﬁ?m"”

27 "1 min *IUUUL*E‘iUS_ s
49 Ltk o kg
P2 = _Lm*"* ¥ 1000g U'm_l}'ﬂfl

_ om? kg kg
e = 60.67— = U.UUil—.i = ().2666—
s m s

Note that since the density of a gas is so smatiuge volumetric flow rate is necessary to
achieve any significant mass flow rate. This iglyatypical and is a practical problem when
dealing with gas-phase processes.

The mass flow rat? can be changed in a similar manner, but since alrsady in terms of
mass (or weight technically), we don't need to pppdensity:

. 1500 b 1kg lhr
M = o * 5 91h ¥ 36009

k
==018931?

Now that everything is in the same system of umiesscan proceed to the next step.



[edit] Step 3: Relate your variables

Since we have the mass flow rate of the vapor stre@ can calculate the efficiency of the
evaporator directly:

gy 0.2666%

= 53.3%

ef ficiency =

Finding M4, as asked for in the problem, will be somewhaterdifficult. One place to start is
to write the mass balance on the evaporator, dimaewill certainly contain the unknown we
seek. Assuming that the process is steady statawevrite:

In — Out =0
?‘hl — ?hg —?hd__ — ?h{; =1

Problem: we don't knoVTtso with only this equation we cannot solve 14, Have no fear,

however, because there is another way to figurevbiat%6is... can you figure it out? Try to do
so before you move on.

[edit] So you want to check your guess? Alright then rehon.

The way to find"sis to do a mass balance on the heat exchangenseetize mass balance for
the heat exchanger is simply:

Mg — Mgy = 0

Since we knov!Mswe can calculat’tand thus the waste stream flowrT4,

NOTE:

Notice the strategy here: we first start with aabak on the operation containing the stream
we need information about. Then we move to balamce®ther operations in order ‘o
garner additional information about the unknowngha process. This takgsactice to
figure out when you have enough information to edive problem or you need to do mcore
balances or look up information.

It is also of note thainy process has a limited number of independent bahces you can
perform. This is not as much of an issue with a relativagple problem like this, but wil
become an issue with more complex problems. Thexeto step-by-step method exists to
tell you exactly how many independent mass balagoascan write on any given process,
and therefore how many total independent equatims can use to help you sohe
problems.



[edit] Step 4: Calculate your unknowns.

Carrying out the plan on this problem:

. Lona kg
Mg — U.lSQJ? =1

. ona kg
g = U.lSQdT

Hence, from the mass balance on the evaporator:

kg

k
g = 1 — 1 — 16 = (0.5 — 0.2666 — U.usga)jgr - 0.044122

So the final answers are:

Evaporator Efficiency = 53.3%

k
Waste stream rate = 0.0441—9
s

[edit] Step 5: Check your work.

Ask: Do these answers make sense? Check for thkegsegative flow rates, efficiencies higher

than 100%, or other physically impossible happesiinfysomething like this happens (and it

will), you did something wrong. Is your exit ratgher than the total inlet rate (since no water is
created in the processes, it is impossible fortthisccur)?

In this case, the values make physical sense,esorttay be right. It's always good to go back
and check the matéindthe setup to make sure you didn't forget to canamy units or anything
like that.



[edit] Chapter 2 Practice Problems

Problem:

1. a) A salt solution is to be concentrated by evapogatihe water in a salt pan, with a
condensing surface above it to gather the evapbred¢er. Suppose 12009 of salt solution are
emptied into the pan. Once all the water is evapdrahe salt is weighed and found to weigh
100g. What percent of the original solution wasewxat

b) Now suppose that 0.1 L of the evaporated wateradded back to the salt, to bring it to the
desired concentration. How much water remains todesl elsewhere?

¢) Do you think the salt solution would be safe tmki? Why or why not?

Problem:

2. a) In a stone quarry, limestone is to be crushedpmaed into molds for manufacture of

floor tiles. Suppose that a limestone company tse=e trucks, each of which is capable of
carrying 3000 kg of limestone. The quarry itsel2®& miles away from the processing plant,
and the trucks get there at an average speed wiil88/hour. Once at the plant, the limestone
is ground into fine powder and then melted and @adumto the molds. If each of the resulting

slabs weighs 2 kg and the plant operates 24 hodesyahow many slabs can the company
make in a day?

b) How could this plant become more efficient? Pl humber of slabs the company can
make as a function of distance from the quarry @amhcity of the trucks. What factors might

keep the company from simply moving as close togilnerry as possible and using the largest
trucks possible?

3|
Problem:
3. What is the volumetric flowrate of a solution wilensity 1.5 kg/m”3 flowing at a velocity

of 5 m/s and a mass flow rate of 500 g/min? Whétesarea of the pipe? If it is circular, what
is the radius?



3

3\
Problem:
4. Suppose you have a pipe that constricts halfwagutfh from a radius of 0.5 cm to a radius
of 0.2 cm. A liquid approaches the constrictiom akelocity of 0.5 m/s. What is the velocity of

the fluid after the constriction? (Hint: Apply carsation of mass on both sides of the
constriction).

Challenge: What kind of energy does the fluid gain? Energgaser created or destroyed, so
where does it come from?

1
3\

Problem:

5. Suppose that a river with a molar flow rate of @@0nol/s meets another, larger river
flowing at 500000 m”3/s at room temperature. Wisathe mass flow rate of the river
downstream of the intersection if you assume stssate?

b} Evaluate the feasibility of the steady state aggion in this situation. Also qualitatively
evaluate the probability that the flowrates ar@ialty constant.

Problem:

6. Suppose that the population of a certain countryears after year 2000 if there is no
emigration can be modeled with the equation:

. E
P = 2.5%10°% % "™

Also, suppose that in the country, a net emigrabbri00,000 people per month actually
occurs. What is the total accumulation of peopltia country from year 2000 to 20037

b) What was the population of people in 2002, acewydo this model?
c) What are some possible problems with this modef?eixample, what doesn't it take into

account? What happens when n is 100? Where dié twsstants come from? Would they be
the same for every country, or for the same coustrgss generations?



ledit] Chapter 3. Mass balances on
multicomponent systems

[edit] Component Mass Balance

Most processes, of course, involve more than opatiand/or output, and therefore it must be
learned how to perform mass balances on this tysysiem. The basic idea remains the same
though. We can write a mass balance in the samm fs the overall balance for each

component:

In — Out + Generation = Accumulation

For steady stateprocesses, this becomes:

In — Out + Generation =0

Theoverall mass balance at steady state, recall, is:

YiMin — XMMgus + Mgen = 0

The mass of each component can be described lyilarsbalance.
EmA,in - Emrl,mf + M A gen = 0

The biggest difference between these two equatiotigtThe total generation of mas¢ tgen

is zero due to conservation of mass, but since intilual species can be consumed in a
reaction, A gen 7'4 |]for a reacting system

[edit] Concentration Measurements

You may recall from general chemistry thatancentrationis a measure of the amount of some
species in a mixture relative to the total amounnaterial, or relative to the amount of another
species. Several different measurements of coratemtrcome up over and over, so they were
given special names.

[edit] Molarity

The first major concentration unit is thmeolarity which relates the moles of one particular
species to the total volume of the solution.



Molarity(A) = [4] = >

A more useful definition for flow systems that gually valid is:

4 =4

V. whereta=mol/s, V,=L/s

Molarity is a useful measure of concentration beeail takes into account the volumetric
changes that can occur when one creates a mixtone pure substances. Thus it is a very
practical unit of concentration. However, since intvolves volume, it can change with
temperature smolarity should always be given at a specific terapge. Molarity of a gaseous
mixture can also change with pressure, so it isusatlly used for gasses.

[edit] Mole Fraction

Themole fraction is one of the most useful units of concentrat@nge it allows one to directly

determine the molar flow rate of any component fitie total flowrate. It also conveniently is
alwaysbetween 0 and 1, which is a good check on youkwasrwell as an additional equation
that you can always use to help you solve problems.

The mole fraction of a component A in a mixturelédined as:

T4

A —_—
4 My,

whereTt 4signifies moles of A. Like molarity, a definition terms of flowrates is also possible:

1 A
Ya = —
Tig

As mentioned before, if you add up all mole fractian a mixture, you should always obtain 1
(within calculation and measurement error):



Yy; =1

Note thateach stream has its own independent set of conceations.

[edit] Mass Fraction

Since mass is a more practical property to meabare moles, flowrates are often givemaass
flowrates rather thanmolar flowrates. When this occurs, it is convenient tepress
concentrations in terms afass fractionsdefined similarly to mole fractions:

4
ry=—
T for batch systems
ma
Ta=——
mﬂ

where!t 4is the mass of A. It doesn't matter what the uoitthe mass are as long as they are
the same as the units of the total mass of solution

Like the mole fraction, the total mass fractioramy stream should always add up to 1.

E.Tizl

[edit] Calculations on Multi-component streams

Various conversions must be done with multiple-comgnt streams just as they must for single-
component streams. This section shows some metlwodembine the properties of single-
component streams into something usable for mahlipimponent streams(with some
assumptions).

[edit] Average Molecular Weight

The average molecular weighdf a mixture (gas or liquid) is the multicomponemjuivalent to
the molecular weight of a pure species. It allows yo convert between the mass of a mixture



and the number of moles, which is important forcteq systems especially because balances
must usually be done in moles, but measurementgesrerally in grams.

_ g sln
. MW, = = S
To find the value of mole sln, we split the solution up into its components as
follows, for k components:
g sln 2y E?m

mole sln ~ n,  n,

m; M
= N(— * —) = (MW, xy;)

1 Nn

Therefore, we have the following formula:

MW, = S(MW; * ;)

This derivation only assumes thaass is additive which is is, so this equation is valid fany
mixture.

[edit] Density of Liquid Mixtures

Let us attempt to calculate the density of a ligoickture from the density of its components,
similar to how we calculated the average molecul@ight. This time, however, we will notice
one critical difference in the assumptions we himvenake. We'll also notice that there an®
different equations we could come up with, depegdin the assumptions we make.

[edit] First Equation

1
i =
By definition, the density of a single componeit: | Vi The corresponding definition for

m sln

a solution is V' sln. Following a similar derivation to the above foresage molecular
weight:

msln  Xmy m;

7 B Tk o

V sln V. V.
m; Vi Vi

= L—iakE:E(p.i*E)



Now we make the assumption thite volume of the solution is proportional to the rass
This is true for any pure substance (the propoalibpnconstant is the density), but it is further
assumed thahe proportionality constant is the same for both pre k and the solution This
equation is therefore useful for two substanceh siinilar pure densities. If this is true then:

Vi m;

A
V My, and:

pn = B(Z; ¥ pi),

[edit] Second Equation

This equation is easier to derive if we assumeetipgation will have a form similar to that of
average molar mass. Since density is given in tefmaass, it makes sense to try using mass
fractions:

Ty

Xy =
iy

To get this in terms of only solution propertiee need to get rid 4. We do this first by
dividing by the density:

T m; Vi
e

Pi My My

)

V:

My,

Now if we add all of these up we obtain:

. IV

Now we have to make an assumption, and it's difteirem that in the first case. This time we
assume that théolumes are additive This is true in two cases:

1. In anideal solution. The idea of an ideal solution will be explainedrenlater, but for now
you need to know that ideal solutions:



Tend to involve similar compounds in solution wiach other, or when one component
is so dilute that it doesn't effect the solutiongerties much.
Include Ideal Gas mixtures at constant temperatndepressure.

2 In aCompletely immiscible nonreacting mixture In other words, if two substances don't
mix at all (like oil and water, or if you throw @ak into a puddle), the total volume will not
change when you mix them.

If the solution is ideal, then we can write:

Hence, for an ideal solution,

Note that this is significantly different from thgrevious equation! This equation is more
accurate for most cases. In all cases, howevas, miost accurate to look up the value in a
handbook such as Perry's Chemical Engineers Hakdbalata is available on the solution of
interest.

[edit] General Strategies for Multiple-Component
Operations

The most important thing to remember about doingsrizlances with multiple components is
that for each component, you can write one independergsnbalanceWhat do | mean by
independent? Well, remember we can write the génevarall mass balance for any steady-
state system:

Emin - Emow& =0

And we can write a similar mass balance for amyponenbf a stream:

E?hu.-i-n - E?hu.rm.f, | ?nu._f;r.'-n = U

This looks like we have three equations here, buteality only two of them are independent
because:



1. The sum of the masses of the components equalsttienass
2. The total mass generation due to reaction is alwago (by the law of mass
conservation)

Therefore, if we add up all of the mass balancesHecomponentsve obtain theoverall mass
balance. Thereforeye can choose any set of n equations we want, wherés the number of
components, but if we choose the overall mass bataas one of them we cannot use the
mass balance on one of the components

The choice of which balances to use depends ompastecular criteria:

1. Which component(s) you have the most information ibnyou don't have enough
information you won't be able to solve the equatigou write.

2. Which component(s) you can make the most reasomlakleamptions about. For example,
if you have a process involving oxygen and watdoattemperatures and pressures, you
may say that there is no oxygen dissolved in aididlow stream, so it all leaves by
another path. This will simplify the algebra a gatehl if you write the mass balance on
that component.

[edif] Multiple Components in a Single Operation:
Separation of Ethanol and Water

i

'}
Example:
Suppose a stream containing ethanol and water f(ilyomiscible compounds) flows into a
distillation column at 100 kg/s. Two streams le&ve column: the vapor stream contains 80%

ethanol by mass and the liquid bottoms has an etr@mcentration of 4M. The total liquid
stream flowrate is 20 kg/s. Calculate the compasitf the entrance stream.

Following the step-by-step method makes thingseeasi
[edit] Step 1: Draw a Flowchart
The first step as always is to draw the flowchastdescribed previously. If you do that for this

system, you may end up with something like thisemehx signifies mass fraction, [A] signifies
molarity of A, and numbers signify stream numbers.



Vapor
e
m1 =100 kg/s x(ELOH) = 0.8
#(H20
Distillation
Column
Liquid
s = 20 kgfs
[EtCH] = 410

[edit] Step 2: Convert Units

Now, we need to turn to converting the concentrationto appropriate units. Since the total
flowrates are given in terms of mass, a unit tixgresses the concentration in terms of mass of
the components would be most useful. The vaporasireompositions are given as mass
percents, which works well with the units of floowever, the liquid phase concentration given
in terms of a molarity is not useful for findingnaass flow rate of ethanol (or of water). Hence
we must convert the concentration to something raeedul.

NOTE:
Converting between Concentration Measurements

The easiest way to convert between concentratomns fake a careful look at thmits of
both what you want and what you have, and ask whgsical properties (i.e. molar mass,
density) you could use to interchange them. In éxismple, we want to convert a molar ty
into a mass fraction. We have from the definitities:

mol 4

Lsf n

4] =



g
Ty =—"
Tlgin

To convert the numerators, we need to convert naflésto mass of A, so we can use tie
molar mass for this purpose. Similarly, to convée denominators we need to char ge
Liters to Mass, which means we'll use a densityndde the conversion from molarity 1o
mass fraction is:

(MW) 4

r4=[A] *
PSLN

Since we have ways to estimaPSLN(remember them?), we can inter-convert he

conversions.

In order to convert the molarity into a mass fractithen, we need the molecular weight of
ethanol and the density of a 4M ethanol solutidme Tormer is easy if you know the chemical

formula of ethanolC' HaC' HaOH Calculating the molecular weight (as you did hem

class) you should come up with ab. mol.

Calculating the density involves plugging in masefions in and of itself, so you'll end up with
an implicit equation. Recall that one method oineating a solution density is to assume that the
solution is ideal (which it probably is not in thdase, but if no data are available or we just want
an estimate, assumptions like these are all we, le/ong as we realize the values will not be
exact):

1 T
- 5(2)
PSLN P

In this case, then,

1 Tmon , LH20
PSLN PEtOH  PH20

We can look up the densities of pure water and milanol, they are as follows (from
Wikipedia's articlesv:Ethanolandw:Watel):

g
L

g
L

_ 9 _
PEIOH = U'?ngn*"—' 789

. 4 .
PH20 = J.U[Jm = 1000



Therefore, since the mass fractions add to onegquiation for density becomes:

1 Teiomg 1 — Teiom

pen 789 10004

From the NOTE above, we can now finally convertrii@arity into a mass fraction as:

(MW) grom mol g Tpron | | — Tmon
T — [EtOH =4 46—
TEtOH [ 0 ] * PSLN L * hm,ﬂ.ﬁ *( ?89—% | 1UUU% )

Solving this equation yields:
reior = U.194ynitless)

[edit] Step 3: Relate your Variables

Since we are seeking properties related to mass rites, we will need to relate our variables
with mass balances.

Remember that we can do a mass balance on ang & thdependent species and one on the
overall mass, but since the sum of the individuasses equals the overall o\ — lof these
equations will be independent. It is often easmsthematically to choose the overall mass
balance andN — lindividual species balances, since you don't neatkal with concentrations
for the overall measurements.

Since our concentrations are now in appropriatésumie can do any two mass balances we
want. Lets choose the overall first:

My — Mo — 1ty = ()

Plugging in known values:

k k
g = 1002 — 9024
Ig Ig
kg

?‘hg = SU_
S

Now that we know!2we can do a mass balance on either ethanol or watdind the
composition of the input stream. Lets choose ethgkjo

M1 = Mao + My

Written in terms of mass fractions this becomes:



TAl* ?hl = T 40 * ?hg | TAn * ?h;)_,

Plugging in what we know:
k k k
T a1 ¥ wu—f — 0.8 % zu—f - 0.194 SU—f

xa1 = 0.3152

Hencethe feed is 32% Ethanol and 68% Water

[edit] Introduction to Problem Solving with Multiple
Components and Processes

In the vast majority of chemical processes, in Wwisome raw materials are processed to yield a
desired end product or set of end products, thédfdgmore than one raw material entering the
system and more than one unit operation througlehwiie product must pass in order to achieve
the desired result. The calculations for such mees, as you can probably guess, are
considerably more complicated than those eitherofdy a single component, or for a single-
operation process. Therefore, several techniques haen developed to aid engineers in their
analyses. This section describes these technigquiekaw to apply them to an example problem.

[edit] Degree of Freedom Analysis

For more complex problems than the single-compobpersingle-operation problems that have
been explored, it is essential that you have a otetli determining if a problem is even solvable
given the information that you have. There aredghsgys to describe a problem in terms of its
solvability:

1. If the problem has a finite (not necessarily unigjset of solutions then it is calledell-
defined.

2. The problem can beverdetermined (also known a®verspecified, which means that
you have too much information and it is either mdlant or inconsistent. This could
possibly be fixed by consolidating multiple datdoira single function or, in extreme
cases, a single value (such as a slope of a liomaelation), or it could be fixed by
removing an assumption about the system that othenaae.

3. The problem can benderdetermined (or underspecified, which means that you don't
have enough information to solve for all your unkms. There are several ways of
dealing with this. The most obvious is to gatheditonal information, such as
measuring additional temperatures, flow rates, sman until you have a well-defined
problem. Another way is to use additional equationghformation about what we want
out of a process, such as how much conversion htairoin a reaction, how efficient a
separation process is, and so on. Finally, wensake assumptionsn order to simplify
the equations, and perhaps they will simplify erfotigat they become solvable.



The method of analyzing systems to see whetherdheyver or under-specified, or if they are
well-defined, is called degree of freedom analysislt works as follows for mass balances on a
single process

1. From your flowchart, determine the numberuoknowns in the process. What qualifies
as an unknown depends on what you're looking faitrjrba material balance calculation,
masses and concentrations are the most commomjuitibeum and energy balance
calculations, temperature and pressure also bedmpertant unknowns. In a reactor,
you should include the conversion as an unknowaasit is given OR you are doing an
atom balance.

2. Subtract the number @&quations you can write on the process. This can includesmas
balances, energy balances, equilibrium relatiorsshiplations between concentrations,
and any equations derived from additional informmatabout the process.

3. The number you are left with is the degrees ofdoee of the process.

If the degrees of freedom anegative that means the unit operationaserspecified If it is
positive, the operation isinderspecified If it is zero then the unit operation isell-defined,
meaning that it is theoretically possible to sdiwethe unknowns with a finite set of solutions.

[edit] Degrees of Freedom in Multiple-Process Systems

Multiple-process systems are tougher but not unidotere is how to analyze themgee if a
problem is uniquely solvahle

Label a flowchart completely with all the relevamknowns.

Perform a degree of freedom analysis on each pettabion, as described above.

Add the degrees of freedom for each of the operatio

Subtract the number of variablesiimermediate streams.e. streams between two unit
operations. This is because each of these was embuwice, once for the operation it
leaves and once for the one it enters.

PwpdPE

The number you are left with is tipeocess degrees of freedonand this is what will tell you if
the process asvaholeis overspecified, underspecified, or well-defined.

NOTE:
If any single process is overspecified, and is tbtobe inconsistent, then the problem es a
whole cannot be solved, regardless of whether theggs as a whole is well-defined or not.

[edit] Using Degrees of Freedom to Make a Plan

Once you have determined that your problem is &tdva/ou still need to figure out how you'll
solve for your variables. This is the suggestedhobt



1. Find a unit operation or combination of unit openas for which the degrees of freedom
are zero.

Calculate all of the unknowns involved in this conation.

Recalculatethe degrees of freedom for each process, tre#ti@gcalculated values as
known rather than as variables.

4. Repeat these steps until everything is calculatedt(least that which you seek)

w N

NOTE:

You must be careful when recalculating the degoééseedom in a process. You have to be
aware of thesandwich effect in which calculations from one unit operation ¢awialize
balances on another operation. For example, supmsbave three processes lined up | ke
this:

>A>B->C->

Suppose also that through mass balances on operaticand C, you calculate the es:it
composition of A and the inlet composition of C. d@nthese are performethe mass
balances on B are already completely defin€de moral of the story is thaefore you
claim that you can write an equation to solve an umown, write the equation and
make sure that it contains an unknown Do not count equations that have no unknowns in
your degree of freedom analysis.

[edit] Multiple Components and Multiple Processes: Orang
Juice Production

Example:

Consider a process in which raw oranges are preddsso orange juice. A possible process
description follows:

1. The oranges enter a crusher, in which all of theeweontained within the oranges is

released.
2. The now-crushed oranges enter a strainer. Thenstrés able to capture 90% of the
solids, the remainder exit with the orange juicpalp.

m

The velocity of the orange juice stream was meastode 5 and the radius of the piping
was 8 inches. Calculate:



a) The mass flow rate of the orange juice produiche number of oranges per year that can
be processed with this process if it is run 8 h@auday and 360 days a year. Ignore changes

due to unsteady state at startup.

Use the following data: Mass of an orange: 0.4 katécontent of an orange: 80% Density of

1.540——

the solids: Since its mostly sugars, its aboudnesity of glucose, which em

[edit] Step 1: Draw a Flowchart

This time we have multiple processes so it's esfigémportant to label each one as its given in
the problem.

ml

a0 H2O

208 5

CRUSHEE

e

Solid density: 1,54 gfcm™3
Idass of an orange: 0.4 kg

Product
mad =0.1ms1
S vl = 30 mis
d=8m
Solids
ma3 =0 %m>1

Notice how | changed the 90% capture of solids ariaalgebraic equation relating the mass of
solids in the solid waste to the mass in the f@dds will be important later, becaugeis an
additional piece of information that is necessargolve the problem

Also note that from here in, "solids" are referteds S and "water" as W.

[edit] Step 2: Degree of Freedom analysis

Recall that for each stream there are C independekihowns, where C is the number of
components in the individual stream. These genesaa#concentrationsof C-1 species and the
total mass flow rate since with C-1 concentrations we can find the tase, but we cannot

obtain the total mass flow rate from only conceidra



Let us apply the previously described algorithndétermining if the problem is well-defined.
On the strainer:

There ares unknowns: m2, xS3, m3, xS3, m4, and xS4

We can write2 independent mass balances on the overall systera {or each
component).

We are given a conversion and enough informatiowrite the mass flow rate in the
product in terms of only concentration of one comgrt (which eliminates one
unknown). Thus we havgadditional pieces of information.

Thus the degrees of freedom of the strainer ar6=2 DOF

NOTE:

We are given the mass of an individual orange,dnte we cannot use that information
alone to find a total mass flow rate of orangethfeed, and we already have used up our
allotment of C-1 independent concentrations, wenoaigount this as "given information .
If, however, we were told the number of orangesipeced per year, then we could use he
two pieces of information in tandem to eliminatsiagle unknown (because then we can
find the mass flow rate)

On the crusher.
There are8 unknowns (m1, m2, and xS2).
We can write2 independent mass balances.
Thus the crusher has 3-21-DOF

Therefore for thesystem as a whole
Sum of DOF for unit operations =2 + 1 = 3 DOF
Number of intermediate variables = 2 (m2 and xS2)
Total DOF =3 -2 4 DOF.

Hence the problem isnderspecified

[edit] So how to we solve it?

In order to solve an underspecified problem, ong we can obtain an additional specification is
to make an assumption What assumptions could we make that would redbeenumber of
unknowns (or equivalently, increase the numberaoiables we do know)?

The most common type of assumption is to assume thaomething that is relatively
insignificant is zera.

In this case, one could ask: will the solid stréamm the strainer contain any water? It might, of
course, but this amount is probably very small careg to both the amount of solids that are



captured and how much is strained, provided thiatateaned regularly and designed well. If we
make this assumption, theéinis specifies that the mass fraction of waterhe waste stream is
zero(or equivalently, that the mass fraction of soiglene). Therefore, we know one additional
piece of information and the degrees of freedontHeroverall system become zero.

[edit] Step 3: Convert Units

This step should be donafter the degree of freedom analysis, because that sigaly
independent of your unit system, and if you doaltéhenough information to solve a problem
(or worse, you have too much), you shouldn't wéiste converting units and should instead
spend your time defining the problem more preciselg/or seeking out appropriate assumptions
to make.

Here, the most sensible choice is either to corswgtything to the cgs system or to the m-kg-s
system, since most values are already in metrice,Hee latter route is taken.

2.54 cm 1l m

ry = 8 mn = In E J_UU — = U.ZUJE 1m
e 9 eankg
= 1.54d—— = 1540—
Ps - mn& U?n*%

Now that everything is in the same system, we camenon to the next step.

[edit] Step 4: Relate your variables

First we have to relate the velocity and area gieens to the mass flowrate of stream 4, so that
we can actually use that information in a massrnza#aFrom chapter 2, we can start with the
equation:

Pn ¥ Up * Ay = 1y,

Since the pipe is circular and the area of a cigT * ?‘E, we have:

Ay = 7% 0.2032* = 0.1297 m”

So we have that:

pa# 30 % 0.1297 = 3.8015 % py — 11y

Now to find the density of stream 4 we assume Wodimes are additive, since the solids and

water are essentially immiscible (does an orangsotire when you wash it?). Hence we can use
the ideal-fluid model for density:



1 Tsy Twye Tsy 1—1rsy
pooE_ TSy

1 Ps P Ps Pw

_ Iss 4 1 — 15y
1540 1000

Hence, we have the equation we need with only atdretons and mass flowrates:

Tgy 1— Tgy 3.8915

EQUATION 1: 1240 1000 my

Now we have an equation but we haven't used ettheur two (why two?) independent mass
balances yet. We of course have a choice on whioltd use.

In this particular problem, since we are directlyeg information concerning the amount of
solid in stream 4 (the product stream), it seems to nma&ee sense to do the balance on this
component. Since we don't have information on str@a and finding it would be pointless in
this case (all parts of it are the same as thostreAm 1), lets do an overall-system balance on
the solids:

E?hﬁ'_iﬂ - E?hS.rmﬁ =1

NOTE:
Since there is no reaction, the generation ter@negen for individual-species balances.

Expanding the mass balance in terms of mass frectoes:
My * Tgy = Mg * Tgy + My * T

Plugging in the known valuesyith the assumption that stream 3 is pure solids @ water)
and henc®s3 = L.

EQUATION 2-0.2%my = (U.Q *().2 = ?]"11) # 1 4 xgy =1y

Finally, we can utilize one further mass balanae]et's use the easiest one: the overall mass
balance. This one again assumes that the totatdtevef stream 3 is equal to the solids flowrate.



EQUATION 3: 721 = 0.9 % 0.2 % riny + 12y

We now have three equations in three unkno(,?,ﬁ'ila MMy, 3354)50 the problem is solvable.
This is where all those system-solving skills witime in handy.

If you don't like solving by hand, there are numesr@omputer programs out there to help you
solve equations like this, such BRATLAB , POLYMATH, and many others. You'll probably
want to learn how to use the one your school psedgentually so why not now?

Using either method, the results are:

. kg
My = ﬂlTSh?

We're almost done here, now we just have to cdletilee number of oranges per year.

-l?Sf:ikg 10?‘:1?1_@& 3600 5 ka hr aﬁuwk day

AT86— 1 ———— =* — * * —

8 04 kg hr day year
194 % 10™ oranges

Yearly Production year




[edit] Chapter 3 Practice Problems

Problem:
1.a) Look up the composition of air. Estimate its ageranolecular weight.

b) Qualitatively describe whether the density ofskipuld be large or small compared to the
density of water.

c¢) Qualitatively describe whether the mass densitgioshould be large or small compared to
that of oxygen if the same number mwibles of the two gasses are contained in identical
containers.

d) If the density of air under certain conditionsli®6 g/m”3, how much does a gallon of air
weigh?

Problem:

2. a) Using both of the formulas for average densitycudate estimates for the density of a
50% by mass solution of toluene and benzene. Cornometine results.

b) Repeat this calculation for varying concentratiohsoluene. When does it make the most
difference which formula you use? When does it nthkdeast? Show the results graphically.
Would the trend be the same for any binary sol@ion

c) Suppose that a 50% mixture of toluene and benizetee be separated by crystallization.
The solution is cooled until one of the componerdspletely freezes and only the other is
left as a liquid. The liquid is then removed. Whalt the majority of the solid be? What will
the liquid be? What temperature should be usedtieege this? (give an estimate)

d) In the crystallization process in part ¢, supptbed the after separation, the solid crystals
contained all of the benzene and 1% of the toldesra the original mixture. Suppose also

that after melting the solid, the resulting ligumetighed 1435 g. Calculate the mass of the
original solution.
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Problem:

3.. Consider a publishing company in which bookstarkee bound, printed, and shipped. At 5
a.m. every morning, a shipment of 10,000 reams agfep comes in, as well as enough
materials to make 150,000 books, and 30000 poufdsko In this particular plant, the
average size of a book is 250 pages and each bgas@2 pounds of ink.

a) How many books can be printed for each shipmétitt:(What is the limiting factor?)

b) Suppose that, on average, 4% of all books priatednisprints and must be destroyed. The
remaining books are to be distributed to each adr@tinents in the following proportions:

North America 15%
South America 10%
Europe 20%
Africa 20%
Asia 25%
Australia 10%

Each book that is printed (including those that destroyed) costs the company US$0.50 to
print. Those that are shipped cost the followinggs to ship from the US:

North America $0.05
South America $0.08
Europe $0.10
Africa $0.20
Asia $0.12
Australia  $0.15

If each book sells for an equivalent of US$1.00atnk the maximum profit that the company
can make per day?

c) Challenge What is theminimumnumber of books that the company can sell (from an
continent) in order to return a profit? (Hint: whatthe total cost of this scheme? Does it
matter where the books are sold once they areldistd?)

d) How many pounds of ink per day end up in eachigent under the scheme in part b? How
many pages of paper?

e) Can you think of any ways you can improve thiscpgs? What may be some ways to
improve the profit margin? How can inventory beusell? What are some possible problems
with your proposed solutions?



[edit] Chapter 4. Mass balances with recycle
[edit] What Is Recycle?

Recycling is the act of taking one stream in a psscand reusing it in an earlier part of the
process rather than discarding it. It is usedwide variety of processes.

[edit] Uses and Benefit of Recycle

The use of recycle makes a great deal of envirotehand economic sense, for the following
reasons among others:

Using recycle lets a company achieve a wider rarigeparations

This will be demonstrated in the next section. Hesve there is a tradeoff: the more dilute or
concentrated you want your product to be, the lotier flowrate you can achieve in the
concentrated or dilute stream.

By using recycle, in combination with some sortseparation process, a company can
increase the overall conversion ofequilibrium reaction.

You may recall from general chemistry that manyctieas do not go to completion but only up
to a certain point, because they aewersible How far the reaction goes depends on the
concentrations (or partial pressures for a gagh@products and the reactants, which are related
by the reaction stoichiometry and the equilibrivomstant K. If we want to increase the amount
of conversion, one way we can do this is to sepavat the products from the product mixture
and re-feed the purified reactants in to the rea@p Le Chatlier's Principle, this will cause the
reaction to continue moving towards the products.

By using recycle, it is possible to recover expemsatalysts and reagents

Catalysts aren't cheap, and if we don't try to ekcthem into the reactor, they may be lost in the
product stream. This not only gives us a contaretha@roduct but also wastes a lot of catalyst.

Because of the previous three uses, recycle caeakkxthe amount of equipment needed
to get a process meet specifications and consuemsaiad.

For example, it may improve reaction conversionugioto eliminate the need for a second
reactor to achieve an economical conversion.

Recycle reduces the amount of waste that a compamgrates.

Not only is this the most environmentally sounds/wa go about it, it also saves the company
money in disposal costs.



Most importantly, all of these things can save mpgany money.

By using less equipment, the company saves maernaeas well as capital costs, and probably
gets the product faster too, if the proper analigsimade.

[edit] Differences between Recycle and non-Recycle sys®

The biggest difference between recycle and nonetecgystems is thahe extra splitting and
recombination points must be taken into accoundl, #ne properties of the streams change from
before to after these point§o see what is meant by this, consider any amyifprocess in which

a change occurs between two streams:

Feed -> Process -> Outlet

If we wish to implement a recycle system on thiscess, we often will do something like this:

Fecombmation o
Pomt Sp.httmg
Feed potnt
kY
4| Process(es) %
T Exit/Outlet
streatn
Tl

Y

Eecycle Stream

The "extra" stream between the splitting and redoathon point must be taken into account, but
the way to do this isotto do a mass balance on the process, shreceecycle stream itself does
not go into the process, only the recombined strdaas

Instead, we take it into account by performing asnbalance on theecombination pointand
one on thesplitting point



[edit] Assumptions at the Splitting Point

The recombination point is relatively unpredictallecause the composition of the stream
leaving depends on both the composition of the tewtithe composition of the recycle stream.
However, thespliitng pointis special becausghen a stream is split, it generally is split into
two streams with equal composition This is a piece of information that counts tovgard
"additional information" when performing a degrddreedom analysis.

As an additional specification, it is common to kntheratio of splitting, i.e. how much of the
exit stream from the process will be put into thilet and how much will be recycled. This also
counts as "additional information".

[edit] Assumptions at the Recombination Point

The recombination point is generally not specifiiké the splitting point, and also the recycle
stream and feed stream are very likely to havesidfft compositions. The important thing to
remember is that you can generally use the pragsedi the stream coming from the splitting
point for the stream entering the recombinatiompainless it goes through another process in
between (which is entirely possible).

[edit] Degree of Freedom Analysis of Recycle Systems

Degree of freedom analyses are similar for recygtems to those for other systems, but with a
couple important points that the engineer must keepind:

1. The recombination point and the splitting point e counted in the degree of freedom
analysis as "processes”, since they can have umisithat aren't counted anywhere else.

2. When doing the degree of freedom analysis on th#iisg point, you should not label
the concentrations as the same but leave them parate unknowns until after you
complete the DOF analysis order to avoid confusion, since labeling theantrations
as identical "uses up" one of your pieces of infation and then you can't count it.

As an example, let's do a degree of freedom arsatysihe hypothetical system above, assuming
that all streams have two components.

Recombination Point 6 variables (3 concentrations and 3 total flouesa - 2 mass
balances 4 DOF

Process Assuming it's not a reactor and there's onlyr@ashs, there's 4 variables and 2
mass balances 2DOF

Splitting Point: 6 variables - 2 mass balancek knowing compositions are the same -
1 splitting ratio = 2 DOF

So the total is 4 + 2 + 2 - 6 (in-between variapke®? DOF. Therefore, if the feed is specified
then this entire system can be solved! Of courseréisults will be different if the process has
more than 2 streams, if the splitting is 3-wayh#ére are more than two components, and so on.



[edit] Suggested Solving Method

The solving method for recycle systems is simitathiose of other systems we have seen so far
but as you've likely noticed, they are increasingbmplicated. Therefore, the importance of
making a plan becomes of the utmost importance. The way to nekdan is generally as
follows:

1. Draw a completely labeled flow chart for the praces

2. Do a DOF analysis to make sure the problem is btdva

3. Ifitis solvable,a lot of the time, the best place to start with aacycle system is with a
set of overall system balances, sometimes in comaiion with balances on processes
on the border. The reason for this is that the overall systeharaze cuts out the recycle
stream entirely, since the recycle stream doegmietr or leave the system as a whole but
merely travels between two processes, like anyrathitermediate stream. Often, the
composition of the recycle stream is unknown, $® simplifies the calculations a good
deal.

4. Find a set of independent equations that will yieddues for a certain set of unknowns
(this is often most difficult the first time; sonmaes, one of the unit operations in the
system will have 0 DOF so start with that one. @#lee it'll take some searching.)

5. Considering those variables as known, do a new D@Bnce until something has 0
DOF. Calculate the variables on that process.

6. Repeat until all processes are specified completely

[edit] Example problem: Improving a Separation Process

It has been stated that recycle can help to Thasnpke helps to show that this is true and also
show some limitations of the use of recycle on peatesses.

Consider the following proposed system without obey

Example:

A mixture of 50% A and 50% B enters a separati@c@ss that is capable of splitting the two
components into two streams: one containing 60%efentering A and half the B, and one
with 40% of the A and half the B (all by mass):



mz x4
&0% of entening A

m] 50% of entering B
xA =03 Separation >
xB =03 Process

A

m3 xh3
AN

(A0% of entering &
S0% of entening B

If 100 kg/hr of feed containing 50% A by mass emteéhe separator, what are the
concentrations of A in the exit streams?

A degree of freedom analysis on this process:

4 unknowns ?}"12: T A2, 73, and LA3), 2 mass balances, artl pieces of information
(knowing that 40% of A and half of B leaves in atre3 is not independent from knowing that
60% of A and half of B leaves in stream 2) BOF.

Methods of previous chapters can be used to determi that
. kg . kg
Ty = dd—,T 43 = 0.543, iy = 45

hr

the interested reader.

hrand a3 = 0444 This is good practice for

If we want to obtain a greater separation than, thine thing that we can do is useeaycle
systemin which a portion of one of the streams is sipgoboff and remixed with the feed stream
in order for it to be re-separated. The choice biclw stream should be re-siphoned depends on
the desired properties of the exit streams. Theceffof each choice will now be assessed.

[edit] Implementing Recycle on the Separation Process
e
|
Example:
Suppose that in the previous example, a recyclesyss set up in which half of stream 3 is

siphoned off and recombined with the feed (whiclstil the same composition as before).
Recalculate the concentrations of A in streams®3ris the separation more or less effective



than that without recycle? Can you see a majortditioin of this method? How might this be
overcome?

This is a rather involved problem, and must berakae step at a time. The analyses of the cases
for recycling each stream are similar, so the fieste will be considered in detail and the second
will be left for the reader.

[edit] Step 1: Draw a Flowchart

You must be careful when drawing the flowchart lbseathe separator separates 60% of all the
A that enters it into stream 8ot 60% of the fresh feed stream

Re!::ombination me zAZ
. Pomt 60% of entering A
2h =05 | 50% of entening B
B =05 mé xh§ |  Separation g
Process
— > Splitter 50:50
05 XAS 3 S | w6 whS
(40% of entermg &
50% of entering B) m3 xAS

[edit] Step 2: Do a Degree of Freedom Analysis
Recall that you must include the recombination syidting points in your analysis.

Recombination point 4 unknowns - 2 mass balance2 degrees of freedom
Separator. 6 unknowns (nothing is specified) - 2 independaates of information - 2
mass balances 2DOF

Splitting point: 6 unknowns (again, nothing is specified) - 2 masdances - 1
assumption that concentration remains constarsplitting ratio =2 DOF



Total =2 + 2 + 2 - 6 . Thus the problem is completely specified.
[edit] Step 3: Devise a Plan and Carry it Out

First, look at the entire system, since none ofoitiginal processes individually had 0 DOF.

Overall mass balance on A

Overall mass balance on B
We have 4 equations and 2 unknowns at this poims iB where the problem solving requires
some ingenuity. First, lets see what happens wheenombine this information with the splitting
ratio and constant concentration at the splitter:

?h;g

Mg = —
Splitting Ratio: 2
Constant concentration L4 = I A3

Plugging these into the overall balances we have:

On A:

Total:
Again we have more equations than unknoimmswe know how to relate everything in these two
equations to the inlet concentrations in the sef@raThis is due to the conversions we are
given:

60% of entering A goes into stream neangitz * T 42 = 0.6 * X 44 * 14

40% of entering A goes into stream neandTs * Taz = U.d = 144 10y
50% of entering B goes into stream 2 means

50% of entering B goes into stream neand M3 * Ta3 = (.0 * (1 — za4) * 1y

Spend some time trying to figure out where theseggns come from, it's all definition of mass
fraction and translating words into algebraic eopuret.

Plugging in all of these into the existing balanaes finally obtain 2 equations in 2 unknowns:



On A:

On B:

Solving these equations gives:

NOTE:

Notice that two things happened as expected: theerdration of the stream entering tae
evaporator went down (because the feed is mixirig wimore dilute recycle stream), axd
the total flowrate went up (again due to contribatifrom the recycle stream). This is
always a good rough check to see if your answeresiaknse, for example if the flowrete
was lower than the feed rate you'd know somethiagtwvrong

Once these values are known, you can choose tobddaace either on the separator or on the
recombination point, since both now have 0 degmfesreedom. We choose the separator
because that leads directly to what we're lookorg f

The mass balances on the separator can be solisgl the same method as that without a
recycle system, the results are:

Now since we know the flowrate of stream 3 anddléting ratio we can find the rate of stream
6:

NOTE:



You should check to make sure that m2 and m6 add thpe total feed rate, otherwise you
made a mistake.

Now we can assess how effective the recycle is.cbimeentration of A in the liquid streanwas
reduced, by a small margin of 0.015 mole fractidawever, this extra reduction came at a pair
of costs: the flow rate of dilute stream was sigaifitly reduced: from 45 to 29.165 kg/Aitis
limitation is important to keep in mind and also eylains why we bother trying to make
very efficient separation processes.

[edit] Systems with Recycle: a Cleaning Process

[edit] Problem Statement

Example:

Consider a process in which freshly-mined ore isd@leaned so that later processing units do
not get contaminated with dirt. 3000 kg/hr of dioie is dumped into a large washer, in which
water is allowed to soak the ore on its way toardon the bottom of the unit. The amount of
dirt remaining on the ore after this process idigése, but water remains absorbed on the ore
surface such that the net mass flow rate of thenelé ore is 3100 kg/hr.

The dirty water is cleaned in a settler, whichbeao remove 90% of the dirt in the stream
without removing a significant amount of water. Tdleaned stream then is combined with a
fresh water stream before re-entering the washer.

The wet, clean ore enters a dryer, in which althef water is removed. Dry ore is removed
from the dryer at 2900 kg/hr.

The design schematic for this process was as fellow



a) Calculate the necessary mass flow rate of fresterwta achieve this removal at steady
state.

b) Suppose that the solubility of dirt in water is . Assuming that the water
leaving the washer is saturated with dirt, cal@ulie mass fraction of dirt in the stream that
enters the washer (after it has been mixed withrdsh-water stream).

[edit] First Step: Draw a Flowchart

A schematic is given in the problem statement bigt very incomplete, since it does not contain
any of the design specifications (the efficiencytltd settler, the solubility of soil in water, and
the mass flow rates). Thereforejs highly recommended that you draw your owrtyse even
when one is provided for yoMake sure you label all of the streams, and thknawn

concentrations.



[edit] Second Step: Degree of Freedom Analysis

Around the washer. 6 independent unknowns ( ), three
independent mass balances (ore, dirt, and wated),0ae solubility. The washer has
DOF.

Around the dryer: 2 independent unknowns ( ) and two independent equations
=0 DOF.

NOTE:

Since the dryer has no degrees of freedom alreadycan say thathe system variables
behave as if the stream going into the dryer wasguing anywhereand therefore this;
stream should not be included in the "in-betweamabées" calculation.

Around the Settler:5 independent unknowns ( ), two mass
balances (dirt and water), the solubility of satedadirt, and one additional information
(90% removal of dirt), leaving us withDOF.



At the mixing point: We need to include this in order to calculate tihial degrees of
freedom for the process, since otherwise we'recaahting m9 anywhere. 5 unknowns

( ) and 2 mass balances leaves us ®ibDOF.

Therefore, Overall = 3+2+1 - 6 intermediate vamab(not including xO4 since that's going to
the dryer) =0

The problem is well-defined.
[edit] Devising a Plan

Recall that the idea is to look for a unit openata some combination of them with 0 Degrees
of Freedom, calculate those variables, and themlcelate the degrees of freedom until
everything is accounted for.

From our initial analysis, the dryer had 0 DOF s® ean calculate the two unknowns xO4 and
m5. Now we can consider xO4 and m5 known and rbdadegree of freedom analysis on the
unit operations.

Around the washer. We only have 5 unknowns now ( ), but

still only three equations and the solubilityDOF.

Around the settler: Nothing has changed here since xO4 and m5 ar@m'tected to this
operation.

Overall System We have three unknowns ( ) since is already
determined, and we have three mass balances (dreamnt water). Hence we hade
DOF for the overall system.

Now we can say we know and

Around the settler again since we know m7 the settler now HaPDOF and we can
solve for and

Around the washer again Now we know m8 and xD8. How many balances can we
write?

NOTE:

If we try to write a balance on the ore, we wilidithatthe ore is already balanced because
of the other balances we've doreyou try to write an ore balance, you'll seaiyaready
know the values of all the unknowns in the equatidthence we can't count that balance as
an equation we can use (I'll show you this whenwwek out the actual calculation).

The washer therefore has 2 unknowns (m2, xD2)2aeduationgthe dirt and water balances) =
0 DOF



This final step can also be done by balances omett@mbination point (as shown below). Once
we have m2 and xD2 the system is completely detethi

[edit] Converting Units

The only given information in inconsistent units ike solubility, which is given as
. However, since we know the density of water (an ¢ook it up), we can

convert this to as follows:

Now that this information is in the same units las nhass flow rates we can proceed to the next
step.

[edit] Carrying Out the Plan

First, do any two mass balances on the dryer. bshdotal and ore balances. Remember that the
third balance is not independent of the first two!

Overall Balance
Ore Balance

Substituting the known values:

Overall:
Ore:

Solving gives:

Now that we have finished the dryer we do the re#®p in our plan, which was the overall
system balance:



Water Balance
Ore Balance

Dirt Balance:

Next we move to the settler as planned, this oaelsit trickier since the solutions aren't
immediately obvious but a system must be solved.

Overall Balance
Dirt Balance:
Efficiency of Removal

Using the solubility is slightly tricky. You use lity noticing thathe mass of dirt in stream 3 is
proportional to the mass of wateand hence you can write that:

mass dirt in stream 3 = 0.4 * mass water in str8am
Solubility:

Plugging in known values, the following system qtiations is obtained:

Solving these equations for the 4 unknowns, thetsols are:

Finally, we can go to the mixing point, and say:



Overall:
Dirt :

From which the final unknowns are obtained:

Since the problem was asking for , we are now finished.

[edit] Check your work

These values should be checked by making a newcflaw with the numerical values, and
ensuring that the balances on the washer areiedti3tis is left as an exercise for the reader.



[edit] Chapter 5. Mass/mole balances in
reacting systems

[edit] Review of Reaction Stoichiometry

Up until now, all of the balances we have done gstesns have been in terms wofass
However, mass is inconvenient for a reacting sysbmoause it does not allow us to take
advantage of thstoichiometryof the reaction in relating the relative amourftseactants and of
products.

Stoichiometry is the relationship between reactants and prodoashalanced reaction as given
by the ratio of their coefficients. For examplettie reaction:

the reaction stoichiometry would dictate that feemy one molecule of (acetylene) that

reacts, two molecules of (hydrogen) are consumed and one molecule of are formed.
However this does not hold for grams of products and reactas.

Even though the number of moleculessingle substancé proportional to the mass of that
substance, the constant of proportionality (the etwlar mass) is not the same for every

molecule. Hence, it is necessary to use the maeaubight of each molecule to convert from
grams tamolesin order to use the reaction's coefficients.

[edit] Molecular Mole Balances

We can write balances on moles like we can on amythlse. We'll start with our ubiquitous
general balance equation:

As usual we assume that accumulation = 0 in thik Iso that:

Let us denote molar flow rates byo distinguish them from mass flow rates. We thameha
similar equation to the mass balance equation:




The same equation can be written in terms of eadividual species.

There are a couple of important things to note alitis type of balance as opposed to a mass
balance:

1. Just like with the mass balance, in a mole balaacen-reactive system has
for all species.

2. Unlike the mass balancethe TOTAL generation of moles isn't necessarilgv@n for
the overall mole balance! To see this, consider timvotal number of moles changes in
the above reaction; the final number of moles nat equal the initial number because 3
total moles of molecules are reacting to form levuadl products.

Why would we use it if the generation isn't necabs@? We use the molecular mole balance
becausef we know how much of any one substance is consucher created in the reaction,
we can find all of the others from the reaction stichiometry. This is a very powerful tool
becausesach reaction only creates one new unknafvyou use this method! The following
section is merely a formalization of this concempitjch can be used to solve problems involving
reactors.

[edit] Extent of Reaction

In order to formalize the previous analysis of teaxs in terms of a single variable, let us
consider the generic reaction:

TheMolar Extent of Reaction X is defined as:

Since all of these are equivalent, it is possibldind the change in moles of any species in a
given reaction if the extent of reaction X is known

NOTE:

Though they won't be discussed here, there are wthgs in which the extent of reacticn
can be defined. Some other definitions are deperalethepercent change of a particular
substrate, and the stoichiometry is used in ardiffeway to determine the change in the
others. This definition makes X independent ofghbstrate you choose.

The following example illustrates the use of théeek of reaction.
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Example:

Consider the reaction . If you start with 50 g of and

25 grams of , and 25% of the moles of are consumed, find the molar extent of reaction
and the changes in the other components.

Solution: First we need to convert to moles, since stoitigtry isnot valid when units are in
terms of mass.

Clearly ozone is the limiting reactant here. SiBb&6 is consumed, we have that:

Hence, by definition,
And then we have

, all in moles of the appropriate substrate.

[edit] Mole Balances and Extents of Reaction

The mole balance written above can be written im$eof extent of reactioifi we notice that the

term defined above is exactly the number of mdies generated or consumed by the
reaction

NOTE:

This is only useful forindividual speciesbalances, not the overall mole balance. Wen
doing balances on reactive systems, unlike with-reactive systems, it is generally easier
to use all individual species balances possibkberahan the total mole balance and thien
all but one of the individual species. This is hesmathe total generation of moles in a
reaction is generally not 0, so no algebraic achgais gained by using the total matelial
balance on the system.



Therefore we can write that:

where X is the molar extent of reaction and a ésstoichiometric coefficient of A. Plugging this
into the mole balance derived earlier, we arrivehatnolecular mole balancesquation:

if Ais consumed, or +Xa if it is generated in tleaction

[edit] Degree of Freedom Analysis on Reacting Systems

If we have N different molecules in a system, we waite N mass balances N mole balances,
whether a reaction occurs in the system or not. drig difference is that in a reacting system,
we have one additional unknown, the molar exteneattion, for each reaction taking place in
the system. Thereforach reaction taking place in a process will add @ndegree of freedom
to the process

NOTE:
This will be different from th@tombalance which is discussed later.

[edit] Complications
Unfortunately, life is not ideal, and even if wernwa single reaction to occur to give us only the
desired product, this is either impossible or umecoical compared to dealing with byproducts,

side reactions, equilibrium limitations, and othen-idealities.

[edit] Independent and Dependent Reactions

When you have more than one reaction in a system, need to make sure that they are
independent The idea of independent reactions is similah®itlea ofinear independencia
mathematics.

Lets consider the following two general paralleieeting reactions:

We can represent each of the reactions Wgctorof the coefficients:



This site

NOTE:

The site above gives a nice tool to tell whethey amamber of vectors are linearly
dependent or not. Lacking such a tool, it is nemgsso assess by hand whether "he
equations are independef@nly independent equations should be used in youmalysis

of multiple reactions, so if you have dependent equations, you can editai reactions
from consideration until you've obtained an indejeen set.

By definition a set of vectors is only linearly gjendent if the equation:

where K1 and K2 are constants only has one solution

Lets plug in our vectors:

Sinceall componentsnust add up to 0, the following system follows:

Obviously, the last three equations imply that sgle = d = 0 and e2 = 0, and
thus the reactions are independent.

[edit] Linearly Dependent Reactions

Now let's observe what happens if we add the reegtiogether:

We could solve the linear independence relationvaddid in the previous case but let's save
ourselves the time (it's difficult to solve becaubere's an infinite number of solutions!) and
notice that a nontrivial solution to this equatien



We can tell thisbecausewe notice that the second vector is simply the sdirthe first two.
Therefore, the vectors are not independent. Thiorant result can be generalized as follows:

If any non-zero multiple of one reaction can be aded to a multiple of a second reaction tc
yield a third reaction, then the three reactions ae not independent

All degree of freedom analyses in this book asstima¢ the reactions are independent. You
should check this by inspection or, for a large banof reactions, with numerical methods.

[edit] Extent of Reaction for Multiple Independent Reacions

When you are setting up extents of reaction in éeoubar species balance, ymustmake sure
that you set up one fagachreaction, and include both in your mole balance.ré&lly, your
mole balance will look like this:

for all k reactions. In such cases it is generaligier, if possible, to use an atom balance instead
due to the difficulty of solving such equations.

[edit] Equilibrium Reactions

In many cases (actually, the majority of them)jwely reaction will beeversible, meaning that
instead of reacting to completion, it will stopaatertain point and not go any farther. How far
the reaction goes is dictated by the value of @gailibrium coefficient Recall from general
chemistry that the equilibrium coefficient for theaction is defined
as follows:

with concentration expressed as molarity for liquid solutes or parfial
pressure for gasses

Here [A] is the equilibrium concentration of A, adly expressed in molarity for an aqueous
solution or partial pressure for a gadhis equation can be remembered as "products over
reactants".

Usually solids and solvents are omittedby convention, since their concentrations stay
approximately constant throughout a reaction. Bangle, in an aqueous solution, if water
reacts, it is left out of the equilibrium expressio



Often, we are interested in obtaining the extenteattion of an equilibrium reaction when it is
in equilibrium. In order to do this, first recalfidt:

and similar for the other species.
[edit] Liquid-phase Analysis

Rewriting this in terms of molarity (moles per viia) by dividing by volume, we have:

Or, since the final state we're interested in ésdfuilibrium state,

Solving for the desired equilibrium concentratiome obtain the equation for equilibrium
concentration of A in terms of conversion:

Similar equations can be written for B, C, and Dngsthe definition of extent of reaction.
Plugging in all the equations into the expressmrki, we obtain:

At equilibrium for liquid-phase reactiomsly

Using this equation, knowing the value of K, theaaton stoichiometry, the initial
concentrations, and the volume of the system, tpailierium extent of reaction can be
determined.



NOTE:

If you know the reaction reaches equilibrium in the reactor, this counts as an
additional piece of information in the DOF analysisbecause it allows you to find X
This is the same idea as the idea that, if you laavereversible reaction and know it goes
to completion, you can calculate the extent of tieadrom that.

[edit] Gas-phase Analysis

By convention, gas-phase equilibrium constantsgaren in terms opartial pressures which,
for ideal gasses, are related to the mole fradiiothe equation:

for ideal gasses only

If A, B, C, and D were all gases, then, the eqillilm constant would look like this:

Gas-Phase Equilibrium Constant

In order to write the gas equilibrium constantemts of extent of reaction, let us assume for the
moment that we are dealing with ideal gases. Yoy reeall from general chemistry that for an
ideal gas, we can write the ideal gas lawdach speciegist as validly as we can on thdole
gas(for a non-ideal gas, this is in general not tr@ice this is true, we can say that:

Plugging this into the equation for above, we obtain:

Therefore,




Similar equations can be written for the other comgnts. Plugging these into the equilibrium
constant expression:

Gas Phase Ideal-Gas Equilibrium Reaction at Equilibum

Again, if we know we are at equilibrium and we kntive equilibrium coefficient (which can
often be found in standard tables) we can calctileextent of reaction.

[edit] Special Notes about Gas Reactions

You need to remember thiz@t a constant-volume, isothermal gas reaction,ttital pressure will
change as the reaction goes, amless the same number of moles are createdodsiqad. In
order to show that this is true, you only need tdeahe ideal gas law for the total amount of
gas, and realize that the total number of molékersystem changes.

This is why we don't want to udetal pressure in the above equations for K, we wanise®
partial pressures, which we can conveniently write in teahextent of reaction.

[edit] Inert Species

Notice that all of the above equilibrium equatiatepend orconcentrationof the substance, in
one form or another. Therefore, if there are sygegresent that don't react, they may still have an
effect on the equilibrium because they will deceedise concentrations of the reactants and
products. Just make sure you take them into acashah you're calculating the concentrations
or partial pressures of each species in prepar&igoiugging into the equilibrium constant.

[edit] Example Reactor Solution using Extent of Reaction
and the DOF
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Example:
Consider the reaction of Phosphene with oxygen:

Suppose a 100-kg mixture of 50% and 50% by mass enters a reactor in a single
stream, and the single exit stream contains 25%y mass. Assume that all the reduction in
oxygen occurs due to the reaction. How many degréégedom does this problem have? If
possible, determine mass composition of all thelpcts.

It always helps to draw a flowchart:

There arefour independent unknowns: the total mass (mole) fleaviaut of the reactor, the
concentrations of two of the exiting species (otiey are known, the forth can be calculated),
and the extent of reaction.

Additionally, we can write four independent equasipone on each reacting substance. Hence,
there ard DOF and this problem can be solved.

Let's illustrate how to do it for this relativelyngple system, which illustrates some very
important things to keep in mind.

First, recall thatotal mass is conserved even in a reacting systeifherefore, we can write
that:

Now, since component masses aren't conserved, @ toeconvert as much as we can into
moles so we can apply the extent of reaction.



Let's use thenole balance on oxygero find the extent of reaction, since we know howch
enters and how much leaves. Recall that:

where a is the stoichiometric coefficient for Augging in known values, including a = 8 (from
the reaction written above), we have:

Solving gives:

Now let's apply the mole balances to the otherispdo find how much of them is present:

(note it's + instead of - because it's being gdadnather than consumed by the reaction)

Finally, the last step we need to do is find thessnaf all of these, and divide by the total mass to
obtain the mass percents. As a sanity check, dhede plus 25 kg of oxygen should yield 100
kg total.

Mass out = 1080 moles * 0.034 kg\mole = 36.72 kg
Mass out = 97.66 moles * .284 kg\mole = 27.74 kg
Mass out = 586 moles * 0.018 kg\mole = 10.55 kg

Sanity check: 36,72 + 27.74 + 10.55 + 25 (oxygepé kg (total), so we're still sane.

Hence, we get:



by mass

[edit] Example Reactor with Equilibrium

B

Example:

Suppose that you are working in an organic chegnlaty in which 10 kg of compound A is
added to 100 kg of a 16% aqueous solution of B ¢whias a density of 57 Ib/ft"3) The
following reaction occurs:

A has a molar mass of 25 g/mol and B has a molasned 47 g/mol. If the equilibrium
constant for this reaction is 187 at 298K, how maotltompound C could you obtain from
this reaction? Assume that all products and re&tare soluble in water at the design
conditions. Adding 10 kg of A to the solution casitske volume to increase by 5 L. Assume
that the volume does not change over the coureeakaction.

Solution: First, draw a flowchart of what we're given.

Since all of the species are dissolved in waterskaild write the equilibrium constant in terms
of molarity:



We use initiaimolaritiesof A and B, while we are given mass percents, sm@ed to convert.

Let's first find the number oholesof A and B we have initially:

Now, the volume contributed by the 100kg of 16%oRi80n is:

Since adding the A contributes 5L to the volumes tlolume after the two are mixed is

By definition then, the molarities of A and B beddhe reaction occurs are:

In addition, there is no C or D in the solutiortialy:

According to the stoichiometry of the reaction, . Therefore we
now have enough information to solve for the coswmer. Plugging all the known values into the
equilibrium equation for liquids, the following eafion is obtained:

This equation can be solved using Goalseek or 6rieeonumerical methods in appendix 1 to
give:




Since we seek the amount of compound C that isyzext| we have:

Since , this yields

438.93 moles of C can be produced by this reactjon.

[edit] Introduction to Reactions with Recycle

Reactions with recycle are very useful for a nundfe@easons, most notably because they can be
used to improve the selectivity of multiple rean8p push a reaction beyond its equilibrium
conversion, or speed up a catalytic reaction byokeng products. A recycle loop coupled with a
reactor will generally contain a separation processvhich unused reactants are (partially)
separated from products. These reactants are ¢aehalck into the reactor along with the fresh
feed.

[edit] Example Reactor with Recycle

Example:

Consider a system designed for the hydrogenati@thgiene into ethane:

The reaction takes too long to go to completiord(egleases too much heat) so the designers
decided to implement a recycle system in whiclgradinly part of the reaction had finished,
the mixture was sent into a membrane separatoreTheost of the ethylene was separated
out, with little hydrogen or ethylene contaminatiditer this separation, the cleaned stream
entered a splitter, where some of the remainingtiurgxwas returned to the reactor and the
remainder discarded.

The system specifications for this process weflfelésys:
- Feed: 584 kg/h ethylene, 200 kg/h hydrogen gas

- Outlet stream from reactor contains 15% hydrogemhbgs
- Mass flows from membrane separator: 100 kg/h, 5%rétyen and 93% ethane



- Splitter: 30% reject and 70% reflux

What was the extent of reaction for this system?a¥Would the extent of reaction be if there
was no separation/recycle process after (assumé¢hnanass percent of hydrogen leaving the
reactor is the same)? What limits how effective fimocess can be?

Solution:

Let's first draw our flowchart as usual:

[edit] DOF Analysis

On reactor: 6 unknowns - 3 equations = 3 DOF

On separator: 5 unknowns - 3 equations = 2 DOF

On splitter: 3 unknowns - 0 equations (we usedflihem in labeling the chart) -> 3
DOF

Duplicate variables: 8 ( twice each and once)

Total DOF =8 -8 =0 DOF

[edit] Plan and Solution

Generally, though not always, it is easiest to dath the reactor itselfast because it usually
has the most unknowns. Lets begin by looking ataverall system because we can often get
some valuable information from that.



Overall System DOF(overall system) = 4 unknowns ( ) - 3 equations = 1
DOF.

NOTE:

We CANNOT say that total mass of A and B is consdrvecause we have a reaction here!
Therefore we must include the conversion X in astr &f unknowns for both the reactor
andthe overall system. However, ttegal mass in the system is conserved so we can <olve

for

Let's go ahead and solve for m5 though becaus# beatiseful later.

We can't do anything else with the overall systemtaut knowing the conversion so lets look
elsewhere.

DOF(separator) = 4 unknowns ( ) - 3 equations = 1 DOF. Let's solve for
those variables we can though.

We can solve for m3 because from the overall maltbdlance on the separator:

Then we can do a mass balance on A to solve for xA5

Since we don't know or , We cannot use the mass balance on B or C faeparator, so
lets move on. Let's now turn to the reactor:



[edit] Reactor Analysis

DOF: 3 unknowns remaining ( ) - 2 equations (because the overall balance is
already solved!) 4 DOF. Therefore we still cannot solve the reactor catgty. However, we
can solve for the conversion and generation telirengvhat we know at this point. Lets start by
writing amolebalance on A in the reactor.

To find the three nA terms we need to convert froass to moles (since A is hydrogen, H2, the

molecular weight is ):

Thus thetotal amount of A entering the reactor is:

The amount exiting is:

Therefore we have the following from the mole batn

Now that we have this we can calculate the ma&arfd C generated:



At this point you may want to calculate the amooinB and C leaving the reactor with the mass
balances on B and C:

(1)
However,these equations are exactly the sarmberefore, we have proven our assertion that

there is still 1 DOF in the reactor. So we neetbtk elsewhere for something to calculate xB5.
That place is the separator balance on B:

(2)

Solving these two equations (1) and (2) yieldsfila two variables in the system:

Note that this means the predominant species éarstr5 is also C ( ). However,
the separator/recycle setdpesmake a big difference, as we'll see next.

[edit] Comparison to the situation without the separatofrecycle system

Now that we know how much ethane we can obtain ftbm reactor after separating, let's
compare to what would happen without any of theekecsystems in place. With the same data
as in the first part of this problem, the new fld\adt looks like this:




There are three unknowns ( ) and three independent material balances, so the
problem can be solved. Starting with an overallsrizdance because total mass is conserved:

We can carry out the same sort of analysis onghaetor as we did in the previous section to find
the conversion and mass percent of C in the exiast, which is left as an exercise to the reader.
The result is that:

Compare this to the two exit streams in the recgetep Both of the streams were richer in C
than 77%, even the reject streamThis occurred because the unreacted A and B livageal to
re-enter the reactor and form more C, and the agparas able to separate almost all the C that
formed from the unreacted A and B.



[edit] Appendix 1. Useful Mathematical
Methods

[edit] Mean and Standard Deviation

A lot of the time, when you're conducting an expemt, you will run it more than once,
especially if it is inexpensive. Scientists run esments more than once so that taedom
errors that result from taking measurements, such asgawa guess a length between two hash
marks on a ruler, cancel themselves out and lelhem twith a more precise measurement.
However, the question remains: how should you caesie all of the data into something that's
more managable to use?

[edit] Mean

Suppose you have n data points takader the same conditionsand you wish to consolidate
them to as few as feasibly possible. One thing Witieuld help is is to use some centralized
value, which is in some way "between" all of thegimral data points. This, in fact, is called the
mean of the data set.

There are many ways of computing the mean of asittdepending on how it is believed to be
distributed. One of the most common methods istthearithmetic meanwhich is defined as:

Other types of mean include tlheGeometric meanwhich should be used when the data are
very widely distributed (ex. an exponential disttibn) and the "log-mean™ which occurs often
in transport phenomena.

[edit] Standard Deviation

Having a value for the mean tells you what valuedhta points "cluster” around but it does not
tell you how spread out they are from the centersekond statistical variable called the
standard deviation is used for that. The standard deviation is esadfnthe average distance
between the data points and their me@he distance is expressed as a squared distamcdar

to prevent negative deviations from lessoning ffeceof positive deviations.

The mathematical formulation for the standard déwia is:



The denominator is n-1 instead of n because staiss found that it gives better results for
small numbers of experiments; sestandard deviatiofor a more thorough explanation of this.

[edit] Putting it together

The standard deviation of a data set measured underonstant conditions is a measure of
how precise the data set isBecause this is true, the standard deviation déta set is often
used in conjunction with the mean in order to régaperimental results. Typically, results are
reported as:

If a distribution is assumed, knowing both the meem standard deviation can help us to
estimate the probability that the actual valuehaf variable is within a certain rangkthere is

no systematic bias in the dati there is (such as use of broken equipmentligegce, and so
on) then no statistics could predict the effectthat.

[edit] Linear Regression

Suppose you have a set of data points ( ) takenunder differing conditions which you
suspect, from a graph, can be reasonably estinigtatfawing a line through the points. Any
line that you could draw will have (or can be vaiittin) the following form:

where m is the slope of the line and b is the grirept.

We seek théestline that we could possibly use to estimate theepa of the data. This line will
be most useful for both interpolating between pwitftat we know, and extrapolating to
unknown values (as long as they're close to medstatkies). In the most usual measure, how

"good" the fit is is determined by the verticaltdisce between the line and the data pointg)(
which is called theesidual:

In order to normalize the residuals so that thep'tdoancel when one's positive and one's
negative (and thus helping to avoid statisticathiave are usually concerned with grareof

when doing least-squares regression. We use sqtemred and not absolute values so that
the function idifferentiable don't worry about this if you haven't taken célsuwyet.



In order to take into accouatl of the data points, we simply seek to minimize shen of the
squared residuals:

Using calculus, we can take the derivative of thigh respect to m and with respect to b and
solve the equations to come up with the values aina b that minimize the sum of squares
(hence the alternate name of this technideast-squares regressionThe formulas are as
follows, where n is the total number of data poyds are regressing[1]:

[edit] Example of linear regression

e

|
Example:
Suppose you wanted to measure how fast you gathtmos by a less direct route than looking
at the speedometer of your car. Instead, you lo@kmaap and read the distances between each

intersection, and then you measure how long itddkego each distance. Suppose the results
were as follows (D is total distance from home):

t(min) D (yards)

11 559.5
1.9 759.5
3.0 898.2
3.8 1116.3
5.3 1308.7

How far from home did you start, and what is thstlestimate for your average speed?

The first thing we should do with any data likestis to graph it and see if a linear fit would be
reasonable. Plotting this data, we can see by atigmethat a linear fit appears to be reasonable.



Now we need to compute all of the values in ouresgjon formulas, and to do this (by hand)
we set up a table:

n=5

Trial t t"h2 D D/2 t*D

1 1.1 1.21 559.5 313040 615 .45

2 1.9 361 759.5 576840 144 3.05
3 3.0 9.00 898.2 806763 269 4.6

4 3.8 14.44 1116.3 1246126 424 1.94
5 5.3 28.09 1308.7 1712695 693 6.11
TOTAL 15.1 56.35 4642.2 4655464 159 31.15

Now that we have this data we can plug it into loear regression equation:

So



Hence the equation for the line of best fit is:

The graph of this plotted against the data lodkes this:

[edit] How to tell how good your regression is

In the previous example, we visually determineid Would be reasonable to perform a linear fit,
but it is certainly possible to have a less cladrease! If there is some slight curve to the data,

it still "close enough" to be useful? Though it lvalways come down to your own judgment
after seeing the fit line graph against the ddtaret is a mathematical tool to help you called a
correlation coefficient, r, which can be defined in several different wa@se of them is as
follows [1]:

It can be shown that this value always lies betwédeand 1. The closer itis to 1 (or -1), the more
reasonable the linear fit. In general, the more gatints you have, the smaller r needs to be
before it's a good fit, but a good rule of thumlboidook for high (higher than 0.85 or 0.9) values
and then graph to see if the graph makes senseetBoas it will, sometimes it won't, the
method is not foolproof.



In the above example we have:

Hence the data correlates very well with a lineadet.

[edit] Linearization

[edit] In general

Whenever you have to fit a parameter or multipleapeeters to data, it is a good idea to try to
linearize the function first, because linear regression iximless intensive and more accurate
than nonlinear regression. The goal with any lizedion is to reduce the function to the form:

The difference between this and "standard" linegrassion is that Variable 1 and Variable 2
can beany functionof x and y, as long as they are not combined jnvaaly (i.e. you can't have

as one variable). The technique can be extendetbte than two variables using a
method calledv:multiple linear regressiobut as that's more difficult to perform, this seat
will focus on two-dimensional regression.

[edit] Power Law

To see some of the power of linearization, letgpsse that we have two variables, x and v,
related by a power law:

where A and b are constants. If we have data cdimgechanges in y to changes in x, we would
like to know the values of a and b. This is difftdio do if the equation is in its current form but
we can change it into a linear-type function!

The trick here is we need to get rid of the expomerso in order to do that we take the natural
log of both sides:

Using laws of logarithms we can simplify the rigtgnd side to obtain the following:



The beauty of this equation is that it is, in assrinearlf we graph In(y) vs. In(x) obtain a
straight line with slope b and y-intercept In(A)

[edit] Exponentials

Another common use of linearization is with expdras, where x and y are related by an
expression of the form:

This works for any base but the most common baseusrtered in practice is Euler's constant, e.
Again, we take the natural log of both sides, iteorto get rid of the exponent:

This time,Graph In y vs. x to obtain a line with slope In(b)and y-intercept In(A).

[edit] Linear Interpolation

Often, when you look up properties on a chart, yolll be looking them up at conditions in
betweentwo charted conditions. For example, if you wayeking up the specific enthalpy of
steam at 10 MPa and 4300C you would look in thanste@bles and see something like this: [2]

P =10 MPa
T(0C) H (kJ/kg)
400 28324
450  2943.4

How can you figure out the intermediate value fos? We can't exactly but we cassume that
H(T) is a linear function. If we assume that it is linear, then we can gdsid the intermediate
value. First, we set up a table, including the wvim value like this:

T(C)  H (kJ/kg)
1400  2832.4
2430  x

3450  2943.4

Then since we're assuming the relationship betweamd H is linear, and the slope of a line is a
constanthe slope between points 3 and 2 has to equaldpe $etween points 3 and 1



Therefore, we can write that:

Solving givesx = 2899 kJ/kg

The same method can be used to find an unknown & goven H between two tabulated values.

[edit] General formula

To derive a more general formula (though | alwagswe it from scratch anyways, it's nice to
have a formula), lets replace the numbers by veasadd give them more generic symbols:

Xy
1x1 vyl
2 X* y*
3 x2 y2

Setting the slope between points 3 and 2 equalaiobietween 3 and 1 yields:

This equation can then be solved for x* or y* aprapriate.

[edit] Limitations of Linear Interpolation

It is important to remember thlhear interpolation is not exacHow inexact it is depends on
two major factors:

1. What the real relationship between x and y is (ttoge curved it is, the worse the linear
approximation)

2. The difference between consecutive x values ortdhke (the smaller the distance, the
closer almost any function will resemble a line)

Therefore, it is not recommended to use linearrpati@tion if the spaces are very widely
separated. However, if no other method of approtionais available, linear interpolation is
often the only option, or other forms of interpaat (which may be just as inaccurate,
depending on what the actual function is).

See alsav:interpolation
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[edit] Basics of Rootfinding

Rootfinding is the determination of solutions togle-variable equations or to systems of n
eqguations in n unknowns (provided that such satstiexist). The basics of the method revolve
around the determination aofots

A root of a function in any number of variables is defined as the smfuto the

equation . In order to use any of the numerical methods in trg section,
the equation should be put in a specific formand this is one of the more common ones, used
for all methods except the iterative method.

However, it is easy to put a function into thisnfordf you start with an equation of the form:

then subtracting will yield the required formDo not forget to do this, even if there is only a
constant on one side!

e
Example:

If you want to use the bisection method later i3 gection to find one of the solutions of the

equation , you should rewrite the equation as SO as to put it in the correct
form.

Since any equation can be put into this form, thethmds can potentially be applied to any
function, though they work better for some funcidhan others.

[edit] Analytical vs. Numerical Solutions

An analytical solution to an equation or system is a solutionctvitan be arrived at exactly
using some mathematical tools. For example, consii@efunction , graphed below.
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The root of this function is, by convention, when , or when this function crosses the x-

axis. Hence, the root will occur when

The answex=1 is an analytical solution because through theaisalgebra, we were able to
come up with an exact answer.

On the other hand, attempting to solve an equéitien

analytically is sure to lead to frustration becaitde not possible with elementary methods. In
such a case it is necessary to seelumerical solution, in which guesses are made until the
answer is "close enough”, but you'll never know tthaexactanswer is.

All that the numerical methods discussed belowsdgive you a systematic method of guessing
solutions so that you'll be likely (and in someasaguaranteed) to get closer and closer to the
true answer. The problem with numerical methodsha& most are not guaranteed to work
without a good enoughitial guess Therefore it is valuable to try a few points uythu get
somewhere close arttien start with the numerical algorithm to get a mocewaate answer.
They are roughly in order from the easiest to ws¢he more difficult but faster-converging
algorithms.



[edit] Rootfinding Algorithms

[edit] Iterative solution

Iterative solutions in their purest form will soltlee desired function so that it is in the form:

Then, a value for x is guessed, and f(x) is catedlaThe new value of x is then re-inserted into
f(x), and the process is repeated until the vafueahanges very little.

The following example illustrates this procedure.
i
A
Example:

Use an iterative solution to calculate the root of

Solution: Solve the equation for x:

First we need to guess an x to get it starteds tst'

Then we have:

Thus to two decimal places the root is . More iterations could be performed to get a
more accurate answer if desired.



This method has some rather severe limitationseds see in this example:
L
=
Example:

Repeat the above but this time solve for x a difieway. What do you find?

Solution: To illustrate the point, let's start with a guess of

The other way to solve for x is the more obviouywa

Clearly, even though we started with a very gooelsguthe solution is diverging!

This example shows thahe success of the iteration method strongly depesdon the
properties of the function on the right-hand side In particular, it has to do with how large the
slope of the function is at the root. If the slapdoo large, the method will not converge, and
even if it is small the method converges slowlyei#ifore it is generally undesirable to use this
method, though some more useful algorithms aredoasét (which is why it is presented here).

[edit] Iterative Solution with Weights

Although the iterative solution method has its déalis, it can be drastically improved through
the use ofiveraging In this method, the function is still solved foim the form:

From the initial guess , the function f(x) is used to generate the seaguess . However,
rather than simply putting into f(x), aweighted averagef and is made:

The term is called thenveight. The most common value of the weight is one-halyhich case
the next value to plug into f(x) is simply the aage of and



This new value is then plugged into f(x), averagéth the result, and this is repeated until
convergence.

The following examples show that this method cogesrfaster and with more reliability than
normal iterative solution.

Example:

Find the root of using the iterative method with a weight of

Solution: Let's start with a guess of 0.5 like last timed &ompare what happens this time
from what happened with normal iteration.

Here, after only three evaluations of the functfaich usually takes the longest time of all
the steps), we have the root to the same accusssvanevaluations with the other method!

The method is not only faster-converging but alswremstable, so that it can actually be used
solving the equation the other way too.
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Example:

Starting with an initial guess of and using and the weighted iteration

method with , find the root of the equation.

Solution: Starting with we have:

Therefore we can (slowly) converge in this caseqishe weighted iteration method to the
solution.

Notice that in this case, if we use regular itematihe result only converged if the equation was
solved in a certain way. Using weighted iteratibms possible to solve it either way and obtain a
solution, but one way is clearly faster than thkeeot However, weighting will accelerate the
algorithm in most cases and is relatively easyrtpléement, so it is a worthwhile method to use.



[edit] Bisection Method

Let us consider an alternative approach to roatfimdConsider a function f(x) = 0 which we

desire to find the roots of. If we let a secondialale , then y will (almost always)
change sign between the left-hand side of the aadtthe right-hand side. This can be seen in

the above picture of , Which changes from negative to the left of thetro to
positive to its right.

The bisection method works by taking the obserwvati@t a function changes sign between two
points, and narrowing the interval in which thensaipange occurs until the root contained within
is tightly enclosed. This only works forantinuousfunction, in which there are no jumps or
holes in the graph, but a large number of commaskd functions are like this including
logarithms (for positive numbers), sine and cosam& polynomials.

As a more formalized explaination, consider a fiomct that changes sign between
and We can narrow the interval by:

Evaluating the function at the midpoint

Determining whether the function changes signsobimeach sub-interval

If the continuous function changes sign in a subriral, that means it contains a root, so
we keep the interval.

4. If the function does not change sign, we discartdhis can potentially cause problems if
there are two roots in the interval,so the bisectieethod is not guaranteed to find ALL
of the roots.

wN e

Though the bisection method is not guaranteednidil roots, itis guaranteed to find at least
one if the original endpoints had opposite signs.

The process above is repeated until you're as e®geu like to the root.

Example:

Find the root of using the bisection method

By plugging in some numbers, we can find that tnecfion changes sign between

and . Therefore, since the function is continuous, éhmust
be at least one root in this interval.

First Interval:
Midpoint:
-y at midpoint: Therefore, the sign changes between
0.5 and 0.75 and does not between 0.75 and 1.



New Interval:
Midpoint:

-y at midpoint:

New Interval:
Midpoint:
.y at midpoint:

We could keep doing this, but since this resuleasy close to the root, lets see if there's a
number smaller than 0.625 which gives a positivecfion value and save ourselves some

time.

- X Value:
.y value:

Hence x lies between 0.5625 and 0.57 (since thetitmchanges sign on this interval).

Note that convergence is slow but steady with thethod. It is useful for refining crude
approximations to something close enough to usaseeif but non-guaranteed method such as

weighted iteration.

[edit] Regula Falsi

The Regula Falsi method is similar the bisectiothom@. You must again start with two x values
between which the function f(x) you want to fincethoot of changes. However, this method
attempts to find a better place than the midpointhe interval to split it.It is based on the
hypothesis that instead of arbitrarily using thelpaint of the interval as a guide, we should do
one extra calculation to try and take into accdbatshapeof the curve. This is done by finding
the secant linbetween two endpoingd using the root of that line as the splittingp

More formally:

Draw or calculate the equation for the line betwdlea two endpoints (a,f(a)) and
(b.f(b)).

Find where this line intersects the x-axis (or wiien0), giving you X = C

Use this x value to evaluate the function, givirog y(c)

The sub-intervals are then treated as in the lseatethod. If the sign changes between
f(a) and f(c), keep the inteval; otherwise, thravaway. Do the same between f(c) and
f(b).

Repeat until you're at a desired accuracy.

Use these two formulas to solve for the secantylirenx + B:



(you can use either

The regula falsi method is guaranteed to convesgerbot, but it may or may not be faster than
the bisection method, depending on how long it sakecalculate the slope of the line and the
shape of the function.

Example:

Find the root of but this time use the regula falsi method.

Solution: Be careful with your bookkeeping with this ongs Imore important to keep track of
y values than it was with bisection, where all vaeed about was the sign of the function, not
it's actual value.

For comparison with bisection, let's choose theesanttial guesses: and , for
which and

First interval:

Secant line:
Root of secant line:

Function value at root:

Notice that in this case, we can discard a MUCHKdainterval than with the bisection method
(which would use as the splitting point)

Second interval:

Secant line:
Root of secant line:

Function value at root:

We come up with practically the exact root aftelydwo iterations!

In some cases, the regula falsi method will takgéw than the bisection method, depending on
the shape of the curve. However, it generally warying for a couple of iterations due to the
drastic speed increases possible.



[edit] Secant Method

[edit] Tangent Method (Newton's Method)

In this method, we attempt to find the root of adtion y = f(x) using thé¢angentlines to
functions. This is similar to the secant method,egx it "cuts loose" from the old point and only
concentrates on the new one, thus hoping to avangd{ups such as the one experienced in the
example.

Since this class assumes students have not takarusa the tangent will be approximated by
finding the equation of a line between two veryselopoints, which are denoted (x) and

. The method works as follows:

1. Chooseoneinitial guess,

2. Evaluate the function f(x) at and at where is a small number.
These yield two points on your (approximate) tandjee.

3. Find the equation for the tangent line using threnfdas given above.

4. Find the root of this line. This is

5. Repeat steps 2-4 until you're as close as youdikke root.

This method isiot guaranteed to convergaunless you start off with a good enough first gues
which is why the guaranteed methods are usefujdoerating one. However, since this method,
when it converges, is much faster than any of thers, it is preferable to use if a suitable guess
is available.

Example:

Find the root of using the tangent method.

Solution: Let's guess for comparison with iteration. Choose
- Tangent line:

- Root of tangent line:

Already we're as accurate as any other method we®e so far after onlyne calculation!

[edit] What is a System of Equations?



A systemof equations is any number of equations with nibas one total unknown, such that
the same unknown must have the same value in e@gergtion. You have probably dealt a great
deal, in the past, withinear systems of equatignfor which many solution methods exist. A
linear system is a system of the form:

Linear Systems

And so on, where the a's and b's are cons|ant.

Any system that is not linear r©onlinear. Nonlinear equations are, generally, far morealift

to solve than linear equations but there are teglas by which some special cases can be solved
for an exact answer. For other cases, there mapaainy solutions (which is even true about
linear systems!), or those solutions may only b&iolble using aumerical methodimilar to
those for single-variable equations. As you mightagine, these will be considerably more
complicated on a multiple-variable system than @ingle equation, so it is recommended that
you use a computer program if the equations geh&sty.

[edit] Solvability

A system issolvableif and only if there are only a finite number olwions. This is, of course,
what you usually want, since you want the reswltsd somewhat predictable of whatever you're
designing.

Here is how you can tell if it wildefinitely be impossible to solve a set of equations, ot if i
merelymaybe impossible.

Solvability of systems

1. If a set of nindependent equations has n unknowns, then the system hasita fi
(possibly 0) number of solutions.

2. If a set of nindependent equations hatess thann unknowns then the system has an
infinite number of solutions.

3. If a set of nindependent or dependentequations hamore thann unknowns then the
system has no solutions.

4. Any dependent equations in a system do not couvdrtds n.

Note that even if a system is solvable it does@amit has solutions, it just means that there's
not an infinite number.



[edit] Methods to Solve Systems

As you may recall there are many ways to solveesystoflinear equations. These include:

Linear Combination: Add multiples of one equation to the others idesrto get rid of
one variable. This is the basis f@aussian eliminatiorwhich is one of the faster
techniques to use with a computer.

Cramer's rule which involves determinants of coefficient matsce

Substitution: Solve one equation for one variable and then tgubes the resulting
expression into all other equations, thus elimitathe variable you solved for.

The last one, substitution, is most useful when lyaue to solve a set @bnlinear equations.
Linear combination can only be employed if the saype of term appears in all equations
(which is unlikely except for a linear system), amawl general analogue for Cramer's rule exists
for nonlinear systems. However, substitution i stjually valid. Let's look at a simple example.

[edit] Example of the Substitution Method for Nonlinear Systems

2

Example:
Solve the following system of equations for X and Y

Solution: We want to employ substitution, so wewstlask:which variable is easier to solve
for?. In this case, X (in the top equation) is eadiesblve for so we do that to obtain:

Substituting into the bottom equation gives:

This can be solved by thmethod of substitutiorn

Let . Plugging this in:



NOTE:
All Ys must be eliminated for this method to beigdalDo something like this when tre
same variable (or set of variables) appéathe same for every tim# it's not in the same:

form every time, i.e. if the equation was something like , then the
method would not simplify your calculations enoughmake it worth doing.

Solving by factoring:

Thus since we obtainfour solutions for Y!

Notice, however, that depending on where this systemefrom, the negative solutions may not
make sense, so think before you continue!

Let's take into account all of them for now. Sime=have Y we can now solve for X:

NOTE:
Again, it may be true that only positive valueskofnake sense If only positive values of X
and Y make sense then the ONLY solution that isamy worth to us is the solution

since results in a negative value for X.

Notice that even a small system like this has gelatumber of solutions and, indeed, some
systems will have an infinite number, such as:

1.
2.

[edit] Numerical Methods to Solve Systems



There are numerical equivalents in multiple vagalibsomeof the methods demonstrated in the
previous section. Many of them in their purest fermmvolve the use of calculus (in fact, the

Taylor method does as well), but as before, theybmreduced to approximate algebraic forms
at the expense of some accuracy.

[edit] Shots in the Dark

If you can solve all of the equations explicitly the same variable (say, y) you can guess all but
one and then compare how different the resultingesof y are in each equation. This method

is entirely brute-force, becaugethere are more than two equations, it is necessato guess

all of the variables but one using this methodand there is no way to tell what the next guess
should be. Trying to guess multiple variables ateofiom thin air gets to be a hastle even with a
computer.

Since there are so many problems with this metidll not be discussed further
[edit] Fixed-point iteration

Again, the multivariate form of fixed-point iterahi is so unstable that it generally can be
assumed that it will not work. Weighted iteratieraiso significantly more difficult.

[edit] Looping method

This is one method thatoeswork, and that is somewhat different from any Brngriable
method. In the looping method technique, it is Bsaey to be able to soleach equation for a
unique variable and then you'll go around in a loop essentiatgrting with an initial guess on
(ideally) asingle variable, say y, and then evaluating all equationsl you return to your
original variable with a new value y'. If the resid not the same as the guess(es) you started
with, you need to make a new guess based otre¢hds in the results

NOTE:

What kind of trends am | talking about? If you havevell-behaved system, an increase iny
will consistently lead to either an increase orardase in y', so you can take advantag2 of
this to see which way you need to adjust your nabguess. DO NOT attempt to use the

value for y' as a new guess!

More specifically, here is an algorithm you can:use

1. Solve all equations for different variable.

2. Make a guess on one variable (or as many as negdssavaluate a second one, if it's
more than one it gets harder though, so it is resentded to use another method)

3. Go through all of the equations until you end upateulating the variable (or all of the
variables) which you had originally guessed. Noteetlier the result is higher or lower
than your guess.

4. Make another guess on the variable(s). Go throngloop again.



5. After these two guesses, we know whether increasirguess will increase or decrease
the recalculated value. Therefore, we can deduathghwe need to increase or decrease
our guess to get a recalculated value equal tgubes.

6. Keep guessing appropriately until the recalculai@de equals the guess.

This technique is often necessary in engineerihguaions because they are based on data, not
on explicit equations for quantities. As we'll seeyever, it can be difficult to get it to converge
and this method isn't that convenient to do by h@hdugh it is the most reliable one to do

realistically). It is great, however, for inputtilguesses into a computer or spreadsheet until it
works.

Example:

Solve this system:

=

First we need to solve one of them for x, let'sad®othe first one:

To start off, we make a guess: y = 0.1 Then froetfitst equation, x = 2.303
Plug this back into the second equation and yasthe out with y' = 0.834. The
recalculated value o high.

Now make a new guess on y: say, y = 0.5. Thistesuk = 0.6931

Plugging back into the second equation gives ¥.3665. The recalculated valueti®
low.

NOTE:

Now we know that increasing the guess decreaseretadculated value y' and vice versa.
Since the second value of y' is too low this meghas we need the guess to be smaller than
0.5; likewise, since the first y' was too high weed it to be greater than 0.1.

Lets now try y = 0.25.
This results in x = 1.386 from the first equatioda’ = 0.326 from the seconfioo high
SO we need to increase our guess.

Let's guessy =0.3



This yields x = 1.204 and thus y' = 0.185, whichois low indicating the guessed value
was too high.

Guess y = 0.28, hence x = 1.273 and y'= 0.241 gliess is therefore still too high.

Guess y = 0.27, hence x = 1.309 and y' = 0.269eftwe we have now converged:

[edit] Looping Method with Spreadsheets

We can do the guessing procedure more easily lyrgmaming it into a spreadsheet. First set up
three rows like so:

A B C
1 yguess x VY
2 =-In(A2) =In(B2)

In B2 we put the first function solved for x, amdC2 we have the second function solved for y.
Now all we need to do is type in guesses in A2luhé value in C2 is the same as our guess (the
spreadsheet will automatically calculate B2 and@23/ou). To make things even easier, put the
line into cell D2. Since we want y' to equal y, just ixggiessing until the value in
D2 is as close to zero as you like.

As a more in-depth example (which would be sigaffity more difficult to do by hand),
consider the system:

13
A
Example:

Solve:

In order for this to work, we only need to solvecleaequation for a unique variable, the
expression need not be explicit! The following wibrk (assuming that X is a positive quantity),
and this will be evident shortly:



Now we need to ask: which variable would be the beguess to start the iteration procedure?
In this case the best answer is T because fromgthess, we can calculate P from equation 3,
then X from equation 2, and finally a new guessidrom equation 1, and use this new value as
a gauge of our old guess.

NOTE:

Generally you want to start the loop with a varatilat allows you to calculate a seccnd
value with only that one guess. Try to algebrajcaibnipulate your equations so that this is
the case before solving, because we want to ausedsgng on multiple variables if at |l
possible.

Lets program this into the spreadsheet:

A B C D
E
1 T guess P X T
T'- T guess
2 =0.1*A2  =sqrt(A2"3 - B2) =(2 *B2/2*C272 - 3*exp(-
C2/A2))/(A2 - 2) =D2 - A2

Once all this is programmed in, you can just inguésses as before, with the eventual result
that:

[edit] Multivariable Newton Method

NOTE:
You may want to skip this section if you don't knbaw to invert matrices, add them, or
multiply them.

There is a multivariate extension Mewton's methodwvhich is highly useful. It converges
quickly, like the single-variable version, with thdewnside that, at least by hand, it is tedious.
However, a computer can be programmed to do this Ntile difficulty, and the method is not
limited only to systems which can be explicitly\sad like the looping method is. In addition,
unlike the looping method, the Newton method witually give you the next set of values to
use as a guess.




The method works as follows:

1. Solve all of the equations for O, i.e. let for all functions F in the system.

2. Guess a value for all variables, and put thetm @ matrix (X). Calculate the value of all
functions F at this guess, and put them intelamnmatrix (F*).

3. We need to find estimates for all {h&rtial derivatives of the function at the guessed values,
which is described later.

4. Construct a matrix (to become the Jacobianplews: make an empty matrix with n rows
and n columns, where n is the number of equationthe number of variables (remember, a
solvable system generally has the same numbernaitiens as variables. Then label the columns
with the names of variables and the rows with thenes of your functions. It should look
something like this:

5. Put the appropriate partial derivative in theelad spot. For example,
put the partial derivative with respect to x1 freumction 1 in the first spot.

6. Once the Jacobian matrix is completely constdictind theinverseof the matrix. There are
multiple computer programs that can do this inalgdhis one(WARNING:Not tested software,
use at your own risk!). Or you can do it by hangati know how.

7. Matrix-multiply the inverse Jacobian with theansposition of F* (), then add the
transposition of X (again, make it a column matrix):

Multivariable Newton Method Formula

8. The result is your next guess. Repeat until eagsnce.

[edit] Estimating Partial Derivatives



You MUST make sure you carry out quite a few detiplaces

& when doing this, because changing the variables lwery smal

. amount may not change the function values too miecheven small
changes are important!

A Partial derivative is, in its most basic sense, the slope of theelaniine of a function with
more than one variable when all variables exceptame held constant. The way to calculate it
is:

1. Calculate one function F at your guess.

2. Increaseonevariable, x, by a very small amount. Leave all other variables constant
3. Recalculate F at the modified guess to give you F'.

The partial derivative of the function F with respto x is then
[edit] Example of Use of Newton Method

Let's go back to our archetypal example:

Step 1 We need to solve each for zero:

Step 2 Lets guess that x = 2.303 and y = 0.1 (it's adgdea to choose guesses that satisfy one
of the equations). Then:

The values of F at this guess are , and hence by definition:

Step 3-5 Now we need to stay organized, so let's introdioree notation:




is the partial derivative of function i with respég variable j.

Lets choose . Then:

The partial derivatives of F2 can be similarly cddted to be and

Therefore, the Jacobian of the system is:

Step 6 Using any method you know how to do, you can came&vith the inverse of the matrix:

Step 7 The transposition of F is simply:

Therefore by doing matrix multiplication you camo® up with the followingnodifying matrix



Therefore, we should subtract 1.3682 from x andIBlfrom y to get the next guess:

Notice how much closer this is to the true answantwhat we started with. However, this
method is generally better suited to a computertda! of the tedious matrix algebra.

Problem:

1. In enzyme kinetics, one common form of a rate imMichaelis-Menten kinetigswhich is
of the form:

where and are constants.

a. Write this equation in a linearized form. What glibyou plot to get a line? What will the
slope be? How about the y-intercept?

b. Given the following data and the linearized forintlee equation, predict the values of

and
[S], M S, M/s
0.02 0.0006
0.05 0.0010
0.08 0.0014
0.20 0.0026
0.30 0.0028
0.50 0.0030
0.80 0.0036
1.40 0.0037
2.00 0.0038

Also, calculate the R value and comment on how dbedit is.

c. Plot the rate expression in its nonlinear formhvilie parameters from part b. What might
represent?



d. Find the value of -rS when [S] is 1.0 M in threays:
1. Plug 1.0 into your expression for -rS with the biggparameters.
2. Perform a linear interpolation between the appaiprpoints nearby.
3. Perform a linear extrapolation from the line betwemints (0.5, 0.0030) and (0.8,
0.0036).

Which is probably the most accurate? Why?

Problem:

2. Find the standard deviation of the following skaditrary data. Write the data in
form. Are the data very precise?

1.01 1.00 0.86 0.93 0.95
1.1 1.04 1.02 1.08 1.12
0.97 0.93 0.92 0.89 1.15

Which data points are most likely to be erronedds® can you tell?

Problem:

3. Solve the following equations for x using one loé rootfinding methods discussed earlier.
Note that some equations have multiple real saistithe number of solutions is written next
to the equation)

a. (2 solutions). Use the quadratic formula to cheokirytechnique
before moving on to the next problems.

b. (1 solution)

C. (1 solution)

d. (2 solutions)



[edit] Appendix 2: Problem Solving using
Computers

[edit] Introduction to Spreadsheets

This tutorial probably works with other spreadskeétuch asw:open officg with minor
modifications.

A spreadsheetsuch as Excel is a program that lets you analyademately large amounts of
data by placing each data point ircell and then performing the same operation on gro@ips o
cells at once. One of the nice things about spresads is that data input and manipulation is
relatively intuitive and hence easier than doing siame tasks in a programming language like
MATLAB (discussed next). This section shows howdtbsome of these manipulations so that
you don't have to by hand.

[edit] Anatomy of a spreadsheet

A spreadsheet has a number of parts that you steuldmiliar with. When you first open up the
spreadsheet program, you will see something tlukisldike this (the image is from the German
version of open office)

First off, notice that the entire page is splitinp boxes, and each one is labelBdws are
labeled with numbers and columns with lett&lso, try typing something in, and notice thag th



box above the spreadsheet (to the right of ) will change automatically as you type. When
you're just putting in numbers, thisfo box will just have the same number in there. But when
you're putting in formulas, the cell will displalyet value calculated from the formula, while the
info box will display what the formula was.

[edit] Inputting and Manipulating Data in Excel

The first step in any spreadsheet analysis isgatithe raw data you want to analyze. It is most
effective if you put it in columns, with one colurfor each variable. It lets you see more data at
once, and it also is less limited because the maximumber of rows is much larger than the
maximum number of columns.

It is good practice to use the first row for thenas of the variables, and the remaining for the
data points. Make sure you include units. In thastien, the following data will be used as
illustration:

A B
1 t(min) D (yards)
2 1.1 559.5
3 1.9 759.5
4 3.0 898.2
5 3.8 1116.3
6 5.3 1308.7

[edit] Using formulas

In order to tell the spreadsheet that you wants® a formula rather than just enter a number,
you have to start the entry with an equal sign ¥Ju can then use combinations of decimal
values ancell designations A cell designation is simply the column lettelidaved by the row
number containing the value you wish to manipul&a. example, if you wanted to find the
product of the distance traveled and the time spawmeéling, you could put in the formula:

= A2*B2

into any empty cell and it would give you the ansvigom here out it will be assumed that this
value is in cell C2. You should label the columithathe type of calculation you're performing.

[edit] Performing Operations on Groups of Cells

The question may arise: why not just put in the bera themselves instead of referencing the
cell? There are two major reasons for this:

1. If you change the value in the referenced cell, uhkeie calculated in the formula will
automatically change.
2. The built-indragging capability of most spreadsheets.



The dragging capability is a simple concept. If y@ave put a formula into a spreadsheet, you
can have itopiedto any number of cells you want. To do this, dsetbe cell with the formula
and bring the mouse pointer to its lower-right haondher. You should see a darkcon:

Info Bar = A2*B2
A B C
1 t(min) D (yards)
2 1.1 559.5 | 625.45 |
3 1.9 759.5 - +
4 3.0 898.2
5 3.8 1116.3
6 5.3 1308.7

Click on the + and drag it dowifihis will cause the formulas to change according thow you
drag the box. In this case, if you drag it down to row 6, thaegalsheet will produce the
following:

A B C
1 t(min) D (yards) t*D
211 559.5 615.45
319 759.5 1443.05
4 3.0 898.2 2694.6
5 3.8 1116.3 4241.94
6 5.3 1308.7 6936.11

If you click on the last value in column C (6936).1e info bar will display:
=A6*B6

This is very useful for performing the same operai on multiple sets of data at once; rather
than having to do the multiplication 5 separateeSrhere, we just do it once and drag down the
box.

[edit] Special Functions in Excel

In order to do many mathematical operations in E¢@meat least the easiest way), it is necessary
to usefunctions(not to be confused with formulas). A functionsisnply an implementation
someone already wrote for the mathematical operasio all you have to do is know how to tell
it to do the operation and where to put it whendbne. In excel, you can call a function named
"function” by typing the following into a cell:

=function(inputs)

The function will then execute, and the cell comtag the call will display the answer. The
necessary inputs are sometimes numbers but are afterethe cell addresses. For example, in
the data above, say you wanted to take the expahé¢nt) of all the time points in column A,
and place the result in column D. The functiondgponential ixp, and it can only accept one
input at a time, but due to the dragging capabditiexcel this will not matter much, you can just



call it once and then drag the ca#l you would with any formula containing cell adssies So to
do this you would type into cell D2:

=exp(A2)

Hit enter, then click the + in the bottom right atidhg the cell down. You should end up with
something like this after labeling the D column aggpiately:

A B C D

t (min) D(yards) t*D e

1.1 559.5 615.45 3.004166024
1.9 759.5 1443.05 6.685894442
3 898.2 2694.6 20.08553692
3.8 1116.3 4241.94 44.70118449
5.3 1308.7 6936.11 200.33681

OO, WNPE

All excel functions output only one value at a tintgough some can accept multiple cells at a
time as input (mostly statistical functions).

Following is a brief synopsis of the functions dahle. For a complete list, see the help files for
your spreadsheet, as the availability of each fananay vary depending on which one you are
using. CELL signifies either the row/column desigma of the cell you want to pass to the
function as input, or some numerical value you emanually.

[edit] Mathematics Functions

Generally these only take one input at a time.

abs(CELL):  Absolute value of CELL

sqrt(CELL): Square root  of CELL [to do nth roots, use CELL”(1/n)]
In(CELL): Natural log of CELL

log10(CELL): Log of CELL to base 10

log(CELL, NUM): Log of CELL to the base NUM (use fo r all bases except e and

10)

exp(CELL):  Exponential (e”x) of CELL. Use since Excel doesn't have a built -in
constant "e".

sin(CELL), cos(CELL), tan(CELL): Trigonometric functions sine, cosine, and
tangent of CELL. CELL must be in radians

asin(CELL), acos(CELL), atan(CELL): Inverse trigonometric functions (returns
values in radians )

sinh(CELL), cosh(CELL), tanh(CELL): Hyperbolic functions

asinh(CELL), acosh(CELL), atanh(CELL): Inverse hype rbolic functions

[edit] Solving Equations in Spreadsheets: Goal Seek

Excel and possibly other spreadsheets have a w&fyluool calledyoalseekwhich allows the
user to solve single-variable equations (and camskee as an aid in guess-and-check for systems
of algebraic equations). Let's suppose for the gaep of this tutorial that you wish to find a
solution to the equation:



In order to set up the problem in Goalseek, itasassary to define a cell for the variable you
want to change (X) and a cell for the function yeaant to evaluate.

NOTE:

Goalseek willonly work if you tell it to evaluate some function untilréaches @onstant
value You cannot tell it to equal something that caange, so for example you cannot 10
something like this:

because neither side is a constant. The easiestaveayd this is generally to solve the
function for zero and then use that as the evalgdtinction.

Here, we could set up the cells as follows:

A B
1 X f(X)
2 -1 =A23+25A272- A2 + 1

To solve this one, go to

Tools > Goalseek...

It'll give you three boxes: "Set Cell", "To Valuednd "By Changing Cell". Since we want the
value in cell B2 to equal 0, enter B2 into the "Setl" box and 0 into the "To Value" box. Since

cell B2 depends on cell A2, we want to change Athatd B2 equals 0. Hence, the "By Changing
Cell" box should contain A2. Put that in and clitRK", and Goalseek will converge to an

answer:

A B
1 X f(X)
2 -2.54683 -0.00013

Notice thatthe success of the goalseek depends on what yital guess waslf you try to put
in an initial guess of 0 in this example (instedd1), goalseek will diverge. It will tell you so,
saying "Goal Seeking with Cell B2 May Not have FounSolution”. However, the algorithm is
generally fairly robust so it shouldn't take toormpg@uesses to obtain convergence.

NOTE:
You can only enteone cellinto each of the "Set Cell* and "By Changing Céltixes, and
the value in "To Value" must be a constant



[edit] Graphing Data in Excel

In Excel, there are a variety of ways to graphda& you have inserted, such as bar graphs, pie
charts, and many others. The most commonly-useayiexperience is thgecatterplot, which is

the name Excel uses for the typical x-y "line graplot that you probably think of first when
you think of a graph.

[edit] Scatterplots

Scatterplots can be made relating any one indepéndegiable to any number of dependent
variables, though if you try to graph too many itl et crowded and hard to read. Excel will
automatically give each different dependent vaaabldifferent color and a different shape, so
that you can distinguish between them. You can a#soe each "series" of data differently and
Excel will automatically set up a legend for you.

This is how to make a scatterplot:

Put the data into columns just like it was givenhe problem statement.

Now we need to set up the graph. Go to:

Select "XY (scatter)" and click "next".

Click the "series" tab (on top). If there are amyies present, remove them with the
remove button (since it usually guesses wrong wbatwant to graph).

Pobd PR

Now we can add a series for each dependent vamabigant to graph as follows:

Click "add".

2. Next to "X values" click the funky arrow symbol tize right of the text box. A small box
will pop up.

3. Click on the first value for thendependent variabland drag the mouse down to the last
value. Click the funky symbol again to bring yowck#o the main window.

4. Do the same thing with the "Y values" but this tiggas want to select the values of the
dependent variable

5. Click next, and give the graph a title and lab&lgu want. Then click next and "finish"

to generate your graph.

=

[edit] Performing Regressions of the Data from a Scattefot

Once you have a scatterplot of your data, you canoie of several types of regression:
logarithmic, exponential, polynomial (up to 6th deg), linear, or moving-average. Excel will
plot the regression curve against your data autcaiBt and (except for moving average) you
can tell it to give you an equation for the curVe.do this:

1. Right click on one of the data points (it doesrett@r which). Click "add trendline..."
2. A new window will come up, asking you for the typkregression. Choose the type of
regression you want to use.



3. Click on the "options" tab, and check the "Dispkguation on Chart" box (and, if you
want, the "Display R-squared value on Chart" b&tick OK.

If you chose a "linear" regression with the sangdé above, the equation andvalue appear

on the graph as . Note Excel displays rather than
R (so that we don't need to worry about negativeusitive values); if you want R just take the
square root, which is 0.9921 as we calculatederstittion on linear regressions.

[edit] Further resources for Spreadsheets

Excel and other spreadsheets can do far more thaat 18 described here. For additional
information, se&xcel w:Excel or the help files for the program you are using.




[edit] Graphing Data in MATLAB

[edit] Polynomial Regressions

MATLAB is able to do regressions up to very large polymbrorders, using the "polyfit"
function. The syntax for this function is:

polyfit(XDATA, YDATA, Order)

The x data and y data must be in the fornaméys which for the purposes of this application
are simply comma-separated lists separated by étsackor example, suppose you want to
perform the same linear regression that had bedorped in the "linear regression” section.
The first step is to define the two variables:

>> XDATA =[1.1,1.9,3.0,3.8,5.3];
>> YDATA = [559.5,759.4,898.2,1116.3,1308.7];

Then just call polyfit with order '1' since we wanlinear regression.

>> polyfit(XDATA, YDATA, 1)
ans = 1.0e+002 *
1.77876628209900 3.91232582806103

The way to interpret this answer is that the fmsinber is the slope of the line (1.778*1072) and
the second is the y-intercept (3.912*10"2).



[edit] Appendix 3: Miscellaneous Useful
Information

[edit] What is a "Unit Operation"?

A unit operation is any part of potentially multiple-step proceskiak can be considered to
have a single function. Examples of unit operatioctude:

Separation Processes
Purification Processes
Mixing Processes

Reaction Processes

Power Generation Processes
Heat Exchangers

In general the ductwork between the processestigxmicitly included, though a single pipe
can be analyzed for purposes of determining fictass, heat losses, pressure drop, and so on.

Large processes are broken into unit operatiomsdar to make them easier to analyze. The key
thing to remember about them is tlla¢é conservation laws apply not only to the pro@Ess
whole but also to each individual unit operation

The purpose of this section is not to show howedsigh these operations (that's a whole other
course) but to give a general idea of how they work

[edit] Separation Processes

There are a large number of types of separatiooesses, including distillation, extraction,
absorption, membrane filtration, and so on. Eacthese can also be used for purification, to
varying degrees.

[edit] Distillation

Distillation is a process which is generally usedseparate a mixture of two or more liquids
based on their boiling points. The idea is thatrtheture is fed into a column and is heated up
until it starts to boil. When a solution boils, thesulting gas istill a mixture, but the gaseous
mixture will in general have more of the lower-lmg compound than the higher-boiling
compound. Therefore, the higher-boiling compound ba separated from the lower-boiling
compound.

Two examples of distillation processes are petrolelistillation and the production of alcoholic
beverages. In the first case, oil is separated itstonany components, with the lightest on the



bottom and the heaviest on top. In the latter, dhs is enriched in ethanol, which is later
recondensed.

Distillation has a limit, however: nonideal mixtgrean formazeotropes An azeotrope is a point
at which when the solution boils, the vapor hassdmme composition as the liquid. Therefore no
further separation can be done without another ogketin without using some special tricks.

[edit] Gravitational Separation

Gravitational separation takes advantage of thd-kmelwn effect of density differences
something that is less dense will float on someghiinat is more dense. Therefore, if two
immiscible liquids have significantly different dgnes, they can be separated by simply letting
them settle, then draining the denser liquid o biottom. Note that the key word here is
immiscible if the liquids are soluble in each other, thersitmpossible to separate them by this
method.

This method can also be used to separate out dotiosa liquid mixture, but again the solids
must not be soluble in the liquid (or must be ed@sible than they are as present in the solution).

[edit] Extraction

Extraction is the general practice of taking sonmgtldissolved in one liquid and forcing it to
become dissolved in another liquid. This is donedbkyng advantage of ttrelative solubility of

a compound between two liquids. For example, aadfenust be extracted from coffee beans or
tea leaves in order to be used in beverages suabffee or soda. The common method for doing
this is to usesupercritical carbon dioxidewhich is able to dissolve caffeine as if it warkquid.
Then, in order to take the caffeine out, the terajpee is lowered (lowering the "solubility” in
carbon dioxide) and water is injected. The systerthen allowed to reach equilibrium. Since
caffeine is more soluble in water than it is inbmar dioxide, the majority of it goes into the
water.

Extraction is also used for purification, if soma&ution is contaminated with a pollutant, the
pollutant can be extracted with another, cleanastteEven if it is not very soluble, it will still
extractsomeof the pollutant.

Another type of extraction iacid-base extractionwhich is useful for moving a basic or acidic

compound from a polar solvent (such as water)rorgolar one. Often, the ionized form of the

acid or base is soluble in a polar solvent, butribie-ionized form is not as soluble. The reverse
is true for the non-ionized form. Therefore, in @rdo manipulate where the majority of the

compound will end up, we alter the pH of the salntby adding acid or base.

For example, suppose you wanted to extract Fluqidefrom water into benzene. First, you
would addacid, because when a strong acid is added to the @olittundergoes the following
reaction with fluoride, which is practically irrenggble:



The hydrogen fluoride is more soluble in benzeran thuoride itself, so it would move into the
benzene. The benzene and water fluoride solutionddcthen be separated by density since
they're immiscible.

The termabsorption is a generalization of extraction that can invotiiferent phases (gas-
liquid instead of liquid-liquid). However, the ideare still the same.

[edit] Membrane Filtration

A membrane is any barrier which allows one substancpass through it more than another.
There are two general types of membrane separdbmse which separate based ondize of
the moleculesand those which separate basedlifusivity .

An example of the first type of membrane separetgiour everyday vacuum cleaner. Vacuum
cleaners work by taking in air laden with dust frgour carpet. A filter inside the vacuum then
traps the dust particles (which are relatively égrgnd allows the air to pass through it (since air
particles are relatively small). A larger-scale igen that works on the same principle is called
afabric filter or "Baghouse", which is used in air pollution gohbr other applications where a
solid must be removed from a gas.

Some fancy membranes exist which are able to sephyalrogen from a gaseous mixture by
size. These membranes have very small pores whiolv &dydrogen (the smallest possible
molecule, by molecular weight) to pass through dgvection, but other molecules cannot pass
through the pores and must resort to diffusion ¢whs comparatively slow). Hence a purified
hydrogen mixture results on the other side.

Membranes can separate substances by their ditfusis well, for example water may diffuse
through a certain type of filter faster than etHaso if such a filter existed it could be used to
enrich the original solution with ethanol.

[edit] Reaction Processes

[edit] Plug flow reactors (PFRs) and Packed Bed Reacto(PBRS)

A plug flow reactor is a (idealized) reactor in which the reactingdlfiows through a tube at a
rapid pace, but without the formation of eddiesrabteristic of rapid flow. Plug flow reactors
tend to be relatively easy to construct (they'isensally pipes) but are problematic in reactions
which work better when reactants (or products!)dage.

Plug flow reactors can be combined with membrapars¢ors in order to increase the yield of a
reactor. The products are selectively pulled outhe&f reactor as they are made so that the
equilibrium in the reactor itself continues to shifwards making more product.

A packed bed reactor is essentially a plug flowcteapacked with catalyst beads. They are used
if, like the majority of reactions in industry, threaction requires a catalyst to significantly
progress at a reasonable temperature.



[edit] Continuous Stirred-Tank Reactors (CSTRs) and Flulized Bed Reactors
(FBs)

A continuous stirred-tank reactor is an idealized reactor in which the reactantsdameped in

one large tank, allowed to react, and then theymtsd(and unused reactants) are released out of
the bottom. In this way the reactants are keptively dilute, so the temperatures in the reactor
are generally lower. This also can have advantagetisadvantages for the selectivity of the
reaction, depending on whether the desired readitaster or slower than the undesired one.

CSTRs are generally more useful for liquid-phasetions than PFRs since less transport power
is required. However, gas-phase reactions are hardentrol in a CSTR.

A fluidized bed reactor is, in essence, a CSTR which has been filled wattalyst. The same
analogy holds between an FB and CSTR as does be&aveER and a PBR.

[edit] Bioreactors

A bioreactor is a reactor that utilizes either a living orgamisr one or more enzymes from a
living organism to accomplish a certain chemicaingformation. Bioreactors can be either
CSTRs (in which case they are knowrchemostat$ or PFRs.

Certain characteristics of a bioreactor must beemiwhtly controlled than they must be in a
normal CSTR or PFR because cellular enzymes ane camplex and have relatively narrow
ranges of optimum activity. These include, butr@selimited to:

1. Choice of organism. This is similar to the choi€éeatalyst for an inorganic reaction.

2. Strain of the organism. Unlike normal catalysts, orgarsisare very highly manipulable
to produce more of what you're after and less béoproducts. However, also unlike
normal catalysts, they generally require a lot ofkmMo get any significant production at
all.

3. Choice of substrate. Many organisms can utilize yndififerent carbon sources, for
example, but may only produce what you want frora ohthem.

4. Concentration of substrate and aeration. Two intripieffects exist which could prevent
you from getting the product you're after. Too mgabstrate leads to tlygucose effect
in which an organism will ferment regardless of #iesupply, while too much air will
lead to thepasteur effectand a lack of fermentation.

5. pH and temperature: Bacterial enzymes tend to hanvarrow range of optimal pH and
temperatures, so these must be carefully controlled

However, bioreactors have several distinct advasta@ne of them is that enzymes tend to be
stereospecific, so for example you don't get usdlesorbose in the production of vitamin C, but
you get L-sorbose, which is the active form. Iniidd, very high production capacities are
possible after enough mutations have been induéeally, substances which have not been
made artificially or which would be very difficulo make artificially (like most antibiotics) can
be made relatively easily by a living organism.



[edit] Heat Exchangers

In general, deat exchangeris a device which is used to facilitate the exdeaof heat between
two mixtures, from the hotter one to the cooler.ddeat exchangers very often involve steam
because steam is very good at carrying heat byemiow, and it also has a high heat capacity so
it won't change temperature as much as anotherimngpfluid would. In addition, though steam
can be expensive to produce, it is likely to bes lespensive than other working fluids since it
comes from water.

[edit] Tubular Heat Exchangers

A tubular heat exchangeris essentially a jacket around a pipe. The worlkiuaigl (often steam)
enters the jacket on one side of the heat exchargkleaves on the other side. Inside the pipe is
the mixture which you want to heat or cool. Headxshanged through the walls of the device in
accordance to the second law of thermodynamicssiwitgquires that heat flow from higher to
lower temperatures. Therefore, if it is desireadol off the fluid in the pipe, the working fluid
must be cooler than the fluid in the pipe.

Tubular heat exchangers can be set up in two waysurrent or counter-current. In a co-
current setup, the working fluid and the fluid imetpipe enter on the same side of the heat
exchanger. This setup is somewhat inefficient beeas heat is exchanged, the temperature of
the working fluid will approach that of the fluich ithe pipe. The closer the two temperatures
become, the less heat can be exchanged. Worbe, i€mperatures become equal somewhere in
the middle of the heat exchanger, the remainingtlers wasted because the two fluids are at
thermal equilibrium (no heat is released).

To help counteract these effects, one can use @@ocurrent setup, in which the working fluid
enters the heat exchanger on one end and theifiuige pipe enters at thether end As an
explanation for why this is more efficient, suppdisat the working fluid is hotter than the fluid
in the pipe, so that the fluid in the pipe is hdatg. The fluid in the pipe will be at its highest
temperature when it exits the heat exchanger, taitd eoolest when it enter§he working fluid
will follow the same trentbecause it cools off as it travels the lengthhef éxchanger. Because
it's counter-current, though, the fact that thekiarag fluid cools off has less of an effect because
it's exchanging heat with cooler, rather than warrheids in the pipe.



[edit] Appendix 4. Notation
[edit] A Note on Notation

[edit] Base Notation (in alphabetical order)

: Molarity of species i in stream n
A: Area
m: mass
MW: Molecular Weight (Molar Mass)
n: moles
N: Number of components
x: Mass fraction
y: Mole fraction
v: velocity
V: Volume

[edit] Greek

: Density
1 Sum

[edit] Subscripts

If a particular component (rather than an arbiti@mg) is considered, a specific letter is assigned
to it:

[A] is the molarity of A
is the mass fraction of A

Similarly, referring to a specific stream (rathbam any old stream you want), each is given a
different number.

is the molar flowrate in stream 1.
is the molar flow rate of component A in stream 1.

Special subscripts:

If A is some value denoting a property ofabitrary component stream, the letter i signifies the
arbitrarycomponenaind the letter n signifies an arbitratyeam i.e.

is a property ostreamn. Note is the molar flow rate of stream n.
is a property oEomponent.



The subscript "gen" signifies generation of someghnside the system.

[edit] Embellishments

If A is some value denoting a property then:
denotes thaverageproperty in stream n
denotes #otal flow ratein steam n
denotes the flow rate of component i in stream n.
indicates a data point in a set.

[edit] Units Section/Dimensional Analysis

In the units section, the generic variables L, tsimand A are used to demonstrate dimensional
analysis. In order to avoid confusing dimensionghwinits (for example the unit m, meters, is a
unit of length, not mass), if this notation is ® Wsed, use thenit equivalenceharacter rather
than a standard equal sign.

[edit] Appendix 5: Further Reading

Chapra, S. and Canale, R. 20B2imerical Methods for Engineeréth ed. New York: McGraw-
Hill.

Felder, R.M. and Rousseau, R.W. 20B&mentary Principles of Chemical Processésl ed.
New York: John Wiley & Sons.

Masterton, W. and Hurley, C. 200Chemistry Principles and Reactignéth ed. New York:
Harcourt.

Perry, R.H. and Green, D. 198Rerry's Chemical Engineers Handbodikh ed. New York:
McGraw-Hill.

Windholzet al 1976.The Merck Index9th ed. New Jersey: Merck.

General ChemistryFor a more in-depth analysis of general chemistry

Matlabr For more information on how to use MATLAB to selproblems.



Numerical MethodsFor more details on the rootfinding module ankeotfun math (warning:
it's written at a fairly advanced level)

[edit] Appendix 6: External Links

Data Tables

Unit conversion table (Wikipedia)

Enthalpies of Formation (Wikipedia)

Periodic Table (Los Alamos National Laboratory)

Chemical Sciences Data Tahleblas a fair amount of useful data, including arlyai
comprehensive List of Standard Entropies, and Gihsrgies at 250C (also a list for ions), a
chart with molar masses of the elements, acid iguin constants, solubility products, and
electric potentials. Definitely one to check out.

NIST properties You can look up properties of many common suligtanincluding water,
many light hydrocarbons, and many gases. Dataablaican include density, enthalpy, entropy,
Pitzer accentric factor, surface tension, Joulerijp®on coefficients, and several other variables
depending on the substance and conditions selettedee the data in tabular form, once you
enter the temperature and pressure ranges you wl&k, "view table" and then select the
property you want from the pull-down menu. It'll ou acceptable ranges.

[edit] Appendix 7: License

Version 1.2, November 2002

Copyright (C) 2000,2001,2002 Free Software Foundat ion, Inc.
51 Franklin St, Fifth Floor, Boston, MA 02110-1301 USA
Everyone is permitted to copy and distribute verbat im copies
of this license document, but changing it is not al lowed.

[edit] 0. PREAMBLE

The purpose of this License is to make a manuatbo®k, or other functional and useful
document "free" in the sense of freedom: to assuegyone the effective freedom to copy and
redistribute it, with or without modifying it, ein commercially or noncommercially.
Secondarily, this License preserves for the audmat publisher a way to get credit for their
work, while not being considered responsible fodifications made by others.



This License is a kind of "copyleft", which meamhsi derivative works of the document must
themselves be free in the same sense. It complerttenGNU General Public License, which is
a copyleft license designed for free software.

We have designed this License in order to useritnfanuals for free software, because free
software needs free documentation: a free progtaould come with manuals providing the

same freedoms that the software does. But thimkeés not limited to software manuals; it can
be used for any textual work, regardless of subjeatter or whether it is published as a printed
book. We recommend this License principally for k&mwhose purpose is instruction or

reference.

[edit] 1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other wankany medium, that contains a notice placed
by the copyright holder saying it can be distribbteder the terms of this License. Such a notice
grants a world-wide, royalty-free license, unlimditen duration, to use that work under the
conditions stated herein. The "Document”, belowerseto any such manual or work. Any
member of the public is a licensee, and is adddeaséyou”. You accept the license if you copy,
modify or distribute the work in a way requiringrpegssion under copyright law.

A "Modified Version" of the Document means any wadntaining the Document or a portion
of it, either copied verbatim, or with modificat®and/or translated into another language.

A "Secondary Section" is a named appendix or atfnoaiter section of the Document that deals
exclusively with the relationship of the publishersauthors of the Document to the Document'’s
overall subject (or to related matters) and costaiothing that could fall directly within that
overall subject. (Thus, if the Document is in patextbook of mathematics, a Secondary Section
may not explain any mathematics.) The relationgloipld be a matter of historical connection
with the subject or with related matters, or ofdegcommercial, philosophical, ethical or
political position regarding them.

The "Invariant Sections" are certain Secondary iGestwhose titles are designated, as being
those of Invariant Sections, in the notice thatssthat the Document is released under this
License. If a section does not fit the above definiof Secondary then it is not allowed to be

designated as Invariant. The Document may contain invariant Sections. If the Document

does not identify any Invariant Sections then tregsenone.

The "Cover Texts" are certain short passages dfttet are listed, as Front-Cover Texts or
Back-Cover Texts, in the notice that says thatDieeument is released under this License. A
Front-Cover Text may be at most 5 words, and a Baaker Text may be at most 25 words.

A "Transparent" copy of the Document means a macheadable copy, represented in a format
whose specification is available to the generalliputhat is suitable for revising the document
straightforwardly with generic text editors or (fanages composed of pixels) generic paint
programs or (for drawings) some widely availablavdng editor, and that is suitable for input to
text formatters or for automatic translation to ariety of formats suitable for input to text



formatters. A copy made in an otherwise Transpalienformat whose markup, or absence of
markup, has been arranged to thwart or discourageseguent modification by readers is not
Transparent. An image format is not Transpareniséd for any substantial amount of text. A
copy that is not "Transparent” is called "Opaque".

Examples of suitable formats for Transparent copnetude plain ASCIl without markup,
Texinfo input format, LaTeX input format, SGML oMK using a publicly available DTD, and
standard-conforming simple HTML, PostScript or P@Esigned for human modification.
Examples of transparent image formats include PXGE and JPG. Opaque formats include
proprietary formats that can be read and editegl bylproprietary word processors, SGML or
XML for which the DTD and/or processing tools am@ generally available, and the machine-
generated HTML, PostScript or PDF produced by sewoed processors for output purposes
only.

The "Title Page" means, for a printed book, tHe pige itself, plus such following pages as are
needed to hold, legibly, the material this Licersguires to appear in the title page. For works in
formats which do not have any title page as sutitle" Page"” means the text near the most
prominent appearance of the work's title, precetliegoeginning of the body of the text.

A section "Entitled XYZ" means a named subunitr@f Document whose title either is precisely
XYZ or contains XYZ in parentheses following tekiat translates XYZ in another language.
(Here XYZ stands for a specific section name memtibbelow, such as "Acknowledgements”,
"Dedications”, "Endorsements”, or "History".) ToréBerve the Title" of such a section when
you modify the Document means that it remains di@ecCEntitled XYZ" according to this
definition.

The Document may include Warranty Disclaimers ntxthe notice which states that this
License applies to the Document. These Warrantgl&isers are considered to be included by
reference in this License, but only as regardslaiseng warranties: any other implication that
these Warranty Disclaimers may have is void andhieasffect on the meaning of this License.

[edit] 2. VERBATIM COPYING

You may copy and distribute the Document in any iomag either commercially or
noncommercially, provided that this License, thpyemht notices, and the license notice saying
this License applies to the Document are reproduceall copies, and that you add no other
conditions whatsoever to those of this License. Y@y not use technical measures to obstruct
or control the reading or further copying of theies you make or distribute. However, you may
accept compensation in exchange for copies. Ifdistribute a large enough number of copies
you must also follow the conditions in section 3.

You may also lend copies, under the same condistated above, and you may publicly display
copies.

[edit] 3. COPYING IN QUANTITY



If you publish printed copies (or copies in medmattcommonly have printed covers) of the
Document, numbering more than 100, and the Documbcense notice requires Cover Texts,
you must enclose the copies in covers that categrly and legibly, all these Cover Texts:

Front-Cover Texts on the front cover, and Back-Colexts on the back cover. Both covers
must also clearly and legibly identify you as thélsher of these copies. The front cover must
present the full title with all words of the titegjually prominent and visible. You may add other
material on the covers in addition. Copying witlaeges limited to the covers, as long as they
preserve the title of the Document and satisfy éhesnditions, can be treated as verbatim
copying in other respects.

If the required texts for either cover are too woilnious to fit legibly, you should put the first
ones listed (as many as fit reasonably) on theaacitwver, and continue the rest onto adjacent
pages.

If you publish or distribute Opaque copies of thecDment numbering more than 100, you must
either include a machine-readable Transparent etgyg with each Opaque copy, or state in or
with each Opaque copy a computer-network locatimmfwhich the general network-using
public has access to download using public-standatadiork protocols a complete Transparent
copy of the Document, free of added material. Ifi yose the latter option, you must take
reasonably prudent steps, when you begin distohubf Opaque copies in quantity, to ensure
that this Transparent copy will remain thus acddssat the stated location until at least one year
after the last time you distribute an Opaque cajne¢tly or through your agents or retailers) of
that edition to the public.

It is requested, but not required, that you conthet authors of the Document well before
redistributing any large number of copies, to givem a chance to provide you with an updated
version of the Document.

[edit] 4. MODIFICATIONS

You may copy and distribute a Modified Version bktDocument under the conditions of
sections 2 and 3 above, provided that you relelaseModified Version under precisely this
License, with the Modified Version filling the roldf the Document, thus licensing distribution
and modification of the Modified Version to whoeyasssesses a copy of it. In addition, you
must do these things in the Modified Version:

A. Use in the Title Page (and on the covers, if amyjtle distinct from that of the
Document, and from those of previous versions (Wwrshould, if there were any, be
listed in the History section of the Document). Yioay use the same title as a previous
version if the original publisher of that versiones permission.

B. List on the Title Page, as authors, one or momsgmes or entities responsible for
authorship of the modifications in the Modified ¥&m, together with at least five of the
principal authors of the Document (all of its prpad authors, if it has fewer than five),
unless they release you from this requirement.

C. State on the Title page the name of the publisiieghe Modified Version, as the
publisher.



D. Preserve all the copyright notices of the Document

E. Add an appropriate copyright notice for your mamifions adjacent to the other
copyright notices.

F. Include, immediately after the copyright noticaslicense notice giving the public
permission to use the Modified Version under thenge of this License, in the form
shown in the Addendum below.

G. Preserve in that license notice the full listdrofariant Sections and required Cover
Texts given in the Document's license notice.

H. Include an unaltered copy of this License.

|. Preserve the section Entitled "History", Presetsditle, and add to it an item stating
at least the title, year, new authors, and publishée Modified Version as given on the
Title Page. If there is no section Entitled "Hisgtom the Document, create one stating
the title, year, authors, and publisher of the Doent as given on its Title Page, then add
an item describing the Modified Version as statethe previous sentence.

J. Preserve the network location, if any, given ie ocument for public access to a
Transparent copy of the Document, and likewise thavork locations given in the
Document for previous versions it was based ons&hmay be placed in the "History"
section. You may omit a network location for a wahlat was published at least four
years before the Document itself, or if the origipablisher of the version it refers to
gives permission.

K. For any section Entitled "Acknowledgements" or didations"”, Preserve the Title of
the section, and preserve in the section all thestamce and tone of each of the
contributor acknowledgements and/or dedicationsrgiherein.

L. Preserve all the Invariant Sections of the Documamaltered in their text and in their
titles. Section numbers or the equivalent are nosered part of the section titles.

M. Delete any section Entitled "Endorsements”. Susecion may not be included in
the Modified Version.

N. Do not retitle any existing section to be Entitlé&chdorsements" or to conflict in title
with any Invariant Section.

O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matteections or appendices that qualify as
Secondary Sections and contain no material copad the Document, you may at your option
designate some or all of these sections as invarfando this, add their titles to the list of

Invariant Sections in the Modified Version's licemtice. These titles must be distinct from any
other section titles.

You may add a section Entitled "Endorsements”, idiexy/ it contains nothing but endorsements
of your Modified Version by various parties--forample, statements of peer review or that the
text has been approved by an organization as tiem@tative definition of a standard.

You may add a passage of up to five words as atf@owmer Text, and a passage of up to 25
words as a Back-Cover Text, to the end of theolistover Texts in the Modified Version. Only

one passage of Front-Cover Text and one of BacleCdext may be added by (or through
arrangements made by) any one entity. If the Doctiraéready includes a cover text for the
same cover, previously added by you or by arrangemade by the same entity you are acting



on behalf of, you may not add another; but you megjace the old one, on explicit permission
from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document dlbhy this License give permission to use
their names for publicity for or to assert or implydorsement of any Modified Version.

[edit] 5. COMBINING DOCUMENTS

You may combine the Document with other documeeksased under this License, under the
terms defined in section 4 above for modified wars| provided that you include in the

combination all of the Invariant Sections of alltbe original documents, unmodified, and list
them all as Invariant Sections of your combinedknarits license notice, and that you preserve
all their Warranty Disclaimers.

The combined work need only contain one copy of theense, and multiple identical Invariant
Sections may be replaced with a single copy. Ifehare multiple Invariant Sections with the
same name but different contents, make the titeach such section unique by adding at the end
of it, in parentheses, the name of the originahaubr publisher of that section if known, or else
a unique number. Make the same adjustment to ttesditles in the list of Invariant Sections
in the license notice of the combined work.

In the combination, you must combine any sectionstled "History" in the various original
documents, forming one section Entitled "Historjikewise combine any sections Entitled
"Acknowledgements”, and any sections Entitled "Dations”. You must delete all sections
Entitled "Endorsements."

[edit] 6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Docutramd other documents released under this
License, and replace the individual copies of Lhignse in the various documents with a single
copy that is included in the collection, providdhtt you follow the rules of this License for
verbatim copying of each of the documents in dieotespects.

You may extract a single document from such a ctia, and distribute it individually under
this License, provided you insert a copy of thisdrise into the extracted document, and follow
this License in all other respects regarding venbabpying of that document.

[edit] 7. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivativegiwother separate and independent documents
or works, in or on a volume of a storage or disttitn medium, is called an "aggregate" if the
copyright resulting from the compilation is not dde limit the legal rights of the compilation's
users beyond what the individual works permit. WHenDocument is included in an aggregate,
this License does not apply to the other worksha aggregate which are not themselves
derivative works of the Document.



If the Cover Text requirement of section 3 is aggihie to these copies of the Document, then if
the Document is less than one half of the entigregate, the Document's Cover Texts may be
placed on covers that bracket the Document withénaggregate, or the electronic equivalent of
covers if the Document is in electronic form. Othise they must appear on printed covers that
bracket the whole aggregate.

[edit] 8. TRANSLATION

Translation is considered a kind of modificatiom, you may distribute translations of the
Document under the terms of section 4. Replacingriant Sections with translations requires
special permission from their copyright holderst you may include translations of some or all
Invariant Sections in addition to the original vers of these Invariant Sections. You may
include a translation of this License, and all tleense notices in the Document, and any
Warranty Disclaimers, provided that you also inelulde original English version of this License
and the original versions of those notices andaisers. In case of a disagreement between the
translation and the original version of this Licers a notice or disclaimer, the original version
will prevail.

If a section in the Document is Entitled "Acknowdesnents”, "Dedications”, or "History", the
requirement (section 4) to Preserve its Title {sect) will typically require changing the actual
title.

[edit] 9. TERMINATION

You may not copy, modify, sublicense, or distribtite Document except as expressly provided
for under this License. Any other attempt to capydify, sublicense or distribute the Document
is void, and will automatically terminate your righunder this License. However, parties who
have received copies, or rights, from you undes thicense will not have their licenses
terminated so long as such parties remain in futhgliance.

[edit] 10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, eeviversions of the GNU Free
Documentation License from time to time. Such neawsions will be similar in spirit to the
present version, but may differ in detaill to addresew problems or concerns. See
http://www.gnu.org/copyleft/

Each version of the License is given a distinguighiersion number. If the Document specifies
that a particular numbered version of this Licetmeany later version" applies to it, you have

the option of following the terms and conditionther of that specified version or of any later

version that has been published (not as a draftihey Free Software Foundation. If the

Document does not specify a version number ofltluense, you may choose any version ever
published (not as a draft) by the Free SoftwarenBation.



